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An anisotropic mesh adaptation method for the finite element

solution of heterogeneous anisotropic diffusion problems

Xianping Li * Weizhang Huang T

Abstract

Heterogeneous anisotropic diffusion problems arise in the various areas of science and en-
gineering including plasma physics, petroleum engineering, and image processing. Standard
numerical methods can produce spurious oscillations when they are used to solve those prob-
lems. A common approach to avoid this difficulty is to design a proper numerical scheme and/or
a proper mesh so that the numerical solution validates the discrete counterpart (DMP) of the
maximum principle satisfied by the continuous solution. A well known mesh condition for the
DMP satisfaction by the linear finite element solution of isotropic diffusion problems is the non-
obtuse angle condition that requires the dihedral angles of mesh elements to be non-obtuse. In
this paper, a generalization of the condition, the so-called anisotropic non-obtuse angle condi-
tion, is developed for the finite element solution of heterogeneous anisotropic diffusion problems.
The new condition is essentially the same as the existing one except that the dihedral angles are
now measured in a metric depending on the diffusion matrix of the underlying problem. Several
variants of the new condition are obtained. Based on one of them, two metric tensors for use in
anisotropic mesh generation are developed to account for DMP satisfaction and the combination
of DMP satisfaction and mesh adaptivity. Numerical examples are given to demonstrate the
features of the linear finite element method for anisotropic meshes generated with the metric
tensors.
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1 Introduction
We are concerned with the numerical solution of the diffusion equation

- V- (DVu) = f, in (1)
subject to the Dirichlet boundary condition

u=gq, on 0f) (2)
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where Q C R? (d = 1,2, or 3) is the physical domain, f and g are given functions, and D = D(x)
is the diffusion matrix assumed to be symmetric and strictly positive definite on 2. The boundary
value problem (BVP) and becomes a heterogeneous anisotropic diffusion problem when D
changes from place to place (heterogeneous) and its eigenvalues are not all equal (anisotropic) at
least on a portion of 2. When a standard numerical method, such as a finite element, a finite
difference, or a finite volume method, is used to solve this problem, spurious oscillations can occur
in the computed solution. A challenge is then to design a proper numerical scheme and/or a proper
mesh so that the computed solution is free of spurious oscillations. In some applications such
as plasma physics, it is further desired that the mesh be aligned with the fast diffusion direction
so that no excessive numerical dissipation is introduced in slow diffusion directions. Moreover,
mesh adaptation is often necessary for improving computational efficiency and accuracy when the
physical solution and/or the diffusion matrix have sharp jumps.

Anisotropic diffusion problems arise in the various areas of science and engineering including
plasma physics in fusion experiments and astrophysics [25] 26, 27, 55] 611 [63], petroleum reservoir
simulation [II 2, 16, 22} 53], and image processing [12] [13], B9 54, 57, 69]. In plasma physics,
magnetized plasmas are constrained to move primarily along magnetic field lines. Their heat
conductivity in the direction parallel to the magnetic field is much higher than those perpendicular
to it, and the ratio of the conduction coefficients can easily exceed 100 in fusion experiments.
The numerical simulation of the heat conduction of plasmas must not only produce a physically
meaningful temperature distribution but also avoid excessive numerical dissipation in the directions
perpendicular to the magnetic field. In petroleum engineering, fluids such as water, crude oil, and
natural gas are stored in reservoir rocks filled by interconnected networks of pores. The diffusion
and flow of those fluids depend crucially on the rocks’ permeability which changes with location
and flow direction and has much large values in horizontal directions than in the vertical direction.
Finally, PDE-based anisotropic diffusion filters have been successfully used for shape recognition
and edge detection in image processing.

The BVP and is a representative example of anisotropic diffusion problems arising in
those areas. As typical for diffusion problems, it satisfies the maximum principle

e u(a) < max{0, max g(s)) (3)
provided that f(a) < 0 holds for all € Q. The BVP has been studied extensively in the past,
and a major effort has been made to avoid spurious oscillations in the numerical solution. A
common strategy is to develop numerical schemes satisfying the discrete counterpart of — the
so-called discrete maximum principle (DMP), which are known to produce numerical solutions free
of spurious oscillations [14], [68]. The studies can be traced back to early works by Varga [68],
Ciarlet [14], Ciarlet and Raviart [I5], and Stoyan [64} [65] where a number of sufficient conditions in
a general and abstract setting are obtained for a class of linear elliptic partial differential equations
(PDEs). For example, denote by Au = f the linear algebraic system resulting from the application
of a numerical scheme to a linear elliptic PDE supplemented with a Dirichlet boundary condition,
where A is the n x n stiffness matrix, w is the unknown vector, and f the right-hand-side vector.
Then, a sufficient condition is given as follows.



Lemma 1.1 ([65]) If the stiffness matriz A satisfies

(a)  that A is monotone with A being either nonsingular, or singular and irreducible; and (4)
(b)  that A)e(™ >0, (5)

then the numerical scheme satisfies DMP.

Here, matrix A is said to be monotone if A is nonsingular and A=! > 0 (i.e., all entries of A~*
are non-negative), and A(-) and e(™ are defined as

Qi for ¢ = ] 1
of) =S ay, fori#j az<0, eW=]|:]. (6)
0, for i # j, a;; >0 1

Note that condition is equivalent to that A(™) has nonnegative row sums. Moreover, A = A(-)
and the condition holds when A is an M-matrix [67]. From Lemma |1.1| we have the following
lemma.

Lemma 1.2 If the stiffness matriz A is an M -matriz and has nonnegative row sums, then the

numerical scheme satisfies DMP.

Numerical schemes satisfying DMP have been developed along the line of those sufficient con-
ditions by either designing a proper discretization for the underlying PDE or employing a suitable
mesh. To date most success has been made for the isotropic diffusion case where D is in the
scalar matrix form, D = a(x)I, with a(x) being a scalar function; e.g., see [9, 10} [15] 36, B7, [38,
44, 149] [66), [7T]. In particular, it is shown in [9] [I5] that the linear finite element method (FEM)
satisfies DMP when the mesh is simplicial and satisfies the so-called non-obtuse angle condition
requiring that the dihedral angles of all mesh elements be non-obtuse. In two dimensions this
condition can be replaced by a weaker condition (the Delaunay condition) that the sum of any
pair of angles opposite a common edge is less than or equal to 7 [49, [66]. Similar mesh conditions
are developed in [36] 37, [38] [44] for elliptic problems with a nonlinear diffusion coefficient in the
form D = a(x, u, Vu)I and with mixed boundary conditions. Burman and Ern [I0] propose a non-
linear stabilized Galerkin approximation for the Laplace operator and prove that it satisfies DMP
on arbitrary meshes and for arbitrary space dimension without resorting to the non-obtuse angle
condition.

On the other hand, the anisotropic diffusion case is more difficult and only limited success
has been made [16], [I8], 25, 26l 27, 43| [46], 47, 48, K0, (1), 52, (3], 61]. For example, Draganescu
et al. [I8] show that the non-obtuse angle condition fails to guarantee DMP satisfaction in the
anisotropic diffusion case. The techniques proposed by Liska and Shashkov [52] and Kuzmin et al.
[43] to locally modify (or repair) the underlying numerical scheme, by Sharma and Hammett [61] to
employ slope limiters in the discretization of the PDE, by Mlacnik and Durlofsky [53] to optimize
the mesh for a multipoint flux approximation (MPFA) finite volume method (e.g., see [I, 2] for the
method), and by Li et al. [50] to optimize a triangular mesh for the finite element solution, help
reduce spurious oscillations. A nonlinear, first order finite volume method developed by Le Potier
[46, [47] and further improved by Lipnikov et al. [51] gives rise to a stiffness M-matrix on arbitrary



meshes when applied to parabolic PDEs but fails to satisfy DMP when applied to steady-state
elliptic problems. A first order finite difference method having similar features is proposed by Le
Potier [48].

In this paper we study the linear finite element solution of BVP and with a general
diffusion matrix D = D(x). The objective is threefold. The first is to develop a generalization of
the well known non-obtuse angle condition, the so-called anisotropic non-obtuse angle condition
(cf. equation ), so that the linear FEM satisfies DMP when the mesh is simplicial and satisfies
this condition. The condition requires that the dihedral angles of all mesh elements, measured in a
metric depending on D, be non-obtuse. It reduces to the non-obtuse angle condition for isotropic
diffusion matrices. It also reproduces several existing mesh conditions for homogeneous anisotropic
media for which I is a full, constant matrix (see Remark . The second objective is to derive
a metric tensor for use in mesh generation based on the anisotropic non-obtuse angle condition.
This is done by adopting the so-called M-uniform mesh approach [3I] where an anisotropic mesh is
generated as an M-uniform mesh or a uniform mesh in the metric specified by a tensor. M-uniform
meshes generated with the metric tensor satisfy the anisotropic non-obtuse angle condition and are
aligned with the diffusion matrix D (cf. . The final objective is to combine both mesh adaptivity
and DMP satisfaction in the numerical solution of anisotropic diffusion problems. An optimal met-
ric tensor (see ) accounting for both considerations is obtained by minimizing an interpolation
error bound, and advantages of using adaptive, DMP-bound meshes are demonstrated in numer-
ical examples. To the authors’ best knowledge, this is the first effort that mesh adaptivity and
DMP satisfaction are considered simultaneously in the numerical solution of anisotropic diffusion
problems.

The outline of this paper is as follows. In section [2| the linear finite element solution of and
is described and the anisotropic non-obtuse angle condition and several variants are derived.
Section [3]is devoted to the derivation of the metric tensor based on the anisotropic non-obtuse angle
condition. In section [d the combination of mesh adaptation and DMP satisfaction is addressed,
and an optimal metric tensor is obtained by minimizing an interpolation error bound. Numerical
examples are presented in section [f] Finally, section [f] contains conclusions and comments.

2 Anisotropic non-obtuse angle conditions for linear finite element
approximation

Consider the linear finite element solution of BVP and . Assume that ) is a connected
polygon or polyhedron and an affine family of simplicial triangulations {7} is given thereon. Let

Ug={ve HYQ) | v|sq = g}

Denote by Ugh C Uy the linear finite element space associated with mesh 7;. Then a linear finite
element solution @" € U, gh to BVP 1} and is defined by

/Q (VoI DV de = /Q folde, Yot e UL (7)



where U} = U, ; with g = 0. This equation can be rewritten as

Z/ (Voh) ]D)Vuhda:— /fvhdac vl e Ul (8)
KeTh

KeTy,

Generally speaking, the integrals in (8]) cannot be carried out analytically, and numerical quadrature
is needed. We assume that a quadrature rule has been chosen on the reference element K for this

/R IK!Zwkv (br), Zw 9)

where w;’s are the weights and bk’s the quadrature nodes. A 2D example of such quadrature rules

purpose,

is given by Wy = % (k = 1,2,3) and the barycentric coordinates of the nodes (%, %, %), (%, %, %), and
(2,11

2,5 5); and a 3D example is w; = i (1 =1,2,3,4) and the barycentric coordinates of the nodes
(a,a,a,1—3a), (a,a,1 — 3a,a), (a,1 —3a,a,a), and (1 — 3a,a,a,a) with a = 5_2(‘)/5; e.g., see [21].

Let Fx be the affine mapping from K to K such that K = FK(K) and denote bX = FK(l;k),

k=1,---,m. Upon applying @ to the integrals in and changing variables, the finite element

approximation problem becomes seeking u"* € U g such that
D KDY an (Vol|)T D) Vallx = Y (K] Y anf o) o (0F), W e Uy (10)
KeTs, k=1 KETh k=1

where Vo'| i and Vu|x denote the restriction of Vo and Vu on K, respectively. Note that we
have used in (10 the fact that Vu"|f and Vu"|x are constant. Letting

D =Y bpD(bf), (11)
k=1
we can rewrite into
K] (Vo) Di VUl g = D |K\Zwkf Y W (6E), Wl e UL (12)
KeTy, KeTy, k=1

We now express (12)) in a matrix form. Denote the numbers of the elements, vertices, and
interior vertices of T, by N, N,, and N,;, respectively. Assume that the vertices are ordered in
such a way that the first V,,; vertices are the interior vertices. Then U(})‘ and v can be expressed as

U = span{éy, -+, én,,} (13)
and
N'ui N’U
PN widi+ Y uy, (14)
j=1 j=Nyi+1

where ¢; is the linear basis function associated with the j-th vertex, a;. Note that the boundary
condition can be approximated by

uj=g; =g(a;), j=Ny+1,.., N, (15)



Substituting into and taking v® = ¢; (i = 1,...,Ny) in and combining the resulting
equations with , we obtain the linear algebraic system

Au=f, (16)
where
A11 A12
A= 1
e (1)

I is the identity matrix of size (N, — Ny;), and

T
u = (u17 ooy WNG;» UN+15 "'7/U’Nu) )

.f = (fla ceey vaiangi+17 "'7ng)T'

The entries of the stiffness matrix A and the right-hand-side vector f are given by

aij = Y K| (Véilx)" Dk Vojli, i=1,..,Nyi, j=1,.., Ny, (18)
KeTy,
fi= Y 1KY foF) ¢i(bf), i=1,., Nuis (19)

KeT, k=1

We recall that and have been obtained under the Dirichlet boundary condition . It is
not difficult to show that a linear system in the same form can be obtained for mixed boundary
conditions provided that I'p # (), with I'p being the part of the boundary where the Dirichlet
condition is imposed. Therefore, the mesh conditions developed below also work for mixed boundary
conditions with I'p # 0.

We now study under what mesh conditions the scheme satisfies DMP. Our basic tool is
Lemma [I.2] i.e., we show that A is an M-matrix and has non-negative row sums when the mesh
satisfies the condition below. To this end, we first introduce some notation. Denote the vertices

of K by af,a¥, - ,afl(ﬂ. The edge matrix of K is defined as
K K K K K K
Ex=lay —ay, a3 —ar, -+, ag, —ar]

From the definition of simplices, Ex is nonsingular [62]. Then, a set of g-vectors (cf. Fig. |1} can
be defined as

d+1
K _K K -T K K
@5, af . - afl =B, af =-> qf. (20)
=2
This set of vectors has the following properties.
(i) By definition, it follows that
K (K K
q; - (aj —ai') =4dij, . .
i=2,---,d+1;j=1,--- ,d+1 (21)
gk - (aff —al) =6y,

j 7

where ¢;; is the Kronecker delta function.
(ii) Denote by S the face opposite to vertex alf (i.e., the face not having a; as a vertex). Then
implies that qZK is the inward normal to the face Sl-K ; see Fig.



iii) The dihedral angle, c;;, between any two faces X and S (i # ) is defined as the supplement
J % J
of the angle between the inward normals to the faces. It can be calculated by

afqf

i j. (22)
AR

cos(aj) =

(iv) It is known [8, [44] that, for any vertex of K with the global and local indices 7 and i,
respectively, there holds

Véilk = ap . (23)
Y
as
d2
q
ﬁ I B[l .
aq as
q;

Figure 1: A sketch of the q vectors for an arbitrary element. The angles sharing the edge connecting

vertices a; and ag are o and 3.

The main result of this section is stated in the following theorem.
Theorem 2.1 If the mesh satisfies the anisotropic non-obtuse angle condition
(@f) ' Dr gl <0, Vi#j i,j=12,.,d+1, VKET, (24)
then the linear finite element scheme @ for solving BVP (1 (I) and @) satisfies DMP.

Proof. We prove this theorem using Lemma [I.2] That is, we show that the stiffness matrix A
has non-negative row sums and is an M-matrix when the mesh satisfies condition ([24)).

(i) We first show that A has non-negative row sums. From we only need to show Zjvzvl aj; >
0 for i =1,..., Ny;. From we have

N, N,
Yoaiz = Y > |KI(Véilr)" Dk Véjlk
j=1

j=1 KeTy

Ny
= > UK (Voilx)" D V [ Y4,

KeTy, 7=1 K
= 0, (25)

where we have used the fact that Zjvz”l ¢j(x) =1 for any x € K.



(ii) Next we show that

aij <0, Vi#j, i,j=1,..,N, (26)
ai; > O, Vi= 1, ...,Nv. (27)

Let w; (or wj) be the patch of the elements containing a; (or a;) as a vertex. Notice that V¢;|x = 0
when K ¢ w;. Denote the local indices of vertices a; and a; on K by ix and jg, respectively. Then

from , , and , we have, for i £ j, i =1,..., Ny, 7 =1,..., N,

aij = Y |K|(Véilk)" Dk Véylx
Kewiﬂw]‘
= Y IK|(gf)" Dk qf, (28)
Kewiﬂw]'
< o. (29)

From it is obvious that a;; = 0 for ¢ # j, ¢ = Ny +1,---N,, 7 = 1,...,N,. Hence, the
off-diagonal entries of A are non-positive.

The inequality follows immediately from , , and the positive definiteness of D

(iii) We now show that A;; defined in is an M-matrix. Notice that the non-negativeness
of the row sums of A and the properties and imply that Ay is diagonally dominant. In
theory, we can show that Aj; is an M-matrix by proving it is irreducible [67]. However, we will
need to assume that any pair of interior vertices is connected at least by an interior edge path [18].
To avoid this additional restriction on the mesh, we instead opt to show Aj; is symmetric and
positive definite, which together with and implies that Aj; is an M-matrix [67].

From it is obvious that Aj; is symmetric. It suffices to show Aj; is positive definite. From
the strictly positive definiteness of the diffusion matrix I, there exists a positive constant S such
that

Dg > 6I, VK €Tp.

Nvi
For any vector v = (vy, ..., va.)T, we define v = 3 v;¢; € USL. From the definition of A4;; and the
i=1
fact that V| is constant on K, we have
vTAqv = Z K| (V" )T D Vol |
KeTy,
> 5 S K] (Ve )T Vel
KeTy,
= p Z / (Vo TVl da
KeT, VK
= 5/(Vvh)TVvhda:
Q
>

5, [ o' Pde,
Q

where in the last step we have used Poincare’s inequality and C}, > 0 is the associated constant. For



N'Ui
any nonzero vector v, v? = 3" v;¢; # 0 and is piecewise linear and continuous on 2. Consequently,
i=1

vl Ao > 6C’p/ |vh]2dw >0, Yv#0
Q

which implies that Ayq is positive definite. Hence, A1; is an M-matrix.
(iv) From it is easy to verify that the inverse of A is given by

Al_l1 _A1_11A12

AT =
0 I

Then and the fact Al_l1 > 0 imply that A~' > 0 and therefore A is an M-matrix.
We have shown above that A is an M-matrix and has non-negative row sums. By Lemma [1.2
we conclude that the linear FEM satisfies DMP when the simplicial mesh satisfies . O

Remark 2.1 For the isotropic case where D = a(x)I for some scalar function a(x), condition
(24) reduces to the well known non-obtuse angle condition [8], [L5]

al qff <0, Vi#j VKeT, (30)

which requires the dihedral angles a;; (cf. ) of all mesh elements be non-obtuse. Thus, condition
is a generalization of the non-obtuse angle condition. An alternative interpretation of is
that the dihedral angles of element K, measured in the Riemannian metric Dy (piecewise constant),

are non-obtuse. 0

Remark 2.2 It is interesting to point out that an explicit mesh condition similar to (24) is
obtained by Eigestad et al. [20] for a multipoint flux approximation (MPFA) finite volume method
on triangular meshes for anisotropic homogeneous media (i.e., D is constant). Moreover,
reduces to a mesh condition obtained by Li et al. [50] for a similar situation with constant D) and
triangular meshes. To see this, let the eigen-decomposition of the constant diffusion matrix D be

cosf —sinb kk O cosf sind
D= . 1
[ sin 6 cos ] [ 0 ko ] [ —sinf cos6 ] (31)

For an arbitrary triangular element K, denote the angles sharing the edge connecting vertices a;
and az by « and ; see Fig. |1} Then, a mesh condition of [50] is given by

—kisinBsina + ko cos fcosa < 0,
—kpcos 3 <0, (32)
—kocosa <0,

provided that the edge connecting a; and as is parallel to the primary diffusion direction (cos 6, sin 6)”

(the eigenvector corresponding to the first eigenvalue of D, k;). We now show that reduces
to for the current situation. Without loss of generality we assume that the primary diffusion



direction and the edge connecting a1 and as are in the direction of the z-axis; cf. Fig. (In this
case we have § = 0.) It is not difficult to obtain

. —sinf . sin a . 0
q, =0 —COSB y dg = C2 _cosa y 43 =2C3 1 )

where ¢y, ¢z, and c3 are positive constants. From these and , reduces to

¢ Dk qy = gTDqy = c1co(—ky sinasin B + kg cos acos B) < 0,
qi Drq3 = q{ Dgs = crc3(—ky cos ) <0,
g5 Dxqs = g3 Dqs = cacz(—ka cosar) <0,

which gives . 0

It is often more convenient to express the anisotropic non-obtuse angle condition in terms
of mapping F from K to K. Denote the Jacobian matrix of Fy by Fj.. We define the vectors gy,
k=1,...,d + 1 for the reference element K asin . The chain rule of differentiation implies

Vi = (Fi) " IVedy,
where ¢;(€) = ¢i(Fi (€)). From (23), we have
a; = (Fi) "
Inserting this into we obtain the following theorem.
Theorem 2.2 If the mesh satisfies
a; (Fi) 'Di(F) Tq; <0, Vi#j i,j=1,..,d+1, VKT, (33)
then the linear finite element scheme (@ for solving BVP and @ satisfies DMP.

Corollary 2.1 Suppose that the reference element K is taken as a simplex with non-obtuse
dihedral angles. If the mesh satisfies

(Fi) ‘D (Fi)™ ' =CkI, VYKeT, (34)

where Ck s a positive constant on K and I is the d x d identity matriz, then the linear finite

element scheme (@ for solving BVP and @ satisfies DMP.
Proof. Since K is a simplex with non-obtuse dihedral angles, we have
4, <0, i#j, ij=1..d+1

From this it is easy to see that is sufficient for to hold. O

In the next two sections mesh condition will be used to develop metric tensors accounting
for DMP satisfaction and mesh adaptivity. These metric tensors are needed in anisotropic mesh
generation. It is emphasized that , as well as mesh conditions and , can also be used
more directly via direct minimization [50}, 53] or variational formulation [30] for optimizing the
current mesh to improve DMP satisfaction.

10



3 Anisotropic mesh generation: metric tensor based on DMP sat-
isfaction

In this section we develop a metric tensor for use in anisotropic mesh generation based on mesh
condition . To this end, we adopt the so-called M-uniform mesh approach [31) [32] where an
anisotropic mesh is viewed as an M-uniform mesh or a uniform one in the metric specified by a tensor
M = M (). The tensor, chosen to be symmetric and positive definite, provides the information on
the size, shape, and orientation of mesh elements over (2 necessary for the actual implementation
of mesh generation. Various formulations of the metric tensor have been developed in the past for
anisotropic mesh adaptation; e.g., see [4, 11}, 23] 31l 33]. Once a metric tensor has been determined,
the corresponding anisotropic meshes can be generated using a variety of techniques including
blue refinement [42], 45], directional refinement [58, 59], Delaunay-type triangulation [4, [5 1], 56],
front advancing [24], bubble packing [72], local refinement and modification [3, [6l 17, 28] 60], and
variational mesh generation [7, 19} 30, 35, 411 40, [70]. In this paper we restrict our attention to the
determination of a metric tensor for DMP satisfaction, and refer the interested reader to the above
mentioned references for meshing strategies.

It is shown in [32] that when the reference element K is taken to be equilateral and unitary in
volume, a simplicial M-uniform mesh 7, for a given M = M (x) satisfies

plK| = T VK €T, (35)
1 1
gtr((F}()TMKFI’() = det ((Fi)"MkFp)*, VK€T, (36)

where N is the number of mesh elements, Fx is the affine mapping from KtoK, F 7. is the Jacobian
matrix of F, and

My = 1/ M(x)dz, prx =+/det(Mk), on= > pxlK|. (37)
51 Ji P
Condition , referred to as the equidistribution condition, determines the size of K from pg.
The larger pg is, the smaller |K| is. On the other hand, , called the alignment condition,
characterizes the shape and orientation of K in the sense that the principal axes of the circumscribed
ellipsoid of K are parallel to the eigenvectors of My while their lengths are reciprocally proportional
to the square roots of the respective eigenvalues [32].

To determine M from mesh condition , we first notice that the left and right sides of
1} represents the arithmetic and geometric means of the eigenvalues of matrix (FI’()TM kK F,
respectively. From the arithmetic-mean geometric-mean inequality, implies that all of the
eigenvalues are equal to each other. In other words, (Fy)T My Fj; is a scalar matrix, i.e.,

(Fi)"MgFe =Cgl  or  (F)"'Mg! (Fi)™" = C¢'1 (38)

for some constant Cx. A direct comparison of 1} with lb suggests that the metric tensor M
be chosen in the form
MDMP,K = QK]D)}l, VK €Ty, (39)

where 6 = 0 > 0 is an arbitrary piecewise constant function. Thus, any M-uniform mesh associ-
ated with a metric tensor in the form satisfies condition . The following theorem follows
from Corollary

11



Theorem 3.1 Suppose that the reference element K is taken to be equilateral and unitary in
volume. For an M -uniform mesh associated with any metric tensor in the form (@), the linear
finite element scheme (@ for solving BVP and @ satisfies DMP.

Remark 3.1 Since an M-uniform mesh is aligned with the metric tensor M as characterized
by the alignment condition , we can conclude that when M is chosen in the form , a
corresponding M -uniform mesh is aligned with the diffusion matrix ID in the sense that the principal
axes of the circumscribed ellipsoid of element K are parallel to the eigenvectors of D while their
lengths are proportional to the square roots of the respective eigenvalues. As a consequence, the
length of K is greater in a faster diffusion direction and smaller in a slower diffusion direction. A
small length scale of mesh elements in slow diffusion directions helps reduce numerical dissipation
in those directions. 0

Remark 3.2 Note that § = 0 in is arbitrary. Thus, in addition to satisfying DMP, there
is a degree of freedom for the mesh to account for other considerations. In the next section we shall
consider mesh adaptation and choose i to minimize a certain error bound. 0

4 Metric tensors based on DMP satisfaction and mesh adaptivity

In this section we develop a metric tensor taking both the satisfaction of DMP and mesh adaptivity
into consideration. The metric tensor takes the form , with the scalar function 6 = i being
determined to minimize an interpolation error bound. For simplicity, we consider here an error
bound for linear Lagrange interpolation. Other interpolation error bounds (e.g., see [32]) can be
considered without major modification.

Lemma 4.1 ([32]) Let K C R? be a simplicial element and 11, be the linear Lagrange interpo-
lation operator. Then,

o = el ) < CH(ER) ™ [/K [t (F) | H@) F) P de| . voe BY(K)  (40)

where || - || denotes the ly matriz norm, H(v) is the Hessian of v, and |H(v)| = \/H (v)2.
Lemma 4.2 For any given d X d symmetric matriz S, there holds that
[tr(ATSA)| < tr(ATA) |S||, VA e R (41)
If S is further positive definite, then
1S]7t tr(ATSA) < tr(ATA) < tr(ATSA) [|S7L. (42)
Proof. Denote the eigen-decomposition of S by
S =QxQ",

where (@ is an orthogonal matrix, ¥ = diag(A1, ..., A\g), and A;, ¢ = 1, ..., d are the eigenvalues of S.
Write
ATQ = [’01, ...,vd].

12



Then
ATSA = (ATQ)N(QTA) = [v1,..., v S[v1, .., vg] " = Niwjv] .

It follows that
tr(ATSA) = ) Aitr(viv])]
= D Al
< Z||”iH2'|)“max
= tr(ATA) S,

which gives . Inequality follows from and that

tr(ATA) = tr(ATS2 57152 A) < tr(ATSA) ||S7Y. (43)

The scalar function § = 0 in is determined based on interpolation error bound . From
the definition of the Frobenius matrix norm, we have

JAIl < Al = \/tr(AT4) = /tr(447), VA € R,

Using this, taking squares of both sides of , and summing the result over all elements of 7}, we
have

|u7Hhu|H1 @) = Z |ufﬂhu|H1

KeTy,
<0 3 (FE) P / [or ((Fjo)T | (w)| i) dae
KeTy,
<0 S FE / [or ((Fjo) ™| H ()| F))* da
KeTy,
=0 3 () ) [ o ()T H ) )]
KeT;, K

From Lemma [4.2] it follows that

lu— Hhuﬁﬁ(g)

<0 Y [on((Fo) 'Dx(Fk) )] -HDKlll-A[tr((FK)TD (Fi)))” 1D | H (w)|||*dee

KeTy,
— 0 S (K] [(Fl) i (Fio)™)] - [6r(Fio) "D (Fi)))
KeTy,
- 1
< IDR- /K D H (w)]|2de. (44)
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Consider an M-uniform mesh Ty corresponding to a metric tensor Mg in the form . Then,
alignment condition reduces to
1 Try—1 Try—177 \d
gtr ((Fi) Dy Fio) = det ((F)" D Fre) *. (45)
From the arithmetic-mean geometric-mean inequality, implies that all of the eigenvalues of

matrix (F}()T]D)I_(IF . are equal to each other. As a consequence, all of the eigenvalues of the
inverse of (F[/()T]D);Fj( are equal to each other, which in turn implies

=

1 _ _ _ _
—tr ((Fi) ™D (Fg) ™) = det ((Fi) ™ Dic(Fg) ™) (46)
Inserting and into and noticing
det (F)"DE Fi) = |K|*det (Dg) ™", det ((F) "D (F)™ ") = |K|2det (Dk),
we have
u=Tyuligy < € Y 1K Fdet (@) DR - 77 [ IDRIH@IPdm. (47
KeTy,
Rewrite this bound as
da+2
lu—Myul}p g < C Y K| By, (48)
KeTy,
where 1
S
Bg = det (Dg) HDK1||'|I{/KHDK‘H(U)HPdm‘ (49)

Notice that [, [|[Dx|H (u)|||*de and therefore By can vanish locally. To ensure the positive defi-
niteness of the metric tensor to be defined, we regularize the above bound with a parameter o, > 0
as
= Thulf g < C Y \K|“T [ap, + Bx] = Ca, > K| {1 + 1BK] : (50)
KeTy, KeTy Oh
From Holder’s inequality, we have

d
1 1 a+3
> K| [1+ BK:| = Y <|K| [1+ BK] >
ap, Qp,

d+2

KeTy, KeTy,
d+2
RRE=AT
> N7i| Y K| {1 + BK:| : (51)
ap
KeTy,
with equality in the last step if and only if
d
1 T+2
|K| [1 + BK] = constant, VK € Tp,. (52)
ap

A direct comparison of this with equidistribution condition suggests that the optimal px be
defined as

1 a+3
o= |1+ L] (53)
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From the relation px = /det(Mk), we find the optimal 0k and My as

2 1 1 T 1
O = pf(det (DK)d = |:1 + BK] det (DK)d , (54)
ap,
2
1 d+2 11
Mprip+adap, K = [1 + %BK} det (Dk )< D, (55)

where By is defined in . With the so-defined metric tensor, the error bound can be obtained
from and for a corresponding M-uniform mesh as

d+2

lu — Mul g1 gy < ON 4 Jano, 2 . (56)

To complete the definition, we need to determine the regularization parameter ay. We follow
[31] to define v, such that
o= Y prlK| <2/Q), (57)
KeTy,
with which roughly 50% of the mesh points are concentrated in regions of large px. From and
Jensen’s inequality, we have

d
1 a+2
g = Z ’K| |:1+O[BK:|
KeTh h

IN

__d_ _d_
> K| [Hah BK}
KeTy

__d_ _d_
= |9+, > |K|BE”. (58)
KeTy,
By requiring the above bound to be less than or equal to 2|€2|, we obtain

d+2
d

1 _d_
o= g > KB : (59)
KeTy,

Combining with and and summarizing the above derivation, we have the following
theorem.

Theorem 4.1 Suppose that the reference element K is chosen to be equilateral and unitary in
volume. For any M -uniform simplicial mesh corresponding to the metric tensor , the linear
finite element scheme (@ for solving BVP and @ satisfies DMP and the interpolation error
for the exact solution u is bounded by

d+2
2d

_d
Ju—yulgoy < ON~a [ S KIBE? | (60)
KeTy

where By is defined in (@)
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It is remarked that the metric tensor (cf. ) depends on the second derivatives of the
exact solution u which is what we are seeking/approximating. In actual computation, the second
derivatives are replaced with approximations obtained with a Hessian recovery technique such as
the one of using piecewise quadratic polynomials fitting in least-squares sense to nodal values of
the computed solution (e.g., see [31]). A hierarchical basis error estimator can also be used to
approximate the Hessian of the exact solution. It is shown in [34] that the least-squares fitting and
the hierarchical basis methods work comparably for all considered cases except for one where the
diffusion coefficient is discontinuous and the interfaces are predefined in the mesh. In this case, the
latter works better than the former since hierarchical basis estimation does not over-concentrate
mesh elements near the interfaces. Since our main goal is to study DMP satisfaction instead of
the discontinuity of the diffusion coefficient, we choose to use the least squares fitting method for
Hessian recovery in our computation due to its simplicity and problem independent feature.

It is interesting to note that the term in the bracket in can be viewed as a Riemann sum
of an integral, i.e.,

d_
3 IK|IBE? ~ / det (D)~ |DY|@ - | D H (u)|| 752 da.
KeT;, Q

Thus, the interpolation error has an asymptotic bound as

d+2
2d
d
\u—Hhu\Ip(Q) < C]\f_é Z ’K‘B;?’Q
KeTy,
di2
_1 1 1= 2d_ 2d
~ ON ( [ det @)= Hd+2-uD|H<u>wd+zdx) . (6
[9]

We emphasize that both the satisfaction of DMP and mesh adaptation (through minimization
of an error bound) are taken into account in the definition of metric tensor . An interesting
question is what the interpolation error bound looks like if mesh adaptation is not taken into
consideration. For example, we consider a case 0 = 1 in . This gives the metric tensor

Mg =Dt (62)

Recall that the interpolation error is bounded in (48]), i.e.,

=

d+2
u—Thul e < C | Y K@ Bk |, (63)
KeTy

where By is defined in (49). Moreover, for an M-uniform mesh corresponding to this metric tensor
the equidistribution condition (35)) reduces to
Oh

det(Dg) 2| K| = v

(64)
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where o, = > det(]D)K)_%|K|. Inserting into , we have
KeTy,

> 1K (det(@r)51) " Bi

KeTy

v
[NIE

A\
Q

|u - Hhu|H1(Q)

[

1
= ON"agf [ 3 |K|det(Dk)i By

KeTh
1 1
d 2
= ON"i [ Y det(Dg) 7K 3" |Kldet(Dx) 7 By
KeTh KeTn
Thus,
1 1
d 2
lu— Tl < CN“d | Y det(Dg) 2 |K] 3" |K|det(Dx) By (65)
KeTy KeTh

~ CN~a (/Qdet(]])))édm>é </QHD1||-HD]H(u)|||2dm>%. (66)

This is the interpolation error bound for an M-uniform mesh corresponding to metric tensor (62]).
From Hoélder’s inequality, it follows that

a+42

2d

d
S xIBEE | < | Y det@r)zK[| | Y IK|det(Dk)a By
KeTy, KeTy, KeTy,

=
N

Thus, the solution-dependent factor of bound is small than or equal to that of bound . In
this sense, Mparp+adap defined in leads to a more accurate interpolant than Mpp;p defined
in (or with O = 1).

Moreover, from the standard interpolation theory we recall that the interpolation error for a
uniform mesh is bounded by

1
2
lu — yul ) < CN~a </Q ||V2uH2da:) : (67)

It is easy to see that the solution dependent factor in error bound (61) for Mparpiadep is in
the order of \V2u|L 24 @ and those in 1@) for Mpyp and lj for a uniform mesh are in the

order of |V?ul r2(@)- Thus, has the smallest solution dependent factor, an indication of the
advantage of using adaptive meshes. On the other hand, the error bounds and depend
on the determinant and norm of the diffusion matrix I and its inverse. This indicates that DMP
satisfaction may sacrifice accuracy. Indeed, as we shall see in the next section, the solution error
for DMP-bound meshes can sometimes be larger than that for a uniform mesh.
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Recover solution Generate

Given a mesh Solve PDE derivatives and new mesh
compute M according to M
iteration

Figure 2: An iterative procedure for adaptive mesh solution of PDEs

5 Numerical results

In this section we present three two-dimensional examples to demonstrate the performance of metric
tensors Mpyp in with 0k = 1 based on DMP satisfaction and Mpsp+adaep in combining
DMP satisfaction and mesh adaptivity. For comparison purpose, we also include numerical results
obtained with almost uniform meshes (labelled with M) and with a metric tensor M,q,, based
on minimization of a bound on the H' semi-norm of linear interpolation error [31]:

1
2 1 Td 1
Madap,K = p}i{ det (I + |HK(U)|> |:I + |HK<U)’:| ’ (68)
Qp, ap,

where

1
1 it 1 a+2
prc = |1+ | Hacw)| 77 det (1+ |HK(u)|> ,
ap F ap

and ay, is defined implicitly through

S |Klpx = 219.

KeTy

Once again, the second derivatives of the exact solution are replaced in actual computation with
approximations obtained with a Hessian recovery technique (using piecewise quadratic polynomials
fitting in least-squares sense to nodal values of the computed solution [31]).

An iterative procedure for solving PDEs is shown in Fig. In the current computation, each
run is stopped after ten iterations. We have found that there is very little improvement in the
computed solution after ten iterations for all the examples considered. A new mesh is generated
using the computer code BAMG (bidimensional anisotropic mesh generator) developed by Hecht
[29] based on a Delaunay-type triangulation method [II]. The code allows the user to supply
his/her own metric tensor defined on a background mesh. In our computation, the background
mesh has been taken as the most recent mesh available.

Example 5.1 The first example is to consider BVP and with

4 5

2
fEO> Q:[Ovl]g\ |:979:| ’ gzoonrouta QZQOnFinv

where I'y,; and I';;, are the outer and inner boundaries of 2, respectively; see Fig. The diffusion

matrix is given by with k1 = 1000, k3 = 1, and 6 being the angle of the primary diffusion
direction (parallel to the first eigenvector of D).
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This example satisfies the maximum principle and the solution (whose analytical expression is
unavailable) stays between 0 and 2. Our goal is to produce a numerical solution which also satisfies
DMP and stays between 0 and 2. Moreover, for both cases with a constant and a variable 0 we
consider, the exact solution has sharp jumps near the inner boundary (cf. Figs. {4 and |8)) so mesh
adaptation is needed for a proper resolution of them. This example has been studied in [43] [50].

We first consider the case of constant D with 6 = 7/4. Fig. [4] shows finite element solutions
obtained with M,;r and Mppsp4adap- Meshes and solution contours obtained with various metric
tensors are shown in Figs. [5] and [0 respectively. No overshoots in the finite element solutions are
observed for all cases. However, undershoots and unphysical minima occur in the solutions obtained
with Munif (tmin = —0.0602) and Magap (tmin = —0.0039) (cf. Fig. [6)(a) and (b)). Fig. [7] shows
the decrease of —um;n as the mesh is refined. For the range of the number of mesh elements
considered, the undershooting improves at a rate of —tu,i, = O(N~%5) for both My,; 7 and Mydqp.
On the other hand, the results confirm the theoretical prediction that the solutions obtained with
Mpup and Mpaspadap satisfy DMP and no overshoot/undershoot and no unphysical extremum
occur. It should be pointed out that the solution contour obtained with an almost uniform mesh is
very smooth but the sharp jumps of the solution are smeared; see Figs. (a) and @(a). The solution
contours obtained with Mpysp and Mp s p4adap are comparable to the one obtained with Mgqqp.

Next we consider a case of variable D with § = 7sin(z)cos(y). The finite element solutions,
meshes, and solution contours are shown in Figs. [§] [0 and respectively. Similar observations
as for the constant ID case can be made. Especially, undershoots and unphysical extrema occur in
the solutions obtained with M,,,;s and Mgqq, but not with Mpysp and Mparpiadap. Once again,
the results confirm our theoretical predictions in the previous sections.

I:‘an I‘out
u =2
u =0

Figure 3: The physical domain and boundary conditions for Example

Example 5.2 In this example, we consider BVP and with

=0, g(x,0)=g(16,y) =0,

1 if0<ux<14,

8 —0.5x if 14 <z < 16.

0.4 { 08y Ho<y<2
TEV=1 1 ifa<y<ie,

and g(z,16) = {
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solution
solution

(a): Mum‘f (b) MDMP+adap
Figure 4: Example [5.1{ with constant . Finite element solutions obtained with (a) My and (b)
MDMP+adap-

The diffusion matrix is defined as

500.5 499.5

D(z, y) =
(2.y) 499.5 5005

This is a simple example with a constant but anisotropic D and with a continuous boundary
condition. It satisfies the maximum principle and its solution stays between 0 and 1.

Numerical solutions, meshes, and solution contours are shown in Figs. and respec-
tively. For this example, both undershoots and overshoots are observed in the computed solutions
with Myy;r and M,qep but not with with Mpasp and Mpaspiadap- This example demonstrates that
a scheme violating DMP can produce unphysical extrema even for a simple problem with constant
diffusion, continuous boundary conditions, and a convex domain.

Example 5.3 This example is given by and with

4.0, ifzx <05

Q= (Oa 1) X (07 1)7 f(l',y) = U = Uegaet ON 0L,

-5.6, ifx>05"
Dy, ifz<0.5, 10 10 3
D = Dy = Dy =
(@,y) Dy, ifz>0.5, L 01/ 72 3 1
The problem has the exact solution
1 — 2y + 4oy + 2y + 6, ifx <0.5

u(z,y) = (69)

—2y? + 1.6xy — 0.6z + 3.2y + 4.3, if 2 > 0.5.

Note that the value and primary diffusion direction of the diffusion matrix change across the line
x = 0.5. This example has been studied in [43].
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(C): MDMP7 N = 2530 (d) MDMP—I—adapa N = 2474
Figure 5: Example with constant ID. Meshes obtained with different metric tensors.

Solutions and meshes obtained with various metric tensors are shown in Fig. [I4] For this
example, no overshoots and undershoots are observed for all numerical solutions. The meshes
obtained with Mpysp and Mp s p4adap Show a better alignment with the primary diffusion direction
than that obtained with M,44,. Moreover, elements are concentrated along the line x = 0.5 for the
meshes obtained with M,qq, and Mpaspyadap Whereas there is no concentration in the mesh shown
in Fig. (d) for Mpyp. The results are consistent with what is expected from the construction
of the metric tensors.

The exact solution is available for this example. The H! semi-norm and L? norm of the error
are shown in Fig. as functions of the number of mesh elements. Metric tensor Mgyqq, leads to
far more accurate results than the other three metric tensors, which produce comparable results
for the considered range of N. Moreover, M,qqp and Mpprpyadap give the same convergence
rate, i.e., |€h|H1(Q) = O(N7%?) and ||€hHL2(Q) = O(N~'), while My,;s and Mpyp result in a
slower convergence rate, |€h|H1(Q) = O(N7%%) and ||€hHL2(Q) = O(N~%). This demonstrates the
advantage of using adaptive meshes. Interestingly, the results in [43] (Table 4) obtained with a
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(C): MDMPa Upmin = 0 (d) MDMP+adap7 Unin = 0
Figure 6: Example with constant D). Contours of the finite element solutions obtained with
different metric tensors.

slope-limited scheme for triangular meshes also show a similar slow convergence.

It should be pointed out that the above results have been obtained when the interface (z = 0.5)
is not predefined in the mesh. If the interface is predefined in the mesh, then the solution
can be approximated accurately in the linear finite element space. As shown in Fig. all metric
tensors produce comparable solutions and the same convergence rate |e”| @) = OV ~05) and
le"| L2y = O(N 7).

6 Conclusions and comments

In the previous sections we have developed a mesh condition under which the linear finite ele-
ment approximation of anisotropic diffusion problem and validates the discrete counterpart
of the maximum principle satisfied by the continuous problem. The condition is a generalization of
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(a): Mum‘f (b) MDMP+adap
Figure 8: Example with variable ID. Finite element solutions obtained with (a) Myy;r and (b)
Mp i P+adap-

the well known non-obtuse angle condition developed for isotropic diffusion problems and requires
that the dihedral angles of mesh elements measured in a metric depending only on the diffusion
matrix be non-obtuse.

We have also developed two variants of the anisotropic non-obtuse angle condition, and
, which can be more convenient to use in actual mesh generation. Indeed, metric tensor (39)
for use in anisotropic mesh generation is derived based on for accounting for DMP satisfaction.
Moreover, an optimal metric tensor accounting for both DMP satisfaction and mesh adaptation
is obtained from by minimizing an interpolation error bound. Features of these metric tensors
are illustrated in numerical examples.

It is worth pointing out that condition has been derived based on the local stiffness matrix
on a mesh element. Like the non-obtuse angle condition for isotropic diffusion problems, (24)
may be relaxed by considering the global stiffness matrix as a whole [49]. Moreover, we have
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Figure 9: Example [5.1] with variable D. Meshes obtained from different metric tensors.

restricted our attention to linear PDE (/1)) and Dirichlet boundary condition . But the procedure
developed in this work can be extended to problems with nonlinear diffusion D = D(x, v, Vu) and
mixed boundary conditions (e.g., see [306], 37, 38, [44]) without major modification.

Although the numerical examples have been presented in 2D, the anisotropic non-obtuse angle
condition and the corresponding metric tensor formulas , , and are d-dimensional
(d = 1,2,3). In 3D, a Delaunay triangulation may not guarantee the satisfaction of DMP [49].
Nevertheless, some polyhedrons can be decomposed into tetrahedra satisfying the non-obtuse angle
condition and therefore the numerical solution satisfies DMP; e.g., see [44]. It is expected that
this will also work for the anisotropic non-obtuse angle condition for a given metric tensor M.
On the other hand, the existence of the decomposition of an arbitrary polyhedron into non-obtuse
tetrahedra is an open problem [44]. It is also unclear if a 3D triangulation can be generated to
(approximately) satisfy the M-uniform mesh conditions and . Those are interesting topics

to investigate in the future.
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(a): Mynif, Umin = —0.0506

(C): Mpnyp, Umin =0 (d) MDMP+adap7 Umin = 0
Figure 10: Example with variable ID. Contours of the finite element solutions obtained with
different metric tensors.
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Figure 15: Example [5.3l The H' semi-norm and L? norm of solution error are shown as functions
of the number of elements for metric tensors Myn;r, Madap, Mprp, and Mparp+adap-
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Figure 16: Example The H' semi-norm and L? norm of solution error are shown as functions
of the number of elements for metric tensors My, Madap, Mprrp, and Mparpyadap- The interface
(z = 0.5) is predefined in the mesh.
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