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ASYMPTOTICS OF SHARP CONSTANTS IN
MARKOV-BERNSTEIN-NIKOLSKII TYPE INEQUALITIES WITH
EXPONENTIAL WEIGHTS

MICHAEL I. GANZBURG

ABSTRACT. We prove that the sharp constant in the univariate Bernstein—Nikolskii inequality for
entire functions of exponential type is the limit of the sharp constant in the V. A. Markov type
inequality with an exponential weight for coefficients of an algebraic polynomials of degree n as

n — oQ.

1. INTRODUCTION

In this paper we discuss limit relations between the sharp constants in the univariate V. A. Markov—
Bernstein—Nikolskii type inequalities with exponential weights for algebraic polynomials and entire

functions of exponential type.

Notation and Preliminaries. Throughout the paper C, Ci, Co,... denote positive constants
independent of essential parameters. Occasionally we indicate dependence on or independence of
certain parameters. The same symbol C' does not necessarily denote the same constant in different
occurrences.

Let N := {1,2,...}, Zy := {0, 1, ...}, R be the set of all real numbers, C be the set of all
complex numbers, P, be the set of all algebraic polynomials with complex coefficients of degree
at most n, n € Zy, and B, be the set of all complex-valued entire functions of exponential type
o>0.

Let W : Q — [0, 00] be an integrable weight on a measurable subset Q of R, and let L,y (£2) be
a weighted space of all measurable complex-valued functions F' : Q — C with the finite quasinorm
(Jo [F (@)W ()| da) ", 0 < 7 < o0,

1N L, (@) =
esssup,eq | F(x)|W(x), r=oo.

In the nonweighted case (W = 1), we set
- ler@ =1 @, Lr(Q) = Lea(Q),  0<r <oc.
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The quasinorm || - || L,.w (@) allows the following "triangle” inequality:
l v l
SR <Y BIL, ey FieLow(®, 1<j<l (1.1)
=l we
where [ € N or [ = oo and 7 := min{1,r} for r € (0, c0].

Throughout the paper we assume that W : I — (0,00) is an exponential weight of the form
W (x) = exp[—Q(x)] defined on a bounded or unbounded interval I = (—¢,c), 0 < ¢ < 0o, where @
is a continuous function on I.

A function F': (0,¢) — (0, 00) is said to be quasi-increasing if there exists a constant C' > 0 such
that F'(z) < CF(y), 0 < x <y < ¢. The following definition describes the class of weights that we
use in this paper (see [16 Definition 1.1] and [7, Definition 1.4.5]).

Definition 1.1. Let W = ¢~ 9, where Q: I — [0, 00) satisfies the following properties:

(a) @ is even in I and Q(0) = 0.
(b) @' is continuous in I.
(¢) Q"(x) exists and Q" (x) > 0, z € (0,¢).
(d) lim Q(z) = occ.
)

T—c—
(e) The function

zQ'(x)
T(x) = , x # 0, 1.2
()= "0 # (12)
is quasi-increasing in (0, c¢) with
A:= inf T(z)>1. (1.3)
z€(0,c)

(f) There exists a constant C' > 0 such that for all = € (0, ¢),

Q) Q@)
Q@ = Q0

Then we write W € F(C?).

Note that properties (a), (b), and (c) of Definition [[.T] imply that @ is positive and increasing
on (0,c). More classes of weights are discussed in [16, Sect. 1.2] and [7, Sect. 1.4].

The behaviour of the function 7' defined by () divides F(C?) into two classes. In the case
I =R, a weight W € F(C?), satisfying the condition sup, g T(x) < oo, is called a Freud weight.

A typical example of such a weight is

Wo(x) := exp(—|z|?), a>1, I=R.
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A weight W € F(C?), satisfying the condition sup,eg T'(z) = lim, 00 T(x) = 00, is called an Erdds
weight. In particular, any weight W € F(C?) on a bounded interval (—c,c) is an Erdos weight. A

typical example of an Erdos weight for the unbounded interval is
Wa,e(z) := exp(— expy(|z|*) + exp,(0)), a>1, £>1, I=R,

where expg(z) := z and expy(z) := exp(exp;_1(z)), 1 < k < L.

For I = R and a weight W = e~ %, @ has at most polynomial growth on R if W is a Freud
weight, and @ has faster than polynomial growth on R if W is an Erdos weight. These and other
properties of Freud and Erdds weights along with more examples can be found in [16] (see also [7]).

Next, we define two constants that play an important role in orthogonal polynomials for and
weighted approximation with exponential weights. Let W = e~% € F(C?) and let a, = a,(Q) €
(0, ¢) be the nth Mhaskar-Rakhmanov—Saff number defined as the positive root of the equation

1 /
n = % /0 %\/_(—(Zf) dx, n €N,
(see [18], 22} 19, [16]). Further, the number

1 —

dx + —, n €N,
an

was defined in [7, Eq. 1.2.2] in order to replace n in sharp constants of nonweighted approximation

theory. Note that for Freud weights,

n/an < by, < (14 C)n/ay, neN, (1.4)
and for Erdos weights,
bp = (n/an)(140(1)) (1.5)
as n — 0o. We also note that
nh_)n;o b, = o0 (1.6)
and
b, < Cn, n € N. (1.7)

Relations ([L4)), (L5]), and (LG) were proved in [7, Proposition 3.2.2], while (I.7)) follows from (L.4]),
(CEH), and increasing of a,, n € N (see [16l Lemma 2.13]).
For example (see [7, Sects. 10.1 and 10.5]) for the weight W,

a—212 l/a 1/a
ay, = (2 I (04/2)> nl/e b, = an _ ¢ < ['(a) )) nl—l/a’

INGY! ’ (a—Da, (a—1)\2072T2(a/2
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where I'(z) is the gamma function, and for the weight W, ,

= (log;(n))/ 0 - 0 n — 0o
= (log;(n)) "™ (1 +0(1)),  bn (logl(n))l/a(1+ (1)), — 00,

where logy(z) := =, logy,(z) = log (log;_;(z)) , k € N. For a bounded interval, a, = ¢(1+ o(1)) and
b, = (n/c)(1 4+ 0(1)) as n — oo. Similarly in the nonweighted case (/W = 1) and for the interval
I =(-1,1), we assume that a, = 1+ o(1) and b, = n(1 + o(1)) as n — oo.

V. A. Markov—Bernstein—Nikolskii Type Inequalities. Next, we define sharp constants in
univariate V. A. Markov—Bernstein—Nikolskii type inequalities for algebraic polynomials and entire

functions of exponential type. Let

PW)(0
My Np(W) = b;N_l/p sup M (1.8)
per\{o} 1Pz, W(z
pW
My N, (W) = b;N_l/p sup | | , (1.9)
o PeP,\{0} HPHL,,W( [—an,an])
f
By = o N7l sup LA PN (1.10)

feBonLy @0y I1fllL,m®)
Here, p € (0,00], N € Z, and n € N. Note that E, y is a nonweighted sharp constant, and it does
not depend on o (see [13] for the proof). Therefore, we can assume that o = 1 in (ILI0). The exact

values of E, y are known only in the following cases (see [13, Sect. 1]):
Exn=1  Ey=(@2N+1)7"2 (1.11)

while the close estimates 0.5409/m < E; ¢ < 0.5484/m were proved by Gorbachev [14].
The first sharp constant in the nonweighted inequality for polynomial coefficients was found by
V. A. Markov [17] (see also [20, Eq. (5.1.4.1)]) in the form (I = (—1,1) and n € N)

N

) n—Niso
1(0)" VIO (1 o) By (1.12)

M(0)

7
T\

, n— Nis even

as n — oo, where T,, € P, is the Chebyshev polynomial of the first kind. Labelle [I5] found
My nn(1) for I = (—1,1), and it turns out that

My nn(l) =(1+o0(1))E2 N (1.13)
as n — 00. The author [§, Theorem 1.1] extended (LI2]) and (LI3]) to any p € (0, 00] in the form
lim M, nn(1) = E, N, I=(-1,1). (1.14)

Multivariate versions of (LI4)) were obtained in [9, 10} 12].
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Certain properties of M, o ,,(W') for ultraspherical weights were discussed by Arestov and Deikalova
[2]. Some asymptotics for sharp constants in V. A. Markov—Bernstein—Nikolskii type inequalities
with power and ultraspherical weights were obtained by the author [9, Theorems 4.1 and 4.3].

In this paper we obtain a weighted version of relation (II4]) for exponential weights. The
following estimates for W € F(C?) and more general weights were obtained by the author [7|
Theorem 2.3.2 (b)] (see also Lemma 2.6)):

My n (W) S Mpnn(W)<CVN+1(1—e)™,  e€(0,1), 0<N<n, neN. (115

Main Results and Remarks. Our major result discusses the limit relations between M), n (W),

*
Mp,N,n

inequality (LI5).

(W), and E, y. In particular, we find an asymptotic behaviour of the sharp constants in

Theorem 1.2. If W € F(C?), N € Z, and p € (0,00], then
lim My, n,(W) = lim My, (W)= E,N. (1.16)

n—oo n—oo

Combining Theorem with relations (IIT]), we arrive at the following corollary:

Corollary 1.3. If W € F(C?) and N € Z, then

lim Moo nn(W) = lim MYy, (W) =1,

n—o00 n—oo
lim My N (W) = lim M; ., (W) = (7(2N + 1)~

Remark 1.4. In definitions (L8], (I.9]) and (LI0) of the sharp constants we discuss only complex-
valued functions P and f. We can define similarly the ”real” sharp constants if the suprema in (L.§]),
(C9) and (ILI0) are taken over all real-valued functions on R from P, \ {0} and (B, N L,(R))\ {0},

respectively. It turns out that the ”complex’

(—1,1), this fact was proved in [8, Sect. 1] (cf. [13, Theorem 1.1] and [10, Remark 1.5]), and the

and "real” sharp constants coincide. For W =1, I =

case of exponential weights can be proved similarly. In addition, Theorem is formulated for
the ”complex” sharp constants. However, this result remains valid for the ”real” ones as well. The
proof of the real version of Theorem does not change compared with the complex one if we take

into account Remark from Section 2

Remark 1.5. Theorem shows that the sharp constants in the weighted L,-inequalities for the
Nth coefficient of a polynomial are asymptotically equal to E), Nbiv +1/p /N, where by (L4) and
(T3, b, ~ n/ay, and for Erdos weights b, = (n/a,)(1 + o(1)), as n — oco. Note that the sharp
dependence on n of the sharp constant in the A. A. Markov—Nikolskii type inequality with an
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N+1/
exponential weight W € F(C?) is supposed to be <(n/an) T(an)) ' (see [16, Corollary 10.2

N+1/P i1 Theorem An asymptotic for this constant

and Theorem 10.3]) compared with (n/ay)
is unknown. However, the asymptotic behaviour of the sharp constant in the classical nonweighted

inequality of different metrics was found in [9, Corollary 4.6] in the following form:

P _
lim n—2/P sup M —ol/p sup M pelo0), (1.17)

no0 pep(oy 1Pl Fe@BIn Ly @O} 112,00+ @)
where W*(z) := |2|*/P. A different version of (ILI7) for p € (0,00) was proved in [8, Theorem 1.4]

(see also [8, p. 94]).

The proof of Theorem is presented in Section Bl It follows general ideas developed in [11],
Corollary 7.1]. Section [2 contains certain properties of functions from B, and polynomials from

P

2. PROPERTIES OF ENTIRE FUNCTIONS AND POLYNOMIALS

To prove Theorem [[.2] we need several lemmas about certain properties of entire functions of
exponential type and algebraic polynomials. We start with known properties of entire functions of

exponential type.

Lemma 2.1. (a) The following crude Bernstein and Nikolskii type inequalities hold true:

”f(s) o SO @, fE€BeNLoc(R), 5 €2y, (2.1)

||fHLoo(]R) <C HfHLp(]R) ’ f € B, N LP(R)7 pe (0,00), (22)

where C' is independent of f.
(b) If f € B, N Ly(R), p € (0,00), then

lim f(z) =0. (2.3)

|z| =00

Proof. The proofs of ([21)) and (Z2]) can be found in [4, Theorem 11.3.3] and [23] Eq. 4.9(29)],
respectively. The proof of a multivariate version of statement (b), given in [2I, Theorem 3.2.5]
for p € [1,00), is long and difficult. For the reader’s convenience, we present a shorter and more
elementary proof of (b) for p € (0, 00).

If (2.3) is not valid, then there exist € > 0 and a number sequence {z,, }32 ; such that lim,,_, |2, =
oo and infen |f(zy,)| > €. Without loss of generality we can assume that 0 < x; < x9 < .... Set-

ting ,,, := 1 and yp := 0 and recalling that f € L,(R) and f is continuous on R, we can construct
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by induction a subsequence {z,, }7°, and a sequence {y;}7°; such that

lim x,, =00, Yk > Tn, > yYk—1, | [ (@n, )| =&, |f (yr)| =¢€/2, inf |f(x)]>¢€/2, ke N.

k—ro0 TE€|Tny Yk

Next, setting Ay, := yr — =y, & € N, we obtain

o0

(/273 M < Z / o)z < £
k=1 Tny,
Therefore, limy_,o, A\, = 0, while by (2.1]) and ([2.2)),

e/2 < |f (zn,) — flyr)| < Hf/HLOO(R) Me < O fll L, @) Mk ke N.

This contradiction proves statement (b). O

Next, we need the following version of the compactness theorem for entire functions of exponential

type.

Lemma 2.2. Let € be the set of all entire functions f(z) = > o Ockz satisfying the following
condition: for any § > 0 there exists a constant C(9), independent of f and k, such that

C(0)(1 + 8)*

’Ck‘ S k" )

keZs. (2.4)

Then for any sequence {fp}>2, C & there exist a subsequence {fn, }>°_; and a function fy € By

such that for every s € Z4, lim,— oo f P fo(s) uniformly on each compact subset of C.

The lemma was proved in [8, Lemma 2.6].

Further, we discuss estimates of the error of weighted polynomial approximation for functions

from B;.

Lemma 2.3. Let W € F(C?). Then there exist numbers 6, = 51 (W) € <0, %) , 09 = 02(W) >
0, and a constant C1 = C1(W) > 0 such that for every T € (0, bn, (1 — Cln_‘;l)], any g € B N

Lo (R), and each k € N there ezists a polynomial Py, € Py, such that the following estimate holds:
llg — Pk”L w( ) < Cok” exp <—C3 k62> HQHLM(R)v 0<r<oo. (2.5)
Here, A is defined by ([L3)), and Ca, Cs, and vy are positive constants independent of k and g.

This lemma follows from a more general result proved in [7, Theorem 2.2.1]. Lemma 2.3 is a
weighted version of estimates obtained by Bernstein [3] (see also [23] Sect. 5.4.4] and [I, Appendix,

Sect. 85]). More precise and more general nonweighted inequalities were proved by the author in

[5] and [6].
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Lemma 2.4. Let W € F(C?). Then for any T € (0, by, (1 —C’ln_‘sl)], g € By N Loo(R) with
l9llee@®) < Ca, and n € N, there exists a polynomial P, € P, such that for every s € Zy,
r € (0,00], and n > 0,

= 0. 2.6
L (D) (2.6)

Here, Cy and 51 are the constants from Lemma[2.3 and the constants Cy and n are independent of

lim n” Hg(s) — P

n—oo

n.

Proof. First of all, for P € Py, k € N, and r € (0,00] we need the following crude Markov-type
inequality:

1]

Lyw () < C5(r,W)k HPHLT,W(I)- (2.7)

This inequality immediately follows from the estimates

1P, ) < € k/ar) VT (an)1Pllz, (1)

(see [16], Corollary 10.2]) and T'(ay) < Ca2, k € N (see inequality (3.38) in [16, Lemma 3.7]). Here,
T is defined by (2], and C are constants independent of k and P.

Next, let {P;}72, be the sequence of polynomials from Lemma[2.3l Then using triangle inequality
(LI) and inequalities (2.7)) and (2.5]), we obtain

v [ ) _ p(o) 7 < P — P ) 7
i " =" IQZ:;LH( b~ Prrt) ‘LT,W(D
<C"NY (k+ 1Py = Penllr,
k=n
<5 S b+ 1) (g = Pelly, oy + 9 — Pl )
k=n

<205 GRS (k1) exp (~Co 7k ) gl )

k=n
< Cﬁn"f/ Yt exp (—03 fy&) dy ||9||7200(R)
< 070271(84-’74—77)77 exp <_03 fn(sz) ,

where Cy, C3, and 09 are constants from Lemma 2.3 and Cg and C7 are constants independent of

n. Thus (2.0)) is established. 0

Remark 2.5. Note that if g is a real-valued entire function in Lemmas 2Tl and 2.2] then polynomials

P,, n € N, can be chosen real-valued as well.

We also need a weighted estimate for coefficients of a polynomial.
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Lemma 2.6. Let W € F(C?) and p € (0,00]. Then for every polynomial P(z) = > 1_,cra® and
any € € (0,1), the following inequality holds true:

bk+1/p

k| < Cs(e,p, W) mHPHL%W([—an,an})’ 0<k<n. (2.8)

Proof. The inequality

VEF Lo

<
ck| < Co(e,p, W) (1—/2)F k!

HPHLP’W([—an,an})a €€ (07 1)7 0<k< n, (29)

was proved in [7, Theorem 2.3.2] for more general weights (see also (LI5])). Then (Z.8]) follows from
(239) and an elementary inequality

vk+1 010(6)

< k> 0.
(L—e/2)F = (1—¢e) -
d
3. PROOF OF THEOREMS
We first prove the inequality
Ep7N < liniinf Mpvan(W)‘ (31)

Let f be a function from By N L,(R), p € (0,00]. Then f € By N Loo(R) by @2), and f) €
By N Ly(R) by 1)) and 22).

Let us first discuss the case p € (0,00). Then by Lemma 211 (b), there exists zg € R such that
H f )H Lo(®) = | f) (a:o)‘. Without loss of generality we can assume that o = 0. Next, setting
Bn = by (1 — C1n~%), we see that the function g,(z) := f(B,x) belongs to Bg, N Log(R) with
9nllLoe®) = IflL(®), » € N. In addition, recall that W (0) = 1 (by Definition [L.T)), and b, <
Cn, n € N (by (L7)). Therefore, by Lemma24lfor r = 0o, s =N, n=0andr=p, s=0,n7=1/p,

there exists a sequence of polynomials {P,}°° ; such that

i N (0) — pV) < I (N) _ p(N) —
nh—>n;o gn"(0) = P (O)‘ - nh_)ngo Hg" P HLOO,W(I) 0 (32)
Jim /7 (lgn = Pall, (1) = 0- (33)
Then using ([B.2) and (L6]) and taking account of definition (L), we obtain
(N) — ™M = 8N 1e™M )| = liminf =N |gV)
[, = [P =8 [ @) = imint o o)
< lim 6 [f(0) - P,§N>(0)( + liminf b, P,§N>(0)‘

= liminfb,
n—o0

P (0)‘ < lim inf <Mp,N7n(W)bi/p ||Pn||Lp’W(I)) . (34)

n
n—o0
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Next, using triangle inequality (I.I) and (B.3]), we have

lim sup bg/p HPnHIEP)W(I) < h?_iip bﬁ/p (”gn - Pn”lzp’w([) + ”gn”lzp)w(1)> < ”f”lzp([g)' (3.5)

n—o0
Combining (3.4) with (3.5), we arrive at (3.1) for p € (0,00).

In the case p = oo, for any € > 0 there exists zg € R such that Hf(N)HLOO(R) < (l+4¢) ‘f(N)(x0)|.
Without loss of generality we can assume that g = 0. Then similarly to (84) and (3.3 we can
obtain the inequality

|#]

Finally letting ¢ — 0+ in ([B.6), we arrive at (3.I]) for p = co. This completes the proof of (B.1)).

Loo(R) < (1 + E) hnnigf Moo,N,n(W)”f”Loo(R)' (36)

Further, we will prove the inequality

limsup M, y (W) < Ep n (3.7)
n—oo
by constructing a nontrivial function fy € By N L,(R), such that
. « N
timsup M, (W) < || 76, /10l ey < By (3.8)

n—o0

Since
Mp Nyn(W) < My n (W), (3.9)

inequalities (B.]) and (3.7)) imply (II6]). It remains to construct a nontrivial function fy, satisfying
B8). We first note that

TIngM;,N,n(W) > Cll(p7 N, W) (310)

This inequality follows immediately from ([B9) and (B3I)). Let P, € P,, n € N, be a polynomial,
satisfying the equality

P 0)]

N+1
bn Pl

My N (W) = (3.11)

p,w ([=an,an])

The existence of an extremal polynomial P, in (3.I1]) can be proved by the standard compactness
argument (cf. [I3, Proof of Theorem 1.5]). Next, setting Q,,(x) := Py(z/by) = > p_, cx@®, we have
from (B.I1)) that

)

B HQn HLp,W(/bn) ([—anbn,anbn]) .

My (W) (3.12)

Without loss of generality we can assume that

M ©)| =1 (3.13)
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Then it follows from B12)), (B.I3]), and BI0]) that
1Qulsy o o = UM an () < 1/Cri (5, N W), (3.14)

Further, it follows from inequality (28] of Lemma for P = P, and estimate (3.I4]) that for

every € € (0,1) and any k, 0 < k <n, n € N, the following relations hold true:

(k)
ol P, (o)\ . Cs(e, p, W)b;/p||Pn||Lp,W([_an,anD - Cs(e,p, W) (3.15)
MR (1 —e)kk! = Cui(p, N,W)(1 — e)kk!" '

Inequality (B.I5) holds true for all k € Zy if we set ¢ = 0 for k > n, n € N. Therefore, the
polynomials @, n € N, satisfy condition (2.4]) of LemmaR.2lwith § := ¢/(1—¢) and C(§) = Cs/C11.
Thus @, belongs to a set £ of Lemma 2.2, n € N. Let {n;}7°, be a subsequence of N such that

limsup M ,(W) = lliglo M N, (W), (3.16)

n—o0

Then the polynomial sequence {Q,, }7°, C € satisfies all the conditions of Lemma Therefore,

there exist a function fy € By and a subsequence {Qmm }>°_, such that

lim Q) (#)=fi”(x), 0<s<N, (3.17)

uniformly on any interval [—A, A], A > 0. Moreover, by (313 and B.17),

‘féN)(O)‘ — 1. (3.18)

We also need the following relations:
li nbn = 00, li 1-W(z/b,)) =0. 3.19
Jim_a 00 ngg%erﬁ&m]( (z/bn)) (3.19)

The first relation in (319]) follows from (I4]) and (I.3]), while the second one follows from (L.6]) for
every fixed A > 0.

Next, using consecutively triangle inequality (I.I]) and relations (3.17)), (3:19), (3.12]), (B:13]), and
(BI0), we obtain for any interval [—A, A], A > 0,

||f0||§,p([_A,A]) < hrgl_?;lop (HfO - inm ||IZP([_A,A]) + ||anm ||IZP([_A,A])>

= limsu p
m Sup 1Qn,,,, HLp,W(-/bnlm (=44

< lim QI
mee DT p,W(-/bnlm)([_“"lmb”zm’“”zmbnzm])

= 1/ lim My, (W)<1/Cu. (3.20)
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Therefore, letting A — oo in ([B.20), we see that fy is a nontrivial function from By N L,(R), by
(B20) and (BI8]). Thus for any interval [—A, A], A > 0, we obtain consecutively from (B.16]), (3.13)),

B.12), B19), B.I1D), and B.IZ)

limsup My, y ,(W) = n}@@”@mﬂ‘j

n—00 oW (/bny, ) ([_a"lm bng,p, 2Amyy, b"lm])
m

< lim [|Qn, I
P,

m—o0

W('/b"lm ) ([_AvAD

) -1
= i [Qn, 17 (= a,a))

= ‘féN)(O)‘/HfOHLp([—A,A]) < Hf(gN)HLOO(R)/HfOHLp([—AA})- (3.21)

Finally, letting A — oo in [B21]), we arrive at (B3.8]). O

(1]
(2]

(10]

(11]
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