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ORTHOGONAL PROJECTORS ONTO SPACES OF PERIODIC
SPLINES

MARKUS PASSENBRUNNER

ABSTRACT. The main result of this paper is a proof that for any integrable
function f on the torus, any sequence of its orthogonal projections (ﬁn f) onto
periodic spline spaces with arbitrary knots ﬁn and arbitrary polynomial de-
gree converges to f almost everywhere with respect to the Lebesgue measure,
provided the mesh diameter |En| tends to zero. We also give a proof of the fact
that the operators ]5n are bounded on L independently of the knots En

1. INTRODUCTION

1.1. Splines on an interval. In this article we prove some results about the
periodic spline orthoprojector. In order to achieve this, we rely on existing results
for the non-periodic spline orthoprojector on a compact interval, so we first de-
scribe some of those results for the latter operator. Let k € N and A = (;)71F a

knot sequence satisfying
ti < tit1, ti < titk,
by = = loyp—1, brp1 = = lpgp

Associated to this knot sequence, we define (N;)_, as the sequence of L°°-
normalized B-spline functions of order £ on A that have the properties

SuppNi = [ti7ti+k]7 NZ Z 07 ZNZ = 1.
=0

We write |A| = maxy<j<,(tj+1—t;) for the maximal mesh width of the partition A.
Then, define the space Si(A) as the set of polynomial splines of order & (or at
most degree k—1) with knots A, which is the linear span of the B-spline functions
(N;)i_,. Moreover, let Pa be the orthogonal projection operator onto the space
Sk (A) with respect to the ordinary (real) inner product (f, g) = t';’"“ f(x)g(x)dz,
ie.,

(Paf,s) = (f,s)  forall s €S,(A).

The operator Pa is also given by the formula

(1.1) Paf =2 (f,N)N;,

=0
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where (N;)I_, denotes the dual basis to (IV;) defined by the relations (N}, N;) =0
when j # ¢ and (N}, N;) = 1 foralli =¢,...,r. A famous theorem by A. Shadrin
states that the L* norm of this projection operator is bounded independently of
the knot sequence A:

Theorem 1.1 ([§]). There exists a constant ¢;, depending only on the spline order
k such that for all knot sequences A = (t;)72F as above,

||PA : Loo[tbtr-i-l] - Loo[téatr-i-l]n < ¢.

We are also interested in the following equivalent formulation of this theorem,
which is proved in [I]: for a knot sequence A, let (a;;) be the matrix ((N;, N})),
which is the inverse of the banded matrix ((N;, N;)). Then, the assertion of The-
orem [[T] is equivalent to the existence of two constants K, > 0 and vy € (0,1)
only depending on the spline order k£ such that

K; 074)2_)‘

1.2 Sl <200
(1.2) ] < max{k;, k; }

C<i,j<r,
where x; denotes the length of supp ;. The proof of this equivalence uses Demko’s
theorem [4] on the geometric decay of inverses of band matrices and de Boor’s
stability (see [2] or [B, Chapter 5, Theorem 4.2]) which states that for 0 < p <
oo, the I” norm of a B-spline series is equivalent to a weighted ¢ norm of its
coefficients, i.e. there exists a constant Dy only depending on the spline order k

such that:
1/p
< AP,
r (Z|Cﬁ| H]) .

v
Dkk_l/p<2|cj\pf€j> "< H Z%’Ny"
- .

In fact, for a;;, we actually have the following improvement of (L2]) (see [6]):
There exist two constants K > 0 and v € (0,1) that depend only on the spline
order k such that

where h;; denotes the length of the convex hull of supp N;Usupp N;. This inequal-
ity can be used to obtain almost everywhere convergence for spline projections of
L' functions:

Theorem 1.2 ([6]). For all f € L[ty t,.1] there exists a subset A C [ty, t, 1] of
full Lebesgue measure such that for all sequences (A,) of partitions of [te, t,11]
such that |A,| — 0, we have

lim Pa, f(z) = f(x), xr € A

n—oo

Our aim in this article is to prove an analogue of Theorem for orthopro-
jectors on periodic spline spaces. In this case, we do not have a periodic version
of ([IL3) at our disposal, since the proof of this inequality does not carry over to
the periodic setting. However, by comparing orthogonal projections onto periodic
spline spaces to suitable non-periodic projections, we are able to obtain a periodic
version of Theorem

In the course of the proof of the periodic version of Theorem [[.2] we also need
a periodic version of Theorem [I.I], which can be proved by first establishing the
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same assertion for infinite point sequences and then by viewing periodic functions
as defined on the whole real line [A. Shadrin, private communication|. The proof of
Theorem [L.T] for infinite point sequences is announced in [§] and carried out [3]. In
this article we give a different proof of the periodic version of Shadrin’s theorem by
employing a similar comparison of periodic and non-periodic projection operators
as in the proof of the periodic version of Theorem This proof directly passes
from the interval case to the periodic result without recourse to infinite point
sequences.

1.2. Periodic splines. Let n > k be a natural number and A = (sj);-:(} be a
sequence of distinct points on the torus T = R/Z identified canonically with [0, 1),
such that for all j we have

5§ < Sjv1, 85 < Sjks
and we extend (sj)?;ol periodically by
Sppyj =T+ 85

forrez\{0}and 0 <j <n-—1.
Now, the main result of this article reads as follows:

Theorem 1.3. For all functions f € L'(T) there~exists a set A of full Leéesgue

measure such that for all sequences of partitions (A,) on T as above with |A,| —
0, we have

lim P, f(z) = f(z), €A,
n— o0
where ﬁn denotes the orthogonal projection operator onto the periodic spline space
of order k with knots A,,.

In order to prove this result, we also need a periodic version of Theorem [L.Ik

Theorem 1.4. There exists a constant ¢ depending only on the spline order
k such that for all knot sequences A = (sj);-:(} on T, the associated orthogonal

projection operator P satisfies the inequality
|P: L=(T) — L®(T)|| < .

The idea of the proofs of Theorems [[.3 and [L4] is to estimate the difference
between the periodic projection operator P and the non-periodic projection op-
erator P for certain non-periodic point sequences associated to A = (si)?z_ol.

The article is organized as follows. In Section[2] we prove a simple lemma on the
growth behaviour of linear combinations of non-periodic B-spline functions which
is frequently needed later in the proofs of both Theorem and Theorem [L.4
Section [ is devoted to the proof of Theorem [[4] which is needed for the proof
of Theorem in Section [ Finally, in Section [ we also apply our method of

proof to recover Shadrin’s theorem for infinite point sequences (see [3| [§]).
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2. A SIMPLE UPPER ESTIMATE FOR B-SPLINE SUMS

Let A be a subset of [ts,t,4+1]. Then, define the set of indices i(A) whose B-
spline supports intersect with A as

i(A):={i: Ansupp N; # 0}.

We also write i(z) for i({z}). If we have two subsets U,V of indices, we write
d(U, V) for the distance between U and V' induced by the metric d(i,7) = |i — j|.

We will use the notation A(t) < B(t) to indicate the existence of a constant C
that depends only on the spline order k such that for all ¢ we have A(t) < C'B(t),
where ¢ denotes all explicit or implicit dependencies that the expressions A and
B might have.

The fact that B-spline functions are localized, so a fortiori the set i(x) is
localized for any x € [ty t,41], can be used to derive the following lemma:

Lemma 2.1. Let J be a subset of the index set {¢,0 + 1,....,r — 1,r}, f =
> e b Nj)N; and p € [1,00]. Then, for all x € [ty ,1.1], we have the estimate

1/p

z)| < A@D max —
@ S, T

< 7d(i(ac)J)Hth max (max{/{m,/@j})_l/p
mei(z),jet
< U@ R, - ()7, 1< p< oo,

wherey € (0, 1) is the constant appearing in (L3), I(x) is the interval I = [t;,t;11)
containing the point x and the exponent p' is such that 1/p+1/p' = 1.

Proof. Since N} = > m Gim N,
F@) =" ajmlh, N)No(x).
j€J mei(z)

This implies

|lj—m|
@) S max (0 T— [kl IN ).

mei(x
@\ hjm

where we used inequality (L3)) for aj,,, Holder’s inequality with the conjugate
exponent p' = p/(p — 1) to p and the fact that the B-spline functions N, form a
partition of unity. Using again the uniform boundedness of N;, we obtain

lj—m]
’y /
£ S e (37— Al

ci
mei(zx) e

Summing the geometric series now yields the first estimate. The second and the
third estimate are direct consequences of the first one. 0

Remark 2.2. We note that we directly obtain the second estimate in the above
lemma if we use the weaker inequality (L2]) instead of (L3]).
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3. THE PERIODIC SPLINE ORTHOPROJECTOR IS UNIFORMLY BOUNDED ON L

In this section, we give a direct proof of Theorem [[.4] on the boundedness of
periodic spline projectors without recourse to infinite knot sequences. Here, we
will only use the geometric decay of the matrix (a;,,) defined above for splines
on an interval.

A vital tool in the proofs of both Theorem [T and Theorem are B-spline
functions. We will also make extensive use of them and introduce their periodic
version, cf. [7]. Associated to the periodic point sequence (sj)?;ol and its periodic
extension as in Section we define the non-periodic point sequence

tj:b“j, forj:—k—i—l,,n—l—k:—l

and denote the corresponding non-periodic B-spline functions by (Nj);‘:_i i1 With
supp N; = [t;, t;+x]. Then we define for x € [0, 1)

N;(z) = Nj(z), j=0,...,n—k,

if we canonically identify T with [0,1). Moreover, for j =n—k+1,...,n —1,

— o Niu(x), ifxelo,s),
Ni(@) = {Nj(x), itz € (s5,1).

We denote by P the orthogonal projection operator onto the space of periodic

splines of order k& with knots (sj)?:_&, which is the linear span of the B-spline

functions (]i7 j);‘:—& and similarly to the non-periodic case we define
i(A)={0<j<n—1:AnsuppN; # 0}, ACT.

Lemma 3.1. Let f; be a function on T with supp f; C [s;, si11] for some index i
in the range 0 < i <mn — 1. Then, for any x € T,

|Pfi(z)| < H0@)ituwp f:))

| filloos

where d is the distance function induced by the canonical metric in Z/nz and
v € (0,1) is the constant appearing in inequality (L3]).

Proof. We assume that the index ¢ is chosen such that s; < s;41, since if s; = s;41,
the function f; is identically zero in L*°.

Given a function f on T, we associate a non-periodic function 7T'f defined on
[Sis Siyn1] given by

Ti@) = f(r(®),  t€siSivnsal,

where 7(t) is the quotient mapping from R to T. We observe that 7" is a linear oper-
ator, | T : L*(T) — L*([ss, sivn1])l| = V2 and [T : Lo(T) — L®([s4; sitns1])l| =
1. Moreover, for x € T, let (x) be the representative of = in the interval [s;, s;4,).
We want to estimate Pf;(z). In order to do this, we first decompose

(3.1) Pfi(z) = TPfi(r(z)) = PTfi(r(z)) + (TPf; — PTf)(r(z)),



6 M. PASSENBRUNNER

where P is the orthogonal projection operator onto the space of splines of order

k corresponding to the point sequence A = (tj);‘if 41 associated to the non-

periodic grid points in the interval [s;, Siypny1], 1-€.,
thSH_j, ij,...,n—l—l,
lofp1=--=1t_1 =25, lnt2 = = lntk = Sitn+1-
Also, let (N;)_, ., be the L>*-normalized B-spline basis corresponding to this

point sequence.
We estimate the first term PTf;(r(x)) from the decomposition in (B of

P fi(z). Since P is a projection operator onto splines on an interval, we use rep-
resentation (1)) to get

n

PTfi(r(x)) = > (Tfi, Nj)N;(r()),

j=—k+1
and, since supp T'f; C [si, Si+1] U [Sitn, Sitnt1] = [to, t1] U [tn, tns1] by definition of
fi and T" and supp N; C [t;,tj4p forall j =—k+1,...,n,
PTfi(r(z)) = > (T fi, Nj)N; (r(x)),
jeJ1

with J; = {-k+1,...,0}U{n—k+1,...,n}. Employing now Lemma 2.T] with
p = oo to this sum, we obtain

(3.2) |PT filr(2)] S v T INT fifloo S CD KR ID | £,

Now we turn to the second term on the right hand side of [BI]). Let g :=

(TP — PT)f;. Observe that g € S,(A) since the range of both TP and P is
contained in S;(A). Moreover,

(TP =T)fi, Njy = (Pfi= [ Njwa)s G =0,..n—k+1,

where we take the latter subindex j + ¢ to be modulo n. This equation is true in
the given range of the parameter j, since in this case, the functions N; and Njﬂ-
coincide on their supports. The fact that Pis an orthogonal projection onto the
span of the functions (Nj);‘:—ol then implies

(TPf; —Tfi,N;) = (Pfi — fi, Njys) = 0, j=0,...,n—k+1.
Combining this with the fact
(PTf; —Tf;,N;) =0, j=—-k+1,...,n,
since P is an orthogonal projection onto a spline space as well, we obtain that
(9, N;) =0,  j=0,..n—k+1.

Therefore, we can expand ¢ as a B-spline sum

9="> {9, NN},

JEJ2
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with Jo ={—k+1,...,—-1}U{n—k+2,...,n}. Now, we employ Lemma 2.T] on
the function ¢ with the parameter p = 2 to get for the point y = r(z)

l9(W)] < 7| gll2 max | supp N |72,
J€J2

Since g = (T]B — PT)f; and the operator TP — PT has norm < 2v/2 on L?, we
get

19| S Y| filla| supp fil 712,
where we also used the fact that supp N; D [s;, sit1] = [to,t1] or suppN; D

[Si4n: Siani1] = [tnsty1] for j € Jo. Since d(i(y), J2) > d(i(z),i(supp f;)) and
1 filla < || filloo| supp fi] /2, we finally get

l9(y)| S A R ID £ .

Looking at (B.]) and combining the latter estimate with ([B.2)), the proof is com-
pleted. O

This lemma can be used directly to prove Theorem [L4 on the uniform bound-
edness of periodic orthogonal spline projection operators on L>:

Proof of Theorem[T7. We just decompose the function f as f = 321" f- Lisiysii1)
and apply Lemma B to each summand and the assertion ||Pf||oc < || f|loo follows
after summation of a geometric series. O

Remark 3.2. (i) Since Pisa selfadjoint operator, Theorem [[L4] also implies that
P is bounded as an operator from L'(T) to L'(T) by the same constant c; as in

the above theorem. Moreover, by interpolation, P is also bounded by ¢, as an
operator from LP(T) to LP(T) for any p € [1, 0o].

(ii) In the proof of Lemma Bl we only use the second inequality of Lemma 2.T]
which follows from inequality (I.2)) on the inverse of the B-spline Gram matrix and
does not need its stronger form (L3). Similarly to the equivalence of Shadrin’s
theorem and (2] in the non-periodic case, we can derive the equivalence of
Theorem [[4] and the estimate

Ky i)

Tl < =
|al]| B max(%i,%j)

) 0 S 7’7] S n— ]-7

where (a;;) denotes the inverse of the Gram matrix (N, Nj)), K > 0and vy €
(0,1) are constants only depending on the spline order k, k; denotes the length
of the support of N; and d is the canonical distance in z/nZz. The proof of this

equivalence uses the same tools as the proof in the non-periodic case: a periodic
version of both Demko’s theorem and de Boor’s stability.

4. ALMOST EVERYWHERE CONVERGENCE

In this section we prove Theorem [[L3]on the a.e. convergence of periodic spline
projections.
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Proof of Theorem .3 Without loss of generality, we assume that &n has n points.
Let A, = (s")=! and (N]("));-‘:—(} be the corresponding periodic B-spline func-

Jj /3=0
tions. Associated to it, define the non-periodic point sequence A, = (tgn))?if;zl

with the boundary points 0 and 1 as

(n) _ () .
t, =5, j=0,...,n—1,
t(_"%:...:t(jl):o’ tﬁ")Z“':tiﬁzkA:l-

We choose the integer m such that the multiplicity of the point 0 in A, is k£ and
denote by (N]("))?:_im the non-periodic B-spline functions corresponding to this
point sequence and by P, the orthogonal projection operator onto the span of

(N(n)>n—l

Jj Jij=—me

We will show that P, f(x) — f(z) for all x in the set A from Theorem [[.2] of
full Lebesgue measure such that lim P, T f(z) = Tf(x) for all z € A, where T
is just the operator that canonically identifies a function defined on T with the
corresponding function defined on [0,1) and we write z for a point in T as well
as for its representative in the interval [0, 1).

So, choose an arbitrary (non-zero) point 2 € A and decompose P, f(x):

For the first term of (A1), P, T f(x), we have that lim,, ., P, T f(z) =T f(x) =
f(x) since x € A.

It remains to estimate the second term g,(z) = TP,f(z) — P,Tf(z) =
TP,f(zx) — Tf(z) + Tf(x) — P,Tf(x) of @I). First, note that g, € Sp(A,).
Moreover,

since P, is the projection operator onto the span of the B-spline functions (Kf ;n)),
and

(Tf—PTfN"Y=0, j=-m,....n—1,

since P, is the projection operator onto the span of the functions (N ](")) There-
fore, g, € Sk(A,) can be written as

j€Jn
with J, = {-m,...,—1}U{n—k,...,n—1} and (N;n)*) being the dual basis to
(N ](")) We now apply Lemma 2.1 with p =1 to g, and get

| 1
< d(in(z),Jn)
|9n ()] S v lgnllr, max - ek

)

where hgl) denotes the length of the convex hull of supp N, g(" Usupp NV ](") and i, (x)

is the set of indices 7 such that z is in the support of Ni("). Since for ¢ € i,,(x), the
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point z is contained in supp Né(") and for j € J, either the point 0 or the point 1
is contained in supp N ]("), we can further estimate

1

< dlin(z),Jn)
(@)1 S min(z,1 — )

~

|9nll1

Now, [|gn|l1 = ||(Tﬁn — P.D)flli < ||f|l1, since the operator T has norm one
on L' and P, and P, are both bounded on L' uniformly in n by Theorem [.4]
(cf. Remark B2) and Theorem [T} respectively. Since |A,| tends to zero, and
a fortiori the same is true for |A,|, we have that d(i,(x),J,) tends to infinity
as n — 0o. This implies lim,, o, g,(z) = 0, and therefore, by the choice of the

point z and decomposition ), lim P, f(z) = f(z). Since z € A was arbitrary
and A is a set of full Lebesgue measure, we obtain

lim ﬁnf(y) =0, for a.e. y € T,
n—o0

and the proof is completed. 0

5. THE CASE OF INFINITE POINT SEQUENCES

In this last section, we use the methods introduced in the previous sections to
recover Shadrin’s theorem for infinite point sequences (see [8, [3]).
Let (s;)icz be a biinfinite point sequence in R satisfying

Si < Sit1, Si < Sitks
with the corresponding B-spline functions (Ni)iez satisfying supp N, = iy Sitk]-
Furthermore, we denote by P the orthogonal projection operator onto the closed

linear span of the functions (N;)ez .

Lemma 5.1. Let f be a function on (inf s;,sup s;) with compact support. Then,
for any x € (inf s;,sup s;),

|Pf ()| S A @ | g
where v € (0,1) is the constant appearing in inequality (L3)).
Proof. For notational simplicity, we assume in this proof that the sequence (s;) is
strictly increasing. Let o € (inf s;, sup s;) and let I(x) be the interval I = [s;, s;41)
containing z. Since f has compact support and the sequence (s;) is biinfinite, we

can choose the indices ¢ and r such that {z} Usupp f C [sf, s,41) and with
J={l—-k+1,... .0 =1} U{r—k+2,...,7}, the inequality

A @D| supp V2|1 ()| 7H? < yUi@)ilsupp £)
is true.
Next, define the point sequence A = (¢;)/1) L1 by
t; = s, 1=40,...,r+1,
a=typt1 =" =1t = S, b=tk =" =try1 = Sr11,

and let the collection (N;)i_, .., be the corresponding B-spline functions and
P the associated orthogonal projector. Let T" be the operator that restricts a
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function defined on (inf s;, sup s;) to the interval |a, b]. In order to estimate Pf(z),
we decompose

(5.1) Pf(z) =TPf(z) = PTf(z) + (TPf(x) — PTf(x)).

Observe that PTf = Y _n(f, No)N;;, where F' = i(supp f) = {i : supp f N

supp N; # 0}. Applying Lemma 2] with the exponent p = oo, we obtain
|PTf(2)] S "0 floo-

We now consider the~second part of the decomposition (5.1I), the function
g=(TP—-PT)f =(TP—-T+T— PT)f. We observe that g € Sx(A) and,

moreover,
(TPf—Tf N;)=(Pf—f,N)y=0, j=L...,r—k+1,
by definition of the projection operator ]3, and,
(I'f —PTf N;)=0, j=0—k+1,...,m

by definition of the projection operator P. Therefore, we can write the function
g as

g=> (9. N)N;
jed
with J ={0—k+1,....0 =1} U{r —k+2,...,r} as defined above. Now, by
Lemma 2T with the exponent p = 2, we get
lg(@)] S AN glly - [1(2)[ 72 S O flla - | 1(2)] 72
< AN [supp V1) 772 flloo:
Finally, due to the choice of ¢ and r,

which proves the lemma. 0

We can now use this lemma to define Pf for functions f € L*(inf s;,sup s;)
that are not necessarily in L?(inf s;, sup s;) if inf s; = —o0 or sup s; = +o00. If we
let fi := fls,s,..), then f; has compact support and the above lemma implies
that the series

Pf(z) = Zﬁfl(:c), x € (inf s;, sup s;),
1€EZ
is absolutely convergent and, moreover, there exists a constant C' only depending
on the spline order k£ such that

1P flloo < Cll flloo-
This operator enjoys the characteristic property of an orthogonal projection:
Remark 5.2. One can combine the proofs of Lemma [5.] and Lemma Bl to also

obtain the uniform boundedness of the spline orthoprojector on L*° for one-sided
infinite point sequences.
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