arXiv:2011.09411v3 [math.CA] 19 Mar 2021

SIGN INTERMIXING FOR RIESZ BASES AND FRAMES
MEASURED IN THE KANTOROVICH-RUBINSTEIN NORM

NIKOLAI NIKOLSKI AND ALEXANDER VOLBERG

ABSTRACT. We measure a sign interlacing phenomenon for Bessel sequences
(ug) in L? spaces in terms of the Kantorovich-Rubinstein mass moving norm
[lug ||k r- Our main observation shows that, quantitatively, the rate of the
decreasing ||ug||kr — 0 heavily depends on S. Bernstein n-widths of a com-
pact of Lipschitz functions. In particular, it depends on the dimension of the
measure space.

1. WHAT THIS NOTE IS ABOUT.

Let (92, p) be a metric space, and m a finite continuous (with no point masses)
Borel measure on (2. It is known [NV2019] that for every frame (ux)k>1 in L3 (2, m),

the “I2-masses” of positive and negative values ui (x) are infinite:

Seup(@)? = up (2)? = 00 ae. on Q

(and moreover, Vf € L3(Q), f # 0 = >, (f,uf)2. = oo), where as usual
uif (z) = maz(0, +ur(z)), x € (0,1). So, at almost every point = € €, there are
many positive and many negative values ug(z). Here, we show that for a fixed k,
positive and negative values are heavily intermixed.

Precisely, we show that the measures ufdm should be closely interlaced, in the
sense that the Kantorovich-Rubinstein (KR) distances ||uxl|xr = |u) — vy, [|xkr
(see below) must be small enough. It is easy to see that if the supports supp(uf)
are distance separated from each other than |ux||xr =~ ||ug|p1(m), Whereas in
reality, as we will see, these norms are much smaller, and so, the sets {z : u*(z) >
0} and {z : u™(xz) < 0} should be increasingly mixed. In this connection, it is
interesting to recall one of the first (and classical) results in this direction, that
of O. Kellogg [Kel916], showing that on the unit interval Q = I =: (0,1), the

consecutive supports supp(uf) are interlacing under quite general hypothesis on
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an orthonormal sequence (ux). (Later on, the sign interlacing phenomena were
intensively studied for (orthogonal) polynomials (starting from P. Chebyshev, and
earlier, see any book on orthogonal polynomials), so that, quite a recent survey
[Fi2008] counts about 780 pages and hundreds references; many new quantitative
results are also presented).

Our results are most complete for the classical case Q = I? (d > 1) in R,
I=(0,1), and m = myg the Lebesgue measure and p the Euclidean distance on the

cube. They also suggest that in general, the magnitudes of HukH are defined by
KR

certain (unknown) interrelations between m and p, and by a kind of the dimension
of Q). In fact, all depends on and is expressed in terms of a compact subset Lip; of
Lipschitz functions in L2(£2,m).
Plan of the rest:
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2. DEFINITIONS AND COMMENTS

In order to simplify the statements, we always assume that our sequences (u)r>1
(frames, bases, etc) lay in an one codimensional subspace

LE(Q,m) ={f € LE(Q,m) : [, fdm = 0}.

The most of results below are still true for all Bessel sequences u = (ug)r>1 in
L3, i.e. the sequences with

S| )| < B3 Vs € 1
k
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where B(u) > 0 stands for the best possible constant in such inequality. Recall also
that a frame (in L3) is a sequence having

bIFIE < 3 || < BISIE e Ld,
k

with some constants 0 < b, B < 00, and a Riesz basis is (by definition) an isomorphic
image of an orthonormal basis.

We always assume that the space (2, p) is compact (unless the contrary explicitly
follows from the context) and the measure m is finite and continuous (has no point
masses).

Below, ||ul|xr stands for the Kantorovich-Rubinstein (also called Wasserstein)
norm (KR) of a zero mean ([ udm = 0) signed measure udm; that norm evaluates
the work needed to transport the positive mass u™dm into the negative one u™dm.
In fact, the KR distance d(u} dz,u, dz) between measures ukid:t (first invented by
L. Kantorovich as early as in 1942, see [K1942]) is a partial case of a more general
setting. Namely, given nonnegative measures u,v on {2 of an equal total mass,
w(Q) = v(Q), the K R-distance d(u,v) is defined as the optimal ”transfer plan” of
the mass distribution g to the mass distribution v:

d(p,v) = inf { /QXQ plz,y)dy(z,y) : ¢ € U(p, V)},

where the family W¥(u, ) consists of all ”admissible transfer plans” 1, i.e. nonneg-
ative measures on ) x Q satisfying the balance (marginal) conditions (2 x o) —
P(ox Q) = (n—v)(0o) for every o C Q (the value ¢(o X ¢’) has the meaning of how
many mass is supposed to transfer from o to ¢’). The K R-norm of a real (signed)
measure = pu4 — p—, () = 0, is defined as

lullxr = dpgs p-)-

It is shown in Kantorovich-Rubinstein theory (see, for example [KR1957] or
[KA1977], Ch.VIII, §4) that the K R-norm of a real (signed) measure u, u(2) = 0,
is the dual norm of the Lipschitz space

Lip:=Lip(Q) ={f: Q@ — R : |f(z) — f(y)| < cp(z,y)}

modulo the constants, where the least possible constant ¢ defines the norm
Lip(f). Namely,

lullxr = d(ps, p-) :Sup{/lfdu:Lip(f) < 1},

where, in fact, it suffices to test only functions f € lip, lip := {f € Lip : |f(x) —
f@)] =o(p(x,y)) as p(x,y) — 0}. Of course, one can extend the above definition
to an arbitrary real valued measure u setting || p]] = ||p—p(Q)|| k r+|p(2)]. It makes
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possible to apply our results to L% spaces instead of Lf@,o (using that in the case
of Bessel sequences, the sequence [, ugdm = (1,uz) is in [?). The K R-norm and
its variations (with various cost function h(z,y) instead of the distance p(z,y)) are
largely used in the Monge/Kantorovich transportation problems, in ergodic theory,
etc. We refer to [KAT97TT] for a basic exposition and references, and to [BK2012],
[BKP2017] for extensive and very useful surveys of the actual state of the fields.

It is clear from the above definitions that, for measuring the sign intermixing of
urdm for a Bessel sequence (ux) C L, one can employ certain size characteristics
of the following compact subset of L?(£2,m),

Lip = {f: @ —R: |f@) = f)| < ple,). F(z0) = 0},

where xo € 2 stands for a fixed point of Q (it will be easily seen that the choice of
xo does not matter). Below, we do that making use of the known Bernstein width
numbers b, (Lip, ), or - in the case when there exists a linear Hilbert space operator
T for which Lip, is the range of the unit ball - simply the singular numbers s, (T).

Namely, S.Bernstein n-widths b, (A, X) of a (compact) subset A C X (convex,
closed and centrally symmetric) of a Banach space X are defined as follows (see
[Pi1985]):

bn(A, X) = sup sup {)\ CAB(Xp41) C AN > 0},

Xnt1

where X,, 11 runs over all linear subspaces in X of dimX,,41 =n—+1, and B(X,41)
stands for the closed unit ball of X, ;. A subspace X,1(A4) where supy L, I8
attained, is called optimal; it does not need to be unique (in general). In the case of a
Hilbert space H (as everywhere below), if A is the image of the unit ball with respect
to a linear (compact) operator T, A = TB(H), we have b, (A, H) = s,(T), where
se(T) (0 (k=0,1,...) stands for the k-th singular number of T'; optimal subspaces
H,1(T) are simply the linear hulls of yo, ..., y, from the Schmidt decomposition
of T,

T=> se(T)(,x)

() and (yx) being orthonormal sequences in H.

3. STATEMENTS

Recall that (2, p) stands for a compact metric space (unless the other is claimed
explicitly), and m is a finite Borel measure on  having no point masses (for con-
venience normalized to 1).
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Lemma 1 below shows what kind of the intermixing of signs we have for free,
for every Bessel sequence (uy). Lemma 2 shows that in no cases, one can have an
intermixing better than (% smallness of |ug||xr. All intermediate cases can occur,
following the widths properties of the compact Lip; C L?*(2,m), see Theorems
3.1,3.2 and the comments below.

Lemma 1. For every Bessel sequence (uy)g>1 in LE(Q,m), we have
limk HukHKR =0.
Lemma 2. For every compact measure triple (Q, p,m) (with the above condi-
tions) and every sequence (ex)p>1, €x > 0, such that ), ei < o0, there exists an
orthonormal sequence (ur)k>1 in LZ(Q, m) satisfying

llurllxr > cex, bk =1,2,... (¢ >0).

In particular, there exists an orthonormal sequence (ug)g>1 in LE(Q,m) such
that

Z k3 s = oo, Ve > 0.
k
Lemma 3. For every sequence (eg)r>1, € > 0, with limy e, = 0, there exists

a compact measure triple (2, p,m) (with the above conditions) and an orthonormal
sequence (ug)g>1 in LZ (2, m) such that

1 2v/2

lukllkr = cex, k= 1,2, ... (Wi << E2EE),

Theorem 3.1. (1) Given a Bessel sequence (uy)i>1 in Li(I,dx), I = (0,1),
we have

> luliier < e
k
(2) Given a Bessel sequence (uy)r>1 in Li(I,dr), d = 2,3, ..., we have
Z [|ug || < oo, Ve > 0.
k
(8) For the Sin orthonormal sequence (uy),eona in L3 (1%, dx),
Un () = 2¥2Sin(mnyx1)Sin(rnaxs)...Sin(tngzs) (n = (n1,...,nq) € (2N)9),

we have
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> llunllfer = co.
n

Remark. For a generic Bessel sequence (or, an orthonormal sequence), the
[2-convergence property (1) is a best possible result (see Lemma 2). However, for
certain specific sequences, (1) can be much sharpen. For example, let u € LHQM(T)
and

un(C) =u(™),n=1,2,..

Then, as it easy to see,

lunllcr < 3 llullkr

(in fact, there is an equality), and so Z |unl| s < oo (Ve > 0). Such a di-

lated sequence (u, )y is Bessel if, and onlynif, the Bohr transform of u, Bu({) =
S ()¢, (o = (¢ (n = 2%13°2... stands for for Euclid prime representa-
tion of n € N) is bounded on the multitorus ¢ = (¢1, (2, ...) € T, see for instance
[Ni2017).

In fact, Theorem 3.1, is an immediate corollary of the next Theorem 3.2. We
extend the property (||ux|[xr) € [* to any "one dimensional smooth manifolds”,
see Proposition 5.1 for the exact statement. Lemma 2 shows that this condition
describe the fastest decrease of the K R-norms for a generic Bessel sequence. On
the spaces €2, p of "higher dimensions” the property fails.

In Theorem 3.2, we develop the approach mentioned at the end of Section 2: we
compare the compact set Lip; with the T-range T'(B(L?))of the unit ball for an
appropriate compact operator T. For a direct comparison ||u,||xr with Bernstein
numbers b, (Lip,) see Section 5 below.

Theorem 3.2. Let T be compact linear operator
T:L3(Q,m) — L3(Q,m),

and ¢ : [0,00) — [0,00) be a continuous increasing function on [0,00) whose

1

inverse @~ salisfies

o Na)=22r(1/z7V?) Yz >0

with a concave (or, pseudo-concave) function x — r(x) on (0, 00).
(1) If Lip, C T(B(LZ(2,m))) and >, o(sk(T)) < oo, then, for every Bessel
sequence (ur) C LE(Q,m),

> ks1 Plalluk|kr) < oo (for a suitable a > 0).
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(2) If Lip; D T(B(LZ(2,m))), then there exists an orthonormal sequence (uy)k>0 C
L2(Q,m), such that

lukllxr > sk(T), k=0,1,...

In particular (in order to compare with (1)), Y, h(|luk||kr) = oo for every h
for which Y7, h(si(T)) = co.

Remark. See Section 5.III below for a version of Theorem 3.2, point (2),
employing the Bernstein widths b, (Lip,) instead of s, (T") (T does not need to exist
for the compact set Lip, ).

Corollary. Let Lip; = T(B(L(2,m))) and p(T) := inf{a: Y, si(T)* < oo}.

(1) If p(T) < 2, then Y, |lug|* < oo, for every Bessel sequence (uj) C L (€2, m).
On the other hand, there exists T with p(T) = 1 and an orthonormal sequence such
that 3, lu||3 5 = oo (Ve > 0) (see Lemma 2 above)

(2) If > sk(T)P < oo, p > 2, then Y, |Juk|)r < 0o for every Bessel sequence
(ug) C LE(Q,m).

Remark. As we will see, Theorem 3.1, in fact, is a consequence of the last
Corollary. Some concrete examples to Theorem 3.2 are presented below, in Section
5.

4. PROOFS

I. Proof of Lemma 1. Since (uy)r>1 is a Bessel sequence, it tends weakly to
zero: (ug, f) — 0 as k —» oo, for every f € L%(2,m). On a (pre)compact set
f € Lip;, the limit is uniform:

li£n||uk||KRzli£nsup{/ukfdu:f € Lip, } =0.
Q

II. Proof of Lemma 2. The Borel measure m being continuous satisfies the
Menger property: the values mE, E C  fill in an interval [0, m(Q)]; if m is nor-
malized - the interval [0, 1] (see [Hal950], §41 (with many retrospective references,
the oldest one is to K.Menger, 1928), and for a complete and short proof [DN20T1],
Prop. Al, p.645). Below, we use that property many times.

Let E; C  be disjoint Borel sets, E1 (| E2 = 0, mE; = 1/2, and further, K; C
E; be compacts such that mK; = 1/3 (i = 1,2). Denote é = dist(Ky, K3) > 0,
and set

f(@) = (1— 3dist(z, K1))" — (1 — 3dist(z, K2))*, z € Q.

Then, f € Lip(Q,p), Lip(f) < 2/ and f(z) = 1 for z € Ky, f(x) = —1 for
T € Ks.
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Now, using the Menger property, one can find two sequences (A}), (A?), k =
1,2, ..., of pairwise disjoint sets such that A} C K;, Aj AL =0 (i = 1,2, k # j),
and mA,lC = mAi = a%%, where a > 0 is chosen in such a way that a2 Zk>1 ei <
1/3. Setting -

uk:Ck?(XAi _XAi)a k:1727"'7

with |lug|3 = 2¢mA}, = 1, we obtain an orthonormal sequence (uy) C L?(£2,m)
such that

) ) ) da
lugllxr > / uk(§f)dm = §2c;€mA,1C = —\/mAL = —=¢p.

ITI. Proof of Lemma 3. Let (2 = T°°, the infinite topological product of
compact abelian groups T x T X ..., endowed with its normalized Haar measure
Moo = M X m X .... The product topology on €2 is metrizable by a variety of
metrics, we choose p = p, € = (€x)r>1 defined by

pe(C,¢") = marg>iex|Ce — Gl, ¢, ¢ = (Gr)r>1 € T

Setting

up(¢) = V2Re(¢), ¢ €T,

we define an orthonormal sequence in L?(T>, m..) with |ug(¢)—ug(¢")| < ‘E/—Ep(c, ¢,

and so Lip(uy) < v/2/ep.
Further, we need the following notation: let f € Lip, (T>), f(¢) = f(Cx, () where
¢ = (¢, ¢) € T™ =T x T, ¢ consists of variables different from (j, and

e (Cr) = V2Re(Cr), G €T,

(in fact, this is one and the same function e’ — v/2Cos(f) for every k). Finally,
we set f(Cx) = / f(Ce, C)dmoo(¢) and observe that Lip(f) < e
']1‘00

(60 - Tch)
< /m €k

[ w016 0dm0) = [ 306 [ 6 0dmac (Qm(c) =

Too

< [ 160 = £ Ofdma ) <

G = Gildmoe (€)= e

Ck_Cl/c"

Now

- / T (GG dm(Ce) < exl[Tellxcrea.

and hence ||Uk||KR(']1‘co) < EkHﬂk”KR(']l‘)-
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Conversely, if h € Lip;(T) and h(¢) := h(¢x) for ¢ € T*, then ‘Q(Ck) —h(()] <
& (¢, ¢), and so

Janan) = [ ana@ [@(@n@im(@) = [ uOnime () <

oo

1
< & lukllk reree),

which entails [Tk xr(r) < %H%HKR(W)- Finally, ||ukl| g rere~) = €|k || x r(T)-
Moreover, since Lip(u) < V2,

2V/2

™

L / (V2 dm(Ce) < [Tl rery < [l oy =

Remark. For the same space L?(T*,m_,), but with a non-compact (bounded)
metric p(¢,¢") = supy>y [Ce—C'k|, we have [uk|][xkr > 1 for uk(¢) = Sinmxy, (=
(™, e, . ek ) € T, so that (||u||kr)s>1 does not tend to zero.

IV. Proof of Theorem 3.1. (1) Since uy € Lg (I, dx), [, uxdr = 0. Taking
a smooth function f with Lip(f) < 1 (which are dense in the unit ball of lip) and
vp(x) = Jug(z) == [ updz, we get vp(0) = vg(1) = 0, and hence

/Ifukdwz (ka)(l)—/lka'dxz —/Ika'dx.

Making sup over all f with |f’| < 1, we obtain ||ux||xkr = ||vk|/r:. But the
mapping

J: L*(I) — L*(I)

is a Hilbert-Schmidt operator, and hence Z | Juk||3: < oo, and so Z lukl%r =

k k
> I Tukl|7 < oo
k

The penultimate inequality is obvious if (ug) is an orthonormal (or only Riesz)
sequence, but is still true for every Bessel sequence (ug)r>1. Indeed, taking an
auxiliary orthonormal basis (e;);>1 in L&(I,dz), we can write

S 1wl = 30 S en)| = 303 (e )
k E o J Jj k

< Zconst- | J*e;|* < oo,
J

2
\ <

since the adjoint J* is a Hilbert-Schmidt operator.
(2) This is a d-dimensional version of the previous reasoning. Anew, we use the
dual formula for the KR norm,
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lurllxr = sup{/ld furdz : f € C*, Lip(f) < L/fdx =0},

the last requirement does not matter since Lip(f) = Lip(f + const). Notice that
for f € C=(IY), Lip(f) < 1 & |Vf(x)] <1 (z € I?), where Vf stands for the
gradient vector Vf = (aanj)lSde . Now, define a linear mapping on the set Py of
vector valued trigonometric polynomials of the form ) ;. cn Vel e L2(14,C%)
with the zero mean (co = 0) by the formula

A(Vein)) = ’n i) e 7\ {0}

It is clear that A extends to a unitary operator
A: CZOSLZ(Id)Cd)(VPO) — Lg(]d).
Further, let M : L(1%) — L%(I?) be a (bounded) multiplier,

M(eHm)) = ﬁei("’m), n e Z4\{0},

and finally, T(Vf) = f, f € C§°(I%). Then,

/Id fupde = /Id(T(Vf))ukdx = /Id V- (T uy)dz,

T* being the adjoint between L? Hilbert spaces. It follows

lugll kr < sup{/d V(T uy)dz ‘Vf‘ < 1} ST url| g1 (ra,cay <
I
< NT*ukllp2(re,cay-

Moreover, T = M A, where A is unitary (between the corresponding spaces) and
M in a Schatten-von Neumann class S, for every p, p > d (since M is diagonal and

Z # < 00 < p > d). Using the dual definition of the Bessel sequence as
nezd\{0}
| 3" arurl|® < ¢ (3 a?) for every real finite sequence (ay), we can write (uy) as the
image up = Bey, of an orthonormal sequence (ex) under a linear bounded map B.
This gives

lukllxr < || T*Beg|| L2

For every p > d, this implies Z lukll% g < Z |T*Beg ||} . < oo since T*B € S,
k k
and d > 2 (see Remark below).

Remark. For the last property, see for example [GoKr1965]. Here is a simple
explanation: given a linear bounded operator S : H — K between two Hilbert
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spaces and an orthonormal sequence (ex) in H, define a mapping j : S — (Seg);
then, j is bounded as a map Sz — [2(K) and as a map Sy — ¢o(K) (compact
operators); by operator interpolation, j : S, — IP(K) is also bounded for 2 < p <
0.
For 1 < p < 2, the things go differently: the best summation property Z [ISex]|® <

k
00, which one can generally have for S € S, is only for & = 2 (look at rank one

operators S = (-,z)y). This claim explains the strange behavior in exponent from
2 + € for dimension 2 to exactly 2 for dimension 1 (and not 1 + € as one would
expect).

(8) We use anew the duality formula

lunllxr = sup{/ld fundp : Lip(f) < 1}.

Taking f = w, / Lip(u,) we get ||u, ||k g > 1/ Lip(u,) where Lip(u,) < maz|Vu,(z)| <
24/2|n|, and so

d

S lunlln 227 Y | = oo

ne(2N)4
V. Proof of Theorem 3.2. Let T = (E)k>0 sk(T)(-,xx)yr be the Schmidt
decomposition of a compact operator T' acting on a Hilbert space H, si(T) \, 0
being the singular numbers. Let further, A: H — H be a bounded operator, and
(er)k>0 an arbitrary (fixed) orthonormal basis. Given a sequence a = ()0 of
real numbers, a € [*°, define a bounded operator

To = hs0 (5 T) Yk,

and then a mapping

jrar— (T;Aek)kzo,

a H-vector valued sequence in [*°(H).

We are using a (partial case of a) J. Gustavsson—J. Peetre interpolation theorem
[GuP1977for Orlicz spaces. Recall that, in the case of sequence spaces, an Orlicz
space [?, where p : Ry — R} = (0,00) is increasing, continuous, and meets the
so-called Ag-condition ¢(2z) < Cp(x), z € Ry, is the vector space of real sequences
c = (cx) satisfying >, ¢(alck|) < oo for a suitable a > 0. Similarly, a vector valued
Orlicz space consists of sequences ¢ = (cx), cx € H having >, ¢(allck||) < oo for
a suitable a > 0. We need the Hilbert space valued spaces only. The Gustavsson—
Peetre interpolation theorem (theorem 9.1 in [GuP1977]) implies that if mappings
j:1® —1°°(H) and j : > — [?(H) are bounded, then

j: ¥ —1¥(H)
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is bounded whenever the measuring function ¢ satisfies the conditions given in
Theorem 3.2.

(1) Now, in the notation and the assumptions of statement (1), the Bessel se-
quence (ug) is of the form u; = Aey, where A is a bounded operator and (e;) an
orthonormal sequence. It follows

el = supgeri, | (Aer, )] < subserpiuey |(Ae, frz| = IT* Aex 1.
For every a € 12, T,, € S (Hilbert-Schmidt), and then T A € Sy, and hence
j(a) € I?(H). By Gustavsson-Peetre, o € ¥ = j(a) € [¥(H). Applying this
with a = (si(T)), we get >, p(allur||kr) < D) ¢(al|T*Aek||) < oo for a suitable
a>0.
(2) In the assumptions of (2), and with the Schmidt decomposition

T = su(T)(,zr)ys »

set ur =yr k> 0. Then

luellicr = SUB penip, | s )| = s ser(azay (e £)] = 1T pllz = su(T).

5. FURTHER EXAMPLES AND COMMENTS

I. Fastest and slowest rates of decreasing ||ui||xr ¢ 0. Lemma 2 shows
that, the K R-norms of a generic Bessel sequence don’t have to be smaller than
required by the condition Z lukl| 5 < oo.

k

On the other hand, point (1) of Theorem 3.1 gives an example of (£, p,dx),
where every Bessel sequence meets that property.

Now, we extend this result to measure spaces over (almost) arbitrary 1-dimensional
”smooth manifold” of finite length, as follows.

As to the fastest possible decreasing of HukH for frames/bases, we treat the

KR

question in Section 6 below for the classical spaces L?(I%).

Proposition 5.1. Let ¢ : I — X be a continuous injection of I = [0,1] in a

normed space X differentiable a.e. (with respect to Lebesque measure dx), and the
distance on I be defined by

p(z,y) = lp(z) —eW)lx, z,y € I.

Let further, p be a continuous (without point masses) probability measure on I,
satisfying

1
/ du(y) / I¢' (@) xdz =: C*(, ) < 0.
I y
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Then, every Bessel sequence u = (uy) in L?(u) =: LE((I, p) fulfills

> llukllier < B2C(u, ) < oo,
k
where B(u) > 0 comes from the Bessel condition.
Proof. Following the proof of Theorem 3.1(1) and using that for f € C*°,
Lip(f) <1< [f(x) = F)] < lle(@) =@l < [f'(@)] < [l¢'(@)]x (x € ),
we obtain, for every h € L3(p) and Jy,(h)(z) := [, hdp,

AR = sup /fhdu:fEC“,Lip(f)gl}:

=sup{/1f’JM(h)dx

@] <le@lx} = [ 70)] - 1¢@lxds <
< ||J#(h)||L2(I,'Ud;E)7

where v(z) = ||¢'(2)||x. A mapping Th := J,(h), T = [, k( y)du
acting as T : L?(u) — L*(I,vdx) is in the Hilbert—Schmldt class Sy if and only if

= [ [ | o= [ ) / o) = Cng) < .

If u = (ug) is Bessel (with >, |(h,u)[* < B(u)?||h||?, Vh € L2), and the last
condition is fulfilled, then ur = Aey where (ey) is orthonormal and ||A] < B(u),
and hence

S llurllier <D T A)el3 <
k k
ITA[Z < ITIBIIAN? < B*(u)C?(u, ).

Remark. In particular, the following (known?) formula appeared in the proof:

Il = [ [7.0] - Ie'@)lxdo

see also comments below.

I1I. Examples of interpolation spaces appearing conspicuously in The-
orem 3.2. Lemma 3 above suggests that all decreasing rates of ||ux ||k r can really
occur, and so all cases of convergence/divergence of _, ¢(||uk||xr) are different
and non empty. The following partial cases are of interest.
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(1) The most known interpolation space between [? and [ is I[P, 2 < p < oo,
which is included in Theorem 3.2 with

r(t) =t"7r;

it serves for the case of power-like decreasing of b, (Lip,), or s,(T) (if Lip; =
T(B(L?))), and consequently of ||u,]| xr:

log S% ~ log(n), n — oo.

In particular, point (2) of Theorem 3.1 (where Q = I¢, d > 2) can be seen now as
a partial case of Theorem 3.2 since, in the hypotheses of 3.1(2), Lip; = TB(L*°) D
TB(L?) and T € N, Sp(L* — L?) (which was already observed in the proof of
Theorem 3.1).

p>d

(2) The following spaces [# of slowly decreasing sequences (s,,) are conjectured
to appear as s-numbers (or Bernstein n-widths) of Lip; for partial cases of the
triples 2 = T°, p = pe, Mo described in the proof of Lemma 3 above:

1
C' loglog S . 1
- Sn < 00 (corresponding to log -~ ~

lolofg (n) ; the case is included
g log(n)

in ThZOrem 3.2 with

1 log(t?) )(1 + 0(1)}, as t — 00

r(t)=t- exp{ ol 710g10g(t2

(follows from the known b=!(y) = logy(y) (1+0(1)) for b(x) = x - log(x)), which is

eventually concave (since ¢ — r(t) = o(t) for t — oo and lies in the Hardy fields,
see [Boul9706], I’Appendice du Ch.V);

C(log &L )° . ) . .
- Z Sn " <00, a>1 (corresponding to log =~ = (log(n))'/; the case is

incluc?ed in Theorem 3.2 with

r(t) = t-eap{ — (& 1og(t)V/7
which is eventually concave as t — oo (by the same argument as above);

C

B
- Ze Sn < 00, B > 0 (corresponding to log i ~ (c+ % loglog(n)); the case is

incluc?ed in Theorem 3.2 with
r(t) = Ct/(log(t*))"/?,

which is eventually concave as t — oo (by the same argument as above).
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III. In terms of the Bernstein n-widths. It is quite easy to see that a part
of Theorem 3.2, namely point (2), is still true with a (slightly?) relaxed hypothesis:
we replace the assumption that Lip, is of the form Lip; D T(B(L?)) for a com-
pact T with a hypothesis that the optimal subspaces for Bernstein widths b, (Lip,)
are ordered by inclusion (see Section 2 above for the definitions): H, (Lip;) C
H,1(Lip;), n = 1,2, ... Namely, the following property holds.

Proposition 5.2. Let Q,p,m be a compact probability triple for which there
exist Bernstein optimal subspaces H,(Lip;) C L*(Q, m) such that

Hn(Llpl) - HnJrl(Lipl)v n= 15 27

Then there exists an orthonormal sequence (uy)r>0 C Lip(Q2) C LE(Q,m), such
that

unllxr > bn(Lipy), n=1,2, ...

Proof. Let e; € Hy, |le1]]2 = b1, and assume that eg, k < n are chosen in a
way that ey € H,, ex L e; (k # j) and |leg||]2 = b. Since b, 1B(H,41) C Lipy,
there exists a vector e, 1 € Hp41 © Hy, C Lip(Q) with ||ent1]l2 = bny1 (and hence,
en+1 € Lip;). For the constructed sequence (e,), we set

Up = € /bn

and obtain an orthonormal sequence (uy) C Lip(2) such that Lip(uy) < 1/by,
and hence ||un|kr > [ unendm = b, (Lip,).

IV. Remark: an “uncertainty inequality” for |u|xgr. As it is already
used several times (in particular in the proof of 5.2 above), for a smooth function
u € Lip(Q) the following inequality holds

lull i r Lip(u) > [|ull3.

Indeed, [|ulgr > [, u(u/Lip(u))dm.

As a consequence, one can observe that for every normalized Bessel sequence
(ug), its Lip norms must be sufficiently large, so that >, @(m) < oo for any
monotone increasing function ¢ > 0 for which >, ¢(||ux||) < oo (compare with the

statements of Section 3).

V. Remark: an explicit formula for ||u| xr. There are some cases where the
norm || - ||k can be explicitly expressed in term of the triple €, p, m. In particular,
if Lip; = T(B(L*(£2,m)) then
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lullr = [IT*ull L1 (0,m), Yu € LH(Q,m).

Indeed,
Jullir=sup { [ ufdms f & Lip, } = T"ul1s0,0m,
Q

In particular, such a formula holds for (2, m) = (I¢,my), as it is mentioned in
the proof of Theorem 3.1 (the corresponding T'(3"; 4, cpetthr)) = D k0 |E|cret(F®)
is a multiplier on L}); for d = 1, the formula is mentioned in [Ver2004].

VI. Yet another characteristic of a compact set. The following compact-
ness measure seems to be closely related to the estimates of |u,| x r:

t(n) :sup{r > 0:3z; € Lipy, @i Lap(i # k), ||z >r1<j< n}, n>1.

It is easy to see that \/nb, (Lip;) > t(n) > b,(Lip; ), and in principle, we can use
t(n) instead of b, in the proof of Proposition 5.2. We can also derive the existence
of finite orthonormal sequences (e;)7_; C Lip(2) such that E?Zl o(llejllxr) >

6. A SUMMARY, AND THE BEST K R-NORMS BEHAVIOR FOR FRAMES/BASES IN
L2(I9).

(A) A summary of the worst (generic) behavior of the K R-norms (all
these claims are already proved above). For every Bessel sequence (uy) in L2(I%),

2 d-+e
we have for d = 1: E HukH < 00, and for d > 1: E HukH < 00, Ve > 0.
KR KR
k k

These claims are sharp: for every compact triple (2,p,m) and for every se-
quence (€x), -, € > 0, such that >, e2< oo, there exists an orthonormal sequence

Uk in L2(Q, m) such that ||uy > cep, k=1,2,... (¢ > 0), and in L2(I¢
k>1 R KR

there exists an orthonormal sequence (uy) such that Z HukH =00
- KR

For a generic compact triple €2,p, m, we can only claim limy HukH = 0 for
KR

every Bessel sequence in L(2,m). The property is sharp in the following sense:
for every sequence (ex),~;, €x> 0, with limy ex= 0, there exists a compact triple
(Q,p, m) (with usual properties) and an orthonormal sequence (uy), ., in LZ(£2, m)

such that HukHKR =cen, k=12, (55 Sc< 2\7r/§)

(B) Bases/frames with the least possible K R-norms. For the best possible
behavior of ||ug we replace the words “for every Bessel sequence” by the words
“there exists Bessié?sequence”, meaning that we look for the fastest rate of decrease
of {Huk}
summation properties, and for d = 1 the threshold is 2/3 (and not 2 as above), as
follows.

KR}. Then for bases/frames/Bessel sequences on L2(I?), we have different
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Theorem 6.1. Let d=1,2,... and o = d2—f2 (v < 2). Then, (1) there exists
a+te

an orthonormal basis (uy) in L2(I¢) such that E HukH < 0o, Ye > 0, but (2)
KR
k

o
Z HukH = oo, for every frame (uy) in L?(I%) (in particular, for every Riesz
KR

Let (u,) be the Haar basis in L2(1¢) enumerated with the following notation:

h = X(0,1/2) — X(1/2,1)

stands for the Haar basic wavelet on I C R; taking a subset o C D := {1,2,...,d},
o # (), and a multiindex k = (kq, ko, ..., kq) € Zi, where 0 < ks < 27 for every s
and j € Z4, define the Haar functions (uy) := (hj ko) as

hjko(@) =202 [T h(@zs = k) [] X0 (@as — ko),
s€o s€D\o

where © = (21,22, ..,24) € I?. Then (see for example, [Me1992], Section 3.9),
(up,) forms an orthonormal basis in L3(1¢) (j and k run over all mentioned above
values, o runs a finite set of 2% — 1 elements). Obviously,

supp(hjre) = Qjr = {r €RY: 2z — ke [1} = Hle[kﬂ*j, (ks +1)277].
Lemma. Let u € L*(I%), supp(u) C Q;x and [,, udz = 0. Then,
o], < Hhllc-tars
KR
Proof Since f 7a udz = 0, we can restrict ourselves in the formula

HUHKR = sup{/lufd:t : Lip(f) < 1}

to the functions f with f(I) = 0, Lip(f) < 1 where | = (ks277)?_,, and so
|f(z)] < |l — x|, x € Qj k. Changing variables, we have

d
o [ o< [, o S
KR Qj.0 > Qj.0 > s=1

- o e = g
Proof of Theorem 6.1
(1) Applying Lemma to u = hj ko,

hjk
i

< 9id/2d9—j(d+1)
R - ?

2d

Summing up (with a v > o, a = 75

), we get
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Un

Y 2ﬂ'd(2jd/2§2*ﬂ'<d+1>)V < .
KR — = 2

g

v
Z} KR,S ZZZH}LM’U
n o 720 k

(2) Recall that the space L}(I?) endowed with the K R-norm is isometrically
embedded into the dual space (Lipg)* (with respect to the standard duality (u, f) =

Jraufdm).
The plan of the proof (suggested by E. Gluskin) is the following: consider
some metric properties of the embedding

E* : L2(I%) — (Lipo)*
and its predual embedding
E : Lipg — L3(I9)

from two different points of view. Namely, assuming that there exists a frame

(ug) in L2(I?) such that Z Huk < 00, we show that
k

KR
(I) embeddings E, E* are 2-nuclear operators (see below) and the 2-nuclear
approximation numbers a%) (E*) decrease as o(1/N'Y/?) when N — oo;
(IT) on the other hand, one can see that - at least for N = 279, j = 1,2, ... - the

numbers ag\z,)(E) (which coincide with ag\z,)(E*)) cannot be less than ¢N 1/,
The above contradiction shows property (2) of Theorem 6.1.

Proof of point (I). A linear operator T : X — Y between Banach spaces X
and Y is said p-nuclear if Tx = ), Tpx, x € X (weak convergence), rank(Ty) <

1 and >, ||Tk]]? < oo inf{(ZHTk
k

p\1/p .
) 1 over allsuchrepresentatwns} =:

HTH » is called its p-norm. N-th p-nuclear approzimation number of T (N =
N(p

1,2,..) s

ag\l;)(T) = inf{HT—AH A X — Y, rank(A) < N}.
N(p)

Assume now that there exists a frame (uy,) in L2(I?%) such that Z HukH <
k

KR
oo where o = d2—_f2. Let Sf = Y,.(f, uk)uy be the frame operator on L(I4); S is an
isomorphism S : L3(I%) — LZ(I?), and E*S : L3(I%) — (Lipo)* is a 2-nuclear

operator,

E*Sf = ZkZI(f7 uk)E*Ukv

since ||E*ug||(Lipo)+ = llurllkr and a < 2. Moreover, letting (ux) in the de-

[0}
creasing order of ‘ Uk, , we get HukH = o(1/k) (as k — o0), and hence
KR KR
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« _ ( 1
kr  O\yela1

),

2 2—a
S o
k>N k>N
(2)  x @y 1 _ 1 _
and CLN (E S)—O(W)— O(W), aSN—>ooand 1/0&—1/2"‘1/(1

Since S is invertible, and ‘

UTVHN( ) < U 1T N ) - V]| for every T,U, V', we
P

have

ag\z,)(E*) = of ), as N — oc.

_1_
Nl/d

Proof of point (II). (The proof was suggested by E. Gluskin). We need to
show that there exists a constant ¢ > 0 such that for every operator Ay : Lipg —
L3(I%), rank(Ay) < N = 294 (j =1,2,...), one has |[E — An||n@2) = cN~V/ To
this end, we construct two linear mappings V = Vy : RV — Lipg and U = Uy :
L3(I%) — RY such that

UEV = idgn, |V : RN — Lipo|| < CNzta, ||U: L3(I4) — RN || = 1,
where C' > 0 does not depend on N.
Having these mappings at hand, we get Usn(E — Ax)Van = idgeny — By,
where rank(By) < N and so
|Usn (E — An)Van|Inz) = llidgen — B[Ny = N2,

and on the other hand,

|Uan(E — AN)VanlIne) < [|Usn| - |E = AnlInel[Ven|| < C(2N)+%||E —
AN n(2), which gives | — An||n(2) > cN-1/d.

Construction of the mappings V = Vi : RV — Lipy and U = Uy :
L3(1?) — RN, N = 274 j =1,2,... We use the similar scaling procedure as in
the above proof of part (1) of Theorem 6.1: let 1) be a smooth function on R% such
that supp(v)) C Qo = I¢, ol L2¢ray = 1, [;a¥dm = 0, and, for every j € Zy,

VY = by p(w) = 2092920 — k), k € K,
where K; = {k = (ki1,....,ka) € Zi: 0 < ks <2 (1 <s <d)}. Then,
(k € K;) have pairwise disjoint supports and form an orthonormal family in L3(1%),
card(K;) = 294 := N. Now, setting
Va= ZkeKj aptr, a € RY,

we obtain
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< c-SUpgega
Lip

[

V(Va)(x)‘ = C-MaXgeK; SUPgerd akaJ;g(UC)‘ < C2jd/22jHaH

RNV’

where ¢ > 0, C > 0 depend only on d (and the choice of 1), which gives the needed
[V : RN — Lipo|| < CNzta,

For U = Uy : LE(I?) — RN, we let Uf = ((f,%%))kek,, and obviously get
UEV = idgw and ||[U : L2(I%) — RV|| = 1.

REFERENCES

[BK2012] V. I. Bogachev, A. V. Kolesnikov, The Monge-Kantorovich problem: achievements,
connections, and perspectives, Uspekhi Mat. Nauk, 67:5(407), 2012, 3-110.

[BKP2017] V. L. Bogachev, A .N. Kalinin, S.N.Popova, On the equality of values in the Monge
and Kantorovich problems, Zapiski Nauchn. Sem. POMI, 457 (2017), 53-73.

[Boul976] N. Bourbaki, Fonctions d’une variable réelle (théorie élémentaire), Hermann, Paris,
1976.

[DN2011] R. M. Dudley and R. Norvaisa, Concrete Functional Calculus, Springer, N.Y. etc., 2011.

[Fi2008] S. Fisk, Polynomaals, roots, and interlacing, pp.1-779, larXiv:math/0612833v2, 11 mars
2008.

[GoKr1965] I. Gohberg and M. Krein, Introduction to the theory of linear non-selfadjoint oper-
ators on Hilbert space, ”Nauka”, Moscow (Russian); English transl.: Amer. Math. Soc.,
Providence, R.I., 1969.

[GuP1977] J. Gustavsson and J. Peetre, Interpolation of Orlicz spaces, Studia Math., 60:1 (1977),
33-59.

[Ha1950] P. Halmos, Measure Theory, Van Nostrand, Princeton, 1950; 2nd ed.: Springer, 1974.

[K1942] L. V. Kantorovich, On mass transfer, Doklady AN SSSR, 37 (1942), 227- 229 (Russian).

[KA1977] L. V. Kantorovich and G. P. Akilov, Functional analysis, 2nd ed., Moscow 1977 (Engl.
transl.: Pergamon Press Oxford, 1982; Elsevier 2014).

[KR1957] L. V. Kantorovich and G. Sh. Rubinstein, On a functional space and certain extremal
problems, Doklady AN SSSR, 115 (1957), 1058-1061 (Russian)

[Kel1916] O. D. Kellogg, The oscillations of functions of an orthogonal set, Amer. J. Math.,
38:1(1916), 1-5.

[Me1992] Y. Meyer, Wavelets and operators, Cambridge Univ. Press, Cambridge, 1992.

[Ni2017] N. Nikolski, The current state of the dilation completeness problem, A PPT talk at
King’s College London 2017, and at the Michigan State University seminar 2018.
[NV2019] N. Nikolski and A. Volberg, On the sign distribution of Hilbert space frames, Analysis

and Math.Physics, 9 (1115-1132), 2019.

[Pi1985] A. Pinkus, n- Widths in Approximation Theory, Springer, Berlin Heidelberg, 1985.

[Ver2004] A. M. Vershik, The Kantorovich metric: initial history and little-known applications,
Zapiski Nauch. Sem. POMI, 312 (2004), 69-85 (Russian).

DEPARTMENT OF MATHEMATICS, UNIVERSITE DE BORDEAUX, FRANCE
Email address: Nikolai.Nikolski@math.u-bordeaux.fr (N. Nikolski)

DEPARTMENT OF MATHEMATICS, MICHIGAN SATE UNIVERSITY, EAST LANSING, MI. 48823 USA
AND HAUSDORFF CENTER FOR MATHEMATICS, BONN 53115, GERMANY
Email address: volberg@math.msu.edu (A. Volberg)


http://arxiv.org/abs/math/0612833

	1. What this note is about.
	2. Definitions and comments
	3.  Statements
	4.  Proofs
	5. Further examples and comments
	6. A summary, and the best  KR-norms behavior for frames/bases in  L2(Id).
	References

