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Estimates of the asymptotic Nikolskii constants
for spherical polynomials

Feng Dai, Dmitry Gorbachev, and Sergey Tikhonov

ABSTRACT. Let II¢ denote the space of spherical polynomials of degree at most n on
the unit sphere S? € R%! that is equipped with the surface Lebesgue measure do
normalized by fsd do(x) = 1. This paper establishes a close connection between the
asymptotic Nikolskii constant,

Il s9)
L£(d) ;= lim ———— Nl iay
( ) n—o0 dlmHﬁ ferd ||f||L1(Sd)

and the following extremal problem:

o0
Ja+1(t) — Z akja (qa+1,kt/qa+l,1) H
k=1

T, = inf
ak Lo (Ry)

with the infimum being taken over all sequences {a;}7° ; C R such that the infinite series
converges absolutely a.e. on R;. Here j, denotes the Bessel function of the first kind
normalized so that j,(0) = 1, and {ga+1,%}72, denotes the strict increasing sequence of
all positive zeros of j,4+1. We prove that for a > —0.272,

7 _Jo Jan (et dt
o da+1,1 42q+1
IN 2o+l dt

As a result, we deduce that the constant £*(d) goes to zero exponentially fast as d — oo:

0.5d < L* (d) < (0857 R )d(l-i-é‘d) with €4 = O(d_2/3).

2
‘Ja+1,1)

:1F2(a+1;a+2,a+2;— 1

1. Introduction

Let S? = {z € R¥!: |z| = 1} denote the unit sphere of R¥! and do the surface
Lebesgue measure on S? normalized by [, do(x) = 1, where |-| denotes the Euclidean
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d+1
22
r(4h)
let LP(S?) denote the Lebesgue LP-space defined with respect to the measure do on S%
and || ||, = |- |lzr(se) the quasi-norm of LP(S?). We denote by Rlia’ﬁ), a,f € R, the

usual Jacobi polynomial of degree n normalized by R,(f’ﬁ )(1) =1, and by C, u > 0, the
Gegenbauer polynomial of degree k.

A spherical polynomial of degree at most n on S is the restriction to S of an algebraic
polynomial in d + 1 variables of total degree at most n. Let I1¢ denote the space of all
spherical polynomials of degree at most n on S¢. As is well known (see, e.g., [13, Chap. 1]),

an+d(n+d\  2n*
n+d -~ T(d+1)

norm of R Denote by wy := the surface area of S¢. Given 0 < p < oo,

dim 11 = (1+0(n™), n— oo. (1.1)

n

The classical Nikolskii inequality for spherical polynomials ([27]) asserts that there
exists a positive constant C; depending only on the dimension d such that for any 0 <
p<gq= o0,

1

1
1Nl asey < Ca(dimIIE)? 4| f|l posay, V' f € TIL.

In this paper, we are mainly interested in the best Nikolskii constant defined as follows:

N(Sdm)m = Sup{”f”m(sd)i IS HZ and Hf”LP(Sd) = 1}, (1.2)

where 0 < p < g <ooandn € N.
Exact values of the constants N'(S%n),, are known only in the case of p = 2 and
q = 0o, where one has (see [14])

N(S%n)g0 = /dim 114, (1.3)

For the general case, the following estimates are known ([27, 14]):
N (S4;
(—n)lp’qlng<oo, 0<p<q<oo, (1.4)
(dim I1¢)»~q
where Cy = 1 in the case of 0 < p < 2. However, it is a long-standing open problem
to find the exact values of the Nikolskii constants A (S%n),, for (p,q) # (2,00) and
0 < p < q < oo. In fact, this problem is open even in the case of d =1 ([4, 22]).

For d = 1, Levin and Lubinsky [29, 30] established very close connections between the
asymptotic behaviour of the quantity &nl)”l as n — oo and the best Nikolskii constant

(2n+1)P "1
for entire functions of exponential type on R. Their results were recently extended to

the higher-dimensional case by the current authors [14]. To state these results more
precisely, we recall that an entire function f of d-complex variables is said to be of spherical
exponential type at most o > 0 if for every € > 0 there exists a constant A. > 0 such that
|f(2)] < Ace@ ™l for all z = (21, -+, 24) € C Given 0 < p < 00, we denote by £¢ the
class of all entire functions f in d-variables of spherical exponential type at most 1 whose
restrictions to R? belong to the space LP(R?) ([36, Ch. 3]). For 0 < p < ¢ < oo, define

N R g 1= sup{ || lraceey: f € EF and |/l poggey = 1}

0< ey <
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Throughout this paper, we will consider the Nikolskii constants for real-valued functions
(i.e., those functions in £ whose restrictions to R? are real-valued). This will not cause

any problem as for every f € &£, g(z) := 5 (f(z) + f(2)) is a function in £ whose
restriction to R? is real-valued (see also [17, Theorem 1.1]).

The following result was proved first by Levin and Lubinsky [29, 30] for d = 1 and
later by the current authors [14] for d > 2.

THEOREM A ([29, 30, 14]). For 0 < p < oo, we have

Sd' ~ 2 d %
i 2o (D), gy (o), (1.5)
no0 (dim I14)7 Va ’
where Vg := 1“(%121) denotes the volume of the unit ball in RY. Furthermore, if 0 < p <
2
q < 00, then
Sd' 2 d %_%
timing 5 Wea (( ‘2 )N R, = £ (d).

n=09 (dim I14)r "4

Note that (1.5) implies that

1

N(S%:n)p o = Ly o(d)(dim 4)7(1+0(1)), 0<p<oo, asn— cc. (1.6)
Furthermore, by (1.3), (1.1) and (1.6), we obtain

VT Ly
d _ —
N(R )2,00 = (2m)d/2 - (er(g + 1)7Td/2> '

In this paper, we continue the research of [14]. We shall establish more explicit duality
formulas for the constants N(S%n), . and N (RY), . with 1 < p < co. For example, in
Section 4, we prove

d d—2 > a1
Rglz’ P )_ Z akaz

N(S% n)1ce = (dim %) inf
ak k=n+1

(1.7)

Loo[—1,1]

with the infimum being taken over all sequences {ax}32,,; C R such that the series

d—1
> et @Cy? (t) converges to an essentially bounded function in L*-norm with respect
to the measure (1 — 2)“= dt on [—1,1]. One of our main goals is to apply these duality
formulas to estimate the constant £5 (d) in the asymptotic expansion (1.6) for p = 1.
For simplicity, we write
£1(d) = £ (@)

Note that by (1.3) and (1.4), if 0 < p < 2, then for any d,

Ly (d) <1 (1.8)
with equality for p = 2.

!Note that the definition of the constant A/ (S%,n),.q4 here is slightly different from that of the constant
C(n,d,p,q) in [14] due to the normalization of the surface Lebesgue measure do. Indeed, we have
1 1

N(SY; N)pq = wg_EC(n, d,p,q).
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The estimates for the Nikolskii constant £*(d) are important in many applications.
Let us mention only a few of them here. First of all, the constant £*(d) appears very
naturally in problems on best L'-approximation (see, e.g., [8, 18, 19, 31]). It can be
used to obtain certain tight bounds in the Remez-type problem about the concentration of
L'-norm of entire functions of the spherical exponential type ([8, 33], see also [43]). Some
details can be found in Section 7. The next example is widely known. The constant £*(d)
can be used to obtain some lower tight-bounds for spherical designs (see [28]). Moreover,
the Nikolskii constants play an important role in approximation of smooth, multivari-
ate functions defined on irregular domains by polynomial frame approximation method
[7]. More detailed historical comments on the constant £*(d) and related background
information will be given in Section 2.

While it remains to be very challenging to find the exact values of the constants £*(d),
in [14] we solved this problem for non-negative functions in the class £¢:

THEOREM 1.1 ([14]). For d € N, we have

274 0o
L1(d) = (27) su M — 927,
Va regh{o}, ||f||L1(Rd)
f]ga=>0

One of the main results in this paper asserts that the estimate (1.8) can be significantly
improved for p = 1, and the constant £*(d) goes to zero exponentially fast as d — oc:

THEOREM 1.2. For d € N, we have

2 Oi 5o (£)td=1 dt
d d+1’c_l+1;_@) _ o 32/2()
Jodta-tdt

272777 1
where 1 Iy denotes the usual hypergeometric function, jase is the normalized Bessel func-

tion, and Bg = qaso,1 18 the smallest positive zero of the Bessel function Jq of the first
kind.

9-d < £*(d) < 1F2<

COROLLARY 1.1. Ford > 2, we have
2—d < ﬁ*(d) < ( 2/6)d(1+5d),
where \/2/e = 0.857---, and 4 = O(d=?/3) as d — .

Using Theorem 1.2, we may obtain the numerical upper estimates of £*(d) for d =
1,2,...,10, listed in the following table:

d 1 2 3 4 5 6 7 8 9 10
upper bounds | 0.589 | 0.382 | 0.261 | 0.184 | 0.133 | 0.098 | 0.073 | 0.055 | 0.042 | 0.032

Note that for d = 1, we recover the upper bound of L£*(1) previously obtained in
(25, 2], while for d = 2, our method with more delicate calculations leads to the following
estimate:

N(S*n)1 00 = L5(2)n*(1 4+ 0(1)) with  L£*(2) € (0.2820,0.3822),

which improves the corresponding known estimate in [1, 24].
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Let us give a few comments on the proof of Theorem 1.2. Clearly, the lower estimate
in Theorem 1.2 follows directly from Theorem 1.1. However, the proof of the upper
estimate in Theorem 1.2 is much more involved. It relies on a duality argument (see, for
instance, (1.7)). The crucial ingredient in the proof is to solve an extremal problem on
L*>-approximation by the Bessel functions of the first kind on R, = [0, 00), which seems
to be of independent interest.

To be more precise, we need to introduce several notations. For o € C, let J, denote
the Bessel function of the first kind, and j, the normalized Bessel function given by

Ja(z)

za

Ja(2) =2T(a+ 1)

, z€C.

Let {qax}72, denote the strictly increasing sequence of all positive zeros of j,(z). For
a > —%, we denote by X, the set of all functions ' € L*°[0, c0) that can be represented
as an infinite sum of the form

F(t) = Z ak.ja (Ta+17kt)7 t Z 07 ag S R7 ,ra-i-l,k - %—l’k7 k € N
—1 Ga+1,1
Here we assume that the series converges absolutely to F' almost everywhere on R,. In
the proof of the upper estimate in Theorem 1.2 | we are required to solve the following
extremal problem for o = %l —1:

Ty = Fiél)ga | Jat1 — FHL‘X’(RH‘ (1.9)

In this paper, we find the exact value of Z,, for « > —0.272, from which the upper estimate
in Theorem 1.2 will follow:

THEOREM 1.3. Let a > —0.272 and let Z,, be defined in (1.9). Then

Qi+1,1 - oqaﬂ’ljaﬂ(t)tzaﬂ dt
4 - f04a+1,1 t2a+1 dt

The identity (1.10) extends the following result (see [2, 22]):

int e 1 T .
L g ay, cos kt” = —/ Y g (1.11)
t P L*Ry) T Jg X

We point out that the proof of this last formula in [22] relies on the fact that the cor-
responding extremal function is a periodic function, which does not seem to work in our
situation. Our proof of (1.10) in this paper is different from that in [22].

This paper is organized as follows. Section 2 contains some background information
and historical comments on sharp Nikolskii constants. Some preliminary materials on
spherical harmonics and Bessel functions are given in Section 3. In Section 4, we de-
duce more explicit duality formulas for the Nikolskii constants, and connect our problem
with several other extremal problems in approximation theory. We also study the exis-
tence, uniqueness and characterizations of the corresponding extremal functions for these
extremal problems in Section 4. After that, in Section 5, we prove the main theorem,
Theorem 1.3, from which the upper estimates in Theorem 1.2 will follow. The proof of
Corollary 1.1 is given in Section 6. Finally, in Section 7, we show how our results on the
Nikolskii constants can be used to deduce certain interesting Remez-type results.

Ia:1F2<a+1;a+2,a+2;— (1.10)

inf
ap€R
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2. Historical background

In this section, we give some background information and historical comments on the
Nikolskii constants. Nikolskii inequalities have been playing crucial roles in approximation
theory and harmonic analysis, particularly in the embedding theory of function spaces (see
36, 16]).

In the case of d = 1, the problem of finding the exact values of the constants
N(S';n)1 o has a very long history, starting with the work of Jackson [26] in 1933.
A closed form of the constant N (S';n); «, which is not very useful in applications, was
found by Geronimus [18]. Stechkin (see [41, 42|) proved that there is a constant c
such that N (S';n); . = en + o(n) as n — oo, while Taikov [41]) further proved that
N(Shn)10 = en 4+ O(1) with ¢ € (0.539,0.584). In [22, 23] it was established that
¢ = L*(1) and for any n and 0 < p < 00

(2n)PL; (1) S N (S n)poo < (2n+2[p~ V2L (1)

(see also [29, 17]). In the limiting case of p = 0, Arestov [3] found the exact values of
the Nikolskii constants for the trigonometric polynomials on the unit circle S'. Finally,
in the case of d > 2 and 0 < p < ¢ = oo, Arestov and Deikalova [4] proved that the
supremum in (1.2) can be achieved by zonal polynomials, and as a result, the Nikolskii
constant N (S%;n); « for spherical polynomials coincides with the Nikolskii constant for
algebraic polynomials in L'([—1,1]) [1, 24].

As was mentioned in the introduction, of crucial importance in the proofs of the main
results in this paper are the duality formulas for the Nikolskii constants, which will be
given in the next section. In the case of S' this approach was introduced by Taikov [41],
who established the classical Bernstein result on the best approximation of cosnx by
functions )7 . acoskxr € L>[0,27). L. Hérmander and B. Bernhardsson [25] proved
that

L*(1) = inf

‘sin:):

—v(x)H =0 in (~1,1), (2.1)

T Lo(R)

and described general properties of the extremal function G € &] satisfying £*(1) =
1G]l Loo w
[l
L£(1) ~ 0.54092882 (cf. with [22, 23]).

In the particular case when v has the form )~ a,coskt the problem (2.1) was
considered by Andreev, Konyagin, and Popov [2] (see (1.11)), who studied a constant
that is equivalent to £*(1) via the Fourier transform, that is (see also [22])

F(0 =
L*(1) = sup M, F
p0 [[Fll )

. Furthermore, they also computed the following very precise numerical value:

=0 in [-1,1)% (2.2)

Some interesting applications of the Nikolskii constants in number theory can be found
in the paper by Carneiro, Milinovich, and Soundararajan [10], who considered a family
of problems related to the Nikolskii constant (2.2) and applied the resulting estimates to
study the problem on the distribution of prime numbers. The paper [10] also considers
a version of the Nikolskii problem when F < 0 outside [—1,1]. This problem for F' > 0
corresponds to the extremal Cohn-Elkies problem (also called the Delsarte problem) that
is connected with the problem of sphere packing (see, e.g., [20, 12, 11, 44]).
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We also refer to [9, 36, 35, 8, 4, 17, 5] for more background information on classical
Nikolskii constants.

3. Preliminaries

In this section, we present some preliminary materials on spherical harmonics and
Bessel functions, most of which can be found in [13], [6, Chap. 7], [37], and [45].

First, a spherical harmonic of degree n on S? is the restriction to S? of a homogeneous
harmonic polynomial in d + 1 variables of total degree n. We denote by H¢ the space of
all spherical harmonics of degree n on S?. As is well known, the spaces He, n=0,1,---,
are mutually orthogonal with respect to the inner product of L?(S%), and for each non-
negative integer n, the function k*’\ CMx -y), 7,y € S? is the reproducing kernel of the
space H?, where \ = T and O denotes the usual Gegenbauer polynomial of degree n,
as deﬁned in [39]. Thus,

f(z) = ’f“/f )CMa-y)do(y), =eS% fe M.

As a result, the reproducing kernel of the space I1¢ of spherical polynomials of degree at
most n on S? is given by

k4 A . 4 d-2
Gl 1) = 3 22 o) = (@im T AT ), (3.1
k=0

where R'®% denotes the normalized Jacobi polynomial of degree n:

PP (#)
P01y

Second, an entire function f of d-complex variables is of spherical exponential type
at most o if for every ¢ > 0 there exists a constant A. > 0 such that |f(z)| < A.e(7+o)|
for all z = (21, ,24) € C? (see [36, Chap. 3]). Given 0 < p < oo, denote by Eg the
class of all entire functions of spherical exponential type at most in d-variables whose
restrictions to R? belong to the space LP(R?). If 0 < p < ¢ < oo, then Ed C Ed and
there exists a constant C' = Cy,, such that || f||, < C| f||, for all f € Ed Moreover

every function f € £7 is bounded on R and satisfies | f(2)| < || f|| 1o raje "‘Im(z LVzeCd
According to the Palay-Wiener theorem, each function f € Eg can be identiﬁed with a
function in LP(R?) whose distributional Fourier transform is supported in the unit ball
B? := {x € R?: |z| < 1}. Here we recall that the Fourier transform of f € L'(RY) is
defined by

R(@b) (t) =

n

Faf©=F©) = | flw)e™Cdn, €€RY,
R
while the inverse Fourier transform is given by

Filflx) = (2; y yewtde,  fe LNRY, zeR%
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Finally, we present some well-known properties of the Bessel functions, most of which
can be found in [6, Chap. 7], and [45]. The Bessel function J, of the first kind is the
solution to the differential equation

22y +ay + (22 — o)y =0 (3.2)

such that the limit lim, ,ox~*J,(z) exists and is finite. Denote by j, the normalized
Bessel function given by

Ja(2) =2°T(a + 1) JZiZ), zeC.

As is well known, j,(z) is an even entire function of exponential type 1 satisfying that
Ja(0) =1 and

(o)) = 20+ 22 o fa), o) =~ (g
200+ 2
Moreover,

Ja(@)] S CA+]a))™72, z€R (3.4)

Note that (3.3) also implies (see [6, 7.2.8 (56)])

(), et

22 i) = 2 () — a2, (35)
If v = ¢—1, then the function j,(| - |) is the Fourier transform of the normalized surface
Lebesgue measure on the sphere S*!, while if a = £, then the function (;/Td)d Ja(] -]) is the

Fourier transform of the characteristic function yg« of the unit ball B?. That is,

iyl = [ eedota) = (), ¢ee

and v
d . . . d
G Fils D) © = xse(6), € RS (3.6)
where the Fourier transform JF; is understood in a distributional sense or in the space of
L*(RY).

The zeros of j,(z) are all simple and real. Let {g.x}3>, denote the sequence of all
positive zeros of j,(z) arranged so that 0 < ¢o1 < ¢a2 < .... For convenience, we also
set ga,0 = 0. Then g, ~ 7k as k — oo, and for o > 0, the smallest positive zero of j,(z)
satisfies

Vala+2) < gur < Va+1(Va+2+1). (3.7)
Moreover,
() = (1 - —) 2 eC. (3.8)
g qi,k
The positive zeros of j,(z) and j,.1(z) are interplaced:
0< Qa1 < Gat11 < Ga2 < Gat12 < .. .. (39)

The following result on the zeros of the Bessel functions will be used repeatedly in
later sections:



LEMMA 3.1. Fora > —1/2 and k =1,2,---, we have
Zgglaﬁk lja(2)] = |ja(%z+1,k>| = (_1)kja(QOz+1,k> > 0. (3.10)

ProoOF. For the sake of completeness, we include a short proof of this lemma here.
Since
N I Zja+1(2)Ja(2)
«a =2 a a -
(10(20) = 2ia(2)f4 ) = 22N
the function (j,(z))? achieves its local maxima on (0, 00) at the positive zeros of ja.1(2),
on which we also have (j,(2))? = (ja(2))? + (j2(2))*. However, it is easily seen from (3.2)
that
, , ! 22a+1) , .
(Gal2))? + (a(2))?) = === (sl
which implies that the function (j(2))* + (j2(2))? is strictly decreasing on (0,00) if
a > —1/2. Thus, the sequence

{ (ja(Qa+l,k))2}:;l = { (ja(Qa+1,k))2 + { (j;(Qa+1,k))2}:il

is strictly increasing. It then follows that

nax lJa(2)] = lja(das+1,6)]-
Z24a+1,k
Finally, the second equality in (3.10) is a direct consequence of (3.9). O

For v > —3, the Fourier-Bessel expansion of a function f € L'([0, 1], #**™* dt) with
respect to the orthogonal basis {j,(ga+1.47)} o, is given by

) =S e fialat), ¢ €0,1], (3.11)

where

k=1,2,--,

1 1 -2
1 . Jaar)

ho= [ t*Tdt= hy, = / 2(gpt)t* ot dt = =2
0 /(; 20 + 92’ k . ]a(Qk ) 9

1
%WZAW%WWM%kZMwH

If f € C'([0,1]), then the series (3.11) converges absolutely outside of a neighbourhood
of the origin.

For later applications, we also record here the following two useful formulas on Bessel
functions ( see [32, Sect. 6.2.10]):

o , N a%jas1(a)ja(b) — b?ja(a)jasi (b
/0 Jo(at)ju (B9 dt +1(2(>ai>1)(a2 _(62; a0 a0 (312)
z ot - Z2a+2 252
() dt = o 1F2(a+ Lat+2 a+2: _Z>’ >0, (3.13)
0
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4. Duality formulas and characterizations of certain extremal functions

The main goals in this section are to prove some duality formulas for the Nikolskii
constants N (S%n), . and N(R?), ., and to characterize the corresponding extremal
functions in the dual spaces. These results will play an important role in the proofs of our
main theorems in the next section. For simplicity, we shall write N'(S%;n), = N (S%n),.00
and NV (R?), = N (R?), .

We start with some necessary notations. Let wq(t) = c4(1 — t2)¥?71 where ¢4 > 0
is a normalization constant such that f_ll wy(t)dt = 1. For 1 < p < oo, we denote by
LP([-1,1};wy) = LP(w,) the usual Lebesgue LP-space defined with respect to the measure
wq(t)dt on [—1,1], and || - || Lr(w,) the Lebesgue LP-norm of the space LP(wg). Denote by
P, the space of all univariate algebraic polynomials of degree at most n. Define

1

Py = {F e L'(uwy): / F(t)Pwg(t)dt =0, =01, ,n},
1

and P, = Py N LP(wgq) for 1 < p < oco. Finally, given a normed linear space (X, || - ||),
the distance of a vector x € X from a set £ C X is defined by

1 E)x = inf —yl|.
dist(z, B} = inf [~ ]

As is well known, if F is a linear subspace of X, then one has (see, for instance, [15, p. 61,
Theorem 1.3]),
dist(z, E)x = max |{¢,z)], (4.1)

LeE+
[l€]] <1

where
Bl o= {e eX*, (Ly)=0, Vye E}
and X* denotes the dual of X.

Next, recall that j,(z) = I'(a+1)(t/2)"*J,(t) denotes the normalized Bessel function
of the first kind. Let K(|z|) := (;/Td)d Jas2(|z]). For convenience, we will use a slight abuse

of the notation that f(x) = f(|z|) for a radial function on R¢. By (3 6), FuK (&) = K(&) =
xge (&) for every 5 E RY, and by (3.4), K(|-]) € LYR?) for ¢ > It then follows that

foreach 1 <p <

d+l
d 17

/ fONK(|z —y|)dy, zeRY fe 5;}. (4.2)

In particular, for a radial function f(]-|) € £ with 1 < p <

- / K (t) () valt) dt,

where vy(t) := wyg_1t%"1. Let LP(vy) denote the Lebesgue LP-space defined with respect
to the measure vy(t)dt on [0,00). Clearly, for each f € LP(vq), | f(|-)ller@a) = [|f]lzrwa)-
Our duality results for the Nikolskii constants on the sphere can be stated as follows:

dl’
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THEOREM 4.1. If1 <p < o0 and % + z% =1, then for every positive integer n,
N(Sd, n)p = dlSt(Gn, PTJL_,p’)LP/ (wq)? (43>

where G, is the reproducing kernel of the space 11 given in (3.1). Moreover, there exists
a minimizer F, € P,tp, of the form

P*(1)|P*[P~L sign P*

| P
such that |Gy, — Full 1ot () = dist (G, Prypy) 1/ (uy)» Where P denotes the unique algebraic
polynomial of degree n such that

| P\ o we) = dist (2", Pr1) o, with wi(t) = wq(t)(1 —1).

F*:Gn_

, (4.4)

||LP wd

Before stating the similar duality results on R?, we first note that
NRY, =sup{IfO): fe&l Ifl,=1} 1<p<oo. (4.5)

This holds because each f € £¢ achieves its maximum on R? (due to the fact that f(z) — 0
as |z] — oo [36, 3.2.5]) and the space £ is invariant under the usual translations on R,
Duality formulas for functions in é'g can now be stated as follows:

THEOREM 4.2. The following statements hold:

(i) For1 < p < oo, there exists an unique radial extremizer f, € 5;[ for the supremum in

(4.5) such that || f.||owe) = 1 and f.(0) = N(R),. Furthermore, such an extremizer
can be characterized via the following identity:

9(0) :f*(o)/ g(@)| ([P~ sign fu(lz]) dz, Vg€ & (4.6)
Rd
that is, a radial function f.(|-]) € EF with || f.||Lrwy = 1 is an extremizer for (4.5)
if and only if the condition (4.6) is satisfied.
(i) If1 <p < 2% and ; + o =1, then

Va ..
Ny = Gy Utz &)1y

where Spl, denotes the space of all functions f € L¥ (vq) such that

/ f(t) a(t)dt =0 whenever g(|-|) € Ed
(iii) For each 1 < p < 2%, there exists an unique extremizer F, € £ o> which takes the
form
Va o1 s
Fi(t) = o )djd/2() FO)f@) sign f.(t), ¢ >0, (4.7)
such that
V Vd . . 1
F, - _ 4 D, ES)
|7~ Gmgain)), 0, = e D€

Here f. denotes the extremal function in (i).
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As pointed out in the introduction, the main goal in this paper is to estimate the
following normalized Nikolskii constant for p = 1:

L£(d) = 2m)'V; ' N (R,

By the Paley-Wiener—Schwarz theorem [35], if f € £{, then supp J?C B¢, and hence for
any r > 1,

o~ —

0= f(r§) do(§) = (Drf) * (do)(0)

= [ (Dep=a)ig s(laldo = [ f@iy ,(rlel) da,

where D, f(x) = r~%f(z/r), and in the third step we used the fact that the distributional
Fourier transform of jz»_1(|-|) is the normalized Lebesgue measure do on S* . This
shows that j%_l(r\ ) € €L for any r > 1, as desired.

Since j%_l(r~) € &L for any r > 1, by Theorem 4.2 we obtain

COROLLARY 4.1. For d > 2, we have

LHd) < inf ‘

ap€ERrp>1

@m—fh@4mw

L>(R)

with the infimum being taken over all sequences {ax}7>, C R and {ri}3>, C [1,00) such
that > o, akj%_l(rk-) converges absolutely to an essentially bounded function on [0, c0).

4.1. Proof of Theorem 4.1. For simplicity, we write duq(t) = wq(t) dt and dui(t) =
wh(t) dt in the proof below.

We start with the proof of (4.3). Using orthogonality of spherical harmonics, we have
that for any f € I1¢ and x € S,

F@) = [ (Gule ) = Fla i) @) doly), VF € PEOL (w).

It follows by Holder’s inequality that

N(E )y, = sup Wl cinetia, P F e PEO LY (wg)
0#£felld |f||p

= dist(Gr, P ) 14/ (wy)-

To show the lower estimate

N (8%, n), > dist(Gr, Pyp)

wq)?

we use the duality formula (4.1) with E := P, , C LP (wy). Here, if p = 1, then we use
C[—1,1] in place of L, and recall that (C[—1,1])* is the space of Radon measures on
[—1,1] with the norm given by the total variation of a measure. Since G; C E for any
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j > n, it follows that E+ = P,. Thus, using (4.1) , we obtain

1
dlst(Gn,P,ﬁp,)Lpr(wd) = sup |((,Gp)|=  sup ‘/ P(t)G,(t)duqa(t)
te(Pr )t IPllp(wy<1'/ -1
lef<1 PePn
= sup  |[P(1)] S N(S%n), (4.8)
1P P (g <1
PePy,

This proves (4.3).
Next, we show the existence of the extremal function F, and the formula (4.4). The
proof relies on the following characterization of best approximants in LP-spaces.

LEMMA 4.1 (][40, 4.2.1, 4.2.2]). Let Y be a closed real subspace of LP(Q,du) for some
measure space (Q,pn) and 1 < p < oo. Let f € LP(du) . If p =1, we assume in addition
that f(z) # 0 for p-a.e. x € Q. Then a function g € Y is the best approzimant to f from
the space Y in LP-metric (i.e., ||f — g|l, = dist(f,Y),) if and only if

1 [f — gl
f—glP sign(f —g) )hdp =
=
Now we continue the proof of Theorem 4.1. Note first that by (4.3) and (4.8),
N(S%n), = maX{P(l): PePy |IPllioimy < 1}.

Let P, € P, denote the maximizer for the maximum in this last equation. Then
||P*||Lp(wd) =1 and

hdu=0, VYhey.

P(1) < P*(l)HPHLp(wd), VPewPp,.
In particular, this implies that for any

Puo:={PeP,: P(1)=0},

we have
P,(1) < P.(1) Pie%f ) | P — Pl 1o(wy) = Pe(1) dist( Py, Ppo) o (uy)
< Pu (D[P prwq) = Pi(1).
Thus,

1= ||P*||Lp(wd) = dlSt(P*a Pn,O)LP(wd)-
It then follows from Lemma 4.1 that
1
[ appsiga(e) P dp = Py [
1 _
Setting P = P, in (4.9), we obtain

1

|P,[P~tsign(P,) dpg, VP € P,. (4.9)
1

1
L= 1P = PV [ 1P sign(P) dp (4.10)
~1

Multiplying both sides of (4.9) by P.(1) and using (4.10), we have

p*(1)/_ (|P*|p_1sign(P*))Pdud:P(l):/_ PG (D) dpa(t), VP e Py

1 1
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This implies that
F,(t) := Gy(t) — P.(1)|P.(t)["~ ' sign(P.(t)) € Por .
Note also that
G = Full ot gy = PO Pl o,y = Pe(1) = dist (G, Popr) 1)

This shows (4.4) and that F is the desired extremal function.

Finally, we point out that the connection of P, with the extremal polynomial P* was
proved in [4]. For completeness, we include a proof of the identity P, = P*/||P*||rr(w,)
here. By (4.9), we have

! P(t)— P(1
/ |P, [Pt sign(P*)(t)l—t()w;;(t) dt=0, VPeP,,
-1 -
or equivalently,
1
/ |P, [P~ sign(P,)P(t)ywi(t)dt =0, VP &P, (4.11)
-1

By Lemma 4.1, this implies that
HP*HLp(w*) = diSt(P*, 73n—1>LP(w*) = |Ln,P*| dist(x", 7Dn—l)LP(wg)a

where L,, p, denotes the leading coefficient of the n-th degree polynomial P,. Note that
by (4.11), we have deg(P,) = n and all the zeros of P, are simple and inside the interval
(—1,1). Since P,(1) > 0, we must have L, p, > 0. It then follows that
P*
P.=L,p P = 5.
1P*[] e (uwa)
This completes the proof of Theorem 4.1.

4.2. Proof of Theorem 4.2. We start with the proof of (i), which relies on the
following compactness result on entire functions of exponential type.

LEMMA 4.2 ([36, 3.3.6]). Let 1 < p < oo and let BS :={f € &L | fll, < 1}. Then
every sequence of functions from the class B;f contains a subsequence which converges
uniformly to a function f € B;f on every compact subset of R.

By (4.5), there exists a sequence of functions {f,} C B;f such that lim, . f,(0) =
N (R?),. By Lemma 4.2, without loss of generality, we may assume that { f, }2°, converges
uniformly to a function f € B;f on every compact subset of R? (since otherwise we consider
a subsequence of {f,}). Then

£(0) = lim f,(0) = N'(RY),.

n—oo

Now consider the following radial part of the function f:

Rl = [ Flale)dofe), = e
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For convenience, we will identify f, with the radial function f.(|-]) on R%. Tt is easily
seen that f, € £ and f,(0) = f(0) = N(R?), . Thus, f, is the extremal function in (4.5);
that is,

[F(0)] < L(O)[Ifll,  for every f € €. (4.12)

The proof of the characterization (4.6) of f, follows exactly as that for spherical polyno-
mials on the sphere. Indeed, applying (4.12) to f = f. — h with g € £ and g(0) = 0, we
obtain

||.f* ||p = dlSt(.f*> H)Ih
where # = {f € £¢: f(0) = 0}. By Lemma 4.1, this implies that |f.[?~"sign(f.)LH,
which is equivalent to (4.6). That (4.6) implies that f. € &7 is the desired extremal
function follows directly from Holder’s inequality.

Next, we show the uniqueness of f,. For 1 < p < 0o, the uniqueness follows directly
from the strict convexity of the space LP. It remains to deal with the case p = 1. We
consider f, as a function in one variable so that f, is an even entire function of exponential
type on C. By the classical Hadamard theorem (see, e.g., [9, Ch. 2]), it follows that

)= 2 TT (1= )e( D).

neZ\{0} "

where b € C and {2, }nez\ j0} is the sequence of all nonzero zeros of f,. Since f, is an even
function, we may assume that z, = z_,, for all positive integers n. Thus, we must have

that b =0, and
2

£.(2) = £.(0) f[(l _ z—%) 2eC. (4.13)

We further claim that all the zeros of f, must be simple and real (i.e., the numbers z,
are distinct and real). To see this, we first recall that f.|, is real valued, which implies

f«(2) = f«(2) for every z € C. Thus, if the claim were not true, then for a nonzero
complex zero w of f, we have the decomposition

f(2) = (2% —w?)(* = @%)g(2) = a(2)g(2),
where g € &, and a(z) = 21— (w?+w?)2%+|w|?. Tt is easily seen that a(z) > 0 for allz € R
and the equality holds only in the case when x = w € R. Thus, sign(f.)(z) = sign(g)(z)
for all z € R\ {w}. Now consider the functions
fi(z) = a(tz)g(z), z€C, teR.

Clearly, f;(]-|) € & and f.(0) = f;(0) > 0 for all t € R. Thus, (4.6) implies

_ RO -
1= 0 - /Rd sign(f.)(|z]) fe(|z|) dw = /Rda(t\x|)|g(\x|)| dz, VieR.

This last term in this last equation is a polynomial in t € R of degree 4, which can not
be constant. We obtain a contradiction and hence prove the claim.
Now assume that f.. is another radial extremizer for the supremum in (4.5). Then

(4.6) implies
i (0)

f(0)

[fasl1 =1= = /Rd fer(2) sign fio(x) du.
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It follows that |f.(x)| = fu(x)sign fi(z) for a.e. x € R. Since all the zeros of f. are
simple, it follows that f, changes signs at each of its zeros. By continuity, this further
implies that |fu(x)| = fu(x)sign fi(z) for every x € R. By symmetry, we also have
|f«] = fesign fi.. This means that f,. and f, have common zeros. By (4.13) and the
above claim, we conclude that f,, = f., proving the uniqueness.

We point out that the proofs of the duality formulas (4.3) and (4.4) are very similar
to those of (4.3) and (4.4) for spherical polynomials on S?. We skip the details.

Finally, we show the uniquenss of the extremal function F, defined by (4.7). For p > 1,
the uniqueness follows directly of strict convexity of the LP-norm. It remains to consider
the case of p = 1.

Recall that K(|-|) = (;/Td)djd/g(|'|), fo0) = N(RY)y, and [|fillpigey = 1. If Fis
extremal then ||[K — F||pem = f.(0). By (4.2) and (4.6), we have

/R (F (Jal) — F(ie) fu(Jo]) e = £.(0) - / F(lal) (i) d = £.(0)

On the other hand,

f(0) = /Rd(K(IZEI) — F([z]) fu(lz]) do < /Rd [K([]) = E(lzD] L fe(l2])] de
<K = Fllze@ll fell ey = £(0).

Thus, we have the sharp Holder inequality for (p,p’) = (oo, 1) in the third step. It follows
that

K(t) — F(t) = f.(0)sign f.(t) a.e. fort>0.
Therefore, F, = K — f,(0)sign f. is unique.

5. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3.
Note first that the indentify,

2 da+1,1 2a+1
) o a1\ Jo Jat1(t)t dt
Py <a+ La+2a+2-— )_ [ g (5.1)
follows directly from (3.13). It remains to show that
qa+1,1 .a t t20¢+1 dt
T, —ap w0 il (5.2)

[T ot gy
0

where Z,, is defined in (1.9).

For simplicity, we write 79 = qo = 0, gk = Qat1.k, a0d 1 = T'oy1 4 = Z—’; fork=1,2,---.
Recall that {j,(qxt)}32, forms an orthogonal basis of the space L*([0,1],#***dt). In
particular, we have

1 q1
0 = giot? / Ja(gt)t*tdt = / Ja(rpt)t?thdt, k=1,2---. (5.3)
0 0
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The crucial step in our proof is to construct an extremal function F* € X, with the
following properties:

: * * qul joc-i-l (t)t2a+1 dt
sup |fasa(t) = F*(0)] < aj = T peria (5.4)
and
Jar1(t) — F*(t) = aj, forae. t €[0,q]. (5.5)

For the moment, we assume that there exists an extremal function F* € X, satisfying
(5.4) and (5.5), and proceed with the proof of (5.2). Indeed, by (5.1) and (5.4), we have

qg+1,1>
)
Thus, if Z, # afj, then 7, < af, and there exists a function F' € X, such that

Ia§a8:1F2<oz+1;a+2,a+2;—

a1 = Flls < ag.
However, by (5.5), this implies that
Jatr1(t) = F(t) < Jas1(t) — F*(t) for a.e. t € [0, q1],
or equivalently,
F*(t)— F(t) <0 fora.e. t€0,q].

Integrating this last inequality with respect to the measure t2*™!dt on [0, ¢;], we obtain

/ ") — Pt < 0,

which is impossible since by (5.3), we have [ F(t)t*** dt = 0 for every F' € X,. Thus,
one must have 7, = ag.

It remains to prove the existence of an extremal function F* € X, satisfying (5.4)
and (5.5). Firstly, the condition (5.5) suggests us to consider the Fourier-Bessel series
of the function j,41(¢) with respect to the orthogonal basis {j.(qt/q1)} 7, of the space
L3([0, q1], t**1dt). Indeed, by (3.11), we have

Jar1(t) = a5+ atja(rit), t €0, ql, (5.6)
k=1
where
fo ]Oc t2a+1 dt 2 /1 . . )
al = a = ——— N jalqpt)t> T dt, k> 1.
0 le t2a+1 dt ’ k (]a(qk))Q 0 J +1(q1 )j (qk ) =

Using (3.3) , we have

4(0{ + 1) _2 _2 /1 . _1 /qlt 2 +1
a* = — = @ @ t t l’ « dl’dt
k (]a(Qk))2 a, J (Qk ) 0 ( )

_4a+1

G / 2a+1/ Jol@rt)jo(quat)t**  rdt dx, k> 1.
ja Qk
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It then follows by (3.12) that

2 1 .a 2043
at = — - / J “(flx)“z de, k=1,2,- . (5.7)
Jalar) Jo T — T

Note that j,41(t) > 0fort € [0,¢1) and 7, > 1 for £ > 1. Thus, (5.7) together with (3.10)
implies that

Jalgn)a; <0, (=Dfar >0, k=1,2,---. (5.8)
Secondly, a straightforward calculation shows that for any ¢t > 0,
. C NCE S
larja(rit)| < ﬁ(ﬁ - k:t> 2, as k — oo. (5.9)

This in particular implies that (5.6) holds pointwisely for every t € [0, ¢;]. Thus, by (5.8),
we have

0= jorr(a) = a5+ Y aijalar) = a5 — Y laijalan)]. (5.10)
k=1 k=1

Note also that (5.9) implies that the series in (5.6) converges uniformly on every compact
subset of (0, 00) to a function F* € L*[0, 00). Thus, we may use the infinite series on the
right hand side of (5.6) to define a function F* on R, as follows:

Fet) = S e @ida(rit), %ft > 0;
1 —ag, ift =0.
Note that by (5.6),
F*(t) + ay = ja+1(t), Yte[0,q].
This together with the uniform convergence of the series on compact subsets of (0, 00)

implies that F™* is a uniformly bounded continuous function on [0, 00).
Finally, to complete the proof, it remains to verify that

lJat1(t) — F*(t)] < a5, V> aq. (5.11)
Using (3.10) and (5.10), we obtain that for ¢ > ¢,

Jas1(8) = FO)] < Jasa(t) = alja(®)] + ) aijalay)]

- aa - aﬂja(qk” + |ja+1(t) - a*{ja(t”-
Thus, for the proof of (5.11), it suffices to show that

al®) = 22| < (@), (512)

The proof of (5.12) relies on the following technical lemma, which can be seen as an
extension of the property max;>q, ., |7a(t)| = [ja(q1)|:

LEMMA 5.1. For a > —0.272, we have
o+ 2
a+1

S [jat) = wjass(®)| = lialdar)l, 0<u< (5.13)

t>qa+1,1
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The proof of Lemma 5.1 is very technical, and will be given in the next subsection.
For the moment, we take this lemma for granted and proceed with the proof of (5.12).
By Lemma 5.1, it is enough to show
1 <@ + 2.
a; — a+1

To this end, we define g(z) := "*fﬂ for z € [0,1). Then by (3.8),

(5.14)

2

9(z) = ﬁ(1—f—k) z€[0,1).

k=2

Since 1, > 1 for all £ > 1, it is easily seen that g(z) is a strictly decreasing function on
[0,1). Thus, for any = € [0, 1),

Jat1(r1x . Do (@1) :
Jotl1) _ g2y > tim g(o) = D01 — (0 41y (),
where the last step uses (3.5). It then follows from (5.7) that
2 [ japr(qr)atets /1 2 a+tl
al = —- dr > 2(a+1 223 dy = ,
! ]a(ql)/ 1 —a? ( ) 0 a+2

which proves (5.14).
5.1. Proof of Lemma 5.1. Write as usual ¢; := go4+1,1. We first claim that for the

proof of Lemma 5.1, it is enough to show (5.13) for u = 3—ﬁ, or equivalently,
o+ 2
suplja(t) — = 4o t‘:'a . 5.15
thl?J() o1 et )] = lala)] (5.15)

To see this, consider the function

F(t,u) = jo(t) — ujas1(t), t>q, u>0.
Note that for ¢t > ¢; and u > 0,
Ja(t) = wippa () =
ja+1(t) =0
which is impossible since j,1+1 and j,12 do not have common positive zeros. This means

that F' does not have any critical points in the domain {(t,u): t > ¢, u > 0}. On the
other hand, however, for any u > 0,

lim max |F(t,v)] = 0.

t—o0 0<wv<u

VF(tv u) =0 < { — ja+1(t) = ja+2(t) =0,

Thus, for any u > 0, |F'| has a maximum on the domain D, := {(t,v) : t>¢q, 0<v <
u} which is achieved on its boundary 9dD,. Since by (3.10),

sup [F(£,0)] = sup [Pl 0)] = @), >0

t>q1

it follows that

F(t F(t,v)| = F(t,u)| =: M(u), u>0.
Ep, T = g, 1 o = el = ),
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Since D,, C D, for 0 < wu; < ug, this implies that the function M (u) := max;>,, |F(t,u)]
is increasing on [0,00). The claim then follows as M(u) > |F(q1,u)| = |ja(q1)| for any
u > 0.
It remains to show (5.15). Define
. a+2
f(t) == ja(t) —

a—+1

Jata(t), =0

We need to prove that
max | f(t)] = | f(q)] = [Ja(q1)]-

t>q1
Using (3.5) and (3.3), we obtain
f’(t) _ t.ja+1 (t) t.ja+2 (t) _ t3ja+3(t>
20a+1)  2(a+1) 2(a+1)(a+2)(a+3)
This in particular implies that the local extrema of f on (0,00) can only be attained at
positive zeros of j,43 (i.e., at the points ga431, Gatsz2, - -+ ). We claim that

‘f(Qa—l—ZS,k)‘ Z ‘f(qu+3,k+1)‘7 k= 17 27 ) (517>

(5.16)

which will imply
max £ (8)] = mas{ | (a1)], | (dns0.)] .

t>q

To show (5.17), we need a differential equation for the function f. Indeed, using (3.3),
(5.16), and the formula

a0 = =2 )~ o),
we obtain
£ = 2 () = 252 11— 1 (0) (5.15)
Furthermore, using (5.16) and (3.5), we can write f’ in the form
ri = (22 i - 2 o, (5.19)
Now combining (5.18) with (5.19), we deduce via a straightforward calculation that
Ao f" + Ao f'+ Ao f = 0, (5.20)
where

Ag=1, A =Q2a+ 1) +4(a+2)2a+3), Ay=t{t*+4(a+2)).

Now let us consider the function ¢ := f2 + i—i f". Using (5.20), and by a straightfor-
ward calculation, we obtain that for ¢ > 0,

. Ay Ay A
o= (re )+ () = () -2 )
ETCIES R T P
Thus, ¢ is a decreasing function on [0,00). The claim (5.17) then follows since

QD(Qa-i-l,k) = f2(Qa+1,k)a k=1,2,---
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Thus, to complete the proof of the lemma, it suffices to show that for each o > —0.272,
| f(q)] = 1/ (gats)l- (5.21)

For simplicity, we write ¢j = ¢o+31. Using (3.5), and by straightforward calculations,
we obtain

 Gare(@) oy (@4 A+ 2))jara(q))
= oDty 9= a Do)
Thus,
@l (@2 A+ 2))dara(q)
p(a) o ‘f(Q1)| B Q%ja+2(Q1) ' (5'22>

To complete the proof of (5.21), it remains to verify that p(a) < 1 for o > —0.272. We
consider the following two cases: (i) —0.272 < a < 0.575, (ii) a > 0.575.

For the first case, we use the fact that p(a) as given in (5.22) is an analytic function
of a > —%. Thus, for o < 0.575 we can use the very precise approximation of J,
and ¢, realized in Maple to compute p(a). Indeed, easy numerical calculations shows
that ap = —0.2729--- is a solution of the equation p(a) = 1, and the function p(«) is
decreasing on (—3,0.575], and p(e) < 1 whenever a € [ag, 0.575].

To estimate p(a) for the second case, we set y(t) := t2Joyo(t), and express p(a) as

4la+2)\ >3 y(d,
pla) = (14 LTy () vl
ai Uil y(q)
As is well known, the function y satisfies the differential equation
: +2)2—1/4
y'+ Aty =0 with A(t) =1— (a z@ / : (5.23)

Note that by (3.7), g1 > ((a +2)2 — 1/4)2. Thus, we have
A(t) >0, A(t)>0, Vt>aq.
As in the proof of the claim (5.17), the differential equation (5.23) allows us to construct
a decreasing function on [g1, 00). Indeed, let
1 rdy\2
t) =y*+ —— (—) .
U(t) =y + a0\

Then N ;
/ 2
Vit = _A(g)z (3) <0 tza

Since ¢1 = Ga+11 < ¢ = Ga+3.1, it follows that

U(dh) < ). (5.24)

However, using the relations J), ,(¢}) = a;gz Jot2(qy) and J. o(q1) = —°‘q—t2 Jat2(q1), we

obtain

() = yz(fﬁ)(l +
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Thus, using (5.24), we can estimate the function p(«) as follows:

(a+5)?
. Ma+2)\ P T \ b ot
pla) < pla) = (1 T )( 1 (a+3)? ] ) <q7> : (5.25)
b M e

We then reduce to showing that p(a) < 1 for v > 0.575. To this end, we use the following
uniform estimates on the first positive zeros of Bessel functions ( see [38]):
o+ cal? 34 a3 Va >0, (5.26)

where ¢; = 1.855- -+ and ¢ = 1.033---. Substituting the bounds (5.26) into the expres-
sion of p(a) in (5.25), one can easily verify via simple numerical calculations that p(a) < 1
for any o > 0.575. This completes the proof.

< o < @+ o

6. Proofs of Theorem 1.2 and Corollary 1.1

PrRoOOFS OF THEOREM 1.2. The lower estimate in Theorem 1.2 follows directly from
Theorem 1.1, while the upper estimate in Theorem 1.2 is an easy consequence of Corollary
4.1 and Theorem 1.3. H

Proor oF COROLLARY 1.1. By Theorem 1.2, it suffices to show that
o S Ja @t At 2y a(1+0(a7)
Qo == fo‘ll 12041 ]t - <_)
where ¢ = Ga1,1-

To show (6.1), we use the following known formula (see [6, 7.14.1 (7)]):

/ 2ot () dt = 2ozza+2ja+1(z)5a_17a(z) - (2a+ 2)za+1ja(z)5a,a+1(z), (6.2)
0

1
2 a—es, (6.1

where S, (%) denotes the Lommel function. We then obtain
ay = — (20 +2)°q7 7 jala1) Saat1 (1)

Note that by (3.7), a+1< g =a+1+O0((a+1)"3) as a — oo.
We will also use the following estimate of the Lommel function:

Sear1(z) =211+ 0(z7") uniformly for 2 > a, as a — oo. (6.3)

Since we are unable to find this estimate in literature, we decide to include a proof here.
Indeed, using [34, Th. 1.1], we have that for an integer N > a,

S (2) = 2071 (Z_ Hv=l§j /;);’,f v rN<z)), 2> 0. (6.4)

Here ry(z) = 0 if « is a nonnegtive integer, and ry(z) can be estimated by an integral of
the Macdonald function otherwise:

e A L e ()

Letting o — oo and setting N = [a + 2] in (6.5), we obtain that for z > «a,
rv(z) = O((2/e)**(2/2) " Y) = O(=7).
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Since each fraction in (6.4) is decreasing in k& > 1, (6.3) then follows.
Now using (6.2) and (6.3), we obtain that for o — oo

. 200+ 2)2 _
P b E L (@) 1+ O(¢)
1
] 2020 (o 4+ 1
~ —djuqr) ——q(a ) (@),
1

where the last step uses the formula J,(¢1) = J/,,,(¢1). On the other hand, however,
according to [37, Eq. 10.19.12], we have

—Jr (@) = =T (a+1+0((a+ DY3)) = ca™ 4 O(a™3),

where c is a positive constant independent of v that can be expressed explicitly in terms
of the Airy function. Thus, using Stirling’s formula I'(a +1) ~ (27a)?(a/e)®, we obtain

ab ~ Ca Y520 /e)(a+ O(al/?)) ™ = (2/€)* 0O a5 o — o0,

This proves (6.1) and hence completes the proof of the corollary. ([l

7. Applications in the Remez-type problem

In this section, we give an application of our results on Nikolskii constants in a Remez
type problem, which appears frequently in approximation theory and number theory.

Consider a Lebesgue-measurable set £ C R? for which there exists function f € £\{0}
such that

J@lde=; [ 1wl (r.)

We define the Remez constant «j to be the infimum of the Lebesgue measure | E| over
all measurable £ C R? with the above mentioned property. In the case of d = 1, the
exact value of the constant o was founded in [33], where it was proved that of = 7w and
the corresponding extremal function is % The exact value of o for d > 2 remains
unknown. Note that the Remez constant plays an important role in Li-approximation
of functions with small support and, in particular, in the study of sparse representations
(compressed sensing).

Using our results on Nikolskii constants, we may give an asymptotic estimate of the

constant o as d — oo. To be precise, we first recall that N'(R?); = N(RY), . =
(;/Td)dﬁ*(d), the constant Z, is given in (1.10), V; = % = Vol(By), and g, is the
first positive zero of the Bessel function .J,. We will need the following known result:

THEOREM 7.1 ([21]). For d > 1, we have

~

rg:= inf{r >0: 3 fe&\A{0} such that f(0) >0 and f(z) <0 for all |z| > r}
= qu—l,l

with the extremal function given by

fa(z) == (Jaj2—1(]z]/2))?

1—(Jal/ra)?)

(7.2)
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As a consequence, we have

COROLLARY 7.1. Ford > 2,

27)4 N
#{321 < %) < (2%/2—1,1)dvd- (7-3)
In particular, we have
£\ 1/d
(v/e/2)H) < ((‘;;l—a)‘ﬁl) < et g5 d — oo. (7.4)
T

Note that the lower estimate here improves significantly the estimate ((‘;‘fﬁ)l/ ¢ >1

given in [8].

PRrROOF. Let E C R? and f € £\ {0} be such that (7.1) is satisfied. Then

1
3 [ r@lde < [ 1@l de 1Bl < IBNER) ] ]

This in particular implies that
1
2N (R4),’

ay >

(2m)?

because
2VaZy/a—1

which further implies the lower estimate aj; >

(2m)¢
Vi

NR)y = L(d) < Lyjps.

To show the corresponding upper estimate, let f; be the function given in (7.2). Then

0= [ wir=[ ifi@lde= [ (il

and hence,

1
[ e =5 [ gl ds

This together with (7.1) implies the upper estimate:
ay < (ra)"WVa < (2qa_, 1) "Va.

Finally, we prove (7.4). Note that the lower asymptotic estimate in (7.4) follows
directly from Corollary 1.1. The upper estimate as d — oo follows from the upper
estimate in (7.3) since

Vilra)' _ mCaypaa)' o (d2)"

(2m) (2m)UT(d/2+1)  (d/(2e))*
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