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Abstract

The scope of the present study is Eulerian modeling and atioal of polydisperse liquid sprays
undergoing droplet coalescence and evaporation. The fiugkal mathematical description is the
Williams spray equation governing the joint number dengityction f (v, u; x,t) of droplet volume
and velocity. Eulerian multi-fluid models have already bagorously derived from this equation in
Laurent et al. [22]. The first key feature of the paper is thaliaption of direct quadrature method of
moments (DQMOM) introduced by Marchisio and Fox [24] to thélMms spray equation. Both the
multi-fluid method and DQMOM vyield systems of Eulerian cansdion equations with complicated
interaction terms representing coalescence. In orderciasfon the difficulties associated with treat-
ing size-dependent coalescence and to avoid numericaltaimtg issues associated with two-way
coupling, only one-way coupling between the droplets and/a@nggas velocity field is considered.
In order to validate and compare these approaches, thercleogéiguration is a self-similar 2D ax-
isymmetrical decelerating nozzle with sprays having vaisize distributions, ranging from smooth
ones up to Dirac delta functions. The second key featureeop#iper is a thorough comparison of the
two approaches for various test-cases to a reference @olakitained through a classical stochastic
Lagrangian solver. Both Eulerian models prove to descrimmaately spray coalescence and yield
a very interesting alternative to the Lagrangian solvee Trird key point of the study is a detailed
description of the limitations associated with each metltimas giving criteria for their use as well as
for their respective efficiency.
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1 Introduction

In many industrial combustion applications such as Diergirees, fuel is stocked in con-
densed form and burned as a dispersed liquid phase carriadgbgeous flow. Two phase
effects as well as the polydisperse character of the dreetdistribution (since the droplets
dynamics depend on their inertia and are conditioned by) size significantly influence
flame structure. Size distribution effects are also enayentin a crucial way in solid pro-
pellant rocket boosters, where the cloud of alumina padiexperiences coalescence and
become polydisperse in size, thus determining their gldipamical behavior [17,18]. The
coupling of dynamics, conditioned on particle size, witlalescence or aggregation as well
as with evaporation can also be found in the study of fluidizedk [36] and planet formation
in solar nebulae [5,6]. Consequently, it is important toéhestiable models and numerical
methods in order to be able to describe precisely the phy$itgo-phase flows where the
dispersed phase is constituted of a cloud of particles abwarsizes that can evaporate, coa-
lesce or aggregate and also have their own inertia and sizéittoned dynamics. Since our
main area of interest is combustion, we will work with spréty®ughout this paper, keeping
in mind the broad application fields related to this study.

Generally speaking, two approaches for treating liquichgprcorresponding to two levels
of description can be distinguished. The first, associatiéldl avfull direct numerical simu-
lation of the process, provides a model for the dynamics efitierface between the gas
and liquid, as well as the exchanges of heat and mass betlvedw® phases using vari-
ous techniques such as the Volume Of Fluids (VOF) or Leveh&thods [3,15,19,35]. This
“microscopic” point of view is very rich in information on ¢hdetailed properties at a more
local level concerning, for example, the resulting dragrekeon one droplet depending on
its surroundings. The second approach, based on a mord glmbaof view, describes the
droplets as a cloud of point particles for which the exchamgfenass, momentum and heat
are described globally, using eventually correlationd, thie details of the interface behavior,
angular momentum of droplets, detailed internal tempeeatistribution inside the droplet,
etc., are not predicted. Instead, a finite set of global ptegsesuch as mass, momentum,
temperature are modeled. Because it is the only one for whiaherical simulations at the
scale of a combustion chamber or in a free jet can be condutisdtmesoscopic” point of
view will be adopted in the present paper.

Furthermore, we are interested in sprays where dropletictiens (e.g., coalescence) have to
be taken into account, which corresponds to liquid voluraetfons between.1% and1%.
O’Rourke [30] classified the various regimes from the “vdmntspray”, which are trans-
ported by the gaseous carrier phase without influencingdseaus phase, through the “thin
spray” regime, for which there is two-way coupling throudpe thomentum equation be-
tween the two phases, up to the “thick spray” regime for wihighvolume fraction of liquid

is high enough so that droplet-droplet interactions haveetdaken into account, but is still
low enough so that the liquid volume fraction is negligibtec@mpared to the gaseous one.
Because our primary focus is on the ability of Eulerian mdg&to capture droplet coales-
cence, our study is limited here to the “thick spray” regimg.restricting our attention to
one-way coupling, we can avoid difficulties (e.g., grid cemgence) associated with using
Lagrangian methods with two-way coupling, and it will thus fpossible to make detailed
comparisons between Eulerian and Lagrangian simulatsuritee



In the mesoscopic framework, there exists consideraldednt in the development of numer-
ical methods for simulating sprays [18,17,27,28,22,3BE Principal physical processes that
must be accounted for are (1) transport in real space, (pjetrevaporation, (3) acceleration
of droplets due to drag, and (4) coalescence of dropletsigdd polydispersity. The major
challenge in numerical simulations is to account for therggrcoupling between these pro-
cesses. Williams [37] proposed a relatively simple transpguation based on kinetic theory
that has proven to be a useful starting point for testing houmerical methods for treating
coalescing liquid sprays. In the context of one-way couplthe Lagrangian Monte-Carlo
approach [9], called Direct Simulation Monte-Carlo mett{d&MC) by Bird [4], is gener-
ally considered to be more accurate than Eulerian methadsoleing Williams equation.
However, its computational cost is high, especially in aady configurations. Moreover, in
applications with two-way coupling, Lagrangian methods difficult to couple accurately
with Eulerian descriptions of the gas phase. There is thusiderable impetus to develop
Eulerian methods for describing sprays. In this paper, wet lour attention to one-way
coupling with a given (laminar) gas velocity field (i.e., eway coupling with a given gas
velocity field.) Thus no turbulence models are required tselthe spray equation.

In a recent paper Laurent et al. [22] have demonstrated {habdéy of an Eulerian multi-
fluid model to capture the physics of polydisperse evapagagprays with one-way coupling.
This approach relies on the derivation of a semi-kinetic eifrdm the Williams equation us-
ing a moment method for velocity, but keeping the continusize distribution function. This
distribution function is then discretized using a “finitelyme” approach that yields conser-
vation equations for mass, momentum (and eventually otltegrgpties such as temperature)
of droplets in fixed size intervals called “sections” extggdthe original work of Tambour,
Greenberg and collaborators [12,13]. Even though thisagmtr has recently been extended
to higher order by Laurent [20] and Dufour [7,8], the nedgst discretize the size phase
space can be a stumbling block in some applications. Momethads, on the other hand,
do not encounter this limitation.

In this work, we apply the recently developed direct quademethod of moments (DQ-
MOM) [24] to treat Williams equation in a Eulerian framewo¥ks its name implies, DQ-
MOM is a moment method that closes the non-linear terms, (@:gplet coalescence) using
weighted quadrature points (abscissas) in phase spadea®lmsure relates to the construc-
tion of an approximated number density function from a sehoments under the form of a
sum of Dirac delta functions, the support of which corresjzoio the abscissas. However, it is
important to make a clear difference between such an Enlaparoach and the correspond-
ing Lagrangian approach, for which the number density is@pmated by a large number of
numerical “parcels”. The evolution of abscissas and theesponding weights are governed
by the dynamics of a few moments, whereas the evolution gbéineels are governed by the
Williams equation since they are a stochastic discrebmatif this equation. Consequently,
the DQMOM usually involves a very restricted number of unkne on a Eulerian mesh,
whereas the Lagrangian method involves a very large nunfherkmowns that are followed
along their trajectories in phase space.

The DQMOM method distinguishes itself from other quadratorethods (e.g., QMOM
[26,25]) by solving transport equations for the weights ahdcissas directly (instead of
transport equations for the moments). The source termbédransport equations depend on
the physical processes involved. For Williams equationshwew in Section 2 that laminar



transport and drag result in source terms that are indepéonfléhe choice of moments and,
in fact, are equivalent to those used in Lagrangian formanat When evaporation does not
lead to the disappearance of droplets in finite time, thidss &tue for the evaporation pro-
cess. On the other hand, coalescence leads to a linear sigstdm source terms for which
the coefficient matrix depends on the choice of moments. Pppécability of DQMOM to
Williams equation thus depends on whether or not a partiailaice(s) of moments can be
found that leads to a non-singular linear system. When thpaation law allows the dis-
appearance of droplets in finite time the equations for thenemds of the number density
function not only involve unclosed integral terms, but alse flux of disappearing droplets,
I.e. the pointwise value of the number density function abzgze. This quantity has then to
be closed since it has a strong influence on the dynamics eftibke set of moments; it leads
to a significant difficulty since it corresponds to the redaunion of a pointwise value of the
number density function from a set of its moments. In thislgtuve propose a solution to
this difficult issue. Note that because spatial transpdreeted explicitly, it suffices to tackle
the flux problem in the homogeneous case. We will see that @&y is to provide a flux
closure that yields stable moment dynamics and a non-sanginéar system in the DQMOM
framework.

Let us also underline that the transport terms in the syst#nesnservation equations for
both Eulerian models are the same and given by pressuredssgygamics. The structure
of these transport terms and the associated difficulties haen the subject of several stud-
ies and there are numerical methods designed in order totheaesulting singularities as
shown in [22]. The question of the computational efficientguch Eulerian approaches (es-
pecially in coalescing systems) is a key question sinceethethods are intended to be used
in more realistic unsteady configurations as an altern&titiee too costly Lagrangian meth-
ods for polydisperse sprays. We have already studied tleistiqun in [22] where the Eulerian
multi-fluid approach was shown to offer a good precision vaitlelative low cost [22]. Be-
cause of the similarity of the transport terms for both Halemapproaches, the conclusions
about the computational efficiency presented in [22] are zdid for the DQMOM method.
Consequently we focus our study and comparisons on stayi@wafigurations for which
we are sure to have a reference solution at our disposal andvifhich we can obtain firm
conclusions about the capabilities of the various appresich

In Section 3, we present the chosen test configuration, wikiehself-similar 2D axisym-
metrical decelerating nozzle and sprays with two inletriigtions: a smooth monomodal
function and Dirac delta functions. We also discuss in tl#taireasons (e.g., significant co-
alescence rates) for the choice of the test cases, and wiyatheparticularly challenging
for the various numerical methods. Finally the Lagrangialves, the numerical subtleties
for obtaining the associated reference solution, as wethasnulti-fluid method are then
presented. In Section 4, we consider the results for thewatest cases including combina-
tions of coalescence, linear evaporation in terms of vol(siree it conserves the number of
droplets and thereby eliminates the need to model the eaipeflux) and the usual non-
linear evaporation law (for which the evaporative flux mustbodeled.) We present results
for the most difficult test cases, designed to highlight thallenges one would encounter in
more realistic cases. The results are compared to a retesaation obtained through a La-
grangian stochastic algorithm [17]. The advantages anidaiions of the Eulerian methods
are then analyzed in detail in terms of precision and effeyeh is shown that the DQMOM
method offers very interesting features in a number of sitna (e.g., strongly coalescing



droplets), and is a good candidate for more complex configurs

2 DQMOM for Williams equation

The Williams transport equation [37] for the joint volumelacity number density function

flo,u;x,t)is
Ohf+u-O0xf+ 0, (Rof) +0u- (Ff) =T, (1)

where R, is the evaporation ratdy is the drag force acting on the droplet, ands the
coalescence term. Note that specific forms for the evaporaite and drag law are not
required for DQMOM. However, in this work we will consider @wvay coupling with a
given gas velocity that appears i Using standard assumptions [22], we can write the

coalescence term in two parf$= Q_ , + Q. ,, where
coll // ‘u_u | v,V )f(v,u)f(v*,u*)dv* du*v (2)
Q=5 [ [ Blw — ] f, 0 f0,w) (0", ') o' du ©)
0

v° =0 —0v*, u® = (vu —v*u*)/(v —v*), andJ = (v/v°®)? is the Jacobian of the transform
(v,u) — (v°, u®) with fixed (v*, u*). The collision frequency functioB is defined by

B(|Ll - u*|7U7'U*) = Ecoal(|u - 11*|,'U,U*)5(U,'U*)|u - l,l*|, (4)

whereE,., is the coalescence efficiency probability, which, basechupe size of droplets
and the relative velocity, discriminates between rebourtiaalescence, and

v 1/3 Iu* 1/3 2
) = — . 5
Alo,v) W[(zm) +(4w> ®)
For simplicity, we will takeE,.., = 0 (no coalescence) af.,., = 1; however, any other
functional form could be used in the derivation that follokssmore general version of the
spray equation would include the droplet temperature anéeutar composition. For sim-

plicity, we consider only the volume and velocity in this WoFinally note that adding spatial
diffusion terms in Eq. (1) would generate additional term®QMOM [24].

One of the principal mathematical difficulties when devatgpEulerian solvers for Eq. (1)
is the accurate treatment of the coalescence term. Indeedntegral form ofl" leads to
highly non-local and non-linear interactions in volumdeaity phase space. A “direct” Eu-
lerian solver would require discretization of the high-dimsional phase space (in addition
to real space), and would thus be computationally intrdetab contrast, multi-fluid models
discretize only the volume phase space and use the averbgityweonditioned on droplet
size (i.e., the mono-kinetic assumption [21]), while moinerethods (such as DQMOM)
provide closures based on a finite set of moments. BeforeyimgpDQMOM to Eq. (1), we
should note that the coalescence term is defined such thaidiments representing mass and
momentum are conserved:

/pvf‘(v, u)dvdu =0 (6)



and
/pvuf(v, u)dvdu =0, (7)

where the liquid density is assumed to be constant. These conservation propertisoeu
retained in numerical approximations used to treat Eq.4%)wWe shall see is the case with
DQMOM).

The DQMOM approximates the density function by weightedal@linctions in volume-
velocity phase space [11,24]:

f(v,u) = z_:l Wy (v — v,)0(u — uy,) (8)

whered(u — u,) = 0(u1 — u1n)0(ug — uzy)o(us — us,). Note that in this formulation,
the weightsw,, and abscissas)(, u,,) are Eulerian fields. Application of DQMOM results
in closed transport equations for the number density, messity, and momentum density,
respectively, of the form:

at'wn + ax ' (wnun) = Anp, (9)

Oy (wppvy) + Ox - (Wppvauy,) = pby, (10)
and

at (wnpvnun) + ax : (wnpvnunun) = pPCp, (11)

wherea,, b,, andc, are source terms that are found from the right-hand side of(Bq
as described below. These equations can be solved with @ge initial and boundary
conditions to find the fields, (x,¢) and @,(x,t), u,(x,t)) appearing in Eq. (8). Note that
Egs. (9—11) are equivalent to an Eulerian multi-fluid mo@&][ but with the source terms
on the right-hand side determined using DQMOM.

The DQMOM approximation for the moments of the number dgniihction are found
directly from Eq. (8):

N
(Fululub) = /vkullu;”ug (v,u)dvdu = > wyonul ub’ub,. (12)

n=1

The fundamental idea behind DQMOM is that we should choosenirights and abscissas
such that as many moments as possible are determined by themh&ransport equations
found from Eq. (1). Note that there are a total/éfweights, NV volume abscissas, arsdV
velocity abscissas and (equivalentlyy unknown source terms in Egs. (9—11). We will thus
need to chooseN independent moments to determine the source terms. Weatuilir to the
subject of how to choose the moments in Section 2.4. The gusedor using these moments
to find the source terms is described next.



2.1 Space and time derivatives

The space and time derivatives in Eq. (1) generate the q@mnesng terms in Eqgs. (9-11).
These are found by formally inserting Eq. (8), and diffelatirig:

O f +u-0xf = i\f: (v —vp)o(u —uy,) [Oyw, + Ox - (wyw,)]

n=1

N
— Z wn5(1)(v —vp)0(u — uy,) [Opv, + 1y, - Oxvy)

N
— Z wyo(v — vn)é(l)(u —u,) - [0, +u, - Oxu,] (13)

wheresW (1) = dd(v) /dy ands™ (w) is a vector with component§” (1) = 60 (1) (142)5(1)3),

057 () = 3(101)0M) (1h2)d(3), andds? () = 8(11)d(1)2)6™ (1)3). Using the definitions of
the source terms, Eq. (13) can be rewritten as

Of +u-Ouf = z[ 0= v)d(u = uy) + 0,00 (0 0,)3(u — w,)] a

N
=3 [6W (0 = vn)d(u = u,) = v, (v — v,)8Y (1 — ) -y by
n=1
N
— Z v (v — vn)é(l)(u —u,)-c,. (14)

n=1

Note that this expression is linear in the source termsi,, c,).
The next step is to apply the moment transform to Eq. (14)miady, this yields
N
/vkullugbug (Ouf +u-0xf) duvdu= > (1— k)vfu uy uf an,

n=1

k—1,1 m , P
(k —l—m- p)vn ul,nu2,nu3,nbn

+
e

—1 —1 —1
Z ul nu2 nu3 n (lul,ncl,n + mug ,Con + pu3,nc37n) ) (15)

where, unless otherwise noted, the definite integrals al/ef phase space. The next step is
to consider the terms in Eq. (1) that correspond to transpadlume-velocity phase space.

2.2 Phase-space transport

We begin by rewriting Eq. (1) as

Of+u-Okf =P (16)



where the phase-space transport terms are defined by

P=-0,(Rof) = 0u- (Ff)+T. (17)
We can then define the moment transform of the phase-spaxse lbgr

P(k,l,m,p) = / VRl u B P do du. (18)

Note that if the moment®(k, [, m, p) are known, Eq. (15) forms a linear system that can be
solved to find the unknown source terms. We can compute theegdigace moments using
Eq. (17):

Pk, l,m,p) = — / bl [0, (Rof) + O - (FF) — T dodu (19)

As shown next, the integrals on the right-hand side can beesgpd in terms of the weights
and abscissas, and a flux term corresponding to disappeasbdmplets due to evaporation.

Starting with the evaporation term in Eq. (19), we can usegration by parts to find
/OO Uk&v (va) dv = _5kORU<07 u)f(07 u) - /Oo ]{Z’Uk_le(U, u)fdv, (20)
0 0

wheredy, is the Kronecker delta. Using Eqg. (8) in the final integral,fime

/vkullu;”ug b (R, f) dvdu = —5k0¢(t)ulflu?2u§’c3

N
— Z kwnvﬁ_lullmug?nugnRv ('Una un)v (21)
n=1

where(t) is the evaporative flux of droplets at zero size ands the velocity of droplets
with zero volume (which will normally correspond to the fluidlocity). Note that the first
term on the right-hand side of Eq. (21) will be non-zero omy# = 0, and corresponds to
the loss of droplets due to evaporation. A fundamental questhen applying DQMOM to
evaporation problems is how to determing) from the weights and abscissas. The value of
Y (t) corresponds to the value of the number density functionrat giee, and in the case of
thed? evaporation law, it is precisely the value of the number ig@as a function of droplet
surface, which has no reason to be zero in general. Detergiine value of)(¢), a pointwise
information, from the values of moments is clearly a diffi¢akk, for which we will propose
a solution in the next subsection. On the other hand, thenselssm on the right-hand side
of Eq. (21) is non-zero only fok > 0, and appears in closed form.

Turning next to the drag-force term in Eq. (19), we can usegrgtion by parts to find

/ugauj (E;f) du = —/zug.-lpjf du forj=1,2,3. (22)



Thus, the drag-force term becomes

/vkullu2 ubdy - (Ff) dvdu =
o Z wnv ul nu2 nu3 n

[lul_,rlel ('Um un) + mu2_,7le2 ('Una un) + pu?j,rleS('Um un)} . (23)
Note that this term appears in closed form.

Turning now to the coalescence term, we will treat each oftthe partsQ_,, and Q"
separately. The first part yields in a straightforward manne

/Uk%uz u5Qooy dvdu = Z Z Wo WUy s U3, B([wn — ugl, vn, vg). (24)

n=1qg=1

The second part requires a change in the order of integratimha change of variables:

/U h(v,u)B(|u® —u*|,v°,v") f(v°,u®) f(v*",u")J dv*) dvdu*du
0

/OO h(v,u)B(Ju® —u*|,v°,v") f(v°,u®) f(v*",u")J dv> dv* du* du

B(Ju® — u*|,v%,0") f(v°,u®) f(v*,u*) dv* dv® du* du®, (25)

whereh is an arbitrary function of andu. It then follows that

!
1 LA Uy + Vgl
k, 1, m, p k nWln qWl,q
/v wuulQl, dvdu = 3 > > wpwy(vy + vy)

n=1qg=1 Un + Uq

Unlign + Vqting \" ((Unlign + Vgtizg \"
% nU2n q%2,q nt3,n 4734 B(|un - uq|7 Unp,y 'UQ)' (26)
Un, +Uq Un +Uq

Note that the right-hand side of this expression is in cldeeah.

Collecting together all of the terms, the moments appeanmitpe right-hand sides of Egs. (21—



26) become

P(k7 lv map) 5k0?/’( )ufluf2uf3 + Z kwnvk 1ull nu2 nu3 nR ('Un7 un)

n=1

+ Z wovkuy ust b, [lul_’}@Fl (U, W) + Mg, Fa(0n, ) 4 pus,,, F3(vy, un)]

k1 k1
— Uy nu2 nu3n Uy Uy qU‘Z qu3q

B(‘un - u(I‘vvmvl])' (27)

Note that due to the form of the coalescence term, the mornengerve masd{(1,0,0,0) =
0) and momentumA(1,1,0,0) = P(1,0,1,0) = P(1,0,0,1) = 0) when evaporation and
drag are null. Thus, the weights and abscissas in the DQMQisentation will keep the
same conservation properties as the original model (seE0a (1)).

Comparing the terms in Eqgs. (15) and (27), we can note thagwaporation and drag terms
in the DQMOM representation can be solved for explicitlyu$shthe source terms can be
written as

bp = b, + wa Ry (v, Uy), (28)
Cp = CZ + wnunRv(Una un) + wnvnF(Una un)7 (29)

where source terms,, b" andc’ in the transport equations are found by solving the linear
system

N
Z U ul nu2 nu3 nQn + Z(k —l—m— p) 1ull nu2 nu3 nb*
n=1

+ Z Uk 1ull nu2 nu3 n (lul_nlzcin + muiicz,n + pu?:izcg,n) = P*(k7 lv map)v (30)

with the right-hand side given by

N N

* 1
P (kul7map) 5k0wuf1uf2uf3 +5 Z anwq
n=1qg=1
l m P
g [ UnUin + VglUig Uplgn + Uglag UpUgn + UglUzg
(Un + 1)
Up, + Uy Up, + Vg Up, + Vg

k, 1 k, 1

— VU nu2 nu3n Uy Uy qu2 qu3q (|un - uq|vvnavq)~ (31)

The expression for the source terms (Eq. 30) completes theaten of the DQMOM trans-
port equations for the Williams spray equation.

10



In the absence of coalescence, Eq. (31) is particularly Isimifhus, the pure evaporation
case is an interesting limit case for whiel, b’, andc; will be non-zero only if the evap-
orative flux is non-zero. However, the evaporative flux cannot be detexdhby moment
constraints alone (see Section 2.3). If the evaporativeifitassumed to be null, the zero-
order moment will remain unchanged in the absence of caahescas long as some abscissa
crosses the zero size limit and yields a pointwise singuidriafinite flux as in Lagrangian
methods when some parcels reach the zero size limit. Honevementioned in the Introduc-
tion, since there are only a few abscissas that describe diheemt dynamics, such a singular
behavior is not ideal for smooth number density functionisereas it is the correct one if the
number density function is a sum of Dirac delta function frithie beginning as in the bimodal
case that will be studied later). Consequently we need doaian of this flux function that
guarantees a smooth flux as a function of time for smoothiloigion functions. Even when
coalescence is included, the moments may be poorly estinfatee evaporative flux is ne-
glected. An example of such behavior can be found in the wbMdassa [29] where the
droplet size distribution is presumed to be log-normal ahéne the evaporative flux at zero
size is neglected, leading to numerical difficulties and argwediction of the second mo-
ment. Thus, we will use a separate procedure, describedto@qproximate the contribution
due to the evaporative flux that yields a continuous in time, fis well as a guarantee that
the abscissas never cross the zero size limit.

2.3 Evaporative flux

The source terms cannot be computed directly from the moowrdtraints in Eq. (31) be-
cause the evaporative flux is unknown. We must thereforeyaujulitional (or different) con-
straints to determine all of the unknowns. Considering @vigporation and setting drag and
coalescence to zero in the right-hand side of Eq. (30), waiolthe following linear system:

N N

k, 1 m D k—1,1 m D p*
( - k)vnul,nu2,nu3,na'n + Z(k —l—m— p)vn ul,nu2,nu3,nbn
n=1

=1

3

N

k-1, 1 m P —1 —1 % -1 x
Z Up, ul,nUZ,nUS,n (lul,ncl,n + mu?,nCQ,n + puS,nCS,n)
n=1

+

+ 5k0ulflu7§u?3¢ =0 (32)

with 5N + 1 unknownsa,, b}, c andy. Note that because the right-hand side is null, only
trivial solutions can be found using moment constraints.Wiletherefore introduce ratio
constraints of the form

—(w ) =0, —<U ) =0 and —(u” ) =0,
Dt Wnt1 evap Dt Un+1 evap Dt Ujn+1 evap

which are applied only for the changes due to evaporatiors&ltonstraints are motivated
by the behavior of the weights and abscissas correspondisgfficiently smooth and con-
tinuous density functions. For example, if the surface gifisnction is exponential and the
evaporation rate is proportional to the surface area of pldtrahen the abscissas remain con-
stant and the weights decrease monotonely. On the other fuarsshgular density functions
(e.g., composed of delta functions), the ratio constrairntsexpected to perform poorly. We
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will look more closely at this issue in Section 4.

It can be observed that the choicetof | = m = p = 0 in Eq. (32) leads to

N
P =— Z (. (33)
n=1

Thus, the evaporative flux depends only@@nNote that physically) > 0. Hence, if the value
computed foryy) from Eq. (33) is negative (which is possible for very genenadporation
rates), them,, b, ¢ andy are set equal to zero. However, for the evaporation rataderes
in this paper, it can be shown that the flux will be non-negativ

Conservation of masg (= 1 andl = m = p = 0in Eq. (32)) leads to
> b =0. (34)

Applying the ratio constraint for the abscissas yields

Wni1Vpt1by, —wpvpby = E, forn=1,... N —1; (35)
where the right-hand side is defined by

By = wnns1 [0a Ry (Vns1) — Vg1 By (0n)] - (36)

Note that in order for there to be an evaporative flux, we wilimally haveF, > 0 for

all n (assuming that; < v, < ... < wvy). The case wheré&,, = 0 occurs whenR,(v) is
proportional to—w (i.e., the evaporation rate is proportional to the droptétine). The more
common case wherg, > 0 occurs whenR,(v) is proportional to—v'/? (i.e., the droplet
surface area decreases linearly). In gendalp) o« —v” with v < 1 will lead to positive
E,.. The physical interpretation for this difference is thatfo< 1 the droplets will disappear
due to evaporation in a finite time, while for > 1 the disappearance time is infinite. The
linear system formed from Egs. (34) and (35) can be solvedraggly to findb;.

Conservation of momentumx = 1 andl, m, orp = 1 in Eqg. (32)) leads to

N
> cr=0. (37)

n=1

Likewise, the ratio constraint for each component of theeiy yields
Wit 1Vn+1Wjn+1C5, — WplnUjnCinyy = WinUjnp1 b, forn=1,... N —1. (38)

Together with Eq. (37), this equation can be solved sedgréde each component;j( =
1,2,3)tofindc’.

The ratio constraint for the weights yields— 1 equations for,,:
W1y — Wpaper =0 form=1,... N —1. (39)

Note that this constraint is satisfied by = aw, wherea is unknown. We must therefore
choose one independent moment in Eq. (32) in order to solve.f&inced) andc are
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known, we can rearrange Eq. (32) as

N
l m , P _
Q Z [ Yokt Uy nug n+ 5k0uf1uf2uf3} w, =
n=1
N
—-1,.1 *
Z - l —-—m— p) Uy nu2 nu3nb
n=1
N
k—1,1
+ Z Up Uy nu2 nu3 n (lul ncl n + mu2 nc2 n + pU3 nc3 n) ) (40)
n=1

which can be solved with # 1 to find «. If we choose, for examplé; = 2 andl = m =
p = 0 as the independent moment, then the constraint becomes

N N
a=2Y v,b: /Z viwy, (41)
n=1 n=1

and o depends only on’. However, if we choosé = 2 andl = m = p = 1, then the
constraint becomes

N
* * * *
@ = Up (UsnUuznCy + WinUsnCs, + UtnUonChy, — Uinlan Uz, b))

n=1
N
/ > viuruspusawy, . (42)

n=1

For this choiceg is independent ofi ;. A choice that leads to a fully coupled systentis: 2,
[ =2,m=p=0,which yields

N
o =2 Z UnUinCy, Z v u1 2 Wn (43)

n=1

ork =m = p = 0andl = 1, which yields

N N
= Z ’U;l (ulmb’; — CT,n) Z (ul,n — Uf1> Wy, - (44)
n=1 n=1

Note that wheny,, — 0, we haveu,,, — uy andcj,, — ugbj,; hence, this last constraint
is consistent with this limiting behavior. These choices asymmetric in the velocity com-
ponents, and thus do not treat all components the same. Afigynt” choice with similar
propertiesisc = 2andl = m = p =2o0ork = 0andl = m = p = 1, which lead to a
more complicated constraint. The “best” choice will mokely be problem dependent. In
our test cases, the choices with= 2 give similar results, better than the ones with= 0.
The calculations are thus done with the value@fiven in Eq. (41): this value is the simplest
and can be shown to be non-positive as soofR,a% 0, at least for the cast’ = 2.

In summary, the contribution due to evaporation is estichatefirst solving separate linear
systems fow! andc’. The estimate for,, = aw, is found using an independent moment
constraint from Eq. (40) to find. Finally, the evaporative flux is computed from Eq. (33),
and should be non-negative.ifis negative (or equivalently i is positive), then the con-
tribution due to evaporation is null. The contribution daecbalescence is found by solving
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a linear system of the form of Eq. (30) where the right-hanle $$ given by Eq. (31) with
1 = 0. As described below, the final source terms, (¢, c’) are found simply by adding
together the contributions from the evaporative flux andeszznce.

2.4 DQMOM linear system

The DQMOM representation of Williams spray equation is gig the transport equations
for the weights and abscissas (Egs. (9—11)). The sourcs ferthese equations are found by
solving the linear system as described above. The exactdbthe linear system depends on
the choice of moments. This choice, in turn, will determirteé system is well defined in the
sense that the coefficient matrix is non-singular. A chofomoments that is consistent with
the mono-kinetic assumption used in the multi-fluid modebisonsider only moments of
orders zero and one in the velocity components (i.ex, p € {0, 1}). In this work, in order to
make direct comparisons with the multi-fluid model, we wiithit our consideration to such
moments. In general, this choice of moments should allowHerbest possible description
of droplet coalescence, while at the same time ensuringitbatet mass and momentum are
conserved.

A choice of5 N moments that has been found to be non-singular is

k=(Gi-1)/3 1€{l,...,2N} with I=m=p=0

k=1 1€{1,...,N} with [=1, m=p=0

k=i ie{l,...,N} with m=1, [=p=0

k=1 1€{1,...,N} with p=1, [=m=0. (45)

For N > 2, this choice of moments includes the surface area and thenabf the droplets,
which are important variables for evaporating spray, as astheir momentum. The linear
system can then be written in matrix form (showing only nenezcomponents) as

A ALE B B [a] [P,]
Az Ay b* P,
B, C; Dy ci| =P (46)
B; C, D, c P,
B, C, Do| [e5| [Py

where the matriced ;, B;, C;, D; andE; are allN x N, anda, b* andc] are column vectors
formed from the components,, b;, andc;,,, respectively. In general, the exact definitions of
the other matrices will depend on which constraints are tsddfine the system, i.e., Eq. (30)
or those described in Section 2.3. Nevertheless, the fortheolinear system is the same in
all cases. As noted earlier, the linear system is solvedet@icach time step. First with the
matrices for the evaporative flux without coalescence, (Ag.= B, = C; = 0), and second
with the matrices for coalescence without evaporation, ([E¢ = 0). The unknowns, . . .,

c; are found by adding the two solutions.

As discussed earlier, for the evaporative step the linestesy can be decomposed into five
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N x N systems that can be solved sequentially. Likewise, for tadescence stepandb®
can be found separately by solving & x2N system:

A1 A2 a Pa

_ el (47)
Az Ayl |b* P,
and then each of the vectarscan be found separately:
Djc; =P; - Bja— C;b", (48)

where (for coalescencd); = V is a Vandermonde matrix [31] formed from the volume
abscissas,. Other choices of moments have also been found to be nurtgstable. For
example, another valid choice is

k=(i—1)/3 ie{l,...,2N} with [ =m=p=0
k=(2i-1)/3 i€{l,...,N} with =1, m=p=0
k=(2i—1)/3 ie{l,...,N} with m=1, [=p=0
k=(2i—1)/3 ie{l,...,N} with p=1, l=m=0. (49)

This choice can be found to give more accurate results fotesticases and still includes the
surface area and the volume of the droplets, as well as th@irentum. Thus, it will be used
for the computations in Section 4. We should note that fovamgvalue of/V, the simulation
results found with the moment sets in Eqgs. (45) and (49) weegly identical. The choice
between these two systems was thus made based on ease iohsoiltie linear system.

In general, when moments involving the velocity are limitedirst order, the matrices that
must be inverted will be non-singular as long as the volunseigbas are distinct. The nu-
merical treatment of the singularities associated with(Bd) has been discussed elsewhere
[24]. The coalescence operator will normally force theo remain distinct if they have dis-
tinct velocities. However, if due to initial conditions tvaw more of the volume abscissas are
equal, it suffices to perturbate the valuesgfenough to allow for the coefficient matrix in
Eq. (47) to be invertible. We should also note that for casesidated by coalescence (e.g.,
without evaporation) the volume abscissas grow rapidbglileg to matrices that are more
and more ill-conditioned as the abscissas increase. Thiar,though they are strictly non-
singular, such matrices lead to severe numerical diffiesiltHowever ill-conditioning can be
almost completely alleviated by using iterative improvemsef the linear solver as described
in Section 2.5 of Press et al. [31] after rescaling Eq. (30 Tatter is done by defining pos-
itive scaling factorsy, andu,, and dividing both sides of Eq. (30) byu/"™*?. Note that
the abscissas and unknown source terms are rescaled iniatenhsannery,, — v, /v,

u, — u,/us, a = a, b* = b* /v, andc; — cj/(vsus). The evaporative flux constraints
(Egs. (35), (38) and (40)) can be rescaled in a similar mampnartroducing a positive scaling
factor w, for the weightsw,, — w, /w;. In this work, we use the following scaling factors:
Uy = max, v,, us = max, |u,| andws = Y,, w,. We find that using the scaled variables and
at most three iterative improvements of the linear solverearough to completely eliminate
round-off error in the solution to the DQMOM linear systemoidover, because round-off
error leads to poor performance of the differential equmsiolver, the overall computational
cost using the iterative improvements can be significaeiticed.
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3 Nozzle Test Problem

In order to validate the proposed DQMOM approach for strprglalescing sprays, and to
compare this method to both a reference Lagrangian soligi@oas well as the solution ob-
tained with the multi-fluid model, we need a well-suited f@stblem that is difficult enough
to highlight the limitations of the methods under consitiera For that purpose, we have
chosen for the gas phase a 2D axisymmetrical conical detiglgmozzle, designed in such
a way that it admits, for one-way coupling spray dynamicslfassmilar solution. After pre-
senting the details of this configuration, we will provide et of DQMOM equations to be
solved in this framework. We have selected six represemtédist cases, combining coales-
cence/no coalescence with evaporation/no evaporatioichvere then presented. Next we
give an overview of the Lagrangian solver that provides #ference solution for the various
test cases. Because the problems under consideration défidagt to solve numerically, we
must be very careful as far as this reference solution in@wored and thus we provide the
details of the Lagrangian numerical integration in the fiafione-way coupling with the gas
phase. Finally, before discussing the results in Sectiomedreview the fundamentals of the
Eulerian multi-fluid model for the sake of self-consistentyhe paper.

3.1 Definition of configuration

The chosen configuration is stationary 2D axisymmetricapace and 1D in droplet size.
It is described in detail, along with the Lagrangian solwei22]. Hence, only its essential
characteristics are given here.

A spray of pure heptane fuel is carried by a gaseous mixtuhepfane and nitrogen into a
conical diverging nozzle of axi$)(< z). At the entrance; = z;, 99% of the mass of the
fuel is in the liquid phase, whereas 1% is in the gaseous ma&xithe temperature (400 K) as
well as the composition of the gas mixture (mass fraction3%@for heptane and 97.1% for
nitrogen) is fixed during the entire calculation. The gassitgris then0.871733 mg.cn3,
The influence of the evaporation process on the gas chasdicters not taken into account in
our one-way coupled calculation. It is clear that the evapon process is going to change the
composition of the gas phase and then of the evaporatidh ksvever, we do not attempt to
achieve a fully coupled calculation, but only to compare ways of evaluating the coupling
of the dynamics, evaporation and coalescence of the deofiidtas to be emphasized that it
Is not restrictive in the framework of this study, which isfised on the numerical validation
of Eulerian solvers for the liquid phase under conditionstaing coalescence.

For the problem to be one-dimensional in space, conditionstfaight trajectories are used
and are compatible with the assumption of an incompresgia¢eflow. This leads to the
following expression for the gaseous axial velocityand the reduced radial velocity/r:

_ ZSV(ZO)7 T _U(z) = V) _ 2V g > 2 (50)

22 r z 23

v, = V(z)

wherez, > 0 is the coordinate of the nozzle entrance and the axial \gld¢{z,) at the
entrance is fixed. The trajectories of the droplets are asoraed straight since their injection
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Figure 1. Initial number density functions for droplet nagli Left: Monomodal distribution. Right:
Bimodal distribution.

velocity is co-linear to the one of the gas. This assumpsamiy valid when no coalescence
occurs. However, even in the presence of coalescence,aticsin the neighborhood of the
centerline.

Let us finally consider two droplet distribution functioriie first one, called monomodal,
iIs composed of droplets with radii between 0 and;3B, with a mean radius of 12m,

a variance of 5um and a Sauter mean radius of 1%.6:. It is represented in Fig. 1 and
is typical of the experimental conditions reported in [2Bhe droplets are constituted of
liquid heptane, their initial velocity is the one of the gémir initial temperature, fixed at the
equilibrium temperature 325.4 K (corresponding to an itdisonductivity model), does not
change along the trajectories. The second distributioalisa bimodal since it involves only
two groups of radii, respectively0 and30 microns with equal mass density. This bimodal
distribution function is typical of alumina particles inlgbpropergol rocket boosters [17],
and is represented in Fig. 1.

The initial injected mass density is takenrag = 3.609 mg.cnt 3 so that the volume fraction
occupied by the liquid phase is 0.57%. Because of the dedslerof the gas flow in the
conical nozzle, droplets are going to decelerate, howe\gerate depending on their size and
inertia. This will induce coalescence. The deceleratidgh@aentrance of the nozzle is taken as
a(zg) = —2V (20)/20; it is chosen large enough so that the velocity differencesligped by
the various sizes of droplets is important. We have chogbertarge values, as well as strong
deceleration, leading to extreme cadééz,) = 5m.s !, 2, = 10 cm for the monomodal case
andV(z) = 5 m.s™!, 2o = 5 cm for the bimodal case. These values generate a very strong
coupling between coalescence, evaporation and dropletndigs. These severe conditions
as well as the two types of size distributions make the testsander consideration very
efficient tools for the numerical evaluation of the two Eidarmodels.
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3.2 DQMOM model equations in nozzle configuration

For the nozzle test case, Eqs. (9—11) reduce to a set of oydiifeerential equations (ODES)
defined on the interval € [z, co) for the variablesu,,, vy, 1,(2) = u,./r andg,,(z) = u,:

2w + 0. (WR,) = an, (51)

2w UM + 0, (Wrv€y) = by, (52)
3wWnvp? + 0, (WpVa &) = Con /T, (53)
2w,V Nnén + 0, (wnvngfl) = C.p, (54)

whereu, = £(z) andu, = rn(z) are the axial and radial components of the spray velocity,
respectively. The corresponding fluid velocities are givelg. (50). The terms on the right-
hand side of Eqgs. (52—-54) are given by

b, = b + wp, Ry (vy,), (55)
Crn T = Crp + W Ry (V) + v, Fr (v, m) /7, (56)
Con = Cop + Wi Ry (Vn) + 00 F (U0, ), (57)

where the drag model is

N\ 2/3
.R@mﬂrza(%ﬂ U =), (58)

o\ 2/3
Eg=a(z) (V-9 (59

with o = 1.566 x 107" m?.s7 L.

From the form of the governing equations, it is straightfarvto show that iy, = ¢,/z
at z = zp, then this relation will hold for alt and the droplet trajectories are straight lines.
The system of DQMOM model equations can thus be reduced ¢e thonlinear ODESs for
w! = w,(z/20)?, vn, andg, by eliminating Eq. (53):

0: (wpén) = an, (60)
0. (wivp,&,) = b +w) R, (vy,) (61)
and
A7 2/3
0. (wn€2) = ety + wiaRu(vn) + v, (30) (V=€) ©2)

The terms on the left-hand side represent changes in théntgseagd abscissas due to trans-
port. The terms on the right-hand side represent, resgdgtithe changes due to coalescence,
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evaporation, and drag. The coalescence terms are foundiggo

N

N
—k)ZU’nfé’,Tan Z mb*+mZUk1,T1*

n=1

( )injivjww B([&n = &ql, vn, vg)

n=1q=1
[<vn+vq>’f (u) —vsgz?—vfjgﬂ. (63)

Up + g

Note the presence of the scaling factaes/z)? in the coalescence rate. As discussed in Sec-
tion 2.4, we will use moments given in Eq. (49) that decoupie ®3) into two smaller
systems.

3.3 Test cases

For evaporation, we will consider three cases describenibdi) no evaporationg, = 0),

(i) linear evaporationR®,  v), and (i) non-linear evaporationH, ~ v'/3). For each
case, we will consider two sub-cases: without coalescehigg (= 0) and with coalescence
(Fea = 1). The two evaporation laws correspond to the two casesiteslcin Section 2.3,
for which droplets disappear either in infinite timg,(thus leading to a evaporative flux at
zero size, or in finite timeli{) for which the evaporative flux depends on the structure ef th
number density function in size phase space.

No evaporation

For the special case of no evaporation and no drag, the migghd- sides of Eqs. (52-54) are
null. This special case has an analytical solution wjthw?, and¢,, constant. In the opposite
limit of no evaporation and infinite drag, = V andw? o< (z/29)%.

For non-evaporating droplet&, = 0. In the absence of coalesceneg,= b} = ¢, = 0.
The DQMOM model reduces tg, andw; constant, and

2/3
Gt =a(30) (V-6 (64

This result is consistent with our earlier remark concegrtire cases of zero and infinite drag.
Finally, we should note that even with coalescence the mtumeis conservedi{(=m = 1)

so that)" ¢f, = 0. Thus, we can expeet’¢, to be approximately constant for all values
of drag. For this case we expect excellent agreement bet@\OM and the Lagrangian
solver in the absence of coalescence since the corresgpindirsport equations are identical
(i.e., each DQMOM abscissa behaves like a Lagrangian pgrt@n the other hand, with co-
alescence the droplets grow very large and we expect diifesedue to how the coalescence
term is treated in each method. This test case will, howdeskery difficult for the multi-
fluid model, since it was especially designed to tackle thablem of evaporation. In the
presence of strong growth of droplet size, the number of@esthat must be used in order
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to reproduce the physics with the multi-fluid model will ald@amatically increase. Conse-
quently, this test case will allow us to both test the cajigtilf the DQMOM to capture the
coupling of dynamics and coalescence at low cost in compatsthe Lagrangian solution,
and to see if the multi-fluid model can provide good resulienef it is not competitive in
terms of computational efficiency.

Linear evaporation

For evaporating droplets with linear evaporation, we take
Rv<vn> = _Evvm (65)

with £, = 7.1262 s~! for the monomodal case ard, = 14.2524 s~! for the bimodal case.
For this case, the evaporative fltixs zero. The coalescence terms are again found by solving
Eq. (63). In the absence of coalescence, we have b = ¢, = 0 and the DQMOM model
reduces tav; &, constant, Eq. (64), and

gnazvn = Rv (Un> (66)

Thus the volume,, and velocity¢, are coupled through evaporation and drag, but are inde-
pendent ofw’ in the absence of coalescence. For this case we again expetieat agree-
ment between DQMOM and the Lagrangian solver in the absehceatescence since the
corresponding transport equations are identical. On therdtand, with coalescence there is
a competition between growth and evaporation leading tdlsndroplets than in the non-
evaporating case. This is a very interesting test caseg #ivall allow us to compare both
methods in an evaporative configuration, but without ggtiirio the difficulty of modeling

the droplet disappearance with the DQMOM approach.

Non-linear evaporation

With non-linear evaporation we will use

E 1/3
s 3“") 67)

R =3 (3

with E, = 1.99 x 10~7 m?/s. For this case the evaporative fliwill generally be non-zero,
and is found using the method described in Section 2.3 wijthn place ofw,. However,
we will also compare predictions for the bimodal initialtdilsution found by setting) = 0.
As for the previous cases, we will investigate the effecthef lux model with and without
coalescence. From a practical standpoint, the behavioQDM with non-linear evapora-
tion is of great interest and it is a configuration with whible tomparison of both Eulerian
models will be of practical relevance.

3.4 Reference Lagrangian solution

Euler-Lagrange numerical methods are commonly used focdhmilation of polydisperse
sprays in various application fields (see for example [3@2,28,33,10] and the references
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therein). In this kind of approach, the gas phase is gewyerathputed using a deterministic
Eulerian solver, while the dispersed phase is treated irgeengian way. The influence of the
droplets on the gas flow is taken into account by the preseihseunce terms in the system
of gas conservation equations. Two Lagrangian methods earsé&d as far as the dispersed
phase is concerned depending on the level at which the @iysiocesses are modeled. The
first one is a Discrete Particle Simulation, which descritesevolution of numerical parti-
cles, each one representing one or several droplets. Thsgcphprocesses such as transport,
evaporation, collisions are then described by Liouvillaagns and the Eulerian fields usu-
ally recovered through ensemble averages. However, inrgsept study, we have preferred
the Williams governing equation and thus a statistical deson of the coalescence process.
We then coherently use a Direct Simulation Monte-Carlo mettDSMC), the second kind
of approach. It can be seen as the uncoupling, over a smalldiep, of the droplet transport
in phase space (dynamics and evaporation), described byicgemethod, and the collisions
described by a Monte-Carlo method.

A complete exposition on the derivation and implementatibthis method is outside the
scope of this paper. We refer the reader, for example, t&]27] for more details. Here, for
the sake of completeness, we present only the main featbities noumerical method that we
used in order to provide a “reference numerical solutiomtiie test cases.

Lagrangian solver

The Lagrangian solver can be roughly interpreted as a sstichrapresentation of the kinetic
equation (1). In other words, in the limit of a sufficientlyde number of stochastic parti-
cles and a sufficiently fine computational grid (at least m¢hse of one-way coupling), the
statistical estimates for the moments found from the dagishould converge to those com-
puted from the Eq. (1). In the Lagrangian solver, at each stapk, the droplet distribution
function f(¢*) is approximated by a finite weighted sum of Dirac mas;gété,), which reads

FOE®) = D210 6.kt o (68)
=1

Each weighted Dirac mass is generally called a “parcel” amdbe physically interpreted as
an aggregated number of droplets (the weigh)t located around the same poinf, with
about the same velocity? and about the same volume,. N* denotes the total number of
parcels in the computational domain at timieIn all our calculations, the weightg were
chosen in such a way that each parcel represents the sammeevofliquid (*vF = Const).

Each time step of the particle method is divided in two stagée first is devoted to dis-

cretization of the left-hand side of the kinetic equatio)y (hodeling the motion and evapo-
ration of the droplets. In our code, the new position, vejoand volume of each parcel are
calculated according to the following numerical scheme:

ufb ™t = uf exp(—At/TF) + V(Zf)(l - GXP(—At/Tf)) (69)
ot

dv/R,(v) = At (70)
2P = o L At = 2P ALV (2E) At (uF — V(2F)) exp(—=At/TF) (71)
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whereV denotes the axial gas velocity} (u¥) corresponds to the axial coordinate of the
position (velocity) of the parcelat timet*, R, is the evaporation rate (independent @ind

x since the gas composition and temperature are assumedebinghe domain). Eq. (70) is
resolved analytically and depends on the chosen evaponattmel. For linear evaporation,
it can be written as

vkt = vf exp(—FE,At) (72)

(2

and for non-linear evaporation, it is written as
st — sk — B AL (73)
wheres” is the parcel surface area. The parcel relaxation tifris defined as

2p(rk)?
Tik — p(rz> 7 (74)
g

with ¥ being the parcel radiug,the liquid density ang, the gas viscosity.

In Egs. (69-71), the parcel radial coordinate is not catedl®ecause the trajectories of the
parcels are straight lines. Besides, as mentioned abawénfluence of the droplets on the
gas flow is not taken into account. Hence, Eq. (50) is usedtalede the gas velocity/ (zF),

at the parcel location.

The second stage of a time step is devoted to the discretizafi the collision operator.
Several Monte-Carlo algorithms have been proposed in tamture for the treatment of
droplet collisions [30,18,33,17,34]. They are all insdilgy the methods used in molecular
gas dynamics [4] and, in particular, they suppose that tinepcational domain is divided
into cells, or control volumes, which are small enough tosider that, within them, the
droplet distribution function is almost uniform.

The algorithm used in our reference Lagrangian solver iseclm the one proposed by
O’Rourke. It consists of the following 3 steps (see also fp8more details):

1. For each computational cé€ll;, containing/V; parcels, we choose randomly, with a uni-
form distribution law,N; /2 pairs of parcels(N; — 1)/2 if N, is odd.

2. For each paip, let p; andp, denote the two corresponding parcels with the convention
ny > nq, Wheren; andn, denote the parcel numerical weights. Then for eachypaiithe
cell C;, we choose randomly an integey, according to the Poisson distribution law:

A
Pv) = % exp (—A12),
with (N, — 1A
/rl/ —
)\12 = W%T(Rl + R2)2|U1 — U2|

with vol(C;) being the volume of cell’;, which is proportional tdz;/z)? for the nozzle
test case, anf;, R, being the radii of the parcels, p,. The coefficient\;, represents the
mean number of collision, duringV; — 1) time steps, between a given droplet of payeel
and any droplet of parcel. Note that a given pair of parcels is chosen, on averagey ever
(N; — 1) time steps.
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3. If v, = 0, no collisions occur during this time step between the gangeandp,. Oth-
erwise, ifv, > 0, parcelp; undergoes,, coalescence with parcel and the outcome
of a collision is treated as follows. First the weight of the parcelp, is replaced by
n} = ny — yyny and its other characteristics are left unchanged; I 0, parcelp, is
removed from the calculation. Secondly, the veloaityand the volume, of parcelp, are
replaced by

Valo + VpU1Uy

N~

/
Vg = Vg + VpU1, U
Vg + VpUy

and its weightpn,, is left unchanged.

Let us mention that, for each time step and each control veltim the computational cost

of this algorithm scales lik&)(N;). This is a great advantage compares to the O’Rourke
method, which scales lik&(N?%). Another algorithm, with the same scaling features, has
been introduced by Schmidt and Rutland in [34].

To obtain good accuracy, the time stéy,, must be chosen small enough to ensure that the
number of collisions between two given parcelsandp,, is such that for almost every time:
vpyne < ny. The average value of, being\;,, this constraint is equivalent to the condition

noN ;AL
%W(Rl + R2)2|U1 — UQ‘ < 1. (75)

For the nozzle test case described above, this constradlseto be less restrictive than the
“CFL” condition

Vi=1,...N
? ) Y AZ

<1, (76)

with Az being the mesh size. This condition is necessary to commataaely the droplet
movement and in particular to avoid that a parcel goes thrgegeral control volumes during
the same time step. This is essential in order to have a ggudsentation of the droplet
distribution function in each mesh cell.

Reference solution

The Lagrangian solver just described is used to provideert® solutions in stationary cases
with and without coalescence. In order to obtain a convesggdtion, particular attention
must be devoted to the choice of the number of parcels, tieeddithe cells, and the time
step.

For cases without coalescence, the computational cellsrdyeused to have spatially av-
eraged quantities to compare with Eulerian results. Maeahe stationary aspect of the
problem allows averaging in time in order to obtain smoothutsans. For these reasons,
the conditions on the number of parcels and on the size ofdhguatational cells are not
very restrictive in the absence of coalescence. The tingeistenly limited by the CFL-like

condition (76) needed for the convergence, with a low valins last condition is the most
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restrictive since the scheme used for the transport of thiecles is first order. For our test
cases, the time step must b&° s or smaller.

distribution | evaporation| No. of parcels| No. of parcels inj./s

monomodal linear 41,560 100,000
monomodal| nonlinear 20,440 1,000,000
bimodal nonlinear 6,320 200,000

Table 1
Number of parcels for the Lagrangian simulations for theesagithout coalescence.

distribution | evaporation| No. of parcels| No. of parcels inj./s min. No. of
parcels /cell
monomodal linear 160,000 200,000 40
bimodal linear 126,000 560,000 50
monomodal| nonlinear 35,000 1,300,000 260
monomodal no 44,200 300,000 65

Table 2
Number of parcels for the Lagrangian simulations for thesagith coalescence.

For cases with coalescence, there are additional restrctFirst, the algorithm used for co-
alescence assumes that the droplet distribution functidheospray is nearly uniform over
each computational cell. However, in the region with higadyents of the gas velocity, that
is to say at the entrance of the nozzle, this distribution damnge quickly and the size of
the cells must be small enough to avoid numerical errors elghar, in order to properly de-
scribe the coalescence phenomenon in each cell with thaagtc algorithm, a sufficient
number of parcels must be present in each cell, typicallyhenarder of 50, with a mini-
mum of 20 [1]. The smaller are the cells, the larger must bentiraber of parcels in the
computational domain. The required size of the cells isuatad for the case where the size
distribution changes the most rapidly (the case withoupexation). We then employ a non-
uniform space discretization with 130 cells, with smallelixnear the entrance of the nozzle
defined using a uniform discretization for the variablé®. The number of parcels injected
per second is given in Tables 1 and 2.

3.5 Eulerian multi-fluid solver

Eulerian multi-fluid methods were developed as an alteradt Lagrangian methods for
the simulation of polydisperse evaporating sprays. A ceteptierivation of such methods
from the kinetic model is performed in [21] for dilute spragsd in [22] for sprays with
coalescence. The principle of the method is quite diffetkah the one used in DQMOM.
Indeed, it can be considered as a finite-volume discrebizati the droplet size phase space
for moments of orded and1 of the velocity distribution conditioned on size.
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In laminar flows, it can be proven rigorously that it is suici to work with only these two
moments as long as the velocity distribution conditionedimplet size is mono-kinetic [7,8]
(i.e. all droplets with the same volume have identical viles so that the size-conditioned
velocity variance is null.) By construction, the nozzlet igblem will be mono-kinetic for
non-coalescing droplets. However, with coalescence ttenditioned velocity variance
can be nonzero. Comparisons between the Lagrangian andaulesults in the presence of
coalescence will therefore allow us to quantify the magtetaf the error caused by invoking
the mono-kinetic assumption in the Eulerian models. (Récat the choice of moments used
in the DQMOM linear system is equivalent to the mono-kinessumption in the multi-fluid
model.) In this section, we provide only the main points @& trerivation of the multi-fluid
model, as well as the underlying assumptions that are ighpéiad the resulting system of
equations that will be solved.

The first step consists of writing equations for the two mota@mvelocity. This leads to the
closed semi-kinetic model if the following assumption isde@oncerning the structure ff
f(v,u;x,t) = n(v;x,t)d(u — u(v;x,t)). In other words, the droplet velocity conditioned
on the size is assumed to be Dirac delta function. In the chseamalescing spray, the
compatibility of such a condition with droplet coalesceiar from obvious; however, the
semi-kinetic system of conservation equations can be dxdabdy using an asymptotic limit
as presented in [22].

The second step consists of discretizing) in sectiongv¥ ), ) and in integrating the
semi-kinetic model over each section. This leads to a nfluit-model (by using a presumed
distributions ) (v) in each section), thereby yielding a conservation equatiothe moment
associated with the mass density

(@) )
n(v;x,t) = mY(x,t)sY (v) where /(‘ ) v (v)dv = 1.
v\~
In addition, only the averaged velocity is considered irhestion, i.eti(v; x, t) = ul) (x, t)
if vU=Y < v <2, The resulting system can be found in [22]. It can be rewritted sim-
plified in the stationary, self-similar, 2D axisymmetricainfiguration we are considering.

The resulting set of equations is

u, )

2m ) + 0.(mDy, ) = —(BY) 4 EZYymW) 4 EUTDmU+0) 4 o) (77)

z

() w0\ () (, ()2
2mY + 0,(mVY (u,V)*) =
VA

— (BY + EWYmWy, 0 4 U Dy GHD) 4 @) &) 4 00)

muz

(78)

wherew,) is the axial velocity, which only depends anandru.")/z is the radial ve-
locity, since the trajectories are straight lines. Morepvg” and £Y are the “classical”
pre-calculated vaporization coefficients [13,21]:

(@)

EY = —pot=) Ry (vU D) kD (u0-D) and EY = — / p Ry(v) k9 (v) do,

v(@—1)
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andFY) (v u,9)) is the axial component of the “classical” pre-calculateabdiorce [13,21]:

o o v kW) (v)dv o2
FY =/ pv Fo(v,u,9) kD (v)dv where o) = |22 .
: w(i=1) BT u D) dv

) :
Yty 13 kU (v) d

The source terms associated with coalescence phenometih@mrass and momentum equa-
tion, respectively, of thgth section read

N 70
O = = 3OV Qe+ 5 m I mi Voo (@5 + Q1) (79)

muz

N
CY). = —mDu, 9 3" mBEVQ;
k=1

70)
< *
+ 2 mIm iV
i=1

: (uz(oji)Q;i + uz(o;i)Q;%i) . (80)
whereVj;, = |u.%) — u.™]| and the collision integral® ., Q¢; andQ;; do not depend on.
The disappearance integré)s; are evaluated on rectangular domalngs = [0V~ v)] x
[v*=1 v, whereas the appearance integrg)$, and Q3;, are evaluated on the diagonal
stripsD?* = {(v°, v*), 00 <v° +v* < v}/ UYL, Ly, which are symmetric strips with
respect to the axis® = v*. These stripg):* are divided into domains, denoted Bf; and
the symmetric oneX?/™, where the velocity of the partners is constant. The domaips
and X" are the intersection abs* with Ly, k > [, and Ly, k < [, respectively; their
index is denoted < [1, 1¥)] and we define two pointers that indicate the collision pastne
for coalescence, at fixedoj; = k ando}; = [.

The coefficients used in the model, either for the vaporapirocess or the drag fora}é”,
EY) and F©, j = [1,N] in Egs. (77-78), or for the coalesceneg;,, j = [1,N],k =
LNk # j, Q% Qi j = [2,N],i = [1,19] in Egs. (79-80) can be pre-evaluated from
the choice ofs\) in each section. The algorithms for the evaluation of thisfiicients are
provided in [22]. The distribution function is chosen cardtas a function of the radius in the
sections 1 taV and exponentially decreasing as a function of the surfatieeimast section,

as done in [22].

Because only the one-way coupled equations are solved and #ie structure of the gas
velocity field is prescribed and stationary, we only havedivesthe 1D ordinary differential
Eqgs. (77,78) for each section. The problem is then reducétetotegration of a stiff initial
value problem from the inlet where the droplets are injeated the point where 99.9% of the
mass has evaporated. The integration is performed usind)ESOr stiff ordinary differential
equations from the ODEPACK library [16]. It is based on BDFthoels [14] (Backward
Differentiation Formulae) where the space step is evatbiateeach iteration, given relative
and absolute error tolerances [16]. The relative toleraftzethe solutions presented in the
following, are taken to b&0~*, and the absolute tolerance are related to the initial amoun
of mass in the various sections, since it can vary of seveddre of magnitude. Repeated
calculations with smaller tolerances have proved to p®esksentially the same solutions.
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4 Results and Discussion

Simulations for the cases presented in the previous sewatéve carried out with the La-

grangian method, the multi-fluid model, and DQMOM. Excepttfte cases without evap-
oration for which the multi-fluid method is not well suited (equires a large humber of
sections and is only presented for comparison purposesk tkerian methods were solved
using a initial-value solver for ODEs and required very slscomputational times (i.e., CPU

secs) on a desktop computer. It is interesting to note thieicase without evaporation, the
small computational cost still holds for the DQMOM approach

In contrast, the time- and-dependent Lagrangian simulations required several CBWoinr
each case. Because the DQMOM and multi-fluid results do nurt on time, it is not ap-
propriate to compare the computing times directly. Newades, it will generally be the case
that using Eulerian methods will result in a substantiabgn in the computing time for
solving the spray equation. Such a statement was studiedaiiglin [22] for unsteady calcu-
lations and the conclusions drawn from that paper are aggido the two Eulerian methods
presented here. Thus, the principal open question is whethet the DQMOM results are
of comparable accuracy to the multi-fluid model and to theerawstly Lagrangian simu-
lations. We will compare predictions for selected statstrom the three solution methods
in order to answer this question. For the monomodal didiobuand DQMOM resolution,
several initial conditions will be used in the following aregresented in Table 3.

Monomodal distribution
Vol. moments,N=4 | Rad. momentsN=4 | Rad. momentsN=6 | Rad. momentsN=8

n | wp/No ™, wn/No T wp/No ™ wp/No ™

1| 0.7323 9.9955| 0.1845 4.4079| 8.5573E-2 3.3423| 4.6445E-2 2.8465
2| 0.2545 18.5282 0.5397 11.0409 0.2779 7.5262| 0.1488 5.5373
3 | 1.288E-2 27.5630 0.2635  18.2840 5.5339E-2 12.9743 0.3089 9.6916
4 | 2.279E-4 36.0142 1.212E-2 28.3910 4.9778E-3 18.8823 0.3438 14.2697
5 3.1137E-4 26.3693 0.12931  19.2984
6 1.6671E-5 34.7171 2.0905E-2 25.286¢
7 1.6982E-3 31.5808
8 6.5627E-5 37.5149

Table 3

Initial conditions for weights and abscissas found using@N

The representative moments used to compare the threessofnéthods are the number den-
sity mg, the mass density:,, the average axial velocity difference between dropletstha
gas phase,, and the Sauter mean radits. They are defined by

mo :/f(v,u) dv du, my :/pvf(v,u) dv du,
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[ pvu, f(v,u)dvdu 13 Jvf(v,u)dvdu
my V) 32 ( 7T/3) j ’U2/3f(’U’ u) d’U du
With the DQMOM approach, these quantities are written

Uq

N N
Mo =Y Wn,  M1= Y WypUy,

N
1/3 2n=1 WnUn_

N 2/3°
> n—1 WnUn

N
Ug = Z WU (& — V) /ma, r3s = (47/3)
n=1
And with the multi-fluid method, they are

N @) ' N '
mo =y mt /(j—l) £ (v)dv, my =3 m",
J=1 v

N 0) )
1/3 >, mV) i ve (v)dv

N ) i v2R0) (v)do’

N
Ug = Zm(j)(uz(j) —V)/ma, r3s = (47/3)
=1

Note that in practical applications, the mass density isyagkntity because it represents the
total mass of liquid contained in the droplets. In the notz#t case, the rate of coalescence is
strongly dependent on the velocity difference betweenldtepwhich we find to be strongly
correlated with the average axial velocity difference ded, ifu, is not accurately captured,
then we find that the predictions for all moments will degradeordingly. In addition to the
moments, we will also compare the mean droplet velocity ¢t@reed on the radiusgu, |r) at
selected downstream locations, as well as the mass distribfiunction (v f). For the DQ-
MOM, the scaled weights will be used to represent the masshiison function. Obviously,
since the sum of the weights equals the area under the masisiudion function, the absolute
value of the heights of the scaled weights is arbitrary. Kixedess, the relative heights and
the locations provide insight into how well the quadratuoéngs represent the distribution
function.

We should note that for the monomodal cases without coates¢éhe results with no evap-
oration were essentially identical for all three solutioathods. The results presented below
for the monomodal case with linear evaporation are reptasea of the quality of the pre-
dictions for all cases without coalescence and no evapordtikewise, for the bimodal case
without coalescence and with linear or no evaporation, DQMED the Lagrangian method
were essentially identical. The multi-fluid method alsolgéel very good results for these
cases if the number of sections was chosen large enoughigataithe numerical diffusion
in the size phase space associated to the description afr@tegm that leads to broadening of
the peaks. Nonetheless, because none of these casesdamalsanticipated problems for
any of the simulation methods, we will not discuss them fertinstead, we will primarily
focus on cases that present particular challenges to onemr o the solution methods.

4.1 Monomodal case: linear evaporation without coaleseenc

We begin with a representative case where all three solatiethods yield essentially iden-
tical results for all statistics. As noted in the discussadrthe methods, for linear evap-
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Figure 2. Monomodal case with linear evaporatiét) (= 7.126v). Top left: mass density. Top right:
velocity difference. Bottom left: mass distribution fuinet (= = 16 cm). Bottom right: conditional
velocity (z = 16 cm).

oration without coalescence the DQMOM equation for eachengdhe same as the La-
grangian model. Thus, the only difference between the tviatison methods is that the La-
grangian method uses many more particles to represent thg than the DQMOM method
(N = 4). For the monomodal distribution, the multi-fluid model da®t require many sec-
tions (V = 10) to accurately capture cases with linear evaporation witlboalescence. The
simulation results for the three methods are shown in Fii.can be observed that the mass
density and velocity difference predicted by the three m@shtare nearly identical. From the
plot of the mass distribution function at= 16 cm, we can see that the multi-fluid model
with ten sections does a good job of capturing the Lagrangiaas distribution function.
Likewise, the DQMOM weights and abscissas follow the gdr&nape of the Lagrangian
mass distribution function. Finally, for the conditionadlecity (u.|r) we see that all three
methods produce the same curve. We should note that for wétbesit coalescence the La-
grangian simulations predict essentially no velocity disppon about the conditional value.
In other words, conditional velocity fluctuations definedb) = ((u, — (u.|r))?|r)/? are
null. This is exactly one of the necessary conditions evokbdn deriving the multi-fluid
model, which would explain why its predictions for this case in excellent agreement with
the Lagrangian method.

4.2 Monomodal case: nonlinear evaporation without coatese

Cases with nonlinear evaporation result in a loss of dreptefinite time, which translates
into a nonzero flux)(t) in DQMOM. For the monomodal case without coalescence, we
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expect the flux term to be a smooth functiontpfand thus it cannot be neglected. In the
multi-fluid model, the flux is computed directly from the sleagf the first section (i.e., the
section near the origin) and does not yield any difficulty.

In our multi-fluid simulations, we use the “optimal” choicésections withV = 12 shown

in Fig. 3 [23]. Obviously, a finer discretization (largéf) could be used in the multi-fluid
model to attain closer agreement with the Lagrangian methodthis would increase the
computational cost. Note that the first section is repre&gthy a constant slope, which cor-
responds to a constant flux level at each time step. For the ORIMve useN = 4 and
the evaporative flux is computed using the ratio constraiiteduced in Section 2.3. It can
be noticed that the increase &f do not imply an increase of the number of conserved mo-
ments during the evaporation step since the number of ratistraints is also increasing in
the same way. The value &f is then conditioned by the capacity of the method to folloas th
dynamics of droplets of different sizes. Representatigalts for the three solution methods
are shown in Fig. 4. In general, all three methods producegsietilar predictions. From the
number density, we can observe that DQMOM with the ratio trairgs does a good job of
predicting the loss of droplets due to evaporation. Likewike mass densities found from all
methods are very close. We should note thatfor 20 cm the number of remaining droplets
is very small and the statistics computed from the Lagrangiathod are subject to statistical
errors. Comparing the Sauter mean radii predicted by tleethmethods, we can observe that
the agreement is generally satisfactory up:te= 20 cm. The DQMOM shows the largest
deviation from the Lagrangian method at= 20 cm due to errors in the flux model, but
the agreement is still acceptable. The differences in theeBanean radius are reflected in
the predictions of the velocity difference. In general,plets with a larger radius will have
a higher velocity difference. Thus, we see that initiallg ®auter mean radius predicted by
DQMOM is larger than that from the Lagrangian method, résglin a slightly higher ve-
locity difference at: = 12 cm. Later on £ > 15 cm) this trend is reversed. Finally, we can
note that neglecting the flux in DQMOM vyields poor predicgaf number density since we
can observe the artificial jumps in the number density rdladehe singular fluxes associated
to one abscissa crossing the zero size limit, as well as ttibatsig dynamics of the Sauter
mean radius for this case.
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Figure 4. Monomodal case with nonlinear evaporation. Tdp freimber density. Top right: mass
density. Bottom left: Sauter mean radius. Bottom rightoedy difference.

4.3 Bimodal case: nonlinear evaporation without coaleseen

By changing from the monomodal to the bimodal distributie, change the nature of the
initial distribution function and thus the nature of the renmal difficulties. For the multi-fluid
model, the bimodal case is difficult because a relativelygdarumber of sections\( = 30)

is needed to capture the two peaks with acceptable numdiftiadion. The use of a second-
order method developed in [20] would reduce this number ¢or@a 10; however, it would
still be difficult to describe Dirac delta function by a finielume approximation. On the
other hand, this case is “optimal” for DQMOM because only {6 = 2) abscissas are
required (one for each peak) and the flux is null, expect whpeak passes the origin. In
Fig. 5 results from the three simulation methods are showehitais clear that DQMOM
performs extremely well for this case by setting= 0. For example, the number density
function shows step changeszat 7.2 cm and13.8 cm (i.e., when a peak passes the origin),
and DQMOM exactly reproduces this behavior. With= 30, the multi-fluid model does
a good job of predicting the mass density. However, from tloéspf number density and
Sauter mean radius, we can observe the negative effectsradriaal diffusion, which tends
to smooth out the peaks in the distribution (the method has lsown to be first order
in the droplet size discretization step in [20], where songhér-order methods have been
proposed). Nevertheless, all three methods yield reasompaedictions for all of the cases
without coalescence. We should note, however, that for rmomgplicated initial distributions
(e.g., delta functions combined with smooth functions)c#geng the evaporative flux in
DQMOM may be problematic.
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4.4 Monomodal case: linear evaporation with coalescence

We now turn to the more difficult cases that include coaleseeAs mentioned earlier, the
coalescence of droplets with different volumes (and vélkeg) will lead to velocity disper-
sion /() > 0). Physically, this implies that two droplets with the sanodune will have a
nonzero probability of colliding (due to the difference ielacity). Thus, the rate of coales-
cence when/(r) > 0 will be larger than when/(r) = 0. Numerical approximations (such
as the multi-fluid model) that assumér) = 0 should therefore predict smaller droplets than
the Lagrangian method. In Fig. 6 we present results for treetmethods for linear evapora-
tion (x» = 0) with coalescence. ¢ From the velocity difference we caemieshat coalescence
leads to a slower relaxation to the gas velocity due to foionaif larger droplets than without
coalescence. Note that in general all three methods pr&didar results for the velocity dif-
ference. However, due the differences in the predictiontk@thape of the mass distribution
function, the multi-fluid model predicts slightly slowedagation and the DQMOM slightly
faster than is found with the Lagrangian method. Compariitlg ig. 1, we can observe that
coalescence leads to much larger droplets than are prestat initial distribution function.
In general, the multi-fluid model predicts a slightly largember of droplets abow&) ym
than the Lagrangian method. Nevertheless, the predicsiens reasonably good agreement.
The predictions for the conditional velocity,|r) are also good. Finally, note that we used
N = 6 with DQMOM, the reason for which will be discussed for a moiiacllt case in
Section 4.7.
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4.5 Bimodal case: linear evaporation with coalescence

We now consider a more difficult case where the initial disttion is bimodal. As discussed
previously, the peaks in the distribution are difficult teaslve accurately in the multi-fluid
model with a limited number of sections . When combined widhlescence, this has impor-
tant consequences because numerical diffusion can lequlitmss coalescence of droplets
with slightly different volumes (and hence velocities) dserved in [22]. For example, with
the bimodal distribution with droplets of radi) and30 xm, coalescence cannot produce
droplets below80 m. However, spurious coalescence between droplets ofmmadiil0 ;m
leads to droplets in the range bel@w m. We overcome this difficultly by using a large
number of sections = 500) in the multi-fluid model. This number could also be reduced
by using a second-order method for the evaporation sucheasrté of [20] but this is not
the point we want to make with this configuration. Note that $hme problem arises in the
Lagrangian method when the spatial cell siveis too large. While DQMOM does not suffer
from spurious coalescence, the bimodal case is still difficeicause the initially two-peak
distribution will quickly form multiple peaks due to pairise collisions. WithV = 6 in DQ-
MOM, it is at best possible to represent six peaks. Resultthéothree methods are shown in
Fig. 7 where it can be seen that the mass density and the tyetbiference are reasonably
well predicted by the multi-fluid model and DQMOM. From the saaistribution function
at z = 11 cm, the multi-peak structure due to coalescence is quiteayj as is the slight
numerical diffusion in the multi-fluid model (even witki = 500, but this is expected since
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Figure 7. Bimodal case with linear evaporatioR,(~ 14.252v) and coalescence. Top left: mass
density. Top right: velocity difference. Bottom left: madistribution function £ = 11 cm). Bottom
right: conditional velocity £ = 11 cm).

this is a first-order method). Note that DQMOM with = 6 has two abscissas at points cor-
responding to the major peak)(and33 ;m), and the remaining abscissas at points without
major peaks. Comparisons of the conditional velocity preedi by the three methods are also
quite favorable for this difficult case.

4.6 Monomodal case: nonlinear evaporation with coaleseenc

We will now consider the more physically relevant case oflim@ar evaporation. As dis-
cussed earlier, the evaporative flux for this case is nonzereve will need to model it in
DQMOM. Here, we consider two models for (a) ratio constraints and (k) = 0. Because
the initial distribution is monomodal, we might expect thatng ratio constraints is always
a better choice. On the other hand, if coalescence is mubér fdmn evaporation, it might
happen that droplets grow faster than they disappear sthib&vaporative flux is closer to
zero. For the multi-fluid model, we usg = 15 sections. Results for the three methods are
shown in Fig. 8. The number density illustrates the effecthefchoice ofy) in DQMOM.
With ¢ = 0, the number density changes discontinuously whenever secissla passes the
origin. However, DQMOM with ratio constraints yields pretions very similar to the other
two methods. Likewise, the mass density is predicted to Ing sienilar for all three meth-
ods; however, using zero flux with DQMOM is slightly worse €lpredictions for the Sauter
mean radius show opposing trends. In general, the multd-fiodel overpredicts the mean
radius (i.e. predicts too much coalescence), while DQMOMeupredicts it. As before, for
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the DQMOM predictions, the results with the ratio constiaiswre best. The predictions for
the velocity difference follows the same trend. As discdsagehe next example, the differ-
ences observed between the Lagrangian method and the teodfumethods is likely due
to the latter’s inability to capture velocity dispersionoMover, we have usel = 6 with
DQMOM since, as shown in Section 4.7, it is adequate to descdalescence phenomenon
for this particular set of moments.

4.7 Monomodal case: coalescence with no evaporation

In order to highlight the role of coalescence on determitiggevolution of the number den-
sity function, we now consider a case with no evaporationtkis case, droplets will grow
continuously due to coalescence, and velocity dispersitiremhance the collision rate and
lead to even larger droplets. Because the multi-fluid mosle$ dixed sections, it is necessary
to fix the maximum radius &00 pxm with N = 500 in order to capture the largest droplets
atz = 30 cm. In contrast, the abscissas in DQMOM move in phase spaaectuimmodate
growth. Nevertheless, we can anticipate that the numbedssifissas will affect the accuracy
of the DQMOM predictions. In Fig. 10 it can be observed thaewkthe number of moments
increases, the accuracy of the DQMOM solution increases) Bomething almost ignoring
the coalescence phenomenon with= 2 to a saturation of the accuracy for > 8. Indeed,
the accuracy of the DQMOM for the description of the coaleseds related to the accuracy
of the approximation of the coalescence operator by thergiwa@ formula (24) and (26),
which increases withiV. Since the results are quite good and at a low cost (and tkarlin
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system is reasonably well conditioned), we will uSe= 6 for comparisons with the other
two methods.

As mentioned earlier, without coalescence or evaporatilothizze methods predict essen-
tially identical results. In Fig. 9 the results for the pumalescence case are shown. Notice
that the mass density does not decrease to zero becauséstherevaporation; however, it
does change due to transport. From the velocity differeweecan see that the multi-fluid
model and DQMOM overpredict the relaxation rate. As disedgzreviously, this is due to
both methods underpredicting the mean droplet size. Frenmidsss distribution functions at
z = 22 cm, we can observe that the Lagrangian method has more thoyté radii above
80 pm than the multi-fluid model, which is consistent with the ebh®d trend in the velocity
difference. In order to explore the link between velocitypdirsion and coalescence, we have
computed 50% probability intervals for the conditionaloaty. These are defined to be the
values ofv for which the conditional velocity PDF (v|r) is fifty percent of its peak value.
Note that in the absence of velocity dispersjfj|r) is a delta function centered &t.|r),

so the width of the intervals is a measure of dispersion. Rienplot of conditional velocity,
we can note that for large droplets the velocity disperssagignificant. We can also note that
using DQMOM essentially results in points along the cufvgr), i.e., increasingV with
the same choice of moments does not capture the velocitgrdism.
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ence.

5 Conclusions

In this work, we have implemented DQMOM to treat the Williasray equation that de-
scribes evaporation, acceleration and coalescence @ ligaplets in a laminar gas flow. The
derivation of the DQMOM equations was shown to be a stragghtrd task, and resulted in
a linear system for the source terms. The right-hand side®fihear system is non-zero only
in the presence of coalescence or non-linear evaporatlmn cdefficient matrix depends on
the choice of moments used in DQMOM.

We have compared this method, as well as the solution olataritk another Eulerian method:
the multi-fluid model, to the reference solution producedloyassical Lagrangian solver. As
far as coalescence phenomena are concerned, the efficieDEMOM has been shown to
be better than the multi-fluid model due to its limited nuroaridiffusion in the size phase
space, especially for the bimodal distribution functiormwéver, as far as the evaporation
process is concerned, it is comparable to the multi-fluid ehdalt still needs a further study
in order to fully understand how to treat optimally the issiig¢he evaporative flux due to
droplet disappearance. Although this issue has been sedected in the literature on mo-
ment methods, our study illustrates that it has an impog#att on the moment dynamics.

The principal conclusion from this study is that DQMOM is nencally robust and straight-
forward to implement for the Williams spray equation and thaill be a very good candidate
for more complex two-phase combustion applications oneagsue of the evaporative flux
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is further improved.
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