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Abstract
We have introduced a modified penalty approach into the flow-structure interaction solver that
combines an immersed boundary method (IBM) and a multi-block lattice Boltzmann method
(LBM) to model an incompressible flow and elastic boundaries with finite mass. The effect of the
solid structure is handled by the IBM in which the stress exerted by the structure on the fluid is
spread onto the collocated grid points near the boundary. The fluid motion is obtained by solving
the discrete lattice Boltzmann equation. The inertial force of the thin solid structure is incorporated
by connecting this structure through virtual springs to a ghost structure with the equivalent mass.
This treatment ameliorates the numerical instability issue encountered in this type of problems.
Thanks to the superior efficiency of the IBM and LBM, the overall method is extremely fast for a
class of flow-structure interaction problems where details of flow patterns need to be resolved.
Numerical examples, including those involving multiple solid bodies, are presented to verify the
method and illustrate its efficiency. As an application of the present method, an elastic filament
flapping in the Kármán gait and the entrainment regions near a cylinder is studied to model fish
swimming in these regions. Significant drag reduction is found for the filament, and the result is
consistent with the metabolic cost measured experimentally for the live fish.
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1. Introduction
Flow-structure interaction (FSI) problems are ubiquitous in nature. Some examples include
flapping flags, fish swimming, vocal fold vibration, and deformation of red blood cells.
Addressing these problems typically requires coupling fluid dynamics and structural
mechanics and solving the two components simultaneously. In addition, irregular geometries
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with large displacements are usually involved in these problems, making the mesh
generation a challenging task. Therefore, capturing details of the FSI process through a
numerical simulation is often computationally demanding.

A class of conventional numerical methods for the FSI is based on the body-fitted grid, and
the moving grid is achieved through the arbitrary Lagrangian–Eulerian method [1]. In such
methods, the grid may be distributed to provide adequate local resolution, but on the other
hand, grid re-generation is usually needed every a few time steps to avoid severe mesh
distortion. In contrast, the methods based on the non-body-conformal Cartesian grid such as
the immersed boundary method (IBM) and the lattice Boltzmann method (LBM) are much
simpler in handling the complex and moving geometries and thus have received much
attention in recent years.

The immersed boundary method developed first by Peskin [2] employs a boundary
regularization approach. That is, the traction jump across a surface is distributed as a smooth
body force onto the volumetric mesh in the vicinity of the surface, and the force is added in
the Navier–Stokes equation to account for the effect of the surface. This method has been
extended to model flow involving thin structures, bluff bodies, and fluid-fluid interfaces [3–
5]. In addition to the diffuse-boundary approach, several other families of the IBM have
been developed in which the sharp-interface representation of the solid surface is retained,
e.g., the discrete-forcing approach adopting flow interpolation near the boundary [4] and the
approach incorporating discontinuities in the solution across an immersed interface [6].

An alternative and robust method for fluid-flow simulations is the lattice Boltzmann method
(LBM). Instead of discretizing the momentum equation, the LBM is an approach based on
the particle kinetics. The method has achieved great success in the past decades and has
proven to be an efficient solver for fluid flows. Readers are referred to the reviews by Chen
and Doolen [7] and more recently by Aidun and Clausen [8] for the basic theory of this
method. In the LBM, a popular scheme for FSI is based on the “bounce-back” rule to
enforce the no-slip and no-penetration conditions at the solid surface. In the area of FSI,
Ladd [9] first introduced bounce-back scheme to impose the fluid-structure coupling. Such a
scheme is suitable for the rigid-body problems where the motion of the solid is determined
only by the total force and torque exerting on the body [10,11]. However, when the
boundary is flexible and the motion of the solid depends on the local hydrodynamic force,
more effort is needed to inhibit the fluctuation of force acting on the structure [12,13].

To combine the advantage of the IBM for its simple boundary treatment and that of the
LBM method for its fast flow simulation, hybrid methods coupling these two approaches
have been developed recently. Among the various IBMs, Peskin’s diffuse- boundary
approach is particularly suitable for this combination, since in this approach all the grid
points within the computational domain are treated with a unified equation. The standard
LBM utilizing a uniform Cartesian mesh, was first combined with the IBM for handling the
rigid moving particles by Feng and Michaelides [14,15]. After that, several versions of IB–
LBM have been developed for the flow involving rigid bodies [16–18]. More recently, the
IB–LBM has been extended to the simulation of elastic membranes [19,20] and plates
[21,22], including both two and three dimensions.

As the standard LBM employs a uniform Cartesian mesh, the grid point distribution is thus
not flexible, and the computational cost may become high when the Reynolds number is
increased. To overcome this drawback, the multi-block LBM was developed [23,24], in
which a fine-resolution Cartesian mesh overlaps with a background, coarse-resolution mesh
to resolve the smaller spatial scales in the flow. Later, Sui et al. [25] combined the IBM with
the multi-block LBM to model the interaction between an incompressible viscous fluid and
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elastic boundaries. To make efficient use of the grid points, an IB–LBM on the nonuniform
Cartesian mesh was proposed by Wu and Shu [18] for simulating three-dimensional
incompressible flows.

One particular issue of combining the IBM and LBM for simulations of FSI is to incorporate
the inertia of the solid structure. Previous works [21,22,26] have not incorporated the mass
effect of the structures. Explicitly including the inertial force in the IBM when calculating
the hydrodynamic stress on the solid surface may easily destabilize the simulation. One way
is to spread the mass of the solid into the bulk flow in the IBM method [3,27]. However, this
approach does not work well with the LBM since the LBM assumes only a small variation
of the fluid density when simulating incompressible flows. In the present work, we adopt the
idea used in the penalty IBM proposed by Kim and Peskin [28], which is numerically robust
while retaining the unified numerical description for the entire domain. The major
contribution of the present work is to incorporate the penalty IBM into the multi-block IB–
LBM for the FSI simulation of massive structures. The numerical approach is shown to be
particularly efficient for solving the interaction of multiple thin-walled structures. Another
contribution is that we have applied this approach to model the hydrodynamics of fish
swimming in the vicinity of a bluff body and found a possible physical explanation for the
observed fish behavior.

The organization of the paper is as follows. Section 2 briefly introduces the governing
equations of the fluid and solid structures. The numerical approach is described in detail in
Section 3. Section 4 presents several canonical examples to validate the accuracy of the
present method. Demonstrations of the multi-filament simulation are given in Section 5. The
study of a filament in the wake of a stationary cylinder is provided in Section 6. Final
conclusions are given in Section 7.

2. Mathematical formulation
In the present LBM, the kinematics of the fluid is governed by the discrete lattice Boltzmann
equation of a single relaxation time model [7,8,17,29],

(1)

where gi(x, t) is the distribution function for particles with velocity ei at position x and time

t, Δt is the size of the time step,  is the equilibrium distribution function, τ represents
the nondimensional relaxation time, and Gi is the term representing the body force effect on
the distribution function.

In the two-dimensional nine-speed (D2Q9) model, as shown in Fig. 1, the nine possible
particle velocities are given by

where Δx is the lattice spacing. The values of ei ensure that within one time step, a fluid
particle moves to one of the eight neighboring nodes as shown in Fig. 1, or stays at its

current location. In Eq. (1),  and Gi are calculated according to [17,29]
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(2)

(3)

where ωi are the weights given by ω0 = 4/9, ωi = 1/9 for i = 1 – 4 and ωi = 1/36 for i = 5–8,

u = (u,v) is the velocity of the fluid, cs is the speed of sound defined by , and f
is the body force acting on the fluid. The relaxation time is related to the kinematic viscosity
in the Navier–Stokes equations in terms of

(4)

Once the particle density distribution is known, the fluid density, velocity and pressure are
then computed from

(5)

(6)

(7)

The geometrically nonlinear motion for the filament is described as [30]

(8)

where s is the Lagrangian coordinate along the length,  is the tensile stress,
Ks is the stretching coefficient, X is the position vector of a point on the filament, ms is the
linear density of the filament, Kb is the bending rigidity, and Ff is the hydrodynamic stress
exerted by the fluid.

3. A modified penalty immersed boundary method
The immersed boundary method developed by Kim and Peskin [28] is extended here to
handle the moving boundary. In this method, the boundary effect on the fluid is taken into
account by spreading the surface force into the bulk fluid and treating it as a body force,
which is done through the following expression,

(9)

where F(s, t) is the Lagrangian force density on the fluid by the elastic boundary, δD(x −
X(s, t)) is Dirac’s delta function. The regularized body force is the same as f in Eq. (3), and
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it enters the kinetic equation of the fluid, Eq. (1), through Gi. Since F(s, t) is the reaction
force of Ff in Eq. (8), it can be written as

(10)

where Fd and Fe are the inertial force and elastic force, respectively, and are given by

(11)

(12)

The velocity of a point on the filament is interpolated from the flow field, and the position of
the filament is updated explicitly, i.e.,

(13)

(14)

where U(s, t) is the velocity of the filament. Note that Eqs. (10)–(14) are equivalent to those
used by Zhu and Peskin [27].

The filament is discretized by Nf initially equally spaced nodal points, and the position of
the mth node at time level n is denoted by . To compute the tensile force at mth node, a
finite-difference scheme is used, i.e.,

(15)

where Δs is the grid spacing and the tension T and tangent vector, t = ∂X/∂s, at the segment
center, , are both computed using a second-order central difference scheme. Note that
Eq. (15) is nearly second-order accurate since the stretching ratio of the filament is low and
the length difference between the consecutive segments is small. The bending force in Eq.
(12) is also computed using a central difference scheme,

(16)

The discretizations of these elastic forces are the same as those in Zhu and Peskin [27].

The discretization of the inertial term, Fd(s, t), also known as the D’Alembert force, in Eq.
(11) requires more care. One way to evaluate the temporal derivative in this equation is to
apply an explicit finite difference scheme involving the current and previous time steps.
However, it is known that such a scheme is numerically stable only for the extremely light
filaments whose mass is lower than the critical value required for the flow-induced flapping
[28]. Another approach is to estimate the temporal derivative of the velocity on the Cartesian
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mesh according to the momentum equation, and then interpolate the derivative onto the
nodal points of the filament. However, our numerical results show that this approach also is
effective only for the low-mass filaments.

In the present simulations, the penalty immersed boundary method in [28] is adopted to
calculate the inertial force and ensure the numerical stability. Specifically, the filament itself
is assumed to be massless, but a second filament of linear density ms is attached to the
physical filament through virtual springs of stiffness Kv shown in Fig. 2. The second
filament is termed “ghost filament” here, as it only affects the dynamics of the physical
filament but is not seen by the flow solver directly. The FSI still takes place through the
interface between the fluid and the physical filament. Eq. (10) is thus modified to
incorporate the ghost filament,

(17)

(18)

(19)

where Fk is the spring force, Kv is the stiffness of virtual springs, and Y(s, t) is the position
vector of the point on the ghost filament connecting to point X(s, t) on the physical filament.
Essentially, the effect of the inertia of the ghost filament is cushioned through the virtual
springs. The second equation in Eq. (19) is discretized as

(20)

A three-step approach [31] is employed to treat Eqs. (13) and (14), which is described as

(21)

(22)

(23)

The advantage of this approach is that the computation is more stable when the stretching
coefficient Ks is high and the filament is nearly inextensible.

In the IBM, a smooth approximation [3] of Dirac’s delta function, δh, is used,

(24)
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(25)

For the lattice Boltzmann simulations, Δx = Δy is used.

The stretching coefficient Ks is chosen to be large enough so that the stretching ratio of the
structure is less than 5%. Such a ratio is allowed because an exceedingly large Ks could
make the simulation unstable. In our simulations, we adopt Ks/(ρU2L) = O(102), where U is
the characteristic velocity and L is the length of the unstretched filament. Similarly, Kv is
chosen to ensure that the simulations are stable while the distance between the physical and
ghost filaments does not vary significantly. Consider the spring–ghost filament a simple

harmonic oscillator whose intrinsic frequency  depends on the spring stiffness as
well as the mass of the ghost filament. In our simulation, the dimensionless λ is chosen such
as (λL/U)2 = O(103).

In addition to elastic filaments, rigid bodies of finite thickness are also incorporated in the
present method to study the interaction between the elastic and rigid bodies. To handle a
rigid surface of general shape, we use the following method to calculate the boundary force
on stationary surface [27],

(26)

where Ks is the artificial stiffness coefficient of the body.

The multi-block LBM proposed by Yu et al. [23] is employed in this study to simulate the
flow. The computational domain is divided into several blocks which are connected through
the interface between the blocks. The exchange of variables at the interface is done so that
the mass and momentum are conserved and the stress is continuous across the interface.
Suppose that a coarse lattice with spacing Δxc overlaps with a fine lattice with spacing Δxf.
In order to keep a consistent viscosity in both blocks, the relation between the relaxation
times, τc (on the coarse-mesh block) and τf (on the fine-mesh block), should be τf = 1/2 +
m(τc − 1/2), where m = Δxc/Δxf. Furthermore, to keep the variables and their derivatives
continuous across the interface between the blocks, the density distribution functions for the
coarse and fine blocks are described as

(27)

(28)

In the present simulations, the immersed solid bodies are covered by the fine mesh only, and
the solid surface does not cut through the mesh interface.

It is important to mention that the present method is limited to flows with low Reynolds
numbers. Such low-Re limitation is generally shared by the immersed-boundary methods
that regularize the boundary singularity by smearing the fluid–solid interface [4]. Finally,
the current numerical method is presented for two-dimensional (2D) problems. However, the
method can be easily extended to the three-dimensional (3D) problems involving elastic
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boundaries as previous IB–LB methods [22,32]. More specifically, the immersed boundary
can be treated in the same way as in [21], the inertial force of the elastic structure can be
calculated using the ghost element as described here, and the LBM simulation can be done
in the same way as in [32].

4. Validation of the numerical method
Four problems with previously established results are used to validate the numerical
algorithm described in Section 3: (1) laminar flow past a stationary cylinder, (2) vortex-
induced vibration of a cylinder, (3) a single filament flapping in a uniform flow, and (4)
interaction of two filaments placed side by side. These problems cover stationary and
moving boundaries, as well as rigid and elastic bodies, so the successful validation will
provide support for our later studies of the filament–filament and filament–rigid body
interactions.

4.1. Laminar flow past a stationary cylinder
Viscous flow past a stationary cylinder is one of the canonical examples for testing accuracy
of a numerical method. As shown in Fig. 3, this flow is solved here to assess the accuracy of
the present modified penalty IB–LBM solver. Simulations are performed for Re = 20, 40,
60, 80, 100 and 200 on a 40d × 20d domain, where Re is the Reynolds number based on the
freestream velocity, U, and the diameter of the cylinder, d. The computational domain is
discretized by a two-block Cartesian mesh. One is a uniform grid around the cylinder with
the block size of 25d × 6d and the resolution Δx = Δy = 0.02d. The other is a uniform grid
covering the outer region with a coarser resolution, Δx = Δ y = 0.04d. Table 1 shows the

average drag coefficient  and the Strouhal number St = fd/U, where FD is
the mean drag force on the cylinder and f is the vortex shedding frequency. The results from
several sources are listed in the table for comparison. It can be seen that our simulations are
in good agreement with the other results.

To study the grid convergence of the present method, we perform a simulation test with the
finest grid, Δx = 0.01d, and use the obtained result as the reference solution. Then we
perform several cases with coarser resolutions and calculate the L2 and L∞ norms of the
numerical error in the fluid velocity. In all cases, we set Δs = 0.6Δx, where Δs is the
spacing of the marker points on the cylindrical surface. The convergence is shown in Fig.
4(a), where the error norms for both the u and v components in general exhibit a first-order
accuracy. This convergence performance is consistent with the previous penalty IBM [28].
Therefore, combining the lattice Boltzmann simulation with the present boundary
formulation has not compromised the numerical accuracy of the IBM. In some previous
LBM studies using the implicit kernel, as in Ref. [17], nearly secondorder accuracy was
shown for flows in the absence of immersed bodies. In the present work, the accuracy is
limited by the thin diffuse-boundary treatment, which is discussed in more detail by Refs.
[28,36]. To demonstrate that the effect of the current boundary treatment, we calculate the
error distribution of the u-velocity for the Δx/d = 0.04 mesh, and the result shows that the
error concentrates around the surface of the cylinder (Fig. 4(b)).

4.2. Vortex-induced vibration of a cylinder
The vortex-induced vibration of a cylinder under subcritical Re is chosen to validate the
present method for the flow–structure interaction problems involving rigid bodies. The
cylinder immersed in a uniform freestream flow is mounted on two elastic supports and is
free to vibrate in both the streamwise and transverse directions. The cylinder is subject to the
hydrodynamic force and also the spring forces, and its dynamics is described as
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(29)

where Xc denotes the displacement of the center of the cylinder, k is the stiffness of the
supporting springs, m is the mass of the cylinder, and FR is the resultant hydrodynamic
force. The mesh in the simulation has a resolution of Δx/d = Δy/d = 0.02. The
nondimensional mass and the reduced natural frequency of the spring–cylinder system are

M = 4m/(πρd2) = 4.73 and , respectively. Here the relationship
between Fn and Re is imposed as done in Ref. [37].

The amplitude of the vibration in the transverse direction, Yc/d, as a function of Re is shown
in Fig. 5. The corresponding natural frequency, defined as U* = 1/Fn = Re/3.1875, is also
provided. The result from Mittal and Singh [37] is given for comparison. Although there is
notable difference between the two results, the overall trends are consistent with each other.
The lower critical Re predicted by the present method is between 19 and 20, and the upper
critical Re is between 31 and 32. The critical Re in Mittal and Singh [37] is about 21.7 for
the lower bound and 34 for the upper bound. In addition, the resonant vibration takes place
at a slightly lower Re in our simulation, and the amplitude of the cylinder displacement is
8% higher than that in Mittal and Singh [37].

To make sure that the present result has converged, we performed two series of simulations,
one with coarser resolution Δx/d = Δy/d = 0.04 and the other with finer resolution Δx/d =
Δy/d = 0.01. In addition, a third series were done with a singleblock mesh with Δx/d = Δy/d
= 0.02 to make sure that the multi-block LBM is properly handled. These results are also
shown in Fig. 5, from which it can be seen that grid-convergence has been reached and the
single-block mesh gives a consistent result. To explain the difference by approximately 10%
between our result and that of Mittal and Singh [37], we point out that the critical Reynolds
number for a stationary cylinder varies between 45.4 and 50 and the critical Strouhal number
varies between 0.12 and 0.14 depending on the specific numerical method used in the
previous simulations [38,39]. In comparison, the current difference is comparable and is
deemed acceptable.

4.3. A single filament flapping in a uniform flow
We further consider a lone filament flapping in a uniform flow. The rigidity of the filament,
Eb, defined by Kb/(ρU2L3), is set to be on order of 10−4. At this level, the filament vibration
is no longer sensitive to Eb [30]. The mass ratio, defined by S = ms/ρL, where ms is the
linear density of the filament, ρ is the fluid density, and L is the length of the filament, is an
important parameter in this problem. Both theoretical and numerical studies [27,40,30] have
shown that a low-mass filament in the uniform flow tends to be more stable than a high-
mass filament. In addition, a massless filament is always stable even in the presence of large
perturbations [27]. In our simulation, we have obtained the similar conclusions. For a
quantitative comparison, we have computed the critical mass ratio Sc, at which the filament
exhibits a transition from a stable state to an unsteady flapping state at Re = 90 based on the
filament length. In our simulations, Sc is determined between 0.22 and 0.28, which is in
good agreement with the critical value Sc = 0.26 predicted by Connell and Yue [30]. The
snapshots of the flow structures for S = 0.22 and S = 0.28 are shown in Fig. 6, and the flow
patterns are consistent with those in Refs. [27,30].

4.4. Interaction between two flapping filaments
The interaction between two identical flapping filaments was studied experimentally
[41,42], theoretically [42], and numerically [43,44]. In our simulation, the mass ratio and
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Reynolds number are chosen as S = 0.3 and Re = 100, respectively. Simulations are
performed for D/L = 0.1, 0.4 and 0.6, where L is the length of the filaments and D is the
distance between them. The same mesh as in Section 4.1 is used here. The nondimensional
bending rigidity, Eb, is the same as those in Section 4.3. A small-amplitude sinusoidal
perturbation was introduced to the initial configuration of the filaments, where the amplitude
increases from 0 at the leading edge to 0.1L at the trailing edge.

Fig. 7 shows the instantaneous vorticity field of the flow and also the deformation pattern of
the filaments. For the smallgap case, D/L = 0.1, the two filaments settle down to an in-phase
flapping state after several oscillations, and the flapping state is insensitive to the initial
configuration of the two filaments. For example, even if the two filaments have initially
anti-phase deformations, they will still approach the in-phase state after a few flapping
cycles. The Strouhal number, defined by St = fL/U, is 0.29 in this case. When the filament
separation distance becomes larger, D/L = 0.4, the filaments settle down to an anti-phase
flapping state after a transient period. The Strouhal number is 0.38 during this state, which is
approximately 28% higher than that of the in-phase case. The difference in the flapping
frequencies of the two modes obtained here is consistent to the previous numerical and
experimental studies [41,43]. In the experiment by Zhang et al. [41], where the Reynolds
number is 20000, the difference between the two modes is 35%. In the numerical simulation
at Re = 200 by Zhu and Peskin [43], where the flow is confined in a channel of width 2.4L,
this frequency increase is 41%. If the filament separation distance is further increased to D/L
= 0.6, the phase between the filaments becomes irregular. The phenomenon is also observed
in the previous work [41–43].

5. interaction of multiple filaments
Several explanations for the formation of fish schools have been proposed from different
perspectives, including both the hydrodynamics-related ones, e.g., energy saving, and also
others such as protection, socialization, genetics, and foraging [45,46]. Being able to model
the interaction of multiple flexible bodies will allow us to investigate the schooling behavior
of fish from a hydrodynamic point of view. Note that a filament passively flapping in flow
can be very different from a swimming fish, which undulates its body by muscular
activation. However, it was found that fish do make use of passive hydrodynamics in
unsteady flow for energetic advantages [47]. Thus, the current filament model provides an
extremely simplified yet illuminating representation of what could happen when the fish
passively respond to the surrounding fluid.

In this section, we will study the characteristic dynamics of three filaments in a side-by-side
arrangement and of ten filaments in a diamond arrangement. When a filament is located in
the downstream wake of another filament, it may experience exceedingly large deformations
(e.g., a 180° bend). To avoid the situation, the bending rigidity of the filaments, Eb = Kb/
(ρU2L3), is set to be on order of 10−3, i.e., one order of magnitude higher than that in the
previous section. The Reynolds number and mass ratio in this section are Re = 100 and S =
0.3, respectively.

5.1. Three filaments in side-by-side arrangement
Interaction of the three filaments placed side by side as shown in Fig. 8 is significantly
different from that of the two filaments due to the possibility for appearance of more
coupling modes [48]. Previous linear stability analysis [48] and experimental study [49]
showed that there exist at least three coupling modes when the filaments are separated
within the range of hydrodynamic interaction. These modes are the in-phase mode, the
symmetrical mode, and the out-of-phase mode.
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Simulations were carried out to model the three filaments beyond the small-amplitude
vibration. As shown in Fig. 8, three filaments of the same length L are placed side by side
with spacing D. An initial sinusoidal displacement is set for the filaments with the amplitude
growing from 0 at the leading edge to 0.1L at the trailing edge.

The simulated vibration mode and the vorticity field are shown in Fig. 9 for Re = 100 and
four separation distances, D/L = 0.1, 0.2, 0.4, and 4.0. Note that in the present and also the
earlier two-filaments configurations, it is physically possible for the filaments to collide with
each other when the filaments are closely separated. Fortunately, the collision did not
happen in the current simulations, which is likely due to the low Reynolds number
considered and also due to the current diffuse-boundary treatment.

For the closest separation, D/L = 0.1, the filaments flap in phase in the same way as the two
closely separated filaments described in Section 4.4, and the flapping pattern is independent
of the phases of the initial displacements of the filaments (Fig. 9(a)). At this in-phase mode,
the filaments are flapping like one single filament with the increased mass ratio. For a lone
filament in an infinite flow, the flapping amplitude increases as the mass ratio S is raised.
Therefore, the three filaments would have a higher deformation amplitude than the
corresponding single filament. To make a quantitative assessment, we define the flapping
amplitude as the root-mean-square value of the lateral displacement of the filament tail,

, where y0 is the average y-position of the tail and T is the sampling
duration. We use A0 to denote the flapping amplitude of the corresponding single filament,
which is A0/L = 0.13 according to our simulation. Here the flapping amplitude of the
filament 1, 2, and 3 is A/A0 = 1.98, 2.05, and 1.92, respectively, where the inner filament
has a slightly higher amplitude than the other two.

If the separation distance is increased to D/L = 0.2, the two outer filaments are in opposite
phase, as shown in Fig. 9(b), and the amplitudes of the three filaments are, in their order, A/
A0 = 0.77, 0.43, and 0.76, which are significantly lower than 1. In particular, the vibration of
the inner filament is reduced by more than 50% compared to the corresponding single
filament. For D/L = 0.4, the two outer filaments are also in opposite phase, but filament 2
becomes virtually stationary, as shown in Fig. 9(c). At this distance, the three-filament
system, as well as the flow field, exhibit a symmetrical pattern. The three flapping
amplitudes are A/A0 = 0.87, 0.02, and 0.86.

If the separation distance is further increased to D/L = 4.0, the inner filament starts to flap
again, and its amplitude is almost the same as that of the other two filaments, as shown in
Fig. 9(d). In addition, the inner filament is out of phase with the outer two filaments which,
on the other hand, flap in phase with each other. The three flapping amplitudes are all at A/
A0 = 1.0. That is, the flapping amplitude is the same as that of the corresponding single
filament. Note that the coupling modes shown in Fig. 9(a,c,d) are identified as the in-phase,
symmetrical, and out-of-phase mode, respectively, and these coordinated patterns are
consistent with those predicted by linear theory [48] and also those observed in the
experiment [49]. Detailed quantitative comparison of the present result with the previous
studies is not sought because the linear analysis [48] assumes a potential flow and the
Reynolds number in the experiment [49] is O(105) and is beyond the capability of the
present code.

In addition to the same modes as reported previously, transient modes such as that shown in
Fig. 9(b) for D/L = 0.2 and erratic flapping as reported in Alben [44] for two filaments are
also observed in present simulations. These additional modes are currently under an in-depth
investigation.
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5.2. Ten filaments in diamond arrangement
To further show the capability of the present method, we consider an array of identical
filaments organized in a staggered form shown in Fig. 10. A total number of ten filaments
are arranged in the so-called “diamond” pattern, which has been observed in fish schools
[50]. Previous studies of such a pattern focused on the prescribed fish motion and assumed
that all the fishes undulate with the same amplitude, frequency, wave number, and phase
[46]. The study of the completely passive undulation induced by the flow may provide
insight into the question whether some fish in the school may take advantage of the passive
flapping for energy saving. Ristroph and Zhang [51] performed an experimental study of six
filaments in tandem arrangement. It was found that the six filaments flap with different
amplitudes and the drag also differs for each filament.

In the present simulation, the filaments shown in Fig. 10 are placed such that a/L = 4.0 and
b/L = 2.0. All the filaments have the same small-amplitude deformation pattern in the
beginning of the simulation. The relative flapping amplitude of each filament is shown in
Fig. 10. It can be seen that the downstream filaments have a significantly higher amplitude
than the three leading filaments, whose amplitudes in turn are moderately higher compared
to the isolated single filament. Substantial vortex–vortex and vortex–filament interactions
can be observed via the flow visualization. An example of such interactions are shown by
the instantaneous flow field in Fig. 11. The vortices shed from the upstream filaments
merges into the vortices around the filaments that are located directly downstream, and the
vortex merging changes the shedding behavior of the downstream filament. In addition, the
shed vortices also affect those filaments diagonally behind the upstream filaments by
enhancing their vibration amplitude. Due to the vortex interaction, the wake behind the
entire school exhibits an irregular form, and the flapping motion of the last filaments
contains higher wavenumber deformations. The overall passive motions of the filaments
appear to be well coordinated. That is, the dominant flapping frequency is the same for all
the filaments, and the phase lags among the filaments, though not constants, vary slowly and
in a generally consistent manner. Rich dynamics of the filaments can be observed. For
example, some of the filaments may oscillate periodically with a large amplitude for a few
cycles, then they appear to be suppressed for a short while, and then later they resume their
large flapping magnitude.

Note that even though the present simulation is only two dimensional, it involves a highly
irregular and moving geometry. Using the current IB–LBM method, the multi-filament
simulation only takes about 60 hours for a time duration of t = 2000L/U, or around 500
flapping cycles, on a single Intel Xeon CPU E5520. Therefore, the efficient computation
will allow us to extensively investigate the system behavior in the current problem.

6. A filament in the wake of a stationary cylinder
Fish swimming in the wake of a stationary bluff body may harness the kinetic energy from
the vortices generated by the body [47,52]. Previously, the interaction between a flexible
structure and a rigid cylinder has been employed to model the fish problem and understand
the hydrodynamic benefit that the fish may enjoy [53–55]. In the present work, we consider
an elastic filament placed either directly behind the cylinder, or in the shear layer on one
side of the cylinder. These two regions are also referred to as the Kármán gait region and the
entrainment region [56,57].

The problem configuration is shown by the schematic in Fig. 12. A filament of length L and
linear density ms is placed in the wake of a stationary cylinder of diameter d. The head of
the filament is pinned while the tail is free. The streamwise distance between the fixed head
and the center of the cylinder is G, and the distance between the fixed head and the
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centerline of the flow field is h. The computations are performed on the same domain and
grid in Section 4.1. The Reynolds number based on the cylinder diameter is 100. The
bending rigidity of the filaments, Eb, is again on order of 10−3 to prevent exceedingly large
deformations.

In order to validate the present model, we conduct a laboratory experiment to measure the
energetic cost of a live fish. A rainbow trout (Oncorhynchus mykiss) swims in a sealed, 175
liter flume respirometer (Loligo Systems Inc.) held at 15°C (Delta Chiller by Aqua Logic
Inc., San Diego CA) with a working dimension of 25 cm × 25 cm × 87.5 cm. Two
individuals are chosen to maximize the difference in the lateral dimension, Lw, defined as
the average width in the dorsal view, while retaining similar dorso-ventral heights. Oxygen
consumption is measured as an indication of the metabolic cost of swimming in the
entrainment region and the free stream at a velocity of 3.5L s−1, where L is the total length
of the fish. This value is referred to as the MO2, which is normalized to the weight of the
individual animal and has the units mg O2/kg/hr. A 5 cm diameter cylinder is then placed in
the sealed flume and fish are allowed to entrain volitionally. The position of the fish’s head
is recorded every minute in a six-hour experiment.

6.1. A filament in the Kármán gait region
First, we consider the filament placed directly behind the cylinder. In this region, rainbow
trout adopt a distinctive swimming pattern called Kármán gait [57]. During this gait, the fish
body amplitude and curvature are much larger than those of the fish swimming in the free
stream, and the undulation frequency matches the vortex shedding frequency of the cylinder
[57]. Previous studies using the model shown in Fig. 12 [58,25] have not incorporated the
effect of the filament mass.

Simulations are performed for G/d = 3, h/d = 0. Several filament lengths and mass ratios are
considered with L/d = 1.0, 2.5, 4.0, and S = ms/ρd = 0.0, 0.1 and 0.2. Note that the mass
ratio has been re-defined using the diameter of the cylinder. The results show that for all the
mass ratios, the filament is unstable, and a flapping motion is excited. This is in contrast
with the a lone massless filament placed in uniform flow, where the filament would be
stable [27,40]. The typical flapping motion of the filament is shown in Fig. 13(a). For the
parameter regime considered here, the filament vibration is periodic.

Table 2 compares the averaged drag coefficient, CD, the root-mean-square values of the lift
coefficient of the cylinder, CL,rms, the drag ratio and amplitude of the filament, CD,f/CD,f0
and A/d, and the Strouhal number St = f d/U, where f is the flapping frequency of the
filament. Here CD,f and CD,f0 are, respectively, the drag coefficient of the filament and the
drag coefficient of the corresponding single filament in the absence of the cylinder. Both

coefficients are defined as the drag force normalized by . In the present
configurations, the filament flapping is induced by the vortices shed from the cylinder. Thus,
the flapping frequency is identical to the frequency of the vortex shedding. Comparing the
tabulated results for different mass ratios, we notice that for all three filament lengths, the
mass ratio has little effect on the drag and lift of the cylinder, and the flapping frequency of
the filament is not significantly affected either. However, the mass ratio has a significant
effect on the flapping amplitude and drag of the filament. As S is raised from 0 to 0.2, A/d
may increase up to 12% (e.g., for L/d = 1.0). Meanwhile, the drag ratio also becomes higher.
Except for L/d = 4.0 and S = 0.1 and 0.2, the drag ratio is significantly below unity,
indicating that the filament enjoys a drag reduction by staying behind the cylinder. For the
two exceptional cases, we plot the flow field in Fig. 14. In these cases, the filament has a
large bending deformation at its upstream portion, and its tail moves against the flow with a
fast speed as the filament curls up. This inertial effect is more pronounced for S = 0.2, in
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which case, the drag on the filament is nearly 36% higher compared to the drag on the
isolated filament.

Comparing the filaments with the same mass ratio but different lengths, we notice that
filament length has only a slight effect on the forces of the cylinder, and the flapping
frequency decreases within 8% as L/d increases from 1.0 to 2.5 and then to 4.0. On the other
hand, the drag ratios and flapping amplitude are significantly higher for longer filaments.
Therefore, we can conclude that within the parameter regime considered here, the flexible
bodies with a lower mass ratio and a shorter length may benefit more from the interaction
with the wake of the cylinder.

The effects of the mass ratio and length on the filament motion can also be seen from the
trajectory of the free end of the filament (Fig. 13(b)). At L/d = 1.0, the filament flaps at a
lower mode similar to that in Alben [59], where the tail end of filament follows an arc. At L/
d = 2.5, the tail end traces out a “Fig. 8” path, a phenomenon also described in Shi and Phan-
Thien [58], Sui et al. [25]. At L/d = 4.0, the trajectory combines the characteristics of those
for L/d = 1.0 and L/d = 2.5, exhibiting an arched “Fig. 8”.

6.2. A filament in the entrainment region
We now consider the situation where the filament is located in the entrainment region on
either side of the cylinder. In this case, we set G/d = 0.5, and h/d = 0.92. Other parameters
are the same as those in Section 6.1. The simulations are performed for L/d = 2.5 and S =
ms/ρd = 0.0, 0.01, 0.1 and 0.2.

For the vanishing mass ratio, S = 0.0, the filament is nearly motionless. The vorticity
contours of this case are shown in Fig. 15(a), where the vortex sheet on one side of the
cylinder is clearly distorted due to presence of the filament. Note that the flow past a lone
cylinder at this Reynolds number is not stable and vortex shedding would take place. The
massless filament by itself is stable in an infinite flow. Thus, the filament in the present case
apparently has stabilized the flow around the cylinder.

Due to the entrainment effect, the filament shape is slightly curved, and its tail bends into
the wake of the cylinder, forming a small angle of attack. A similar phenomenon was
observed in the real fish experiment by Liao [56], where the fish maintains its body and tail
position but only moves pectoral fins for station keeping.

The temporal behavior of drag and lift coefficients for the cylinder with massless filament
are presented in Fig. 15(b). Since the flow is not established in the beginning of the
simulation and also there is an initial perturbation to the configuration of the filament, the
drag and lift oscillate during the transient stage. However, these forces quickly settle down
to constant values. At the steady state, we obtained CD = 1.2, which is smaller than the
average drag of a single cylinder at Re = 100, CD = 1.4. There is also a small lift force due to
the flow asymmetry, pointing toward the filament side of the cylinder with CL = 0.03.

To further investigate the stabilizing mechanism of the filament, we plot the profiles of the
streamwise velocity, u, in the cylinder wake and compare them with the flow past a single
cylinder. The results are shown in Fig. 16, where the profiles are shown at x = 0.5d and x =
3.0d from the cylinder center for the present case and also for a lone cylinder at Re = 40 and
100. It can be seen that the presence of the filament has changed the two shear layers around
the cylinder and made the mean velocity profile in the shear layers closer to that for the lone
cylinder case at Re = 40 than for the lone cylinder at Re = 100. This effect is true for both
the near field (x = 0.5d) and the far field (x = 3.0d). Therefore, compared to the single
cylinder, the effective Reynolds number of the shear layers is reduced and velocity profiles
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are more smeared when the filament is present. As a result, the flow around the cylinder is
stabilized by the filament. To investigate the effect of h/d, we have performed a series of
simulation with h/d varying from 0.8 to 1.5. The result shows that for h/d between 0.85 and
1.2, the massless filament suppresses the vortex shedding from the cylinder, and the filament
itself is either stationary or has slight oscillations. Beyond this range, the filament is unable
to stabilize the flow. Specifically, further reducing h/d would cause the filament to flap in
the wake of the cylinder, and increasing h/d above 1.2 would lead to a weak interaction
between the two objects.

When the mass ratio is increased, the flow becomes unsteady, and the filament starts to flap
periodically. In addition, the flapping amplitude is higher for larger mass ratios. An
instantaneous vorticity field for S = 0.2 is shown in Fig. 17(a). The vortices are shed
alternately from the filament and from the other side of the cylinder. The negative vortex
pinched off from the filament and the positive vortex from the cylinder form a sequence of
vortex pairs in the wake. The flapping profiles of the filament are shown in Fig. 17(b). It can
be seen that the filament of higher mass ratios in the entrainment region flaps
asymmetrically. Note that at the current Reynolds number, all the corresponding single
filaments, including S = 0.2, are stable in the incident flow. One reason for the onset of such
flapping motion is that the shear layer instability of the cylinder may overcome the stability
effect of the filament. Another reason is that the filament in the shear layer of the cylinder is
subject to a flow with higher velocity compared to the filament in an otherwise uniform flow
and thus is more likely to become unstable.

The quantitative flow characteristics for different mass and length ratios are shown in Table
3. The drag coefficients of the cylinder and filament are both scaled by those of the isolated
bodies. For the massless filament, the cylinder experiences a drag reduction of 15%
compared to the lone cylinder, and the amount of reduction becomes slightly smaller when
the mass ratio of the filament is higher. Increasing the filament length from L/d = 1.5 to L/d
= 4.0 has little effect on the drag coefficient of the cylinder. In all the cases, the filament also
enjoys a significant drag reduction compared to the corresponding isolated filament. For the
massless filament, this reduction is 9% for L/d = 1.5 and increases to 24% for L/d = 4.0. At
higher mass ratios, this drag benefit drops to less than 7% for all three filament lengths. The
Strouhal number is not obviously affected by the mass ratio, but it varies by a small amount
when the filament length is changed. Note that the Strouhal numbers shown here are close to
those shown in Table 2, both are in turn close to the vortex shedding frequency of the
corresponding isolated cylinder. Therefore, in both of the Kármán gait and entrainment
regions, the flapping motion of the filament is dominated by the vortex shedding frequency
of the cylinder.

To summarize the numerical results of this section, we have found that the presence of the
filament in the entrainment region tends to stabilize the flow around the cylinder, while on
the other hand, the presence of the cylinder tends to destabilize the entraining filament.
Furthermore, the entraining filaments with a lower mass ratio and a longer length would
benefit more in drag reduction.

The complementary fish experiment is done as described in the beginning of this Section.
Fig. 18 shows the head location of the fish collected for every minute for 6 h. It is
immediately seen that the location markers are clustered in the entrainment region of the
cylinder for fish of both sizes. We report the metabolic cost for entraining as a percentage of
the metabolic cost for swimming in the free stream, normalized to the body mass.
Remarkably, the small fish with Lw = 0.8 cm and L/d = 3.5 uses 47% oxygen when
entraining compared to swimming in the free stream. The large fish Lw = 1.7 cm and L/d =
4.3 has less energy saving, but still uses up to 62% oxygen compared to the freestream
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swimming. Clearly, the fish benefits by spending time in the entrainment region. To draw a
connection of the present numerical model with the hydrodynamics of real fish, we note that
the density of the fish is close to that of water, and the mass ratio is approximately equal to
the ratio between the average fish thickness and the length. Such a ratio is difficult to obtain
accurately due to the three dimensionality and nonuniform distribution of the body mass.
Since Lw is the average thickness of the body and is about 5% of the body length for the
small fish and 8% for the large fish, we estimate that the mass ratios of both fish are within
the range considered in the numerical model. Interestingly, the entraining fish does not
undulate its body and maintains a steady position with its tail bent toward the wake of the
cylinder, as reported in Liao [56], which is much like the massless filament presented here.
The skewed body may act as a lift-producing foil to generate a lift force which prevents the
fish from being drawn into suction region [56]. According to the numerical model, the
entraining fish would experience a drag reduction compared to the freestream swimming.
This prediction is consistent to the measurement of the fish energy consumption.

It should be pointed out the present filament model serves a crude representation of the fish
hydrodynamics. There are several major differences between the model and the real fish
swimming. For example, the body mass and material properties of fish are nonuniform, and
the flow in nature is three dimensional. In addition, the Reynolds number in the experiment
is on order of 104, which is much higher than that in the present simulation. Despite these
important differences, the results presented here are consistent to the fish experiment and
thus may serve as a physical explanation for the observed swimming behavior.

7. Conclusion
A numerical approach combining the immersed-boundary method and the multi-block
lattice Boltzmann method is developed to simulate the interaction between multiple elastic
structures and a viscous incompressible flow. More specifically, the surface force of the
immersed bodies on the fluid is spread into the bulk region as a body force, and the fluid
kinematics is simulated by solving the lattice Boltzmann equation. In addition, a penalty
method is incorporated to handle the inertial force of the solid structures. Since grid
regeneration is not required and directly solving the Navier–Stokes equation is avoided, the
approach is extremely efficient for modeling the details of the coupled flow–structure
interaction. Four benchmark computations are carried out to validate the present method:
laminar flow past a stationary cylinder, vortex-induced vibration of a cylinder, a single
filament flapping in a uniform flow, and interaction of two flapping filaments. The
efficiency of the approach is demonstrated by simulations of multiple filaments passively
flapping together in a uniform flow.

As an application, the filament in the wake of a cylinder is studied to model the Kármán
gaiting and entraining behavior of fish near a bluff object. In the Kármán gait region directly
behind the cylinder, the filaments with low mass ratios and short lengths enjoy more drag
reduction compared to the filaments with high mass ratios and long lengths. In the
entrainment region, i.e., the shear layer next to the cylinder, the filament may provide a
stabilizing effect on the flow and maintain a steady position itself when the mass ratio is
low. The entraining filaments also experience a significant drag reduction. However, unlike
the Kármán gaiting filaments, the entraining filaments with a longer length receive more
benefit. A complementary laboratory experiment is performed where the entraining behavior
of the trout fish near a stationary cylinder is studied and the metabolic cost of the swimming
is recorded. It is found that the fish benefit from entraining by significantly reducing oxygen
consumption compared to the freesteam swimming. Furthermore, the fish tend to maintain a
steady body position in the entrainment region. The numerical results are in general
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consistent with the experimental observation and may thus offer a physical insight to the
biological behavior of the fish.
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Fig. 1.
Nine base vectors representing 9 possible velocity directions in the D2Q9 lattice model.
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Fig. 2.
The physical and ghost filaments are tethered together by virtual springs with a large
stiffness Kv.
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Fig. 3.
Geometry for flow passing a stationary cylinder.
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Fig. 4.
(a) Convergence of the present numerical method. (b) Error distribution for the u-velocity.
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Fig. 5.
The amplitude of the transverse oscillation in the vortex-induced cylinder vibration.
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Fig. 6.
Flow-induced flapping of a lone filament. The instantaneous vorticity field for (a) S = 0.22
and (b) S = 0.28 at t U/L = 80.
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Fig. 7.
Interaction between two identical flapping filaments in a side-by-side arrangement. The
vorticity field for (a) D/L = 0.1, (b) D/L = 0.4, and (c) D/L = 0.6 at tU/L = 160.
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Fig. 8.
Schematic of three filaments in a side-by-side arrangement.
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Fig. 9.
Interaction between three identical filaments in side-by-side arrangement. The vorticity field
for (a) D/L = 0.1, (b) D/L = 0.2, (c) D/L = 0.4, and (d) D/L = 4.0.
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Fig. 10.
(a) Schematic of ten filaments in the diamond arrangement. (b) Superimposed deformation
patterns, where the numbers are the relative flapping amplitude, A/A0, of the filaments.
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Fig. 11.
The instantaneous vorticity field for the ten-filament arrangement.
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Fig. 12.
Schematic of a filament in the wake of the cylinder.
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Fig. 13.
(a) The profiles of a filament in the Kármán gait region. (b) Trajectory of the free end of the
filament for S = 0.0 and 0.2 at L/d = 1.0, 2.5, and 4.0.
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Fig. 14.
The instantaneous vorticity field for the filament of in the Kármán gait region with S = 0.1
(a) and S = 0.2 (b).
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Fig. 15.
The filament in the entrainment region. (a) The instantaneous vorticity field for G/d = 0.5, h/
d = 0.92, L/d = 2.5, and S = 0.0. (b) Histories of the drag (CD) and lift (CL) coefficients of
the cylinder.
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Fig. 16.
Comparison of the mean streamwise velocity (u) profiles in the wake of the cylinder; (a) x =
0.5d and (b) x = 3.0d downstream from the cylinder center.
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Fig. 17.
The filament in the entrainment region. (a) The instantaneous vorticity field for L/d = 2.5, G/
d = 0.5, h/d = 0.92 and S = 0.2. (b) The flapping pattern of the filament at different mass
ratios.
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Fig. 18.
(a) Plot of the head location for the small fish with Lw = 0.8 cm and L = 17.7 cm entraining
behind a 5 cm diameter cylinder at 3.5L s−1 for every minute for 6 h. The fish entrains next
to the cylinder for the majority of the experiment, occasionally exploring the Kármán vortex
street and lateral sides of the flume downstream of the cylinder. The small fish uses 47%
oxygen when entraining compared to swimming in the free stream. (b) The large fish (Lw =
1.7 cm and L = 21.7 cm) also entrains for the majority of the experiment, but compared to
the small fish consumes a higher percentage of oxygen (62%) relative to the cost of the
freestream swimming.
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Table 1

Comparison of the mean drag coefficient, CD, and Strouhal number, St, with previous data for the flow past a
stationary cylinder.

Re CD/St (Present) CD/St [33] CD/St [34] CD/St [35]

20 2.16/− 2.09/− 2.04/− 2.23/−

40 1.62/− 1.58/− 1.54/− 1.66/−

60 1.49/0.138 1.44/0.143 −/− −/−

80 1.44/0.155 1.40/0.158 1.40/0.150 −/−

100 1.43/0.166 1.39/0.169 1.39/0.160 1.42/0.171

200 1.44/0.198 1.39/0.204* -/- 1.42/0.202

*
The Re = 200 case in this column was simulated by using the same code from the authors of Ref. [33].
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