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We describe an implicit procedure for solving linear equation systems resulting from the discretiza-
tion of the three dimensional (seven variables) linear Fokker-Planck equation. The discretization
of the Fokker-Planck equation is performed using a twenty-five point molecule that leads to a co-
efficient matrix with equal number of diagonals. The method is an extension of Stone’s implicit
procedure, includes a vast class of collision terms and can be applied to stationary or non station-
ary problems with different discretizations in time. Test calculations and comparisons with other
methods are presented in two stationary examples, including an astrophysical application for the
Miyamoto-Nagai disk potential for a typical galaxy.

I. INTRODUCTION

In dealing with solutions of partial differential equations we often encounter a set of linear equations that has to
be solved. This set of linear equations depends on the method used for discretization. In general, when dealing with
three dimensional systems the number of linear equations increases and the numerical solution of these equations
uses most of the computing time. An extreme case is the Fokker-Planck equation. The Fokker-Planck equation is
also known as the Fokker-Planck approximation because truncates the BBGKY (N.N. Bogoliubov, M. Born, H.S.
Green, J.G. Kirkwood, and J. Yvon) hierarchy of kinetic equations at its lowest order by assuming that correlation
between particles only plays a role as a sequence of uncorrelated two-body encounters [, [Z]. Note that the only
“approximation” made in the Fokker-Planck equation comes from the model adopted for collisions and, in fact, the
Fokker-Planck equation can be derived from first principles and no ad hoc suppositions are needed. The solution of
the Fokker-Planck equation equation is not an easy task because in the three dimensional case it has seven variables:
three space coordinates (x), three velocity coordinates (v) and time (¢). In the two dimensional case there is a
simplification because the total number of variables are five. In either case, the large number of grid nodes needed for
the computation of the solution becomes a storage data problem. In a three dimensional problem, for a stationary or
non stationary equation, the number of linear equations corresponds to the number of nodes in the phase-space grid
(x,v). If we divide each of the phase-space variables’ interval of the distribution function in nine parts (ten nodes),
we will have a grid with 10° nodes. In a simple numerical method we have to store and solve a matrix with 10'2
elements. For the two dimensional case, the main matrix will have 10® elements. With 10 grid nodes per variable
only very simple geometries can be described. The large number of matrix elements brings us another computational
problem, the slowness of the codes. In the discretization process of the Fokker-Planck equation, a system of linear
equations is obtained and arranged into a matrix form (coefficient matrix). For the case of a finite difference scheme
discretization in three dimensions with a twenty five point molecule, we see that approximately less than 0.003% of
the elements are different from zero. This incentives us to search for alternative and faster methods, usually iterative,
to solved the linear system using only the non null data. Note that, in general, the coefficient matrix is not symmetric.
So, powerful methods like the Conjugate Gradient |3, 4] and Cholesky ] decomposition can not be used. Our main
goal is to obtain a code that allows us to obtain a fast and effective numerical solutions on high resolution schemes of
the three dimensional linear Fokker-Planck equation in a direct way. The importance and difficulties of having three
dimensional solutions of the Fokker-Planck equation can be summarized in the words of Binney and Tremaine (|]
page 245), here in relation with galactic dynamics: Finding the particular function of three variables that describes any
given galaxy is no simple matter. In fact, this task has proved so daunting that only in the last few years, three-quarters
of a century after Jeans’s (Jeans [6]) paper posed the problem, has the serious quest for the distribution function of
even our own Galaxy got underway.

We mean by direct numerical calculations of the Fokker-Planck equation a method that is neither statistical nor
mean field approximation [H]. Numerical solutions can be performed using statistical approximate methods like the
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method of moment equations |4, §, 9] and Monte Carlo methods |10, [L1]. Also, solutions have been found using the
orbit-averaged Fokker-Planck equation with action-angle variables [5], this last method reduces the equation involving
six phase-space coordinates plus time to one involving only three actions plus time. Another method that have been
used for solving the Vlasov equation with good results is the operator splitting technique [12, [13]. Two dimensional
numerical integration of the Vlasov equations can be found in [14]. The problem associated with this method is
that, even in the two dimensional case, the time spent in making the interpolation is very expensive. Direct three
dimensional numerical calculations of the Fokker-Planck equations, to the best of our knowledge, has not been done.
As we said before, the main difficulty to find the solution of the three dimensional Fokker-Planck equation is the large
number of linear equations that is translated in a high computational cost involve in the process. In this article we
present a variations of Stone’s [L3] method that leads us to solve with low computational cost the three dimensional
linear Fokker-Planck equation. Variations of Stone’s method has been applied to other situations in two [16] and
three [17] space dimensions when dealing with fluid flow, heat transfer and Laplace equation.

In this article we study how to solve the system of equations that arises from the discretization process using a
finite difference scheme, in particular we used a twenty-five point molecule, but we have to keep in mind that other
discretization procedures gives practically the same form for the coefficient matrix and this method can also be applied,
i.e. sparse matrices with the same number of diagonals. For example, in two dimensions, the diffusion equation can
be discretized in an uniform rectangular grid by using the finite difference scheme, the finite volume method (which
is a discretization of the equation in integral form) or the finite element method, see [L&]. All of these methods gives
five diagonals, in the finite element method the number of diagonals depends on the type of interpolation considered,
and the coefficient matrix can be solved by the same numerical method. So, in this article, we shall not discuss what
discretization method is better for the problem considered, we rather present a numerical method that allows us to
find the solution of a coeflicient matrix with twenty-five diagonals that can be obtained with different discretization
methods.

The article is organized as follows. In Section II we present the linear Fokker-Planck equation to be solved. We
consider a linear collision term that includes a vast class of collisions. In Section III, we describe the algorithm of
the modified Stone method to obtain the incomplete LU decomposition. The discretization of the Fokker-Planck
equation is performed using a central difference approximation for the phase-space variables (x,v) that is described
with a twenty-five point molecule. This point molecule also allows to describe different discretizations in time, as the
implicit Euler or Crank-Nicolson discretization. The derivation of the LU decomposition is made without assuming
any particular discretization in time, maintaining its derivation as general as possible. The notation used for the
diagonals in the coefficient matrix is also shown. In Section IV, we test our algorithm with an astrophysical example
by solving the Fokker-Planck equation for the widely used Miyamoto-Nagai disk potential [19] in three dimensions.
The parameters of the model are chosen to represent the Newtonian potential of a typical galaxy. Also, we used
a Fokker-Planck test equation to compare our algorithm with the Generalized Minimal Residual Method (GMRES)
that solves large sparse matrices. In Section V, we show how to modified the code to implement curved boundary
conditions. Finally, in Section VI, we summarized our results.

II. THE GENERAL PROBLEM

The linear Fokker-Planck equation can be written as

0 .

a_{+V'Vf+V~VUf:F[f], (1)
where v represent the velocity of the particles, V is the usual gradient, V, is the velocity gradient (derivations are
done with respect to the velocities), v is the acceleration and the symbol I'[f] denotes the rate of change of f due to
encounters (collision term). We consider as the collision term the expression

0*f
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T[f] = Ax, V)V’ f + B(x,v)Vaf + C(x,v)Vf + D(x,V)Vof + Y Eij(%, V)5 =,

i#j=1

(2)

where A, B, C, D and E;; are arbitrary functions of the phase-space variables x and v. The equation above describes
a vast family of collisions. In particular, with the mixed velocity derivative term present in () we can take into
account the important collision term found by Rosenbluth et al. [20] used in gravitating systems and plasma physics,
see for example [21], 22] and [23, 24] respectively, and reference therein. If we need mixed space derivatives instead
of mixed velocity derivatives, we can use the same code presented in this article to solve the problem. If a particular



TABLE I: Nomenclature and relations between the matrix form and the one dimensional storage index at node p of the
twenty-five terms used in the discretization of the Fokker-Planck equation.

Matrix Form Abbreviation Name Position From Node p
Basic Diagonals
U (i, 5, k,l,m,n) P point P

\I/(ZJ+1 k,l,m,n) N north p+1
W(i,j—1,k,1,m,n) S south p—1
Ui+ 1,4,k l,m,n) E east p+n;
U(i—1,j,k,l,mmn) w west p—n;
Vi, 5, k+1,l,m,n) T top D+ nij
V(i 4,k —1,l,m,n) B bottom D — nij
U (i, g, k, 1+ 1,m,n) Ul upl D+ Nijk
Y (i, 4,k 1 —1,m,n) D1 downl D — Nijk
Vi, 4,k l,m+1,n) U2 up2 D+ Nijki
U (i, g, k,l,m —1,n) D2 down2 D — Nijkl
U (i, g, k,l,m,n+1) U3 up3 D+ Nijkim
Y (i, 4, k,l,m,n —1) D3 down3 D — Nijkim

Mixed Diagonals

Wi, 5,k 0+ 1,m+1,n) UT2 uptop2 D+ (Mijkr + nije)
W (i, 4, k0 —1,m+1,n) UB2 upbottom?2 P+ (Mijri — Nijk)
Wi, g, k,0l+1,m—1,n) DT2 downtop2 D — (Nijki — Nijk)
W(i, 5, k0 —1,m—1,n) DB2 downbottom2  p — (nijr + nijk)
Wi, 4, kI +1,mn+1) UT3 uptop3 P+ (Nijkim + Nijk)
W (i, 4, k0 —1,mn+1) UB3 upbottom3  p 4 (Rijkim — Nijk)
W (i, 4, k, 04+ 1,m,n—1) DT3 downtop3 D — (Mijkim — Nijk)
W (i, 4, k, 0 —1,m,n—1) DB3 downbottom3  p — (nijrim + nijk)
Wi, g, k,l,m+1,n+1) UuUs3 upup3 P+ (Nijkim + Mijk)
Wi, 5, k,l,m—1,n+1) UD3 updown3 D+ (Mijkim — Nijkt)
Ui, 5, k,l,m+1,n—1) DU3 downup3 D — (Mijkim — Nijkt)
Ui, 5,k l,m—1,n—1) DD3 downdown3  p — (Njkim + Najkl)

problem requires the inclusion of mixed velocity derivatives as well as mixed space derivatives, it is possible to develop
a similar numerical procedure following the steps of this article, but it complicates the incomplete LU decomposition
used for the method, i.e. we need twelve extra diagonals on the coefficient matrix (thirty-seven instead of twenty-five
diagonals).

In Section IV we solve numerically the stationary linear Fokker-Planck equation (). In general, Eq. () is non-
linear because v = F(f)/m, where F is the force and m is the mass of the particle. Another kind of non-linearity may
arrise from the collision term considered. A way to deal with this kind of problem is to start with a given distribution
function at time ¢ from which we can calculate the force and collision term at this time. Then, this force and collision
term are replaced into the Fokker-Planck equation from which we obtain the distribution function for a later time
t + At. With the recently calculated distribution function we can calculate again the force and collision term at time
t + At and the process is repeated. An application for a stationary non-linear problem can be found in [25], in which
we found the distribution function that satisfies both Fokker-Planck and Poisson equation in two dimensions for a
Kuzmin-Toomre thin disk.

III. DESCRIPTION OF THE ALGORITHM

The system of equations obtained from the discretization of the Fokker-Planck equation ([[I) using the central finite
difference approximation for the phase-space and a temporal discretization in time (implicit Euler, Crank-Nicolson,
etc.) can be cast (for each time step) into the simple form,

AV = Q, (3)
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FIG. 1: Form of the coefficient matrix A obtained from the discretization of the partial difference equation of our problem.
The separation between the main diagonal P and the other diagonals are indicated. Also, the distance between the diagonals
of the mixed derivatives to their nearest diagonals are shown. Note that the figure is not in scaled.

in which A is a square coefficient matrix Nyode X Npode (Nnode the number of nodes in the discretization grid), ¥
is the vector matrix of the nodal variable values, and @ is the source vector. The position of the grid nodes in the
phase-space (z,y, 2, Vs, Uy, v;) is performed by six indexes (4, J, k, [, m,n), where i represents the index for the variable
x, j represents the index for the variable y, etc. The ordering of nodes in this six dimensional space is made as
follows. The surface n=constant are stacked one above another. Within the fifth dimensional space (for each n) the
hyper-surfaces m=constant are stacked one above another. Within the fourth dimensional space (for each n and m)
the hyper-surfaces I=constant are stacked one above another. Within the three dimensional space (for each n, m and
1) the surfaces k=constant are stacked one above another. Within the two dimensional space (for each n, m, [ and
k) the index j increases first (y-direction) than the index ¢ (z-direction). The one dimensional storage index p of the
vector matrix U is calculated from the six-dimensional grid indexes (i, j, k, 1, m, n), i.e.

p=(n— Dnijrim + (m — 1)nijkl + (- 1)nijk + (k- 1)nij +(i— 1)nj + 7, (4)

with

Nijklm = MNGNENNm; Mgkl = NNGNENL Nyjk = NiMNGNE; Nij = NN (5)
where n;, nj, Nk, Ny, N, Ny denote the number of grid points for each variable. Therefore Nyoge = ninjnENI MmNy

With the help of the storage index p we can switch each point of the twentyfive-point molecule from the matrix form to
the one dimensional position representation. This is done in Table [l by making the equivalence f(z,vy, z, vz, vy, v;) =



AN

FIG. 2: Schematic representation of the matrices L, U and their product M. The multiplication of the matrices L and U leads
to extra diagonals (dotted lines) not present in the coefficient matrix A. The diagonals of L, from the left-bottom corner to the
main diagonal, are: DD3, DB3, D3, DT3, DU3, DB2, D2, DT2, D1, W, S, P. The diagonals of U, from the main diagonal
to the right-up diagonal, are: 1, N, E, T, U1, UB2, U2, UT2, UD3, UB3, U3, UT3, UU3. The diagonals in M are products
of these two sets of diagonals but we have to be careful because more than one product can be at the same diagonal.

U(i, j, k,I,m,n). Until now, we considered only the non stationary case, but the discretization in Table[ll can be used
in the non stationary as well as the stationary Fokker-Planck equation. In both cases, the final system of equations
is of the form (@), with A being a sparse matrix with elements different from zero in only twenty-five diagonals, see
Fig. [ Now, we want to develop an iteration method in order to solve the system of equations ([Bl). After h iterations
of such method, the approximate solution ¥” do not satisfies () exactly, their is a non zero residual R such as

AT" = Q — RM. (6)

The purpose of the iteration procedure is to drive the residual term to zero after some number of iteration (actually we
stop the iteration when the residual term attained some imposed small value condition). Let us consider an iterative
scheme for a linear system in the form

MUt = vt 4 B, (7)

when convergence is achieved we must have that A = M — O and B = ). An alternative version of this procedure
can be obtained by subtracting M ¥” from both sides of (@) to have,

MAh+1 _ Rh, (8)

where AP = ¥+l _gh and R = B— (M — O)¥" = Q — A", Any effective iterative method to solve () must be
cheap and converge rapidly. For faster convergence, the matrix M have to be a good approximation of the coefficient
matrix A, i.e. we must have O¥" small. The original idea of Stone is to use for the iteration matrix M an incomplete
LU decomposition of the matrix A. The reason for this choice is that LU decomposition is an excellent linear system
solver. The matrices L and U have elements different from zero only in the diagonals in which A have also elements
different from zero. The product of the matrices, L and U, provide a matrix M with a larger number of diagonals
with elements different from zero, see for instance Fig. Bl To make the decomposition LU unique, we set the elements
on the principal diagonal of U equal to 1. In doing the LU multiplication, we have to pay extra attention because
sometimes more than one diagonal product are at the same distance from the main diagonal P, e.g. the product
Lps-U; and Lpps - Uys are at the same diagonal in M. The multiplication rules for matrices furnish the elements of
M = LU at node p (see Appendix [A]), where for example, My |uus represents the diagonal in M that is obtain from
the multiplication between the elements of the diagonal S in L with the elements of the diagonal UU3 in U.

Now, we choose L and U in such a way that M (= A 4 O) is the best possible approximation to A. The standard
method for decomposition is to let O to have elements different from zero in the diagonals of M that corresponds to
the diagonals not present in A and to force the other diagonals of M to be equal to the corresponding diagonals in A.
But this method converges slowly because the resulting matrix O is not small. Stone recognized that the convergence
of the method could be faster if we allow O to have elements different from zero also in the diagonals present in A.



The key idea is that the contribution of MW of the diagonals not present in A partially canceled the contribution of
OV of the diagonals present in A, in such a way that

OV = 0. 9)

Note that in ([AJ]) they are diagonals in M that present more than one term. In general, the principal diagonals
have more than one element, as for example Mpp3, but beside these principal diagonals there are other no-principal
diagonals that have more than one element, like Mpsype. Now, relation () can be written for one grid node in
several ways. The usual way is to consider the elements of these no-principle diagonals as part of the same diagonal.
Other way is to consider these elements as they were from different diagonals, thus in this case, following the above
example, the no-principal diagonal Mp3|yp2 is split into two diagonals Mp3jype and Mppsjy2. We obtained the final
relations for the LU decomposition in both ways and we found that the LU decomposition considering the elements
as they were from different diagonals is faster by a factor of two. Hereafter we consider this case. The explicit form
of equation (@) is given in Appendix

The problem now is to defined the elements of O to satisfy Eq. (BIl) without introducing additional unknowns.
If we expect the solution of the partial differential equation to be smooth, we can approximate the values of Vp|y,
U w, ete, in terms of the values of ¥ at nodes corresponding to the diagonals of A. Stone proposed the following
approximations (other approximations are possible),

\I]B\N =~ a(\IIB + Uy — \I/p),
\I]W\N ~ a(\IfW + \I/N — \I’P), etc (10)

where « is a constant. Stability analysis made by Stone requires that o must be between 0 < o < 1. Replacing the
above approximations into (BIl) we obtain the elements of O as a linear combination of the elements of M, see for
instance Appendix [ Now, using the relation M = A + O together with expressions [A1]) and ([CIl), we find that the
elements of the matrices L and U are given by,

Ak Ox

CRSET

Lp = Ap - LEUR " = Ly U™ = LpUS™ = L UG, ™ = LUty 2 ") — LU "
_L%BzUII}ZF(znijlirnijk) - L%U3ng)(;ijklm_nijkl) - L%TsUgj_B(smjklm_nijk) — L Up ™
_L%BgUg;gijme”k) - L%D3U5E(3nijklm+nijkl) +a(Ky + Kg + Ky + Kun + Kups + Ku2 + Kure
+Kups+ Kups + Kus + Kurs + Kvus),

Al —aKx) - Cx

P [
Ulx) = ) )

[X] = DD3, DB3, D3, DT3, DU3, DB2, D2, DT2, D1, B, W, S,

[X] =N, E, T, Ul, UB2, U2, UT2, UD3, UB3, U3, UT3, UUS3, (11)

where the explicit form of the functions C|x) and K[x] are given in the Appendix The elements of the LU
decomposition have to be calculated in the order specified in ([[Il). In doing this, we must take into account that a
certain element is considered equal to zero if its storage index is less or equal zero, e.g. if p = 3 and n; = 5 then the
elements with index p and p — 1 are different from zero, and the elements with index p — n;, p — n4;, etc are equal
to zero. When mixed derivatives are not present we must set all the elements with index DD3, DB3, DT3, DU3,
DB2, DT2, UB2,UT2,UD3, UB3, UT3, UU3 equal to zero. Once obtained the LU decomposition, the system of
equation is solved combining M = LU with @) to obtain

LUA" = R, (12)
and here we set
LY" = R",
UAML =1 (13)

from which we obtain the solution of our problem by solving two triangular systems. In this iterative method, the
matrix elements of L and U are calculated only once before the first iteration. In other iterations, only the residual
R, T and A are calculated using the two triangular system mentioned above, i.e.,



TP = (RP _ L%DBTP_(nijklmJl‘nijkl) _ L%Bg’rp_(nijklm+nijk) _ L%B’rp_nijklm _ L%Tg’rp_(nijklm_nijk)
_L%Ug’rp—(nijkzm—ﬂijkl) _ LpDB2"rp_(nijkl+nijk) _ L%2’rp_nijkl _ L%T2’rp_(nijkl_nijk) _ Lle"rp_nijk
—LB P — LB TP — LRYPTY) /IR

AP = TP — UgUSAP+(nijk1m+ﬂijkz) _ UngAP-i-(ﬂiijm-i'nijk) _ UggA;D-i'niijm _ UgBSAP+(nijklm_nijk)
_U[I}DBAP-F(niijm—ﬂijkl) _ UETQAP"F(nijkL"Fnijk) _ U[1}2Ap+nijkl _ U[Z;B2AP+(nijkl_nijk) _ U[I}lAZH-nijk

—URAPTMS _ P AP R APFL (14)

where

D _ NP _ AP P _ AP \yypr+l _ AP \yp—1 _ AP \yp+nj; _ AP P—nj _ AP \yP+Mij _ AP \yP—Mij _ AP pH+nijk
RP =@ AP\IJ AN\IJ AS\I/ AE\IJ J AW\IJ J AT\I/ i AB\IJ i AUl\I/ J
_A%l\IJP*nijk _ AI‘;JB2\IJP+("UM*"U1@) _ APDT2\I}P*(nuM*nuk) _ APUQ\I/er"”“ _ AIZH\I;;D*MJ'M
_ AP P+ (nijritnije) _ AP p—(Nijritnije) _ AP Pt (Nijkim —"Nijkt) _ AP P—(Mijkim —Nijkl)
Ay WPk Appp WPk Apy pg WP aktm T Apyg WP Hiaktm

_AI[’JBS\I;P-l‘(nijkzm—nijk) _ A%Tg\ljp—(nijkzm—nijk) _ Aig]g\I;P‘Fniijm _ A%B\I}P—ﬂiijm

_AI[’]TS\I;P-F(niijm-i‘nijk) _ A%Bsqu_(nijklm'f‘nijk) _ AI[}U3\IJP+(ﬂiijm+nijkz) _ A%D3Wp_(nijklm+nijkl),

in which, for simplicity, we have omitted the iterative index h.

IV. TEST RESULTS AND COMPARISONS WITH OTHER METHODS

As was mentioned in the Introduction, the huge number of nodes needed to solve the Fokker-Planck equation leads
to large amount of data that has to be stored in a matrix, this fact reduces the possible codes for testing the results.
Furthermore, in general, the Fokker-Planck equation () is not symmetric, and for that reason other methods can
not be used. In this case, the Generalized Minimal Residual method (GMRES) [2€] is the most appropriate choice.
The GMRES method belongs to the class of Krylov based iterative methods |21, 28, 2] and was proposed in order
to solve large, sparse and non Hermitian linear systems. This section is divided into two parts. In the first part, we
apply the method presented in this article to a physical example. In particular, we choose the astrophysical problem
of finding the distribution function of the Miyamoto-Nagai disk in three dimensions. In the second part, we used a
simplified version of the physical example to make numerical comparisons. We compare our method with the best
available method in solving huge sparse matrices, i.e. GMRES. We prefer to make the numerical comparisons with
the simplified version of the physical example because the large amount of parameters present in the physical example
make the analysis cumbersome. This analysis is important because we show some advantages and limitations of our
method.

A. Physical Example

To test of our code we begin with an important astrophysical application, i.e. solve the Fokker-Planck equation to
find the distribution function of the Miyamoto-Nagai disk [19] in three dimensions in a stationary regime. The Fokker
Planck equation to be solved is [f]

3 3
. 0 1 2
v -Vf4+v -V, f= _; T (£, v)D(Aw)] + 5 ;1 Foidm, [f(x,y)D(Av; Avy)], (15)
where v = -V, & = — GM G is the gravitational constant, M is the total mass of the system, a

Va2 +y2+(a+Vz2102)2
and b are parameters that depending on the choice the potential can represent anything from an infinitesimal thin
disk to a spherical system, and the functions D(Awv;) and D(Av;Av;) are known as the diffusion coefficients. These
diffusion coefficients were calculated by Rosenbluth et al. [20] considering a test star of mass m moving through an
infinite homogeneous sea of field stars of mass m, who has mean velocity equal to zero. Moreover, the interaction
between the particles are ruled by an inverse square force, and also, each stellar encounter involve only a single pair



of stars and are independent of all others. These diffusion coefficients are simplified if the field stars distribution
function is a Maxwellian distribution. The explicit form of these coefficients are [].

D(Av;) = %D(AUH), (16)
D(Av;Av;) = %[D(Avﬁ) - %D(Avi)] + %%D(Avi), (17)

where D(Avy)), D(Avf) and Av? are given by

D(Awy) = _AnGEp(m —I—(?;Za)lnAG(X)7 (18)
D(Avﬁ):4\/§7rG;malnAGg?), (19)
D(A?) = 4\/§7TGUpma InA {erf(X)); G(X)} , (20)

where p and o are the density and velocity dispersion of the field stars respectively, X = v/(v/20), erf(X) is the error

2
function, G(X) = 53 |erf(X) — 2\/—);6_)(2 , A= %, bmaz 18 the maximum possible impact parameter (usually

set of order the radius of the system), and vty is a typical velocity of stars in the system. We shall find the solution of
Eq. [[@) in a six dimensional ‘box’ using ten grid nodes for variable that leads to a problem involving 10% unknowns.
If we want to solve this set of equations using a conventional solver we need to storage 10'? elements in the coefficient
matrix. We considered that the ranges of the velocities v, v,, and v, are between [-350 km s™*, 350 km s™!], the ranges
of the coordinates x and y are between [-40 kpc, 40 kpc], and the coordinate z between [-1 kpe, 1 kpc]. At the borders
of the ‘box’ we used a Dirichlet boundary condition of the form f = exp[—(2?+y?+22)/207] exp[—(vi + v +v2)/207].
We set the parameters a = 4 kpe, b = 1 kpe, mq, = m = Mg, o5 = 10 kpc, 0, = 100 km s™', vty = 200 km s™1,
bmaz = 40 kpc and the total mass M = 10'2M. The values set for the parameters correspond to typical galaxy
data like the Milky Way. Also, as a first approximation we spread the total mass uniformly along the disk and set
the density p =constant. In Fig. Bl we present two graphs of the distribution function that represent the numerical
solution of (). One is the surface distribution function on the plane x — y and the other is the velocity distribution
function on the plane v, — v,; they are plotted at different points of the grid. We note that these figures have
Maxwellian form as it should.

B. Numerical Comparison

In the next example we shall compare our code based in the LU decomposition (1) with the GMRES algorithm.
The problem of this method is that the storage of the orthonormal basis may become prohibitive for some matrices,
this storage depends on the value of the restarting parameter. The restarting parameter of the GMRES algorithm
determine the number of the orthonormal vectors for the Krylov subspace that the code stores in order to calculate
the updated solution and residual at each time step. At each time step the code stores one vector. After a number
of steps equal to the restarting parameter, the code construct the most recent update and use it as a first guess to
restart the next set of iterations. The convergence of the method is guaranteed for large numbers of the restarting
parameter, but this means that more vectors have to be stored and computer memory problems may appear. We can
use lower values of the restarting parameter but this increases the time spent in finding the solution. In particular, we
used the gmres routine of Matlab because it can handle sparse matrices. We also used a public GMRES software [3()],
this software allows us to choose between different kinds of preconditioners and orthogonalization procedures but its
drawback is that can not handle sparse matrices. We choose as a test equation a stationary Fokker-Planck equation
similar to the physical example of the previous section. Note that in the non stationary Fokker-Planck equation we
can perform a Crank-Nicolson discretization in time, which is also an implicit procedure, and the method presented
in this article can be applied. The stationary Fokker-Planck equation considered for the test is

3

, 1 2 f 2 02f
v.Vf+v-V1,f_—va+§i§18wavj+B;a—vi2, (21)
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FIG. 3: Numerical solutions of the distribution function of Eq. ([[H). Top: surface distribution for the case with v, &~ —117 km
s vy ~ 39 km s71 v, &~ —272 km s™! and z ~ 0.55 kpc. Bottom: velocity distribution for the case with = ~ —22.23 kpc,

y ~ 13.32 kpc, z =~ —0.11 kpc and v, ~ 117 km s™*.

where v = —V®, & = 1/y/22 + 32 + 22+ 12, and $ is a constant. The form of Eq. () is similar to the equation
found when Rosenbluth potentials [20] are used in a gravitational potential ®. Note that the collision term has mixed
velocity derivatives and that the resulting coefficient matrix from the discretization is non symmetric. We used central
difference and a twenty-five point molecule to perform the discretization of Eq. (), see also Table [l Here, we find
the solution of the above equation in a six dimensional ‘box’ of length 1.22 units. At the borders we used a Dirichlet
boundary condition of the form f = exp(—2* — y* — 2?) exp(—v2 — v — v2).

We first started with coarse grid of four points per variable that leads to a matrix of 40962 elements (in this
number we are not considering the border grid points given by the boundary condition) and 5 = 1. We found for this
case that our method spent approximately 0.2 seconds to find the solution (all the calculations were perform with a
Pentium IV of 1.8 GHz, the Fortran code was compiled with the Linux free compiler). We stop the iteration when
S (A1) < 10710 The gmres routine and the public GMRES code [30] spent approximately 0.35 and 3 seconds
respectively to solve the system of equations with the same stop criteria, but it could be more if we choose wrong the
restarting parameter. Here we are considering only the time spent to solve the coefficient matrix and not the time due
to create the coefficient matrix and upload it into the code. In our code, we only upload 25 vectors of approximately
Nnode-
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FIG. 4: Efficiency of our modified Stone method when compared to the gmres routine of Matlab that handles sparse matrices.
When we increase the number of grid points our method becomes more efficient. To handle the 9¢ and 10° grid in our computer,
we lower the value of the restarting parameter of the GMRES routine to the maximum possible value that avoids computer
memory problems.

For a grid of five points per variable some code compilers can not allow the storage of the coefficient matrix because
is too large 5'2, approximately 244 millions of elements. This was the case of the public code because it can not
managed sparse matrices. For this number of grid points the modified Stone method was almost 7 times faster than
the gmres routine. In Fig. Bl we present the efficiency of our method compare to the gmres routine. Note that when
we increase the number of grid points the efficiency also increases. For a grid of nine points per variable the gmres
routine can not managed to find the solution in one iteration because we have computer storage problems. To handle
this, we lower the restarting parameter to the maximum possible value that avoids this problem. For a grid of ten
point per variable the number of elements in the coefficient matrix increases to 10*2. Our code can managed this huge
amount of data in a faster and efficient way. The time spent for this case was approximately 85 seconds. This should
be the time spent for each time step in a non stationary problem, which is a great result considering the number of
nodes in the grid and the precision attained with the stop criteria. The variation of a between the accepted limits
0 < a < 1 slightly alter the time spent in finding the solution. In Fig. Bl we present two graphs of the distribution
function from the numerical solution of Eq. [ II) for a grid of ten grid per variable. One is the surface distribution
function on the plane x —y and the other is the velocity distribution function on the plane v, —v.; they are plotted at
different points of the grid. Note that these figures have not Maxwellian form because Eq. (1) is not in the collisional
regime for the parameters considered in the collision term. This example was chosen only for didactic reasons.

Note that when we used central difference for discretization of Eq. I, the only contribution to the main diagonal
comes from the last right hand term, i.e. the term with 8. For some values of § < 1 our code diverge because
our resulting coefficient matrix is not diagonal dominant. For the same value of 3, the gmres routine converges.
The break in convergence at these values of 8 coincide with the appearance of negatives values on the distribution
function solution found by gmres. We know that one of condition to attained a physical solution of the Fokker-Planck
equation is that the distribution function has to be always positive. It is remarkable that for Eq. #I) our code
diverge when physical solutions are not possible, this could be an indication that we are applying a wrong scheme for
discretization or that we are not describing well the physical phenomena considered. As we said in the Introduction,
other discretization scheme may be applied to avoid this problem. Thus, in our method the convergence is conditioned
to the form of the functions present in () and @), i.e. physical considerations; and to the difference scheme applied
for discretization, i.e. numerical implementation. For a non stationary scheme the Crank-Nicolson decomposition
in time is suggested because it has implicit character and it is usually more stable than other methods, but strictly
speaking, the stability of the system has to be studied for each particular case considered.

V. DOMAINS WITH CURVED BOUNDARIES

The LU code was tested in the previous section with a structure-orthogonal grid but this does not mean that it
can not be applied to more general geometries. To handle a non square domain we proceed as follows. First we make
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Distribution Function

FIG. 5: Numerical solutions of the distribution function of Eq. [ II). Top: surface distribution for the case with v, =~ 0.38,
vy = —0.5, v; = —0.5 and z =~ 0.16. Bottom: velocity distribution for the case with z ~ —0.39, y ~ 0.06, z ~ —0.17 and
v =~ 0.28.

a square structured grid with Npoge = nin;npninmny, nodes, then we label them according to the index p defined in
@). Later, the nodes that laid outside the boundary regions are not considered for the calculations. Now, lets see this
procedure in an example. For didactic purpose we used only the one dimensional case of the Fokker-Planck equation
in which we have two variables (z,v;). In Fig. Bl is depicted in the two dimensional plane (z,v,) a domain region Q
with boundary Q2. The domain € is filled with a square structured grid that leads three classes of grid points: the
interior points in which the normal discretization procedure can be done; the boundary points in which special care
have to be taken when Dirichlet, Neumann or mixed boundary conditions are applied; and the exterior points that
have to be neglected for the calculation, see Fig.

The incorporation of the Dirichlet boundary conditions using central differences for the boundary points of region
Q can be done using a Taylor expansion around the nearest nodes. For example, in Fig. [ we take the nearest
boundary points for point 1: the internal node (node 2) and the point at the boundary Qp (point E); and make two
Taylor expansions around point 1. These expansions give us (our conventions are: partial derivative with respect to
the coordinate x denoted by (,x); Ax is the discretization interval in the z direction),
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FIG. 6: Application of the incomplete LU decomposition to a general domain 2 with curved boundaries Q0g. The square

structured grid leads three classes of grid points: interior points (full circles), boundary points (empty circles) and exterior
points (triangles).
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FIG. 7: Schematic representation of a five-point molecule for the finite difference approximation of the derivatives in the
plane (z,v;) for a boundary point. Below, we see different boundary situations that can occur in the numerical computation
depending on the discretization grid and boundary S.

2
Vg =V, +bAz¥ , + %\ym + O[Az?],
2
Uy =0 — AzV¥ , + %\Pm + O[Az?), (22)

eliminating the second order derivative between these equations we can express the partial derivative at a boundary
point as,

1 1 b 1-5
Uy — 5

Vo

_ - _ 2
CT Az [bIb) P 140 Vi| +Ola] (23)

When b = 1 we recover the usual expression for the central derivative. The same procedure can be applied to the
northern boundary, between node 3 and point A, and to the different types of boundary nodes in Fig. [l Also, partial
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derivative of higher orders and mixed derivatives can be found in a similar way. Furthermore, it is also possible to
implement Neumann boundary conditions in an irregular boundary using finite difference, see for instance [31].

The exterior points of Fig. [l are strictly necessary to maintain the ordering of the nodes in a domain with curved
boundaries. This ordering is needed by the code to operate normally but they do not enter into the calculations. To
implement this condition, we have to set the values of the elements Lf X]» LY, U&], RP, Y? and AP of the external

grid point (each exterior point has a position p from the one dimensional storage index) equal to zero.

An application of the LU method in a two dimensional Fokker-Planck equation (z, y, v, v,) with curved boundaries,
as well as the incomplete LU decomposition for this case can be seen in [27]. Here, the distribution function of a
stationary gravitational thin disk is calculated. Note that in order to obtain the elements of the LU decomposition
for the two dimensional case, we have to start the calculations from the beginning, i.e. we can not used the elements
found in the three dimensional case.

VI. CONCLUDING REMARKS

We have developed a variation of the incomplete LU decomposition proposed by Stone that solves the three
dimensional linear Fokker-Planck equation. The method presented can manage the large set of linear equations that
appears from the discretization procedure. The convergence of the iterative process is done in a fast and effective
way. Also, this method can be easily adapted to support irregular boundaries with Dirichlet, Neumann or mixed
boundary conditions and can be used to follow the evolution of a distribution function for non stationary equations.
In this case a Crank-Nicolson discretization in time is recommended because it has implicit character and is more
stable than other methods, but strictly speaking, the stability of the system has to be studied in each particular case
considered. The good properties that our method shares and the lack of methods that handle the large amount of
data (given by the Fokker-Planck equation with six independent variables) make the method presented in this article
worthy and advantageous. In general, the algorithm presented in the article can solve the system of equations that
arises from the discretization of the equation () or similar equations (with or without the mixed derivatives), but we
have to keep in mind that its convergence is conditioned to the form of the functions v, A(x,v), B(x,v), C(x,v),
D(x,v) and E;;(x,v) that appear in the collision term ().

APPENDIX A: ELEMENTS OF M = LU AT NODE p

In this section we present how the elements of the matrix M are related to the elements of the upper U and lower
L matrices.
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APPENDIX B: EXPLICIT FORM OF EQ. (@)

In this section we present the explicit form of OV = 0 for each grid node.

Opp3¥Ypp3 +Opp3¥pp3 + Op3¥ps + Opr3V¥prs + Opus¥pus + Opp2¥pp2 + Op2¥p2 + Opr2¥pr2
+0p1¥p1 + 0¥+ OwVw +O0sVs +Op¥p +On¥YN +Op¥r+ Or¥r + Oy VYu1 + Oup2VYupe
+0vu2Vy2 + Our2¥Wure + Oups¥ups + Ovss¥uss + OvsWus + OvursVurs + OvusWuus + Mppsn¥Ypps|n
+Mpp3ie¥Ypp3ie + Mpp3ir¥Ypp3ir + Mpp3jv1¥Yopsjvr + Mpe3nVYpasiy + Mp3ie¥Ypa3|E
+Mp3T¥pm3iT + Mp3nVYp3n + Mp3|e¥p3ie + Mp3r¥psir + MpranVYprsiv + Mpr3ieVYprs e
+Mpr3rV¥prsir + Mpr3ju1¥prsvr + Mpe3jus2¥pa3jupe + Mpasjw2¥pasjve + Mp3jup2 ¥ p3jus2
+Mpusn¥Ypusiy + Mpu3e¥pusie + Mpusir¥pusit + Mp3jur2¥ psjure + Mprsjv2¥ prajve
+Mpuszjv1¥pusjvr + Mprsjur2¥Yprsjure + Mpusjus2¥pusivse + Mpusjv2VYpusjve + Mpusjur2¥Ypusjur:
+Mpp3jup3¥pp3jups + Mpp2an¥poy + MpB2oiEYDB2iE + MDB2T¥YDB2IT + MD2N¥YD2IN + MD2iEV D2E
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+Mpaor¥p2r + MproynVYpr2in + Mproie¥YpreiE + Mpr2j7V¥DT2iT + MDT2j01 VY DT2jU1
+Mpg3ue3VYpsjuss + Mpeews2¥Yps2iuB2 + Mp1N¥YD1 N + Mp11EVYD11E + MD1j7¥D11T + MBINY BN
+Mp VB e + MwinYw Ny + MsieVsiE + Mw VWit + Msir¥siTr + Mpr1¥aur + Mw o1 Ywiut
+Mg1v1¥Ysiv1 + Mprour2¥Yproivr2 + Mpr3jvrsVYprsiurs + Mpius2¥piuse + Mpjup2¥suB:2

+Mw up2¥wivs2 + Msjup2¥sius2 + MBju2¥sjv2 + Mwjve¥Ywivz + MsjweVsive + Mpjur2¥Bjure
+Mw uvr2Ywivre + Msiur2Vsiwr2 + Mpusjvus¥pusjvvus + Mpe2iups¥Ypeejups + Mp2jupsV¥ p2jups
+Mproup3¥pr2iups + MppowssYps2ius + Mp1jups¥piwps + Mp2juss¥p2uss + Mps2jus¥psous
+Mpwp3¥sups + Mwiups¥Ywiuvps + Msiups¥sivps + Mprziu3¥preivs + Mp2jurs¥ p2jurs
+Mprour3Vprewrs + Mpruss¥piuss + Mpiwss¥siuss + Mwiuss¥Ywiuss + Msjups¥siuns
+Mpws¥pus + Mwws¥wius + Msjus¥sivs + Mpjurs¥eiurs + Mwiuvrs¥wivrs + MsjursVsjurs
+Mprvus¥prwus + Mpuus¥evus + MwvusYwivus + Msjwus¥sious =~ 0. (B1)

APPENDIX C: O AS A LINEAR COMBINATION OF M

In this section we present the elements of the matrix O as a linear combination of the elements of matrix M using
the relations (0.

Opps = —a(Mppsn + Mpp3je + Mppsjr + Mppsju1 + Mppsjups);

Opps = —a(Mppsn + Mppsjg + Mppsjr + Mppsjup2 + Mppsju2 + Mppsjuss),

Ops = —a(Mps|n + Mpsjg + Mpsir + Mpsjus2 + Mpsjurs),

Opr3 = —a(Mprs\n + Mprse + Mprsir + Mprsjuy + Mprsjue + Mprsjwr: + Mprsjurs),

Opus = —a(Mpysin + Mpusie + Mpusir + Mpusjur + Mpusjusz2 + Mpusjuz + Mpusjurz + Mpusjpus),
Opp2 = —a(Mppan + Mppog + Mppajr + Mppajup2 + Mpp2jups + Mpp2juss + Mppajus),

Op2 = —a(Mpan + Mpag + Mpoyr + Mpojups + Mpojwss + Mpajurs),

Opr2 = —a(Mpran + Mprog + Mproyr + Mproju: + Mprajure + Mprajwps + Mprajws + Mprojurs),

Op1 = —a(Mpyn + Mp1jg + Mpyr + Mp1jue2 + Mpyups + Mpijuss + Mp1jvus),
Op = —a(Mp|y + Mg + Mpju1 + Mpjup2 + Mpju2 + Mpjure + Mpjups + Mpjups + Mpjus + Mpjurs

+Mpyus),

Ow = —a(Mw|n + My 1 + Mwv1 + Mw vz + Mwv2 + Mw|ur2 + Mw|ups + Mwvss + Mwus + Mwurs
+Mwuus),

Os = —a(Mg|g + Mg + Mgju1 + Msjup2 + Msjye + Msjure + Msjups + Mgjups + Msjus + Msjurs
+Mguus),

Op = a(Mpp3ny + Mppaje + Mppsjr + Mppsju1 + Mppsin + Mppsje + Mppsir + Mpan + Mpsjg + Mps|r
+Mpr3 Ny + Mprsig + Mpr3ir + Mpr3jvr + Mpp3jus2 + Mps3jv2 + Mpajup2 + Mpusiy + Mpus|e
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+Mgiwp2 + Mpjy2 + Mw vz + Msjp2 + Mpjur2 + Mwjure + Msjur2 + Mpusjvus + Mpp2jups
+Mpajups + Mprejwps + Mpp2juss + Mpiups + Mp2juss + Mppojus + Mpjups + Mw ups + Msjups
+Mprows + Mpajurs + Mpra2jurs + Mpryuss + Mpjuss + Mwups + Msjwps + Mpjus + Mw us
+Mgus + Mpjurs + Mwurs + Msjurs + Mpiyous + Mpjuus + Mwvus + Msjuus),

On = —a(Mpp3an + Mppsn + Mpan + Mprain + Mpysny + Mppan + Mpan + Mpran + Mpyn + M|y
+Myw|n),

Or = —a(Mpp3sje + Mppsjg + Mpsje + Mprsjg + Mpusje + Mppajg + Mpajg + Mprojg + Mpie + Mpe
+Mgg),
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Or = —a(Mppsjr + Mppsjr + Mpsjr + Mprsjr + Mpusir + Mppair + Mpair + Mprar + Mpyr + Mw|r

+Mgr),
Ov1 = —a(Mppsju1 + Mprsju1 + Mpusjpr + Mprajur + Mot + Mw vy + Msjo),
Ovp2 = —a(Mppsjwp2 + Mpsjue2 + Mpusjusz2 + Mppajus2 + Mpius2 + Mpjus2 + Mwus2 + Msjup2),
Ovz = —a(Mppsjw2 + Mpr3jvz + Mpusjvz + Mpju2 + Mw vz + Msju2),
Ovur2 = —a(Mpsjur2 + Mprajurz + Mpusjur2 + Mprajur: + Mpjwre + Mw ur2 + Msjur2),
Oups = —a(Mppsjups + Mppajups + Mpajups + Mprawps + Mp1jups + Mpjups + Mw|ups + Msjups),
Ovps = —a(Mppsjups + Mppajuss + Mpajwss + Mpives + Mpjues + Mwuss + Msjups),
Ous = —a(Mppojus + Mprajus + Mpjus + My us + Msus),
Ovurs = —a(Mprsjurs + Mpajurs + Mprajurs + Mpjurs + Mwurs + Msjurs),
Ovus = —a(Mpusjwus + Mpyous + Mpjuus + Mwvus + Msjpus)- (C1)

APPENDIX D: EXPLICIT FORM OF THE FUNCTIONS C[x; AND Kx]

In this section we show the functions Cjx) and K[x] that appear in the final expression () of the LU decomposition.

_ TP D—(Mijkim +Mijkl)
Cprs = LppsUyps )

CD3 — L%DgUgg(nijklm‘f’nijkl) 4 L%BBUSI("ijklermjk),

Cprs = L%DgUg;(QnukzmﬂLnukz) + L%gngnijkhn,

Cpus = L%B3Ug;(2nijklm+mjk) + L Upy "7 + L%T?,U(I}_B(;ijklm_nijk)a

Cpps = L%DBU[:;;(Snijklermjkz) + L%BBUSB(gnijklwn+nijk)7

CDQ — L%DgUgg(nijklm‘f’nijkl) + L%gU[I;Bf;iij + L%BQUSI("ijkthuk),

Cprz = L%DaUg;énijMMJrniW) + L%TsUgE)(?,nijklm_nijk) + Lo Upy ",

Cion = LU 474740 4 LU 4 18U M) 4 13
CUl — LIZ)TZU;;;(HUM*MM) 4 L%QUS;ZUM + L%TBUgg(nijklm*nuk) 4 L%gUg;giij
Cupa = Lp,Upy " + LI]DU?,U(I}_B(z),mmm_mW) + L%B3U5_Ugnijklm+nijk)v
N

Cyg = L%UgU[:;;gmjklm*nijkz) + L%TgUng(gnukzm*mjk),

CUD3 = L%T2US_B(3nijkl_nijk) + L%2U5;nijkl + L%Bng;énijkl"'"ijk),

Cups = Ly Ubs™ + L, Ui,

_ 7D P—Nijk P P—MNijkl
CU3_LD1UUT3 +LD2UUU3 )

)

3

_ rp p—(Nijri—Nijk)
Curs = LDT2UUU3 )

Cpps3=Cp=Cw =Csg=Cn=Cg=Cr=Cpys =0,

KDDS — U]:% ( ijklm Ukl) +U§ ( ijklm Ukl) —I—U; ( ijklm Ukl) +U51( ijklm Ukl) +U5D(3 ijklm z;kl),

—(Nijkim+Nijk) P—(Nijkim+Nijk) P—(Nijkim+Nijk) P—(Nijktim+Nijk) P—(Nijkim+Nijk)
KDB?,:UP (ijnt k) LU J k) LU J k) LU J k)T J J
N E T UB2 U2

p—(Nijhim+nijr)
+UUBB ’

P( l]p MNijklm (717 Vijklm l]p MNijklm l]p MNijklm (717 Vijklm
D3 N " E l T " UB2 " UuTr2 l )

P MNijklm Vijk '4 Vijklm —Mijk P MNijklm Vijk '4 Vijklm —Mijk P MNijklm Vijk
l’( J— l ( J J ) l] ( J J ) l ( J J ) l] ( J J ) l ( J J )

p—(n; s p—(n; s
+UUT(2 ijklm z]k) _|_ UUT(3 ijklm z]k)7

KDUB _ Up_(nijklm_nijkl) + Up_(nijklm_"ijkl) + Up_(nijklm_"ijkl) + Up_(nijklm_nijkl) + Up_(nijklm_"ijkl)
N E T U1l UB2

P—(Mijkim —Nijkt) P—(Mijkim —Nijkt) P—(Nijkim —Nijkt)
+UU2 ! ’ + UUT2 ! ’ + UUU3 ’ ! ’
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_ prp—(nijriFnige) p—(Nijr1+Nijk) P—(Nijri+nijk) p—(Nijr1+nijk) p—(Nijri+nijk) p—(Nijkl+"nijk)
Kpps = Uy + Ug +Ur + Uups +Uups + Uups

(Mijki+nijk)
3

+Uh
Ko = U3 ™54 4 U758 4 U5 1 U 4 U+ U
Kpry = sz(nijkl*nijk) + Ug*("ijkl*"ijk) + U;*("ijkl*"ijk) + Ug;(nijkz*mjk) + Ug;(;ijkl*"ijk) + Ug;(;ijkl*"ijk)
+U[I;g(nijkl_nijk) + Ug}g"”kl_n“k),
Kpr = U5 ™% UL 4 UZ™% + DB + S5 + U™ + U™,
Kp=Uyx"" +Ug " +U( " + Uy + Ug;mj +Ulrs” + Upps” + Ulps” + Ups ™ + Ul + Uprs”,
=Ux " +Ur W+ UG +UGpy + UGy + Uy’ + Upps’ + Upps’ +Ups” + Uprs” + Upps’s
Ks=Up " + UL + U + Ul + Ul + Uligg + Upp + Ul + Uty + Upps + Ubs,
Ky = DDSUN (Mijhim+nijrt) + LDBBUp (Mijkim+nijk) + L Up Magkim LDTBUP*(nijklm*"ijk)
+LDU3UP (Mijhim —mijkl) + LDB2Up (nijri+mnijn) + Lp U:D gkt | LDT2Up (Mijri—nije) + Lp U;D nijk
+LRUR™ + LY, Uy ™,
Kp= %DBUgf(nijkthnijkz) + LDB3Up (ijhim+nijh) + LY Up Rijkim LDTBU}:;*("ijklm*nijk)
LB R ke k) P gk rak) y pp Pkt o pp P (k=) g P ik
+L€BU§ " LRURTY

KT — %DBUé)’_(nijkthrnijkl) DBgUp ("z;klm"l‘nwk) Up MNijklm + LDTgUp ("z;klm_nz]k)
P—(Mijkim —"Nijkl) p—(Nijri+nijk) D p— n”kz p—(Nijrl—Nijk) D DP—Nijk
DU3U —|—LDB2U + LpUrp DT2U + LUy

+LP UP nj +LPUp 1

UZD ("zyklm"l‘"z;kl)_'_L (n”klm_n”k)—FL UZD ("”klm—nzgkl) UZD ("”kl—"”k)
DU3

Ky, =1L DD3 DTBUUl
1
+LR UG " + Ly, Up™ + LRUE,
_ p— (n1]klm+n7,]k) p P—Nijkim P—(Nijhim —Nijkl) p—(Nijei+nijr) p P—Nijk
KUB?—LDB3UU32 +L UUB2 +LDU3UUB2 +LDB2UUB2 +L UUB2
D rrP—Nij D prP—nj prrp—1
+L UUBQ + L UUBQ +L UUBQ?

Kyo = DBBUp (n”kzm-i-m]k)_'_LDTgU;D (n”klm_n”k)_FLDUgUU (n”klm_n”kl)—FLpU —nj —|—L Up n;

DT2

1
JFLPU[’}2 ,

P— nuklm P— (nqjklm_nijk) P— (mjklm—mjkl) (nmkl nijk) P rTP—"Nij

Kure = L'psUprg L r3Uprs LhusUprs + Lo Ubrs + LgUprs

+L€VU?}TZJ + LZUSTE,

Kyps = L%D:))U(IED(;HMM”HM) + LDBzUII}D(;”MJm”k) + Lp U(I}Dg”kl + LDT2U(Z}D(3mjkl ) + Lp U(I}Dg”k
+LpUps” + Ly U ps + L5Uf s,

Kups = DB3UII}B(3n”klm+nijk) + LDB2U(1}B(3n”M+n”k) L} UII}BZI]M + Lp U(I}ngk L%UII};;;U + Lenggz;j
+LEUb L,

Kys = DBQUp (g ige) + LDTQUSQ(WM_”W) + L Ug;mj + L) U53 R UU3 J

Kyrs = LDT3U(1}Tgn”klm mia) 4 Lp UII}TZ”M + LDT2U(1}Tgn”kl_n”k) + LZJ)BU(I}TZ” + LngrZ}f_ng + LgU{}}é,

Kyus = LDU3U5U(3nuklm_niW) + LDlUgUZ”k + L%U(:?Ug” + L’v’ng_U? + LZ:;U(I}_U%%? (Dl)
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