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Abstract

This paper presents a two-dimensional immersed boundary method for fluid-structure interaction

with compressible multiphase flows involving large structure deformations. This method involves three

important parts: flow solver, structure solver and fluid–structure interaction coupling. In the flow solver,

the compressible multiphase Navier–Stokes equations for ideal gases are solved by a finite difference

method based on a staggered Cartesian mesh, where a fifth-order accuracy Weighted Essentially Non-

Oscillation(WENO) scheme is used to handle spatial discretization of the convective term, a fourth-order

central difference scheme is employed to discretize the viscous term, the third-order TVD Runge-Kutta

scheme is used to discretize the temporal term, and the level-set method is adopted to capture the multi-

material interface. In this work, the structure considered is a geometrically non-linear beam which is

solved by using a finite element method based on the absolute nodal coordinate formulation(ANCF). The

fluid dynamics and the structure motion are coupled in a partitioned iterative manner with a feedback

penalty immersed boundary method where the flow dynamics is defined on an Eulerian grid and the

structure dynamics is described on a global coordinate. We perform several validation cases (including

fluid over a cylinder, structure dynamics, flow induced vibration of a flexible plate, deformation of a

flexible panel induced by shock waves in a shock tube, an inclined flexible plate in a hypersonic flow,

and shock-induced collapse of a cylindrical helium cavity in the air), and compare the results with

experimental and other numerical data. The present results agree well with the published data and the

current experiment. Finally, we further demonstrate the versatility of the present method by applying

it to a flexible plate interacting with multiphase flows.
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Fluid–structure interaction; immersed-boundary method; viscous compressible flow; multiphase flow;
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1. Introduction

The fluid–structure interaction (FSI) involving compressible multiphase flow has extensive appli-

cations in industry among which examples include aeronautical engineering, coastal engineering and
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biomedical engineering [1, 2, 3, 4]. Moreover, it is of key importance in the protection of civil engineer-

ing, such as the dynamic response of a structure under a shock load [5] and hypersonic flight [6]. Both

experiment and numerical simulation have been applied to investigate such FSI problems. However,

with the increase of the complexity and the spatial resolution of the engineering applications, experi-

ments are challenging and usually too expensive. Therefore, numerical simulation has received much

attention in recent decades [7]. Because of complex geometries, multi-material interface, supersonic dis-

continuities and large structure deformations, computational modelling of the FSI for these applications

is highly challenging and thus has not been extensively explored.

There were two common ways initially designed to eliminate or reduce the oscillations near disconti-

nuities induced in the traditional finite difference method, and based on fixed stencil interpolations [8].

One way is to add an artificial viscosity and the other is to apply limiters [9]. The essentially non-

oscillatory (ENO) scheme proposed by Osher [9] chooses the appropriate stencil for the interpolation near

the discontinuity to achieve a self similar, uniformly high order accurate and essential non-oscillatory

interpolation. Since then, researchers have improved this methodology and expanded its applications

significantly. For example, Shu and Osher [10, 11] developed ENO schemes based on points values and

TVD Runge-Kutta time discretization to save computational costs; Fatemi et al. [12] and Shu [13] pro-

posed a modified ENO method based on biased stencil to enhance the numerical stability and accuracy;

Weighted ENO (WENO) schemes, developed by Jiang and Shu [14], used a convex combination of all

candidate stencils instead of just one as in the original ENO. After that, WENO has been successfully

applied to shock-vortex interactions [15], incompressible flows [16] and relativistic hydrodynamics [17].

When dealing with multiphase interface problems, Eulerian schemes work well for most problems and

can accurately and efficiently handle large deformations characteristic of gases admitting non-physical

oscillations near the multi-material interface [18]. On the other hand, purely Lagrangian methods

typically result in severe mesh distortion and the consequence is ill conditioning of the element stiffness

matrix leading to mesh lockup or entanglement [19]. To combine the robustness of an Eulerian scheme

with a multi-material interface method characteristic of the Lagrangian scheme, Fedkiw et al. [20]

proposed the ghost fluid method (GFM). In this method, the interface is traced by solving a level-set

function [21, 22, 23] which gives the exact subcell interface location. By using GFM, only a band

of 3 to 5 ghost cells on each side of the interface is actually needed by the computational method

depending on the order of WENO method employed. However, the original ghost fluid method does

not work consistently and efficiently using an isotropic fix when applied to a strong shock impacting on

a multi-material interface. To overcome this difficulty, Liu et al. [24] proposed a modified ghost fluid

method (MGFM) with greater robustness and consistency, where the WENO schemes were adopted

in order to handle shock waves. In addition, the two-shock approximation to the Riemann problems

at the multi-material interface is solved to make the MGFM less problem-related and more generally

applicable.

For FSI problems involving complex geometries and large structure deformations, traditional meth-

ods based on a body conformal mesh encounter challenges in mesh generation and mesh movement [25].

The immersed boundary (IB) method developed by Peskin [26, 27] is an efficient method for this type of

FSI simulations. In this method, the force acting on the fluid by the immersed boundaries is distributed
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onto the volumetric fluid nodes in the vicinity of the fluid–structure interface, and the force is added

into the Navier–Stokes equations to achieve the boundary condition. Because of its simple boundary

treatment, IB method has gained popularity for a wide range of applications [3, 4, 28, 29]. Recently, the

IB method for simulating interactions between fluids and structures has received considerable attention

due to its simplified grid generation requirements [4, 30]. By using the IB method, regeneration of

grid is avoided, the fluid dynamics described by Eulerian variable is defined in a stationary Cartesian

mesh, and the immersed boundaries are tracked in a Lagrangian system by a collection of points that

move with the local fluid velocity [28]. The interaction of the fluids and structures are connected by

a smoothed approximation of the Dirac delta function. The original version of the IB method was

designed for natural solids (the density of the solid is the same as that of the fluid), more complications

are encountered for heavy boundaries. To overcome this challenge, Zhu and Peskin [31] spread the mass

of the immersed boundaries to the near Eulerian grid points in the same manner as the momentum

forcing; Kim and Peskin [32] proposed a penalty IB (pIB) method, where the IB is conceptually split

into two Lagrangian components: one component is massless and interacts with the fluid exactly as the

traditional IB method, and the other component carrying mass is connected to the massless component

by virtual stiff springs. Huang et al. [29] presented an improved version of the IB method to handle

the mass of a filament. In this method, the Eulerian fluid and Lagrangian IB motion are solved inde-

pendently and their interaction force is explicitly calculated using a feedback law [33]. Ghias et al. [34]

and Qiu et al. [35] presented the application of the IB method to compressible flows. Marco et al. [36]

studied the effects of mesh refinement in the IB method for compressible flows.

In terms of the flexible structure, both finite element method and finite difference method can be

used [4, 29, 37]. In previous IB methods, the finite difference method for discretizing the 2D plate has

been widely used for the FSI problem [29, 38, 39, 40]. However, the finite element method is relatively

more robust and efficient for problems involving large rotation and deformation [3, 4, 37, 41]. Several

finite element formulations have been proposed for the large displacement and deformation analysis of

flexible multi-body systems [18, 42], including the floating frame of reference method, the incremental

finite element method, the large rotation vector method and the absolute nodal coordinate formulation

(ANCF). Previous studies show that the performance and efficiency of multi-body simulation codes

depend largely on the coordinates selection [43, 44, 45, 46]. ANCF proposed by Shabana et al. [44, 45]

which employs a set of finite element coordinates defined in the global coordinate has a superiority in

handling large structure deformation and rotation. In addition, using this set of coordinates leads to a

constant mass matrix which makes the procedure for implementing this formulation more efficient [47].

Therefore, ANCF has been widely used to simulate flexible multi-body system with large structure

displacement and large structure deformation [48, 49].

Previous methods based on the pIB method have been designed to study flows over rigid bodies in

a supersonic flow or FSI problems at low Reynolds numbers [30, 28, 29, 38, 39, 50, 40, 4, 51, 52, 35,

52, 34, 36]. Still, the existing computational simulation approaches based on the pIB method have not

considered FSI problems involving shock waves, large deformations and multiphase flow. This is the

motivation for this work.

In the present study, MGFM and ANCF are combined with high-order finite difference methods to
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simulate FSI problems involving compressible multiphase flow and large structure deformations based

on the pIB method, where the fluid motion is governed by the Navier–Stokes equations and solved by

MGFM, and the dynamics of the structure is governed by the dynamic equation of the geometrically

nonlinear Euler-Bernoulli beam and solved by ANCF. The dynamics of the fluid and flexible structures

are solved independently and the interaction force is calculated explicitly using a feedback law [33] based

on the pIB method and the capture of multi-material interface in multiphase flow is achieved by using

the level-set method. Such a strategy is effective in handling FSI problems involving shock waves, large

structure deformations and multiphase flow as is shown in this work.

The organization of the paper is as follows. The governing equations considered are introduced in

Section 2. The numerical methods are presented in Section 3 including the discrete scheme for the

Navier–Stokes equations, the level-set function method used for capturing the multi-material interface,

the ANCF method for the flexible structure, and the pIB method for the interaction between the fluid

and structure. Validations and benchmark cases are presented in Section 4. Two applications of the

present numerical method are presented in Section 5. Finally, conclusions are given in Section 6.

2. Governing equations

2.1. Navier–Stokes equations for compressible viscous flow

The flow dynamics considered here are governed by the two-dimensional compressible viscous

Navier–Stokes equations
∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

1

Re
(
∂Fu

∂x
+

∂Gv

∂y
) = S, (1)

where Q = [ρ, ρu, ρv,E]T , F = [ρu, ρu2 + P, ρuv, (E + P )u]T , G = [ρv, ρuv, ρv2 + P, (E + P )v]T ,

Fu = [0, τxx, τxy, bx]
T , Gv = [0, τxy, τyy, by]

T , bx = uτxx + vτxy − qx,by = uτxy + vτyy − qy, S is a general

source term including the external force and body force, and Re is the Reynolds number, τij is the shear

stress is defined by

τxx =
2

3
µ(2

∂u

∂x
−

∂v

∂y
), (2)

τxy = µ(
∂u

∂y
+

∂v

∂x
), (3)

τyy =
2

3
µ(2

∂v

∂y
−

∂u

∂x
), (4)

and the thermal flux qx and qy are expressed according to Fourier’s law

qx = −
µ

Pr(γ − 1)

∂T

∂x
, qy = −

µ

Pr(γ − 1)

∂T

∂y
, (5)

In Eq. (5), Pr is the coefficient of thermal conductivity, the temperature T = c2, c is the sound speed,

and γ is the adiabatic coefficient. We use Pr = 0.72 in the present study.

Without loss of generality, the ideal gas equation of state is used here to close the system, and thus

the total energy is given by

E =
P

γ − 1
+

ρ(u2 + v2)

2
. (6)
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2.2. Structure dynamics

In present study, we consider a two-dimensional non-linear beam which is described by [29, 38]

ρs
∂X

∂t
+

∂

∂s

[

(KS |
∂X

∂s
| − 1)

∂X

∂s

]

+KB
∂X4

∂s4
= Ff , (7)

where X is the Lagrangian coordinates of the flexible beam, ρs is linear density, KS and KB are

respectively the tension and bending rigidity, s is the arc coordinate, and F f is the external force acts

on the beam.

3. Numerical method

3.1. Fluid solver

3.1.1. WENO for spatial dicretization of the convective term

In the fluid solver, the fifth-order accuracy WENO scheme proposed by Liu et al. [53] is used for the

spatial discretization of the convective term. The procedure of descretizing the convective term ∂F∂x

in Navier-Stokes equations (∂G/∂y can be treated by the same method) is briefly introduced as follows:

(1) The mean numerical flux Q̃ and F̃ at grid j + 1/2 is evaluated by Roe average [20].

(2) Let A = ∂F̃ /∂Ũ = RΛL, Λ = diag(u − c, u, u, u + c), then project the flux Q and F on local

characteristic space: q = Lj+1/2Q, and f = Lj+1/2F .

(3) The characteristic flux f is split into both positive and negative parts by Lax-Friedrich’s splitting,

f± = 1
2(f ± λmaxq), where λmax = max(Λ).

(4) The fifth-order WENO scheme is used to construct the flux f±: f̂j+1/2 = f̂+
j+1/2+ f̂−

j+1/2, where

f̂+
j+1/2 is constructed by

f̂+
j+1/2 = ω1f

(1)
j+1/2 + ω2f

(2)
j+1/2 + ω3f

(3)
j+1/2, (8)

f
(1)
j+1/2 = 1/3fj−2 − 7/6fj−1 + 11/6fj , (9)

f
(2)
j+1/2 = −1/6fj−1 + 5/6fj−1 + 1/3fj+1, (10)

f
(3)
j+1/2 = 1/3fj + 5/6fj+1 − 1/6fj+2, (11)

with the weight factors being

ωk =
αk

α1 + α2 + α3
, αk =

Ck

(ε+ ISk)2
, k = 1, 2 and 3, ε = 10−6, (12)

IS1 =
1

4
(fj−2 − 4fj−1 + 3fj)

2 +
13

12
(fj−2 − 2fj−1 + fj)

2, (13)

IS2 =
1

4
(fj−1 − fj+1)

2 +
13

12
(fj−1 − 2fj + fj+1)

2, (14)

IS3 =
1

4
(3fj − 4fj+1 + fj+2)

2 +
13

12
(fj − 2fj+1 + fj+2)

2. (15)

The construction for f̂−

j+1/2 is similar.

(5) Through a reverse transformation, i.e. F̂j+1/2 = Rj+1/2f̂j+1/2, the discretization of the flux F

can be written as
(

∂F

∂x

)

j

=
F̂j+1/2 − F̂j−1/2

∆x
. (16)
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3.1.2. Spatial discretization of the viscous term

For the viscous term, a fourth-order central difference scheme is used to discretize the spatial deriva-

tives
(

∂Fu

∂x

)

i

=
1

12
[−(Fu)i+2 + 8(Fu)i+1 − 8(Fu)i−1 + (Fu)i+2]. (17)

A fourth-order inward difference scheme is used for the discretization of viscous term on the out

boundary, i.e. for left and bottom boundary

(

∂Fu

∂x

)

i

=
1

6
[−11(Fu)i + 18(Fu)i+1 − 9(Fu)i+2 + 2(Fu)i+3], (18)

and for right and top boundary

(

∂Fu

∂x

)

i

=
1

6
[11(Fu)i − 18(Fu)i−1 + 9(Fu)i−2 − 2(Fu)i−3]. (19)

3.1.3. Modified ghost fluid method

The ghost fluid method(GFM) presented a fairly simple way for the extension to multi-dimensions.

The propagation of a shock wave in two-phase fluid is related to the strong shock on the multi-material

interface, which causes inapplicability of original GFM. In order to handle the strong shock impacting

on the multi-material interface, a MGFM is established by Liu [24]. This method solves a two-shock

approximation to the Riemann problem at the interface. The details of MGFM can be found in Ref.

[24].

In the MGFM, the level set technique is employed to capture the moving interface,

φt + uφx + vφy = 0. (20)

Similar to the Navier–Stokes equations, the fifth-order WENO scheme is employed to discretize the

convective term of the level-set equation spatially. Specifically, for grid point i, the constructions of φ−
x

and φ+
x can be achieved by

(φ±

x )i = ω1

(

ν1
3

−
7ν2
6

+
11ν3
6

)

+ ω2

(

−
ν2
6

+
5ν3
6

+
ν4
3

)

+ ω1

(

ν3
3

+
5ν4
6

−
ν5
6

)

, (21)

aj =
Cj

(ε+ ISj)2
, ωj =

aj
a1 + a2 + a3

, j = 1, 2 and 3, ε = 10−6, (22)

where

νj =
φi−3−j − φi−4−j

∆x
, j = 1, 2, .., 5, for φ−

x , (23)

νj =
φi+4−j − φi+3−j

∆x
, j = 1, 2, .., 5, for φ+

x , (24)

IS1 =
13

12
(ν1 − 2ν2 + ν3)

2 +
1

4
(ν1 − 4ν2 + 3ν3)

2, (25)

IS2 =
13

12
(ν2 − 2ν3 + ν4)

2 +
1

4
(ν2 − ν4)

2, (26)

IS3 =
13

12
(ν3 − 2ν4 + ν5)

2 +
1

4
(3ν3 − 4ν4 + ν5)

2. (27)
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Figure 1: A schematic illustration: (a) an element and (b) deformed beam.

When the velocity in Eq. (20) u > 0, φ+
x is used as φx, otherwise φ−

x is used. The discretization of φy

is as for φx.

As Eq. (20) moves the level set φ = 0 at the correct velocity, φ is not a distance function(i.e.

|∇φ| 6= 1). In this case, an iteration method introduced by Sussman [22] is used to reinitialize φ, which

is achieved by solving the following equations until the steady state is obtained

φt = η(φ0)(1−
√

φ2
x + φ2

y), φ(x, 0) = φ0(x), (28)

where η is the sign function defined as

η(φ0) =
φ0

√

φ2
0 + ε2x

. (29)

Here εx equals the minimum grid length to avoid the division by zero error. The fifth-order WENO

scheme described above is used to discretize Eq. (28).

3.1.4. Temporal discretization method

For all unsteady equations involved in flow solver, the third-order TVD Runge-Kutta method is

used for time discretization [10]

Q(1) = Q(n) +∆tRHS(Q(n)), (30)

Q(2) =
3

4
Q(n) +

1

4
(Q(1) +∆tRHS(Q(1))), (31)

Q(n+1) =
1

3
Q(n) +

2

3
(Q(2) +∆tRHS(Q(2))). (32)

3.2. Structure solver

According to the virtual work principle, the dynamic equation of the flexible beam can be rewritten

as

δWi + δWf + δWe + δWb = 0, (33)

where δWi is the virtual work of inertial force, δWf is the virtual work of external force, δWe is the

virtual work of elastic force, and δWb is the virtual work of bending moment.
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In an inertial coordinate system as shown in Fig 1, the global position vector X of an arbitrary

point on a beam element of length l is defined in terms of the nodal coordinates and the element shape

function [54]

X = [X1,X2]
T = Ne, (34)

where N is the shape function and e is the vector of element nodal coordinates is expressed as

e = [e1, e2, e3, e4, e5, e6, e7, e8]
T . (35)

This vector of absolute nodal coordinates includes the global displacements

e1 = X1|se=0, e2 = X2|se=0, e5 = X1|se=l, e6 = X2|se=l, (36)

and the global slopes of the element nodes that are defined as

e3 =
∂X1

∂se
|
se=0

, e4 =
∂X2

∂se
|
se=0

, e7 =
∂X1

∂se
|
se=l

, e8 =
∂X2

∂se
|
se=l

, (37)

where se is the arc length coordinate of an arbitrary point on the element in the undeformed configu-

ration.

The shape function in Eq. (34) is defined by [45]

N = [N1, N2], (38)

where

N1 =

[

[1− 3ξ2 + 2ξ3 0 l(ξ − 2ξ2 + ξ3) 0

0 1− 3ξ2 + 2ξ3 0 l(ξ − 2ξ2 + ξ3)

]

, (39)

N2 =

[

[3ξ2 − 2ξ3 0 l(ξ3 − ξ2) 0

0 3ξ2 − 2ξ3 0 l(ξ3 − ξ2)

]

, ξ = se/l. (40)

According to the generalized virtual work principle and the Euler-Bernoulli equation of the beam,

the generalized mass matrix, stiffness matrix and body force of an element can be respectively written

as

Mff = ρs

∫ l

0
NTNds, (41)

Kff = KB

∫ l

0
NT

ssNssds−
KS

2

∫ l

0
NT

s Nsds+
KS

2

∫ l

0
eTNT

s NseN
T
s Nsds, (42)

Fd = ρs

∫ l

0
NT [0, g]T ds, (43)

where g is the acceleration of gravity, and Fd is the body force.

The structure global generalized mass matrix Mf , stiffness matrix Kf , external force vector Qf

and nodal coordinates vector Qe can be obtained by assembling the corresponding element matrices

using a standard finite element procedure. Consequently, the virtual work of generalized inertial force,

internal force (including tension force and bending moment) and external force can be written as

δWi = −Mf Q̈eδQe, δWe + δWb = −KfQeδQe, δWf = QfQeδQe. (44)
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By applying Eq. (44) in Eq. (33), then the dynamic equation can be written as

MfQ̈e + KfQe = Qf , (45)

where Q̈e is the generalized acceleration vector (second order time derivatives of the nodal coordinates).

Eq. (45) is solved by the Gauss-Seidel iteration method [54], and central difference method is used for

the temporal discretization.

3.3. IB method for the fluid-structure interaction

The interaction force between the fluid and the structure can be determined by the feedback law

[32]

F f = α

∫ t

0
(U ib −U)dt+ β(Uib −U), (46)

where U ib is the boundary velocity obtained by interpolation at the IB, U is the structure velocity

calculated from FEM, and α and β are large positive free constants. Details of choosing α and β can be

found in Ref. [29]. The force acting on the Lagrange structure from the ambient fluid can be taken as

a concentrated force acting on the corresponding nodes, and thus it can be added to the general force

Qf in Eq. (45).

The transformation between the Euler and Lagrange variables can be realized by the Dirac delta

function. The interpolation of velocity and the spreading of the Lagrange force to the adjacent grid

points are expressed as

U ib(s, t) =

∫

Ω
u(x, t)δh(X(s, t)− x)dx, (47)

f(x, t) = −

∫

Γ
F f (s, t)δh(X(s, t)− x)ds, (48)

where u is the fluid velocity, x is the coordinates of fluid, and Ω is the fluid domain and Γ is the

structure domain.

The smooth function δh is used to approximate the Dirac delta function

δh(x, y) =
1

h2
λ(

x

h
)λ(

y

h
). (49)

In this paper, the four-point delta function introduced by Peskin[8] is used

λ(r) =



















1
8(3− 2|r|+

√

1 + 4|r| − 4|r|2), 0 ≤ |r| < 1,

1
8(5− 2|r| −

√

−7 + 12|r| − 4|r|2), 1 ≤ |r| < 2,

0, 2 ≤ |r|.

(50)

The force f in Eq. (48) acts on the fluid by the Lagrange structure can be decomposed in x and y

direction, i.e. fx and fy. Consequently, S on the right-hand side of the Navier–Stokes equations can be

rewritten as

S = [0, fx, fy, ufx + vfy]
T . (51)
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3.4. Summary of the numerical method

The integrated algorithm can be summarized as follows. Given all values at time step n, the values

at time step n+ 1 can be updated by

(1) Calculate U ib by using Eq. (47), and then update the Lagrangian force F f by using Eq. (46);

(2) Spread the Lagrangian force F f onto the ambient fluid nodes by using Eq. (48);

(3) Solve level-set function Eq. (20) and Riemann problem at the interface if multiphase flow with

shock wave is considered, otherwise skip the step;

(4) Solve Eq. (1) to update flow field;

(5) Update Qe and Q̇e by solving Eq. (45).

4. Validation of the numerical method

4.1. A uniform flow over a stationary cylinder

In order to validate the present fluid solver in combination with the feedback force law, the uniform

flow over a stationary cylinder is simulated. The computational domain for the flow is a rectangular box

extending from (−10D,−15D) to (35D, 15D), where D is the diameter of the cylinder. The grid size

of the fluid and the cylinder are set as 0.04D and 0.02D, respectively. The initial velocity is set as the

far field velocity u∞ everywhere in the fluid domain. To maintain the far field boundary condition, the

velocity in a thin vertical strip running along the left-hand (inflow) side of the computational domain

is modified at each time step to be u∞ [55]. Additionally, we set a large initial pressure of the fluid to

make a low Mach number (< 0.1), so that the compressibility of the fluid is ignorable, and the flow can

be taken as incompressible. Consequently, there is only one non-dimensional parameter, the Reynolds

number, which is defined as

Re =
ρu∞L

µ
. (52)

In order to discuss the hydrodynamic force characteristics of the cylinder, the non-dimensional drag

and lift coefficients are defined as

CD =
FD

0.5ρu2∞L
, CL =

FL

0.5ρu2∞L
, (53)

where FD and FL are respectively the drag and lift forces. In the present computation, FD and FL are

integrated from the force acts on the IB by the ambient fluid

FD =

∫

Fxds =

n
∑

i=1

F i
x∆s, FL =

∫

Fyds =

n
∑

i=1

F i
y∆s, (54)

where F i
x and F i

y are respectively the force acting on the i-th IB point in x and y direction, and ∆s

is the mesh length of the rigid cylinder. Two different Reynolds numbers, 40 and 100, are considered.

The first case corresponds to a steady flow regime and the second one to unsteady flow. For Re=40,

the geometrical properties of the symmetrical vortices (as defined in Fig. 2) and CD are computed and

shown in Table 1. For comparison, the data from literature are shown in Table. 1. It shows good

agreement between the present simulation and previous results.
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Figure 2: The stream lines for Re = 40 and definitions of quantities used in Table 1.

Table 1: A uniform flow over a stationary cylinder for Re=40: length L of recirculation zone, location (a, b)

of vortex center, separation angle and drag coefficient CD.

Sources L/D a/D 2b/D θ CD

Present result 2.29 0.75 0.60 52.1o 1.65

Linnick and Fasel [56] 2.28 0.72 0.60 53.6o 1.54

Russell and Wang [57] 2.29 – – 53.1o 1.60

Herfjord [58] 2.25 0.71 0.60 51.2o 1.60

Berthelsen and Faltinsen [59] 2.29 0.72 0.60 53.9o 1.59

Xu and Wang [60] 2.21 – – 53.5o 1.66

For Re=100, the Strouhal number is introduced to characterize the vortex shedding frequency,

St=D/(u∞T ). St, the average drag coefficient CD,m and lift coefficient CL are presented in Table 2

with numerical and experimental results available in literature. The drag and lift coefficients history

with non-dimensional time are plotted in Fig. 3. Fig. 4 presents the snapshot of the vorticity contours

for Re=100 at a non-dimensional time of 250. It is found that the present predictions are in a good

agreement with previous data, showing the reliability of the fluid solver and the pIB method used in

this paper for viscous flow.

It should be noted that, for such a low Mach number (Ma < 0.1), it is not necessary to use the

WENO scheme, and numerical experiments show that the difference between results using WENO and

other finite difference methods is ignorable.
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Figure 3: Lift (a) and drag (b) coefficient histories for Re=100.

Table 2: A uniform flow over a stationary cylinder for Re=100: Strouhal number St, drag coefficient CD,m

and lift coefficient CL.

Sources St CD,m CL

Present result 0.161 1.44 0.31

Williamson [61] 0.164 – –

Le et al. [62] 0.160 1.37 0.32

Herfjord [58] 0.168 1.36 0.34

Xu and Wang [60] 0.171 1.42 0.34

Berthelsen and Faltinsen [59] 0.169 1.38 0.34

Calhoun [63] 0.175 1.33 0.30

Tian et al. [50] 0.166 1.43 –

4.2. A hanging filament in vacuum

In this section, the motion of a hanging filament in vacuum under a gravitational force is conducted

to validate the ANCF structure solver. The filament is initially held stationary at an angle from the

horizontal, as a result, the initial generalized coordination of element i of the plate can be written as

e|i = [(i− 1)l, 0, cosα0, sinα0, il, 0, cosα0, sinα0]
T . (55)
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Figure 4: Snapshot of the vorticity contours for Re=100. The vorticity ranges from −u∞/D to u∞/D.
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Figure 5: Horizontal coordinate histories of the free end of the filament: (a) K∗

B=0, and (b) K∗

B=0.01.

In this simulation, we use the length of the filament L = 1.0 , α0 = −0.4π, the element length l = 0.01L,

the reference density ρ = 1.0kg/m2 and velocity u∞ = 1.0m/s. Please note that ρ and u∞ are arbitrary

for scaling purposes. The non-dimensional parameters controlling this problem are defined as follows

Fr =
g

u2∞L
, K∗

S =
KS

ρu2∞L2
, K∗

B =
KB

ρu2∞L3
, m∗ =

ρs
ρL

. (56)

Two different bending rigidities are simulated for m∗ = 1.0, Fr = 10, K∗

S = 1000: K∗

B = 0.00 and

0.01. The free end position of the filament in the horizontal direction is presented in Fig. 5 with the

available data from Refs. [29, 64]. The behaviours of the filament with these two different bending

rigidities have been discussed by Huang et al. [29] and Tian [64], showing that the time histories of

the free end position exhibit little difference for the two cases as shown in Fig. 5. The quantitative

comparison in Fig. 5 shows that the present results are in good agreement with the published data.
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Figure 6: Schematic of a highly flexible plate in a uniform flow.
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Figure 7: x-coordinate (a) and y-coordinate (b) of the trailing end of a plate flapping in a uniform flow.

4.3. Flow induced vibration of a highly flexible plate in a uniform flow

In this section, we consider a highly flexible plate of length L = 1.0 with one end fixed in a uniform

flow, as shown in Fig. 6, to validate the present FSI solver. The computational domain for the flow

is a rectangular box extending from (−5L,−3L) to (10L, 3L), and the mesh size for the fluid and the

flexible plate are 0.02L and 0.01L, respectively. The non-dimensional parameters governing the motion

of the plate are

Re =
ρu∞L

µ
, m∗ =

ρs
ρL

, K∗

S =
KS

ρu2∞L2
, K∗

B =
KB

ρu2∞L3
, (57)

The computational parameters are set as Re=100, m∗ = 1,K∗

S = 500 and K∗

B = 0.0001.

Simulations are conducted until the vibration of the plate is periodic. For the purpose of comparison,

we present the x−coordinate and y−coordinate of trailing end calculated by the penalty IB–lattice

Boltzmann method (IB–LBM) [38, 39, 40, 50, 65] in Fig. 7. This shows that the coordinates of the

trailing end agree well with those predicted by the IB-LBM. We also note discrepancies during fast

transient periods. Specifically, the error of y−coordinate between present method and the IB-LBM is

about 5%. The asymmetric behavior when the amplitude of the plate moves from the minimum to
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Figure 8: Vorticity contours of a plate flapping in a uniform flow at four typical instants as indicated in Fig.

7(a). The vorticity ranges from −3u∞/L to 3u∞/L.

the maximum is captured by both methods, which was discussed for flags by Connell et al. [66]. The

Strouhal number which characterizes the flapping shedding frequency defined as St=L/(u∞T ) is 0.288

in the present simulation, while that predicted by IB–LBM is 0.299 (a difference is about 3%). Finally,

the vorticity contours at four instants as indicated in Fig. 7(a) are presented in Fig. 8. Such flow

characteristics are consistent with those in Ref. [66].

4.4. Deformation of a flexible panel induced by a shock wave

In this section, we calculate the deformation of a panel induced by a shock wave in a shock tube

as shown in Fig. 9. This problem was firstly proposed by Giordano et al. [67] in an experiment, and

then numerically studied by Deiterding and Cirak et al. [68, 69]. The thickness h and the length

L of the panel are respectively 1mm and 50mm. The panel is clamped into a forward-facing step

mounting. The geometrical parameters are l1 = 400mm, l2 = 130mm, l3 = 265mm, l4 = 250mm,

H = 80mm and h1 = 15mm. The inflow boundary conditions are applied on the left-hand side and

rigid wall boundary conditions anywhere else. The forward-facing step geometry is also represented by

a fixed (rigid) boundary in the simulation. Please note that the turbulence does not play a dominating

role because the initial flow around the panel is quiescent and exploration time is relatively short [67].

Therefore, we do not use a turbulence model.

The initial parameters are set as follows: ρ1 = 1.6548kg/m3 , u1 = 112.61m/s, v1 = 0, P1 =

156.18KPa, ρ2 = 1.2kg/m3, u2 = 0, v2 = 0, P2 = 100KPa and γ = 1.4. The material parameters for
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Figure 9: Geometry of the computational set-up for the shock-panel interaction in a shock tube.

the panel are density ρp = 7600kg/m3 and elastic modulus Es = 220GPa. The density ρ2, initial sound

speed c2 =
√

γP2/ρ2 = 341.56m/s and the initial length of the panel L = 50mm are used for the scaling

treatment. The non-dimensional computational domain expands from (−2.4L, 0) to (5.6L, 1.6L), the

mesh size for the fluid and panel are respectively 0.01L and 0.005L. Other non-dimensional parameters

are ρ∗1 = 1.3715, u∗1 = 0.3297, P ∗
1 = 1.1156, ρ∗2 = 1.0, P ∗

2 = 0.7143, K∗

S = 3.14 × 104, ν = 0.33 and

K∗

B = 1.1734.

In Fig. 10, the Schliren pictures (contours of amplitude of density gradient) from the present sim-

ulation are compared with the experimental and numerical results available in Ref. [67]. When the

incident shock wave interacts with the panel, reflected and transmitted shock waves appear. We define

this instant as t = 0us. The time interval for the pictures in Fig. 10 is 70us. The good agreement of

the results can be seen from this figure. Both the shock wave front and vortex induced by the roll-up

of the slipstream initiated from the panel trailing end are captured. With increasing time, the motion

of the vortex predicted by the present simulation agrees well with the numerical results from Ref. [67].

In Fig. 11, the displacement of the trailing end versus time is compared with available data from the

literature. The present results agree well with those predicted by both the simulation and experiment

in Ref. [67]. Specifically, both the times when the displacement reaches the peak value and the largest

displacement coincide well with the experimental data showing that the present numerical method is

accurate and efficient when dealing with FSI problems involving shock waves.

4.5. An inclined flexible plate in a hypersonic flow

In this section, we consider a flexible plate vibrating in a hypersonic flow. As shown in Fig. 12, the

structure contains two parts, one is a trangle (solid line) fixed in the flow, the other is the flexible plate

(dashed line) which can vibrate under the hypersonic flow load. The flexible part is initially mounted

in the flow with an angle α0 to the horizontal direction. As previously discussed, the turbulence is not

considered in this case.

In order to provide validation data, the experiment is conducted in a Ludweig tunnel. The details of

the experiment can be found in our previous study [70]. The initial parameters in the low pressure part of
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Figure 10: Schlieren pictures: (a) experiment from Ref. [67], (b) simulation from Ref. [67], and (c) present

simulation. The time lasts from 0us (when the shock wave impacts on the panel) to 420us with an interval

of 70us.
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Figure 11: x−displacement of the trailing end.
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Figure 12: Schematic of a plate in a hypersonic flow. The solid line (OA) is the fixed part and the dashed

line (AB) is the flexible plate.

the tunnel are pressure P0 = 525Pa, temperature T0 = 294K, and density ρ0 = 6.03×10−3kg/m3. The

inlet parameters are pressure Pin = 767.6Pa, velocity vin = 1000.76m/s, temperature Tin = 74.08K,

and sound speed cin = 172.54m/s. The right-hand side is a free outflow boundary. The plate is initially

mounted on a 20◦ rigid wedge. The length L, width w and thickness are respectively 130mm, 80mm

and 2mm. The material of the plate is AL6061 − T6, for which the density ρ = 2700kg/m3 , elasticity

modulus E0 = 68.9GPa, and Poisson’s ratio ν = 0.33. Other geometric parameters defined in Fig. 12

are α0 = 20◦, l1 = 160mm and l2 = 100mm.

In the experiment, the high-speed camera is used to record the displacement of the trailing end

(B point), and a pressure transducer is attached on the top surface of the plate at point B to obtain

the pressure time histories. By using the present numerical method, we conduct an equivalent two-

dimensional simulation to compare with the experiment. In the simulation, we use L, ρin and cin to

nondimensionalize the parameters. The non-dimensional inlet parameters are Mach number M∗
in =

5.8, pressure P ∗

in = 0.7142, and density ρ∗in = 1.0. The initial non-dimensional properties of the

computational domain are ρ∗0 = 0.1662 and P ∗
0 = 0.4885. The non-dimensional parameters of the

plate are tension rigidity K∗

S = 9.86 × 105, bending rigidity K∗

B = 21.83 and mass ratio ρ∗s = 1150.65.

The non-dimensional geometric parameters are l1 = 1.23 and l2 = 0.77. The computational domain

extends from (−1.77L,−1.77L) to (7.08, 1.77L), and the endpoint of the edge O is initially located at

(0,−0.24L). We use 0.01L and 0.005L mesh size for the fluid and plate, respectively. The fixtures

defined in Fig. 12 are ignored in the simulation.

We present the calculated y−coordinate of the trailing end together with the experimental result

in Fig. 13. The oscillating periods from the simulation and experiment are about 9.3ms and 9.8ms,

respectively. The deviation is about 5.2%. It is found that the simulation amplitude agrees well with

the experimental one, especially in the first several oscillating cycles, the discrepancies may due to the

two-dimensional simplification in the numerical simulation. The noise of the inlet fluid in experiment

can also affect the motion of the plate. Therefore, the initial discrepancies at the first half period are

attributed to the initial perturbation of the tunnel, which obviously leads to an initial velocity of the

plate before 0ms apparent in Fig. 13. However, the present two-dimensional simulation can capture all
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Figure 13: y-coordinate histories of the trailing end of a plate flapping in a hypersonic flow.
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Figure 14: Pressure histories above the trailing end (B) of a flexible plate flapping in a hypersonic flow.

the plate dynamic characteristics observed in the experiment.

The pressure histories of the trailing end (B) are plotted in Fig. 14. As the pressure from the

transducer fluctuates violently, a Fourier transform method is used to filter the results. It can be seen

that the first pressure peak when the hypersonic flow interacts with the flexible plate has been accurately

captured in the numerical simulation. With the vibration of the trailing end of the plate, the pressure

oscillation is observed in both simulation and experiment. However, we also found that the minimum
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Figure 15: Contours of the non-dimensional pressure (a), density (b) and local Mach number (c), where the

pressure ranges from 1.0 to 6.0, the density ranges from 0.1 to 3.6, and the local Mach number ranges from

0 to 5.8.

pressure during the oscillation in the simulation is a little higher than the experimental value. This

discrepancy is mostly due to the three-dimensional effects. Fig. 15 shows the pressure, density and

local Mach number contours, and Fig. 16 compares the Schlieren pictures obtained from simulation and

experiment. It is found that the front shock wave and the rarefactions near the trailing end of both

the flexible plate and the rigid fixture are well captured. Therefore, the numerical results are in good

agreement with the experimental data.

In order to get a larger deformation of the flexible plate, we simulate a more flexible case where the

thickness of the plate is 1mm. It should be noted that the deformation of the plate is assumed to be

elastic in the simulation, while the steel plate might undergo plastic deformation with such thickness. In

Fig. 17, the y-coordinate time histories of the trailing end of the plate are presented. It is found that the
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Figure 16: Schlieren pictures from simulation (a) and experiment (b) at time 25ms.
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Figure 17: y-coordinate time histories of the trailing end of two flexible plates. The periods are respectively

20.5ms (thickness 1mm) and 9.4ms (thickness 2mm).

amplitude and period increase remarkably, due to the fact that the bending rigidity drops significantly

with the decrease of thickness. This simulation can be used for numerical validation in the future.

4.6. Shock-induced collapse of a cylinderical helium cavity in the air

In this section, we examine a Mach 1.22 air shock-induced collapse of a cylindrical helium bubble to

validate the present multiphase flow solver. The results from both experiments and simulations can be

found in Refs. [20, 71]. The computational domain ranges from (-175,-44.5) to (150,44.5) with a mesh

size of 0.25, the cylindrical helium bubble is initially set at the origin with a diameter of 25. The air
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Figure 18: Schlieren pictures from present simulation (a) and Ref. [20] (b) at time 427us. Where, 1 is the

shock wave front, 2 is the reflected wave from the rigid wall, 3 is the current configuration of the bubble, 4

is the initial configuration of the bubble, and other curbes are reflected waves.

is separated into two parts consistent with an initial shock: one ranges from (-175,-44.5) to (0,44.5),

and the other one ranges from (0,-44.5) to (150,44.5). The non-dimensional initial parameters of the

two parts are PI = 1.0, ρI = 1.0, uI = 1.0, vI = 0.0, PII = 1.5698, ρII = 1.3764, uII = −0.394,

vII = 0.0, and γ = 1.4. The initial state of the helium bubble is set as Pb = 1.0, ρb = 0.138, ub = 0.0,

vb = 0.0, and γb = 1.67. The top and bottom walls are no-slip boundary and the incident shock wave

propagates from right to left. The Schlieren pictures from both present simulation and Ref. [20] at time

427us are presented in Fig. 18. We can see the good agreement of both results. The wave fronts are

clearly captured and the deformation of the helium bubble is predicted well. The comparisons of bubble

shapes and waves show that the current results are in good agreement with previous numerical data

from Ref. [20].

5. Applications

5.1. A flexible plate interacting with a multiphase flow

As the first application, we consider a flexible plate interacting with a multiphase flow. The compu-

tational schematic is shown in Fig. 19, where two different materials are initially filled in the left-hand

and right-hand parts of the tube, respectively, and the flexible plate is initially placed right at the

multi-material interface with one end fixed. When the simulation starts, the high pressure and material

I on the left-hand side transit to the right-hand side, and impact on the flexible plate. Again as the
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Figure 19: Schematic of an inclined plate interacting with a multiphase flow.

simulation is started from quiescent conditions and total duration is relatively short, turbulence does

not play a dominating role this problem and is not considered.

The initial state of material II in the tube is set as ρII = 1.22kg/m3, PII = 1.01 × 103KPa, and

γII = 2.0. The length of the plate is L = 1.0m. We use the initial parameters of material II including

ρII , cII and L to non-dimensionlize all parameters. The non-dimensional parameters of the plate (as

defined in Section 4.5) are ρ∗s = 0.22, K∗

S = 485.8 and K∗

b = 0.0454. Other geometric parameters are

l1 = 2.0, l2 = 3.0, h1 = 0.5, h2 = 1.5 and α0 = 60◦. The mesh size for the fluid and plate are respectively

0.015L and 0.01L.

Three different initial conditions of material I are simulated: (a) PI = 2PII and ρI = 2ρII , (b)

PI = 5PII and ρI = 5ρII , and (c) PI = 10PII and ρI = 10ρII . γI = 1.4 is used for all simulations. In

Fig. 20, the calculated coordinate histories of the trailing end in x-direction are presented. As shown

in this figure, with increasing initial pressure and density of material I, the deformation of the plate

rises significantly. As the pressure propagates faster than the fluid, the trailing end of the plate first

undergoes a small deformation in the negative horizontal direction before t/T =0.32 for (a), 0.28 for (b)

and 0.25 for (c), under the impact of the pressure on the lower part. Subsequently, after the pressure

acts on the whole plate, a significant deformation of the plate is observed. Finally, the inertial force of

the denser material I impacts on the plate and leads a farther deformation of the plate. However, we

note that the pressure load plays a dominate role on the deformation. On the other hand, the presence

of the plate leads to a flow around the plate. As shown in Fig. 21, both the multi-material interface

and the motion of the plate at five instants are presented. It is found that the larger pressure induces

more significant deformation of the plate and faster flow velocity. However, when the deformation of

the plate is smaller, the flow around the plate is much more apparently, because the large deformation

of the plate presents less drag effects on material I while it is flowing around the plate.

5.2. Flexible plate moving across a multiphase flow

In this section, a flexible plate moving from one fluid material to another material is considered.

The initial state of the materials are density ρI = 5.0, ρII = 1.0, pressure pI = pII = 1000, γI = 2.0

and γII = 1.4. The non-dimensional parameters are ρ∗s = 1.0,K∗

S = 1000,K∗

b = 0.1 and length of the

plate L = 1.0. In the simulation, the center point of the flexible plate moves with a fixed velocity.
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Figure 20: x-coordinate time histories of the trailing end of a plate interacting with multiphase flow in a

shock tube. (a) PI = 2PII and ρI = 2ρII , (b) PI = 5PII and ρI = 5ρII , and (c) PI = 10PII and

ρI = 10ρII .

Three different velocities are considered: u =1.0,5.0 and 10.0. The computational domain for the fluid

is a 4.0× 5.0 rectangle, and the plate is initially deployed in material I with a distance of 0.5 from the

multi-material interface. The mesh size of the fluid and plate are respectively 0.015L and 0.01L.

In Fig. 22, both the multi-material interface and the motion of the plate at five instants are presented.

It is found that with an increase of the velocity, the deformation of the plate augments remarkably,

especially when the velocity increases from 1.0 to 5.0. Additionally, while the plate moves from material I

to material II, some material I is entrained and mixed with material II. Interestingly the smaller velocity

of the plate leads to greater mixture due to the smaller deformation of the plate and the larger associated

wake. In Fig. 23, the y-position histories of the trailing end of the plate are plotted, as the motion of

both two trailing ends on the plate is symmetric, only the upper trailing end is presented. It clearly

shows that how a larger velocity leads to more significant plate bending.

6. Conclusions

We have presented an FSI method based on the penalty immersed boundary method for FSI prob-

lems involving shock waves, large structure deformation and multiphase flow. This method consists

of three parts: a flow solver based on the high-order finite difference method, a structure solver us-

ing the finite element method based on the absolute nodal coordinate formulation, and partitioned

fluid–structure interaction coupling using a feed back penalty immersed boundary method.

To validate each component of this solver, we conduct three benchmark cases: a uniform flow around

a cylinder for fluid solver, a hanging filament in vacuum for structure solver and flow induced vibration

of a high flexible plate in a uniform flow. Results show very good agreement with the published data
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(a) (b) (c)

Figure 21: Multi-material interface contour: (a) PI = 2PII and ρI = 2ρII , (b) PI = 5PII and ρI = 5ρII ,

and (c) PI = 10PII and ρI = 10ρII . The non-dimensional time ranges from 1.6 to 8.0 with an interval of

1.6 in (a), and from 0.8 to 4.0 with an interval of 0.8 in (b) and (c).

predicted by other numerical methods. We further validate our solver by calculating the deformation of

a flexible panel induced by a shock wave in a shock tube, an inclined flexible plate in a hypersonic wind

tunnel and shock-induced collapse of a cylindrical helium cavity in air. In order to provide validation

data, we also conduct an experimental measurement of an inclined flexible plate in a hypersonic wind

tunnel. It is found that the results predicted by the present solver agree well with those predicted by

other numerical methods and experimental measurements. Finally, we apply the method to calculate

two problems: a flexible plate interacting with multiphase flow in a shock tube and a flexible plate

moving across a fluid–fluid interface to demonstrate the versatility of the present method. Several sets

of governing parameters are considered, and the major dynamic features are captured and discussed.

Results can be used as validation cases in future FSI method development.

It should be pointed out that the present solver is based on a two-dimensional uniform mesh.

While many merits have been demonstrated by the cases presented, this method is time consuming and

does not consider turbulence and gas ionization in the hypersonic flow. Our future work will consider

three-dimensional simulations incorporating turbulent models, adaptive mesh refinement and chemical
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(a) (b) (c)

Figure 22: Multi-material interface contours: (a) u = 1.0, (b) u = 5.0, and (c) u = 10.0. The non-

dimensional time ranges from 0.7 to 3.5 with an interval of 0.7 in (a), from 0.16 to 0.8 with an interval of

0.16 in (b), and from 0.08 to 0.4 with an interval of 0.08 in (c).

processes.
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