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Exact and approximate solutions of Riemann problems in non-linear
elasticity

P.T. Barton?®, D. Drikakis*?, E. Romenski®', V.A. Titarev®

@ Department of Aerospace Sciences, Cranfield University, Cranfield, Bedfordshire, MK43 0AL, UK

Abstract

Eulerian shock-capturing schemes have advantages for modelling problems involving complex non-linear
wave structures and large deformations in solid media. Various numerical methods now exist for solving
hyperbolic conservation laws that have yet to be applied to non-linear elastic theory. In this paper one such
class of solver is examined based upon characteristic tracing in conjunction with high-order monotonicity
preserving weighted essentially non-oscillatory (MPWENO) reconstruction. Furthermore, a new iterative
method for finding exact solutions of the Riemann problem in non-linear elasticity is presented. Access to
exact solutions enables an assessment of the performance of the numerical techniques with focus on the
resolution of the seven wave structure. The governing model represents a special case of a more general
theory describing additional physics such as material plasticity. The numerical scheme therefore provides a
firm basis for extension to simulate more complex physical phenomena. Comparison of exact and numerical
solutions of one-dimensional initial values problems involving three-dimensional deformations is presented.

Key words: Riemann problem, WENO, solid mechanics, non-linear elasticity

1. Introduction

The Riemann problem is an initial value problem consisting of two uniform conditions where the state
varies discontinuously. Depending on how these uniform states are chosen the Riemann problem for the
equations of non-linear elasticity can result in up to six genuinely non-linear waves propagating away from
a central linearly degenerate contact. Between each wave the state is uniform and hence the wavespeeds are
constant, leading to a self similar profile of up to eight piecewise constant states.

Solution of the Riemann problem has gained significant importance in numerical schemes for systems
of hyperbolic conservation laws. Considering a computational mesh with piecewise constant data stored at
each discrete point, Godunov proposed solving Riemann problems locally at each intercell boundary. What
has now become commonly known as the Godunov method permits numerical computation of more general
Cauchy problems where discontinuities may exist in the solution. For such problems these shock-capturing
schemes are popular since they avoid the need to explicitly include artificial viscosity to ensure convergence
to the correct weak solution.

Here, the interest is in developing Godunov methods for solid media in the Eulerian reference frame.
Although more complicated than Lagrangian schemes, Eulerian formulations are better suited for modelling
problems involving discontinuous waves and large deformations. Several authors have proposed Eulerian
schemes based on solving Riemann problems for solid materials. In [11, 24] approximate one-dimensional
Riemann solvers are presented for two-dimensional deformations. Godunov methods for elastic-plastic media
are demonstrated in [27, 29] for one-dimension, in [28] for two-dimensions, and in [13] for three dimensions.

The application of these numerical tools for solid mechanics is made possible by formulations of the
governing laws as first order hyperbolic systems of conservation laws in the Eulerian reference frame. This
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is as opposed to the more traditional second order systems employed in elasticity. Here, the formulation
proposed by Godunov and Romenski [8] is used, where the state of solid media is governed by conservation
laws for mass, momentum, strain and energy, in conjunction with compatibility constraints (see also [17]).
It should be mentioned that solution of the Riemann problem in non-linear elasticity is a stepping stone
towards developing numerical schemes for elastic-plastic media. Indeed it is shown in [8, 19] that plasticity
can be governed by the addition of higher terms and thus with no change to the Riemann solver employed
for the convective fluxes. Another interesting approach is proposed in [10] where the elastic potential is
modified to obey Von-Mises yield criterion.

In this study the motivation for developing an exact solution to the Riemann problem in non-linear
elasticity is not for use within a numerical scheme, but rather as a tool for validating approximate techniques.
In general, exact solutions of Riemann problems are iterative processes and their use in a numerical scheme
would constitute an expensive overhead. Instead one can find approximate solutions, or solve exactly an
approximation of the governing theory. Indeed in those studies mentioned above the numerical schemes
employ approximate Riemann solvers. Titarev et al. [24] recently studied several approximate solvers for
non-linear elasticity. It was shown that, except in some special circumstances, such approximate methods
are sufficient to obtain high accuracy solutions.

Few authors have considered exact solutions of the Riemann problem in non-linear elasticity. In all
but one of these studies solutions are obtained only for the special case of uniaxial deformations. Garaizar
[6] presents a theoretical evaluation of the equations of elasticity and proposes an algorithm for uniaxial
deformations; however, no numerical results are given. Titarev et al. [24] also solve the Riemann exactly
for uniaxial deformations. Miller [15] proposed an exact iterative method for the solution of the Riemann
problem of arbitrary hyperbolic systems of conservation laws, using the equations of non-linear elasticity as
an example. Here, they appear to be the first to consider exact solutions for three-dimensional deformations.
Their results highlighted large discrepancies between exact and approximated solutions of initial value
problems and stands as an example of the need for exact solutions.

The purpose of the present work is to apply certain well established high—order shock capturing methods
to the augmented one-dimensional equations of non-linear elasticity. The model of Godunov and Romenski
[8] is considered and a characteristic tracing based approximate Riemann solver is extended to consider
three-dimensional deformations, based upon the work in [24]. In comparison to the one-dimensional sys-
tem for two-dimensional deformations, this requires the evaluation of an additional six equations, and an
examination of the eigensystem reveals a total of seven characteristic fields. Similar wave profiles are found
in magnetohydrodynamics (MHD) and in [1] it is shown that improved wave resolution can be achieved
via high—order monotonicity preserving weighted essentially non-oscillatory (MPWENO) reconstruction. In
particular these have benefits for for such problems where slow shocks proceed a faster moving wave, where
the former can otherwise be insufficiently resolved. In order to assess these methods for non-linear elasticity
exact solutions are desirable.

The proposed exact solution method requires systematic evaluation of the solutions across each char-
acteristic wave. It is assumed that the Riemann problem solution comprises a central linearly degenerate
contact wave, with all other waves being genuinly non-linear. In [15], where a similar approach is adopted,
it is reported that these assumptions limit the applicability of the algorithm as a result of certain condi-
tions, such as lack of genuine non-linearity, that can occur for non-linear elastic materials. Analysis of these
conditions is not repeated here, but a discussion of the impact on the range of applicability of the scheme
proposed in this paper is given in Section 3.6. Concisely, as a result of these conditions the present proposed
exact solution proceedure is valid only for cases where all seven waves are distinct.

The rest of the paper proceeds as follows. In Section 2 the governing equations are presented along with
an analysis of the characteristic decomposition. In Section 3 details are given of an exact iterative solution
to the Riemann problem, while Section 4 outlines a numerical scheme. A comparative analysis between
exact and numerical methods using example testcases is presented in Section 5 and finally conclusions are
drawn in Section 6.



O©CO~NOOOTA~AWNPE

2. Governing theory

To describe processes in condensed media in the Eulerian reference frame the model of Godunov and
Romenski [7] (and more recently [8]) is used. Here, the state of a solid is characterised by the elastic
deformation gradient Fj; = Ox;/ Oxo; (where z; and 7o, denote the fixed spatial coordinates and material
coordinates of the unstressed reference state respectively), velocity u;, and entropy S. The complete three
dimensional system forms a hyperbolic system of conservation laws for momentum, strain, and energy. In
Cartesian coordinates

Opu; O (pujup — o)

= 1
8t (9:L‘k 0 ( a)
OpFy; 0 (pFijur — pFrju;)
= 1b
o Dzr 0 (1)
OpE O (pupFE — uioi)
= 1
6'15 + 85% 0 ( C)

Here, p is the density, o the stress, £ = (é" + |ul?/ 2) the total energy, with & the specific internal energy.
Repeated indices denote summation (see Appendix). The system is closed by analytic formulae for the
specific internal energy in terms of the parameters of state

(g):(g)(F117F127“'7F337 S) (2)

Density, temperature and the stress tensor are given by

p = podet|F, 3)
o8
= & 4
2= @
o8
Tij = pFik—aij (5)

where py denotes the density of the initial unstressed medium.
Using (14) it is possible to show that the combination of equations governing the conservation of strain
conserve mass, by means of recovering the continuity equation

Op  Opug

ot " o,

~0. (6)

Further this equation can be used in the development of numerical methods in place of one equation for
deformation gradient in order to provide conservation of mass (see [24]).

It is remarked that using the form of the potential (2) does not guarantee that the stress tensor, Eq. (5),
is symmetric. It is first necessary to discus the frame indifference of the internal energy density. This point
is discussed in detail in [16] where it is shown that in order to satisfy frame indifference the internal energy
must instead be expressed in terms of some symmetric strain tensor. Using for example the Finger tensor
G = F~TF~1, then one might instead have

& = 8(G11, Gia, ..., Gs3, S). (7)

It is shown in [8] that in terms of the Finger strain tensor the Murnaghan formula, Eq. (5), becomes

o0&
Oij PGk Cro (8)

In [8] it is also pointed out that the symmetry of Eq. (8), using (7) still remains unclear, but that this can
easily be established on the grounds that the internal energy density for a hyperelastic isotropic medium is
3
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not an arbitrary function of G but rather depends on the invariants I; = tr(G), I = 3 [(tr(G’))2 —tr(G?)|,
I5 = det|G|.
The equations for deformation gradient satisfy three compatibility constraints
OpFy;
amk

:07 j:172737 (9)

which hold for any time ¢ > 0 if true for the initial data at ¢ = 0. In fact, these constraints are a consequence
of six compatibility conditions for the Lagrangian deformation gradient f = F~! which are derived as follows.
First, consider the evolution equations for f;; (see [8])

dfij
ot

0fij Oup
axk + ftka—xj =0.

+ ug

By introducing the tensor B;; = firby;/ det F', where
_ Ofis  Ofi2 _O0fa  Ofis _Ofia Ofa

bli 27 — 3t — 7
8$3 81’1 ’ 8351 8$2 ’

N 8$2 8$3 ’

one can obtain as a consequence of the above equation for f;;

0B;; 0B;;

=0. 10

8t + Uk 8:1:k ( )

From these results it follows that if B;; = 0 for the initial data, then it holds for any time. Therefore,

because b;; = Fj By det | F| and the tensor Fj is positive defined, the same conclusion can be drawn for

by;. Thus, six compatibility conditions for Lagrangian elastic deformations are obtained:

afmn 8fml

— =0 11

ox; oxy, (11)

If these compatibility conditions hold for initial data, then they hold for any time. Finally, the following
relation can be obtained

ox; oxy,
from which it can be concluded that the three constraints (9) are a consequence of six compatibility con-
straints (12).

The compatibility constraints (9) play an integral part in the necessary characteristic analysis. It is
reported in [26] that for a similar Eulerian formulation of equations for non-linear elastic materials, a
characteristic analysis of the quasi-linear system deduced directly by differentiation of the conservative
equations produces characteristic speeds which are unphysical and leads to spurious eigenvector deficiency.
The conservation laws used in [26] are based upon the inverse of the deformation gradient, f;;, rather than the
present formulation in terms of F;;. Direct reduction of the conservative system (1) too leads to unphysical
wave families. To overcome this, certain derivatives in the quasi-linear equations for Fj; obtained from
Eq. (1b) can be replaced using the constraints (9). An alternative approach which elucidates the necessary
use of the constraints and arrives at the same result is to replace Eq. (1b) with the following modified form
derived in [19]

OpFy;
8:Ek

:pFan'm 7]:172737 12
J

OpFi; L 0 (pFijur — pFrju;)
8t 3xk
where 3; = 0pFy;/Oxy. If deformations are elastic then 5; = 0 for all time if true for the initial conditions,

and Eqgs. (1b) and (13) are equivalent. Direct reduction of Eq. (13) to quasi-linear form gives the following
equations for Fj;

= —uiﬁj, (13)

anJru e —
ot k(?xk4 Y oxn

0. (14)
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which leads to physically correct wavespeeds and a complete set of independent eigenvectors. Thus, equations
for the deformation gradient can be considered in two different equivalent forms: conservative and non-
conservative. The conservative form is used below for studying discontinuous solutions (shock and contact
waves). As a result of the consequences discussed above the non-conservative form, Eq. (14), is used to
obtain eigenfunctions required for the construction of rarefaction waves.

It is remarked that similar modified form of the governing system, Eq. (13), is performed in [13] for the
equations in terms of f;;. Not only is this done for the purpose of obtaining physically correct wavespeeds
for the quasi-linear system, but also with the aim of improving the numerical algorithm. It is indicated that
by performing a numerical discretization of (1) one can expect not to be finding a solution U but instead
some modification of it, say U™°%, as a result of truncation errors. In turn it cannot be guaranteed that
U™e? satisfies the compatibility constraints, which by definition if equal to zero in the initial conditions
should remain equal at all other times. Further it is pointed out that the subsequent effects of errors remain
unresolved in their entirety for equations of this form. It is suggested in [13] that Eq. (13) should instead
be solved, i.e. a single set of transport equations, leaving only the question of whether the solution complies
with the original system (1), (9). Whilst these complications do not arise in the one-dimensional system
studied in this paper, since 0(pFi;)/0t = 0, the methods are developed in the prospect of later application
to multi-dimensional problems, in which case it is likely that these modifications are necessary.

The ensuing numerical methods are derived on the basis of the augmented one-dimensional system
(taking k£ =1 in Egs. (1a),(1c),(13)), which can be written in matrix form as

ou  o0F .
B + 9 Se. (15)
with
pu U1 pU — 0eq 0
pFT€1 0 0
U=| pFTey |, F =] wpFles —uspFle; |, S°= ugaipFTel ,
pFTes u1pFTes — uspFTe; us=pF e
pE uipE — (ou)e;

where e, are the Cartesian unit vectors and M7 denotes the transpose of the vector or tensor M. By
introducing the vector of primitive variables W = (u, FTey, FTey, FTes, S), Eq. (15) can be rewritten as
a quasi-linear system

ow ow
ot + o 0, (16)
with the Jacobian
'UJ1] 7A11 7A12 7A13 *Bl

—FTE11 u1[ 0 0 0
o = —FTE12 0 u1[ 0 0 . (17)

—FTE13 0 0 u1[ 0

0 0 0 0 U1

Here, F;; represents the unit dyads E;; = e; ® eJT, 1 is the identity matrix, and the following coefficients are
defined

1 i 1 7
w107 gy 1001 (18)
7 pOFg, p 0S
If A denotes the wavespeeds then the characteristic polynomial for (17) (|27 — AI| = 0) has the form
(u—N)"det|Q — (u—N)2I| =0,
where (Q is the acoustic tensor ‘
Qij = Al Fy.. (19)
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Due to the hyperbolicity of the system (15), the tensor € is positive definite and thus by defining the
diagonal matrix of positive eigenvalues D = diag (\/)\acl, \/)\GCQ, \/)\acg), with Ages < Aaey < Aaey, and the
orthogonal matrix @, (19) can be rewritten

Q=Q 'D%Q. (20)
The diagonal matrix of eigenvalues is thus given by (assuming the order u; — \/Aue, < U1 — VAgey <o <
. § U1]+ \Y4 Aacl)
A =diag (uiI — D, w1, url, uy, unl + 7D7), (21)
where the permutation matrix 7 is defined as
0 0 1
=\ 0 1 0 |,
1 0 0
with the matrix of left eigenvectors
DQ QAll QA12
0 - (Fi2Bn + Fi3Es) — Eiz — Bz p=(FiaBs1) — Eso
L= 0 0 F—(F13E11) Ei3
0 0 0
7mDQ —TQAM —TQA? (22)
QAls QBI
0 0
7o (Fi2Esy + Fi3Es) — B — Ez3 0
0 1
—TQA —mQB!
Using the assumption that the right eigenvectors are orthonormal to the left (RL = T)
1 ,— _
1 (T 2€ 1? 1 1—2 T 0
3 (F 61) X (61 Qi D~ ) (F 61) X (61 Tl) E>1 — Fso
R = % (FT€1) ® (€§Q1D12§ (FT€1) (62 Tl) — FEsg3
f(rme)) o (f@1p- (FTe)® (4T3)
0 0
0 0 %Qleflﬂ. (23)
(FTel) (61 Tg) elTQ_lBl) FTe —% ((FTel) ® (elTQ_lD_Q)) T
(FTer) ® ( IT) — Exn eI IBY) FTey —% (Ffer) ® (e2Q7'D )7 |,
(FTel) ( ) Ey — Fs3 (6;07131) FT€1 -3 ((FTel) (4 (€§Q71D72)) s
0 1 0
with

Ty =Q ' (A Ey + AV Esp + AP Ess)
T = 0! (A12E31 + A13E22 + A13E33) .

Using these results it is seen that there are seven linear degenerate (r; - Vo, \; = 0, where r; denotes the
i-th column vector of R) waves with equal velocity w1, and six genuinly non-linear (r; - V,,A; # 0) waves
with velocities u;l — D and w1l + D.

Here, the eigenvectors have been written in compact form. Since they play a fundamental role in solving
the Riemann problem both exactly and approximately, and to improve reproducibility, the expanded matrices
are presented in the Appendix. Evaluating the acoustic tensor, (19), analytically is relatively straightforward
but cumbersome, requiring evaluation of a large number of derivatives to formulate the coefficients (18).
Computation of the diagonal matrix D and orthogonal matrix @ is performed numerically using those
methods in [22].

6
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3 53 Contact Wave S4 ,SS S

’ U, Us Us

Ur
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Figure 1: Illustration of the Riemann problem for non-linear elasticity in space-time. The wavespeeds for the six genuinely
non-linear waves are denoted by Sj, 1 < j < 6. Between each wave the state is constant denoted by U;, 1 < j < 6. The states
Uy, and Ug correspond to the initial left and right conditions respectively.

3. Exact Riemann problem solution

In this section an exact iterative method is derived for the solution of the Riemann problem: solutions
of the system (15) subject to the initial conditions

o o UL if $§$0
U(x’to){ Un S z>a0 (24)

where ¢ is the position of the discontinuity in the initial data. Depending on how the initial states in (24)
are chosen the solution of the Riemann problem for non-linear elasticity can consist of up to eight constant
states separated by seven distinct waves. These are from left to right: a longitudinal wave, two tranverse
shear waves, a contact wave, two more shear waves and a further longitudinal wave (Figure 3).
Considering all waves to be distinct, then the solution across each is uniquely determine once one state
either side and the wavespeed are known. To elaborate, given an estimate of the states on the left and right
in the initial data, (24), and also for the intermediate six constant states U;, 1 < j < 6, then the the type
of wave present can be determined by analysing for each the inclination of characteristics
{ (AT < |A7] = shock wave (25)
(AT > A7 = rarefaction wave

Here ) is the respective characteristic speed, whilst & indicates the state from which this is analysed: for any
quantity ¢, ¢ denotes evaluation from the upstream state and ¢~ denotes evaluation from the downstream
state. This notation shall be adopted throughout. The wavespeeds, S;, 1 < j < 6, are determined differently
for either shocks or refractions.

On this basis then, given the wave types and speeds the inner most states either side of the contact
wave (Us and Uy in Figure 3) can be computed. Treating the collective waves to the left and to the right
of the contact independently, the solution across the three waves to the left are first evaluated, and then
likewise for those to the right. The found states must satisfy by definition certain continuity conditions
across the contact. Any residual error then is reflective of errors in the estimates of the wavespeeds. For
each iteration the residual errors can be used to obtain improved estimates of the wavespeeds until some
convergence criteria is satisfied.

It is intuitive to now consider solutions for each of the non-linear waves will, before summarising the
implementation.
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3.1. Contact waves

Consider a discontinuity propagating with velocity 2. For the system (15) the Rankine-Hugoniot rela-
tions connecting the left and right states are given by

U127 = 7], (26)

where for any quantity ¢, [¢] = ¢~ — ¢'. An isolated contact discontinuity is defined by the condition that
the normal velocity component does not change across it

uf =uy = 2.
From (15) and taking into account the compatibility conditions (9), the following equalities are obtained
[U] = [pFTel] = [0'1161] =0. (27)

The inner most states either side of the contact wave, Us and Uy, are uniquely determined by the initial
left and right states in (24), and estimates of the wavespeeds S;, 1 < j < 6. In turn these inner states
should satisfy those continuity conditions (27). Therefore using (27) six non-linear equations can be written
for the six unknown wavespeeds

’U,+(U3) — U_<U4)
He(S1,52,...,5) = _ =0. 28
( 1,02 6) <0’+(U3)61—0' (U4)61 ( )
In general Eq. (28) will not be satisfied by the initial guess, and instead it is expected that |%Z.| > 0.
Therefore (28) can be solved for improved estimates of the wavespeeds using Newton’s method

St =871 —(0%.)0S) " %.. (29)

The six-by-six Jacobian in (29) can be evaluated using perturbations of each wavespeed. A second order
approximation can be written
ORe;  Rei(Sj+€) = Re,(S; —€)
a8; 2

(30)
Experience shows that choosing ¢ = 11076 is sufficient to obtain converged solutions.

3.2. Shock waves
Consider a shock wave propagating with a velocity .. Based upon the Rankine-Hugoniot relations (26)
then
Rs=FUN-FU )-UT-U")=0. (31)
Following the method of solving for the upstream state U™ from the known downstream state U~ and shock
speed ., it is deduced that (31) is a set of non-linear relations in terms of UT. Using Newton’s method
then )
U =U"""—(0%:/0U") " Rs. (32)
If (32) is being solved from the left then ./ = S;, UT = U,_ with Uy = Uy, giving U; = U, 1 < j < 3.
Similarly for the right . = S;, Ut = U;4; with Uy = Ug, giving U; = U, 4 < j <6.

3.8. Rarefaction waves

For rarefaction waves the theory presented in [12] is followed. If r; denotes the j-th column vector in
(23) then across a rarefaction wave
ow ri(W)
o9& (W) - V(W)

where \; (W) < ¢ =a/t < \;(WT) and V,, denotes the gradient operator with respect to components of
the vector of primitive variables, W.

(33)

8
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An important consideration when solving (33) is that the solution is parameterised by the characteristic
evaluated from the upstream state, A\(W ), and solving (33) otherwise would lead to a multi-valued function
[12]. In the solution of the Riemann problem it is assumed that for each genuinely non-linear wave the
corresponding downstream state is known. Solving across rarefaction waves becomes therefore an iterative
process. It is convenient to consider this solution for each side of the contact wave: for waves on the left
solve

Ry =W;_1 —WTH(W;) =0, (34)
and likewise for the right

Ry =W —WHW;) =0, (35)
where in each case W1 (W;) denotes solution of (33) using an estimate of the upstream state W~ = W;.

Similar to (32) for shock waves, Eq. (34) and Eq. (35) can be solved using Newton’s method
Wor =Wt (0%, /oW ) %, (36)

As an initial guess the last known solution of W; can be taken.
Eq. (33) can be integrated using the classical fourth-order Runge-Kutta method. It is necessary in some
cases to subdivide the integral into n parts; experience shows for those testcases here n = 10 is sufficient.
The step size can be taken as A{; = A\;(W;_1) — 5, 1 < j < 3, for the left and AE; = A\j7(Wip1) — S
4 < j <6, for the right. An additional complexity of solving across rarefaction waves is the evaluation of
the right-hand-side of (33). Taking as an example the wave A = u; — \/A4c, , expanding the denominator in
(33) gives
3
e Vi(ur — D) = (Q7'D7Y),, = Z Fij (Q7'D7?)

jym=1

(37)

When computing the diagonalisation of the acoustic tensor, Eq. (20), it is more convenient to do so
numerically rather than derive lengthy expressions for the corresponding third order polynomial. This
omission of closed form solutions for the acoustic wavespeeds means some other approach is required if the
derivatives with respect to deformation in Eq. (37) are to be evaluated analytically. The method in [15]
provides a convenient way to find analytic solutions for each of these terms. Considering the diagonalisation
of the acoustic tensor, Eq. (20), the following equalities are obtained

Ve (QQ7Y) =Vr (QTID?),
Ve(@Q '+AVE (QY) =Vr(Q ") D*+Q 'Vp (D?),
QVr(Q)Q '+ D*QVr (Q7') =QVr (Q71) D>+ IVr (D?),
where V denotes the gradient operator with respect to deformation. Taking only the diagonal components
Vi (Di) = QrmVr (nj) Q5 - (38)

Evaluating derivatives of the acoustic tensor, although rather lengthy, is relatively straightforward.

3.4. Solution proceedure

Here, the implementation is summarised

Step 1: Initialise solution. Given an initial estimate of the piecewise constant states U;, 1 < j < 6, between

each of the non-linear waves, and the initial left and right states U, Ug in (24), one determines the
wave types by assessing the inclination of characteristics (25). Once the wave types are known proceed
to evaluate an initial estimate of the wave speeds S;, 1 < j <6 using S; = . from (31) for a shock,
and S; =X;, 1 <j<3,0rS; =\q7,4<j <6, from (21) for left and right waves respectively in the
case of a rarefaction.
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Step 2: Compute residual errors. Given an estimate of the wavespeeds S;, 1 < j < 6 and the left and right

states Ur, Ug, and knowing the wave types, systematically find the solution U~ across each wave (in
each case the corresponding downstream state U™ is known). Starting with the left hand state Uy,
move upstream solving across each wave for U; = U~, 1 < j < 3, taking Ut = U;_4, with Uy = Uy.
Continue this procedure until a solution is found for the state immediately left of the contact wave
Us. Likewise evaluate upstream starting from the right initial state Ug, where for each wave take
Ut =Ujq1, 1 <j <3, with Uy = Ug, until a solution is found for the state immediately to the right
of the contact wave Us. Thus evaluate the truncation errors, (28), in continuity across the contact
wave.

6

Step 3 Estimate new wavespeeds. If from Step 2 > |%.,| > €, where € is the desired tolerance, then use (29)
i=1

to improve the estimates of the wavespeeds. Evaluate the Jacobian in (29) using small perturbations

of each wavespeed and re-evaluating in each case Step 2. With the new wavespeeds again re-evaluate

6
Step 2 until > | %,

i=1

< € is satisfied.

Experience shows that with a good initial guess the solution will converge in three to four iterations to

6
a tolerance of Y |Z.,| < 1078.
=1

3.5. Provision of the initial guess

The final detail of the exact solution method is the specification of initial estimates of the states U;,
1 <4 < 6. One choice would be to use the linearised solver proposed in the next section. In most cases a
linearised solution is sufficient, but in some special cases will fail (see [24]). In such circumstances one could
instead interpolate a solution from the results of any scheme such as Lax-Friedrich, which approximates
directly the governing model rather than solves exactly an approximation of it, run on a sufficiently fine
grid. Such a method has no knowledge of the characteristic structure and although diffusive (hence the need
for fine meshes, especially where amplitudes of waves or the difference in speeds of adjacent waves is small)
one can be assured that the solution is a faithful representation of the exact solution. The method of solving
the Riemann problem exactly hinges on this ability to obtain a good initial guess of the states either side of
each of the waves in order to determine the wavetypes.

3.6. Limitations of the exact solver

The proposed method of obtaining exact solutions to Riemann problems in non-linear elasticity is limited
to those cases where all waves are distinct as a result of the following assumptions that are made: all waves
are genuinly non-linear except for the central contact wave which is linearly degenerate; the wave type is
determinable by analysing the inclination of characteristics. In [15] conditions are discussed where these
assumptions would cause the method to fail to reach an exact solution. For example it is reported that
for the case where transverse wavespeeds coincide, which for an isotropic hyperelastic material occurs when
the internal energy density resides on the reference hydrostat, there is a lack of genuine non-linearity.
Modifications are proposed in [15] that overcome these difficulties and restore the generality of the scheme.
These modifications have not been implemented in the present study, hence the limitation to cases where all
waves are distinct. The sought solutions cannot therefore be considered general, but do provide adequate
tests for examining certain capabilites of the proposed numerical algorithms discussed next.

4. Numerical scheme

The system (15) is solved numerically using a finite volume discretisation with cell averaged data stored
at the cell centres, denoted by the indices 7. Discretisation of the time derivatives is achieved by re-expressing
(15) as
—Ui(t) = Li(U), (39)

10
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with

j (U(ZL'H_l/Q, t)) — j (U(ZL’i_l/Q, t))
Az ’

where i+ 1/2 denotes cell boundaries and U;(t) is the space average of the solution in the i-th cell at time ¢

Li(U) = — (40)

1 i+1/2

i—1/2

Eq. (39) is integrated using the third-order TVD Runge-Kutta scheme

Uz(l) _ Utn + AtLi(U")
At

U = U+ (LU + L))
At

urtt= ur+ - [Li(U™) + Ly(UW) + 4L, (U®?)]

where n denotes the current iteration. The global timestep is found from

At =CF

L Az
max (|u1| + w/)\acl) ;

where 0 < CFL < 1 is an adjustable scaler parameter used to control the timestep so as to satisfy the
Courant-Friedrichs-Lewy condition.

In the numerical method the convective flux terms in (40) are discretised using the well known method
of Godunov. Therefore solution of a Riemann problem is required at the boundaries of each cell in the
computational mesh. Exact solutions to these problems following the procedure outlined in the preceeding
section, are somewhat complex and expensive. In general one can instead apply an approximate solution
method, such as those described in [25, 4]. Titarev et al. [24] examined the performance of a number of
different approximate Riemann solvers for the equations of non-linear elasticity. They found that a lin-
earised solver based upon characteristic tracing yielded a good balance between accuracy and cost. It also
has the advantage of recognising all waves in the solution and is shown to exceed the ability of some alter-
native upwind methods in resolving delicate features such as contact discontinuities. Although approximate
Riemann solvers based upon linearising the governing equations have well known drawbacks, such as the
production of entropy violating shock waves where there are sonic rarefactions, it is pointed out in [24] that
these conditions are rare in solid media. For all intended purposes a characteristics based method can be
expected to perform well.

4.1. Flux approximation
Consider the non-linear system (16). If it is assumed that the Jacobian &7 is evaluated at some constant

state W such that A = A(/W) consists entlrely of constant coefficients, then in turn the corresponding

eigenvalues and eigenvectors are constant, A = A(W) L= L(W) R= R( ). If 2= LW is defined as the
vector of characteristic variables, then (16) can be rewritten in the decoupled characteristic form

9 9
= <7< .
<6t+)\a)3 0, 1<j<13 (42)

Since, from (42), £; is invariant along the characteristic of slope Xj, the solution for any Cauchy problem
is simply 2;(z,t) = 2; (W(x - Xﬂf)), which gives
W(z,t) = R2(z,1). (43)

In order to maintain high order accuracy it is necessary to reexpress the invariants in terms of conserved
variables. The extension is based upon the ideas in [5, 2] for the compressible Euler equations. The resultant
11
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Riemann solver has also been successfully applied to incompressible fluid dynamics [4, 3]. The derivation here
follows the tensorial approach presented in [20] From (42) the invariants 0.2 = L - OW can be transformed

simply as 8.2 = LC - OU, where C = (6W/ 8U) Partial derivatives of the velocity vector and deformation
tensor can be expressed in terms of partial derivatives of conserved variables according to

1
ou = = (9(pw) — udp), (44)
1
OF = = (0(pF) = Fop). (45)
For entropy (from (2) S = S(&, Fi1, Fia, ..., Fs3))
a8 ag + Z de Fyj. (46)
4,j=1
Using the definition of total energy
d(p&) = O(pE) — u;0(pu); |u| Jp,

n (46) gives

1(dS 1, 5 ds
= - -— — U; 1 —= % ii — Liq . 4
05 = 5 | G @)~ idlpu) + SO0~ 600 + 3 TP — Fydp) (47)
Since density is a function of det|pF|, p?> = det|pF|/po
13
=5 > F;oR;. (48)

ij=1

Partial derivatives with respect to density then in (44), (45) and (47) can be replaced with (48). In matrix
form

21 u®(elF_ ) u®(62F_ )
0 (FTey)® (efF~T)—2I  (FTey) @ (eI F~T)
1 0 Fley) @ (ef F~T) (Ffeg) ® (e F~T) —2I
2 0 Fles) @ (ef F~T) (FTeg) (el F=T)
QQUT —2—— ds felF TT, 762F T,
d& del F del F (49)
U (e3TF_ ) 0
FTe)® (63TF 0
FTey) ® (63TF 0
(FTes) @ (el F~T )721 0
72de§F —ed P Ty -
with s
ds 1., ds
=gzl =)= 2 EF”'
7,j=1
12
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The inverse of (49) is given by

-1 u (el F~T) u® (X F-T)
0 (FT€1) X (G?FfT) — 7T (FTel) ® (egﬂF,T)
c1=20_ ] 0 (F7e2) ® (ef F77) (FTes) @ (D F~T) =1
oW 0 (FT€3) ® (e'{F—T) (FTeg) ® (egF_T)
L 96 rper e S T
v qrr o al (Sluf* +&) arr e F (lul* + &) =
u® (e F~T 0
Fle)® (ed F~T) 0
Fley) ® (ed F~T) 0
(FT€3) ® (GBTF_T) 27 0 .
1
AT TG+ 6) i
Thus the solution in terms of conserved variables becomes

where 2, = C - U.
On a computational mesh these linearised problems are solved at each intercell boundary, i+1/2. Locally
then one is solving exactly an approximation of the non-linear system (15). There is no set way in which

the constant state Wiﬂ /2 should be chosen to evaluate the coefficients. Here, an arithmetic mean of the
adjoining left and right cell centre states is used

— 1
Witi2 = 3 (Wi + Wigq). (52)

A convenient function that achieves the solution (51) is [5]

~ 1 1

Q($i+1/2 - )‘j;i+1/2t) = <§ + 1/’j;i+1/2> QiL-H/Q + (5 - wj;i+1/2) gﬁrl/w (53)

with R
1 Ajiig1y2 ~ —
Yiit1/2 = 5“7/7 Ajsivr/2 = Aj(Wig1/2)
[Ajiit1/2l +€

where QiLH /2 and Qﬁh /2 Tepresent the left and right characteristic states adjacent to the boundary found by
some high-order reconstruction method, and ¢ is a small number to prevent division by zero. Alternatively
by choosing Q1‘L+1/2 = 2(U;) and e@ﬁlﬂ = 2(Ui41) a first order upwind method is recovered.

The found solution (51) can then be used to construct the flux term in (40).

4.2. High-order spatial reconstruction

The outlined characteristic-based flux is used directly to construct high-order finite-volume schemes, in
which the boundary-extrapolated values are obtained from cell averages by means of a high order polynomial
reconstruction. In the present paper state-of-art weighted essentially non-oscillatory (WENO) schemes
of third, fifth and ninth order of spatial accuracy are used. For a detailed description of the WENO
reconstructions and schemes see [9, 1], as well as [14, 23] for applications to turbulence, and the references
therein. Below, a brief description is provided of the most practical fifth-order reconstruction procedure.

For a scalar function ¢(z) the fifth order accurate left boundary extrapolated value ¢f+1 /2 is defined in
terms of cell averaged values ¢; as

¢f+1/2 = Wovp + W11 + wWavy, (54)

13
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where vy, is the extrapolated value obtained from cell averages in the k*® stencil Sy = (i—k,i—k+1,i—k+2)
and wg, k = 1,2, 3, are nonlinear WENO weights given by

(67 3 3 1

Wwg=—7", Qp=——"-">5, 0] =——"—">, Q3=-—"——.
kT3 07 10(8y + )2 YT 58, +e)? 27 10(Bs 4 )2
PRt
=0

Here, a small parameter ¢ is introduced to avoid division by zero, for which a recommended value and that
used here is € = 1076, The expressions for the extrapolated values vj, and smoothness indicators 3; can be
found in [9] and are thus omitted. The right value ¢,ﬁ_1 /2 is obtained by symmetry.

It was found that component-wise reconstruction leads to severe oscillations for those testcases considered
here and, not surprisingly, are much worse than those observed for the Euler equations [18]. Thus, in
practical calculations the outlined scalar reconstruction procedure is carried out in characteristic variables
rather than conservative variables and (54) is applied to each characteristic field. Tt was also found that for
the nonlinear elasticity equations the WENO reconstructions of fifth- and higher-orders may still produce
oscillatory results around particularly steep gradients. To avoid spurious oscillations, the monotonicity
preserving modification of [1] can be used, which is effectively a further limiting step applied to the WENO
extrapolated values. In what follows the j-th order WENO scheme will be referred to as WENO-; and
likewise for the monotonicity preserving WENO scheme MPWENO-j.

5. Examples

Testcases are now provided to compare the numerical schemes against exact solutions. Before pro-
ceeding, the closure relation (2) must be specified. The specific internal energy can be decomposed into
potentials describing the hydrostatic and thermal energy density, % (I3,.5), and the contribution due to
shear deformations # (I, I, I3, S). Thus

EIy, Iy, 13, 8) = % (I3, S) + # (11, I, I3, S). (55)

where I, I, I3 denote the invariants of the chosen strain tensor (see § 2). For all testcases the isotropic
hyperelastic equation of state from [24] is used, where

Ko o
U(13.9) = 55 (13" = 1) + e T3 (exp [S/e] — 1), (56)
and B
W (I, I, I3) = 7015/2(13/3 —I). (57)

Here, the invariants correspond to those of the (symmetric) elastic Finger tensor G = F~TF~!. The
parameters Ko = c3 — (4/3)b3, By = b3 are the squared bulk speed of sound and the squared speed of
the shear wave, respectively, ¢, is heat capacity at constant volume, «, (3, v are constants characterising
nonlinear dependence of sound speeds and temperature on the mass density. Material constants for copper
are given in Table 1.

In the examples below, initial value problems are solved in a computational domain [0 : 1]. The position
of the discontinuity in the initial data [cf. (24)] is 29 = 0.5. Where reference is made to first-order solutions
forward Euler time integration is used along with first-order reconstruction.

14
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Table 1: Equation of state parameters

Parameter Value Units

00 8.93 gcm™ 3

co 4.6 kms~!

Co 3.9-10~* kJg ' K!
To 300 K

bo 2.1 kms™!

« 1.0 -

I] 3.0 -

gl 2.0 _

5.1. Testcase 1

The first testcase considered is similar to the five wave example in [24]. In the present case an additional
degree of shear deformation is added so as to study the full seven wave structure. The initial conditions are

0 098 0 0
U w=1| 05 | kms™!, F=] 002 1 01 |, S=1-10%kJg 'K
1 0 0 1
0 1 0 0
Ur{ u=[ 0 | kms™®, F=|0 1 01|, S=0kJg 'K
0 00 1

The solution comprises three left travelling rarefaction waves, a right travelling contact, and two right
travelling rarefactions led by a right travelling shock wave.

Figure 2 shows various state profiles obtained using the MPWENO-5 scheme with CFL=0.6 and 500
grid points and at time ¢ = 0.6 us. The results are quite satisfactory with no significant over- or under-
shoots. The MPWENO-5 scheme was chosen because for this testcase it provided the best tradeoff between
cost and resolution. Figure 3 shows density profiles using the first order scheme, WENO-3, MPWENO-5
and MPWENO-9 schemes. As expected WENO-3 and MPWENO-5 offer significant improvements on the
first order method. Indeed the small amplitude second transverse waves on both sides of the contact are
indistinguishable using first-order. While the MPWENO-9 scheme improves further the resolution of shock
and contact waves, undershoots at the foot of rarefaction waves become amplified. Relative CPU-times are
given in Table 2.

5.2. Testcase 2

The second testcase is based upon that in [15]. In the original case the initial disturbance causes almost
unnoticeable jumps in some parameters across certain transverse waves. It was found that these jumps can

Table 2: Computation times for testcase 1. Times correspond to total CPU time required to reach a solution time ¢ = 0.6 us,
with CFL=0.6 for WENO and 0.9 for first order. All times are standardised against first order results.

15%-order WENO-3 MPWENO-5 MPWENO-9
CPU Time 1 4.2 5.2 7.2

15
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Figure 2: Comparison of exact (solid line) and numerical (points) solutions of Testcase 1 at a time ¢t = 0.6 us. Numerical
solutions were obtained with a grid spacing Az = 1/500, CFL=0.6, and using the MPWENO 5th.
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Figure 2: (continued)
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Figure 3: Comparison of exact (solid line) and numerical (points) solutions of Testcase 1 at a time ¢ = 0.6 us. Numerical
solutions were obtained with a grid spacing Az = 1/500; (a) first-order space and time with CFL=0.9; (b) WENO-3, (c)
MPWENO-5, (d) MPWENO-9, all with CFL=0.6.

be amplified by using one additional degree of shear deformation. The initial conditions are

2 1 0 0
U, u=[ 0 |kms', F=| —001 095 002 |, S=0kJg 'K
0.1 ~0.015 0 0.9
0 1 0 0
Up{ uw=| —003 | kms™', F=| 0015 095 0 |, S=0kJg 'K!
—0.01 —001 0 09

The solution comprises symmetric left and right travelling wavetypes about the contact wave: a longitudinal
shock followed by a tranverse rarefaction and a transverse shock. The central contact propagates to the
right.

Results were again obtained using MPWENO-5, with CFL=0.6 and 500 grid points, and run to a time
t = 0.6 us. Spurious overshoots occur in those parameters not conserved across the contact wave (Figure 4).
This behaviour was observed in [24] for similarly predominantly impact based testcases and is accountable
to the Riemann solver. All waves and constant states are distinguishable using MPWENO-5 reconstruction
and 500 grid points. It can be shown that the solution converges with decreasing grid spacing (Figure 5).

Resolution of the first shocks and following rarefactions are good on both left and right sides of the
contact. However, the slow transverse shocks are captured within quite a few more cells than the longitudinal
shocks. This has also been observed for slow moving shocks in magnetohydrodynamics by Balsara et al. [1],
where they show that the resolution can be improved using MPWENO-9. While similar improvements can
be obtained in non-linear elasticity (Figure 6) it is found that using MPWENO-9 with CFL=0.6 gives rise
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Figure 4: Comparison of exact (solid line) and numerical (points) solutions of Testcase 2 at time ¢t = 0.6 us. Numerical solutions
were obtained with a grid spacing Az = 1/500, CFL=0.6, and using the 5th order WENO reconstruction scheme.

uy (km/s)

us (km/s)

015 (GPa)

19

1 L
0 L
0 0.2 0.4 0.6 0.8 1
0.1
0.06 —1‘}
0.02 T
-0.02 I I I I )
0.2 0.4 0.6 0.8 1
4 -
2 [
0F
0 0.2 0.4 0.6 0.8 1



O©CO~NOOOTA~AWNPE

013 (GPa)

0,3 (GPa)

Figure 4: (continued)
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Figure 5: Comparison of exact and numerical solutions of Testcase 2 at a time ¢t = 0.6 us for different grid spacings. As before:
CFL=0.6, and using the 5th order WENO reconstruction scheme.

to oscillatory behaviour in the entropy profile. Instead, using CFL=1/3 dampens almost all of these but
doubles the overall cost (CPU-times for Testcase 2 were comparable to those shown in Table 2 for Testcase
1).

6. Summary and Conclusions

The purpose of the present study was to apply existing high—order shock capturing methods to the
governing theory of non-linear elasticity with three-dimensional deformations. Specifically, a characteristic
based approximation of the Riemann problem was proposed, with high—order spatial accuracy achieved
using MPWENO reconstruction and local characteristic decomposition. The methods were developed on the
basis of the augmented one-dimensional system of equations and are easily extendable to multi-dimensions
and have implications for more complex problems involving material plasticity. Associated compatibility
constraints for the augmented system are exactly satisfied regardless of numerical error but may need special
attention in multi-dimensional simulations and require further investigation.

The focus has been on using MPWENO schemes to resolve to a high degree structures where all seven
waves are distinct in initial value problems. For this, exact solutions proved invaluable and were found
using a proposed exact solver. Implementation of the exact solution method is relatively straightforward
and although not entirely general has provided sufficient tests to draw the following conclusions

e Excellent agreement is achieved between numerical and exact results

e The close proximity of transverse waves makes jumps in some properties indistinguishable using first
order methods. High order WENO and MPWENO resolve these well, even using WENO-3.

e Results using high order methods are essentially non-oscillatory. Spurious overshoots occur in the
vicinity of contact waves for variables not conserved across linearly degenerate fields. These are
apparent even with first order methods and remains to be improved.

e The increase in computational cost between first order and WENO-3 with three step time integration
is quite significant. However, high-order schemes can be used to obtain the accuracy required at lower
spatial resolution compared to lower order methods, thereby resulting in reduction of computational
cost. This remains to be further demonstrated through application to multi-dimensional problems.

e MPWENO-5 offers the best tradeoff between accuracy and cost. Ninth order reconstruction lends
further improvement in resolving slow moving shock waves, which are captured in more cells than
longitudinal shocks, but requires lower CFL numbers to achieve monotonic solutions.
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Figure 6: Comparison of exact (solid line) and numerical (points) solutions of Testcase 2 at a time ¢t = 0.6 pus, with a grid
spacing Az = 1/500, using the 9th order WENO reconstruction scheme, with CFL=0.6 (top) and CFL=1/3 (bottom).
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A. Vector and tensor notation

Here some of the vector and tensor notation used throughout this paper is elaborated on. Unless
specified otherwise all indices, using for example i, are assumed to range ¢ = 1,2,3. The following examples
are provided for clarity:

e Assume two vectors a and b then
a1b1 a1b2 a1b3
a® bT = (12b1 a2b2 a2b3 s
a3b1 a3b2 a3b3
aibi = a1b1 + a2b2 + a3b3.
e Assume two three-by-three matrices A and B, then
A Brj = Ain Bij + A Baj + AizBsj,
3
Z AyjBij = A1 By + A1aBig + A13Bi3 + ... + A3z Bss.
ij=1
B. Expanded theory

Here, the expanded matrices of eigenvectors are presented, along with a more detailed description of the
required coefficients. Expanded, the governing system can be written

pu1l pUIUl — 011
puU2 pUU1 — 012
pu3 puzul — 013
prit 0
pFi2 0
) pFlS o 0
Er plo | + Ey pForur — pFriug =0, (58)
pFoo pFoour — pFraus
pFa3 pFo3ur — pFi3usg
pF31 pF31ur — pFrius
pEF3o pF3ou; — pFraug
pEss3 pF33u; — pFizus
pE purE —u1011 — u2012 — U2013

with E = & + (u? + u3 + u3)/2. The left eigenvectors can be written is matrix form as
L= (ly, lg, U3, ls, 15, lg, Iz, I3, lo, 1o, l11, 12, l13)", (59)
where
L =((DQ)11, (DQ)12, (DQ)13, QuiAll, QuiAjy, QuiAjs,
QuAlL, QuAl, QuAj, QuAlLY, QuAl, QuAl, QuB}),

lo =((DQ)21, (DQ)22, (DQ)23, Q2iAH, Q2:ALy, Q2 AL,
Q2 A2, QAL Q2 AlZ, QAR Q2AL, QAL3, QuuB)),
23
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l3 :((DQ)317 (DQ)327 (DQ)337 QS'LAzllla QS'LAZlQla QS'LAZlf}a
Q3 A1z, QAL Q3 ALZ, Q3 AR, QsiAl, QAL Qs:B)),

l4=(0, 0,0, F12/F1;, -1, 0,0, 0, 0, 0, 0, 0, 0),
s =(0, 0, 0, F13/F11, 0, =1, 0, 0, 0, 0, 0, 0, 0),
ls =(0,0,0,0,0,0, Fi2/Fi1, -1, 0, 0, 0, 0, 0),
l7=(0,0,0,0,0,0, Fi3/F11, 0, =1, 0, 0, 0, 0),
Is=(0,0,0,0,0,0,0,0,0, Fia/Fi1, —1, 0, o),
ly=(0,0,0,0,0,0,0,0, 0, Fi3/Fi1, 0, 0),

ll() :(Oa 07 0; 07 0; 07 07 07 07 07 07 07 1)7
lll *((DQ)SI; (DQ)327 (DQ)537 Q31A1117 de 127 Q31A1137

_Q3Z 117 QSI 127 Q3Z 137 _Q?ﬂ 117 _Q?ﬂ 127 Q3Z 137 _Q37,

112 - ((DQ)ZI; (DQ)227 (DQ)237 Q21A1117 QZz 12 ) QZzAllg )
QQz 11 ) Q2z 12 ) QZZ 13 ) Q2z 11 ) Q2z 12 ) Q21A1§’7

lis =((DQ)11, (DQ)12, (DQ)13, Q11A1111» le 3 QllAzlﬁ?)l7
7Q11A11127 le 12 ) le 13 i le 11 ) le 12 ) le 13 )

In a similar fashion the right eigenvectors can be written

where

1 :%((Qlefl)u; (O

T2

T3

R= (Tla r2, 3, T4, I's, Te, I'7, T8, T9, T'10, T11, T12, T13)7

Fi3(Q'D™?)14, F11( a1, Fio

Ip-
Fi1(Q7'D™?)3, F12( D=
rd

%((Q71D71)127 Q1

Fi3(Q1D72)1s, F11( 7

Fi1(Q7'D?)s,, F12( 1D~
)

Q7D )3, (Q7F
Fi3(Q7'D™?)13, F11( 23, F12(Q~
Fi1(Q 1D ?)33, F12(Q~ lD )33, Fi3(Q~

1
(Q 227F1( _)217

$)31, F13(Q™*D™?)31, 0)7,
1
i

0
2
232, F13(Q71D7%)3, 0)T

(
)
)
(
2)aa, F12(Q71
)
 (
) Fi3(Q™'D™?)a3,

(

)

)

(

)22, F13(Q )29,
) :

(

%)a3

)33 )

ry =(0, 0,0, F1 Q' AL, FioQ AL — 1, F13Qh. AL FnQZilA}Zl

—1 411 1 411 —1 411 —1 411 21411 T
F12Q2i Ai2’ F13Q2i AiQ’ FllQ3i Ai27 F12Q3i Ai2’ F13QSi Ai27 0) )

s :(0, 0, 0, FllﬂfilA%?}, FngilAZ%l, FngilAllg} — 1, 1’7‘1192711141131

—1 411 —1 411 —1 411 —1 411 —1 411 T
FiaQy, Ay, Fi3Qq; Ajg, Pl Ais, Fio€y Ajg, FisQg; Az, 0)7,

r6 =(0, 0, 0, F11Q; A2, FioQ A2 FisQ A2, Fa QAL
FioQy A2 — 1, Fi305 ALZ) Qg A2, FioQpt A2 Qg AlZ, )T
r7 =(0, 0, 0, F11Q; AL, FioQt A2, QAL P05t AL2
FioQ A2, FisQo A2 — 1) FiQgt A2, FoOptALZ ) FisQgtAlZ )7
rs =(0, 0, 0, F11Q; A, FioQ AL, FisQt AL, Fia QAL

—1 413 —1 413 —1 413 —1 413 —1 413
F12921' Ai2’ F13Q2i Ai2’ FllQ3i Ai27 F12Q3i Ai2 -1, F13QSi Ai2a

T9 :(0, 0, 0, FllﬂfilAllg’, FngilAzlg, FlggfilAllg’, FllﬂzlAllg’

—1 413 —1 413 —1 413 —1 413 —1 413 T
FioQy Ajs, FisQy Ay, Fualdy Ajs, Fio€y A, FisQs Az, 0)7

r10 =(0, 0, 0, F11Q;,' B}, F12Q7;' B! — 1, Fi3Q;,' B}, F1,Q5;' B}

F19Q5,' B}, Fi305,' B!, Fi11Q3,' B, Fi2Q3,' B}, F13Q3,' B}, 0)7,

24

)27 Q- 1D"1)31, F1 Q- 1D72)11,F12(Q7

29, (Q~ 1D’l)g,g, F1 Q™ 'D 72)12, F12(Q7

Q- 1D_l)?,:z, F1 Q'D _2)137 Fm(Q_

Q2i

le

0)7,

1D—2

1)

Bj),

1

1D72)117

11)72)12a

)13a
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11 :%((Q71D71)13, (@ 'D7 )23, (Q'D V)3, —F11(Q "D 2)13, —F12(Q ' D ?)13,
—F13(Q7'D7%)13, —F11(Q ' D7 2)a3, —F12(Q 1D ?)a3, —F13(Q 7' D %),
—F11(Q'D7?%)33, —F12(Q "D ?)33, —F13(Q~*D?)33, 0)%,

r2 =3((Q7 D™ M1a, (Q7'D 1o, (Q7'D )30, —F11(Q ' D7 2)12, —F12(Q ' D™ ?),
—F13(Q D7 ?)12, —F11(Q ' D ?)32, —F12(Q 1D ?)g, —F13(Q "D %),
—F1(Q 7D ?)39, —F12(Q ' D™ )32, —F13(Q7 ' D ?)32, 0)7,

r13 =3((Q7*D 11, (Q7'D )21, (Q'D V)31, —F11(Q 1D ?)11, —F12(Q ' D7)y,
—F13(Q7'D )11, —F11(Q D™ 2)91, —F12(Q ' D ?)a1, —F13(Q D)y,
—F11(Q7'D™%)31, —F12(Q 'D )31, —F13(Q "D~ ?)31, 0)7.

In order to obtain the Riemann invariants as functions of conserved variables it is necessary to have matrices
converting partial derivatives of conservative variables to partial derivatives of non-conservative variables,

and vice-versa. Putting C' = (0W/9U), then
1

C= %(Cla0270370470570670770870970107011,0127013),

where
C1 :(2, 0 s 0 5 —ulFfT 5 —ulFfT 5 —ulFf3T ,—ulF{lT ,—U1F2;T,
—uFy" —wnFy gt —u gt 0),
ca =(0,2,0,—usFy"  —us F0  —uaFRT  —usFyy " —uaFyyt
—uzFyl  —uaFy” —usFy —ugFygT, 0),
c3=(0,0,2, —usF" , —usF"  —usF" | —usFyt  —uzFyy
_U/SFQ;',T B _U3F371T ) _U3F3;T B _U3F323T7 0)7
c1=(0,0,0,2—FuF", —FuFy", —FuFg", —FuFy",
—FhFyt, *F11F2_3T7 *F11F3_1T, *F11F3_2T, *F11F3_3T7 0),
c5 =(0,0,0, —FioF", 2= FioFy', —FioF", —FiaFy ",
*F12F25T, —F12F2-3T7 *F12F3]T, *F12F35T, *F12F3E,T, 0),
ce =(0, 0, 0, =Fi3 ", —FisF,", 2 — Fis ", —FisFy”,
—FisFy", —FisFy", —FisFy", —FisFy,', —FisFg', 0),
cr =(0, 0, 0, *F21F1]T7 *F21F1§T, *F21F1§T, 2 *F21F2]T7
—Fo By, —ForFyy', —FnFyy", —For1Fyy', —ForFip”, 0),
cs =(0, 0,0, —Foo 7, —Foo Fot, —Fao F3”, —FaoFyy?,
2 — FpoFpy *F22F2_3T7 *F22F35T, *F22F3_2T7 *F22F3_3T7 0),
o =(0,0,0, —Fos F[,", —FogFyy", —FosFypT, —FogFy T,
—FysFy", 2 — FosFag", —FasFy)", —FasFgy', —FasFig", 0),
c10=(0, 0,0, —F3 F[|", —FF", —F Fig', —Fa FyT,
—FFy,", —FaFy", 2 — Fs Fyy', —Fa Fi', —Fa Fyg', 0),

c11 =(0, 0,0, 2 — FyoF) T, —FoF7, —FaoFt, —FeoFy T,
—FyoFyy, —FaaFy’, —FaoFy", 2 — FaoFpy', —FaFa’, 0),

c12 =(0, 0, 0, —FsaF1,", —FasF,", —FasFy', —FaaFy,”,
—FyFy’, —FssFa' | —FssFy’, —FssFay’, 2 — FyFys’, 0),

C13 :(—2%111, 72%1@, 72%113, 2% + Fl—lTTg,, 2% + F1—2TT3,

-T -T ds -T ds -T

2%’3 + Fl_STTg, 2% + F2_1TT3, 2% + F2ETT3, 2% + BT,
2m + F31 T3, 2@ +F32 T3, 2m +F33 T3, 2@)
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with s
ds 1, 5 5 5 ds
TS:@(§(“1+“2+“3)_@@)_” EFU
7,j=1
Similarly the inverse matrix, C~1 = (9U/OW), can be written
- -1 -1 -1 ,-1 -1 -1 -1 -1 -1 -1 -1 -1 —1
C™h=pleyt ey tiesteptestieg oer e teg herg s ety ey ey s (62)

where

it =(1,0, oT, —ulFfTT, fulF;QTT, —ulFlgTT, —ur Fyy "y Fyy

—U1F2_3 ,—U1F3_1 ,—U1F3_2 ,—U1F3_3 5 0),
et =(0,1,0,—usFy"  —uaFyt , —uaFpt  —ugFy | —uaFyy'

—upF  —usFy " —up Py —us gl 0),
c;t=(0, 0, L —uzF, ", —ugFfTT, —uzF"  —usFy T —usFyy'

7U3F273 ,7’UJ3F371 ,7U3F372 ,7U3F373 5 0),
c;'=(0,0,0,1—FuFy", —FuFg", —FuFg", —Fully,”,

—FnFy", —FPuFs", —FuFy", —FiuFy', —FiuFy', 0),
;' =(0, 0, OvT*FuFﬁT,Tl - F12F1§?, *FlengT, "'F12F2717;,

—Fiolyy', —FioFyy', —FioFs , —FioFsy, —FiaFy37, 0),
gt =(0,0,0, —FisFy", —Fis ", 1 — Fig ", —Fig )7,

—Fi3Fy,", —FisFs3", —FisFy", —=FisFy,', —FisFg", 0),
¢t =(0,0, OvT*F21F1_1T,T*F21F1_2T,T—F21F1_3T7T1 - F21F2_17;»

—Fo Py, —FoFoy', =Fo1F3 , —Fa1Fgy ) —Fo1Fy37, 0),
st =(0,0,0, —FooFy", =P Py, —FaoFrs", —FoFy7,

1= Fp Pyl —FooFys", —FosFy", —FaoFiyy’, —FaoFy3", 0),
gt =(0,0,0, —FoFi", —FosFy,", —Fos T, —Foa )7,

—FosFpy' 1= FosFopl, —Fos BT, —Fos Pyl —Fps BT, 0),
co =(0, 0,0, =F Fy", —FFi,', —FnFil, —F Fy)7,

—F3 Py, —Fy Fyy", 1 — Fy Fyy', —Fa Fyy', —F3 Fiy”, 0),
¢y =(0, 0, 07T2 - F32F1_17;, *F32F1_2TT, *F32F1_3T7T*F32F2_1T,T

—F5aFy", —FsFoy, —F3Fy 7, 1 — FaoFyy, —F32Fy30, 0),
¢z =(0, 0, OvT*FBBFﬁT,T*F33F1§T,T*F33F1§T,T*F33F£T, .

— P33y, —Fs3Fyy , —Fs3F3 , —F33F3 , 1 — Fy3Fy3, 0),
—1 d& -T dé& -T dé& -T
Ci3 :(’u,l, U2, U3, T—m +F11 E, T—m +F12 E, T—m +F13 E, .

de - de - de - de —
—% + F21TE, —% + F22TE, ;gm +Fy B, —g5- + Fyy B,
—dr; T E B —qr; P By §5)-

The derivatives of entropy in (61), and the derivatives of internal energy density in (62) with respect to
deformation gradient can be formulated more easily if they are considered functions of a strain tensor.
Rather than consider each separately, it is instead possible to consider the function ¢ = ¢(I1, I, I5), where
I,, are the invariants of a chosen strain tensor and a function of deformation, which can represent either
internal energy or entropy equations of state. The derivatives can thus be written

0p _ do 9L, d¢ 0L  do Ol
0F, dI, 0F,; ' dI, 0F;, = dI30F;

(63)
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If, for example, the invariants correspond to those of the Finger strain tensor (G = F~TF~1), then deriva-
tives of the invariants with respect to deformation can be found as

d]l dI2

= —2G;, F," = —2(G - Te(G) ) F. T = 2LF; T
dFj ij km dFj (G (G) )Jk km dij 3 jm
giving
o9 _  do —r\ _ do _r\ d¢ 7

C. Evaluation of the acoustic tensor
In the x1-direction the acoustic tensor can be written

AjL P+ AfFio + Aj3Fis AfTF + A3 Fio + Af3Fis ATJ P + AfSFia + A3 Fis
Q= (ARG + AL, + AR ARG + ABF, + AR, ABFG + ABF, + AL Fis
AR Py + AP + AV Ry AR+ AR + AR AR+ A3 Fis + A Fis

The acoustic tensor, its eigensystem and the coefficients AZ{H = 005,/ 0F} appear in the eigenvalues and
both the left- and right-eigenvectors. It is desirable therefore to evaluate the coefficients A;gm analytically.
Computing the required derivatives of stress with respect to deformation for the coefficients is lengthy, but
when decomposed become more approachable. To begin with it is intuitive to elaborate on the definition
of the stress tensor. For an isotropic hyperelastic material the internal energy density can be formulated
in terms of the invariants of any chosen strain tensor, I,, with p = 1,2,3: & = &([1, I2,13,5). Thus it is
more convenient to formulate stress in terms of the strain tensor, instead of the deformation gradient tensor.
Taking as an example the Elastic Finger tensor, G = F~T F~1 then stress is given by Eq. (8). Formulations
of stress in terms of alternative strain tensors commonly employed in solid mechanics can be found in [8].
Using this definition of the equation of state the components of stress can be formulated in terms of density,
the derivatives of internal energy density with respect to the invariants of strain, and the components of the
strain tensor G,

(65)

oij = —2pGik < ol Ol ek ) ,

s g g
L Te P C TP L To

where &7, = 06 /01, denotes derivatives of internal energy density with respect to the invariants I,, which
will of course depend on the specific formulation of the equation of state. The derivatives of the invariants
with respect to the components of the strain tensor can be found as [8]

dl; dl dIs 1
— 5. — = =16 — G — =13G .
dGJk Jk> dG]k 195k jk» dGJk; 3Y 5k

where §,;; is the Kronecker delta. Using these results, the stress tensor can be expressed as a function of p,
G and &7,. Thus, the coefficients can be written

i doy, Op doy, OGgr doy, 067, doy 86y,  dog, 067,
km dp 8Fj a1 dqu 8ij dgjl 8ij déab (9ij déalg 8ij.

(66)

The derivatives in the first term in Eq. (66) are doy;/dp = oi/p and

Fy3F3y — Fool3g oy F33 — Fo3lyy  Fhokzy — Fo o
Fi9F33 — Fi3F3y  Fi3F3) — Fi1F33  Fi1F30 — FioFy
Fi3Foy — Fiolyy  Fi1lo3 — Fi3Fyy  Fioly — FiiFao

9 _ _po
OF — det|FJ?

The large number of derivatives of strain with respect to deformation in the second term in Eq. (66) can

be found using any symbolic mathematics package. Since the stress tensor is symmetric it is necessary only
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to define the derivatives of six components of stress with respect to strain. Derivatives of o1 with respect
to G-

381;1 = 20(81 + (Gaa + G33)81 + (= G23G32 + G22G33)513)
gg;llg 2P(G213—i (G%Gdl GZIGJS)BIS) ggvllld = QP(G31 o ( G22G31 + G21G32) ),
gg; = 20(G12g—i — (G13G32 — G12G33)§, )s gg“ = —QP(GH% + (=G13G31 + G11G33) )
gg;; = —2p(G12G31 — G11G32)g—i ggl;l = 2p(G13§—i — (—G13Ga2 + G12G23)§i)
381;2 = —2p(G13Ga1 — G11G23)g—i, ggi = *QP(Gug—i + (=G12G21 + G11G22)g—i)~

Derivatives of 015 with respect to G:

Jg12 __ 9012 _ __ do12 __ .08 0a12 __ Oagia __
ser =0, a5 = 2p(8[ + G 812) o0 = 20G5r, 5o =0, Gem =0,
60’12 0 60’12 — 0 80’12 p— 2 G % 80‘12 p— 72 G o@
9Cas — O 9Gs G52 PU133LL, 0y 8G,, — —“PU12pL, -
Derivatives of 013 with respect to G:
8013 _ 8013 — % 60’13 — o9& 60’13 —
8G11 0, 0G12 2pGas 8l 9Gis 2/’(811 + Gagp ly ): 0Ga1 0,
Oo1s —920G L Oo13 __ 206G _g do13 _ do13 __ o013 _
0G2o pL13 ol 0Ga3 P12 oI’ 0G31 ' 0G32 ' 0G33

Derivatives of g9 with respect to G:

9a22

g = —2p(Gar B2 55 T (—G23Gs2 + G22G33)31 ), ggﬁ = 2p(G21§—,‘i — (G23G31 — G21G33)%),
Lo — —2p(—GrGs + G21G32)31 ; gg” = 2p(G12§F — (G13Ga2 — G12Gs3) 5%),
3%2222 = —2/)(81 + (G + G33)81 + (—G13G31 + G11G33)%),
So — 2p(Gap 5 — dI3dG235%), ggzz = —2p(—G13Ga2 + G12Ga3) 57,
ggz = 2p(Gas 61{ (G13G21 G11G23)a[3) ggz = —QP(G22% + (—G12G21 + G11G22)313)

Derivatives of o293 with respect to G:

8023 — % 60’23 60’23 — 8023 — %
o6y = ~2pGa gy, Gy — =0, 9G1s 20Go1 57 o1, oGs = 2PG135L,
6023 _ 07 80’23 — _2p( + Gll ) 6023 _ 0 60‘23 _ 0 80’23 — 0

OG22 0Ga3 oI oI, 0Gs1 0Gsz2 0G33

Derivatives of o33 with respect to G:

Sg” = —20(G33g + (—G23Gs2 + G22Gs3) 13), 3%3132 = —2p(G23G31 — G21G33)31 )

11
§gﬁ = 2p(Gs1 gf — (—G22G31 + G21G32)85 )s % = —2p(G13G32 — G12G33)m3
Los — —2p(Ga3 % + (—Gr3Gar + GHG%)ai) 0o — 2p(Ggp % — dI3dG2355),

Soa — 20(G13g — (—G13Ga2 + G12Ga3) 35), 528 = 2p(Glas 5% — (G13G21 G11G23)3—g)

gg;; = —2/)(2—}5: + (G + G22)g}i + (—G12Go1 + G11G22)%)-

Derivatives of stress in last terms on the right-hand-side of Eq. (66) can be found similarly. Derivatives of
stress with respect to the first invariant:

6801111 - _ngllv 86(71112 - _ZpGl% 830[113 - _ZpGB’ 880]211 N _ngm’ 6301 N 2pG22’ (67)
ot = —20Gas, Gt = —2pGs1, GiE = —2pGay, FEE = —2pGiss.

Derivatives of stress with respect to the second invariant:

9L — —2p(G11Gaz + G11Gas — G12Ga1 — G13Gay), B2 = —2p(G1aGas — G13Ga),

%"_1123 = —2p(G13G22 — G12G23), 8301221 = —2p(G21Gs3 — G23Ga1),

8861222 = —2p(G11Ga2 + G22G33 — G12Go1 — G23G32), %6—12; = —2p(G11Ga3 — GrsGan),
G = —2p(G22G31 — GuGa), G2 = —2p(G1iGs2 — G12G),
8801% = —2p(G11G33 + G22G33 — G13G31 — Ga3G2).
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Derivatives of stress with respect to the third invariant:

do11 __ doaa __ 9033 __

8[131 - _2p137 8[232 - _2p13a 81\;3 - _QPIS»
60’12 — 80’13 — (90‘2 — 80’23 _— (90‘31 — 80’32 _— 0
oI ~— 90Is ~— 09Is ~— 98I ~— 0oIs ~— 08I ~—

The additional derivatives in the last term of Eq. (66) can be decomposed further using

o0&, A&, oL A&, 9L, A&, Al
= + + : (68)
OF;m AL 0Fj, = dl, 0F;, = dl3 0F,

Derivatives of the invariants of the elastic Finger tensor with respect to deformation can be found as

dl; T dl T dls T
= —2G i F, = —2(G —Tr(G)I) ;i F = 2LF; .
dFj Tk km dFj ( ( ) )Jk km > dFj 3 im
giving
8(55] d(a@[ _T d(a@[ -7 dé"] T
L =— L (2G ;i F; - L (2(G—T 1) F — L (2I3F; .
8ij d[l ( Gﬂk km ) dIQ ( (G I'(G) )Jk km ) d]3 ( 3L im ) (69)

Depending on the chosen form of the equation of state some of the second derivatives of internal energy
density with respect to invariants may be zero.

References

[1] D. S. Balsara and C. Shu, Monotonicity preserving weighted essentially non-oscillatory schemes with increasingly high
order accuracy, J. Comp. Phys., 160, 405 (2000).
[2] D. Drikakis, S. Tsangaris, An Implicit Characteristic Flux Averaging Scheme for the Euler Equations for Real Gases,
International Journal for Numerical Methods in Fluids, 12, 711 (1991).
[3] D. Drikakis, P. Govatsos, D. Papantonis, A Characteristic Based Method for Incompressible Flows, International Journal
for Numerical Methods in Fluids, 19, 667 (1994).
[4] D. Drikakis and W. Rider, High-Resolution Methods for Incompressible and Low-Speed Flows, (Springer, 2005).
[5] A. Eberle, Characteristic Flux Averaging Approach to the Solution of Euler’s Equations, in VKI Lecture Series, Compu-
tational Fluid Dynamics (1987).
[6] X. Garaizar, Solution of a Riemann problem for elasticity, J. Elasticity, 26, 43 (1991).
[7] S. K. Godunov and E. I. Romenskii, Nonstationary Equations of Nonlinear Elasticity Theory in Eulerian Coordinates, J.
App. Mech. Tech. Phys., 13, 868 (1972).
[8] S. K. Godunov and E. I. Romenskii, Elements of Continuum Mechanics and Conservation Laws, (Kluwer Aca-
demic/Plenum Publishers, 2003).
[9] G. S. Jiang and C. W. Shu, Efficient implementation of weighted ENO schemes, J. Comp. Phys., 126, 202 (1996).
[10] G. Kluth and B. Després, Perfect plasticity and hyperelastic models for isotropic materials, Continuum Mech. Thermodyn.,
20, 173 (2008).
[11] P. G. LeFloch and F. Olsson, A second-order Godunov method for the conservation laws of nonlinear elastodynamics,
Impact Comp. Sci. Eng, 2, 318 (1990).
[12] P. G. LeFloch, Hyperbolic systems of conservation laws: The theory of classical and nonclassical shock waves, (Berkh&user
Varlag, 2002).
[13] G. H. Miller and P. Colella, A High-Order Eulerian Godunov Method for Elastic-Plastic Flow in Solids, J. Comp. Phys.,
167, 131 (2001).
[14] A. Mosedale, D. Drikakis, Assessment of very high-order of accuracy in LES models, Journal of Fluids Engineering, 129,
1497 (2007).
[15] G. H. Miller, An iterative Riemann solver for systems of hyperbolic conservation laws, with application to hyperelastic
solid mechanics, J. Comp. Phys., 193, 198 (2003).
[16] G. H. Miller, Minimal rotationally invariant bases for hyperelasticity, STAM J. Appl. Math., 64, 2050 (2004).
[17] B. J. Plohr and D. H. Sharp, A conservative Eulerian formulation of the equations for elastic flow, Adv. Appl. Math., 9,
418 (1988).
[18] J. Qiu and C. Shu, On the construction, comparison, and local characteristic decomposition for high-order central WENO
schemes, J. Comp. Phys., 183, 187 (2002).
[19] E.I. Romensky, Thermodynamics and Hyperbolic Systems of Balance Laws in Continuum Mechanics, in Godunov Methods:
Theory and Applications, edited by E. F. Toro (Kluwer Academic/Plenum Publishers, 2001).
[20] E. Shapiro, Step-by-Step Eberle’s scheme derivation. Technical report, Cranfield University, (2006).
[21] C. Shu and S. Osher, Efficient Implementation of Essentially Non-oscillatory Shock-Capturing Schemes, J. Comp. Phys.,
77, 439 (1988).

29



O©CO~NOOOTA~AWNPE

[22]
23]
[24]
[25]
126]
[27]
28]

29]

B. T. Smith, B. S. Garbow, J. J. Dongarra, J. M. Boyle and Y. Ikebe, Matrix Eigensystem Routines - EISPACK Guide,
2nd Edition, in Lecture Notes in Computer Science, Volume 6 (Springer-Verlag, 1976)

B. Thornber, A. Mosedale, D. Drikakis, On the implicit large eddy simulations of homogeneous decaying turbulence,
Journal of Computational Physics, 226, 1902 (2007).

V. A. Titarev, E. Romenski and E. F. Toro, MUSTA-type upwind fluxes for non-linear elasticity, Int. J. Numer. Meth.
Eng., 73 897 (2008).

E. F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduction, 2nd Edition, (Springer,
1999).

J. A. Trangenstein and P. Colella, A Higher-Order Godunov Method for Modelling Finite Deformation in Elastic-Plastic
Solids, Comm. Pure App. Math., 44, 41 (1991).

J. A. Trangenstein and R. B. Pember, Numerical algorithms for strong discontinuities in elastic-plastic solids, J. Comp.
Phys., 103, 63 (1992).

O. Y. Vorobiev, I. N. Lomov, A. V. Shutov, V. I. Kondaurov, A.L. Ni and V. E. Fortov, Application of schemes on moving
grids for numerical simulation of hypervelocity impact problems, Int. J. Impact Eng., 17 891 (1995).

F. Wang, J. G. Glimm, J. W. Grove and B. J. Plohr, A conservative Eulerian numerical scheme for elastoplasticity and
application to plate impact problems, Impact Comp. Sci. Eng., 5 285 (1993).

30





