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Abstract

In this paper, we study the sequence of orthogonal polynomials {S,}:_, with respect to
the Sobolev-type inner product

1 N
(8= [ 1080 ) + Xy 7 () ),

where p is in the Nevai class M(0,1), n; >0, N,d; € Z and {ci,...,cex} C R\ [-1,1].
Under some restriction of order in the discrete part of (-,-), we prove that for sufficiently
large n the zeros of S, are real, simple, n — N of them lie on (—1,1) and each of the mass
points c; “attracts” one of the remaining N zeros.

The sequences of associated polynomials {S,[qk} m_o are defined for each k € Z,. We
prove an analogous of Markov’s Theorem on rational approximation to a function of certain
class of holomorphic functions and we give an estimate of the “speed” of convergence.

*Supported by the Research Fellowship Program, Ministerio de Economia y Competitividad of Spain, under
grant MTM2015-65888-C4-2-P.

TResearch partially supported by Ministry of Science, Innovation and Universities of Spain, under grant
PGC2018-096504-B-C33

#Research partially supported by Fondo Nacional de Innovacién y Desarrollo Cientifico y Tecnolégico (FON-
DOCYT), Dominican Republic, under grant 2015-1D2-164.



1 Introduction

Let u be a finite positive Borel measure whose support supp (1) C [—1, 1] contains an infinite
set of points, and {P, },,>0 be the sequence of monic orthogonal polynomials with respect to u,
defined by the relations

1
(K Py = / FP()du(x) =0,  k=0,1,...,(n—1). 1)
~1
These polynomials satisfy the three-term recurrence relation

Bui1(z) =(z2—bu)Pu(2) —aiPn,l(z), n=0, (2)
P_1(z)=0 and Py(z) =1,

where ag # 0 is an arbitrary constant, a, = ||By||u/||Pi—1||p for n >0, b, = (Py,x Pn>“/||P,,H!2i
and || - ||g = \/(:,-)u. Usually, an inner product is called standard if the multiplication operator
is symmetric with respect to the inner product, i.e., (xf,g)y = (f,xg)u. Clearly, (1) is standard
and (2) is an immediate consequence of (1), which turns out to be an essential tool in the theory
of standard orthogonal polynomials.

We say that a measure p with support [—1, 1] is in the Nevai class M(0, 1), u € M(0, 1), if
the corresponding sequence of orthogonal polynomials { P, },>¢ satisfies the recurrence relation
(2), when ,}E{}o“" =1/2 and r}l_{rolobn = 0. The condition ' > 0 a.e. on [—1,1] is a sufficient

condition for u € M(0,1) (c.f. [14, 16]). The class M(0,1) has been thoroughly studied in
[11], where it is proved that u € M(0, 1) is equivalent to

’ KCQ:C\[_LIL (3)

=

Pii1(z) _ (2)
P(z) » 2

where ¢(z) = z+ V22— 1 (VZ2—1> 0 for z > 1) is the function which maps the comple-
ment of [—1, 1] onto the exterior of the unit circle. Throughout this paper, we use the notation
f» = f3 K C U when the sequence of functions f,, converges to f uniformly on every compact

n
subset K of the region U.

Let us denote by P,P] the usually called nth polynomial associated to P,, defined by the
expression

P}y](z) — /1 Pn+1(z) _Pn+1(X)d‘U(x).

-1 I—X

Note that P,LH is a polynomial of degree n with leading coefficient equal to u([—1,1]), which
satisfies the three-term recurrence relation

Pl () =z bur)P(2) — a2 PV (2), n>0, )
Pll)=0 and R(z)=p(-1,1)).

As it is known, some particular families of orthogonal polynomials were studied in detail
before a general theory existed. One of the starting points of this theory is closely related to the
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study of the convergence of certain sequences of rational functions, as can be seen in the first
treatises on the subject [17, Ch. 1-§4,] and [18, §3,5]. The analysis of the convergence of these
sequences entails essential difficulties. One of the first, and most remarkable, general results in
this sense is the following theorem established by A. A. Markov in 1895.

Markov’s Theorem ([12, Th. 6.1]). Let u be a finite positive Borel measure supported in
[—1,1]. Then
NG
Pn+l(z)

= (), KCQu=C\[-1,1],

1
where [1(z) = / 1 dz'u_();)

is known as Markov’s function of .

Note that fi(z) is well defined and holomorphic in Q. ( i € H(Q.) for short). Some
examples can be seen in [12, p. 64]. This classical theorem admits several generalizations,
some of which are discussed in [1, 2, 3, 5] and references therein.

We define the discrete Sobolev inner product through the expression

N d; _ .
)= [ e an+ X ¥ a0 (ese): ®

j=1i=0

where y is as above, N >0, n;; > 0,04, >0, ¢c; € R\ [-1,1],d; € Z and @ denotes the
ith derivative of a function f.
For n € Z. we denote by S, the monic polynomial of lowest degree satisfying

(x*,8,) =0, for k=0,1,...,n—1. (6)

It is easy to see that for every n € Z., there exists a unique polynomial S, of degree n. In fact,
the existence of such polynomials is deduced by solving a homogeneous linear system with n
equations and n + 1 unknowns. Uniqueness follows from the minimality of the degree for the
polynomial solution.

We refer the reader to [9, 10] for a review of this type of non-standard orthogonality. As
is well known, most arguments for the standard theory of orthogonal polynomials fail in the
Sobolev case. As shown in the next examples, it is no longer true that the zeros lie on the
convex hull of the support of the measures involved in the inner product.

Examples.

Lser{f.g) = [ 7We)det G G) 41/ 2)g @), then

11282625 , 202236410 ; 28506900 , 438413755 11758825

1995280 T 1795760 © " 1995289 " 41901069~ 1995289’

S5(x) =x° +

whose zeros are approximately & ~ 0.4, & ~ —0.7, &3 ~ 1.1 +2i, & ~ 1.1 —2i and
&s ~ 3.8. Note that three of them are out of [—1,1] and two are not real numbers.
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2. et (1,8 = [ FW)(1—)dx £ () () + ') ), hen

57943145 A 242237045 3 522277585 2 53214815 +220912645
27312164 13656082 20484123 © 40968246 ' 52141404

S5(x) =2+

whose zeros are approximately §; ~ 0.3, &, ~ —0.6, &3~ —1.1, &, ~ 3.9 and Es ~ —4.7.
Note that three zeros are out of [—1, 1] and two of them, escape to the opposite side where
the mass points are found.

Definition 1. Ler {(r},V;) 1}’1:1 CRXZ. be a finite sequence of M ordered pairs and A C R.
We say that {(rj, Vv j)}]]"’: | is sequentially-ordered with respect to A, if

L. O<vi<v, <. <y

2. e ¢ Cp(AU{ri,ray....,1k_1}) for k=1,2,...,M; where C;,(B) denotes the convex hull
of an arbitrary set B C C.

IfA =0, we say that {(r}, v])} _ | is sequentially-ordered for brevity.

We say that the discrete Sobolev inner product (5) is sequentially-ordered, if the set of or-
dered pairs {(cj,i) 11 < j<N,0<i<djandn;j; > 0} may be arranged to form a finite
sequence of ordered pairs which is sequentially ordered with respect to (—1,1).

From the second condition of Definition 1, the coefficient 1; 4, is the only coefficient 7;;
(i=0,1,...,d)) different from zero, for each j =1,2,...,N. Hence, (5) takes the form

/f +Z77]df (c)8)(c)). )

Note that the inner products involved in the previous examples are not sequentially-ordered.
In most of our work, we will restrict our attention to sequentially-ordered discrete Sobolev inner
products. The following theorem shows our reasons for this assumption.

Theorem 1. If (7) is a sequentially-ordered discrete Sobolev inner product, then S, has at least
n— N changes of sign on (—1,1).

The previous Theorem is still true if ¢; = —1 or ¢; = 1, for some j. Furthermore, if N = 1
in (7), from Theorem 1 we get that all the zeros of S,, are real, simple, and at most one of them
is outside of (—1,1).

If n <N, S, can have changes of sign on (—1,1) or not. For example, if ZIJVZI N0 =0, for
all n > 1, we have (S, 1) = (S,, 1), = 0, which yields that S, has at least one sign change on
(—1,1). On the other hand, if (f,g) = f_ll f(x)g(x)dx+ f(6)g(6), then S;(z) = z— 2, which is
negative on (—1,1).

As will be seen in Lemma 3.4, for sequentially-ordered discrete Sobolev inner products, the
corresponding orthogonal polynomial §,, with degree n sufficiently large, has all its zeros real
and simple, each sufficiently small neighborhood of ¢; (j = 1,...,N) contains exactly one zero
of S, and from the Theorem 1 the remaining n — N zeros lie on (—1,1).
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Let {Qn},>0 be the sequence of monic orthogonal polynomials with respect to the inner
product

(f,8)p :/—]1 f(x) g(x) dup(x), where p(z)= [] (z—cj)de I (cj_z)djﬂ ®

cj<—1 c;j>1

and duy(x) = p(x)du(x).
Note that p is a polynomial of degree d = N + leyzld ; and positive on [—1,1].

[e )

Now, we associate to the sequence {S,}_, the next sequences of polynomials

LS )
k Z X
SH(z) = / 1 nk{ i_x’”"( ) 001 () ditp (), )
for k € IN and n > 0. Additionally, we adopt the convention S,[,O} =S,. We call {SLH }oo 0 the
n=

sequence of kth polynomials associated to {S,}, -

As far as we know, the only extension of Markov’s Theorem for Sobolev orthogonal poly-
nomials appears in [8, Th. 5.5], when the inner product (5) is such that N =1,d; =1, ¢; =0,
N0 =0, and 1y ; > 0. The main aim of the present paper is to prove the following theorem,
which provides a natural extension of the Markov’s Theorem for the Sobolev case.

Theorem 2 (Extended Markov’s Theorem). Let (7) be a sequentially-ordered discrete Sobolev
inner product with i € M(0,1). Then, for k € N,

(K] .
W Sn(x) o~ [ Ok(x) .
R} —Sn+k(z>?lik(2)— o duy(x), KC Qb =0u\{c1,c2,...,en}. (10)

We call [ the kth Markov-type function associated with [L,.

Also, in Corollary 2.1, we give the following estimate for the degree of convergence of the
sequence of rational functions {R,[lk]} to the corresponding Markov-type function fi.

<llellg” <1, where|/fl|x=sup|f(z)|-
K zeK

lim sup Hﬁk — Rk
n

The rest of the paper is organized as follows. The next section is devoted to the consequences
of the quasi-orthogonality of §,, with respect to the measure y. Sections 3 and 5 contain the
proofs of Theorems 1 and 2 respectively, as well as some of their consequences. The Section 4
deals with the auxiliary results for the proof of the main result (Theorem 2).

2 Recurrence relations

Unlike the rest of the paper, the inner product (5) does not necessarily have to be sequentially-
ordered in this section.



If n > d, from (6), we have that S, satisfies the following quasi-orthogonality relations with
respect to d iy

(S0 ho = (800w = [ 52(0) FOOPAR) = (1 ) =0, an

forall f € P,,_;_1, where PP, is the linear space of polynomials with real coefficients and degree
at most n € Z. Hence, the polynomial S, is quasi-orthogonal of order d with respect to dll,
and by this argument we get the next result.

Proposition 2.1. Let S, be the n-th orthogonal polynomial with respect to (5) and n > d, then
Sy has at least (n— d) changes of sign on (—1,1).

Proposition 2.2. Let S,[f] be the kth associated polynomial defined by (9). Then S,[ik} is a polyno-
mial of degree n and leading coefficient equal to || Q. ||ip

n+k
Proof. Let S, x(x Z 6; x' where 0,+r = 1, then
i=0
1 S -5 X n+k
k n Z n
i) = [ SO =5kl o () a0 () o)

z
n—+k 1 i-1 o

2291'/1 (Z Z’_l_jxj> Ox—1(x) dptp (x)
i=1 /=1 \j20
n+k i—-1 ] 1 n+k

=Y o) /' (/le Ox—1(x) dptp (x ) Y6
=1 j=0 -

i=1

i—1

— ._1_-
Z (), Q1) /
Saral

nik—1 P o
= Y & Q)+ 6 Y (O 1)pd'
j=k—1 i=1 Jj=k—1

= O )p 7 o1 (2) = 1@k I, 2+ fra (2).
where f,,_1 is a polynomial of degree at most n — 1. [

In the standard case of orthogonality, where the polynomials {B,} satisfy the three terms

recurrence relation (2), the sequence of associated polynomials {P,El]} can be generated by the
recurrence relation (4). The following proposition is an analogous result for the sequence of

associated polynomials {S,[lk} }.

Proposition 2.3 (Recurrence relation). For n > 2d — 1, the sequences {S,[f] Y satisfy the fol-
lowing 2d + 1 term recurrence relation

n+d S S.
k ks PO j+k
P(@SL] Z Ontk,j+k S[ ]< ), where Antk, j+k = % (12)
j=n—d < J+ko j+k>



Proof. 1t is straightforward to obtain (12) for k = 0 as a consequence of (11), i.e.,

n+d <Sn ps>
= a,.;8;(z), wherea, ;=" (13)
,-_;_d 7 PS8
Hence, if k > 0
S, — P (%)Sppr(x ndd k(z) =S
p(z) +k(Zi_5() + (%) 0= Y aprrst S+ (z xH—k( x) 011 ().
j=n—d

—ol(x X n+d
/11 p(Z)Sn—i-k(Zi_p( )Sn+k( ) Qk 1( )d.up Z an+k]+kS[ }( )

X j=n—d

) P& =p)
Z—x

1
Asn>2d—1, from (11), we get / Spax(x QOk—1(x)dup(x) = 0. Hence,
~1

/ p(z Sn+k 2) — ~ Snk(x)) Ok—1(x)dip (x)

—f—/_lSn—i-k(X) %p(x) Qk—l(x)dﬂp(x)

X

_ /1 P (2)Sn+k(2) — P (%) Sk (%)
Z

—X

Ok—1(x)dp (x),
and we get (12). [l

Remember that {Q, },>0 is the sequence of monic orthogonal polynomials with respect to
dli,, which was defined in (8). As it is known, this sequence satisfies the three-term recurrence
relation

0n+1(2) = (2= Ba)0n(2) — @2 Qu1(z), n>0, (14)
where 01 =0, Qo =1, |- Iz, = ¢+ )ps Bo = (QnsxQu)p/1Qnll,» 0 = 11Qnlly /[ Q11|

1
and o = / dp(x).
-1
Following [19], we define its kth sequence of associated polynomials {QLk]} (ke Z.)as

/ Qn+k Qn+k( )

Or—1(x)dup (x), (15)

where QLO] = @0,. Note that Q,[f ] is a polynomial in z of degree n. From [19, (1.3) and (2.13)]

O () = (x—Burn) Q¥ () — o2, 01 | (). (16)

The next proposition is analogous to [19, (2.5)] for the Sobolev case.

Proposition 2.4. Forn > d — 1, the sequences {S; g mg Jor k=2, hold the following relation

W) = (= B)SE ) — o oSE 7 (). (17)
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Proof. From (14)-(15),

s = [ S EZSnl) (p)o 00 - a2 100 5() ditp ()

LS k() = Spr(x _ .
[ SISk o duty0) — Basl ) -t oSE D), ik,
—= 1 -
/. S”“@i_ 5120 ity () — s, 2 ifk—2.
(18)
From orthogonality,
U Sk (2) = Sk (x) 0, if k>3,
Z—X o(x) duy(x) =
[P (¢ ) Qo) ditp () S a(e), ihhn
Therefore,
[k—1] .
nik(2) — S, zS, 2), if k>3,
/ +k( ) +k( )ka 2( )d/.tp( ) [1-1-1 ( ) ) . (19)
-1 =X 28,1 1(2) = 0gSny2(z), ifk=2.
Substituting (19) into (18), we get (17). O

3 Proof of Theorem 1

In the remainder of the paper, we assume that (5) is sequentially-ordered. Therefore, we can
rewrite (5) as (7) with 0 < d; <dp < --- <dy. The next lemma is an extension of [7, Lemma
2.1].

Lemma 3.1. Let L be a polynomial with real coefficients of degree > m € N, {A;}I, be a set
of intervals on the real line, and I;, = Cy, (ULOA[) fork=0,1,... m. If

L1 NAL=0, k=1,2,....m; (20)
then .
ZJ@(L )<%(L(m> >+m<deg(L) 21)
i=0
where for a given non-null polynomial f and A C R the symbol Ny(f;A) denotes the total
number of zeros (counting multiplicities) of f on A.

Proof. For m = 0, it is straightforward that .4(L;Ag) < A5(L;Ag) +0 < deg(L). We now
proceed by induction on m. Suppose that we have k + 1 intervals {A;}X , that satisfy (20), and
that (21) is true for the first k¥ — 1 intervals.



From Rolle’s Theorem, A45(f;A) < Ao(f';A) 4 1, where A is an interval of the real line and
f” a non-null polynomial with real coefficients. Therefore,

g% (L(i);Ai) =§%(L<i);Ai) + 40 (L(K);Ax>

<A (LDt ) + (0= 1)+ A6 (LA )
<o (L5 hey ) 14 A6 (L5 A) + (= 1)
gm%ﬂmﬂm4um0+x§a%@ﬂ%&)+xgd@ay

O

Lemma 3.2. Let {(r;,v;)}!L, be a sequence of M ordered pairs which is sequentially-ordered.
Then, there exists a unique monic polynomial Uy; of minimal degree, such that

UV (r)=0 fori=1,2,... M. 22)

Furthermore, the degree of Uy is Ky = min Jyy — 1, where Jyy = {i: 1 <i <M and v; >
iyU{M+1}.
Proof. The existence of a not identically zero polynomial with degree < M satisfying (22)
reduces to solving a homogeneous linear system of M equations on M + 1 unknowns (its coeffi-
cients). Thus, a non trivial solution always exists. In addition, if we suppose that there exist two
different minimal monic polynomials Uy, and UM, then the polynomial UM UM UM 1S not
identically zero, it satisfies (22), and deg(UM) < deg(Uy). So, if we divide Uy by its leading
coefficient, we reach a contradiction.

The rest of the proof runs by induction on the number of points M. For M = 1, the result

follows taking
— if vi =0
1 , if vi > 1.

Suppose that, for each sequentially-ordered sequence of M ordered pairs, the corresponding
minimal polynomial Uy, has degree K.

Let {(r, v,)}M+1 be a sequentially-ordered sequence of M + 1 ordered pairs. Obviously,
{(ri,vi)}M | is also sequentially-ordered, deg(Up+1) > deg(Up), and from the induction hy-
pothesis deg(Uyr) = ky. Now, we shall divide the proof in two cases:

1. If Kyy1 =M +1, then for all 1 <i <M+ 1 we have v; < i, which yields
deg(Upr11) > deg(Un) = km =M > V4 1. (23)

Let Ay = C,({ci: vi=k}) for k=0,1,2,...,Vayry1. As {(r,,v,)}MJrl is sequentially-
ordered, the set of intervals {A;} kM“ satisfy (20). Therefore, from (23) and Lemma 3.1

we get
VM+1

M+1< Z J%( 1$4)+1’ ) <deg(Upy+1),

which implies that deg(Ups11) = M+ 1 = Ky+1-
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2. If K1 < M, then there exists a minimal j (1 < j <M +1), suchthat v; > j, and v; <
for all 1 <i < j— 1. Therefore, K3;+1 = j — 1 = Kyy. From the induction hypothesis

deg(UM)ZKMZj—lSVj—ISVM_H—l,

which gives UIS,}/M“) = 0. Hence, Uy = Uy and deg(Upr+1) = deg(Unr) = Ky = Kng+1-

]

Observe that, in Lemma 3.2, the assumption of {(r;,v;)}}2, being sequentially-ordered is
necessary for asserting that the polynomial Uy, has degree kj;. In fact, if we consider the
non sequentially-ordered sequence {(—1,0),(1,0),(0,1)}, we get U3 =x*> — 1 and k3 = 3 #
deg(Us).

Proof of Theorem 1. From the sequentially-ordered conditions, the intervals
A=Cp((-1,1)U{c;:di=0}) , A=Cy({ci:di=k}) for k=1,2,...,N,

satisty (20).
Let & < & < --- < & be the points on (—1,1) where S, changes sign and suppose that
¢ <n—N.Let {(r;,vi) }\- qu be the sequentially-ordered sequence

(I’" V'): (§i70)a 1fl:1,2,7£,
v (ci_p,dip), ifi=04+1,04+2,....0+N.

From Lemma 3.2, there exists a unique monic polynomial Uy, of minimal degree, such that

Uzs,‘i)é(ri):o; for i=1,...,N+Z.

Furthermore,

deg(Un1¢) =min Ty — 1 <N+, (24)
where Ty, ¢y ={i: 1 <i<N+/{ and v; > i} U{N+ ¢+ 1}. Now, we need to consider the
following two cases.

1. If deg(Un1¢) < N+¢, from (24), there exists 1 < j < N+ /¢ such that deg(Uy.¢) = j— 1,
vi>jandv; <i—1fori=1,2,...,j—1. Hence, vi_1 +1 < j—1=deg(Uy4(). Thus,
from Lemma 3.1,

V-1

. k .
=1 Y A (U] 80) < deg(Unia) = j— 1,
k=0

2. If deg(Un1¢) = N + ¢, from (24), we get deg(Uyy) =N—+{ > vy y+ 1 =dy+1 and
from Lemma 3.1,

dn
N+1< Z M (UzgﬁZg;Ak) <deg(Uys¢) =N+Y,
k=0

10



In both cases, we obtain that Uy, ; has simple zeros on (—1,1) C Ap and has no other zeros than
those given by construction. Now, since deg(Uy.¢) < £+ N < n, we arrive at the contradiction

N
0= (S Uxes) = [ 11 Su(X)Unse(0) dpe(x) + Y 070,55 (e ) UNT ()
i >
1
-/ Su(3)Uys(x) dpa () 0
]

The following Lemma is a direct consequence of [6, (1.10)], when instead of the inner
product [6, (1.1)], we consider (7).

Lemma 3.3. Consider the sequentially-ordered inner product (7) with @ € M(0, 1). Then,

(2) N (o(z) —olc ))2 =
P(2) ?E 20(z) (z—c¢;) KCO=LIL 2

where @ is as in (3).
Now, combining Theorem 1 and Lemma 3.3, we get the following useful lemma.
Lemma 3.4. If (7) is a sequentially-ordered Sobolev inner product such that g € M(0, 1), then:

1. For all n sufficiently large, each sufficiently small neighborhood of c¢;; j=1,...,N; con-
tains exactly one zero of Sy, and the remaining n — N zeros lie on (—1,1).

2. For all n sufficiently large, the zeros of S,, are real and simple.
3. The set of zeros of {Sp} 5, is uniformly bounded.

Proof. The first assertion of the lemma is a direct consequence of (25) and Rouché’s Theorem
(see [4, Th. 9.2.3]). Note that S, is a polynomial with real coefficient. Therefore, the second
and third sentences are consequences of the first assertion and Theorem 1. ]

4 Auxiliary lemmas

Let S, be the n-th orthogonal polynomial with respect to the sequentially-ordered inner product
(7). Taking into consideration the Theorem 1, let {én,}:‘;fv be the n — N simple zeros of S,
on (—1,1) for all sufficiently large n and let {énjn_NJr,-}ﬁ.V: , be the remaining N zeros of S,.
Obviously, §,, admits the representation

nN N

Su(x) = Sp.1(x) Spa(x), where S, 1(x (x—&ui) and Sp2(x) = [[(x— &un-n1i). (26)
i=1 i=1

11



From Lemma 3.4, for all sufficiently large n, the last N zeros of S, are real and simple. Further-
more, the sign of S, > is constant on [—1,1] and equal to (—1)¥, where v is the number of ¢;
greater than 1. Thus, the polynomial S, (x) = (—1)"S, 2(x) is positive on [—1,1].

The following Lemma is an analogous of the Gauss-Jacobi quadrature formula for the
sequentially-ordered Sobolev inner product, when 7 is sufficiently large.

Lemma 4.1. Let S, and {&,;}!~ 1 as above. If n is sufficiently large, then for every polynomial
T with deg(T) <2n—d—N—1,

/_IIT( ) ( d‘up Z )L”’Snz gnl) (gn,i)v 227)

o Sn(x)
where An,z - /—l S;l(éml-)(x—én,i)

Moreover, the number of positive coefficients Ay is greater than or equal to ( ‘HN ) We call
Christoffel-type coefficients fo the numbers { A, ;}i_,.

dpip (x).

Proof. Let T be an arbitrary polynomial of degree at most 2n —d — N — 1 and denote by .Z the
Lagrange polynomial interpolating T at the points &, 1,...,&,n—n (deg(£) <n—N), i.e.,

B n—N Sn,l(z)
ZL(z) = ; T (En,i) S;J(én’i)(z—én,i) .

Then, T — £ = f S,1 where deg(f) <n—d —1. From (11)

[ - D@50y = [ 50810 =0

Hence,

1

Sn.1(x)
1 (Z T énl S/ (gnl)(x énz)) (X)dlip(x),

: 5,1 |
3 (/ Ol >) T(8).

1

| 1080 = [ 20520 dup (),
/

which establishes (27). Assume that n is fixed, let I, = {1 <i <n—N:2A,; >0} and A% (x) =
[ (x—&i)% If deg(A3) < 2n—d — N, from (27),

i€I+
1
0< /_1 A2 (%) S5 (x)ditp (x) Z Poni D% (8) S5 (i) <0,
l¢1+
which is a contradiction and the second assertion is established. OJ
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Let us denote for k € IN

[k]
S (z
RY (2) = Sul@)
’ Sn-i—k,l (Z)

where S[ ! (2) = /11 SnJrk’l(Zi:in’l(x) Ok—1(x) dup n(x) (28)

and djtp u(x) = 87, (x) p(x) dpt ().
From Lemma 3.4, it is straightforward to see that:

1. If n is sufficiently large, Sn+k2( x) p(x) > 0forall x € [—1,1].

2. There exists a constant 01, > 0, such that for alln € Z

Hpn / w2 (%) P(X) di(x) < . (29)

Lemma 4.2 (Principal Lemma). Let {S,};_, be the monic orthogonal polynomial sequence
with respect to a sequentially-ordered Sobolev inner product (7). Then, for n sufficiently large

n+k—N St ; Atk i
RLk]l (Z) Z n+k, 2(6 +k j) +k,j. (30)
j=1 ( én—l—kd)

Furthermore, {RLk]l} is uniformly bounded on each compact subset K C C\ [—1,1].

Proof. Let n and k be fixed. For simplicity of notation, we write §; instead of &, ;. Then,
{Si}] "N is the set of zeros of S, on (—1,1).

From Theorem 1, for n sufficiently large, we have that the zeros of S, are simple and
n+k—N of them lie on (—1,1). Thus, S, (§;) #0for j=1,...,n+k—N; and

I _n+k—N bj
R - )
where
_ezaplk oy (z=¢))
bj —Zlggj(z SR, 1 (2) —Zlggj N )leélj S (2)

_ N EDSu(x) Qe () dpp (x) ' '

=Sn+k2(&)) / S (E)0—&) St e2(E) sk
and we get (30).

The second part of this proof, as [15, Lemma 1], is based on the second proof of Chebyshev-
Markov-Stieltjes’s Separation Theorem in [18, §3.41]. Through the proof, we use the following
notations:

’ xZ&j?

07 X%éj-7
00 = [ d00), upa) = [ ditpa(t) and ©x) = () = 9 ().

n+k—N
do(x) = ), AuikjSyira(8))0% (%), 5&,(?6):{

J=1

13



Let us recall that the function u, , is monotone nondecreasing on [—1,1]. Set §y = —1 and

Entk—N+1 = 1. Then, ¥ is a step-function, which is constant on each interval (§;,§;;) for

j=0,1,...,n+k—N. Hence, ® is monotone nondecreasing on each of these open intervals.
With these notations, we can rewrite (27) as

1
/ T (x) dw(x) =0, for any polynomial 7 of degree at most (2(n+k) —d—N—1). (31)
-1
As o(—1) =up (—1) —¥(—1)=0and

(1) =up (1) = (1) = pip n([—1,1]) = . ([—1,1]) =0,

integrating by parts in (31), we get

/_ 11 o(x) T'(x) dx = 0. (32)

We use the symbol .#](q;I) to denote the number of points of sign change of the function ¢
on the interval I C R. Obviously, in (32), the polynomial 7’ can be replaced by any other
polynomial of degree at most (2(n+k) —d — N —2) and consequently, we can assert that
M(w;(—1,1)) >2(n+k)—d—N—1.

Note that A1 (;(&p,&1)) = M(@; (Epak—n,Enik—n+1)) = 0. Take into account that @ is
monotone nondecreasing on each interval (§;,§;11), j=1,...,n+k—N — 1. Hence, it has at
most one sign change on each of them. Therefore, we can conclude that the total number of sign
changes of ® on U?Z’f_N_l (&j,&j+1) is not greater than (n+k —N —1). On the other hand, @
could change sign at each of the n+ k — N points ;. In conclusion,

2(n+k—N)—(d—N)—-1<AM(w;(—1,1)) <2(n+k—N)—1.

It thus follows that the number of intervals (£, ;1) where @ does not change sign is at most
(d —N). Indeed, if the number of intervals (£;, ;1) where @ does not change sign is at least
(d=N+1),then2(n+k)—d—N—-1<H(w;(—1,1)) <2(n+k)—1—d—N—2, which is
a contradiction.

We say that &; € Ej if the function @ changes sign in each of the consecutive intervals
(&j-1,&;) and (&;,&;41). In any other case, we say that §; € E.

Observe that if @ does not change sign on (§;,&;41), then §;, €41 € E,. From the previ-
ous considerations, the number of interval, where @ does not change sign is at most (d — N).
Therefore, E; cannot contain more than 2(d — N) elements.

Suppose that A; < 0. If §; € E;, we know that @ changes sign in each of the consecutive
intervals (§;—1,&;) and (§j,&;11). Letx; € (§j-1,&;) such that @(x;) > 0andletx; € (§;,&j11)
such that ®(x2) < 0. As up ,(x) is monotone nondecreasing on (—1,1), we get

0<o(x)—w(x)= (up,n(xl) - ”P,n(XZ)) +4; S;l:-k,z(éj) <0.

This contradiction proves that §; € E| implies that A; > 0 (i.e., the Christoffel coefficients
corresponding to the zeros §; € E| are positive).

14



Now, let§; € Ey, x1 € (§j_1,&;) such that @(x;) <0andx; € (§,&;1) such that @(x;) > 0.
Recalling again that u, ,(x) is monotone nondecreasing on (—1,1), then 0 > @(x;) — @(x2) =

(”p,n(xl) _”p,n(x2)) +l Sn_;_kz(éj) and A; S:lr+1< 2(5]’) < ”p,n(x2) Up, n(xr) < Up, i’l(éj-i-l)
Up »(Ej—1). From the last inequality, we get

Y IS Gl = Y A8 (8) < 2upa([—1,1]). (33)

€j€E1 éjGE]

Set K C C\ [—1,1] compact and m = min |x—z| > 0, then
vel-1,1]
ZEK

Sn+k 2(51) n+k,j

2.Up7n([_171]) 29*np
&) =

m Tom

; (34)

>

4135

where 901, was defined in (29).

Z S:zr+k,2(§j> An+k,j is
uniformly bounded on K. We renumber the zeros of S, 1 in such a way that E> = {&;,..., &}
and Ey = {&i1,- -+, Eurk_n}. From the previous result, m < 2(d —N).

Firstly, we introduce several notations. Let 6y be the 1th elementary symmetric polynomi-
als evaluated in (&1, ...,&,) (see [13, (1.2.4)]), i.e.,

The aim of the last step of the proof is to show that the sum G;(z) =

oo =00(&1,...,Em) =1,

n
on=0n(&1,....,5n) = Z H&vl, forn=1,....m

1<y <<y <mi=1

The symbol oy ; = oy(&i,...,§j-1,8j+1,...,En) denotes the nth elementary symmetric
polynomial evaluated in (&1,...,&;—1,&j4+1,...,&y,). It is straightforward to see that o, ; =
—&jop—1,jforn=1,...,m—1, and iteratively applying this equality ) times, we have

n
I
onj =) (=&) on-t
1=0
For simplicity of notation, we write p,x ;j = S:;rk 5(&;) Antk,j- Hence, fori=1,...,m,

m m i
an+k.j 0i,j = an+k.j Z( 5; Oi-1 Zﬁz ! Z pn+k] 5;
j=1 j=1 1=0

From Lemma 4.1 we have for / <2(d —N)

1 n+k—N , m ; n+k—N ;
/1(—)6) d,upn Z pn+k] 5]) = Z Pn+k.j (_gj) + Z Prn+k.j (_éj) .
- j=1 jEmt1
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Thus, from (34)

; n+k—N ; 1 ; m-2
)| <[ X prons (&) || [ 9t < "2 (1.1,
Jj=m-+1 -1 m
As {&,.. ém} C [—1,1], it is straightforward to see that |oy| <m forall ) =0,...,m. There-
fore, fori=1,...,m
i m / mz (m+2)
GO <Y ol | Y, Purry (=) | < Tﬂp,n([—lal])' (35)
=0 =

Using the previous notation, we write

& Ptk Lu1(2) wher B
6:0= 1 P8 = e gy e 1= Loness [T

l#/
m m—1 ) )
From the classical Formula of Viete, [J(z— &) = Y (1) 0;; 2" '~ (see [13, (1.2.2)]) and
5o
m m—1 ) ) m—1 ) m )
Z pn+k] Z 1)1 O melfz — Z (_1)1 Z pn+k.j O ZM7171‘
j=1 i=0 i=0 j=1
Let Mt = mE}? |z|. According to (35), for all z € K,
e
m—1| m L (m+2) u
Lt @< X | Y P | 1" < ™ Hpall2 Z g1,
i=0 |j=1

2 2
<%m max {011} i ([~ 1,1])§%m3 max {91, 1} M, = M.

L@l _ ™
m — m’
=1 e—=&| ~m

Finally, (34) and (36) establish the second assertion. [l

G2 (2)| = (36)

5 Proof of Theorem 2

Snx(z
sociated to U, (k € IN) as in (10). Note that ,LLk
i € H(Q..) for short) and L () = 0.

For the remainder (ﬁk (z) — RM (z)), the following formulas take place.

K _ s i ! Q) ] ion as-
Denote R," = g~ and let Wi(z) = |-} ==L=duy(x) be the kth Markov-type function as
(z) is well defined and holomorphic in Q. (
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Lemma 5.1. Ler u be a positive Borel measure supported on [—1,1] and S,(z) and SLk] ()
defined as above. Then,

+k—d—N (37)

~ - 1
W (2) —R,[,]f]l (2) = S,1142(2) (Ilk(Z) — R} (Z)> =0 (W) ;

1
e e — [ 20

dp n(x).

Proof. From the definition of S,[lk], we get

S;[zk] (2) = /_11 Sn+k(Zz : in+k (x) O (¥)dtp ()

=Sn1x(2) 1 Qk_](x)dup(X)— / b Suir(x) k1 (%)

-1 =X 1 i—X

S - [ St el

-1 I—X

dip(x)

dip (x).

Then, we have

1
~ W, / Sn+k(x) Qr—1(x)
—R = duiy(x). 38
Ly (Z) n (Z) ! Sn+k (Z) (Z _ X) ‘U,p( ) ( )
On the other hand, from the orthogonality condition (6)

0= <Sn+k(x), (Sn—a+1(2) = Spn—a+1(x)) Qk—1(x)p(x) >

I—X

_ /11 $, e Snd+1(ZZ: indJrl(X) O ()it ().

Hence, it follows that

1 S, 1 X)Sp—av1(x
/_1 Sn-vi( ;%xd“(z) Or—1(x)dpp (x) :/_1 Suil z%’xdﬂ( ) Or—1(x)dp (x),

and from (38), we obtain

1 X) Or_1(x 1 X)S,_g+1(x) Or_1(x
o - = [, PG A2 Danen - [ e GO D gt

1
=0 <Z2(n+l)+kd)

The second equality in (37) is a direct consequence of the above equality. Lastly, we compute
1St

Syira(@Hk(2) = / riia?) Qkil(X)d

X T Up (x)

B / L Sya(2) =S (%)
1 7—x

Op—1(x)dp (x) + Hi n(2), (39
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and

W (DY) (DY Sa(@) = Sus()
Srera (R (2) = Sntk,1(2) _Sn+k1()/1 : z— x+ Q1 (%) dttp (),

1 Saka(z )8, ik2(2) = Snik 1 (X)S) 45 (%) 0
/ Spr1(2)(z—x) Qr—1(x) dpp (x), (40)

_R[k _|_/1 Sn+k2( 2)— Sn+k2( x)

—X

Or—1(x) dup (x).

The first equality now follows by subtracting (40) from (39). [l

Proof of Theorem 2. Let K be any compact set on Q. and consider the level curve ¢; defined
by
lr={z€C:|o(z)]=1}, wheret>1and @ asin (3).

Since ¢(K) is a compact set, we can take 7 sufficiently close to 1 such that 1 < 7 < min|@(K)|
(remember that ¢ is the conformal map of the exterior of [—1,1] onto the exterior of the unit

circle). From Lemma 4.2 and (29), the sequences {[i ,} and {RLHI} are uniformly bounded
over /. Then, there exists a constant £, independent of n, such that for all z € /;

~ k —d— —d—
Taking into account that ¢ has a simple pole at oo, from (37), we have
~ k —d—
((.uk,n —RH) @2t 1)h—d N> € H(Q..).

Now, from the maximum modulus principle the bound (41) also holds on K. Consequently, we
have

2(n+1)+k—d—N
fin() - RN 2)] < £ (WTZ)O ceK.
Hence
sup ( ljn(z) — RV (z)) <g <;>2(n+1)+kd1v 50 42)
ekl mET =7 \min|o(K)) neo
which is equivalent to say that R[ } 1(2) 2 Hen(z) K C Qoo
As before, QX = Q. \ {c1,¢2,... ,C;}. For the rest of the proof we assume that the compact

set K is a subset of Q. From Lemma 3.4, there exists a constant £, > 0, independent of n,
such that £, <|S,,142(z)| for all z € K. Therefore, taking into account (37), we get

sup |fix(2) — RI(2)

zeK

— 0, (43)

n—oo

‘ ET ( T )2(n+1)+k—d—N
£, \min[@(K)]

18



As a complement of Theorem 2, we have the following estimate for the degree of conver-

gence (“speed”) of R¥ (o L.

Corollary 2.1. Under the same hypotheses of Theorem 2, we have

timsup [ — &Y < o~k < 1. (44)
Proof. Taking the 2nth root in (43), we get
R 1/2n 1/2n (2(n+1)+k—d—N)/(2n)
|- Y| < L — . (45)
K £ min |@(K)|
Since T < min |@(K)|, (44) follows from (45). O
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