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Abstract

We present space- and space-time discontinuous Galerkin finite element (DGFEM) formulations for systems contain-
ing nonconservative products, such as occur in dispersed multiphase flow equations. The main criterium we pose on the
weak formulation is that if the system of nonconservative partial differential equations can be transformed into conserva-
tive form, then the formulation must reduce to that for conservative systems. Standard DGFEM formulations cannot be
applied to nonconservative systems of partial differential equations. We therefore introduce the theory of weak solutions
for nonconservative products into the DGFEM formulation leading to the new question how to define the path connecting
left and right states across a discontinuity. The effect of different paths on the numerical solution is investigated and found
to be small. We also introduce a new numerical flux that is able to deal with nonconservative products. Our scheme is
applied to two different systems of partial differential equations. First, we consider the shallow water equations, where
topography leads to nonconservative products, in which the known, possibly discontinuous, topography is formally taken
as an unknown in the system. Second, we consider a simplification of a depth-averaged two-phase flow model which con-
tains more intrinsic nonconservative products.
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1. Introduction

Systems of equations containing nonconservative products cannot be transformed into divergence form,
i.e., equations of the form O,u + 0.f(u) + g(u)o.u =0 cannot be written as Ou + 0.i(u) =0. This causes
problems once the solution becomes discontinuous, because the weak solution in the classical sense of distri-
butions then does not exist. Consequently, no classical Rankine-Hugoniot shock conditions can be defined.
To overcome these problems we use the theory of Dal Maso, LeFloch and Murat (DLM) [5] for nonconser-
vative products. In this theory a definition is given for nonconservative products g(«)0,u, where g : R” — R"”
is a smooth function, but u :]a,b[— R” may admit discontinuities. Using this theory, a notion of a weak
solution can be given to the Riemann problem for nonconservative hyperbolic partial differential equations.
A problem with this theory is, however, the introduction of a path in phase space connecting the left and right
state across a discontinuity. It is possible to derive an expression for this path by constructing entropy
solutions to the hyperbolic equations (see [14]), but that construction can be a very difficult as well as costly
job. In this article we will investigate therefore also the influence of this path in phase space and propose a new
discontinuous Galerkin finite element method (DGFEM) suitable for hyperbolic partial differential equations
in nonconservative form.

We are particularly interested in solving dispersed two-phase two-fluid models. The use of a DG method for
these problems is of interest because it can deal efficiently with unstructured and deforming grids, local mesh
refinement (h-adaptation), adjustment of the polynomial order in each element (p-refinement), and parallel
computation. These benefits stem from the very compact stencil used in DG methods. Dispersed two-phase
two-fluid models contain, however, nonconservative products which are introduced in the governing equa-
tions in the modeling procedure [6,7]. This poses serious problems and at present there is no literature avail-
able how to genuinely deal with nonconservative products in a DGFEM context, which motivated the
research discussed in this article.

Over the years several authors have been developing numerical methods suitable for nonconservative
hyperbolic partial differential equations with non-smooth solutions. Toumi [24] introduced a generalized
Roe solver based on the DLM theory, which was later applied by Toumi and Kumbaro [25] to shock tube
problems and two-fluid problems. The work by Toumi [24] was also used by Parés [16], Castro et al. [2]
and Parés and Castro [17] to develop numerical schemes in the finite volume context. An alternative approach
is followed by Saurel and Abgrall [19]in which the DLM theory is not used. They apply the criterium in multi-
fluid flows, where the phases are separated by well-defined interfaces, that if pressure and velocity are uniform
in both fluids, these variables must remain uniform during their temporal evolution (in the absence of surface
tension). Using this criterium they construct a Godunov scheme for the conservative part of the system. The
nonconservative part is then adjusted to meet the criterium above. They also use this criterium for dispersed
two-phase flows, where the interfaces are not well-defined; in this case their approach therefore seems less
valid. Recently, Xing and Shu [28] have published work on high order well-balanced finite volume WENO
schemes and Runge—Kutta discontinuous Galerkin methods for systems containing nonconservative products.
Their schemes are designed such that it maintains properties of the exact preservation of the balance laws for
certain steady-state solutions. We use DLM theory to give the nonconservative products a definition even
when discontinuities are present.

Here we will use the DLM theory in a DGFEM context. This work differs from the previously mentioned
work in that we do not formulate a weak formulation based on generalized Roe solvers. Instead, we present
and use a new numerical flux in the context of the DLM theory.

The outline of this article is as follows. We first summarize the main theory of weak solutions for partial
differential equations in nonconservative form as proposed by Dal Maso et al. [5] in Section 2, but in space—
time. Using this theory we derive the space-time DGFEM formulation in Section 3 and state the space
DGFEM formulation as a special case in Appendix A. In DGFEM methods, the numerical flux plays an
essential role. In Section 4, we derive therefore the numerical flux for systems with nonconservative products
(NCP-flux) which can also be applied to moving grids. In Section 5, we apply DGFEM to two depth-averaged
and dispersed multiphase systems and show numerical results using a linear path in phase space. The effect of
different paths in phase space on the numerical solution is investigated in Section 6 and conclusions follow in
Section 7.
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2. Nonconservative hyperbolic partial differential equations

The main topic of this article is the derivation of a formulation for DGFEM suitable for nonlinear
hyperbolic partial differential equations in nonconservative form and the numerical investigation of these
systems. We use the DLM theory to overcome the absence of a weak solution in the classical sense of dis-
tributions for these types of equations. In an article by Dal Maso et al. [5], a definition was given for non-
conservative products of the form g(u)d,u, where g : R" — R™ is a smooth function, but u :]a, 5[— R” may
admit discontinuities. They assumed u to be a function of bounded variation (BV), viz. a Lebesgue integra-
ble function whose first derivative is a bounded Borel measure, and the product g(u)0,u is defined as a Borel
measure on Ja,b[. Such a definition is necessary when g is not the differential of a smooth function ¢, i.e.,
there is no ¢ such that g(«)0,u admits a conservative form 0,g. The following example, given by LeFloch
[14], illustrates the DLM theory.

Consider the function u(x) composed of two constant vectors u; and ug in R” with u; # ug:

u(x) =u, + Hx —xg)(ug —ug), x€la,b, (1)

where x; € Ja,b[ and H : R — R is the Heaviside function with H(x) = 0 if x <0 and H(x) = 1 if x > 0. Con-
sider any smooth function g : R" — R". We see immediately that g(uz)0,u is not defined at x = x, since here
|0u| — oo. Dal Maso et al. [5] introduce therefore a smooth regularization u® of the discontinuous function
u. They show that in this particular case, if the total variation of 4 remains uniformly bounded with respect
to e:

gives a sense to the nonconservative product as a bounded measure. This limit, however, depends on how we
choose u°. Introduce a Lipschitz continuous path ¢ : [0, 1] — R”, satisfying ¢(0) = u; and ¢(1) = ug, connect-
ing u; and ug in R™. The following regularization u° for u then emerges:

ur, if x €la,x; — €,
u(x) = p(=r), if x €xg —exat+ef, €>0. (2)
ug, if x €]x; + €, b],

Using this regularization, LeFloch [14] states that when € tends to zero, then

) e = €0 with €= [ g(p() G (.

vaguely in the sense of measures on Ja,b[, where J,, is the Dirac measure at x,. We see that the limit of
g(u)0.u depends on ¢. There is one exception, namely if an ¢ : R” — R exists with g = 0,¢. In this case
C = q(ur) — q(ur). We are, however, interested in the case when such a function ¢ does not exist. We then
see that the definition of the nonconservative product g(«)0,u must depend on the path ¢ chosen in the reg-
ularization. In Section 6, we will investigate the effect of different paths ¢ on the numerical solution. For now,
assume that the path ¢ is given. In Dal Maso et al. [5] it is assumed that the path belongs to a fixed family of
paths in R". These paths are Lipschitz continuous maps ¢ : [0, 1] x R" x R" — R” which satisfy the following
properties:

(H1) ¢(0;uz,ug) =ur, p(1;ur,ug) = ug,
(H2) ¢(vup,ur) =uy,
(H3) |2 (v;uz, up)| < Kl|u, — ugl, a.e. in [0, 1].

Dal Maso et al. [5] consider functions u :]a, 5[— R" of bounded variation, viz. u € BV(]a, b[, R"). These are
functions of L' (Ja, b[, R™) whose first-order derivative is a bounded Borel measure on the interval Ja, b[. Since u
is BV, u admits a countable set of discontinuity points and at each such point x, a left trace
uy = lim you(x,; — €) and a right trace uz = lim.you(x,; + €) exist. For more on Borel measures, BV functions
and related topics, see, e.g. [29].
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Based on the family of paths satisfying (H1)—(H3), the following theorem is given by Dal Maso et al. [5]:

Theorem 1. Let u :]a, b[— R™ be a function of bounded variation and g : R™ — R™ be a continuous function. Then,
there exists a unique real-valued bounded Borel measure pon ] a,b[ characterized by the two following properties:

(1) If u is continuous on a Borel set B ]a,b[, then
du
B) = —dJ
) = [ e grar
where A is the Borel measure.
(2) If u is discontinuous at a point x; of 1a,b[, then

) = [ oo ) 3 (s, e

du

By definition, this measure u is the nonconservative product of g(u) by 0w and is denoted by n = [g(u) dx] "

In this article we will derive a space-time DGFEM weak formulation for nonlinear hyperbolic systems of
partial differential equations in nonconservative form in multi-dimensions:

U+ Fix +GuUrp =0, xeRI >0 3)

with U e R", F e R" x R?Y, G € R" x R? x R™; we use the comma notation to denote partial differentiation
and the summation convention on repeated indices. Here, (-)o denotes partial differentiation with respect

to time and (). (k=1,...,q) partial differentiation with respect to the spatial coordinates. In a space-time
context, space and time variables are, however, not explicitly distinguished. A point at time ¢ = x, with posi-
tion X = (x;,x,...,x,) has Cartesian coordinates x = (xo, %) € R?*'. We can write (3) then as
TawU,x=0, xeR™M x>0, k=0,1,2,...,q (4)
with U € R" and T € R" x R7™!" x R™ given by
Oy, k=0
Tikr = { ’ . ’ (5)
Dy,., otherwise,

where J represents the Kronecker delta symbol and where D, = 0F;/0U, + Gy,. Dal Maso et al. [5] give a
similar theorem to Theorem 1 for the nonconservative term 7, U, ; in multi-dimensions. As before, assume
a given family of Lipschitz continuous paths ¢ : [0, 1] x R" x R” — R" that satisfy, for some K > 0 and for all
U*, U® € R™ and 1 € [0, 1], the properties:

(H1) ¢,(0; U, U") = Uy, ¢,(1; U", UF) = UY,
(H2) ¢,(z: U", U) = U,

Lo (1 UM, UM < K|UE — UR), ae. in [0, 1],
(H4) ,lx; U, UR) = (1 — UR UP).

Note that property H4 has been added, which does not have to be satisfied in the one-dimensional case. Let
Q c R7! with Q = Q, U S, U I, where Q, is the set of points of approximate continuity, S, the set of points of
approximate jump and 7, contains the irregular points. The DLM theorem then states:

Theorem 2. Let U : Q — R™ be a bounded function of bounded variation defined on an open subset Q of R*! and
T :R"™ — R" be a locally bounded Borel function. Then there exists a unique family of real-valued bounded Borel
measures p;on Q, i=1,2,...,m such that

(1) if B is a Borel subset of Q,, then
H;(B) = / TikrUr,kd/la (6)
B

where A is the Borel measure;
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(2) if B is a Borel subset of S, then

1
0
w® = [ [ o Uh 0 L (Ut Udear ™)

with U and UR the left and right traces at the discontinuity, where H? denotes the g-dimensional Hausdorff
measure and where we choose n* the outward normal with respect to the left state;
(3) if B is a Borel subset of 1, then u(B)= 0.

The measure y; is the nonconservative product of Ty, by U, ., denoted by:
M = [Tikr'Ur,k}dr (8)

In particular, a piecewise C' function U is a weak solution of (4) if and only if the following two conditions
are satisfied [2]:

(1) Uis a classical solution in the domains where it is C'.
(2) At a discontinuity U satisfies the generalized Rankine-Hugoniot conditions:

09,
ot

where o is the speed of propagation of the discontinuity, U* and U® are the left and right limits of the solution
at the discontinuity and 7 is the space component of the space—time normal n” (see e.g. [14]).

1
—o(Uf = Uy) + Fu(URng — Fy (U )i +/ G ((1; UH, UR)) == (v; U, UR)deinp = 0, )
0

When G(U) is the Jacobian of some flux function Q(U), jump conditions (9) are independent of the path
and reduce to the Rankine-Hugoniot condition:

Hy (UM — Hy(UMay = o(UR — UP), (10)
where H=F+ Q.

3. Space-time DGFEM discretization

In this section, we will introduce the formulation for space-time DGFEM for systems of hyperbolic partial
differential equations containing nonconservative products. We will start by introducing space-time elements,
function spaces, trace operators and basis functions, after which we derive the space-time DG formulation. In
Appendix A, we also give the formulation for space DGFEM.

3.1. Space—time elements

In the space-time DGFEM method, the space and time variables are not distinguished. A point at time
t=Xx¢ with position vector X = (xi,xs,...,x,) has Cartesian coordinates (x¢,X) in the open domain
£ C R*™. At time ¢, the flow domain Q(¢) is defined as

Q1) :={x e R?: (t,%) € &}.
By taking ¢y and T as the initial and final time of the evolution of the space-time flow domain, the space-time
domain boundary 0€ consists of the hyper-surfaces:

Qty) ={x€0E:x0 =1},

QT):={x€dE:x0=T},

Q:={xe€d:t<xg<T}
The time interval [z, 7] is partitioned using the time levels 7o <7, <--- < T, where the n-th time interval is de-

fined as I, = (¢,, t,+1) with length At, = ¢, — t,. The space-time domain £ is then divided into N, space-time
slabs £&" = €N 1,. Each space-time slab £" is bounded by Q(¢,), Q(#,+1) and Q" = 0" /(Q(t,) U Q(t,11)).
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The flow domain €(¢,) is approximated by €,(¢,), where Q,(t) — €(¢) as h — 0, with & the radius of the
smallest sphere completely containing the largest space-time element. The domain Q,(¢,) is divided into N,
non-overlapping spatial elements K(#,). Similarly, €(#,+) is approximated by (#,+1). We can relate each ele-
ment K} = K(¢,) to a master element K C R? through the mapping F:

Fy K — K7 - EoXx= in(Kf)xi(z)

with x; the spatial coordinates of the vertices of the spatial element K’ and y; the standard Lagrangian shape
functions defined on element K. The space—time elements K’ ' are constructed by connecting K} with K”+1 using
linear interpolation in time, resulting in the mapping G} from the master element K c Re*! {o the space time

element K"
& ¥z = 1 1 n (% 1 n z
Gy : K—=K": ¢ (1,%) = (E(tn+l+tn)+2(n+l )507 (1 —50)FK(€)+§(1+50)FK+1(C)>-

The tessellation 77 of the space—time slab &} consists of all space—tlme elements K7; thus the tessellation 77, of
the discrete flow domam g =uUten then is defined as 7, := U\, 77.

The element boundary GICI which is the union of open faces of K, consists of three parts:
K;(ty) = lim oK, (1, +€), K;(t,,,) = limcoK;(t,s1 —€) and Q] = 0K /(K;(ty) UK,(t,,,)). Define the grid
velocity v € R? as v = Ax/At The outward space-time normal vector at an element boundary point on 0K’}
is given by

(17()) atK(ﬂ+l)
n=1< (—1,0) at K(tf), (11)
(—kalk7ﬁ) at Q;l,
where 0 € R?. Note that since the space-time normal vector n has length one, the space component 7 of the
space—time normal has a length || = 1/v/1 + v - v. It can be convenient to split the element boundaries into
separate faces. In addition to the faces K;(¢;) and K(¢,,,), we also define therefore interior and boundary
faces. An interior face is shared by two nelghborlng elements ! and IC;’ such that S”j Q/NQj, and a

boundary face is defined as S, = 0" N Q]. The set of interior faces in time slab 7" is denoted by S} and
the set of all boundary faces by S%. The total set of faces is denoted by S;, = S U S

3.2. Function spaces and trace operators

We consider approximations of U(x,?) and functions ¥(x, ) in the finite element space V,, which is defined
as

V= {V € (L*(E))" : V] o0 Gy € (pp(]’é))m VI € Th},

where L*(E,) is the space of square integrable functions on &, and P” ( ) denotes the space of polynomials of
degree at most p on the reference element . Here m denotes the dimension of U.

We now introduce some operators as defined in Klaij et al. [12]. The trace of a function f € V), at the ele-
ment boundary 0K* is defined as

fh=lim f(x - en')

with n” the unit outward space—time normal at 9. When only the space components of the outward normal
vector are considered we will use the notation #*. A function f€ V}, has a double valued trace at element
boundaries 0K. The traces of a function fat an internal face S = KX N KX are denoted by f* and f%. The jump
of fat an internal face S € S} in the direction k of a Cartesian coordinate system is defined as

[[f]k :fLﬁL +fR}71R
with #f = —nt. The average of fat S € S is defined as
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{3 = f + /7

The jump operator satisfies the following product rule at S € S} for Vg € V), and Vf € V), which can be pro-
ven by direct verification:

[[gifik]]k = {{gi}}[[fik]k + [gi]k{{fik}- (12)
Consequently, we can relate element boundary integrals to face integrals:

> / drtdo =3 /S [efilidS+ 3 / g rtatd (13)

Sesy SeSy

3.3. Basis functions

Polynomial approximations for the trial function U and the test functions ¥ in each element K € 77 are
introduced as

Ut,X)|c = Un,(,X) and  V(£,%)| = Vi, (1,%) (14)

with ,,, the basis functions, x € R, and expansion coefficients U » and v 1, respectively, for m,[=0,1,2,..., N,
where N depends on the polynomial degree of the basis functions in ¥V}, and the space dimension ¢. The basis
functions are defined such that the test and trial functions can be split into an element mean at time #,+; and a
fluctuating part. The basis functions ,, are given by

1 form =20
Y =9 0, (1,%) — i S On6 D)K. form =12, N

where the functions ¢,,,(x) in element K are related to the basis functions ¢,,(¢), with ¢,,(¢) € PP ( ) and ¢ the
local coordinates in the master element K, through the mapping Gy:

Oy = @m © G/EI'

3.4. Weak formulation

In this section we derive a space-time DGFEM weak formulation for equations containing nonconserva-
tive products. Before discussing the space-time DGFEM weak formulation for equations containing noncon-
servative products, we first introduce as a reference the space-time DGFEM weak formulation for equations
in conservative form (see, e.g. [27]).

Consider partial differential equations in conservative form:

UiAO +Hik,k:07 X € Rq; X()>0, (15)
where U € R” and H € R" x R?. Using the approach discussed in van der Vegt and van der Ven [27], the

space-time DG formulation for (15) can be stated as:
Find a U € V), such that for all V' € V),

0=— Z /(Vi,OUi + ijkHik)d’C—‘,— Z (/
KeTy /K i Uk,

n+l

/ yEk—pk {{Hk—UAU}”de+Z /ViL(Hsc_kalL)ﬁidS' (16)
SeS] S

SeSy

VEUtdK — / VfodK)
)

Note that at this point no numerical fluxes have been introduced yet into the DG formulation. We continue
now with equations containing nonconservative products. Let U € V;,. We know that the numerical solution
is continuous on an element and discontinuous across a face, so, using Theorem 2, U is a weak solution to
(4) if
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0= / Vid,u'iv (17)
En

1
= Z /Vi(Ui,O + Dy U, 4)dK + Z </ IZ(/ 5,—,%(‘5; UL,UR)drné>dK
KeT, /K iz, \Jka,) 0 ot
1
+/ fa—(/ 5y 2 (t; Uy, Ug)de n3>d1<)
0 aT
0 1'd
S [0 [ pwtote vt om e ot utacat+ |
SES[ 0

/ 0 _|_Dikrl];ﬁ,k)('1’C
KeTy

S / lZ(Uf—Uf)nﬁdK+/ 7 (UR — Uyt dK
KeT, Kt ) K(4))

1
/ (/ wr(O(t; U", UR))aad)( ; UL, UM deig—ud, aa(p"(r;UL,UR)drni)dS, (19)
T
SGS[

0 T

ri (t; UL,UR)drné>dS, (18)

=5 [ iU+ DuUdk
KeT, /K

+> (/ V,(UR — UhYdK —/ V(U - Uf)dK)
KeT, \/K(, K(4))

1)
1

+ Z / /V\i (/ Dik"(¢(r; UL, UR)) 0 (‘L' UL UR)dTnk>dS + Z / /I}j[UkUiﬂde, (20)

Se§; /S 0 Ses, /S

where V' € V), is an arbitrary test function. Furthermore, V is the value (numerical flux) of the test function V
on a face S and 9 represents the Kronecker delta symbol. In (20) we used the definition of r5 as given in (11).
The crucial point in obtaining the DG formulation is the choice of the numerical flux for the test function V.
Using Dy, = 0Fy/0U, + Gy, (20) can be rewritten as

0= Z / ViUio + Fuci + G U, j)dK + Z (/
KeT), K KeT, K(t7

=
~ 1 0
+ Vl-( | Gulotmvtvm)
Sesp /S 0

We choose the numerical flux for ¥ such that if there exists a Q, with Gy, = 00;/0U,, then the DG formu-
lation for the system containing nonconservative products reduces to the conservative space-time DGFEM
weak formulation given by (16) with Hy = Fy + Q.

Vi(UR — UMK — / Vi(UR - Uf)dK)
,+

(TUmem)w 2:/?M%—mﬂﬂ& (21)

SeSy

Theorem 3. If the numerical flux v for the test function V in (21) is defined as

:{{{V}} at S € S,

(22)
0 at K(t,) C Q4(t,)Vn,

then the DG formulation (21) will reduce to the conservative space—time DGFEM formulation (16) when there
exists a Q such that Gy, = 00;/0U, so that Hy. = Fy. + Qj.

Proof. Assume there is a O, such that Gy, = 00;/0U,. We immediately see that:

| Gutots vt um) P s vt Uyt = <0, 23)
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Integrating by parts the volume integral in (21) and using (23) we obtain

0=-3Y" / (VioUs + Vie(Fie + Qp))AK + Y / ViU + (Fi + Qg))d (0K)
KeT),

KeT),

(7

We write Hy, = Fj + Q. Using the definition of the normal vector (11), the element boundary integral in (24)
becomes

S [ i+ i) = Y [ vie - autntao
KeT, Yok KeT, Y9

+;<;h</1<<r

ey

Vi(UR — UMK - / V(U — UL)dK> / VilFu + Oy — v U] dS.  (24)
) () SeS;

n+l

ViUt dK — / VfodK). (25)
K(i})

We will now use relations (12) and (13) to write the element boundary integrals as face integrals:

O RACERTAUTERDY / 17t~ uU)JdS+ Y [ VHk —uUhatas
KeTy

Ses; S€eSp
/ §y Wi — w0l + = VI H — 0 Uit )ds
SeS;
/ VE(HY — 0 Ub)ig dS. (26)
SESg

Combining (24)—(26) we obtain

0=—->" /(V,-,OU,- + ViHy)dK + ) / VEUtdK —/ viUtdK
KeT), K KeTy, K(t;+1) K(t;)
2L

fur)

/{{V}}[H,k v Ul + (V= VOEH ) — v U Jig)dS

/ VilHy —0U]dS+ > / VE(HS — 0, UMk dS. (27)
SES]

SESB

Vi(UR — UhYdK — / Vi(UR - Uf)dK)
t+

The term {{ V,}}[H,-k — v U]l is set to zero in the space-time DG formulation for conservative systems by argu-
ing that the formulation must be conservative. For a general nonconservative system we can not use this argu-
ment. Instead, we note that by taking V= {7} on the faces S € S, the contribution [ {V:}[Hy — v U], dS
cancels with — [ V' [[H # — 0xU,],dS. Furthermore, taking ¥ =0 on the time faces K(t,) € Q(t,) Vn, we ob-
tain the space-time DGFEM weak formulation for conservative systems given by (16). [

Theorem 3 allows us to finalize the derivation of the DGFEM formulation for hyperbolic nonconservative
partial differential equations. First, we start with the volume integral of (21) and integrate by parts, to obtain

0=>" / (—VioUi = VisFu + ViGipUni)dK + ) /
K KeT, \/K(

KeT,,

(/L

n+l)

+ (V= VOFy — v U RS + / VilFi — uUp)ngds

SeSp

SeSI/ (/ (e U UR))aaqi (U7, Ufydrn )dS > /S VilFix — uU,dS, (28)

SeS;

VfodK_/ LUt dK
i) K(t)

V(U — U)K — /Km) Vi(UR — Uf)dK) +> /S({V,}}[[F,-k - 0U/],

Ses;
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where we used relation (11) for the time component of the space-time normal vector and relations (12) and
(13) to write the element boundary integrals as face integrals. For the numerical flux for the test function
V in (28) we use (22), and thus obtain

0= Z /IC(_Vi,OUi — VisFiy + VG U, )dK + Z </K(t

V,.LU,.LdK—/ ViUtdk
K(th)

KeT,, KeT, ) f
/ VE—VOFx — Uk dS + > / VEFE — o Ub)ikdS
SGS, SeSp
L Ry 09 L 7R\ 4 =L
{{V} G (p(r; U, U ))a—(‘c;U ,UYdrny, |dS. (29)
T
SGS/

Theorem 3 states that the weak formulation given by (29) can be reduced to the space-time DGFEM
formulation (16), when a Q exists such that Gy, =00Q;/0U,. However, this formulation is generally
numerically unstable. Problematic in the conservative space-time DGFEM formulation are the interior
(Vi —Vvi{ Hy — v U} and boundary Vi (H}, — v Ur)ik flux terms, see (16). Generally, a stabilizing term
is added to these flux terms, together forming an upwind numerical flux. Furthermore, the following upwind
flux is introduced in the conservative space-time DGFEM formulation at the time faces, a formulation
naturally ensuring causality in time:

. {UL at K(t;,,),

UR at K(r}). (30)

It replaces the traces of U taken from the interior of K € 7. In (29), we also introduce the upwind flux (30) at
the time faces. We also need a stabilizing term in (29). To understand how we add our stabilizing term, con-
sider again the conservative space-time formulation. As mentioned above, a stabilizing term is added to
{Hy — v U} Denote this stabilizing term as H**°, then ({H; — v, U/} + H3™®)ik = H,, where H, is the
space-time numerical flux. In the nonconservative space-time formulation (29) we add a stabilizing term to
the conservative part {{F e — Uk U,}}, but we also need to add a stabilizing part due to the nonconservative prod-
uct. For the nonconservative product there is no counterpart for {{F % — v U; } This term is hidden in the vol-
ume integral and in the last term of (29). We add the stabilizing term for the nonconservative product Py to
the stabilizing term for the conservative product Pj: {F w — v U; } + P, + P )k P”C By 1ntroducmg a
ghost value UR at the boundary, we can use the same expressions also at a boundary face. An expression
for P”c( U*, U®, v,1") is derived in Section 4, such that it reduces to the numerical flux in the conservative case,
H. Fmally, the space-time DGFEM weak formulation for partial differential equations containing noncon-
servative products (3) is:
Find a U € V}, such that for all V' e V)

0:2/( VioUi = ViyFu + VG U, i dIC+Z </
KeT}, K(t

KeT),

VEURdK — / VEURdK
t) K(t})
L R ne L R a¢r L R =L
V —VHPrdS + ) {V} Gir(b(z; U*, U")) 5 (1 UF, UR)derg )dS. (31)
SeS" Ses”

Note that due to the introduction of the upwind flux at the time faces, each space-time slab only depends on
the previous space-time slab so that the summation over all space-time slabs could be dropped.

3.5. Slope limiters

In our space- and space-time DGFEM computations, when the solution may admit discontinuities, we use
a slope limiter to deal with overshoots and undershoots. In this article we use a simple minmod function (see
e.g. [4]). Let U, represent the mean of U on element K; and let U represent the slope, then the solution in an
element is given by
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U = Ui + Yy (x)m(Uyg, Upsy — Uy, Uy — Upy),
where the minmod function m is defined as

s min |a,|, if s =sign(a;) = sign(a,) = sign(as),
1<n<3

m(al , do, Cl3) == {

0, otherwise.

3.6. Pseudo-time stepping

By replacing U and ¥V in the weak formulation (31) by their polynomial expansions (14), a system of alge-
braic equations for the expansion coefficients of U is obtained. For each physical time step, the system can be
written as

LU U =0. (32)

This system of coupled nonlinear equations is solved by adding a pseudo-time derivative:

,oU” 1o
IK"| 3 Z—Eﬁ(U;U h, (33)

which is integrated to steady-state in pseudo-time. Following van der Vegt and van der Ven [27] and Klaij
et al. [11], we use the explicit Runge-Kutta method for inviscid flow with Melson correction which is given by

Algorithm 1. Five-stage explicit Runge—Kutta scheme:

(1) Initialize V° = U.
(2) For all stages s =1 to 5:

(I +a )V =V +a (P = (71, T ),
(3) Update V=75,

The coefficient A is defined as 1 = At/At, with At the pseudo-time step and Az the physical time step. The
Runge-Kutta coefficients o, are defined as: o; =0.0797151, o, =0.163551, o3 =0.283663, o4 =0.5 and
U5 = 1.0.

4. The NCP numerical flux

In Section 3, we derived a weak formulation for space-time DGFEM for systems of equations containing a
nonconservative product. To obtain an expression for the flux 13:?"(UL, U® v,n") in (31), we first discuss the
numerical flux U, and then derive the numerical flux for NonConservative Products, or NCP-flux.

Consider the following nonconservative hyperbolic system:

o.U 4+ 0,F(U) + G(U)d,U =0, (34)

where U € R", with m the number of components of U, similarly F(U) € R", G(U) € R™" and x € R is along
the normal of the face. To approximate the Riemann solution of (34) we consider only the fastest left and right
moving waves of the system with velocities S; and Sk and the grid velocity. In the star region (see Fig. 1),
which is the domain enclosed by the waves S; and Sg, the averaged exact solution U* is defined as

— 1 TSg
U - =59 /TS U T (35)

In what follows we obtain a relation for U* from the weak formulation of (34). Using Gauss’ theorem we ob-
tain over the control volume Q; U Q, the relation:
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s, n=(1,0) “ v Sk
! j .
(U =U" (U=U" n=(01)
n=(0,-1) Q \Qf -
- 0 n=A—v,1)/v1+v?
(U = U[) Q;
(U =Ug)
P -

Fig. 1. Wave pattern of the solution for the Riemann problem. Here S; and Sk are the fastest left and right moving signal velocities and v
is the velocity of the element boundary point.

/SLT Ude_y-/vTU(x,T)dx:[O Ude—l—/OTFLdt—/OT(F(U(th))_UU(Ut’t))dt

XL ST

- | GU)3Udxdr - (drr (13 U, Up)) =2 (v Uy, Uy )drdr,
J, [ [e o

(36)
where F; = F(U;) and U; = lim,5, U*(st,t) is the trace of U taken from the interior of ©,, which is constant
along the wave S due to the self similarity of the solution in the star region. Replace the exact integrand in the
second integral on the left-hand side of (36) with the approximate solution U*. Furthermore, using the self
similarity of the solution in the star region [5], we obtain

/ G(U adedtf/ / U)o, Udxdt = / / G(U")O,U"d,s|J|dsdt = T /G(U*)@SU*ds,
x=St =0 St Sy

(37)
where we used the coordinate transformation x = s¢, t = ¢, which has a Jacobian |J| = ¢. Introduce the trace of
U" taken from the interior of ©, along the line x = vz as: U;, = lim,;,U*(st,¢) and the path ¢,., : [0, 1]x R"x
R™ — R™ with

¢, (1 UL, UL) =U"(s), if S, <s<uv.
By connecting these two paths into the path ¢,,:[0,1] x R" x R" — R", such that ¢, (t;U.,U;,) =

¢y U ¢y, redefining T and using (37), the integral contributions due to the nonconservative product on
the right-hand side of (36) can be combined, resulting in

a¢LL‘
ot (

where F' = F(U(vt,t)) — vU(vt, t) which is constant along x = vt. Similarly, using Gauss’ theorem for the con-
trol volume Q5 U Q, yields

SrT XR XR T T
/ Ulx, T)dx + / Updx = / Usdy — / Frdr + / (F(U(ut, ) — oU (vt,1))dt
v SrT 0 0

T

1
SLUL+ (U—SL)U* :FL —FU —/ G((]sLU(T; ULﬂUZU)) T UL,Uzv)dT, (38)
0

— | G(U)d,Udxdr — (per(; Usy Ug)) “( LU, Ug)drdt,
A [ fe E
| (39)

where Fr = F(Ug) and U}, = limy;5, U*(st, 1) is the trace of U” taken from the interior of Q3, which is constant
along the wave Sg. Furthermore, denote the trace of U” taken from the interior of Q5 along the line x = v 7 as:
Uy, = lim,,U*(st,t). Replace the exact integrand in the first integral on the left-hand side of (39) with the aver-
age of the exact solution U*. Introduce the path ¢ : [0,1] x R” x R” — R" with
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(l)L‘R*(T' U;DaU*) = U*(S), ifU<S<SR

and the path ¢, : [0,1] x R" x R" — R"” such that ¢ (7; Us,, Ur) = ¢p:r U ¢ after redefining 7. Using the
self similarity of the solution in the star region 5, similar to (37), the integral contributions on the right-hand
side of (39) can be combined, resulting in

a¢uR
ot (

Note that Uj, = Uy, since the solution U is smooth across 0Q, N 023, where Q, and Q; are the closures of Q,
and Q3. Now, introduce the path ¢:[0,1] x R" x R" — R™ (see Fig. 2) and redefine t such that
¢(t; UL, Ug) = ¢, U ¢, then, by adding (38) and (40) and rearranging terms, we obtain:

—., SpUg — S, U, +F, — Fy 1 b o

U = — G UL, Ur))=— (7; U, Ug)dr. 41

] 5 | G0 ULUD S (UL Unde (@1)

This equation is still exact if we would know the path ¢. Note from Fig. 1 that outside the star region the
solution is still at its initial values at t =0, denoted by U; and Ug. Within the star region bounded by the
slowest and fastest signal speed S; and Sg, respectively, an averaged star-state solution U* is assumed. We
define the numerical flux for U as

1
(Sk— 0)T" — SgUg = F* — Fy — / Glon(5: Uy, Un)) 2R (2 U U, (40)
0

UL, if v < SL,
l/_\]: U*, lfSL<U<SR,
UR, if v = SR,

where the averaged star-state solution U* is given by (41) and v is the velocity of the element boundary point.
We now continue to derive an expression for P™(U,, U, v, n*). Define

/0 T G((%; Uy, Uz))% (%; Uy, Uy)di = /0 T dG(¢(r; Uy, Uy)),

so that

| 66 v v B v v = 6w - 9w)

using conditions HI-H4. Denote G(U;)=G; and introduce G =G — g}, for k=12 with
{G} = (Gi + G»)/2. Note that G, — G, = G, — G;. From (38) and (40), the definition of the paths, conditions
H1-H4 and assuming U;, = Uy, = U*, we then obtain

SLUL‘F(U—SL)U*ZFL—FU—E*‘FéL (42)

(1)

Ur

U;
Up
1 2
0 3 3 1

Fig. 2. Combining the paths to form ¢ z(t; UL, Ug) = ¢y U dpey U dope U e
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and
(Sgp — 0)U* — SpUg = F* — Fr — G + G, (43)

where G, = G(U;), Gr = G(Ur) and G* = G(U*). Subtracting (43) from (42) and rearranging the terms, we
obtain

N ~ 1 — —

F’ + g‘ :{QH—I—{F}—FE((S’R —U)U* + (SL —U)U* —SLUL —SRUR)

with {g}} QL + QR )/2 = 0. Similarly, by adding (42) and (43) together and rearranging terms, we obtain
P | 0
Fi+Gr=F,— 5 / G(¢(v; UL, UR))%)(T; U, Ug)de
0

and
0
a—f(t; Uy, Ug)dr.

The NCP numerical flux P"‘(UL7 Ug,v,n*) is defined in Q; as F; + EL, in Q,UQs;as F'+ G* and in Q, as
Fr + Gr (see also (31)). The NCP-flux is thus given by

FR+gR—FR+2/ ¢(1; UL, Ug))

Fll}ﬁié'—l fO tkr ‘E UL,UR))ad)F (T UlmljR)d‘lf}’lk7 lf SL > v,
IS?LV(UL,UR,U,ﬁL): {F,k}}nk SR—U)[])k (SL—U)l])k SLUL SRUfe), if SL <U<SR, (44)
Fﬁ( é+2fo lkr ‘[,' UL,UR)) (T UL7UR)d‘Enk, if SR<U

with U* given by (41). Note that if G is the Jacobian of some flux function Q, then P"(U,, Ug, v, i*) is exactly
the HLL flux derived for moving grids in van der Vegt and van der Ven [27].

5. Test cases
5.1. The one-dimensional shallow water equations with topography

We consider a non-dimensional form of the shallow water system with topography. The system reads

Uo+Fiy+G;U;; =0 fori,j=1,2,3 (45)
with
b 0 0 00
U=|h|, F= hu , GU)y=1| 0 0 0]. (46)
hu hu* +1Fn? F?: 0 0

Here b is the topography, i the water depth, u the flow velocity and F the Froude number defined as
F = u;/\/g"h;, where the starred values denote reference values. The eigenvalues of 9F/0U + G(U) are given
by

M=u—VF?h =0, h=u+VF’h (47)

When taking ¢ = Uy + ©(Ug — Uy), the NCP-flux for (45) on a fixed grid becomes:

FE— Ly if ;. >0,
P = FM" — (Sg+8,)V"/(2(Sg — S1)), if S, <0< Sp,
R Lymne, if Sz <0,

in which F"" is the HLL-flux [23]:

gt _ SeFi = SiFa + SiSp(Ur — Us)
Sk—S;
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and V"' appears in the extra term due to the nonconservative product:

e =10,0,—F2fA}[5]]".

In the numerical flux, as derived in Section 4, we take

SL = min(uL Y/ FizhL, Up — \/ Fith) and SR = max(uL + FizhL7 Ug + F72hR).

5.1.1. Test cases 1 and 2: Rest flow

For test cases 1 and 2 we only consider the solution determined with space-time DGFEM calculations
using linear basis functions and the linear path ¢ = Uy + 1(Ug — U;). Consider flow at rest over a discontin-
uous topography with initial and boundary conditions:

e Test case 1. Initial conditions: b(x,0) =1 if x <0 and b(x,0) =0 if x> 0, A(x,0) + b(x,0) = 2, hu(x,0) = 0.
Boundary conditions: b(—5,t) =1, i(—5,t) =1, u(—5,t) =0, b(5,1) =0, h(5,t) =2, u(5,1) = 0.

e Test case 2. Initial conditions: b(x,0) =0 if x <0 and b(x,0) =1 if x > 0, /(x,0) + b(x,0) = 2, hu(x,0) = 0.
Boundary conditions: b(—5,t) =0, i(—5,t) =2, u(—5,t) =0, b(5,t) =1, h(5,t) =1, u(5,1) = 0.

In Fig. 3, we show the steady-state solution, calculated using a time step of Az = 10*' on a grid with 100
cells and a Froude number of F = 0.2. We solve the system of nonlinear equations using a pseudo-time step-
ping integration method (see [27]). As stopping criterium in the pseudo-time stepping calculation we take that
the maximum residual must be smaller than 10~'3. A pseudo-time stepping CFL number of CFLP*"%° = 0.8 is
used.

For the space DGFEM weak formulation we prove theoretically, that when using linear basis functions and
taking the path ¢ = Uy + t(Ug — Uy), rest flow remains at rest. Consider the one-dimensional version of the
space DGFEM weak formulation (A.11) for the shallow water equations:

1 Q0.
0= zk: /Kk(ViUi,O - Vi‘IFl‘ + ViGl‘jUj‘l)dK + Z L{VIE<A G,]((f)(f, UL7 UR))%(T, UL7 UR)dT) ﬁLdS

SES]

+> /(Vf — VRyPreds.
Ses; /S

2.5 ‘ 25
—h+b —h+b
---b ---b
2 2
a 1.5¢ a 1.5
o] o)
+ +
e <
L . 1 o .
0.5¢ h 0.5 :
. 0 H
-5 0 5 -5 0 5
X X
(a) Test case 1. (b) Test case 2.

Fig. 3. Flow at rest over a discontinuous topography. F = 0.2, 100 cells, Az = 10*.
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We only consider cell K; where the contributions satisfy

1 ! .
0= / (ViUio = VirFi +V:G,U,; 1 )dK +/ Vi / Gi(¢(t; Uy, UR))ﬂ(T; Uy, Ug)de |n*
Ky 7 ' ' Skt 2 0 ot
LD 1o : ad)j —L R Dnc
+ VIP:wdS+/ EVZ / G,j(¢(f, UL7UR))§(T; UL,UR)dT n — Vi P;udS (48)
Sk 0

For the numerical flux we take the star-state solution given by (41). For rest flow, using ¢ = Uy + t(Ug — Uy)
and hy + by = hg + by the star-state solution is given by

— 1
U =< [Sebr = Sibu, Sehe = Sihi, 0], (49)
Sp— S
so that the numerical flux P = F} +1(S,(TU* — U.) + Sz(U* — Uy)) is given by

~ SiSr(br —b1)  SiSelhg —hy)  1_, 5 1"
P = —F .
[ Se—S. 1 Si—s, o4 it 0

Also, using ¢ = Uy +1(Ur — Uy) and hy + by = hp + bg we can show that
1 a¢
/ Gl/(¢(T, UL, UR))a—‘CJ (T, UL7 UR)dT = [0, 07 —Fizﬂbﬂ{{h}]ﬂr
0

We can write (48) now as

0= [ (ViUio—ViiF;+G,;U;;)dK +/ VEPIAS — | VEPrdS, (51)

Ky Skt Sk
where P? and P™ are given by

1/ o, -
P = [ G (s UL, U L (U, U+ P,
0

[SuSk(br —br)  SiSp(he—h) 1 _, 5"
= .

Sp—S;, Sp—S, 2
1 09,

1
Pm = —/ Glj(¢(‘f, UL7 UR))—(T, UL, UR)d'C — Pnc
2 J ot

_ | _SuSe(br—b1)  SiSw(hr —hu) 1[:*2}[2 !
Sk—8, Sg—S, 7 2 R~

Using linear basis functions we can evaluate the integrals as follows:

_ _ Ax ~ ~
/I;k ViUi_’()dK = AxV,»|Kk6tUi|Kk +? V,"KkatUi|Kk, (523)
1
—/ Vl'ylFl'dK == —/ Vi|KkF(Ui|Kk + U1|Kké)dé
Ky -1
k . | ) o
= —Vil, [0, 0, §F*Z;li + thﬁ] ; (52b)

1
[ GuUadk = [ Tl + i 6T, + Tl )Tl 4
k .
7 R 2 501"
:V,-|Kk[0 0, 2F hkbk} + Vi, [0, 0, SF hube (52¢)

SL

R L
k+1 <b/;+l —b

S%] 1 k1)
Sk+1’sk+|

LpP S — (T % Sk SR (hR, —hE,)

VePpPrdS = (V| + V| ) etk et M) | (52(1)
i Ky Ky SR gL

Skl k+17 Pk+1

LE2(hy + Iy)?
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SESR (bR—bt)

SE—sk
- [ VRIS = <Pl - Pl | st |, (52¢)

Sk S =S¢

VE2(hy — )’
where (-) and (T)\are the means and slopes, respectively, of the approximation for U and V. Adding the vectors
(52b)—(52¢), we note tl}.\at the third element of this sum is zero using sy + b, =g + b and the fact that the
slope of 1 +b =0 (so Ulg, = (—hu, h,0)). Note that in (52d) and (52e) we have by, — by, + ., — i, =0
and bf — bl + kY — hi = 0, respectively so that

O +b) =0, by +bi) =0, dhuz=0, dhu=0

meaning that for rest flow /# + b remains constant.

5.1.2. Test case 3: Subcritical flow over a bump
We now consider subcritical flow with a Froude number of F = 0.2 over a bump. The topography reads

bx) = {a(b—(x—xp))(b+(x—x,,))b_2 for [x —x,| < b,

) (53)
0 otherwise.

We use x, = 10, = 0.5 and b = 2 as in [20]. The exact steady-state solution for this test case is found by solv-
ing the following third-order equation in u [9,207]:

F23 )24+ (b—F/2— Du+1=0 with hu=1. (54)

The domain x € [0,20] is divided into 40, 80, 160 and 320 cells. We consider DGFEM and STDGFEM cal-
culations using the linear path ¢ = Uy + t(Ur — U). For space DGFEM calculations, a CFL number of
CFL = 0.8 is taken and when the residuals are smaller than 10~ "' the calculation is stopped. For STDGFEM
calculations we consider the solution after one physical time step of Ar = 10?!. We can do this because we want
to consider the steady-state solution. As stopping criterium in the pseudo-time stepping calculation we take
that the maximum residual must be smaller than 10~'". A pseudo-time stepping CFL number of CFLP*"® —=
0.8 is used.

The initial condition is 7+ b =1 and hu =1 and the boundary conditions are: b(0,7) =0, 4(0,7) =1,
u(0,t) =1, b(1,¢1) =0, h(l,t) =1 and u(1,7) = 1. The steady-state solution is given in Fig. 4. The order of
convergence is determined by looking at the L? and the L™ norm of the numerical error in z=h -+ b and
hu with respect to the exact solution:

1.2 T T T 1.1
—hu
1
08l 1.05}
g_ 061 ) —r S
¥ N --b £
< 047 Y
02 0.95}
O ______________ ! ‘I _______________
-0.2 : : : 0.9 : : :
0 5 10 15 20 0 5 10 15 20
X X
(a) The water level h(z) + b(x). (b) The mass flow hu(z).

Fig. 4. Test case 3: steady-state solution calculated using space DGFEM, F = 0.2, 320 cells.
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Neels 5 1/2
Hznum - Zexact”z = Z /K (Zlngm - Z;(xkact) (55>
k=1 k
and
Hznum - ZexaCt”max = max{|zfmm - Zéxact| i1 g i g Ncells}- (56)

The order of convergence using DGFEM and STDGFEM is given in Table 1 using linear basis functions and
in Table 2 using quadratic basis functions. Using linear basis functions we obtain second-order convergence
and using quadratic basis functions we obtain third-order convergence for both space-DGFEM and space-
time DGFEM calculations.

5.1.3. Test case 4: Supercritical flow over a bump

Next, we consider supercritical flow with a Froude number of F = 1.9 over a bump. We use the same topog-
raphy (53) and the exact solution can be found by solving (54). The domain x € [0,20] is again divided into 40,
80, 160 and 320 cells and we consider DGFEM and STDGFEM calculations using the linear path ¢
= U +t(Ug — Uyp). For space DGFEM calculations, time steps of Az =0.01 are made. Using linear basis
functions, a CFL number of CFL = 0.3 is taken and when the residuals are smaller than 10! the calculation
is stopped. For the STDGFEM calculation we consider again the solution after one physical time step of
At = 10*'. The same stopping criteria as in the subcritical flow case are used. Using linear basis functions,

Table 1
L? and L™ error for h+ b and hu using DGFEM and STDGFEM for test case 3
Ncclls h + b hu

L? error P L™ error P L? error P L™ error p
DGFEM
40 0.1133x 1072 - 0.6513x 1072 - 0.1265x 1072 - 0.3302x 1072 -
80 0.3193x 1073 1.8 0.2387 x 1072 1.4 0.1944 x 1073 2.7 0.8030x 1073 2.0
160 0.8364x 107* 1.9 0.6989 x 1073 1.8 0.2764x 10~* 2.8 0.1369x 1073 2.6
320 0.2119x 107 2.0 0.1847x 1073 1.9 0.3798 x 1073 29 0.2931 x 10~ 2.2
STDGFEM
40 0.1141x 1072 - 0.6559 % 1072 - 0.1262%x 1072 - 0.3285 % 1072 -
80 0.3194x 1073 1.8 0.2387 x 1072 1.5 0.1943 x 1073 2.7 0.8029 x 1073 2.0
160 0.8365x 107* 1.9 0.6989 x 103 1.8 0.2763 x 10~* 2.8 0.1369 x 1073 2.6
320 0.2119x 107 2.0 0.1847x 1073 1.9 0.3797 x 1073 29 0.2929 x 10~ 2.2

Second-order convergence rates are shown for F =0.2.

Table 2
L? and L™ error for 1+ b and hu using DGFEM and STDGFEM for test case 3
Ncells h+b hu

L? error P L™ error P L? error P L™ error p
DGFEM
40 0.3210x 1073 - 0.1466 x 1072 - 0.8352% 1073 - 0.3124 x 1072 -
80 0.4622x 107 2.8 0.2670 x 1073 2.5 0.1269 x 1073 2.7 0.5562x 1073 2.5
160 0.6303 % 107° 2.9 0.3567x 1074 29 0.1689x 1074 2.9 0.7186 x 10~* 3.0
320 0.7931x107° 3.0 0.4459 x 10~° 3.0 0.2144x 1073 3.0 0.8860 x 10~° 3.0
STDGFEM
40 0.3278 x 1073 - 0.1836x 1072 - 0.2339x 1073 - 0.1170 x 1072 -
80 0.4433x 107 29 0.3195%x 1073 2.5 0.3721 x 107* 2.7 0.2401 x 1073 23
160 0.4556 % 1073 3.3 0.3142%x 1074 3.3 0.5513%x 1073 2.8 0.3596 x 10~* 2.7
320 0.5522x107° 3.0 0.4407 x 10~° 2.8 0.7489 x 107° 29 0.5218x 1073 2.8

Third-order convergence rates are shown for F =0.2.
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we use a pseudo-time stepping CFL number of CFLP*"4° = 0.8. For quadratic basis functions, on the grids
with 40 and 160 cells, a pseudo-time stepping CFL number of CFLP*"% = 0.4 is employed and on the grids
with 80 and 320 cells a pseudo-time stepping CFL number of CFLP*"® = (.8.

The initial condition is 2+ b =1 and hu =1 and transmissive boundary conditions are given at x =0
and at x =20, i.e., U’ = U*, where U’ is the vector of the boundary data and U” is the vector with the
data calculated at the boundary from inside the domain. The steady-state solution is shown in Fig. 5.
The order of convergence is again determined by computing the L? and the L™* norm of the numerical
error in & + b and hu with respect to the exact solution as defined in (55) and (56). The order of convergence
using DGFEM and STDGFEM is given in Table 3 using linear basis functions and in Table 4 using qua-
dratic basis functions.

We see that the space- and space-time DGFEM calculations results in second-order convergence for i + b
using linear basis functions and in third-order convergence for 4 + b using quadratic basis functions. We do
not show the order of convergence for /iu because the error for Au is of the order of machine precision on all

1.1

—hu
1.05}
a
£ 2 1
=
0.5} . 0.95}
0 . : 0.9
0 5 10 15 20 0 5 10 15 20
X X
(a) The water level h(z) + b(x). (b) The mass flow hu(z).
Fig. 5. Test case 4: steady-state solution calculated using space DGFEM, F = 1.9, 320 cells.
Table 3
L? and L™ error for h+ b using DGFEM and STDGFEM for test case 4
Neells DGFEM /i + b STDGFEM h + b
L? error p L™ error p L? error D L™ error D
40 0.7543 x 1072 - 0.4619%x 107! - 0.7543 x 1072 - 0.4619 x 107! -
80 0.1281 x 1072 2.6 0.9406 x 1072 2.3 0.1281 x 1072 2.6 0.9406 x 1072 23
160 0.3188x 1073 2.0 0.2615%x 1072 1.8 0.3188x 1073 2.0 0.2615x 1072 1.8
320 0.7914 x 10~ 2.0 0.6883 x 1073 1.9 0.7914 x 10~ 2.0 0.6883 x 1073 1.9
Second-order convergence rates are shown for F = 1.9.
Table 4
L? and L™ error for h+ b using DGFEM and STDGFEM for test case 4
Neelts DGFEM /i + b STDGFEM h + b
L? error P L™ error P L? error P L™ error P
40 0.1293 x 1072 - 0.5034 x 1072 - 0.9181x 1073 - 0.4946 x 1072 -
80 0.1944 x 1073 2.7 0.9383x 1073 2.4 0.1624%x 1073 2.5 0.1127x 1072 2.1
160 0.2892 % 107 2.7 0.1545% 1073 2.6 0.1830x 107 3.1 0.1382x 1073 3.0
320 0.3724x 1073 3.0 0.2111x107* 29 0.2253x107° 3.0 0.2002x 10~ 2.8

Third-order convergence rates are shown for F = 1.9.
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meshes for the space DGFEM calculations and stabilizes around 10~® for the space-time DGFEM
calculations.

5.1.4. Test case 5: Transcritical flow over a bump
For this test case we consider the steady-state solution of transcritical flow with a shock over a bump. The
topography is given by

. - . - 2 i < <
bx) = 0.2 —-0.05(x— 10)" if 8 < x < 12,
0 otherwise,

which is the same as that used by Xing and Shu [28]. The initial condition is 2+ b = 0.5 and hu =0 and
the boundary conditions are: b(0,7) =0, hu(0,71) =0.18, b(25,1) =0, h(25,7) =0.33, hu(25,7) =0.18. The
remaining boundary data are set equal to the data calculated at the boundary from inside the domain. In
our computations, we take F~> = 9.812. Simulations concern space-time DGFEM. We consider the solution
after one physical time step of Az = 10*! on a grid with 200 cells using a pseudo-time stepping CFL number of
CFLP*"4 = (.8. To deal with the shock, we used the slope limiter as discussed in Section 3.5. The solution is
given in Fig. 6 and compares well with results in [9].

5.1.5. Test case 6. Perturbation of a steady-state solution
We repeat a test case as was formulated in Xing and Shu [28] which was originally proposed by LeVeque
[15]. Consider a topography given by
b(x) {O.25(cos(10n(x—1.5))+1), if 1.4 <x< 1.6,
¥) =

0, otherwise.
The initial conditions are given by
l—b(x)+e if 1.1 <x<1.2
1 —b(x), otherwise.

hu(x,0) =0, h(x,0)= {

At the boundaries, we use transmissive boundary conditions. We take F > = 9.812. The same two cases as in
Xing and Shu [28] were run: ¢ = 0.2 (big pulse) and ¢ = 0.001 (small pulse). We used space-time DGFEM to
compute the solution on a uniform grid with 200 cells and 3000 cells. On the grid with 200 cells, a physical time
step of Az =0.0002 was used. On the grid with 3000 cells, we used a physical time step of Az =0.00002. A
pseudo-time stepping CFL number of CFLP*"° = 0.4 was used. In Figs. 7 and 8, we show the fine and coarse
mesh solution, as in [28], for the water level s(x) + b(x) and mass flow Au(x) at time ¢ = 0.2 for the big pulse

test case and the small pulse test case, respectively.

0.5 w w w w 0.24

0.22

0.2

2018 ",

h+b,b

0.16

0.14

L L 0.12 L L L L
15 20 25 0 5 10 15 20 25
X

(a) The water level h(z) + b(x). (b) The mass flow hu(z).

Fig. 6. Test case 5: steady-state transcritical flow with a shock, A7 = 10?1, Neenis = 200, CFL* = 0.8, F2=9812.
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(a) The water level h(z) + b(z). (b) The mass flow hu(z).

Fig. 7. Test case 6: perturbation of a steady-state solution with a big pulse at time ¢ = 0.2, ¢ = 0.2. Line: N = 3000. Dots: Neeps = 200.
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(a) The water level h(z) + b(z). (b) The mass flow hu(z).

Fig. 8. Test case 6: perturbation of a steady-state solution with a small pulse at time 7=0.2, ¢ =0.001. Line: N = 3000. Dots:
Neens = 200.

5.1.6. Test case 7: Dam break problem over a rectangular bump
A dam break problem is simulated over a rectangular hump, as in [28]. The topography is given by

8, if |x — 750] < 1500/8,

b(x) = .
0, otherwise,

for x € [0,1500]. The initial conditions are given by

20 — b(x) if x < 750,

15— b(x) otherwise

and as boundary conditions we take: »(0,7) =0, h(0,7) =20, hu(0,¢) =0, b(1500,t) =0, A(1500,¢) =15 and

hu(1500,7) = 0. We take F~2 = 9.812. With space—time DGFEM the solution was computed on a uniform grid

with 400 cells and 4000 cells. On the grid with 400 cells, a physical time step of Az =0.02 was used and on the

grid with 4000 cells, the physical time step was Atz = 0.002. The pseudo-time stepping CFL number was

CFLP*"% = 0.8 In Figs. 9 and 10, we show the solution for the water level A(x) + b(x) at time ¢ =15 and
at time ¢ = 60, respectively.

hu(x,0) =0, h(x,0)= {
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(a) The numerical solution of the water (b) The numerical solution of the water
level and the topography. level.

Fig. 9. Test case 7: the dam breaking problem at time 7 = 15. Line: 4000 cells. Dots: 400 cells.
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(a) The numerical solution of the water (b) The numerical solution of the water
level and the topography. level.

Fig. 10. Test case 7: the dam breaking problem at time ¢ = 60. Line: 4000 cells. Dots: 400 cells.

5.1.7. Conclusions

For the shallow water equations with topography we showed numerical results of seven test cases calculated
using the space- and/or space-time DGFEM discretizations we developed for nonconservative hyperbolic
partial differential equations. For all test cases we obtained good results. For test cases 1 and 2 we showed
that rest flow remained unchanged despite having discontinuities in the topography. In test cases 3 and 4
we solved subcritical and supercritical flow over a bump demonstrating that the scheme is second-order accu-
rate for linear basis functions and third-order accurate for quadratic basis functions. In test cases 5, 6 and 7 we
showed that we resolved also more complex test cases with discontinuous solutions.

5.2. Two-dimensional shallow water and morphological flow

5.2.1. Test case 8: Hydraulic and sediment transport through a contraction
Consider the non-dimensional form of the shallow water equations and the bed evolution equation (for
details see [21,22]):

Air Ur,() + Fiktk + GikrUr,k = 07 (57)
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where U = [h,hul,huz,b]T and

e 000 hu hus 000 0
0 ¢ 00 i+ F 21 )2 huyuy 00 0 F?h
=100 c o] I~ By mi: + F 2122 Ge1=10 00 0 |
0001 "y "y 000 O
000 0
000 0
G2=10 0 0 Ful
000 0

where € is the ratio between the sediment and hydrodynamic discharge and f§ is a constant. In most rivers far
less sediment than water is transported so that € < 1. In our calculations we take e =0, f =3 and F =0.1.

An extra complication in this test case is matrix A4 in (57) since it is a singular matrix when ¢ = (. This is a
problem when deriving the numerical flux and the wave speeds S; and Sz. However, since we solve the system
of algebraic equations in pseudo-time, we need the numerical flux on the space faces only in the space-time
normal direction. To obtain the numerical flux on a fixed grid, note that the normal in the time direction is
0, so that, after augmenting with a pseudo-time derivative, (57) is changed to

arUr + Fik,k + GikrUr,k = 0. (58)

The numerical flux is then determined in the space normal direction to a face (see [21,22]). For one-dimen-
sional numerical examples solving (57) including convergence rates with space and space-time DGFEM we
refer to Tassi et al. [21].

In this test case we consider hydraulic and sediment transport through a contraction. The mesh consid-
ered is given in Fig. 11. In Tassi et al. [21] we show results of this test case using space DGFEM and here
we use space-time DGFEM. The physical time step is Az =0.0001. For the pseudo-time stepping, the
pseudo-time CFL number is CFLP*"I° = 0.8, Furthermore, if residuals converged to a tolerance of 10~°
in the pseudo-time integration, we considered the system to be solved. In Figs. 12-14 we show the mass

I

177

>0.5
0 TENENET ¥ TENENET
-2 -1 2
X
Fig. 11. Test case §: the mesh
1 . * =253
b Te———— = §——5—5—5———5—5{
B3
> 05
35
L :
QB % 1 ke 1 ]
-2 -1 0 1 2

Level 1 2 3 4 6 7 8 9 10 111
HU: 0.60.70.80.9 1 111213141516 1.

Fig. 12. Test case 8: flow and sediment transport in a contraction channel: mass flow Au(x) at time ¢ = 0.005.
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Level 1 2 3 4 6 7 8 9 10 11
HV: -05-04-03-02-01 0 0.1 0.2 0.3 04 05

Fig. 13. Test case 8: flow and sediment transport in a contraction channel: mass flow Auv(x) at time 7 = 0.005.
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Level 1 2 3 4 5 6 7 8 9 0 11 12 13
Hb: -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Fig. 14. Test case 8: flow and sediment transport in a contraction channel: bottom profile 5(x) at time ¢ = 0.005.

flow hu, hv and the bed elevation b at time ¢ = 0.005 which in physical time corresponds to a few months.
As in Kubatko et al. [13], we observe that the bed experiences erosion in the converging part of the channel
due to an increase in the flow velocity and the development of a mound in the diverging part of the channel.
The results compare qualitatively well with those presented [13] and are the same as we obtained using space
DGFEM in Tassi et al. [21].

5.3. The depth-averaged two-fluid model

In this section we consider two-fluid models (also known as Eulerian models) in which the particle phase is
treated as a continuum by averaging over individual particles. Two frequently used models for two-fluid equa-
tions, are those derived by Anderson and Jackson [1], and Drew and Lahey [6] and Enwald et al. [7]. Apart
from their derivation, the difference between these systems of equations is how the fluid-phase shear stress (if
included) is multiplied by the solid volume fraction in the momentum equations (see also [26]). In the limiting
case that pressure is the only fluid stress, both formulations are equal.

We will consider a simplification of these equations, namely the depth-averaged two-fluid model derived
by Pitman and Le [18]. They start with the system of Anderson and Jackson [1] and use the shallow flow
assumption, H/L < 1, where H is the characteristic length of the flow in the z-direction and L the char-
acteristic length of the flow in the y-direction. The derivation is similar to the way the shallow water equa-
tions are derived from the Navier-Stokes equations. Since the pressure is the only fluid stress, the same
depth-averaged two-fluid model also follows from the system derived by Drew and Lahey [6] and Enwald
et al. [7].

The dimensionless depth-averaged two-fluid model of Pitman and Le [18], ignoring source terms for sim-
plicity, can be written as

U[A,O +Fi,1 + GijUj,l =0 for laj = la273747 (59)
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where
(1 — o) (1 — a)u
ho how
U= how . F=|how?+1e(l - p)agh’e |,
hu(l — o) hu* + L egh’
’ 0 (60)
0 0 0 0 0
0 0 0 0 0
GU) = epogh epogh 0 0 e(1 = p)angho + epagh
2o o — egha —egho —ow®  u(o— 1) uo— 2% (1 —o)egh
0 0 0 0 0

Again we have taken the topography b as unknown. The meaning of the different symbols are: A(x,?) is
the depth of the flow, v(x,?) the velocity of the solid phase, u(x, ) the velocity of the fluid phase, a(x,?) the
volume fraction of the solid phase, b(x) the topography term, ¢ = H/L, p is the ratio between the fluid den-
sity and the solid density, o, = k,,, where k,, is the Earth pressure coefficient and g is the z-component of
the scaled gzgravity. Note that in the limit o — 0, this model reduces to the shallow water equations with eg
akin to F™ =

3 + 0. (hu) =0,

1 61
O, (hu) 4 0, (mf +§ggh2> = —eghd.b. (61
In the limit « — 1, the depth-averaged two-fluid model reduces to
0:h + 0, (hv) =0,
(62)

1
0,(hv) + 0, (h122 + Eskapgh2> = —¢k,,gh0.b,

which is the Savage—Hutter model without source terms, a model that simulates avalanches of dry granular
matter [10].

In our simulations, we set the Earth pressure coefficient to be o, = 1 and take ¢ = 1. To compute the eigen-
values of 0F/0U + G(U), we use the LAPACK package. The biggest eigenvalue is used for Sk and the smallest
eigenvalue is used for S; in the NCP numerical flux.

5.3.1. Test case 9: Two-phase subcritical flow

As in the case of the shallow water equations with topography, also for the two-phase flow model we con-
sider the steady-state solution for subcritical flow over a bump. We consider the same topography (53). The
reference solution is found by solving

QU =4"", (63)
where U, A and S are given by

U=[h(l—-2), ha", s—[_(l_“)hgaxb}

—ghodb
(1 — o) = 2u + gh(1 — 2) (1 — o) + gh(1 — ) ] (64)

A =
11+ p)gho 1(1 = p)g(1 + a)h + gpho — v

with the topography derivative a known function and steady-state discharges:
hu(l —a) =q, hvo=q, (65)
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with ¢; and ¢, integration constants. Here we take ¢; = 0.2, ¢, = 0.1, g =1 and p = 0.5 and as initial condition
Wl —oa)=1, ha =0.6, hu(l — o) =0.2 and hve = 0.1. We use the STDGFEM formulation to calculate the
solution. We consider one physical time step of Az = 10*' and use a pseudo-time stepping integration method
to solve the system of nonlinear equations. We determine the solution on a domain x € [0,20] divided into 40,
80, 160 and 320 cells. As stopping criterium in the pseudo-time stepping method we take that the maximum
residual must be smaller that 10~®. The pseudo-time stepping CFL number is CFLP**"4° = 0.1. At the bound-
aries, we define the exterior trace to be the same as the initial condition. The numerical flux decides then what
to do with this information. The steady-state solution is given in Fig. 15. The order of convergence is deter-
mined by computing the L* and L™ norm of the error, similar as to what is done in (55) and (56). The order
of convergence is given in Table 5. Using linear basis functions, we obtain second-order convergence as
expected.

5.3.2. Test case 10: Two-phase supercritical flow
We will now consider the steady-state solution of two-phase supercritical flow over a bump with (53) as
topography. The exact solution is found by solving (63)—(65), now with ¢; =4 and ¢, = 2. Other constants

2
15f

o
s h+b
+ s,
= AN - = =h(1—0)+b
£ qpe-------- e RCEEEEEEEEEY o
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Fig. 15. Test case 9: steady-state solution for a subcritical two-phase flow calculated with STDGFEM using 320 cells. Shown are the total
flow height /4 + b, the flow height due to the fluid phase /(1 — o), the flow height due to the solids phase /x and the topography b.

Table 5
L? and L™ error for h(1 — o) + b, ho + b, hu(1 — o) and hva using STDGFEM for test case 9
Neelis Ml—o)+b ho+b
L? error P L™ error P L? error P L™ error p
STDGFEM
40 0.8171 x 1073 - 0.2308 x 1072 - 0.1404 x 1072 - 0.4194 x 1072 -
80 0.2025x 1073 2.0 0.5584 % 1073 2.0 0.3537x 1073 2.0 0.9903 x 1073 2.1
160 0.4871x 107* 2.1 0.1322x 1073 2.1 0.8511x107* 2.1 0.2306 x 1073 2.1
320 0.9789 x 1073 2.3 0.2651x 1074 2.3 0.1712x 1074 23 0.4597 x 10~ 23
hu(l — o) h(o)
40 0.3672x 1074 - 0.1442 x 1073 - 0.1212x 1074 - 0.3409 x 10~ -
80 0.5911 x 1073 26 0.3448 x 10~ 2.1 0.1791 x 1073 2.8 0.8054x 10~° 2.1
160 0.1049x 1073 2.5 0.8471 x 107° 2.0 0.3807x10°° 22 0.2048 x 10°° 2.0
320 0.1723x107° 2.6 0.2078 x 1073 2.0 0.5115% 1077 29 0.4861 x 10~° 2.1
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remain as in test case 9 and we use the same solution strategy. The steady-state solution is given in Fig. 16 and
the order of convergence is given in Table 6. Again, using linear basis functions, we obtain second-order con-
vergence for the variables #(1 — o) + b and ho + b. We do not see second-order convergence for the variables
hu(1 — o) and hvo because the error for these solutions stabilizes around 1078, the value of the maximum
residual.

5.3.3. Test case 11: A two-phase dam break problem

For the depth-averaged two-phase flow model we consider a dam break type test case. Consider two mix-
tures separated by a membrane. The left mixture has a solid volume fraction of « = 0.4 and the right mixture
has a solid volume fraction of o = 0.6. At time ¢ = (0 we remove the membrane. We want to know how the mix-
tures behave. We consider the solution on the domain [0, 1]. As initial condition we take U(x,0) = U, if x <0.5
and U(x,0)= Ug if x>0.5, where U, =[1.8, 1.2, 0, 0, 0]" and Uz =[1.2, 1.8, 0, 0, 0]". The
constants in the computation are taken as g =1 and p =0.5. We compute the solution on a domain with
16, 32, 64, 128, 256, 512 or 1024 elements. We consider DGFEM calculations using the linear path ¢
= U; + t(Ug — Uy). The solution is determined at £ = 0.175 using a time step of Az =0.0001. The solutions
of h(1 —a), ho, b and h are depicted in Fig. 17(a), the solutions of Au(l — «) and hvo are depicted in
Fig. 17(b) and the solution of « is depicted in Fig. 17(c) in which we compare the solutions on a grid with
128 elements to the solutions computed on a grid with 10,000 elements. Apart from some small spurious oscil-
lations obtained on the grid with 128 elements, the solutions compare very well with the solutions obtained on
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Fig. 16. Test case 10: steady-state solution for a supercritical two-phase flow calculated using STDGFEM using 320 cells. Shown are the
total flow height /1 + b, the flow height due to the fluid phase A4(1 — «), the flow height due to the solids phase 4o and the topography b.

Table 6
L? and L™ error for h(1 — o) + b, ho.+ b, hu(1 — &) and hvo using STDGFEM for test case 10
Neetts Ml —oa)+b ho+b

L? error p L™ error p L? error p L™ error p
STDGFEM
40 0.2400 x 1072 - 0.5674 x 1072 - 0.2359 x 102 - 0.5575%x 1072 -
80 0.6060 x 1073 2.0 0.1402 % 1072 2.0 0.5958 x 1073 2.0 0.1378 x 1072 2.0
160 0.1459 x 1073 2.1 0.3339x 1073 2.1 0.1434x 1073 2.1 0.3280x 1073 2.1
320 0.2933x 107 23 0.6678 x 10~ 23 0.2884x 107 23 0.6561 x 10~ 23




1914 S. Rhebergen et al. | Journal of Computational Physics 227 (2008) 1887-1922

3.5 0.3
3 —r—\__\_/— 0.2
0.1
2.5
= = = h(1-0) 10000 3 0
3 9 - - - ho 10000 2 hu(1—a) 10000
< S BN _m=mmn| | ——h 10000 = - = = hva: 10000
= . (e - h(1-0) 128 T -0.1 hu(1-o0) 128
4 15 B . - ha 128 T hvo: 128
= I ! - h128 202
! 03
05 -0.4
0 -0.5
0 0.5 1 0 0.5 1
X X
(a) Solution of (1 — ), ha, b and h. (b) Solution of hu(l — «) and hva.
1
0.8
0.6
— 010000
T
0.4
0.2
0

0 0.2 0.4 0.6 0.8 1
X

(¢) Solution of .

Fig. 17. Test case 11. The solution computed on a mesh with 128 elements compared to the solution computed on a mesh with 10000
elements at time 7 = 0.175 using space DGFEM.

the grid with 10000 elements. Since we do not have an exact solution, we compute the order behavior using the
following approach:

[Uy = Ul _ (66)
Uy — Uanll, ’

where p is the order of convergence, Uy the solution on a mesh consisting of N cells, and | - ||, is the L? norm.
The order behavior is shown in Table 7. Due to the presence of shocks we cannot obtain second-order accu-
racy. Instead we obtain a convergence rate of approximately (’)(hl/ 2).

Table 7

L? error and convergence rate for A(1 — o), ho, hu(1 — o) and hvo using DGFEM for test case 11

Neelts L? of h(1 — u) P L? of ho P L? of hu(1 — o) P L? of hvo P
DGFEM

32 0.1238 x 107! - 0.7030 x 1072 - 0.1263x 107! - 0.1384 x 107! -
64 0.1125x 107! 0.1 0.5780 x 1072 0.3 0.1155%x 107! 0.1 0.8164x 1072 0.8
128 0.6231 x 1072 0.9 0.3391x 1072 0.8 0.7114 x 1072 0.7 0.4465 x 1072 0.9
256 0.4379 x 1072 0.5 0.2751 x 1072 0.3 0.4494 x 1072 0.7 0.3828 x 1072 0.2
512 0.3085 % 1072 0.5 0.1875%x 1072 0.6 0.3536 x 1072 0.3 0.3275 % 1072 0.2

The convergence rates are shown for the solution at t = 0.175. With L* of U we mean |[Uy — Usplb.
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6. Effect of the path in phase space on the numerical solution
6.1. Polynomial paths

In the numerical test cases discussed in the previous section a linear path was taken: ¢ = U~ + ¢(UR — U").
In this section, we will investigate the effect of different paths on our numerical results. To determine this effect
we again consider test case 11 in Section 5.3 for which we expect to find the biggest effect of the path due to the
shock waves in the solution. We use the following paths and note that in one dimension property (H4) can be
neglected:

$yy = UM+ (UR = U"), ¢2v2:UR+(1*T)2(UL*UR)7
b5 = U+ (U= U"), s, = UR"’(I_T)S(UL_UR)v (67)
$ron = U+ 70U = U, o = U+ (1 = 1) (U* = UY).

In Fig. 18, A(1 — &), ha, b and & are shown on the whole domain and also a zoom-in on the left shock wave.
The deviations shown in these figures are approximately also seen in the mass flow variables and the void
fraction.

In these computations it is important to have a good numerical integration scheme to approximate the path
integral. Incorrectly approximating the path integral results in solutions having incorrect faster or slower
shock speeds. A two-point Gauss integration scheme is sufficient when taking ¢ linear or when using ¢»,;
and ¢,,,. For the other paths we split the domain [0, 1] into eight nonintersecting uniform intervals and within
each interval we evaluate the integral in the two Gauss points corresponding to that particular interval. To
conclude for this test case, when properly integrated any choice of paths in (67) leads to the same numerical
solution with only minor differences.

6.2. Toumi paths

In this section we will consider paths similar to those chosen in Toumi [24]. These paths are different from
those of the previous section in that these paths are C’. We will compare the solutions determined with the
following five paths with the solution determined with a linear path:

—h(1—a) 1 p—
35 —hat -
— =
- - -h(1-0) 2v1 i - = = h(1—
3 _u\_/_ - - —ho 2v1 3 ___2223‘1)2"1
---hav1
25 - h(1-0) 5v1 ---hav
‘‘‘‘‘ h(1-a) 5v1
< ] het 5v1 7 N i
s 2t — Al h 5v1 T I e
3 o h(1-a) 20v1 B e B0 2001
< o ho 20v1 :
= 15 L = -+ ha 201
3 h 20v1 T o h20ve
I - - ~h(1-0) 2v2 - v
z 1 o —ha2v2 = 2 - - - h(1-a) 2v2
< ---ho2v2
---h2v2 I IR
0.5 ::::::“;‘25\/2 =+~ h(1-a) 5v2
0 oV +=-=ha 5v2
== h5v2
0 - -~ h(1=c) 20v2) 1.5 =rmrhbv2
== =ho 20v2 = = =h(1-a) 20v2|
-0.5 :E 20v2 e : : : :253;2
0 05 1 0.095 0.1 0.105 0.11
X X
(a) The solution on the whole (b) The solution zoomed in on the
domain. left shock wave.

Fig. 18. Solution of i(1 — «), ho, b and & calculated on a mesh with 1024 elements at time 7 = 0.175 using the paths defined in (67).
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(Ut +2(UT = UY), U5, US, UL, Us), for T € [0,4],
¢ (v UH, UM =S (UF, U5 + (21— 1)(U5 — U5), U5 + (21 — 1)(U% — U%)
UL+ 20— (US - Ub), Uk + Qe - (WE - Uh))  forze [}, 1],
(U*, U5 + 2¢(US — UL), UL, UL, UY) for T € [0,1],
bpa(t; UL UR) = S (UT + (21— 1)(UT = Uy), Us, U5 + (2t = 1)(UF — UY),
UL+ (2t — 1) (UR = UL, UL + (20 - 1)(UR = UY)) for t € [1,1],
(UL, U5, U5 +21(US = U5, UL, US) for T € [0,1],
brs(1; UL UR) = S (UT + (2t = 1)(UT = Uy), U5 + (20 — 1)(US — U5), US, (68)
Ul + (2t = 1)(UR = UL), UL + (20 — 1)(UR — UL)) for t € [1,1],
(UL, U5, U5, UL+ 21(US = US), US) for 7 € [0,1],

bra(z; U, U") = ¢ (Ul + 21 = D(UT = UY), U3 + (21 = 1)(U3 = U3),

UL + (20— 1)(UR = UL), UR, UL + (20 = 1)(UR = UY)) forte [L,1],

(Ufa Ué» Uév Uﬁa Ué + ZT(U§ - Ué)) fOI' TE [0’%]’

Grs(z; UL UR) = (U + (20 = 1)(UF = UD), US + (20 — 1)(US — U),

UL + (20— 1)(UX = UL), UL + (2 = 1)(UF = UL, UR) forte [L,1].

In the implementation the integrals are computed using a two-point Gauss integration rule. In Fig. 19,
h(1 — &), ho, b and h are shown on the whole domain and also zoomed in on the left shock wave. The devi-
ations shown in these figures are approximately also seen in the mass flow variables and the void fraction. We
see that the final solution determined with the paths given in (68) are all very similar. The choice of one of
these paths does not have a big effect on the final solution compared to the linear path.

6.3. Refining the mesh

As a final check we further refine our mesh. We will calculate the solution on a mesh with 10,000 elements.
We only do this for the linear path, ¢,9,1 (see (67)) and ¢z (see (68)) and compare these solutions with the
numerical solution determined with the linear path on a mesh with 1024 elements. In Fig. 20, A(1 — o), ha, b

Fig. 19.

35 et J— — (1) 1
—ho 1
3 —%— —nh1 _
- = =h(1-o) t1 3 : !
---hatt ---h(l-at1
25 ———htt ---hott
< 1 |- _ ---ht1
| 2y . A]-- e S25t Al h(1-0) 2
E N ht2 = . N ho t2
= 15 =t | -l o= ||| ht2
S N e N | RRtS ho t3 T h(1-a) 13
z 1+ Al ht3 92 ha3t3
< - = =h(1-0) t4 < - | ht
e —hat - - -h(1-a) t4
0.5 ---ht4 ---hat4
== h(1-0) t5 ---ht4
0 =-=hats 50 1| h(1-0) t5
B S — ) Ll ho.t5
05 — b | |- ht5
. 0 02 0.4 0.6 0.8 1 0.095 0.1 0.105 0.11
X X
(a) The solution on the (b) The solution zoomed in on
whole domain. the left shock wave.

Solution of i(1 — «), ha, b and & calculated on a mesh with 1024 elements at time ¢ = 0.175 using the paths defined in (68).
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3.5
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4 - = = ho L10000 c —h L1024
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(a) The solution on the whole domain. (b) The solution zoomed in on the

left shock wave.

Fig. 20. Solution of 4(1 — «), ha, b and & calculated on a mesh with 10,000 elements at time ¢ = 0.175 using the linear path, ¢,,; and ¢ 7.

and & are shown on the whole domain and also zoomed in on the left shock wave. The deviations shown in
these figures are approximately also seen in the mass flow variables and the void fraction. To obtain these fig-
ures, the integral of the nonconservative product for each path was evaluated differently. For the linear path a
two-point Gauss integration scheme was used for the whole domain [0, 1]. For the path ¢,g,; we divided the
domain [0, 1] into 16 nonintersecting uniform domains and within each domain we used again a two-point
Gauss integration scheme. For the path ¢ 7, the domain [0, 1] was divided into eight nonintersecting uniform
domains and within each domain we used a two-point Gauss integration scheme. As we see in these figures,
the differences in the numerical solution for all the paths are minimal. The slight differences in the shock speed
are more likely to be caused by the numerical integration scheme than the difference in the path. If we were to
determine the numerical solution using the path ¢,g,; by dividing the domain [0, 1] into eight nonintersecting
uniform domains instead of 16, the differences in shock speed in comparison to the other paths will increase, so
it is important to have a good approximation for the integral of the nonconservative product. We conclude
that it is important to have a good numerical integration scheme to approximate the path integral. Using a
linear path, a two-points Gauss integration scheme, without refinement, suffices. We saw that it does not mat-
ter which path is chosen, but choosing the linear path, due to the simple integration scheme, is by far the
cheapest and easiest choice.

6.4. Contact waves

In Parés and Castro [17] a test case is presented for the shallow water equations in which they state that the
selection of the path is critical in order to satisfactorily capture stationary contact discontinuities related to
bottom discontinuities (see [17]). We repeat this test case. Consider the shallow water equations given by
(45) and (46). Following Parés and Castro [17], the initial condition is given by U= U” if x <0 and
U=UR if x>0, where U*=10, 1, v2g]" and U® =[—1, 0.6527036446614, \/2g]" if x>0, where
g = 9.81. These initial conditions are such that the states U~ and U® are connected by an entropic contact dis-
continuity (see [17]). The boundary conditions are given by: b(—5,¢) =0, A(—5,t) =1, hu(-5,1) = /2g,
b(5,t) = —1. The remaining boundary data are set equal to the data calculated at the boundary from inside
the domain. The steady-state solution is calculated using a physical time step of Az = 10*' and a pseudo-
CFL number of CFLP*"%° = (.8, We consider the solution on a mesh with 1000 elements on which the contact
wave falls exactly on a face, and on a mesh with 999 elements so that the contact wave falls exactly in the mid-
dle of an element. The effect of three paths are considered, namely the linear path ¢(t; U, UR) = U* +
7(UR — U*) and two Toumi like paths:
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(a) Comparison of the computed water level at the
stationary state with the exact solution.

(b) Zoom of the water level right of the discontinuity in
the topography.

Fig. 21. A comparison of the computed solution of a contact discontinuity related to the discontinuous topography with the exact

solution. The solution was computed on a mesh with 1000 elements using a physical time step of Ar = 10*' and a pseudo-CFL number
CFLP*%° =08,

.77L R\ __ (UL + ZT(UR Uf)7 Ué) for 1 S [07%]7
¢pi (v U, UT) = (UR, UL + (21 — 1)(UE = UL)) for e [1, 1],
oty < )W UL+2r(UR U3)) for T € 0,1,
bpa (v U, UF) = (Ut + (20— 1)(UR - UY),UR) forte L1

Note that the path for U; = hu is irrelevant since the nonconservative product for the shallow water equations
only involve b and /. The solution on the mesh with 1000 elements is shown in Fig. 21 and the solution on the
mesh with 999 elements is shown in Fig. 22. We see that the solution of a steady contact discontinuity expe-
riences a similar dependence on the path as observed by Parés and Castro [17], also after refining the mesh to
10,000 and 9999 elements, respectively. The numerical dissipation introduced when the contact discontinuity is
not exactly at an element face has, however, a strong regularizing effect (compare Figs. 21 and 22) and signif-
icantly reduces the dependence of the solution on the path. This effect will even be stronger in multi-dimen-

1.5 —exact E‘ —exact‘
-~ linear —0.344 . linear
1 — ) ! ——Toumi 1
. 232:21 —0.346 | : - Toumi2
0.5 - - -topography | _0348] ~ - ~topography
0l ] £ 2035 | e
ey ~ ! :
-0.352} : :
-0.5 :
\ -0.354 | '
- P 0356} !
-5 .. : -0.358 '
5 4 3 -2 -10 1 2 3 4 5 0 0.05 0.1
X X

(a) Comparison of the computed water level at the

stationary state with the exact solution.

(b) Zoom of the water level right of the discontinuity in
the topography.

Fig. 22. A comparison of the computed solution of a contact discontinuity related to the discontinuous topography with the exact
solution. The solution was computed on a mesh with 999 elements using a physical time step of Az =10*' and a pseudo-CFL number

CFLPsude — 0.8,
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sional problems since the discontinuities then rarely coincide with mesh lines, but it is always important to
check the dependence of the solution on the chosen path.

7. Conclusions

In this article we have derived weak formulations for space- and space-time DGFEM for nonconservative
hyperbolic partial differential equations. We also introduced a numerical flux for systems with nonconserva-
tive products (NCP-flux) suitable for DGFEM.

As test cases we considered the shallow water equations with and without dynamic topography (1D and 2D)
and a simplified depth-averaged two-phase flow model. For the shallow water equations we considered rest flow
over discontinuous topography and showed, both numerically and theoretically, that rest flow is preserved. We
also considered subcritical and supercritical flow over a bump. For these test cases we obtained second- and
third-order accuracy for suitable basis functions. We also considered more complex test cases: steady-state
transcritical flow with a shock, a perturbation of a steady-state solution over a discontinuous topography
and a dam breaking problem over a rectangular bump. For the two-dimensional shallow water equations with
dynamic topography, we considered hydraulic and morphological transport through a contraction.

For the simplified depth-averaged two-phase flow model we also considered subcritical and supercritical
flow over a bump and again obtained second-order accuracy using linear basis functions. A dam break test
case was further used to investigate the effect of the path on the numerical solution. The effect of the path
was very small in the numerical solutions. Taking different paths did not lead to relevant changes in the final
solution. We did see, however, that for certain paths it is not sufficient to simply use a two-point Gauss inte-
gration scheme over the whole domain of integration for the path integral, but higher order integration rules
were required. It resulted in significantly larger computational cost which is undesirable.

Finally, we examined the effect of the path across a contact wave and saw that we could not capture the
stationary contact discontinuity. By making the mesh such that the contact wave falls within an element
we did see that the numerical error made is a full-order smaller than if the contact wave falls exactly on a face.
The numerical dissipation has a regularizing effect decreasing the effect of the path, but at the moment it is still
unclear how to choose the path in case of a contact discontinuity and this is a topic of further research. The
regularizing effect due to numerical dissipation across shock waves is much larger explaining why we did not
experience any significant effect of the path in test cases containing shock waves.
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Appendix A. Derivation of the weak formulation for space DGFEM

In this section we derive a space DGFEM weak formulation for hyperbolic nonconservative partial differ-
ential equations (see also e.g. [3] for more on the Runge-Kutta discontinuous Galerkin method for conserva-
tive hyperbolic systems). As opposed to the derivation of the weak formulation for space-time DGFEM, we
now only consider fixed grids. We first introduce the function spaces and basis functions after which we derive
the weak formulation.

Let Q C R? be the bounded flow domain approximated by Q, such that Q, — Q as 1 — 0, with /4 the radius
of the smallest sphere completely containing the largest element K;. Consider approximations of U(x,?) and
the test function V(x,?) in the finite element space defined as

Wi={V € (L2@)" : VI, 0 Fx € (P(R))"}, (A1)


http://www.bsik-bricks.nl
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where m denotes the dimension of U. Polynomial approximations for the trial function U and the test function
V in each element K are introduced:

U], = Unthy(®) and V(1.3)]g = 7 (3)

for m,[=0,1,2,..., M, where M depends on the order of accuracy and the space dimension, and where the
basis functions y are given by

1 form=20
lpm = A ¥ —
Pn(®) — 5 ij ¢,(X)dK form=1,2,....M,

where the functions ¢ in element K; are related to the basis functions ¢ on the master element K through the
mapping F:
Oy = Pm © F[EI
with ¢, (&) € PP (IA{ ) and ¢ the local coordinates in the master element K.
The weak formulation for space DGFEM can be derived in a similar manner as that for space-time
DGFEM, except that now we consider fixed grids. Before discussing the space DGFEM weak formulation
for equations containing nonconservative products, we first introduce as a reference the space DGFEM weak

formulation for equations in conservative form (see e.g. [20]).
Consider partial differential equations in conservative form:

Ug+Hyp =0, xeR! >0, (A.2)

where U € R” and H € R™ x R?. Using the approach discussed in Tassi et al. [20], the space DG formulation
for (A.2) can be stated as:
Find a U € W), such that for all V'€ W)

0=3" /K (ViUio = VisH)dK + Y~ /S I {H S + 3 /S VLS. (A3)
J J

SES[ SGSB

Note that at this point no numerical fluxes have been introduced yet into the DG formulation. We now con-
tinue with equations containing nonconservative products. Let U € W, (see (A.1)). We know that the numer-
ical solution is continuous on an element and discontinuous across a face, so, using Theorem 2, U is a weak
solution to (3) if

O - / V[UM) dK + / Vi dﬂ, (A4)
o Q,

1
= Z / V,-(U,-,() + Dik,.Uryk)dK: + Z / /V,- (/ Dikr(¢<f; l]L7 UR)) % (‘L’; (]L7 UR)d‘E}’li) dS, (AS)
i YK Se§; VS 0 T
where V' € W), is an arbitrary test function. Furthermore, V is the value (numerical flux) of the test function V'
on a face S. Note that Theorem 2 is applied to nonconservative products in space—time where space and time
variables are not explicitly distinguished. In space DGFEM this is the case and we only need the space part of
the measure in Theorem 2. This measure is denoted in (A.4) as fi;. The crucial point in obtaining the DG for-
mulation is the choice of the numerical flux for the test function V. Using Dy, = 0Fy/0 U, + Gy, (A.5) can be
rewritten as

0= Z /K ViUip + Fux + DiU, 4 )dKC — Z /S /I}iH:Fik]de

J SGS]

% : .77l TIR ad)r .77l TIR =L
+g§‘, /S V,-(/O Dy ((z; U, U") 5 (1 UM, U )drnk)dS. (A.6)

We choose the numerical flux for V such that if there exists a Q such that G, = 00;/0U,, then the DG for-
mulation for the system containing nonconservative products reduces to the conservative space DGFEM
weak formulation given by (A.3) with Hy = Fy, + Q..
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Theorem 4. If the numerical flux v for the test function V in (A.6) is defined as V= {{V}}», then the weak
formulation (A.6) will reduce to the conservative space DGFEM formulation (A.3) when there exists a Q such that
Giir = 000U, so that Hy. = Fy. + Q.

Proof. Assume there is a Q such that Gy, = 00;/0U,. We immediately see

0,

|| Gurlp(as U 0m) 2 (s U, Ut = ~[0, (A7)

Integrating by parts the volume integral in (A.6) we obtain

0= Z/ (VUtO tk( lk+sz dK"’Z/ VL Fll}(+Qlk)nk ( / [[sz+sz]de
k SES[
(A.8)
We write Hy, = Fy + Qy.. Use relations (12) and (13) to write the element boundary integrals as face integrals:

> / VEHEREA(OK) = / [ViHy ], dS + > / VEHEREAS
i K Ses; s

SESB

> [ im0 - vid)as + Y [ viakas. (A9)

SeS; SeSp

Combining (A.8) and (A.9) we obtain

0-% / VUi = Vistladk + - | VAL + 07 = VDt Yias

Ses;

/ ViHLaS — 3 / 7 [H,],dS. (A.10)
SGSB Ses; /S

The term {{V,}[[H,-k]]k is set to zero in the space DG formulation for conservative systems arguing that the for-
mulation must be conservatlve For a general nonconservative system we can not use this argument. Instead,
we note that by taking ¥ ={/'} on the faces S, the contribution [{V;}[H4],dS cancels with
— J5 Vi[Hu],dS. We now obtain the weak formulation given by (A.3).

Theorem 4 allows us to finalize the derivation of the DGFEM weak formulation, similar to the space—time
DG formulation, to:
Find a U € W), such that for all V' € W,

0= Z /‘(ViUi’0 — VisFu + VG U, )dK + zg: /S(Vf —VRPrds
oo,
+Z /{V}(/ o (G (T UE, URY) a‘f: (; UL,UR)dm;)dS. (A.11)

Note that we combined the fluxes at interior and boundary faces by using a ghost value U® at the boundary. In
this article, to integrate in time, we use an explicit TVD third-order Runge-Kutta method (see e.g. [8]).
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