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OPTIMAL RANDOMIZED QUADRATURE FOR WEIGHTED
SOBOLEV AND BESOV CLASSES WITH THE JACOBI WEIGHT
ON THE BALL

JIANSONG LI AND HEPING WANG

ABSTRACT. We consider the numerical integration
INT4(f) = /]Bd fz)wy (x)dx

for the weighted Sobolev classes B, , and the weighted Besov classes BB} (Lp,.)
in the randomized case setting, where wy, p > 0, is the classical Jacobi weight
on the ball B¢, 1 < p < oo, 7 > (d+2u)/p, and 0 < 7 < co. For the above two
classes, we obtain the orders of the optimal quadrature errors in the random-
ized case setting are n-r/d=1/2+(1/p=1/2)4 Compared to the orders n~"/4

of the optimal quadrature errors in the deterministic case setting, randomness
can effectively improve the order of convergence when p > 1.

1. INTRODUCTION

Let Fy be a class of continuous functions on Dy, where D, is a compact subset of
the Euclidean space R? with a probability measure p. The integral of a continuous
function f: Fy — R denotes by

(1.1) INTq4(f) = . f(@)dp(z).

We want to approximate this integral INT(f) by (deterministic) algorithms of
the form

An(f) = en(f (1), f(22), -, f(2n);

where x; € Dy can be chosen adaptively and ¢,, : R" — R is an arbitrary mapping.
Adaption means that the selection of z; may depend on the already computed
values f(z1), f(22),..., f(xj—1). We denoted by At the class of all algorithms of
this form. If zq,...,x, are fixed and ¢,, is linear, i.e.,

n

An(f) = Z)\jf(,’tj), )\j c R, j =1,...,n,

j=1

then the algorithm A,, is called a linear algorithm. Such linear algorithm A,, is also
called a quadrature formula. We say that a quadrature formula A,, is positive if
Ai>0,7=1,...,n.
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The deterministic case error of A,, on Fy is given by

et (Fu, An) = sup [INT4(f) — An(f)],
fE€Fq

and the minimal (optimal) deterministic case error on Fy given by

det o : det
e, (Fg) == Anlen.,éfldﬂe (Fa, Ap).

It was well known (see [3]) that if F; is convex and balanced, then ed°t(F,) can be
achieved by linear algorithms. Hence el°(Fy) is also called the optimal quadrature
erTor.

Randomized algorithms, called also Monte-Carlo algorithms, are understood as
Y ® B(F,;) measurable functions

(Aw) = (Aw(-))wegz Q) x Fyg— R,

where B(F;) denotes Borel o-algebra of Fy, (2, X, P) is a suitable probability space,
and for any fixed w € Q, A¥ is a deterministic method with cardinality n(f,w).
The number n(f,w) may be randomized and adaptively depend on the input, and
the cardinality of (A“) is then defined by

Card(A¥) := sup E, n(f,w) := sup / n(f,w)dP(w).
feFq feFa JQ
We denote by A;*" the class of all randomized algorithms with cardinality not
exceeding n.
The randomized case error of (A“) on Fy is defined by

e (Fy, (A¥)) := sup Ey|INTq(f) — A*(f)I,
fe€Fq

and the minimal (optimal) randomized case error on Fy is defined by

RnEL) = e (A7),
There are many papers devoted to investigating the integration problem (T
in the deterministic and randomized case settings. Compared to deterministic al-
gorithms, randomized algorithms may speed up the order of convergence in many
cases, especially for integration problem. We recall some known results.
Throughout the paper, the notation a,, < b, means a,, < b, and a,, = b,. Here,

an < by (an 2 b,) means that there exists a constant ¢ > 0 independent of n such
that a, < cby, (bn < cay).
(1) Consider the classical Sobolev class BW}([0,1]%), 1 < p < oo, r € N, defined
by
BW;((0,1)") = {f e Ly(0, U | D> ID*f]l, <1},
|04\1ST

and the Holder class C27, k € Ny, 0 < y < 1, defined by
Ci™ = {f € 010, ") |ID"f(x) = D*f(y)] < max |a; — [, |aly = K},

d
where o € N¢, |a|; := 3" ay, and Df is the partial derivative of order a of f in
i=1
the sense of distribution. Bakhvalov in [I] and [2] proved that

~

el (CRY) < " and ed(BWL([0,1]%) < n .

n

a
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Novak extended the second equivalence result in [24] and [25], and proved that for
1<p<ooandr>d/p,
eiet(Bsz([O, 1]d)) =n~d.

Meanwhile, Novak considered the randomized case errors of the above two classes
in [24] and [25], and proved that
k+a 1

eff“(Cg’O‘) =n~d 3,
and for 1 <p < oo and r > d/p,
en " (BW, ([0, 11%) = namatGma)s
where a; = max(a,0).

(2) Consider the anisotropic Sobolev class BW;([O,l]d), 1<p<oo r=
(r1,-++ ,rq) € N defined by

BW([0,1]%) = {f € Ly([0, 1]*

Fang and Ye in [13] obtained for g(r) > d/p,
e BW (0, 1)) = 07,
and for g(r) > 1/p,
e (BWS(0,1)%) =m0 G0

where g(r) = (Z;l:l r;l)_l. For the anisotropic Holder-Nikolskii classes, Fang

and Ye obtained the similar results in [13].

(3) Consider the Sobolev class with bounded mixed derivative BW,"™*([0,1]%), r €
N, 1 < p < oo, defined by

BWymX([0,1)%) = {f € Ly(0. 1) | > ID*fll, <1},
|O“00ST
where ||y = max a;. The authors in [5 14, 3T 32] obtained for » > 1/p and
1 <p<oo, o
e‘,ilCt(BW;’miX([O, 1]d)) =n""(log n)%
It was shown in [19] 27, [35] that for » > max{1/p,1/2} and 1 < p < o0,
ran( Wr m1x([0, 1](1)) - n—r—%+(%—%)+.
(4) For the Sobolev class BW;(Sd_l), 1 < p<oo,r>0,on the sphere ¥, it
was proved in [4, [I7 7] that for » > (d — 1)/p,
efft(BW;(Sdfl)) =n a1,
Wang and Zhang in [39] obtained for r > (d — 1)/p,
e (BW! (S471)) < p T E G

(5) For the generalized Besov class Bng(Sd_l), 1 <p,0 < oo, with the smooth-
ness index 2 satisfying some conditions, Duan and Ye in [9] obtained

en(BByg(S*™) < Qn~ 1),
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a,nd 1 1 1 1

e (BB(8") < Qn T )03 TG
We remark that if Q(t) = ¢", then BBZS})G(Sdfl) recedes to the usual Besov class
BB (Ly(S™1)).

(6) Dai and Wang in [6] investigated the weighted Besov class BB~ (L, .,(S?1)),
r>0,0<7<00,1<p< o0, with an A, weight w on S*~1. They obtained for
> s0/D,

erdzEt(BB:(Lp,w(Sd_l))) = n_ﬁa
where s,, is a critical index for the A, weight w. This generalized the unweighted
result of [I8]. Meanwhile, they also obtained the corresponding results for the
weighted Besov classes on the unit ball and on the standard simplex of the Euclidean
space R¢.

The above results indicate that randomized algorithms effectively improve the
optimal rate of convergence in many cases. There is a vast literature of integration
problems in the deterministic and randomized case settings, see for example, [6] [10]
1Tl 12) 13, 15 25] 26] 34, 36, 43]. However, as far as we know, there are few results

about integration problem on the unite ball B¢ in the randomized case setting.

Let B = {z € R?||z| < 1} be the unit ball of R?, where z -y is the usual
inner product and |z| = (z - £)"/? is the usual Euclidean norm. We denote by
Ly, = pru(Bd), 0 < p < o0, the space of all measurable functions with finite
quasi-norm

£llsi= ([ 1@ Pusaas) ™,

where w,,(z) = bj(1 — |2[2)*~Y/2, 4 > 0 is the classical Jacobi weight on B,
normalized by [5, w,(z)dz = 1. When p = co we consider the space of continuous
functions C(B?) with the uniform norm. Let BW, , and BB (Ly ), 1 <p < oo,
r > 0,0 < 7 < oo, denote the weighted Sobolev class and the weighted Besov class
on B?, respectively (see the precise definitions in Section 2). We remark that if
7 > (d +2u)/p, then the spaces W) , and BJ(Ly,,) are compactly embedded into
the space of continuous functions C(B%).
This paper is concerned with numerical integration on B¢

(1.2) INT4(f) = /d f(x)w,(z)dx.
B
For the weighted Besov class BB:(L,,,H)7 1<p<o0,0<7<00,and r >
(d+2u)/p, it follows from [6] that
(1.3) e (BBy (Lp,)) < n” .

For the weighted Sobolev class BW/
the similar result as follows.

1<p<oo,r>(d+2u)/p, we obtain

Theorem 1.1. Let 1 <p < oo and r > (d+ 2u)/p. Then we have
(1.4) e (BW) ) <n~1.

From (L3) and (L4), we know that the integration problems ([2)) for the
weighted Besov class BB](Lyp,,) and the weighted Sobolev class BW , is “in-
tractable” in the deterministic setting if d is much larger than r. So it is natural
to ask whether randomness improves the order of convergence. In this paper we
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investigate randomized quadrature for BW, , and BB](Ly,,). We obtain their
sharp asymptotic orders of quadrature errors in the randomized case setting, and
find that randomized algorithms provide a faster rate than that of deterministic
ones for p > 1. Our main results can formulated as follows.

Theorem 1.2. Let 1 <p<o0, 0<7 <00, andr > (d+ 2u)/p. Then we have
(1.5) e (BX!) = nTi TG
where X denotes W, or BY(Ly ).

Remark 1.3. We compare the results in the deterministic and randomized case
settings. For p = 1, the order of convergence is the same, which means that
randomness does not help for p = 1. Randomness does help for 1 < p < co. Indeed,
randomness improve the order of convergence by a factor n*~'/? for 1 < p < 2 and
n/? for 2 <p<oo.

The organization of the paper is the following. Section [2] presents some facts
about harmonic analysis on the ball. In Section 3 we use the filtered hyperinterpo-
lation operators to approximate functions in W, or B (Ly,,), and show that the
filtered hyperinterpolation operators are asymptotically optimal algorithms in the
sense of optimal recovery in some cases. We also give the proof of Theorem [I11
Section ] and Section [l are devoted to proving the upper and lower estimates of
the quantities e;*"(BX}) as in Theorem [[.2] respectively.

2. PRELIMINARIES

This section is devoted to give some basic knowledge about harmonic analysis
on the unit ball B<.
For the classical Jacobi weight

-1
(o) = 1= oy ez 0 b= ([ (= laPy )

on B%, denote by L, , = L, ,(B?) (0 < p < 00) the space of all Lebesgue measurable
functions f on B¢ with the finite quasi-norm

= ([ 1f@Pws i) ™"

And when p = oo we consider the space of continuous functions C(B?) with the
uniform norm. In particular, Lo, is a Hilbert space with inner product

(b= [ F@h(@yw,@)d, for f.g € L,

Let I1¢ be the space of all polynomials in d variables of total degree at most n.
We denote by V¥(w,,) the space of all polynomials of degree n which are orthogonal
to lower degree polynomials in Ly . It is well known (see [7, p.38 or p.229]) that
the spaces V4 (w,,) are just the eigenspaces corresponding to the eigenvalues —n(n+
2u + d — 1) of the second-order differential operator

D,=A—(z-V)*-Q2u+d-1)z-V,
where A and V are the Laplace operator and gradient operator, respectively. More

precisely,
D,P=—n(n+2u+d—1)P, forall PcVi(w,).



It is easy to see that the spaces V%(w),) are mutually orthogonal in Ls ,. Let
{pnr = ¢%, + k = 1,2,...,a%} be a fixed orthonormal basis for V,‘f(wu), where
ad := dim V(w,,). Then

{fpnr: k=1,2,...,a% n=0,1,2,...}

is an orthonormal basis for Lo ,. The orthogonal projector Proj, : Lo, — V&(w,,)
can be written as

d
a’n.

(Proj,, f)(x) = > (fs buk)nk(x) = (f, Pa(wps ),

k=1

where P, (wy;z,y) = Z Gnk (2)bni(y) is the reproducing kernel of Vi(w,,). See

[41] for more details about Py (wy;x,y).
For r > 0, we define the fractional power (—DH)T/2 of the operator —D,, on f
by

(=Dp)"2f =Y (k(k + 20+ d = 1)) *Proj, f,
k=0
in the sense of distribution. By [42], we have for any P € II¢,
(2.1) 1(=Dy)"2Pllpu S 0" [1Plp,s-

Given r > 0 and 1 < p < 00, we define the weighted Sobolev space by

Wy =Wy B = {f € Lpu | [ fllwy,, = 1 fllps + 1(=Dp)"? fllpu < 00},
while the weighted Sobolev class BW, , is defined to be the unit ball of the weighted
Sobolev space W . We remark that if r > (d + 2u)/p, then Wy, is compactly
embedded into C(BY).

Let n € C*°[0,+00) (a “C*-filter”) satisfy

X[0,1] <1 < Xo,2]-
Here, x4 denotes the characteristic function of A for A C R. For L € N, we define
the filtered polynomial operator by

(22) Vi@ =Veu(H@) =l

k=0

VProj, (f)(z) = (f, Kpn(z, ),

hlw

where f € Ly ,, and
(2.3) Kpn(z,y) Zn VP (wy; 2, y), =,y € BY.

Then the following properties hold (see, for example, [28])):
(a) Vi(f) e Ig, , for any f € Ly,
(b) P =V (P) for any P € H%;
©) VLl = VL ll(o0,00) = VLIl 1,1y = sup, KLz,
)
)

1, 5 1;

(d HVL”(p,p) < HVL” S 1forl< p < o0;
@) [1f =VL(H)llpu <A+ Vel o) EL(fpp S EL(f)p, for 1 < p < oo,

where

pp

[Allpp) = sup [JAS]
<1

[fllp,n<
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is the operator norm of a linear operator A on L, ,, and Er(f)p . is the best
approximation of f € L, , from 11¢ defined by

EL(f)pu = Pienéd Ilf = Pllpu-
L

We note that property (c) is essential.

Remark 2.1. Let n be a filter, i.e., 7 is a continuous function satisfying xjo,1] < 1 <
X[o,2]- We may weaken the smoothness condition on 7 such that the operator norms
IVl are uniformly bounded. Wang and Sloan investigated the corresponding
problem on the sphere, and gave the compact condition on 7 for which the oper-
ator norms of the filtered polynomial operators VLS“J7 on the sphere are uniformly
bounded. Following the way in [38], Li obtained in [22] that the operator norms
IVl are uniformly bounded whenever n € W% BV where WT™BV]a,b] de-
notes the set of all continuous functions 7 on [a,d] for which n("=1) is absolutely

(r) (r)

continuous and 7}’ and 1>’ exist and are of bounded variation on [a,b] for r € N.
d+42

Hence, if n € W31 BV, then properties (a)-(e) hold. Note that
C"™*a,b) ¢ W"BV|[a,b] C C[a,b], for any r € N.

d+2u+41 d+2p—1

The condition n € WL~ 271 BV is compact, since there existsann € WL~ 2 JBV
such that ||Vz || are not uniformly bounded.

Now we define weighted Besov spaces on the ball. Given 1 < p < oo, r > 0, and
0 < 7 < o0, we define the weighted Besov space BY(L,,,) to be the space of all real
functions f with quasi-norm

> X 1/7
Wl + (D2 Eai(,) 0 0<r<o0,
1Bz, = j=0

||f||p,u + sup 2jTE2J' (f)p,ua T = 00,
720

while the weighted Besov class BBL(L; ) is defined to be the unit ball of the
weighted Besov space BL(Ly ).

There are other definitions of the weighted Besov spaces which are equivalent
(see [20, Proposition 5.7]). We remark that if 1 < p,q < oo, r > (d + 2u)/p,
then B’ (L) is compactly embedded into C(B?), and for 1 < p < oo, 7 > 0,
0<1 <1 <00,

By (Lpu) € By, (Lpu) © BL(Lp,pu)-
It follows from the Jackson inequality (see [42]) that for f € W] .
r >0,

(2.4) En(fpw S 07" f lwy,-

This means that

1 <p < oo,

Wy C Bl (Lp,,.)-
It can be seen that for f € BZ(L,, ), 0 <7 < o0,
(2.5) En(fp <207 f 322y,

We introduce a metric p on B%:

pla,y) = arccos ((@,y) + /1= [oPv/T= o).
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For r > 0, x € B¢ and a positive integer n, we set

B,(z,7) == {y € BY | p(z,y) <r}.
For ¢ € (0,1), we say that a finite subset A C B¢ is maximal e-separated if
dc U B,(w,e) and rmnp(w W >e.
weA

Note that such a maximal e-separated set A exists and #A = ¢~ % where #A
denotes the number of elements of a set A (see [28, Lemma 5.2]).
Finally, we give the Nikolskii inequalities on BY.

Lemma 2.2. ([20, Proposition 2.4]) Let 1 < p,q < oo and p > 0. Then for any
P e TI¢ we have,
(2.6) 1Plg S nt¢H20 QPO P,

3. FILTERED HYPERINTERPOLATION ON THE BALL

Let 7 be a filter such that properties (a)-(e) hold. We want to approximate the
inner product integral [2.2)) of Vi, (f)(z) by a positive quadrature rule of poly-
nomial degree 3L. Following [30], we shall call the resulting operator “filtered
hyperinterpolation”.

For this purpose, we need positive quadrature rules on B%. For L € N, we assume
that QL(f) := > ,ca, Awf(w) is a positive quadrature rule on B9 which is exact for

fe H3L, i.e., Ap is a finite subset of B? with #A; = L¢, weights A\, > 0, w € Ay,
satisfy, for all Pe H3 )

/BdPU p(@)dz = QL(P) = Y AP(w)

weAL

Such positive quadrature rules exist. Indeed, for L € N, it follows from [7, Theorem
11.6.5] that for a given maximal J/L-separated subset A, of B? with & € (0,d) for
some g > 0, there exists a positive quadrature formula

/ f@)wy(x)de = QL(f) == Z Ao fWw), A >0,
B4 weEAL
with A, < [ (.51 Wn(x)de and #Ap =< L%, which is exact for I1¢; .
For the above positive quadrature formula @1, we can define the discreted inner

product {-,-)g, on C(B?) by

(f.9)qr =Qu(fg) = D Muf(w

w€eAL
The filtered hyperinterpolation operator is defined by
(3.1) GL(f)(@) = (. Kpu( = Y Al @KLy (z,w).
weAL
From [40] we know that
(3-2) IGL] = sup >~ Aol Kpy(z,w)| S 1.
z€B? weAL

The following theorem plays an important role in the proof of upper estimates.
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Theorem 3.1. Let 1 <p,q<oo,r>(d+2u)/p, 0 <7 <00, and G, be given as
in B.I). Then for all f € X}, we have
- 11
(33) If = Grl)llgp S LT HEEETD 1,
where X denotes Wy or By (L ,.)-

Remark 3.2. When 1 < p =g¢q < oo and X, = Wy, (83) was obtained by Li in
[22].

In order to prove Theorem Bl we need the following two lemmas.

Lemma 3.3. (J40, Theorem 3.1] and |21} Lemma 2.2]) Suppose that n € N, Q,, is
a finite subset of B, and {u,, : w € Q,} is a set of positive numbers. If there exists
a po € (0,00) such that for any f € 114,

(3.4 > w5 [ 1@, s,

wEeN,

then the following reqularity condition

(3.5) Z o S / ) w,(x)dz, for any y € BY,
weN,NB,(y, 1) Bo(v:7)

holds.
Conversely, if the regularity condition [B.H) holds, then for any 1 < p < oo,
meN, m>n, fell? we have

m
(3.6) > ol f@)P S (—)d+2“/ |f(@)|" wp(x)d.
wEN, n B4
Lemma 3.4. Let 1 < p < oo, and L € N. Then for any N > L and P € H‘]i\,, we
have
N d+2u
(3.7) IGLPlps S ()77 1P pop-

Proof. Our proof will be divided into three cases.
Case 1: p = o0.
In this case, by ([3.2)) we have for N > L and P € 1%,

IGL(P)lloe < GLIIPlloc S 1P ]loo-

Case 2: p=1.

In this case, since @y, is a positive quadrature rule which is exact for HgL, then
B3) is true for {A,}wea, with po = 2. This leads that the regular condition (B3]
holds. By property (c) and Lemma [3.3] we obtain for N > L and P € 114,

IGL(P)ll1ye =1 D AP KLy )l

wEAL
< 3 AAP@IIK Ll @)l
wEAL
N
S D AlP@I S (T Pl
wEAL

Case 3: 1 < p < o0.
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In this case, for N > L and P € H?V, by the Holder inequality, (82]), property
(¢), and Lemma [3.3] we obtain

IGL(P)E,, = /‘Z/\P KL,n(x,w)‘pw#(x)dI
/ (Z Ao P(w ||KL,n(:E,w)|)pw#(3;)d$

wEeAL
p—1
g/B( S AulP@P KLy ) (30 Al Ko 0)l) wa(@)da
weAL weAL
p—1
< (2 AdP@PIE L @)llng) (sup D7 Al Kr(e,w)])
weAL mEEdwEAL
N
S D AlP@P S ()P,
weAL
which proves (B31).
Lemma [3.4] is proved. O

Now we turn to prove Theorem B.11

Proof of Theorem [l

Since X}, is continuously embedded into B, (L, ), it suffices to show Theorem
Bl for BL (Lp,,.)-

Suppose that m is an integer satisfying 2™ < L < 2™*+!, Let 1 <p,q¢ < 0o, r >
(d+2p)/p, and f € BY (Ly,,). Define gy € 119, by

E2k(f)p,u = ||f - 92’6”177;“

and let fr = gor — gor—1 for k > 0, where we set go—1 = 0. Note that since Hgk are
the finite dimensional linear spaces, the best approximant polynomials gsx always

exist (see, for instance, [23, p. 17, Theorem 1]). It can be seen that f; € H2k, and

the series > fi converges to f — go; in the uniform norm for each j > —1. We

k=j+1
have
1f = GolHllaw =11 D (fr = Gr(fi))llas
k=m+1
< >0 = Glf)law
k=m+1
(3.8) < D Mallaw+ Do 1GL() g
k=m+1 k=m+1
It follows from the Nikolskii inequality (2:6) and ([25]) we have
I fellgw S 252G D4 | £yl

< 220G D5 (1 f = gorllpp + 1 — gor-1llpop)

< 2*’9(114'2/1)(*—*%E2,c 1(f)p u

(3.9) < 2R @R20G =D | gr 1, -
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This means that

S M fillaw S Z 9 K=+ 2= | £l gy 1
k=m+1 k=m+1
~ 9—m(r= (d+2u)(3—2)+ )”f”BT (Do)
(3.10) = LTG0 Fllay n,,)-

Applying (3.9) and Lemma B4, we get for &k > m + 1,

1

1GL(fi)lap S L2060 GL(f)ps

1_1
N Llar2mG, ")+( ||fk||pu

k d+2p4

L)

11y, 28 are
SL(d+2u)(p q)+(f) o (Lpp)-
It follows that
oo 17l 2
S GL(F)llgn S Z LG )(f) 1flBz (L,
k=m+1 k=m+1
11y dbon e ko A2
SL(d+2#)(p ¢ )+t Z 9—k( M)Hf”Bgo(Lp,u)
k=m+1
_r (L_1)
(3.11) = LG fl gy 1, .

Hence, for f € Bl (Lp,.), by B38), BI0), and (BI1I]) we have
If = GL(Dllgp S LTHEIGTD4 £y 1, .
This completes the proof of Theorem [B.11 O

Next we show that the filtered hyperinterpolation operators G, are order optimal
in sense of the optimal recovery in some cases. Let Fj; be a class of continuous
functions on Dy, and (X, | - ||x) be a normed linear space of functions on Dy,
where Dy is a subset of R%. For n € N, the sampling numbers (or the optimal
recovery) of Fy in X are defined by

gn(Fa, X) i= inf o sup [[f —o(f(€0),- -, F(&n))llx

1,--¢n€Dd fcF
CgRSxt feka

where the infimum is taken over all n points &;,...,&, in Dy and all mappings ¢
from R™ to X. If in the above definition, the infimum is taken over all n points
&,...,&, in Dy and all linear mappings ¢ from R™ to X, we obtain the definition
of the linear sampling numbers gh®(F, X).

It is well known (see [33]) that for a balanced convex set Fy,

(3.12) g (Fy, X) > gn(Fg, X) > inf sup 1l x-
&1,--,6n€D4g fEF,

f(&)="=f(&n)=0

Theorem 3.5. Let 1 < ¢ <p<o00,0<7 <00, and r > (d+ 2u)/p. Then we
have

(3.13) 9uN(BX], Lgy) < gn(BX), L) <n~"/?
where X, denotes Wy, or BI(Ly ).

3
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In order to prove Theorem we need the following lemma.

Lemma 3.6. ([6, Proposition 4.8]) Let X be a linear subspace of 1% with dim X >
edimI14, for somee € (0,1). Then there exists a function f € X such that || f||p,. =<
1 for all 0 < p < oo.

Proof of Theorem [543
Without loss of generality we assume that n is sufficiently large. We choose
L € N such that

#Ap <n and #Ap =xn.
It follows from the definition of G, and ghi*(BXJ, Ly,,) that

n

9I(BX], Lyy) < sup |If = GL(f)llg-
feBX

By Theorem B.1] and the above inequlity we have
(3.14) gn(BX}, Lqy) < gi"(BX), Lgy) S L7 <n~"/4,

Now we show the lower bound. Let &;,...,&, be any n distinct points on B9,
Take a positive integer N such that 2n < dim H‘fv < Cn, and denote

Xo:= {geHﬁl\, | g(&)=0forall j=1,...,n}.
Thus, Xj is a linear subspace of 114, with
dim Xy > dimI1%, — n > %dimﬂ‘fv.
It follows from Lemma, that there exists a function gy € Xy such that
|90l po,n < 1, for all 0 < py < occ.
Let fo(z) = N7 "(go())? and m € N such that 2~! < N < 2™. Then by the fact

that Foi (fo)p.u < |[follp,u we have

m+1

. 1/7
Vol ey = Wollp+ (3 277 Bns (fo)7,,)
§=0
m+1

. 1/7 .
S 27)  Wollow S 27" N llgoll3,, S 1.
j=0

By the fact that fo € 114, and (ZI]) we have

(315)  |follwy, = follpue + 1(=Dp) 2 follpse S N" I follps = llgoll3, 0 < 1.

Hence, there exists a positive constant C' such that f; = C'fo € BX, and fi (&) =
<= f1(&) = 0. Tt follows from (BI2) that

gn(BXp, Lgyp) = inf |l fallgn 2 N7° o/
€Dy

IS &n E1yeees &n

which combining with B.14]), gives BI3)).
The proof of Theorem is finished. O
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Remark 3.7. Tt follows from the proof of Theorem that for 1 < ¢ < p < o0,
0<7<o00,and > (d+2u)/p,

9n(BXy, Lgp) < n~"/% =< sup 1f = Gr(f)llgn
feBXy

where X denotes W, or B7(L;,,). This implies that the filtered hyperinter-
polation operators are asymptotically optimal algorithms in the sense of optimal
recovery for 1 < ¢ < p < c0.

Finally we prove Theorem [Tl

Proof of Theorem [1.1l
Since ||fl5y(z,,) S | fllwy, for f € Wy, by ([L3) we obtain for 1 < p < oo
and r > (d+2u)/p,
egCt(BW;,H) N egCt(BBgo(Lp,u)) <n7r/e,

Now we prove the lower bound. Let &;,...,&, be any n distinct points on B?.
Take a positive integer N such that 2n < dimI1¢, < Cn. According to the proof of
Theorem [B.5] there exists a function fi(x) such that

e BW,,, fil6) == fi(&) =0, fi(z) >0,
and

| filli, = /IBd fi(x)w,(z)de < N~".

It follows from [33] that for BW , which is a balanced convex set,

e;ilct(BWZ;H) > inf sup ‘/ f(x)w,(z)dx
E1,enns £neB feFy B4
f€)==F(£)=0

> inf f1 (;v)wu(:t)d:t‘ >N =np/d
€1, én€B? L JBd
The proof of Theorem [Tl is finished. O

4. THE UPPER ESTIMATES

This section is devoted to proving the upper estimates of the quantities e;*" (X))
given as in (LH). That is, for 1 <p < oo, r > (d+ 2u)/p, and 0 < 7 < o0,

(4.1) eN(BXY) SnTi TG
where X denotes Wy or By (Lyp, ).

For this purpose, we will use the positive quadrature rule and the filtered hyper-
interpolation operator to construct an randomized algorithm to attain the upper
bounds. Due to Henrich [15], we need a concrete Monte Carlo method by virtue
of the standard Monte Carlo algorithm. It is defined as follows: let {&}Y | be
independent, B?-valued, distributed over B¢ with respect to the measure w,, (r)dx
random vectors on probability space (2,3, ). For any h € C(B?), we put

N
(4.2) Q) = 3 Y hEw), wen,

The following lemma can be drawn in a same way as in [I5] Proposition 5.4]. Here
we omit the proof.



14

Lemma 4.1. Let 1 < p < oo and > 0, Then for any h € C(B?), we have
(4.3) EL[INT(h) = Q¥ ()] S N73 G2 a0

Now we prove ([{1).
Proof of (&1J).

Let n € N. Without loss of generality we assume that n is sufficiently large.
Then there exists a positive quadrature rule

f@w(@)de = QL(f) ==Y Aef(£), Ae >0,
B e

which is exact for HgL, where #A; < n/2 and n < e,
As in Section 3.1, we can construct the filtered hyperinterpolation operator by

GLf)(@) = > Aef(OKpy(x,8),
EEAL

where K7y, ,, is given as in (2.3). Hence, according to Theorem [B1] we have for any
feXy, 1<p<oo, r>(d+2u)/p,

(4.4) 1f = G llps S L7 Flx;

Let N = [ 5], where |z denotes the largest integer not exceeding z. We define
the randomized algorithm (A%) by

AL(f) = Q% (f = GL(f)) + INTa(GL(f)),

where f € C(B?), and Q¥; is the standard Monte Carlo algorithm given as in ([ZZ).
We also note that

INTo(GL(f) = D Aef(€).

€€

Clearly, the algorithm (A%) use only at most #A; + N < n function values of f.
This means that (AY) € A™". Also the algorithm (A4%) is a randomized linear
algorithm. It is easy to check that

[INTa(f) = A7 (/)] = [INTa(g) — Q% (9)],

where g = f — GL(f). Combining with (43) and ([#4), we obtain for f € BX],
r>(d+2p)/p,

E|INT4(f) — A2(f)| = Eu|INT4(g) — Q% (9)|
SNG4 = Gr(f)llps
< N"2HG

=

r_1.,01_1
T = n*g*§+(;*§)+7

which leads to

)+

SIC
N

en(BXy) < € (B, (A7) S n”F

This completes the proof of ([@.T]). O
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5. LOWER ESTIMATES

This section is devoted to proving the lower estimates of the quantities e;* (X})
given as in ([LA). That is, for 1 <p < oo, r > (d+2u)/p, and 0 < 7 < o0,
(5.1) e (BXy) Zn a2

where X denotes W, or BI(Ly,). Theorem follows from (@) and (G.I)
immediately.
The proof of (5] is based on the idea of Bakhvalov in [I] and Novak in [24] 25].

Lemma 5.1. (See [24, Lemma 3].)
(a) Let F C L1, and v, j =1,...,4n, with the following conditions:
(1) the v; have disjoint supports and satisfy

INT4(v;) = /Ia%d Yj(x)wy(x)de >0, for j =1,..., 4n.

(it) Fy = { _42“)1 aj; |y € {~1,1}} C F.
Then "
e (F) > %(M%.
(b) We assume that instead of (i) in statement (a) the property
(ii’) Fy:={+;|j=1,...,4n} C F.
Then

e (F) > 4.

n

I

By this lemma, we proceed to construct a sequence of functions {1; ;’le satisfy-
ing the conditions of Lemma[.Tlfor F' = BX], where X denotes W , or B (Ly,,.),
1<p<oo, r>(d+2u)/p, 0<7<00.

For a given n € N, choose a positive integer m satisfying n < m<, m > 6, and
{x;}i", € B(0, %) such that

2 2

where B(¢,r) = {z € B? ||z — ¢ < r} for £ € B and r > 0.
Let ¢ be a nonnegative C*°-function on R¢ supported in B¢ and being equal to
1 on B(0,1). We define

pi(x) =p(m(z —x;)), j=1,...,4n.

Clearly,
1 5
CB(z;,—)CB(0,=), j=1,...,4
supp ¢; C B(zj, —) C 0,2), 3=1,....4n,
and
(5.2) supp w; Nsupp p; = 0, for i # j.

It is easy to verify that

1/p 1/p B
53) Tl =< ([ test@pan) = ([ emapaz)” < moon

"IJ]7R
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We set ,
Fo = {fa = Zajspj |a = (a1, ,un) € R4n}'
j=1

Then we have the following lemma.
Lemma 5.2. If fo € Fy, then forr >0,1<p<o0, and 0 < 7 < 00,
(5.4) 1fallx; S m™= 7,

where X, denotes W, or Bi(Ly ), and

4n
(Z|%‘|p)l/p7 1 <p<oo,
j=1

ooy =

 fnax oy, p = oo.
Proof. Indeed, for any fo € Fp, it follows from (5.2)) and (E.3]) that
(5.5) [ fallp,u = mid/pHa”lﬁ”-

For a positive integer v > r, by the definition of —D,, and (&2, it is easy to verify
that

supp (—Dy,) i (] supp (—D,) @ =0, for i # j,
and
||(_Du)v§oj||p,u S m%_d/pu
which leads to

(5.6) 1(=Dw)" fallp S m* =4[l gan.

It follows from the Kolmogorov type inequality (see [8 Theorem 8.1]) that
o 2v—r _

(5.7) ||(_Du)r/2fa||p,u S IN=Dp) fallpinl fallpii S m” d/p||a||egn=

which combining with (5.5), we obtain (5.4]) for W ,.
By the fact that

| fallBr, (L) S W fallBr (L, ), 0<T < o0,

it suffices to show (0.4)) for BL(L, ), 0 < T < co. Since E9i(fa)p.u < | fallp,. for
any j > 0, by (54) we have

Z (2jTE2f(fa)p,u)T < ||fa||T,u Z 27"

2i<m 2i<m

(5.8) =" fallf, =m0 al| 7
’ P
Choose a positive number v > 7, by (2.4) we obtain for any j > 0,
Eyi(fa)pu S 277 fallwy .,

which combining with (5.4) for W ,, we get
S (27 Bafadon) < Iallyy, 3o 2070
2i>m 27 >m

(5.9) = fallfe < mO a7,
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It follows from (@.5), (58), and (B9) that

o0

. T 1/7 _
135200 = W+ (32 (27 Bos (fadps) ) S /7 e g
§=0
This completes the proof of Lemma 5.2. O

Finally we turn to prove (&.1)).
Proof of (&1).

First we consider the case 2 < p < co. By the fact that

XgOCX;, 2 <p< oo,
it suffices to consider the case p = oo. It follows from (5.4) that when «; €
{_171}5 .] = 17" '7477’5
[fallxr, S m e < m".
Hence, there exists a positive constant C; such that Cim™" fo € BX7 . Set
Pi(x) = Cim™"p(x), j=1,...,4n.

We have

4an
o= {Zaﬂpj |y e {~1,1}, j = 1,...,4n} C BXT.
j=1
It follows from (B3] that

INTu(w) = [ biao(e)dz = Com gyl < m ™",
Applying Lemma [5.] (a) we obtain for 2 < p < oo,
(5.10) e(BX]) > e (BXL) Zm ™/t = nmimE,
Next we consider the case 1 < p < 2. It follows from (5.4) that
I+ @jllxy Smm =P,
Hence, there exists a positive constant Cs such that
Y;(x) = Com™ "+ Py () € BX), j=1,...,4n.

We have
Fy = {:l:’lbj D j= 1,...,4TL} C BX;
It follows from (B3] that

INTa(v;) = /B y(@w(@)de = Com ™"V yl|1 = TP
Applying Lemma [5T] (b), we obtain for 1 < p < 2,
e (BX)) 2 m T < it

which combining with (5.I0), gives the lower bounds of e;**(BX)) for 1 < p < oc.
This completes the proof of ([&.1]). O
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