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particularly designed to treat the most interesting case of small diffusion. We use the
subgrid nodes in the Link-cutting bubble (LCB) strategy [5] to construct a numerical
algorithm that can easily be extended to the higher dimensions. The method adapts very
well to all regimes with continuous transitions from one regime to another. We also

;ﬁgogsfference Methods compare the performance of the present method with the Streamline-upwind Petrov-
Finite Element Methods Galerkin (SUPG) and the Residual-Free Bubbles (RFB) methods on several benchmark
Convection-diffusion-reaction problems. The numerical experiments confirm the good performance of the proposed
Non-uniform grid method.

Singular perturbation © 2015 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the exact solution of the convection-diffusion-reaction (CDR) problems may contain layers when
some problem parameters are too big compared to others. Typically in this model problem, but also in real fluid flow
simulation, the major difficulty is the appearance of the nonphysical oscillations that pollute the numerical solution in the
whole domain, while the exact solution only shows boundary or internal layers. To overcome this difficulty, several numer-
ical recipes have been evolved over the years [32,33] among them a commonly used one is the finite difference method
[1,11,13,27]. The early numerical solutions were obtained by using standard finite difference scheme of upwind and cen-
tered type on a uniform mesh and then refining the mesh more and more in order to capture the boundary/internal layers.
However, even for 1-D problems those methods were inefficient and accurate solutions could not be obtained for higher
dimensions. In [3], Bakhvalov considered an upwind difference scheme on a layer-adapted meshes. They are very fine inside
the boundary layer and coarse outside. Moreover, in 1990s the Russian mathematician Shishkin showed that one could use
a simpler piecewise uniform mesh to obtain reasonable approximations [14,36]. This idea has been propagated throughout
the 1990s by a group of Irish mathematicians: Miller, O'Riordan and Farrell [29]. The simplicity of those approaches is due
to the use of equidistant subintervals on both sides of a transition point and this property is considered to be one of its
major attractions. However, it requires the precise location of the layer structure a priori.
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Another major approach to obtain reasonable approximations for the CDR problem is the finite element method (FEM)
[2,14,21]. The most successful classes of FEMs for treating convection-dominated problems are achieved by the stabilized
formulations [16,18,19,22,24,37]. As an important and well-known example to that class, the Streamline-Upwind/Petrov-
Galerkin (SUPG) method could be mentioned that is first proposed by Hughes and his co-workers [10]. SUPG method is
based on enlarging the variational formulation by adding diffusion in the streamline direction while preserving the con-
sistency. Despite the success of SUPG method, the need for the proper choice of stabilizing parameter is considered as a
major drawback of the method. Regarding that fact, intrinsically stable methods such as the Residual-Free Bubbles (RFB)
method has been developed [2,4,8,9,17]. The main idea underlying the RFB method is to enrich the finite element space,
instead of a modification of the variational formulation, by a set of special functions, so called bubble functions. A thor-
ough comparison of some of these methods can be found in [12,28,38]. However, it requires to solve a local differential
equation which may not be easier than to solve the original one [15]. That observation has motivated the introduction of
a further option so-called the Pseudo Residual-free Bubble (PRFB) method which approximates the bubble functions on a
specially chosen subgrid [6,7,31,34,35]. Roughly speaking, such grid points can be constructed by minimizing the residual
of a local differential equation with respect to L1 norm so that small scale-effect of the exact solution could be accurately
represented in the numerical approximation through the use of those approximate bubble functions [34]. Alternatively, the
Link-Cutting Bubbles (LCB) method that is based on the plain Galerkin variational formulation on a special grid was pro-
posed by Brezzi et al. in [5] and it could be viewed as a similar, yet interesting option for another stable discretization in
1D. However, extension of that strategy to the higher dimensions is not a trivial task. It is also worth mentioning that the
convection-diffusion-reaction equations with positive and negative reactive terms (source terms) is considered in [23].

The algorithm investigated in this work is motivated by a simple splitting of the 2-D CDR equation into the sum of two
1-D equations [25]. It combines the ideas of the LCB method in [5] and finite difference methods (FDM) on special meshes.
Indeed, we will use the subgrid nodes in the LCB strategy and construct a FDM for solving CDR problems. Thus, we develop
a numerical recipe for solving CDR problems that is simple to use, easy to implement and can easily be extended to higher
dimensions. We also compare the performance of the present method with the well-known SUPG and RFB methods on
several benchmark problems. A wide range of problem parameters has been examined on both structured and unstructured
meshes and the corresponding numerical results are presented.

The layout of the paper is as the following. We briefly recall the basic idea of the LCB method in Section 2. In Section 3,
we describe the details of the numerical method proposed and discuss the generation of the grid for two dimensional
problem. Finally, we perform the numerical tests for several benchmark problems in both 2D and 3D in Section 4.

2. Areview of the Link-Cutting Bubble strategy in [5]

We consider the following linear elliptic convection-diffusion-reaction problem on a unit interval I = (0, 1)

{cuz—eu”+ﬁu’+au=f(x)on1, (1)

u(0) =u(1) =0,

under the assumptions that the diffusion coefficient € is positive constant, convection field 8 and reaction field o are
non-negative constants. We denote the decomposition of I into subintervals by T, = {Ky} where Ky = (X¢_1,X¢), k=1,...,N
and the size of the interval Ky by hy = x; — x,_1.

The Link-Cutting Bubble (LCB) strategy introduced in [5] is designed for one-dimensional convection-diffusion-reaction
problem and it aims to mimic the stabilizing effect of Residual Free Bubbles (RFB), without actually computing them. To do
this, we choose a suitable subgrid made of two points inside each element and we take the bubbles which are piecewise
linear on the subgrid. The strategy for choosing the subgrid is as follows: Consider a typical element, (x1, x;), then the
subgrid nodes are obtained by adding two extra nodes, say z; and z, satisfying x; < z1 <z <x and

38 + /982 + 24e0 ]
20

Z1 — X1 = min [hk —2(x3 — 22),

he —38+ /982 + 24e0 ]
- .

Xy —2Zp =min{ —,
[ 2

3 (2)

Once the subgrid nodes are constructed, the LCB strategy works as the standard Galerkin method with piecewise linear
basis functions on augmented mesh. For the behavior of the scheme at various regimes, see [5].

3. The construction of the numerical method
In this section, using the subgrid nodes in the LCB strategy, we propose a numerical algorithm for solving convection-

diffusion-reaction (CDR) problems which can easily be extended to the higher dimensional problems. Now, consider the
following constant coefficient linear elliptic convection-diffusion-reaction problem in a polygonal domain 2:



576 A. Kaya, A. Sendur / Journal of Computational Physics 300 (2015) 574-591

_ ( +3y2)+b (3— g—)+o~u_f(x y)on Q
u(x,y)=gonaQ

(3)
under the assumptions that € > 0, b = (b1, by) #0 and o > 0. The problem (3) can be rewritten as,

du 1 ?%u du b
<8x2> + b1 (3x) +o |b1\+|b2‘u —€ (3y2> + by (3y> +o Ib1|+\b2|
\b1|+\b2|f(x -+ \b1\+|b2\ fx,y)onQ 4)
u(x,y) =gonoQ.

Next, we consider the problem (3) as a sum of the following 1-D problems,

by
(dxz) +by (dx) +o \b1|+|b2\ \b1|+|b2\ f.

(dyz)H’ (dy) +G\b1|+|b2\ \b1|+|b2\f

We start by employing the standard Galerkin finite element method with piecewise linear basis functions to the problem
(1) on uniform meshes which can be written in the following form:

(5)

Ujp1—2Uj+Uj 1 Ujp1—Uj1 ujpitdujtujq _ fi+4fi+fin :
- + B 4o e = j=1,...,N-1
uozuN:O

where h denotes the size of each interval and u; denotes the numerical approximation to u(x;). The corresponding numer-
ical scheme on a nonuniform mesh reads:

u uj_ Ujpp—Uj_ hou; 2hyuj+2hquj+hjuj_
)+1+€ +E j_1+/3]+1 11+021+1+ 2Uj+2hjuj+hiujq
h 2 6
_ h2fj+l+2h2fj+2h1fj+h1fj—l (6)
= 5 s
ug=uny=0 j=1,...,N—1

where hy =xj — xj_1 and hy =xj;1 — x;. Now, employing the finite difference method in (6) to the equations in (5) and
summing up those approximations, we get the following finite difference approximation for the problem (3),
|by]  MaUitq,j+2mpuU;i j+2n1U4 j+M Ui j
[b1]+Ib2] 6
|ba| MU ji1+2mpu; j+2myu; j+myl; jq
Ib1l+1b2] 6

|b1] n2f1+1,j+2n2fi<j+2n1fi.j+”1fi71j_I_ byl M2 fijy1+2ma fi j4+2my fi j+ma fi
= Tb1 b2l 6 [b1[+Ib2] 6

u Ui Ui Uiiq Uity i—Uiq i
—eotLi 1+1] +€ 1]+6 1]_6 xnll.)_'_bl 1+1,]2 i 1.j+o_

u; uj Uj j— Uj jy1—Uj j—
—€ 1]+1+6 1]+€ 1]_6 Lni]]'i_bz l.j+121,_,1+0.

where ny =Xj11 — Xj, M1 =X —Xj_1, M2 = Yiy1 — Yi, M =Yi — Yi—1.

Remark 1. We note that splitting the 2-dimensional CDR equation into the two 1-dimensional CDR equations is not arbitrary
and it is same with the one in [25]. We also note that, convergence tests in the Ly norm confirm that the present splitting
is the optimal one among different possibilities that we considered.

Moreover, it is known that the Link-cutting bubble strategy in [5] is viewed as a standard Galerkin method on augmented
mesh, therefore we do not consider the finite difference analogue of the bubble condensation. Indeed, the evaluation of the
additional unknowns is clearly explained in [25].

3.1. Derivation of the finite difference scheme on nonuniform grid with Taylor Series expansion

We start with considering the following Taylor Series expansions,

h2
u(x+ha) = ux) +hau'(x) + = U"(X)+ 0(h3). (7)

h2
u(x—hy) =u® —hiu' (x) + — u”(x)+0(h3) (8)

One can get the first derivative approximation from (7) and (8) easily as follows;

Uif1 —Ujq
~ I e 9)
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Dividing both sides of the equations (7) by hy and (8) by h; and adding we get

h1+hy\ , _u(X+h2)_M_M u(x—hy)
(T)u (X)——hz ™ n; +7h1 +O(h )+O(h ). (10)

Dividing both sides of equation (10) by (hy + hy)/2 we get the second derivative approximation as follows;

Uijrq1 U; U  Uj_q 2
00 ~ L__f__1+f_>< ) 11
® < h,  hy hi Iy hi +hy (1)
Multiplying equations (7) by hy and (8) by h; we get
hzu(x—i-hz)—hzu(x)—i-O(h ), (12)
hiu(x —hy) = hju(x) + 0 (h?). (13)

Adding (12) and (13) and dividing by h1 + h, one can derive the following approximation

hauji1 +hiuj—y

ux) ~ T (14)
From equations (12) and (13) we can write

hau(x 4 ha) + 2hau(x) = 3hau(x) + 0 (h3), (15)

hiu(x —h1) + 2hju(x) = 3h1u(x)+0(h ). (16)
Adding equations (15) and (16) and dividing by 3(h1 + hy) we get the following approximation

u(X)%h2l1j+1+2h2u]‘+2h]u]‘+h]l1]‘,1. (17)

3(h1 +h2)

Approximating u” by (11), u’ by (9), u and source function f by (17) for the 1-D convection-diffusion-reaction equation
and multiplying with hy + h, and dividing by 2 we get the following finite difference approximation

Uj Uj_q Ujyq —Ujq hauji1 + 2hauj + 2hquj + hquj_q
_etm M W

n € h2+ h n TP e 6
_hafjpr+2ho fj+2h fj+hifja (18)
= s ,

We note that the scheme in (18) can be viewed as the finite difference correspondence of standard finite element method
with piecewise linear basis functions. It is easy to see from the derivation that the finite difference scheme (18) is second
order accurate, in the sense O(hz) + O(h ). If we approximate the terms of the CDR equatlon in 2-D w1th finite dlfference

approxnmatlons (11), (9) and (17) we get a first order approximation, in the sense O( )+ O( )+ O( )+

O(m1+m2) Assuming mq +my =ny +ny and splitting the reaction term and source function as done before and multiplying
with (mq +mjy)/2 we get the finite difference approximation obtained by the decomposition which is second order accurate,
in the sense O(n%) + O(n%) + O(m%) + O(m%). This justifies that the decomposition can be done with the above finite
difference approximations under the assumption that m; +m, =ny +n;. Numerical tests show that even with very distorted
mesh the decomposition can be applied.

n +nz n +nz mp +mz

3.2. The generation of the grid for 2-D problems

We start with an initial discretization of the domain that can be structured or unstructured. A five point stencil of the
initial discretization is presented in Fig. 1 (left). Augmented discretization is obtained by adding 24 sub-grid nodes into the
initial stencil as shown in Fig. 1 (right). The x-coordinates of the sub-grid nodes are determined by applying the Link-cutting
bubble strategy to the first equation in (5) either in the interval (xj_1 j, x; j) or in (X; j, Xj+1,j) according to their projection
onto the x-axis. Similarly, y-coordinates are determined by applying the same procedure to the second equation in (5)
either in the interval (y; j_1,yi ;) or in (y;j, yi j+1) according to their projection onto the y-axis. Before we outline the
construction of the algorithm, it is worth mentioning that the present method can also be applied to the complex domains.

Now, let us denote the number of grid points of initial discretizations in x and y-directions by N and M respectively;
the points in the initial discretization by (x; j, y; j) in a rectangular domain where i =1,...,N, j=1,..., M. The second
discretization which we will refer to as modified discretization, is constructed by using the subgrid nodes in the Link-cutting
bubble strategy in x and y-direction separately and the modified discretization consists of (3N — 2) x (3M — 2) points.
Algorithm 1 summarizes the procedure in 2-D case.
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® ij+1 o ij+1
i1 ij i+1, i-1,j ij i+1)
L  J { L L
Y ij-1 ) i,j-1

Fig. 1. Five point initial stencil (left) and its modified version (right) in 2-D.

Algorithm 1: Discretization of the domain in 2-D in a rectangular domain.

Data: (x;j, yij)fori=1,...,N, j=1,...,M and the problem parameters.
Result: (xlfj. ylf_j) wherei=1,...,3N—2and j=1,...,3M —2.
Step 1: Do an initial discretization that can be structured or unstructured.

Step 2: The derivation of xg I

Use the problem parameters of the first equation in (5): e =€, 8=|by | and 0 =0 Iby |

. Tb7 [ 1521 °

for j=1to 3M —2 do ;

for i=1to N—1 do ;

Using the equation (2), calculate z; and 2 in (i1, % j) to get

/ J / J
X3 j =22 X3i_1,j =41 X3j_2 j = Xi,j X3N_2,j = XN.j-

Step 3: The derivation of y; ;;

Use the problem parameters of the second equation in (5): € =€, B =|by | and 0 =0 m\z—%:

for j=1to 3N —2do ;
fori=1to M —1do ;
Using the equation (2), calculate z; and z in (yj,it1,yj,i) to get
y/j,3i =22 y},3i—1 =z yfi,3i—2 =VYji y’j,SM—Z =Yjm-.

initial discretization

diffusion-dominated

1 w 1

0.8 - b 08

06 - 1 06

04 B 04

0.2 1 02 |

0 : : : : 0 : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4

"convection-dominated” ——

0.6 0.8 1

reaction-dominated

1 : 1 T T
08 | E 08
06 F = 06 [
04 | E 0.4 |-
02 R 02
0 . . . . 0 . .
0 02 0.4 06 0.8 1 0 02 0.4

0.6 0.8 1

Fig. 2. Initial discretization and modified discretizations in three different regimes for N=M = 4.

In Fig. 2, we first consider the diffusion-dominated case by setting
€ =1, (by,by) = (cos45°, sin45°), o =107°
and then we consider the convection-dominated case by setting

€ =0.01, (bq,by) = (cos45°,sin45°), o =107°
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N=11 ——

Fig. 3. Initial discretizations of unstructured meshes used in the discretization of the problem domain.

and finally we consider the reaction-dominated case by setting
€ =0.01, (b1,b) = (cos45°,sin45°), o =10

and display a sample of initial discretization and modified discretizations for different problem regimes.
Finally, we recall that the problem is first solved on augmented grid and then the subgrid nodes are excluded to simulate
the numerical results.

Remark 2. We note that, it is easy to extend the stabilization technique above to the convection-diffusion-reaction problems
in higher dimensions by an analogy to the 2-D case in which one needs to split the n-dimensional CDR equation into the
sum of “n” 1-dimensional equations and follow the discussions in the previous lines.

We also note that, in 3-D domains, 124 sub-grid nodes are added into the initial stencil to derive the augmented dis-
cretization and the coordinates of the sub-grid nodes are determined by applying the same procedure as we did in the 2-D
case (see [26] for details).

4. Numerical results

In this section, we report some numerical experiments to illustrate the performance of the present method for a wide
range of problem parameters, especially in the interesting case of small diffusion which corresponds to the convection-
dominated or reaction-dominated regimes on both structured and unstructured grids. We compare the proposed method
with the well-known stabilized finite element methods: the SUPG and the RFB methods. The Fig. 3 displays three types of
initial discretizations of unstructured grids for N =11, 21,41 where N denotes the number of nodes in x and y-direction
on initial discretization throughout this section. We also report the errors in the L, norm. The dimensionless numbers that
characterize the solution are

Ibh

Pe = S Element Peclet Number

h
Da = an Element Damkohler Number

Ib|

where h is the element size.
4.1. Numerical experiments for 2-D CDR problem
4.1.1. Experiment 1: an example with analytical solution

In the convergence analysis, we consider a simple problem on a unit square that can be solved analytically and subject
to the following boundary conditions
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£=0.0001, 6=0.000001 €=0.0001, 6=15
107 10™
—%— Present method —%— Present method
—&— SUPG —&— SUPG
— © —RFB - — © —RFB

ERRORL,
ERRORL,

h h
Fig. 4. The errors in the L, norm for € = 10 and two different values of o.
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Fig. 5. Numerical approximations obtained with unstructured meshes when € =10~%, & =107, 20, 1000, f =1, 20, 1000.

0, ify=0, 0<x<1,
L 0, ifx=1, 0<y=<1,
—]o, ify=1, 0<x<1,

sin(wy), ifx=0, 0<y<1.

We set 8 =(1, 0) and f(x) =0 in Q. Using the separation of variables, the exact solution is given by:

X/2€ i _ _ :
ux,y) = ¢ sinh ( - m(1 — x) sin(y) where m=+/1+4¢e(en?+0)/2€.
sinh (—m)
Next, we take a set of uniform grid with grid sizes h = 0.1, 0.05, 0.025, 0.0125, both in x and y directions. In Fig. 4, we
present the log-log plots of errors in the L, norm for different values of € and o. The results show that the proposed
method achieves slightly better performance than the SUPG and the RFB method. Moreover, the improvement is apparent
for each method as the mesh is refined and the expected convergence rates are achieved.

4.1.2. Experiment 2

We consider an example with homogeneous Dirichlet boundary conditions, yet the source function is non-zero (see [12]).
We first take a set of unstructured mesh with N =11, 21. We set € = 1075, (b1, b) = (cos 72°, sin 72°) and present elevation
plots of the solutions obtained with the present method for various values of reaction (¢ = 10~6,20,1000) with f =
1,20, 1000 in Fig. 5.
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Fig. 6. Numerical approximations obtained with structured mesh when € = 106, ¢ =107, 20, 1000, f=1,20,1000 and N =21 for which Pe =25 x 103,
Da=0.5x 107 (first column), Da =1 (second column) and Da = 50 (third column).

Next, we consider the same problem parameters on a structured mesh with N =21 and present elevation plots of
the numerical approximations obtained with SUPG, RFB and the present method in Fig. 6. The numerical experiments in
Figs. 5-6 show that the present method is robust as the results are consistent with the physical configuration of the problem
on both structured and unstructured meshes while the SUPG and RFB method produces slight oscillations at the outflow
boundary.

4.1.3. Experiment 3

Next, we consider a test problem with homogeneous Dirichlet boundary conditions which is taken from [30]. We note
that the exact solution has exponential layers at the outflow boundary (x = 1, y); characteristic boundary layers at (x, y = 0)
and (x, y = 1). We first take a set of unstructured mesh with N =21. We set (b1,by) =(1,0), e=107%, f=1, 0 =0 and
present elevation plots of the solutions obtained with the present method in Fig. 7.

Next, we consider the same problem parameters on a structured mesh and present elevation plots of the numerical
approximations and corresponding contour plots obtained with the SUPG, RFB and the present method in Fig. 8. The nu-
merical solution obtained with the SUPG method shows that the diffusion added in the streamline direction by the classical
stabilization techniques, is not enough to eliminate the spurious oscillations as they are not completely removed from the
approximation obtained with the RFB method.

4.14. Experiment 4
We consider the unit square subject to the following boundary conditions (see [35] for details):

0, ify=0, 0<x<1,
0, ifx=1, 0<x<1,
1, ify=1, 0<x<1,
1, ifx=0, 0<y<1.

u=

We set € = 1075, (b1, by) = (cos30°,sin30°), o =10% and f = 0. We first display the numerical results obtained with the
present method on both structured/unstructured meshes with N =11 in Fig. 9.
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Fig. 7. Numerical approximation obtained with unstructured mesh when € = 1075, (by,by) = (1,0), 6 =0, f=1, N
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Fig. 10. Numerical approximations obtained with structured mesh when € = 1075, (b1, by) = (cos30°,sin30°), o = 103, f=0and N =21 for which
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Next, we consider the same problem parameters on a structured mesh with N =21 and present elevation plots of the
numerical approximations obtained with the SUPG, RFB and the present method in Fig. 10. The present method captures
the characteristic features of the exact solution while the SUPG and RFB method exhibits nonphysical oscillations.

4.1.5. Experiment 5: propagation of discontinuity in the boundary
Next, we consider the problem which is taken from [2] on unit square subject to the following boundary conditions:

, ify=0, 0<x<0.2,
, ify=0, 02<x<1,
, ifx=1, 0<y=<1,
, ify=1, 0<x<1,
, ifx=0, 0<y<1.

S
Il
—_— 000 -

This problem has exponential boundary layers at the outflow boundary and an internal layer. We first take a very distorted
grid (see Fig. 11). We set € = 1075, (b1, by) = (cos 72°,5in72°), c = 1075, f =0 and present elevation and contour plots of
the solutions obtained with the present method in Fig. 12.
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Fig. 13. Numerical approximations obtained with structured mesh when € = 1075, (b1, by) = (cos72°,sin72°), ¢ =106, f =0 and N =41 for which
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Next, we consider the same problem parameters on a structured mesh and present the numerical approximations ob-
tained with the SUPG, RFB and the present method in Fig. 13. The present method is able to handle both internal and
boundary layers, and produce approximations consistent with the physical solution while the approximations generated by
the SUPG and RFB methods possess spurious oscillations.

4.1.6. Experiment 6
We consider a more interesting discontinuous source function case which exhibits both internal and boundary layers.
We take a set of unstructured mesh with N =21, 41. We set

800x%, if, 0<x<0.5,

X, y)= .
f& —200x%, if, 0.5<x<1

€ =10"%, o =107%,200, (b1,by) = (0,1) with homogeneous Dirichlet boundary conditions and display the numerical
results in the Fig. 14. The plots show that the numerical approximation obtained with present method captures the charac-
teristic features of the exact solution even on coarse mesh.

4.1.7. Experiment 7: an example on a complex domain
Next, we consider another interesting problem whose domain is defined as

(x=0,0<y=<1), (0<x=<cos(0435m),y=1), 0<x=<1, y=0), (x=cos(0.4357y), 0<y <1)

and a square with edge length 0.157 and center (0.236, 0.236). We will first consider homogeneous Dirichlet boundary
conditions. We set € = 1078, (b1, by) = (cos20°, sin20°), o = 107,20, 1000 with f =1,20,1000. The computational grid
is obtained by taking 396 nodes. The numerical results for the present method are reported in the Fig. 15. We observe that
numerical solutions are non-oscillatory and are in good agreement with the physics of the problem parameters.

Next we consider non-homogeneous Dirichlet boundary conditions on some part of the domain which exhibits sharp
layers at inflow boundary of the square and at outflow boundaries. We setu=1on(x=0,0<y<1)and (0<x<1, y=0)
and u =0 on the rest of the boundary. We take € = 108, (b1, by) = (cos20°, sin20°), o = 10~ with f =0. Fig. 16 shows
that the proposed method effectively captures the layers. It seems that the present method is quite robust and effective
algorithm in the numerical approximation of the convection-diffusion-reaction equations even the domain is complex.
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Fig. 14. Numerical approximation obtained with unstructured mesh when € = 1075, (by,by) =(0,1), 0 =1075,200 and N =21, 41.
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4.1.8. Experiment 8: non-uniform advection
Next, we consider a test problem which is taken from [20]. The boundary conditions are given by

u‘{L ifx=0, 0<y=<1,

0, otherwise.

We set € =1075, (b1, b2) = (v, —x), 0 =107%, f =0, N =41 and display the numerical results for the proposed method in
Fig. 17. The plots show that the present strategy has a potential to solve the problems with variable coefficients. We note
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Fig. 17. Numerical approximations obtained with structured and unstructured meshes when € =107, (by, b) = (y, —x), 0 =107%, f =0 and N =41 and
the corresponding contour plots.

that the subgrid nodes in the LCB strategy [5] are constructed under the assumption that 8 > 0 and the whole discussion is
applicable to the case 8 < 0 as well, by just exchanging the roles of x; and x, (and consequently of z; and z;).

4.2. Numerical experiments for 3-D CDR problem

4.2.1. Experiment 1
Now, we consider the unit cube subject to the following boundary conditions:

- 1, on(x,y,z=0);
] 0, on the rest of the boundary.

We set € =105, (by,b,b3)=(1,1,1), 0 =1075, f =0 and present elevation plots of the solutions obtained with the
present method in Fig. 18. The corresponding contour plots are reported in Fig. 19.

In Fig. 20-21, we test the problem on unstructured grid for the same problem parameters. The numerical solutions show
that the method is robust as the results are consistent with the physical configuration of the problem on both structured
and unstructured grid.
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Fig. 18. Numerical approximations obtained with structured mesh when € = 1076, (b1, by,b3) = (1,1,1), 0 =107 and N = 21,41 at the cuts z=0.2,

z=0.4, z= 0.6 where Pe =25+/3 x 103, Da = % (first row) and Pe = 125+/3 x 102, Da= % (second row).

N=21,7Z=0.2 N=21,Z=0.4 N=21,7=0.6

min = -0.0047319, max = 1.00898 min = -0.0051879, max = 1.00657 min = -0.0036022, max = 1.00476

N=41,7=0.2 N=41,7=0.4 N=41,7=0.6

min = -0.0051866, max = 1.00657 min =-0.0024633, max = 1.00337 min =-0.0016966, max = 1.00207

Fig. 19. The corresponding contour plots of Fig. 18.

4.2.2. Experiment 2

Finally, we consider a test problem with variable source function and homogeneous Dirichlet boundary conditions. We
set € = 1075, (by,by,b3) = (1,1,1), 0 = 1000, f = 1000x2y2z% and display the elevation plots of the solutions obtained
with the present method in Fig. 22. The corresponding contour plots are reported in Fig. 23.

In this section, several numerical examples exhibiting boundary/internal layers are given to illustrate the performance
and the robustness of the proposed method on both structured and unstructured grids. We also considered the variable
discontinuous source function and variable problem parameters and obtained effective results. In order to show the appli-
cability of the method in complex domains, we tested it in a half curved domain for different intensities of reactions. We
report that, in all cases, the numerical results are in a good agreement with the exact solution for a wide range of problem
parameters, even on coarse meshes and therefore the proposed algorithm is a promising tool to solve CDR problems in any
dimensions.
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N=21,Z=02 — N=21,Z=04 —

Fig. 20. Numerical approximations obtained with unstructured mesh when € =107, (b, by, b3) =(1,1,1) and o =106 and N =21 at the cuts z=0.2,
z=04,z=0.6.

N=21,7=0.2 N=21,7=0.4

min =-0.0145222, max = 1.01894 min =-0.0128733, max = 1.01821

N=21,7=0.6

min =-0.011196, max =1.01616

Fig. 21. The corresponding contour plots of Fig. 20.

5. Conclusion

We present a finite difference method for solving the convection-diffusion-reaction problems particularly designed to
treat the most interesting case of small diffusion. Numerical results are in a good agreement with the exact solution for
a wide range of problem parameters, even when the mesh is coarse and the transition from one regime to another is
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V3
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min =0, max = 0.0640253 min =0, max =0.167942 min =0, max = 0.341388

Fig. 23. The corresponding contour plots of Fig. 22.

accurately captured by the algorithm. The main idea of the proposed methodology is based on a simple splitting of the
n-dimensional CDR equation into the sum of “n” 1-dimensional equations and combination of the Link-Cutting Bubble
(LCB) concept with the finite difference context which permits a different numerical recipe and also an efficient numerical
algorithm for the convection-diffusion-reaction problems. This new technique treats the each directions (x—, y—, ..., etc.)
separately a key characteristic that distinguishes the new method from other techniques. Indeed, we take the internal nodes
from the LCB strategy which is only effective for 1-D problems and construct a finite different scheme on a nonuniform
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mesh. Such a discretization allows the application of modern algorithms such as meshless method to the present model
problem with few modifications only. Several benchmark problems are used to compare the performance of the SUPG, RFB
and the present method and the superiority of the present method is confirmed in both convection and reaction-dominated
regime. The value of the recent method resides in its applicability to the multi-dimensional cases easily, its potential to
work on complex geometries and robustness in each regimes without artificial diffusion and a priori knowledge about the
location and nature of the layers. The numerical experiments in 2-D and 3-D shows the robustness of the present strategy
in both convection and reaction-dominated regimes which is in fact a very important feature, not only for dealing with the
steady problem, but also when considering the unsteady problems.
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