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Abstract

In this paper, we derive an a-posteriori error indicator for the Generalized Multiscale Finite Element
Method (GMsFEM) framework. This error indicator is further used to develop an adaptive enrichment
algorithm for the linear elliptic equation with multiscale high-contrast coefficients. The GMsFEM, which
has recently been introduced in [?], allows solving multiscale parameter-dependent problems at a reduced
computational cost by constructing a reduced-order representation of the solution on a coarse grid. The
main idea of the method consists of (1) the construction of snapshot space, (2) the construction of the
offline space, and (3) the construction of the online space (the latter for parameter-dependent problems).
In [?], it was shown that the GMsFEM provides a flexible tool to solve multiscale problems with a complex
input space by generating appropriate snapshot, offline, and online spaces. In this paper, we study an
adaptive enrichment procedure and derive an a-posteriori error indicator which gives an estimate of the
local error over coarse grid regions. We consider two kinds of error indicators where one is based on the
L?-norm of the local residual and the other is based on the weighted H ~!-norm of the local residual
where the weight is related to the coefficient of the elliptic equation. We show that the use of weighted
H~'-norm residual gives a more robust error indicator which works well for cases with high contrast
media. The convergence analysis of the method is given. In our analysis, we do not consider the error
due to the fine-grid discretization of local problems and only study the errors due to the enrichment.
Numerical results are presented that demonstrate the robustness of the proposed error indicators.

1 Introduction

Model reduction techniques are often required for solving challenging multiscale problems that have multiple
scales and high contrast. Many of these model reduction techniques perform the discretization of the problem
on a coarse grid where coarse grid size is much larger than the fine-grid discretization. The latter requires
constructing reduced order models for the solution space on a coarse grid. Some of these techniques involve
upscaled models (e.g., [?, ?]) or multiscale methods (e.g., [?, 7, 7,7, 2,2, 2,7, 2,2, 7]).

In this paper, we derive an a-posteriori error indicator for the Generalized Multiscale Finite Element
Method (GMsSFEM) framework [?]. This error indicator is further used to develop an adaptive enrichment
algorithm for the linear elliptic equation with multiscale high-contrast coefficients. GMsSFEM is a flexible
general framework that generalizes the Multiscale Finite Element Method (MsFEM) ([?]) by systematically
enriching the coarse spaces and taking into account small scale information and complex input spaces. This
approach, as in many multiscale model reduction techniques, divides the computation into two stages: the
offline and the online. In the offline stage, a small dimensional space is constructed that can be used in the
online stage to construct multiscale basis functions. These multiscale basis functions can be re-used for any
input parameter to solve the problem on a coarse grid. The main idea behind the construction of offline and
online spaces is the selection of local spectral problems and the selection of the snapshot space. In [?], we
propose several general strategies. In this paper, we investigate adaptive enrichment procedures.
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In previous findings [?, ?], a-priori error bounds for the GMsFEM are derived for linear elliptic equations.
It was shown that the convergence rate is proportional to the inverse of the eigenvalue that corresponds to
the eigenvector which is not included in the coarse space. Thus, adding more basis functions will improve
the accuracy and it is important to include the eigenvectors that correspond to very small eigenvalues ([?]).
Rigorous a-posteriori error indicators are needed to perform an adaptive enrichment which is a subject of
this paper. We would like to point out that there are many related activities in designing a-posteriori error
estimates [?, 7, ?, 7, ?] for global reduced models. The main difference is that our error estimators are based
on special local eigenvalue problem and use the eigenstructure of the offline space.

In the paper, we consider two kinds of error indicators where one is based on the L?-norm of the local
residual and the other is based on the weighted H ~'-norm (we will also call it H~!-norm based) of the
local residual where the weight is related to the coefficient of the elliptic equation. We show that the use of
weighted H ~'-norm residual gives a more robust error indicator which works well for cases with high contrast
media. The convergence analysis of the method is given. In our analysis, we do not consider the error due to
the fine-grid discretization of local problems and only study the errors due to the enrichment. In this regard,
we assume that the error is largely due to coarse-grid discretization. The fine-grid discretization error can
be considered in general (e.g., as in [?, ?]) and this will give an additional error estimator. The proposed
error indicators allow adding multiscale basis functions in the regions detected by the error indicator. The
multiscale basis functions are selected by choosing next important eigenvectors (based on the increase of the
eigenvalues) from the offline space.

The convergence proof of our adaptive enrichment algorithm is based on the techniques used for proving
the convergence of adaptive refinement method for classical conforming finite element methods for second
order elliptic problems [?, ?]. Contrary to [?] where mesh refinement is considered, we prove the convergence
of our adaptive enrichment algorithm as the approximation space is enriched for a fixed coarse mesh size. The
convergence is based on some previously developed spectral estimates. In particular, we use both stability of
the coarse-grid projection and the convergence of spectral interpolation. Another key idea is that our error
indicators are defined in a variational sense instead of the pointwise residual of the differential equation. By
using this variational definition, we avoid the use of the gradient of the multiscale coefficient. Moreover, our
convergence analysis does not require that the gradient of the coefficient is bounded, which is not the case
for high-contrast multiscale flow problems.

In the proposed error indicators, we consider the use of snapshot space in GMsFEM. In this case, the
residual contains an irreducible error due to the difference between the snapshot solution and the fine-grid
solution. We consider the use of snapshot space for approximating the residual error in the case of weighted
H~'-norm of the local residual.

We present several numerical tests by considering two different high-contrast multiscale permeability
fields. We study both error indicators based on the L?-norm of the local residual and the weighted H~!-
norm of the local residual. Our numerical results show that the use of weighted H ~!-norm residual gives a
more robust error indicator which works well for cases with high contrast media. In our numerical results, we
also compare the results obtained by the proposed indicators and the exact error indicator which is computed
by considering the energy norm of the difference between the fine-scale solution and the offline solution. Our
numerical results show that the use of the exact error indicator gives nearly similar results to the case of
using weighted H~! error indicator. In our studies, we also consider the errors between the fine-grid solution
and the offline solution as well as the snapshot solution and the offline solution. All cases show that the
proposed error indicator is robust and can be used to detect the regions where additional multiscale basis
functions are needed.

The paper is organized in the following way. In the next section, we present Preliminaries. The GMsFEM
is presented in Section[3 In Sectiond we present the details of the error indicator and state our main results.
In Section Bl numerical results are presented. The proofs of our main results are presented in Section[Gl The
paper ends with a Conclusion.



2 Preliminaries

In this paper, we consider high-contrast flow problems of the form
—div(k(z)Vu) = f in D, (1)

subject to the homogeneous Dirichlet boundary condition u = 0 on 9D, where D is the computational
domain. We assume that x(z) is a heterogeneous coefficient with multiple scales and very high contrast. To
discretize (), we introduce the notion of fine and coarse grids. We let 7 be a usual conforming partition
of the computational domain D into finite elements (triangles, quadrilaterals, tetrahedra, etc.). We refer to
this partition as the coarse grid and assume that each coarse element is partitioned into a connected union
of fine grid blocks. The fine grid partition will be denoted by 7", and is by definition a refinement of the
coarse grid TH. We use {z;}X, (where N denotes the number of coarse nodes) to denote the vertices of the
coarse mesh 7 and define the neighborhood of the node z; by

wi:U{Kj ETH; l‘iEKlj}. (2)

See Figure [l for an illustration of neighborhoods and elements subordinated to the coarse discretization. We
emphasize the use of w; to denote a coarse neighborhood, and K to denote a coarse element throughout the
paper.
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Figure 1: Hlustration of a coarse neighborhood and coarse element

Next, we briefly outline the GMsFEM. We will consider the continuous Galerkin (CG) formulation and
we will use w; as the support of basis functions. We denote the basis functions by v;*, which is supported
in w;. In particular, we note that the proposed approach will employ the use of multiple basis functions per
coarse neighborhood, and the index k represents the numbering of these basis functions. In turn, the CG
solution will be sought as ums(z) = >, ¢y (z). Once the basis functions are identified, the CG global
coupling is given through the variational form

a(ums,v) = (f,v), forallve Vog, (3)

where Vog is used to denote the space spanned by those basis functions and a(-,-) is a usual bilinear form
corresponding to ([Il). We also note that one can use discontinuous Galerkin formulation (see e.g., [?, 7, ?])
to couple multiscale basis functions defined on K.

Let V be the conforming finite element space with respect to the fine-scale partition 7. We assume
u € V is the fine-scale solution satisfying

a(u,v) = (f,v), veV.



3 CG-based GMsFEM for high-contrast flow problems

In this section, we will give a brief description of the GMsFEM for high contrast flow problems. More details
can be found in [?, ?]. In the following, we also give a general outline of the GMsFEM.

1. Offline computations:

— 1.0. Coarse grid generation.
— 1.1. Construction of snapshot space that will be used to compute an offline space.

— 1.2. Construction of a small dimensional offline space by performing dimension reduction in the
space of global snapshots.

2. Online computations:

— 2.1. For each input parameter, compute multiscale basis functions. (for parameter-dependent
cases)

— 2.2. Solution of a coarse-grid problem for any force term and boundary condition.

— 2.3. Iterative solvers, if needed.

3.1 Local basis functions

We now present the construction of the basis functions and the corresponding spectral problems for obtaining
a space reduction.

In the offline computation, we first construct a snapshot space Vg, ,. The snapshot space can be the
space of all fine-scale basis functions or the solutions of some local problems with various choices of boundary
conditions. For example, we can use the following x-harmonic extensions to form a snapshot space. For each
fine-grid function, 67 (), which is defined by 67 (x) = 6;x, Vj, k € Jy(w;), where Jj(w;) denotes the fine-grid
boundary node on dw;.

Wi,Snap by

Given a fine-scale piecewise linear function defined on dw, we define ¢;

— div(k(z)Veyo ) =0 in w, (4)

where %" = 67 (z) on dw;.

For brevity of notation we now omit the superscript w;, yet it is assumed throughout this section that the
offline space computations are localized to respective coarse subdomains. Let W; be the number of functions
in the snapshot space in the region w;, and

Vinap = span{z/J;nap 1 <1< W,

for each coarse subdomain w;.
Denote
Ranap = [V, 03P]

In order to construct the offline space V%, we perform a dimension reduction of the space of snapshots
using an auxiliary spectral decomposition. The analysis in [?] motivates the following eigenvalue problem in
the space of snapshots:

AOH\I](];H _ /\szsoff\l}sz7 (5)
where
AT = [ag?n] = / K’('r)vwf:zap : vwflnap = RsTnapARsnaP
w

and



SO = [so ] = / R()Um P = BT SR

where A and S denote analogous fine scale matrices as defined by
Aij = / Ii(,@)v¢z : V(b] dx Sl = / E(l‘)¢z¢] dx
D D

where ¢; is the fine-scale basis function. We will give the definition of K(z) later on. To generate the offline
space we then choose the smallest M2, eigenvalues from Eq. (Bl) and form the corresponding eigenvectors in
the space of snapshots by setting ¢ = > \I!zgf S (for k= 1,..., M), where \I!zgf are the coordinates
of the vector \I/zﬁ.

3.2 Global coupling

In this section we create an appropriate solution space and variational formulation that for a continuous
Galerkin approximation of Eq. (). We begin with an initial coarse space Vi™® = span{y;}Y ,, where the x;
are the standard multiscale partition of unity functions defined by

—div(k(z) Vxi) =0 K ew (6)
Xi =¢; on 0K,
for all K € w;, where g; is assumed to be linear. We note that the summed, pointwise energy k required for
the eigenvalue problems will be defined as

N
K= KZH2|VX1'|2,

i=1

where H denotes the coarse mesh size.
We then multiply the partition of unity functions by the eigenfunctions in the offline space Vi to
construct the resulting basis functions

ik = i for 1<i< N and 1<k < M, (7)

where M3 denotes the number of offline eigenvectors that are chosen for each coarse node i. We note that
the construction in Eq. (@) yields continuous basis functions due to the multiplication of offline eigenvectors
with the initial (continuous) partition of unity. Next, we define the continuous Galerkin spectral multiscale

space as
Vog =span{t; 0 1<i<N and 1 <k < Mg} (8)

Using a single index notation, we may write Vog = span{wi}fy:cl, where N, denotes the total number of
basis functions that are used in the coarse space construction. We also construct an operator matrix R} =
[t1,...,9¥nN.] (where ¢; are used to denote the nodal values of each basis function defined on the fine grid),
for later use in this subsection.

We seek umg(x) = >, cithi(z) € Vog such that

a(ums,v) = (f,v) for all v € Vg, 9)

where a(u,v) = / k(x)Vu - Vode, and (f,v) = / fvdz. We note that variational form in (@) yields the
D D

following linear algebraic system
AoUo = Fp, (10)

where Uy denotes the nodal values of the discrete CG solution, and

AQ = [ajj] == ‘/DFL(JJ) V’lﬁ] . ij dr and FO = [f]] == ‘/Df’lﬂ] dx.



Using the operator matrix ROT, we may write Ay = RQAROT and Fy = RoF', where A and F are the standard,
fine scale stiffness matrix and forcing vector corresponding to the form in Eq. (@). We also note that the
operator matrix may be analogously used in order to project coarse scale solutions onto the fine grid.

4 A-posteriori error estimate and adaptive enrichment

In this section, we will derive an a-posteriori error indicator for the error v — s in energy norm. We will
then use the error indicator to develop an adaptive enrichment algorithm. The a-posteriori error indicator
gives an estimate of the local error on the coarse grid regions w;, and we can then add basis functions
to improve the solution. We will give two kinds of error indicators, one is based on the L?-norm of the
local residual and the other is based on the weighted H ~!-norm of the local residual (for simplicity, we will
also call it H~!'-norm based indicator). The L?-norm residual is also used in the classical adaptive finite
element method. In our case, this type of error indicator works well when the coefficient does not contain
high contrast region. We will provide a quantitative explanation for this in the next section. On the other
hand, the H !-norm based residual gives a more robust error indicator which works well for cases with
high contrast media. This section is devoted to the derivation of the a-posteriori error indicator and the
corresponding adaptive enrichment algorithm. The convergence analysis of the method will be given in the
next section.
Let V be the fine scale finite element space. We recall that the fine scale solution u satisfies

a(u,v) = (f,v) forall veV (11)
and the multiscale solution wu.,s satisfies
a(ums,v) = (f,v) for all v € Vig. (12)

We remark that Vg C V. Next we will give the definitions of the L?-based and H ~'-based residuals.
L?-based residual:
Let w; be a coarse grid region. We define a linear functional Q;(v) on L?(w;) by

Qi(v) = fox; — / aVms - V(vx;). (13)
The norm of Q; is defined as
Qi = sup LZWL (14)
ver2(w;) 1VlL2 )

The norm ||Q;|| gives an estimate on the size of error.
H~'-based residual:
Let w; be a coarse grid region and let V; = H& (w;). We define a linear functional R;(v) on V; by

Ri(v)_/% fv—/% aViims - V. (15)

The norm of R; is defined as
|Ri(v)]

lollv; -

[ Rillv = sup
veV;

where ||v||v, = a(v,v)z. The norm | Rillv+ gives an estimate on the size of error.

To simplify notations, we let I; = MZ;. We recall that, for each w;, the eigenfunctions corresponding to
AV ,)\Zi are used in the construction of Vog. We also define k; = minge,, k(z).

In the next section, we will prove the following theorem.



Theorem 4.1. Let u and un,s be the solutions of ([[Il) and [I2) respectively. Then

N
HU_UMSH%/ < CerrZ”Qi”Q(“Z)“luzrl)iv (17)

i=1
lu—umslliy < CWZIIR 5 (A7) ™ (18)

where Cepyr is a uniform constant.

From ([[7) and (I§)), we see that the norms [|Q;|| and || R;|[v+ give indications on the size of the energy
norm error ||u—ums|ly. Even though (1) and (I8) have the same form, we emphasize that they give different
convergence behavior in the high contrast case.

We will now present the adaptive enrichment algorithm. We use m > 1 to represent the enrichment level
and V)i be the solution space at level m. For each coarse region, we use ;" be the number of eigenfunctions
used at the enrichment level m for the coarse region w;.

Adaptive enrichment algorithm: Choose 0 < 6 < 1. For each m =1,2,---,

Step 1: Find the solution in the current space. That is, find u; € V_i such that

a(up,v) = (f,v) forall ve V. (19)
Step 2: Compute the local residual. For each coarse region w;, we compute

2 _
;=

1Qill* (R lmﬂ)*l, for L2-based residual
| Rill%-( ﬁ%+1)’1, for H'-based residual

And we re-enumerate them in the decreasing order, that is, nf > n3 > --- > n%.

Step 3: Find the coarse region where enrichment is needed. We choose the smallest integer k£ such that

N k
6> n2 <> (20)
=1 =1

Step 4: Enrich the space. For each i = 1,2, -+, k, we add basis function for the region w; according to the
following rule. Let s be the smallest positive integer such that A\jm 41 is large enough (see the proof
of Theorem [£2)) compared with A\jm 1. Then we include the eigenfunctions ol - WL in the

construction of the basis functions. The resulting space is denoted as Vgg-"’l.

We remark that the choice of s above will ensure the convergence of the enrichment algorithm, and in
practice, the value of s is easy to obtain. Moreover, contrary to classical adaptive refinement methods, the
total number of basis functions that we can add is bounded by the dimension of the snapshot space. Thus,
the condition (20) can be modified as follows. We choose the smallest integer k such that

92771 <>

i€l

where the index set I is a subset of {1,2,--- , k} and contains indices j such that [7" is less than the maximum
number of eigenfunctions for the region w;.

We now describe how the norms |[|Q;]| and |[R;||v+ are computed. Let W; be the diagonal matrix
containing the nodal values of the fine grid cut-off function y; in the diagonal. Then the norm ||Q;|| can be
computed as

[Qill = Wi ARG U (21)



According to the Riez representation theorem, the norm || R;[[v+ can be computed as follows. Let z; be the
solution of

/ aVz;-Vv = R;(v), forall veV,. (22)

Then we have || R;||v- = ||zi]
coarse region w;.
Finally, we state the convergence theorem.

v;. Thus, to find the norm [|R;||y+, we need to solve a local problem on each

Theorem 4.2. There are positive constants 1,0, p, L1 and Lo such that the following contracting property
holds

T

N N
_ ., m+12 S N2 < ( _.,m |2 T S . 2)'
|u—u v + 1+ 7L, ; m1(wi)” < el llu —umlly + 1+ 7L, ; m(wi)

ms

Note that 0 < e <1 and
92 2067"""

B L1(1+7’5L2), TL1

e = max(1l +p).

We remark that the precise definitions of the constants 7,4, p, L1 and Lo are given in Section [6

5 Numerical Results

In this section, we will present some numerical experiments to show the performance of the error indicators
and the adaptive enrichment algorithm. We take the domain €2 as a square, set the forcing term f =1 and
use a linear boundary condition for the problem (IJ). In our numerical simulations, we use a 20 x 20 coarse
grid, and each coarse grid block is divided into 5 x 5 fine grid blocks. Thus, the whole computational domain
is partitioned by a 100 x 100 fine grid. We assume that the fine-scale solution is obtained by discretizing
(@) by the classical conforming piecewise bilinear elements on the fine grid. To test the performance of our
algorithm, we consider two permeability fields x as depicted in Figure[2l We obtain similar numerical results
for these cases, and therefore we will only demonstrate the numerical results for the first permeability field

(Figure [2(a))).

Below, we list the indicators used in our simulations. In particular, we will recall the definitions of the
L?-based and H~'-based error indicators. For comparison purpose, we also use an indicator computed by
the exact error in energy norm. We remark that the indicators are computed for each coarse neighborhood
w; and are defined as follows.

e The indicator constructed using the weighted H ~'-based residual is
E 2 i =1
nwf‘ = ||Ri||V; ()‘Zm+1) (23)
and we name it the proposed indicator.

e The indicator constructed using the L2-based residual is
ot = Qill*(Rigi )™ (24)
and we name it the L? indicator.

e The indicator constructed using the exact energy error is
E 2
"Yw:( = ||u - umsnw (25)

and name it the exact indicator.



We recall that, in the above definitions, the norms ||Q;|| and |[R;||y+ are computed in the way described
in (2I) and ([22) respectively. For each enrichment level, we will compute the multiscale solution (Step 1) and
the corresponding error indicators (Step 2). The indicators 775:‘, nE;’ and 7]5? are then ordered in decreasing
order. To enrich the approximation space, we select a few coarse neighborhoods such that (20) holds for a
specific value of § (Step 3). In our simulations, we consider § = 0.7 and 0.2. Finally, for selected coarse

neighborhoods, we will enrich the offline space by adding more basis functions (Step 4).
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Figure 2: Permeability fields

We will consider two types of snapshot spaces, namely the space spanned by all xk-harmonic extensions
and the space spanned by all fine-scale conforming piecewise bilinear functions. The sequence of offline basis
functions is then obtained by solving the local spectral problem (Bl on the space of snapshots. We will call
the first type of basis functions as harmonic basis and the second type of basis functions as spectral basis.

In addition, we use the notations nfi’E“, 7]517]“2 and n‘lji’E" to denote the H ~!-based, L*-based and exact error

indicators for the case when the offline space is formed by harmonic basis. Similarly, we use the notations
ng;E“7 ng;m and ng;Ex to denote the H~!-based, L3-based and exact error indicators for the case when the

offline space is formed by spectral basis (here, superscript U stands for the fact that the snapshot space
consists of all fine-grid unit vectors).
In the following, we summarize the numerical examples we considered in this paper.

e Numerical results with harmonic basis (see Section [5.1]). We will present numerical results to
test the performance of the error indicator ng; En and the adaptive enrichment algorithm with 8 = 0.7
and 6 = 0.2. We also compare our results with the use of n/-** with 6 = 0.7.

e Numerical results with spectral basis (see Section [5.2]). We will present numerical results to
test the performance of the error indicator ng; En and the adaptive enrichment algorithm with 8 = 0.7
and 6 = 0.2. We also compare our results with the use of nJ:** with § = 0.7.

e Numerical results with L? indicator (see Section [5.3]). We will present numerical results to test

the performance of the error indicator ng;m and the adaptive enrichment algorithm with 6 = 0.7.

e Numerical results when the proposed indicator is computed in the snapshot space (see
Section [5.4]). We will present numerical results to test the performance of the error indicator n}j;E“

and the adaptive enrichment algorithm with # = 0.7. In this case, the norm [|R;||y+ is computed in
the snapshot space instead of the fine-grid space.

In the following, we will give a brief summary of our conclusions before discussing the numerical results.

e The use of both 0l E* and nY P gives a convergent sequence of numerical solutions. This verfies the

wi Wi

convergence of our adaptive GMsFEM.



E Enand nY ; En i similar to that of the exact indicators

. Thus, the proposed indicator gives a good estimate of the exact error.

e The performance of the proposed indicators 7

H,Ex U,Ex

e The performance of the weighted H ~!-based indicator is much better than that of the L?-based indi-
cator for high-contrast problems.

e The use of the snapshot space to compute 775; En and 778{ En

to the use of local fine-grid solves. Thus, the computations of 7
efficiently.

in 22)) gives similar results compared
H, En and 7Y B2 can be performed

Wi Wi

e With the use of § = 0.2, we obtain more accurate results for the same dimensional offline spaces
compared with § = 0.7.

In the tables listed below, we recall that Vg denotes the offline space; u, usnap and uog denote the fine-scale,
snapshot and offline solutions respectively. Moreover, to compare the results, we will compute the error
U — Uog Using the L? relative error and the energy relative error, which are defined as

[N

a(u — Uoft, U — Uoft)

alu,u)z

flu — Uoff||L2(V)

||U||L2(V)

v — woft|| 2 (D) := v v = ol oy = (26)

where the weighted L2-norm is defined as [|ul[ 12y = HE%’UJHLz(D). We will also compute the error usnap — ot
using the same norms

=

a(usnap — Uoff, U — uoﬁ)

——  (27)

a(Usnap, Usnap) 2

l|usnap — uoﬁ'HIﬁ(V)

[[tsnap — Uoft|| 2 (D) = : [usnap — Uoft|| i1 (D) =

”usnap ||L2(V)

5.1 Numerical results with harmonic basis

In this section, we present numerical examples to test the performance of the proposed indicator nE{E“ and
the convergence of our adaptive enrichment algorithm with # = 0.7 and 6 = 0.2. We will also compare our
results with the use of the exact indicator nE;Ex. In the simulations, we take a snapshot space of dimension
7300 giving errors of 0.05% and 3.02% in weighted L? and weighted H' norms, respectively. Thus, the
solution usnap is as good as the fine-scale solution u. For the adaptive enrichment algorithm, the initial
offline space has 4 basis functions for each coarse grid node. At each enrichment (Step 4), we will add one
basis function for the coarse grid nodes selected in Step 3. We will terminate the iteration when the energy
error ||u — uom||y is less than 5% of ||u — ugnap||v-

) U — Uog|| (% Usnap — Uoft|| (%0

dim(Vor) [——pry) |”( ) T | )
1524 150 31.29 149 34.14
1711 124 97,37 123 27.19
2431 934 20.13 9.36 20.31
2637 1.64 15.43 1.61 15.13
3378 0.5 7.83 051 7.02

Table 1: Convergence history for harmonic basis with § = 0.7 and 18 iterations. The snapshot space has
dimension 7300 giving 0.05% and 3.02% weighted L? and weighted energy errors. When using 12 basis per
coarse inner node, the weighted L? and the weighted H! errors will be 2.34% and 19.77%, respectively, and
the dimension of offline space is 4412.

In Table [[] and Table 2] we present the convergence history of the adaptive enrichment algorithm for

0 = 0.7 and 6 = 0.2 respectively. For both cases, we see a convergence of the algorithm. For the case § = 0.7,
the algorithm requires 18 iterations to achieve the desired accuracy. The dimension of the corresponding

10



. U — Uoff % Ugsnap — Uoff %

dim(Vorr) o) |”( D) o | )
1524 4.50 31.29 1.49 34.14
1646 4.05 26.80 1.04 26.62
1864 3.09 20.34 3.07 20.11
2220 1.24 14.43 1.20 14.11
3135 0.48 7.08 0.45 7.39

Table 2: Convergence history for harmonic basis with § = 0.7 and 66 iterations. The number of iterations
is 19. The snapshot space has dimension 7300 giving 0.05% and 3.02% weighted L? and weighted energy
errors. When using 12 basis per coarse inner node, the weighted L? and the weighted H' errors will be
2.34% and 19.77%, respectively, and the dimension of offline space is 4412.

offline space is 3378. Moreover, the error u — uog in relative weighted L? and energy norms are 0.54% and
7.83% respectively, while the error ugn.p — uof in relative weighted L? and energy norms are 0.51% and
7.22% respectively. And we see the similarity of the errors u — g and uspap — Uog. For the case 6 = 0.2,
the algorithm requires 66 iterations to achieve the desired accuracy. The dimension of the corresponding
offline space is 3135. Moreover, the error u — u.g in relative weighted L? and energy norms are 0.48% and
7.98% respectively, while the error ugnap — uofr in relative weighted L? and energy norms are 0.45% and
7.39% respectively. Furthermore, we observe that the use of # = 0.2 gives the same level of error for a
smaller offline space compared with § = 0.7. Thus, we conclude that a smaller value of 6 will give a more
economical offline space. To show that our adaptive enrichment algorithm gives a more efficient scheme, we
report some computational results with uniform enrichment. In this case, we use 12 basis functions for each
interior coarse grid node giving an offline space of dimension 4412. The relative weighted L? and energy
errors are 2.32% and 19.53% respectively. From this result, we see that our adaptive enrichment algorithm
gives a smaller offline space and at the same time a better accuracy than a scheme with uniform number of
basis functions.

. u — uCl|| (% ushap — of ) (7
dim(Vor) Lé(D)H | - )H;<D> Lzug) | : (H);<D>
1524 4.50 31.29 4.49 34.14
1762 3.96 27.09 3.95 26.91
2333 2.07 19.00 2.04 18.75
2522 1.38 15.12 1.36 14.81
3466 0.46 7.52 0.44 6.89

Table 3: Convergence history for harmonic basis with # = 0.7 and the exact indicator. The number of
iterations is 23. The snapshot space has dimension 7300 giving 0.05% and 3.02% weighted L? and weighted
energy errors.

To test the reliability and efficiency of the proposed indicator, we apply the adaptive enrichment algorithm
with the exact energy error as indicator and # = 0.7. The results are shown in Table Bl In particular, the
algorithm requires 19 iterations to achieve the desired accuracy. The dimension of the corresponding offline
space is 3466. Moreover, the error u — uog in relative weighted L? and energy norms are 0.46% and 7.52%
respectively, while the error usnap — uog in relative weighted L? and energy norms are 0.44% and 6.89%
respectively. Comparing the results in Table[Iland Table[3]for the use of the proposed and the exact indicator
respectively, we see that both indicators give similar convergence behavior and offline space dimensions.

In Figure Bl we display the number of basis functions for each coarse grid node of the last offline spaces
for the proposed indicator with 8 = 0.7, the proposed indicator with § = 0.2 and the exact indicator with
60 = 0.7. From Figures and we observe a similar dimension distribution for the use of the proposed
indicator with § = 0.7 and 6 = 0.2, and the case # = 0.2 gives a smaller number of basis functions. For
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(a) Proposed indicator with § = 0.7 (b) Proposed indicator with 6 = 0.2 (c) Exact indicator with § = 0.7

Figure 3: Dimension distributions of the last offline space for harmonic basis with permeability field

the case with the exact indicator, we see from Figure that the dimension distribution follows a similar
pattern, but with regions that contain larger number of basis functions.
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Figure 4: Coarse-grid energy error distribution using harmonic basis with permeability field

Finally, we present the energy errors on coarse neighborhoods for § = 0.7 for an intermediate offline space
and the last offline space of the proposed indicator nfi’E“ and the exact indicator ng;EX. In Figures
and the energy error distributions for the last offline spaces and an intermediate offline space obtained
by the proposed indicator are shown respectively. We see how the energy error is reduced by enriching the
space from an intermediate step to the final step. A similar situation is also seen from Figures and

for the case with the exact indicator.

5.2 Numerical results with spectral basis

In this section, we repeat the above tests using the spectral snapshot space instead of the harmonic snapshot
space with the proposed indicator nB{E“ and the exact indicator ng;EX. The results are presented in Tables
[ Bland Bl In the simulations, we take a snapshot space of dimension 3690 giving errors of 0.01% and 2.84%
in weighted L? and energy norms respectively. Thus, the solution ugap is as good as the fine-scale solution
u. For the adaptive enrichment algorithm, the initial offline space has 2 basis functions for each coarse grid
node. At each enrichment (Step 4), we will add one basis function for the coarse grid nodes selected in Step
3. We will terminate the iteration when the energy error ||u — uog||v is less than 5% of ||u — usnapl|v-

In Table @ and Table B, we present the convergence history of the adaptive enrichment algorithm for
0 = 0.7 and 8 = 0.2 respectively. For both cases, we see a clear convergence of the algorithm. For the
case 8 = 0.7, the algorithm requires 5 iterations to achieve the desired accuracy. The dimension of the
corresponding offline space is 1410. Moreover, the error u — uqg in relative weighted L? and energy norms
are 0.10% and 7.43% respectively, while the error ug.p — uo in relative weighted L? and energy norms
are 0.10% and 6.87% respectively. For the case § = 0.2, the algorithm requires 19 iterations to achieve the
desired accuracy. The dimension of the corresponding offline space is 1334. Moreover, the error u — uog
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. u — uCl|| (% ushap — off ) (7
dim(Vor) Li(D)H | - )H;w) Lzu!) | : (H);w)
802 0.87 20.15 0.87 19.94
868 0.83 16.51 0.83 16.26
979 0.33 12.62 0.33 12.30
1106 0.32 10.44 0.32 10.05
1410 0.10 7.43 0.10 6.87

Table 4: Convergence history for spectral basis with § = 0.7 and 5 iterations. The snapshot space has
dimension 3690 giving 0.01% and 2.84% weighted L? and weighted energy errors. When using 5 basis per
interior coarse node, the weighted L? and the weighted energy errors will be 0.09% and 7.40%, respectively,
and the dimension of offline space is 1885.

. u — v (% uShaP — qoff || (07
dim(Vorr) Lé(D)H | - )H;<D> Lz<1|)|> | ” (H);w>
802 0.87 20.15 0.87 19.94
856 0.83 16.25 0.82 16.00
960 0.34 12.58 0.33 12.26
1116 0.32 10.27 0.32 9.87
1334 0.09 7.55 0.09 6.99

Table 5: Convergence history for spectral basis with § = 0.7 and 19 iterations. The snapshot space has
dimension 3690 giving 0.01% and 2.84% weighted L? and weighted energy errors. When using 5 basis per
interior coarse node, the weighted L? and the weighted energy errors will be 0.09% and 7.40%, respectively,
and the dimension of offline space is 1885.

in relative weighted L? and energy norms are 0.09% and 7.55% respectively, while the error usnap — Uof in
relative weighted L? and energy norms are 0.09% and 6.99% respectively. Furthermore, we observe that
the use of # = 0.2 gives the same level of error for a smaller offline space compared with § = 0.2. Thus,
we conclude that a smaller value of # will give a more economical offline space. To show that our adaptive
enrichment algorithm gives a more efficient scheme, we report some computational results with uniform
enrichment. In this case, we use 5 basis functions for each interior coarse grid node giving an offline space
of dimension 1885. The relative weighted L? and energy errors are 0.09% and 7.40% respectively. From this
result, we see that our adaptive enrichment algorithm gives a smaller offline space and at the same time a
better accuracy than a scheme with uniform number of basis functions.

] U — UOH % usnap _ UOH %
dim(Vor) Lé(D)H | - )H;<D> LzulJ') | : (H);w)
802 0.87 20.15 0.87 19.94
884 0.42 14.73 0.42 14.45
1000 0.18 12.25 0.18 11.91
1119 0.17 9.83 0.17 9.41
1392 0.10 7.12 0.10 6.53

Table 6: Convergence history for spectral basis with § = 0.7 and the exact indicator. The number of
iteration is 6. The snapshot space has dimension 3690 giving 0.01% and 2.84% weighted L? and weighted
energy errors. When using 5 basis per interior coarse node, the weighted L? and the weighted energy errors
will be 0.09% and 7.40%, respectively, and the dimension of offline space is 1885.

To test the reliability and efficiency of the proposed indicator, we apply the adaptive enrichment algorithm
with the exact energy error as indicator and # = 0.7. The results are shown in Table [6l In particular, the



algorithm requires 6 iterations to achieve the desired accuracy. The dimension of the corresponding offline
space is 1392. Moreover, the error u — uog in relative weighted L? and energy norms are 0.10% and 7.12%
respectively, while the error usnap — uog in relative weighted L? and energy norms are 0.10% and 6.53%
respectively. Comparing the results in Tabled and Table[Glfor the use of the proposed and the exact indicator
respectively, we see that both indicators give similar convergence behavior and offline space dimensions. We
also observe that the exact indicator performs better in this case.
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(a) Proposed indicator with § = 0.7  (b) Proposed indicator with 6 = 0.2 (c¢) Exact indicator with 6 = 0.7

Figure 5: Dimension distributions of the last offline space for spectral basis with permeability field

In Figure Bl we display the number of basis functions for each coarse grid node of the last offline spaces
for the proposed indicator with # = 0.7, the proposed indicator with # = 0.2 and the exact indicator with
0 =0.7. From Figures and we observe a similar dimension distribution for the use of the proposed
indicator with # = 0.7 and 6 = 0.2, and the case = 0.2 gives a smaller number of basis functions. For
the case with the exact indicator, we see from Figure that the dimension distribution follows a similar
pattern, but with regions that contain larger number of basis functions.
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Figure 6: Coarse-grid energy error distribution using spectral basis with permeability field

Finally, we present the energy errors on coarse neighborhoods for 8 = 0.7 for an intermediate offline space
and the last offline space of the proposed indicator nE{E“ and the exact indicator nS;EX. In Figures
and the energy error distributions for the last offline spaces and an intermediate offline space obtained
by the proposed indicator are shown respectively. We see clearly that how the energy error is reduced by

enriching the space from an intermediate step to the final step. A similar situation is also seen from Figures

and for the case with the exact indicator.

5.3 Numerical results with the L? indicator

In this section, we present some numerical simulations to test the performance of the L? indicator. We note
that this is the most natural error indicator, as it is more efficient to compute and is widely used for classical
adaptive finite element methods [?]. However, this indicator does not work well for high contrast coefficients.
In the simulation, we will conduct the same test as in Section [5.1] with the indicator replaced by ni L2

Wi °
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] U — uoﬁ % usnap _ uoﬁ %
dim(Vor) Li(D)H | - )H;<D> Li(z!) | : (H);w)
1524 4.50 31.29 4.49 31.14
1913 3.59 26.88 3.57 26.69
2513 2.43 21.46 2.43 20.89
3006 1.11 17.11 1.12 16.83
4509 0.06 7.97 0.04 7.37

Table 7: Convergence history for harmonic basis using the L? indicator with § = 0.7 and 94 iterations. The
snapshot space has dimension 7300 giving 0.05% and 3.02% weighted L? and weighted energy errors. When
using 12 basis per interior coarse node, the weighted L? and the weighted energy errors will be 2.34% and
19.77%, respectively, and the dimension of offline space is 4412.

In Table [ we present the convergence history of the adaptive enrichment algorithm for § = 0.7, and we
observe a clear convergence of the algorithm. Notice that, the algorithm requires 94 iterations to achieve
the desired accuracy. The dimension of the corresponding offline space is 4509. If we compare these results
to the case with the proposed indicator, we see that the L? indicator will give a much larger offline space
and a larger number of iterations, in order to achieve a similar accuracy.
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Figure 7: Basis distribution and error distribution for harmonic basis with L? indicator.

Finally we will compare the basis function and error distributions for the L? indicator with those for the
proposed indicator. In Figure the number of basis functions for each coarse node is shown. We observe
that the distribution is similar to the case with the proposed indicator shown in Figure We also observe
that the number of basis functions for the L? indicator is much larger than that for the proposed indicator.
In Figures and the energy error distributions for the last offline spaces and an intermediate offline
space obtained by the L? indicator are shown respectively. We see clearly that how the energy error is
reduced by enriching the space from an intermediate step to the final step. However, we also see a very slow
decay in energy error for the L? indicator.

5.4 Numerical results using snapshot solutions for the proposed indicator

In this section, we present numerical tests to show that our adaptive method is equally good when the
proposed indicator 7]5{En is computed in the snapshot space. In particular, we will solve the local problems
[@2)) in the space of snapshots instead of the fine scale space, in order to reduce the computational costs.
We will again repeat the same test as in Section (.1l In Table [§ we present the convergence history of the
adaptive enrichment algorithm with 6 = 0.7, and observe a clear convergence of the algorithm. Moreover,
the algorithm requires 22 iterations to achieve the desired accuracy. The dimension of the corresponding
offline space is 3688. In addition, the error u — uog in relative weighted L? and energy norms are 0.17%
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and 7.83% respectively, while the error uspap — o in relative weighted L? and energy norms are 0.14% and
7.26% respectively. If we compare these results with those for the proposed indicator (see Table [I]), we see
the use of snapshot space to compute the error indicator will give a similar offline space and accuracy, but
with a larger number of iterations.

] u— uoﬂ % uShap _ uoﬂ %
Vo) ) Ty 1 —
1524 7.60 50.86 7.59 50.75
1772 4.18 27.08 4.18 26.90
2398 2.41 20.59 2.39 20.36
2824 1.28 13.98 1.25 13.64
3688 0.17 7.83 0.14 7.26

Table 8: Convergence history for harmonic basis using snapshot space to compute the proposed indicator.
We take 6 = 0.7 and the algorithm converges in 22 iterations.

6 Convergence analysis

In this section, we will give the proofs for the a-posteriori error estimates (I7)-(I8]) and the convergence of
the adaptive enrichment algorithm
For eachi=1,2,--- ,N, welet P; : V — span{z/f”“o } be the projection defined by

P’U o z : / vawhoﬂr w%,oﬂr
wi

The projection P; has following stability bound
i (Pio)llvi < Cp llvllvi (28)

)~2). Moreover the following convergence result holds

(M) 2

where C¥ is a uniform constant. We also define the projection IT : V' — Vg by Tlv = vazl xi(P;v). For

conv
the analysis below, we let Cytap, = maxi<i<n Co o and Ceony = maxi<j<n O, -

where the constant Cgpp) = max(1, H (N,

[xi(v — Piv)

v <C&

conv

(29)

6.1 Proof of Theorem (4.1l
Let v € V be an arbitrary function in the space V. Using (III), we have
a(t — Ums, V) = a(u, v) — a(Ums, v) = (f,v) — a(tms, v).
Then
a(u — tms,v) = (f,v) — a(ums, v) = (f,v — ) + (f,IIv) — a(ums, [Tv) — a(tms, v — o).
Thus, using ([2), we have

a(u — Ums,v) = (f,v — v) — a(ums, v — ITv). (30)
Writing ([B0]) as a sum over coarse regions,
N
a(u — Ups, V) = Z ( flo—Puw)x; — / aViys - V((v — Pﬂ)))@)). (31)
i=1 wi Wi
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Using the definition of Q;, we see that (BI) can be written as

a(t — Upsg, v ZQZ v — Pv).

Thus, we have
N
(= tms,v) < Y |Qull[v = Piv]l L2 wy)-
i=1
Using the definition of %;, we have

2

a(t — tms,v) < > () 2 Qll[FZ (v — P L2 ).

Thus, by the definition of the eigenvalue problem ({l),
,; ,;
(1t — tgye,v) < Z F) O ldlelv,

The inequality ([7) is then followed by taking v = u — ums and S5 [v]l3, < Cllvll3.
Using the definition of R;, we see that [BII) can be written as

a(t = Ups, v ZR (xi(v — P)).
Thus, we have

a(u — Ums, v <Z||R||V*||Xz( — Fiv)|lv..

Using (23,

N
S 1
a(u — Ums,v) < CCOHVZ”Ri”V{‘ (/\Zl-i-l) 2lvllv;

=1

The inequality (I8]) is then followed by taking v = u — ums and ZZ Ll

< Clvll3

6.2 Some auxiliary lemmas

In this section, we will prove some auxiliary lemmas which are required for the proof of the convergence of
the adaptive enrichment algorithm stated in Theorem L2l We use the notation P/™ to denote the projection
operator P; at the enrichment level m. Specifically, we define

it

m,. ~ wi ,off wloff
PiU—E:(/’Wk )k

k=1 “%i

In Theorem [l we see that || R;|v- gives an upper bound of the energy error [[u — ums||v. We will first
show that, ||R;||v+ is also a lower bound up to a correction term. To state this precisely, we define

1 Rl v — Pierl’U Xi
Sunlwr) = (gt )4 sup BT O (32
veV; H’U Vi

which is a measure on how small (v — x;P/""'v) is. Notice that the residual R; is computed using the
solution wujl, obtained at enrichment level m. We omit the index m in R; to simplify notations. Next, we
will prove the following lemma.
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Lemma 6.1. We have

1R

)™ < 2(CS 2O ) T Y — w1, + 25 (w,)? (33)
Proof. By linearity

R;(v) = Ri(xi(P]"""v)) + Ri(v — xa(P["1v)).
Since Xz(Pmle ) is a test function in the space VO?.}H, by the definition of R; and ([I9), we have

Ri(u (P = [ FPr o = [ o, (et

Wi Wi

- / VUl V(P ) ) - / aVuln, - V(P 0)x),

Using the stability estimate (28],

Ri(xi (P 10)) < upd™ — upllvi (P o)xallve < Cii lumd™ — uinllvallvllv..

Thus, we obtain
[Ri(v — (B o)xi)|

vev, [vllv;

m+1 _

17|

(34)

v tab”u

The inequality B3] follows from the definition of Sy, (w;). O

We remark that one can replace u™! by ugnap and PZ"H by PP where P is the projection onto

the snapshot space defined by
W;
Pisnapv _ Z (/ Kvwwl,off) wl,off
k=1 Jwi
We also define S(w;) by
|[Ri(v — (PP 0)xq))

3

S(w;) = (A% )72 sup
(i) = i)™ sup Tollv,

Following the proof of the above lemma, we get

[red

%/i*()‘(ld;wﬂ ' < 2(C;ab) (A (l*iﬂ+1)71||“snap - usz%@ + 2S(Wi)2

which
term S(w;)?.
To prove Theorem 2] we will need the following recursive properties for Sy, (w;).

2w =1 g m |2 -
v ()\l;,ﬁ“) gives a lower bound of the error [[usnap — upll5, up to a correction

Lemma 6.2. For any ag > 0, we have

Aim 11 .
Sm(wi)® < (14 OZR)CR/\WjiSm(%)Q +(L+ag ) DN, ) Hlumd =iy, (35)
NS | ‘

where the enrichment level dependent constants Cr and Dg are defined by

[N

Wi wi -1 wi —1 Wi Wi Wi —
CR = (1 + 2Cconv(>‘lzn+1) 2 (Al?”rl—i-l) 2)2 and DR - (Cstab) (1 + 2Cconv(Al;n+l+1) )2'
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Proof. By direct calculation, we have

f( — (P ?) aVup ™ - V(v — (P/"0)x:)

o~ [
f(o = (P 1)x:) — / aVu, - V(o — (P o)xe)

Wi i

_/ aV(updt —u) - V(v — (P"0)x))

FP o — P )y — / aVup - V((P" o — P o)x).

Wi

By definition of S, (w;), we have

| Lo F o = P 0)xa) = [, aVugs - V(o = (P o))
sup .

veV; H’U Vi

NG

Sm(wi) = (A1)~

Multiplying (B6) by ()\Z”?};+1+1)_% ||1;H‘*/1 and taking supremum with respect to v, we have

A

Si1(wi) < (@) S wi) + I + Lo
4l
where ) o
o er = eVt —ug) - Ve = (P o))
I = ()‘IT”“H) 2 Sél‘]g

and 41 ) +1 +2

L= (., ) }su | [, f(P 0= P Po)xa = [, aVuglo - V(P o = PP Po)y)|

Pl e ol |

To estimate I;, we use the stability estimate ([28]) to obtain
/ aV (upd' —up) - V(v — (P 20)xi)
w;

- / V(! — ) Vo - / AVl — un) - V(P 20)x)

m+1

tab”u ﬁs”VwHU”Vw

which implies

ms VL

i —= 1
1= O;db()\;j’."“-f-l) HUWHL = Up,
To estimate Iy, we use the definition of R; to obtain

HXl(Pm-l-l —Pim+2’U) v

i

“E| Ryl

v sup

VeV [ollv:

I < ()\ZTTI;«+1+1)

By the convergence bound [29) and the fact that )\lmﬂﬂ < )\;‘ZHH, we have

Ixi (P o = P 2o)llv, < a(Pr e = o)l + Ilxi(v — PP 20)llv < 2085, (N

)

which implies

12 < 2ngnv(/\;:v_i+l+l)i
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Combining results and using (B8]), we get

A2

L : 1 : -

Sm1(0) < (5t ) S i) + oy )4 i = il + 208, Ot ) 7 il
. 1 :

Using ([34) and the definition of S, (w;),

w;
YA
Wi

)\l;"“-i-l

. _ 1 .
O (N, ) (14 208 (W )8 — ul v
k2 K2

St (i) S(1+ 20 1)~ F i, )7 )% Sin(ws)

Hence, (B8 is proved. O

Next, we consider the L?-based residual QQ; and prove similar inequalities. We define

i(v— Pt
vEL?(w;) HU”L2(wi)

Nl

Snlw) = (Ridi 1)~

which is a measure on how small (v — P/""v) is. Notice that the residual @; is computed using the solution

uy. obtained at enrichment level m. We omit the index m in @; to simplify notations. We also note that
we have used the same notation S, (w;) as the case for the H~!-based residual to again simplify notations.
It will be clear which residual we are referring to when the notation S, (w;) appears in the text. We define

the jump of the coefficient in each coarse region by

maxgey, ()

fi= minge,, k()
Next, we will prove the following lemma.
Lemma 6.3. We have
3 i m m
QP i)™ < 2ACamBE PO ) 7 it = B + 28 (10)

Proof. By linearity
Qi(v) = Qi(P"'v) + Qi(v — P" ).
By the definition of @; and ([4]), we have

Qi(P" ) = /

Wi

FE oy - [ avu - V(o)

- / VUl V(PP L)) - / aVul - V(P Ho)x;)

which implies
Qi(P" ") < flupdt — uip

ms

(Pm+1 )Xl

Vi
Using the inverse inequality,
(P 0)xillv: < Cianh ™M E2 PP 0] L2y < Cineh ™M E2 0] L2
where Cj,y is independent of the mesh size. Thus, we obtain
_ . _ Pm+1
O CE via]
vel2(w)  IVllz2ws)

(Ri)21|Qil

v < Cmvﬁ2h 1Hum+1 U

The inequality [{Q) follows from the definition of Sy, (w;). O
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Next we will prove the following recursive property for Sy, (w;). The proof follows from the same lines as
Lemma [6.2]

Lemma 6.4. For any ag > 0, we have

Nk
Sm+1(w1) (1 +QQ)CQ )\w

Sm(wi)? + (1 + ag ) Do )™ Hlumd ' — I3, (42)
It !

where the enrichment level dependent constants C'r and Dy are defined by
OQ = (1 —+ ﬂl% )2 and DQ _ Omvﬂfffl@Ez + ﬂ?)

Proof. By direct calculation, we have

ﬂwJT”mM—/aVﬁf~ww—H“%mn

fo— P o)y - / avull, - V(v — P o))
i wi (43)
‘/ AV (W —ult) - V(v — P20)x)

f(PimHU - Pim+2U)Xi - / aVuy, - V((PimHU - PimHU)Xi)-

Wi

By definition of S, (w;), we have

| fo, 0 = P o) = [, aVugi - V(v = P o))

S (w;) = (ReA%, )72 sup (44)
S vEL?(w;) H’U”Lz(wi)
Multiplying (@3) by (/@1)\;"7,1+1 D %HUH;(M) and taking supremum with respect to v, we have
)‘f"ltu 1
Sm+1 (wl) < ()\wl )2 Sm(wi) + I + I (45)
MRS
where
s 1 | = [, aV(ups™ =) - V(0 = P 20)x)|
I = (fii)\ﬂ;HH) Z  sup d
i vEL?(w;) ||UHL2(W¢)
and

| o, JEM o = PP Poyya — [, aVug - V(P e = PPy
sup - - .

vEL?(w;) H’U”Lz(wi)

[N

I = (g)‘zfxﬂﬁ_l)

To estimate I, we use the inverse inequality to obtain

1
2

| vt ) V(o - (o) < 20 b it = i 7ol o

which implies
Il S 2Cinv(Ei)\‘;j1+1+l)_76 h~ 1||um+l ﬁs”%
To estimate I3, we use the definition of Q); to obtain

1P o — P

L < (RiX )72 Qi sup
B T er?(ws) 11| 22 (ws)
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which implies
~ ywi _1 .1
I < (’ii)‘l;n+1+1) 2 B2 1|1Qill-
Combining results and using [@3), we get

wi
Al 1

ot

ESim ) + 20 (Fiier )BT i — i,

~ : _1 .1
(’ii/\fv_iﬂ_,’_l) 2B Q-

+1

Using @),

1 )‘ﬁﬂ ) 1
St (@i) < (14 A1) (o) Son(wn) + o N ) ™4 BE 2R+ 81 i = ul
g ‘
Hence, [@2) is proved. O

6.3 Proof of Theorem

In this section, we prove the convergence of the adaptive enrichment algorithm. We will give a unified proof
for both the L?-based and H ~'-based residuals. First of all, we use 1; as a unified notation for the residuals,
namely,

) ||Qi||2(f<alA‘[)7}L+1)_1, for L?-based residual,

! ||Rl||%/* ()\‘l‘i}lﬂ)_l, for H~'-based residual.

Then Lemma [6.]] and Lemma can be written as

77i2 <B; ()‘?)"le) 1||um+l

2+ 28, (w;)? (46)

where the constant B; is given by

2(C¥m T2 for H-1-based residual

stab

B — { 2(C mvﬁ%h_ )2, for L2-based residual

We remark that the definitions of S, (w;) are given in [B9) and ([B2) for the L*-based and H ~!-based residuals
respectively. Moreover, Lemma and Lemma can be unified as

N g ,
Sp1(wi)? < (1+ as)CSW;Sm(wif +(L+ag")Ds(Nier, ) Hlumd ™t —uiilly, (47)
e ‘

where as = ag,Cs = Cg and Dg = Dg for the L?-based residual while ag = ap,Cg = Cr and Dg = Dp
for the H~!-based residual. Notice that ag > 0 is a constant defined uniformly over coarse regions and is to
be determined. The convergence proof is based on ({@8]) and 7).

Let 0 < 8 < 1. We choose an index set I so that

62 Zm <> nk (48)

el

We also assume there is a real number v with 0 < v < 1 satisfies

722 (w;) <ZS w;) 2. (49)
1=1

i€l
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We will then add basis function for those w; with ¢ € I. Then, using Theorem F. Il and (48], we have

92||u — ’u ||V < 92Cerr an < Cerrznz

el

By @),

N
Ol = e l[f < 2Cens 3 Sm(w)” + Ll ™ — wlly
i=1
where
L1 = Cerr max (B ()\‘ﬁfm)_l)- (50)
Note that, by Galerkin orthogonality, we have

m—+1

[ uims 1Y

— sl = llu —uglY — [lu -
So, we have

N
6%|u — uglly < 2Cer Y Sin(wi)® + La(llu = gl — flu —ug™I7)
i=1

which implies

62 2Crr
= up S < (1 - —)||U sl + Lj” > S (wi)?. (51)
i=1
On the other hand,
N
Z Spg1(wi)? = Z St (wi)? + Z St (w;)?
i=1 icl Al
By @) and that Sy,41(w;) = Spm(w;) for i # I, we have

Wi

)‘ 1 )
st @)? < Y (1+as)Cs a8 (@) + (145 ) Ds i, ) i w13, ) + 3 S
i=1 iel 4 ‘ il

We assume the enrichment is obtained so that

Ao
0 = Cg max /\wll ool
1<i<N lm+1+1
We then have
N N
Zsm+l(wi)2 < (1+O‘S)Zsm( )= (1 +as)(1-36 ZS (wi)? + Lo flupd — ui I3
= i=1 il
where
Ly = (1+a5") max (DSC L\ lmH)—l). (52)
By assumption on 7,
N N N
S St (@)? < (14 as) Y Smwi)? = (14 as)(1 = 672 S S wi)? + S Lalluli® — w2
= i=1 i=1
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Let p=(1+ag)(1 — (1 —§)7?). We choose ag > 0 small so that 0 < p < 1. The above is then written as

N N
S S @) < Y Sn(wi)? + 0La(u — w3 — lu — w3, (53)
=1 i=1

Next, we take a constant 7 so that

2Crr
>0, X 4p<l.
TL1

Finally, we combine (5Il) and (B3] to obtain the following

N
lu—wmd 3 + 7 S (wi)’
i=1

20 N N
T2 Sm(wi) 79 3 Sm(wi)® + TOLa(lu = uii [} = flu = w1

i=1 =1

< (1= ) u—uglly +

92
L
Rearranging the terms, we have

N N

0? 2Cerr
1+ 70Lo) [ — u Y + 7Y S (wi)? < (1— 7o T 70L2)|lu~ ups I3+ ( Le +7p) Y Smlwi)?
i—1 1 1 i—1
Hence we obtain
N 9 N
_,,m+1)2 # S ‘2< 1_97 _,,m |2 4 2Cerr S 2
Hu Ums ||V+1+T(SL2 ; m+1(wl) —( L1(1+T5L2))”u ums"V+1+7_6L2( TL1 +p); m(wl) .

Therefore, Theorem [£.2] is proved.

7 Conclusions

In this paper, we derive an a-posteriori error indicator for the Generalized Multiscale Finite Element Method
(GMsFEM). In particular, we study an adaptive spectral enrichment procedure and derive an error indicator
which gives an estimate of the local error over coarse grid regions. We consider two kinds of error indicators
where one is based on the L?-norm of the local residual and the other is based on the weighted H ~!-norm
of the local residual where the weight is related to the coefficient of the elliptic equation. We show that
the use of weighted H !-norm residual gives a more robust error indicator which works well for cases with
high contrast multiscale problems. The convergence analysis of the method is given. Numerical results
are presented that demonstrate the robustness of the proposed error indicators. We show the convergence
of the proposed indicators and their similarities to the ones when exact solution is used in the indicator.
We compare the performance of the weighted H ~'-based indicator with that of the L?-based indicator for
high-contrast problems. Our numerical results show that the former is more appropriate for high-contrast
multiscale problems.

Although the results presented in this paper are encouraging, there is scope for further exploration. As
our intent here was to derive and demonstrate the robustness of error indicators for challenging high-contrast
multiscale problems, we did not consider the fine-grid discretization error and assumed that the coarse-grid
error is the main contributor, and thus assuming that the fine-grid solution is the desired quantity. In general
when solving continuous PDEs, one can also add fine-grid discretization errors due to basis computations.
This will be a subject of our future research.
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