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Abstract

We establish the Central Limit Theorem, as the degree goes to infinity, for the normalized volume
of the zero set of a rectangular Kostlan-Shub—Smale random polynomial system. This paper is a
continuation of Central Limit Theorem for the number of real roots of Kostlan—Shub—Smale random
polynomial systems by the same authors in which the case of square systems was considered. Our
main tools are Kac-Rice formula and an expansion of the volume of the level set into the [to-Wiener
Chaos.
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1 Introduction

The problem of studying the number of roots of random algebraic polynomials has attracted much
interest for a long time. It is worth mentioning the seminal article of M. Kac on the subject [7] where
a proof of the now famous Kac-Rice formula [5] was given. This formula establishes an analytical
expression for computing the expectation of the number of zeros of a Gaussian random process. At
the beginning the main interest was limited to compute the expected value of such a number. Later
on there were also considered its variance [11] and the Central Limit Theorem (CLT) [12].

The algebraic systems of random polynomials of several variables were considered much later
motivated by the inspiring work, due to Shub and Smale, for the understandig of the complexity of
Bézout’s theorem (see [16], [17], [18], [19] and [20]).

Kostlan [8] and Shub-Smale [17] studied random polynomials systems that are invariant under
rotations. The properties of invariance of these polynomials allow considering them as functions over
the multidimensional sphere. In Kostlan’s paper an explicit expression for the expectation of the
number of roots for a square system of such polynomials was given. For rectangular systems the
study was directed to the behavior of the volume of their zero sets.

Wschebor [21], in a seminal work, gave for the first time a bound for a limit variance in the case
when the degree of the system is controlled and the size of the system tends to infinity. A central
limit theorem for this asymptotic scheme is still an open problem, even for the particular case of
quadratic systems.

Another asymptotic regime naturally arises, namely: to fix the number of equations and variables
and to let the degree grow to infinity. Under this scheme, the asymptotic variance for the number of
roots of square systems was obtained in [2] and [10]. In the case of rectangular systems the asymptotic
variance of the volume of the zero level set was given in [9]. Besides, in [3] a central limit theorem
for the number of roots of the system in the square case was obtained.

The present paper extends the results listed in the last paragraph obtaining a central limit theorem
for the volume of the zero set of a Kostlan-Shub-Smale random rectangular system as the (common)
degree tends to infinity (see Section 2 for the precise definition). We also give an alternative (simpler)
proof of the limit variance.
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This paper is a continuation of [2, 3]. The proof has the same structure, but new arguments are
needed, see the comments and remarks.

The fundamental tools for the study of the zero sets are: on the one hand the Kac-Rice formulas
for calculating the mean and variance of the functionals of these sets ([5]) and on the other hand the
well-known theorem of the fourth moment to establish the CLT for nonlinear functionals of Gaussian
processes or fields ([13]).

2 Main result

Consider a rectangular system Y4 of » homogeneous polynomial equations in m + 1 variables with
common degree d > 1. More precisely, let Yq = (Y3,...,Y;) with

Ye(t)y= Y ol t=1,...r,

|7|=d
where
LG = (o, rjm) € N and |j| = S ji;
2.0 R L=1,....7, |j| = d
3. t=(to,...,tm) €R™ " and 7 = [[7"_, I+

The system Y4 has the Kostlan-Shub—Smale (KSS for short) distribution if the coefficients ay)
are independent centred normally distributed random variables with variances

|
Var (a(-l)) = d = L
J J Jolgil. . gm!

In the case r < m, we are interested in the zero level set of Y. Note that, since Y, is homogeneous,
its roots consist of lines through the origin in R™*1. Then, each root ray of Y, in R™*! corresponds
exactly to two (opposite) roots of Y4 on the unit sphere S™ of R™%!. Hence, the unit sphere S™ is
a natural place where to consider the zero set.

By a Sard-type argument, the zero level set of Y4 on S™ is, almost surely, a smooth sub-manifold
of dimension m — r (see for example Azais & Wschebor [5, pp.177]). We denote by Vy,(0) the
(m — r)-volume of the zero level set (on the sphere).

Shub and Smale [17] and Kostlan [8] proved that E [Vy,(0)] = 2d"/%cm., 7 < m, where ¢y, - is the
geometric measure of the sphere S™~" as a sub-manifold of S™. Letendre [9] and Letendre-Puchol
[10], proved that there exists 0 < VZ, < oo such that

L Var(Vy, (0)

d— oo dr—m/2

=VL. (2.1)
We include a different proof in Appendix 5.

We now establish the CLT for the rectangular case.
Theorem 1. Let Yq be an r X (m+ 1) KSS homogeneous system. Then, if r < m, the standardized

(m — r)-volume of the zero level set

]_)d _ VYd (0) —E [VYd (0)]

dz—1
converges in distribution as d — oo towards a centred normal random variable with finite positive
variance.

Remark 2.1. Note that the variance of the volume of the zero level set exhibits a surprising behavior
as d — co. More precisely, as d — oo, if r < m/2, then the variance tends to 0, if r = m/2 it tends
to a constant and if r > m/2 it tends to infinity. Thus, the normalization in the CLT either reduces
or amplifies the oscillations of the volume of the zero level set.

Remark 2.2. This result can be extended to general functionals of the level sets using the same
arguments.
Indeed, let us denote the zero level set of Y4 as

Cy,(0)={te S™: Yq(t) =0}.

If g : S™ — R is an a.s. continuous function we define the level linear functional

<g,1vy, >:/ g(t)dt,
C

Y ;(0)



where 1y, is the indicator function of Cy,(0). Thus Vy,(0) =< ly,,1y, >. We point out that the
study conducted in the present paper for Vy,(0), could be made for those functionals. To explain a
little how to proceed we need in first place a Kac-Rice formula for the first and second order for such
a functional. This is considered in Chapter 6 of [5] (Theorm 6.10 p. 168). In the second place the
asymptotic behavior of the variance and the Hermite expansion can be obtained in a similar form as
we have made here. The reader can consult, for a near matter but for m = 1, the following preprint

[6].

3 Preliminaries

This paper is a continuation of [2] and [3]. For the ease of readability, we gather toghether here
the notation and some basic results proved in [2, 3]. We also include the celebrated Fourth moment
Theorem [13, Th.11.8.1] which is used to get the asymptotic normality.

3.1 Notation and basic results

We denote the unit sphere in R™"! by S™ and its volume by #,. Concerning integration, the
variables s and ¢ denote points on S™ and ds and dt denote the corresponding geometric measure.
The variables v and v are in R™ and du and dv are the associated Lebesgue measure. The variables
z and 0 are reals and dz and df are the associated differentials.

We use the Landau’s big O and small o notation. The set N of natural numbers contains 0.
Besides, Const will denote a universal constant that may change from a line to another.

Lemma 3.1 of [2] establishes that for an integrable h : [-1,1] — R it holds that
/ h((s,t))dsdt = /imﬁmfl/ sin™ " (0)h(cos(6))do, (3.1)
Sm x §m 0

where (-,-) is the usual inner product in R™.
Concerning the distribution of Y4, we have

Ta(s,t) = E[Ya(s)Ye(D)] = (s,)%; 5,0 € R™H,

It follows that the distribution of the system Y is invariant under the action of the orthogonal group
in R™"'. For £ =1,...,r, we denote by Y/ (t) the derivative (along the sphere) of Y;(t) at the point
t € 8™ and by Y}, (t) its k-th component on a given basis of the tangent space of S™ at the point ¢.
We define the standardized derivative as

YW
\/a )

where 72(75) is a row vector. In [2] it is shown that (Yd(t),?;(t)) is a vector random field, whose
r(1+m) entries are standard normal random variables with covariances depending upon the quantities

!

and  Yy(t) := (Yi(t),..., Yo (1)), (3.2)

Yo(t) :

A(0) = —Vdcos®(0) sin(0), (3.3)
B(0) = cos®(0) — (d — 1) cos™ 2 (0) sin(0),

C(0) = Cosd(G),

D(0) = cosdil(ﬁ)

where 6 is the angle between s and ¢ in S™. More precisely, the variance-covariance matrix of the
vector

(Ye(s), Ye(t), Ye(s), Yo(t))
has the following form
A | Az | Ass

AL | In | Ass |, (3.4)
Afly | A I

where I,,, is the m x m identity matrix,

1 C 0 0 - 0 A0 - 0
A“*[c 1]"412*[7,4 0 - 0}"413*[0 0 -

and Assz = diag(B, D, ..., D)mxm-



Furthermore, the conditional distribution of (Yy(s), Y,(t)) given that Ya(s) = Ya(t) = 0 is
centered normal with variance-covariance matrix

Bll B12
) 3.5
[Bm 322} (3:5)

with B11 = Bas = diag(aQ, 1,...,)mxm and Bis = diag(a2p,D, .oy D)mxm. Here,

a?(0) =1

__AG)? o(0) = B6)(1 - C(6)*) — A(6)*C(6)
1-C(0)?2’ 1-C(0)2 - A(0)2

Finally, let us retrieve from [2] the asymptotics and bounds for these quantities after scaling
0=z/ V.

Lemma 3.1 ([2]). There ezists 0 < a < 3 such that for 7a < 5 it holds that:

A| < 2 exp(—az?); 1B] < (1+ 2%) exp(~az”);
IC| < |D| < exp(—az?); 1 —C? > Const(1 — exp(—2az?));
0<1—0” < Const - exp(—2az?); lp| < Const - (1 + 2°)% exp(—2a2°).
All the functions on the Lh.s. are evaluated at 6 = z/\/d. |

Lemma 3.2 ([2]). As d — +o0, it holds that

cos* (i) — exp(—2°); A — —zexp(—2°/2);

Vd

B — (12" exp(—2°/2); C,D — exp(—2z°/2);

AG) -

(1- 22— exp(sz)) exp(722/2)
(7)) = TGt mens

3.2 Fourth Moment Theorem

We present here the well known Fourth Moment Theorem which helps us in the proof of Theorem 1.

Let B = {B(X) : A > 0} be a standard Brownian motion defined on some probability space
(Q, F,P) where F is the o-algebra generated by B. The Wiener chaos is an orthogonal decomposition
of L*(B) = L*(Q, F,P):

L (B) = @ Cq,
q=0

where Co = R and for ¢ > 1, Cq = {I2(f4) : fq € L2([0,00)?)} where I2 is the g-folded multiple
integral w.r.t. B and L2(]0,00)?) the space of kernels f, : [0,00)? — R which are square integrable
and symmetric, that is, if 7 is a permutation then fo(A1,...,Aq) = fo(Ar(1),-- -5 An(q)). Equivalently,
each square integrable functional F' of the Brownian motion B can be written as a sum of orthogonal

random variables
oo

F=E[F]+) 17(f),

q=1

for some uniquely determined kernels f, € L2([0, 00)?).
Let fy,94 € L2([0,00)7), then for n = 0,..., ¢ we define the contraction by

fq Rn gq()\l, ey qufgn) = / fq(zl, e Zny AL, )\qfn)
[0,00)™
. gq(zl, ey Zmy )\qfnJﬁl, ey )\qugn)dzl . dzn.

Now, we can state the generalization of the Fourth Moment Theorem.



Theorem 2 ([15] Theorem 11.8.3). Let Fy be in L2(B) admit chaotic expansions

Fy =E[Fq] + Z[q(fd,q)

gq=1

for some kernels faq,q. Then, if E[F4] =0 and
1. for each fized ¢ > 1, Var(Iq(fa,q)) — Vs
— 00

2. V=302, Vg < oo;
3. foreachq>2andn=1,...,q—1,

dlggo | fa,e ®n fd»QHL?([O,oo)Z‘?*?") =0;

4. limgooo limsupy_, oo 3502 o, Var(Zg(faq)) = 0.
Then, Fy converges in distribution towards the N(0,V') distribution. |

4 Proof of Theorem 1

Though the main lines of the proof are the same as in [3], there are some important technical
differences since the volume of the level set is a more complicated object than the number of roots
in the square case. We begin this section with an outline of the proof and a description of the main
technical differences with [3].

e First, we obtain the Hermite or Wiener-chaos expansion of the standardized (m — r)-volume of
the zero level set of Y4 on S™.
In [3], the proof of the expansion profited of the fact that the number of roots of the system
is locally constant and of Bézout’s bound for it. In the present case, to obtain the chaotic
expansion of the volume of the zero level set we need to change our arguments to deal with
co-area and Rice formulas, see Lemma 4.1. In particular, we need to state the continuity of
the volume of the level sets with respect to the level. this requires a careful use of Gaussian
regression.

e In order to get the limit variance of the ¢-th chaotic component we obtain a domination de-
pending on g based on Mehler’s formula and in Lemma 3.1 above. In [2] a global domination
was obtained from the analysis of the limit variance of the number of roots of the system.

The asymptotic normality is obtained in the same way as in [3]. In particular, we deduce that
the sufficient condition to get the asymptotic normality does not depend on the number of
equations r but on the covariances of the entries of Y.

e We use a convenient partition of the sphere and the existence of a local limit process in order
to prove the negligibility (of the variance) of the tail of the expansion.

4.1 Hermite expansion of the Volume

In this part we obtain the Hermite expansion of Vy,(0); the (m — r)-volume of the zero level set.
Let do(y) = I1,_, do(ye) be the Dirac delta distribution for y € R".
For € > 0 consider an approximation 2 (%) to Dirac’s delta distribution, where we assume that
 is a continuous density function with bounded support. Consider also the function f defined as

Fy') = Vdet(y'(y)7T), (4.1)

! !/ / ! ! ! / / / ! . .
Wherey = (yhay?") = (y117y127' s Yimi Y21, - -5 Yoms - "7"';y1"17"'7y7‘m) is an m X r matrix and
(y/)T its transpose. Sometimes, according to convenience, we understand y’ as a vector in R"*"™,
Furthermore, for any v > 0 let

f’y(yl) :f(’yyil7y127'"7y1m;7yé17"'7yém;"'7"';7y:‘17"'7y':“m)' (4'2)
Thus f = fi.

Remark 4.1. The function f, plays a key role in the alternative proof of the limit variance of the
volume of the zero set of Yq since it allows us to deal with the non-homogeneity of f w.r.t. the first
column in 'y, see Appendiz.



Similarly to the case of the number of roots [2], we can obtain the following convergence in L?(B).
As said above, the expansion for the volume of the zero level set is more subtle than that of the
number of roots in the square case.

Lemma 4.1. Almost surely and in the L? sense it holds that

!

Vy,(0) = d5 lim — /Sm o <YdT(t)) FOTA(E), ..., Vo () ds.

e—=0 "
Proof. By the co-area formula we have
1 u _ 1 Yd(t) —/ —/
= (8) Vy, (u)du = — /Sm o ( L2 ) AT, Y0,

where Vy,(u) stands for the (m — r)-volume of the level set {t € S™ : Yq4(t) = u}. Changing the
variable in the left hand side integral we can write

1 Ya(t — =

Q. ;:/ p(u)Vy, (cu)du = 57/ ¢ <—d€( )> L), .. Y (b,
T Sm

we need to prove the convergence in L?(B) for this sequence. Let us evaluate

E[(Q- — Vv,(0))’] = E[QF] — 2E[Q-Vy,(0)] + E[VY,(0)]. (4.3)

E [Qi] = /RTXRT @(ul)ﬁp(lh)E [VYd (8U1)VYd (8112)]dU1dUQ

and

E[Q.Vy,(0)] = /R (W E [V, (w)Vy, (0))dus.

Using the Cauchy-Schwarz inequality we have
E [Vy, (eu)Vy, (eu2)] < (E Yy, (ew)’JE My, (eu2)°]) 2. (4.4)

Furthermore, below we show that the right hand side is a continuous function in the variable u,
obtaining
lim E[Q?] < E[Vy,(0)].
e—0
Moreover, given that the process satisfies the hypothesis of Proposition 6.12 of Azais & Wschebor
book [5], it holds that
P{3t: rank(Yg4(t)) <7, Ya(t) =u} = 0.
Thus by using the implicit function theorem we have that the function Vy,(-) is a.s. continuous and
by a classical result

Vy,(0) = d5 lim ~ /Sm o (Yd—(t)) FOTA(E), ... To(t)dt as.

e—0¢g" €
In this form by Fatou’s Lemma we get
E[V%,(0)] < lim E[Q2] < EVE, (0)].
The same result can be obtained for the second addend of (4.3), in consequence the convergence in
quadratic mean holds.

It remains to prove that the right hand side of (4.4) is a continuous function, we do that in the
following. This issue is not present in [3]. By Kac-Rice formula

B0V @) =d [ ELTU0)I (Vi) | Yalt) = Yal) = ulpyo v (u, udds. (45)

Clearly the density py (1), v(s)(u, u) is continuous as a function of u. We deal now with the conditional
expectation.

Recall the notation in (3.3). Let us define the vector v({t,s)) = (A,0,...,0)", a regression model
gives that

Vi) = v({ts) e Va(t) = v({t, ) tmr Yels) + € (t, 5),

Vils) = —v({t, ) sz Velt) + v({(t, ) 527 Yils) + €ealt, ),



with &1(t, s),&ea(t, s) centered Gaussian random variables independent from Y;(s) and Yz(¢). In this
form we get that the conditional distribution of (7}(7&),7/4(3)) conditioned to Y () = Y(s) = u is

normal with mean

v((h@)(%)w N —V(<t78>)(1+<i’s>d)1u
v((t, ) (= Jue —v({t;s) (7

u
1= (t,)%7 TGt

and variance-covariance matrix (3.5). This result implies that the conditional expectation can be
expressed through the following two vectors:

(T — 1 Up ==\
C1i= <—V(<t78>)'m';‘FMh-w—V((tvS))'W'F—H\m)1
Co= | —v(t >).;.E+W —v({t >).;.ﬂ+w
S A 1+ (t,s)? o tassey BV S 1+ (t,s)¢ o m)o

where the (r x m)-dimensional vectors
(H174“7MT) = (Mllw“,M1m7M21,.“7M2m,.“7M,~1,..47M,~m),

(Wl,...,WT) = (Wuw..,W1m7W2174..,ng,...,er,...,Wrm),

are such that the M, (resp. Wix) are independent standard Gaussian random variables and
E[Miy 1y Wigko] = 011,210, k1 =ka=1} + D1t =10, ky—ko>1} -
In fact, we have
B[ (Ya(t)f(Va()] | Yalt) = Ya(s) = ) = E[fo(C1) fo (C2)]. (4.6)

Note that this is an example of the importance of the function f,. By the definition of the function
fo and the form of the vectors (1 and (2 this term is evidently a continuous function of the variable
u. |

Once we have the approximation in Lemma 4.1, the expansion follows as in [2].

To describe it, we introduce the Hermite polynomials H,(x), z € R, by Ho(z) = 1, Hi(z) = z
and Hp11(z) = xHn(x) — nHyp—1(x) for n > 1. The tensorial versions are defined for multi-indices
a=(o,...,or) €N and B8 = (fi1,...,Bim, .-, Bris- .-, Brm), by

Ha(y) = Ho, (y1) - - - Ha, (yr),

Hp(y') = Heyy (11) - Hpy (Y1) - Hppy (901) -+ Hpo (Y-

We denote the coefficients of Dirac’s delta distribution in the Hermite basis of L?(R", ¢»(x)dx) by ba,
where ¢ stands for the standard normal density function in R*. Readily we can show that bo = 0
if at least one index «; is odd, otherwise

o
=1

=l 3]

Since f? is a polynomial, f € L*(R™*™, ¢,xm(y’))dy’. For f we have

) = faHaly), (4.7)
2

where 3 and ﬁﬁ are as above and

1
]

Let us introduce the functions

9.(v,y)= > bafsHa(y)Hgs(y),
la]+[Bl=q

/s /Rmn F By ) prxm(y)dy'.

where (y,y’) € R" x R™*"™.
Thus similarly to [2] we can obtain the expansion.



Proposition 4.1. With the same notation as above. We have, in the L* sense, that

b, = V(0 )d;Ej[Vvd 4B Z/mgq (Ya(t), Y (t)) dt.

Remark 4.2. The same type of expansion can be obtained with minor modifications if instead of the
volume of the zero set over the whole sphere we consider the volume of the set restricted to a Borel
set G C S™.

The rest of the proof of Theorem 1 consists in the verification of the conditions of Theorem 2 with
Fy = V.
4.2 Computing the variance of the g-th term

To compute the variance of the g-th term in the expansion we use Mehler’s formula [5, L. 10.7].
We have

E[(/ gq(Yd<t>,?;<t>>dtﬂ= > > bafsbafs

la|+|Bl=q |’ |+]B"|=q
x / E [Ho (Y (1)) Har (Y (5)Hg (Y (£) Hg/ (Y (s)))dtds.
Smox Sm

Recall that the coefficients be are zero if one of the «; is odd. Furthermore, the function f(y) is
even with respect to each column, thus its Hermite coefficients

fs = 181828, = Vdet(y'(y")T)Hpg, (1) - - - Hp, (y;)¢rxm (y)dy’,

RrXm

are zero if at least one of the B¢ satisfies |3, = 2k + 1. In this form |8,| = 377, Be; is necessarily
even. Moreover, ¢ = || + |3] is also even.
By independence we have

E [Ha (Y (£) Hp (Y (1)) Hor (Y (5))Hg/ (Y (5))]

— T [Ha, (Ye(t) Hp, (Vo(£)) Hay (Ye(t) Hg, (V4 (8))]

— T E [Ha, (Ye()) Hay (Yo(£)) Hpyy (Vo1 (5)) Hay, (Vi (£)]

m

x [[E[Hg, (sz(s))Hﬁ,gj (Ye; (1)) (4.8)
j=2
In the second equality we used that the random vectors:
(Yl(8)7Yl(t)7721(8)7721(t)); (721'(8)7?2]'(1")); .7 2 2

are independent. Using Mehler’s formula [5, L. 10.7], we get
—/ —/
E[Hp,; (Ye;(s))Hgy, (Ye; ()] = 05,6, Bes! (o),

where py; = py;((s,t)) = E [721( )7}1( t)] = (t,s)*"" . Since >_7<, Bej is even, we have that either e
is even and then Z ", Bej is even too or f1 is odd and in this case Z * 5 Be; is also odd.
For the first factor in the r.h.s. of (4.8), using again Mehler’s formula we get

-/ —/
B [Ha, (Ye(s))Hay (Ye(t)) Hp,, (Y 01()) Hpy, (Y r(£))] = 0,
if a4 Ber # afp + B4;. Otherwise, consider A C N* defined by
A ={(d1,d2,ds,ds) : d1 + d2 = ay, d3 + da = B, di + ds = oy, da + da = B };

then

— la/,! ! , Nde s 1
B e V) o V0 Hor (75 o, (Vs = 5 e



where p = p((s,8)) = E [Ye(s)Ye ()], p = E[Ye(5) Tt (1)] = E [V (5)Ye(t)] and " = E [V, (5) 71 (1)].
Note that the conditions defining the index set A implies that the first factor in Equation (4.8) is

aelag! B! B!
H Z . '; 'dl'dm p (pl)d2+d3 (p//)d4.
0=1(d)en pOzasad

Hence, if we change (s,t) by — (s,t), for each £ we have the factor

(_1)dd1 . (_1)(d*1)(d2+d3) . (_1)dd4 _ (_1)d(d1+d4)+(d*1)(d2+d3)
= (-1 ()i ()X = (1)

Remark 4.3. Changing (t,s) by — (t,s) in (4.8) and considering each term for j = 1,...,r of the
product, either 3, and Z;nﬂ ,32], are even and then the sign of this term does not change, or the two
numbers are odd and then they have a minus in front and the sign neither change. Thus we get that
the complete sign of (4.8) does not change.

Let us now define

Hoa((t,s)) = D Y awauE[Ha(Y(0)Hp(Y(1)Har (Y(5)Hg (Y ())]. (4.9)

[(e;B)|=q [(,B")|=q

Set also, for t € S™, .
Za(t) = (Z1(t), - s Zr(a4m) (1) = (Ya(t), Yq4(2)). (4.10)
In this manner we can write

d?E [(/W gq(Zd(t))dt)Q] =d? /Smxsm Hoa((t, s))dtds

= Kb 1d™? / sin™ " (0)Hqa (cos(0)) db
0

Van/2 oty (2 z
= 26 Ko — d\"m sin™ " | = | H cos | — dz.
1/0 (x/8> qd( (ﬁ))

For the second equality we used (3.1) about the integration on the sphere of an invariant by rotations
function. In the third equality we use (deduced from Remark 4.3) the invariance of the function with
respect to the change of variable ¢ = 7 — 0 and finally we made 0 = ﬁ.

The convergence follows by dominated convergence using for the covariances pi¢ := E [Z(s) Ze(t)],
the bounds in Lemma 3.1 and the expression for the matrix (3.4). In this manner the integrand can

be bounded by Const (1 + 22)? exp (—gaz?). In conclusion we have

2 o
V, = lim d2 7K [(/ gq(Zd(t))dt> } = 2nmﬁm—1/ 2" (2)dz g > 1,
m 0

o) = i s (s (25)).

Implicit in H,4(z) we use the pointwise limits given in Lemma 3.2.

where

Remark 4.4. In the present case the domination is obtained via Mehler’s formula separately for each
fized q. In [3] we used a less ad hoc argument profiting of the computation of the limit global variance
(of the number of roots of the system) using Rice formula.

4.3 Point 2 of Theorem 2
Recall from (2.1) that

Vi = lim Var(Vy) = dllxiloz()de [(/
e

The second equality follows from Parseval’s identity. Thus, by Fatou’s Lemma

gq<zd<t>>dt) ] .

m

[ee)

= ivg Jim d¥E [(/Sm gq(zd(t))dt)2

q=0 q=0

<V < oo.

Actually, equality holds as a consequence of Point 4 and the finiteness of V.



4.4 Normality of the ¢-th term

Lemma 4.3 below gives a sufficient condition on the covariances of the process Z4 in order to verify the
convergence of the norm of the contractions (which in turn gives the asymptotic normality). Below
we write the chaotic components

Iga= d%/ 9q(Za(t))dt.

in Proposition 4.1 as multiple stochastic integrals w.r.t. a standard Brownian motion B and use this
fact in order to prove Lemma 4.3.

Let B ={B(A) : A € [0,00)} be a standard Brownian motion on [0, c0). By the isometric property
of stochastic integrals there exist kernels h;, such that the components of the vector Z, defined in
(4.10) can be written as:

Zo(t) :/m heo(NdB(N), L =1,...,r(m+1). (4.11)

The kernels h; ¢ can be computed explicitly from the definition of Z, writing the random coefficients
as integrals w.r.t. the Brownian motion B.

The two following lemmas are close to the equivalent lemmas in [2], their proofs are omitted. Note
that the number of equations r of the system Y, does not play any role in the condition (4.12) below.

Lemma 4.2. With the same notation and assumptions as in Proposition 4.1, I,.q4 can be written as
a multiple stochastic integral

Iqa = [f(gq,d) = /[ gq,d(’\)dB(/\%
0,00)9
with
RSB AAD DN IR C i eV

lel=q
where hy ¢ is defined in (4.11) and If is the g-folded multiple stochastic integral w.r.t. the Brownian
motion B. |

As Ty(s,t) =Ta((s,t)), then I'y can be seen as a function of one real variable.

Lemma 4.3. For k=0,1,2, let F((ik) indicate the k-th derivative of Tq : [—1,1] — R. If

/2
am’? / sinm71(9)|1"fik)(cos(9))|d0d% 0, (4.12)
0

— 400

then, form=1,...,q9 —1 and gq,a defined in Lemma 4.2:

l94,a ®n gg,all2 —>d—o0 0.

Therefore, it suffices to verify (4.12). For k =0, 1,2 we have

| " i )1 (cos(0)) a0 — a7 / T (Z) [ (eos (5))] %
: : Vi va))| Va

\/37\'/2 _
1 R (k)( ( 7 ))‘
= — d 2 sin — )| cos | — dz.
dm/ﬁ/o (ﬂ) . Va

Now d™7" sin™~! (z/\/a) < 2z™7! and taking the worst case in Lemma 3.1 we have |Ffik)(z/\/3)| <
(1+ 2%) exp(—az?). Hence, the last integral is convergent and (4.12) follows.

4.5 Point 4 in Theorem 2

Let 79 be the projection on Dq¢>q@Cq. We need to bound the following quantity uniformly in d

dm/2

. Var(79(Vy, (0)) = i > dm? / Hoal(s, t))dsdt, (4.13)

>Q Smxsm

where Hgq is defined in (4.9).
In order to bound this quantity we split the integral depending on the (geodesical) distance
between s,t € S™
dist(s,t) = arccos((s,t)),
into the integrals over the regions {(s,t) : dist(s,t) < a/v/d} and its complement, a will be chosen
later. We bound each part in the following two subsections.

10



4.5.1 Off-diagonal term

In this subsection we consider the integral in the r.h.s. of (4.13) restricted to the off-diagonal region
{(s,t) : dist(s, t) > a/+/d}. This is the easier case since the covariances of Zg are bounded away from
1.

We use Arcones’ Lemma ([1], page 2245). Let X be a standard Gaussian vector on RY and
h: RN — R a measurable function such that E[h*(X)] < co and let us consider its L? convergent

Hermite’s expansion
ha)=> " hH(x).
q=0 |k|=q
The Hermite rank of A is defined as

rank(h) = inf{7: 3k, |k| = 7;E[(h(X) — Eh(X))Hk(X)] # 0}.

Then, we have

Lemma 4.4 ([1]). Let W = (W1,...,Wn) and Q = (Q1, .. .,Qn) be two mean-zero Gaussian random
vectors on RY . Assume that

E[W; W] = E[Q; Q] = 0;.x,
for each 1 < j,k < N. We define _
PO BW, Qs

Let h be a function on RN with finite second moment and Hermite rank 7, 1 < 7 < oo, define

N N
1) := max{ max Z:|7‘(J’k)|7 max Z|r(1’k)| .
1SN £ ISkSN

Then
|Cov(R(W), h(Q))| < ¢ E[R*(W)].

We apply this lemma for N =r x (1+m), W = Z(s), Q = Z(t) and to the function h(y,y’) =
9q4(y,y’). Recalling that pg (s, t) = pr,e({(s,t)) = E[Zx(s)Z(t)], the Arcones’ coefficient is now

¥(s,t) = max Do kel D ok, bl

1<k<m+m?2 1<e<m+m?2
Thus N

[Haa((s, ) < o ((s,)llgal I,
being ||g4||* = E [97(¢)] for standard normal (.

The following lemma is obtained as in [3].
Lemma 4.5. For g, it holds that ||g4||*> < ||fI|3-

To bound the Arcones’ coefficient ¥ ((s, t)) we use the expressions in (3.1) thanks to the invariance
of the distribution of Y4 (and Z4) under isometries. It is not hard to see that the maximum in the

definition of 1 is |C|+|.A[, see (3.3). From Lemma 3.1 it follows that |C|+].A| < e_w2(1+z)A For z = 2
the bound takes the value 2e 4 which is less or equal to one if o > ilog 2, this is always possible

because the only restriction that we have is a < 1. Moreover, for § small enough e’ (I4+2z)>1if
z < 0. Thus, there exists an a < 2 such that for all z > a it holds |C| + |A| < ro < 1. Hence,

dm/2

sgp Z 1

>Q

Hy.a((s, t))dsdt

/{(s,t):dist(s,t)z\‘/%

= su O Zd%l/ﬁﬁsinml Z VA (cos [ 2= ) dz
Vi . Vi) ' Vd

7>Q

<CullfIB S re / N1 4 2)e s o 0,

>Q @ @
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4.5.2 Diagonal term

It remains to prove that the integral in the r.h.s. of (4.13) restricted to the diagonal region {(s,t) :
dist(s,t) < a/v/d} tends to 0 as Q — co uniformly in d, a < 2 is fixed. This is the difficult part, we
use an indirect argument.

Next proposition, whose proof is similar to that in [3], gives a convenient partition of the sphere
based on the hyperspheric coordinates. For © = (01,...,0m_1,0,) € [0,m)™ ! x [0,27) we write
2 (©) = (2™ (©),... ,xﬂl(@)) € S™ in the following way

k—1 m
a:,(cm)(@) = H sin(6,) - cos(0x), k < m and x%’il(@) = H sin(6;);
j=1 Jj=1

with the convention that [ = 1.
Define the hyperspherical rectangle (HSR for short) with center 2™ (f) with = (61,...,60,,) and
vector radius 7 = (1, ...,7m) as

HSR(6,7) = {z"™(0) : |0; — ;| < 7,i=1,...,m}.

Let T3S™ be the the tangent space to S™ at t. This space can be identified with ¢+ C R™*!. Let
¢t : S™ — 1+ be the orthogonal projection over t*, Cy,(0) be the zero set of Y4 on S™ and V its
volume on S™.

Proposition 4.2. For d large enough, there exists a partition of the unit sphere S™ into HSRs
Rj:j=1,....,k(m,d) = O(d™?) and an extra set E such that

1. Var(V(Cy,(0) N E)) = o(d"~%).
2. The HSRs R; have diameter O(%) and if R; and R, do mot share any border point (they are

not neighbors), then dist(R;, Re) > ﬁ.

3. The projection of each of the sets R; on the tangent space at its center cj, after normalizing by
the multiplicative factor \/d, converges to the rectangle [—1/2,1/2]™ in the sense of Hausdorff
distance. That is, the Hausdorff distance of

[ . lrl\\/aaﬁcj(ﬁ’w‘)

272
tends to 0 as d — oo. |

Arguing as in [3] it suffices to bound Var (TFQ (V(Cy,(0) N R;))), where Ry is an HSR contained
in the spherical cap
Cleo,v/Vd) = {s : d(s,e0) < v/Vd}.
for some v depending on m.
We use the local chart ¢ : C(ep,v/vd) — B(0,sin(y/vd)) C R™ defined by

¢~ (w) = (VI —Tul?,u), ue B(0,sin(y/Vad),

to project this set over the tangent space. Define the random field V4 : B (0,7) C R™ — R", as
Ya(u) = Ya(¢™ ' (uVd)).

Observe that the ¢ coordinates, y;“) say, of V4 are independent. Clearly, the zero set of Y4 on
R C C(eo,v/v/d) and the zero set of Yy on ¢p(Rv/d) C B(0,~) coincide. That is

Cy,(0) N R = Cy,(0) N ¢(RVd).

Proposition 4.3. The sequence of processes yff)(u) as well as its first and second order derivatives
converge in the finite dimensional distribution sense towards the mean zero Gaussian processes Voo

2
Hu—v]|

with covariance function I'(u,v) =e~ 2 and its corresponding derivatives. |

The proof of this proposition can be consulted in [14] and also in [3].
Remark 4.5. The local limit process Voo has as coordinates ( &1)), . ,yég)) such that each one of
)

them is an independent copy of the random field with covariance I'(u) = e~ 2 , uw € R™. Then its
covariance matric writes

I'(u) = diag(T(u), ..., ['(u)).

The second derivative matriz T (u) can be written in a similar way, but here the blocks are equal to
lul]? _ uy?

the matriz T"(u) = (aij) where a;; = e~ 2 Hi(w)Hi(uj) if i # j, and a;; = e~ 2 Ha(u;). It
follows from [4, Th.12] that the variance of V(Cy., (0) N K) is finite for any compact K.

12



The proof of the main theorem will be achieved as soon as we have proved the following proposition.

Proposition 4.4. For e > 0 there exist Qo and do such that for Q > Qo

sup E (% (V(Cy,(0) N R))))%] <.

Proof. Let R = Ry C C(eo,y/\/a), By Remark 4.2, the Hermite expansion holds true also for the
volume of the zero set of Y4 on any subset of S”. Hence,

V(Cy,(0 ng/gq (Za(t))dt.

q=0 B

Let us define R = ¢(R) C B(0,sin -%) C R™. Tt follows that

f

V(Cy,(0) N R) = V(Cx,(0)NR) = d* /qu(yd(u), Ya(u))Jo(u)du,

q=0

where Jy(u) = (1 — |lul|?)~*/? is the Jacobian. Rescaling u = v/v/d we get

e O ‘g/m (2 (75) > (3)) # (75)

Besides, Kac-Rice formula, the domination for Hqa previously obtained, the convergence of Vi to Voo
in Proposition 4.3 and the convergence, after normalization, of R to [—1/2,1/2]™ in Proposition 4.2

iel
- e (M00D) v (v (00 [-42]")). ”»

In fact, for the second moment we have

. [(V(Cyd;ogy nR) ) 2
dz~ 2

=d" /RXRE[f(yd( NS (Vi) [Va(w) = Va(v) = 0] pu,o(0,0)Js(u) Js (v)dudv

L [ C1G) 1 (23)) i) =(5) =
(

X Do (0,0)J %)J ( )dudv

- E[f (Ve () f (Voo (1)) | Yoo (1) = Voo (v) = 0] Py (). v (v (0, 0)dudv

e g4y
—2 (v (enon[-53])) ] <

The term of the square of the expectation is easier.
The same arguments show that for all ¢ we have

vior = Var(m(wi;(%(i?)%pm)) d:)QQVar( (v ((cyx(o)) n [—% %r)» = Vo,

Thus, for all @ it follows that Zquo VYo% —dmoo Zquo V/°ec. By Parseval’s identity, (4.14) can be

written as
oo

loc loc
> Ve PR DoV
q=0 q=0
Thus, by taking the difference we get

DoVaid = D Ve (4.15)

>Q >Q
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Given that the series Z;io VqloC is convergent, we can choose Q¢ such that for @ > Qo it holds
3%, Ve < e/2. Hence, for this Qo and by using (4.15) we can choose do such that for all d > do

>Q
and @ > Qo

Vi <
>Q

Namely, there exists do such that for Q > Qo

k| [0 (Y@ R\
d>dy dz=1 '

5 Appendix

Letendre [9] and Letendre & Puchol [10] have studied the asymptotic variance of the volume of the
zero set. We consider this problem using another method.
Write the variance as

Var(Vy, (0)) = E[(Vy, (0)°] — (E Vv, (0])*.

Let f and f, be defined as in (4.1) and (4.2) respectively.
We have already computed the second term, as in (4.5)-(4.6), and for the first one we apply the
Rice formula for the second moment ([5, Ch.6]).

B0V, = [ BIAYAOM (Y)Y () = Y(5) = Opvio, o 0. 0)dds
0 [ Bl v 0.0)deds, (51)
Sm x§m

where py (1), v(s)(0,0) is the density of the vector (Y (t),Y(s)). By independence it holds

T

Py).x((0,0) = [ [ Pvy().v2()(0,0) =
=1

1
(2m)"(1 = (t,5)24)%

As in (4.7), we have

Remark 5.1. Let us point out that for r = m it holds f(y') = |dety’|. Herey' is the m x m matriz
whose columns are the vectors (Yp1,...,Ypm) for € =1,...,m. Furthermore, by the homogeneity of
the determinant we have f(y') = vf(y’'). The lack of this fact when r < m implies that we need a
different approach for obtaining the asymptotic variance.

Thus, the expansion (4.7) and the bi-dimensional Mehler’s formula [5, Th.10.7] give
dE[fo(C1) fo(C2)] = d" Y [fa (o ()] BLD (¢, 8))] 11201 20 [p (1, )01 P01 (5.2)
= d*Hﬁ(<t7 s)).
Using (3.1) we obtain

d’ 1
(27)" (1 — cos?4(0))2

iy [ (o) e

By Parseval equality we have

EVy, (0% = Kmnkm-1 /OﬂH(cos(H)) sin™ "' (0)d6

1<e<r, 1<5<m

1) 8! = /RrxmIfw(X)|2s0rxm(X)dx<mr(7\/1)2T1E[ op |2

14



Since 0° (=) < 1 (Lemma 3.1), then

| S (- (5)

Therefore, we can interchange the series with the integral obtaining

r—1 Vdn sin™ ! (=
E[(Vy,(0)?] = nmnmfld—iZ/ Hp <cos <i>> (”) _dz, (5.4)
(2m) EIRAL Vd (1 _ cog2d (%)) 2
d
where H is as in (5.2) and Hg = [fs (o ({t,5)))]> B! [D ((t, s))] 1P =Zt=18e0) 5 (1, s))>e=1 Per,
Thus, using the above notation and normalizing we have

B! < C. (5.3)

1

[0 oo [ 3 () s e

_ 2d (=
[B]=1 cos (\/E)

5 5 sin™7! (%)
fole(75)) ;
Vd 2d (2_))?2
(1 — cos (ﬁ))
We start with the terms |3 > 1. To apply the dominated convergence theorem we must look for a
uniform bound. But let us begin with a remark.

I

m—1

4™ Vdr
o
2m) Jo

dz.

Remark 5.2. The symmelrization argument used in step 3 of section 3.2 of [2] gives that the integral
over [VdZ,dn] of each term in the series (5.4) is equal to the integral of same term on [0,Vd%]

except for a multiplication by (_1)(11—1)\3\‘ In this form the bound that is obtained for applying the
dominated convergence theorem in the latter interval serves also for the former.

Using Lemma 3.1 it holds that there exists a do such that for id < g and d > dg it holds

lp| < C (1+2%)% exp(—2az®) and D < exp ( — 2az°).

By the Remark 5.2 it is enough to study only the interval [0, \/ég] In this form we get

= [ G o) g

B1=1

<C > [fs o(Z= } B(1+ 2°) exp(—20z°)
> |5sl(5))

< C (14 2°)% exp(—2a2?).
Above we have used (5.3).

It remains to consider the integral over the interval [0, zo]. But now the integrand can be bounded
by

m—1

C L _d"7 sin™ (i) <cC ! 2 (5.5)
(1ot ()" Vd (1— exp(—2a22))3

and the function on the right hand side is integrable whenever r < m.
In this manner, applying the dominated convergence theorem we get

m—1

) 4™z Vdn 5 sin™ ! (%)
s [ 30 7 (0 (35)) g

—dz
1B]>1 — cos?d (ﬁ))2

1 /oo mel
= KmKm—175 7 Hp(z) ———————d=.
2m)" Jo ggl (1 — exp(—22))2
The exact expression for the function Hg(z) is obtained by using the results of the step 2 of [2].
In fact
1Bl-2%=1 B
_ 1-— (1+z2)exp(—z2))1/2) 2 | 22 =1
Hp(z) = ‘fﬁ(( 1= exp(—22) B! | exp 3

(1 — 2% — exp(—22)) exp(—2%/2)\ Ti=1 a1
x ( 1— (14 22)exp(—22) ) '
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To end our proof it only remains to consider the zero term in the expansion. Consider first

m—1 sin

Iy = Hm/{/mfld - /0\/37' Hfo (U(%))‘Q - |f0(1)|2] o (\/LE) dz.

(2m)"

But

0o ) - mor

/Rrxm 01 Zl af&%l;f)(x)df(l — U(%))@Tx,rn(x)dx

< C 1p<nyy + Cexp(—2a2°)1 (5.0

=C

Yielding by the dominated convergence theorem that
. Emkm—1 [ 1— (14 2%) exp(—22)\ /2 ’ 2 Zmt
im 7, = "t ( A e —
Jim Ta= "t | [f< o] 7 :

1 — exp(—22) 1 —exp(—zQ)ﬁ
Finally, we will consider the remaining term. In first place let us point out that

m—1

2d 2 Vir . om—1 z _ 1 2
o ()P G [ s (22 ) s = L Ve, 0]

Then, substracting this term we get

Jd = Emk a"s /\/ETr | fo(1)[? L 1 sinm71< z )dz
d — Kkmbm—-175"<" 0 T T .
2m)" Jo (1 — cos?d (id))a Vd
The convergence at 0 follows from
1 1< 1
(1 — cos?d (%))7 (1= cos?d (\/ié))E

using (5.5).
On the large interval we use the lower bound for 1 — C? and the upper bound for C in Lemma 3.1
to obtain

Zm—l

m_1 1 s om—1 < 2 ) 2
d2 ~ — 1| sin — || < C exp(—2az”) —.
= )2 vd 1- —2022))%F
(1 — cos?d (73)) (1 — exp(—2a2?))

Since these two bounds allow applying the dominated convergence theorem it holds

2 o]
lim Jq4 = EmKm—1 |f0(1)| / ! — —1 2" dz.
d—c0 @m)" Jo | (1 —exp(—22))2

Hence, it is possible to write a closed formula for the limit variance. Indeed, we obtain

. VY 0) 1 d 1 —1
lim Var (%) = KmKm—1 —/ H,@(Z) —sz dz
a2V ggm ar b\ 2 (1= exp(—22))’5

v [ [l (e )

P [ S P
- (2m)" /0 [(l—exp(—zQ))g 1} ! }

The result follows. O

mel

- |f5(1)|2} o d?

(1 —exp(~22))?
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