arXiv:1803.11191v3 [math.NA] 14 Jun 2019

Approximation of the Boltzmann Collision Operator Based on
Hermite Spectral Method

Yanli Wang? Zhenning Caif
June 18, 2019

Abstract

Based on the Hermite expansion of the distribution function, we introduce a Galerkin
spectral method for the spatially homogeneous Boltzmann equation with the realistic inverse-
power-law models. A practical algorithm is proposed to evaluate the coefficients in the
spectral method with high accuracy, and these coefficients are also used to construct new
computationally affordable collision models. Numerical experiments show that our method
captures the low-order moments very efficiently.
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1 Introduction

Over a century ago, Boltzmann devised a profound equation describing the statistical behavior
of gas molecules. A number of interesting theoretical and practical problems emerged due
to the birth of this equation, among which the numerical simulation for this six-dimensional
Boltzmann equation is one significant topic after the invention of computers. The difficulty
comes partly from its high dimensionality, and partly from its complicated integral operator
modeling the binary collision of gas molecules. People have been using the Monte Carlo method
[3] to overcome the difficulty caused by high dimensionality, but nowadays, a six-dimensional
simulation using a deterministic solver is no longer unaffordable due to the fast growth of
computer flops. Fully six-dimensional computations are carried out in [25] [IT] for the simplified
BGK-type collision terms. However, numerical simulation of the original Boltzmann equation
with the binary collision operator still requires a large amount of computational resources [12].

Currently, the deterministic discretization of the binary collision operator can be categorized
into three types: the discrete velocity method [20, [33], the Fourier spectral method [34] [16],
and the Hermite spectral method [22] [I7]. The discrete velocity method is hardly used in the
numerical simulation due to its low order of convergence [33], whereas the Fourier spectral
method is more popular because of its fast convergence rate and high numerical efficiency. For
hard-sphere gases, the computational cost can be reduced to O(K N log N) [32],14], with K being
the number of discrete points on the unit sphere and N being the total number of modes in
the velocity space. For general gas molecules, the Fourier spectral method has time complexity
O(N?) [34] or O(KN*?3log N) [16]. Based on these works, some improved versions of the
Fourier spectral methods have been proposed [18| 35 (15 4], and some spatially inhomogeneous
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applications have been carried out [40), 12]. We would also like to refer the readers to the review
article [13] for a complete review of the above methods.

Compared with the Fourier spectral method which requires periodization of the distribu-
tion function, the Hermite spectral method looks more natural since the basis functions with
orthogonality in R3 are employed. In fact, the Hermite spectral method has a longer history
and has been known as the moment method since Grad’s work [21]. Grad proposed in [21] a
general method to find the expansion of the binary collision term with Hermite basis functions.
Later, a similar way to expand the binary collision term using Sonine polynomials (also known
as spherical Hermite polynomials) was proposed in [31]. The techniques used in formulating the
expansion are also introduced in the book [39].

Despite these works, the Hermite spectral method is used in the numerical simulation only
until recently [22), 17, B0]. There are two major difficulties in applying this method: one is the
evaluation of the coefficients in the expansion of the collision operator; the other is the huge
computational cost due to its quadratic form. Although the general procedure to obtain the
coefficients is given in [21], 39], following such a procedure involves expansion of a large number
of huge polynomials, which is quite expensive even for a modern computer algebraic system;
Kumar [31] provided a formula in his expansion using Sonine polynomials, while the formula
involves evaluation of a large number of Talmi coefficients, which is not tractable either. As
for the computational cost, the computational time of one evaluation of the collision operator
is proportional to the cube of the number of degrees of freedom, while in the Fourier spectral
method, the time complexity for a direct Galerkin discretization is only the square of the number
of modes.

This work is devoted to both of the aforementioned issues. On one hand, by using a number of
properties for relavant polynomials, we provide explicit formulas for all the coefficients appearing
in the expansion of the collision operator with the Hermite spectral method. These formulas
are immediately applicable in the sense of coding, and the computational cost is affordable for a
moderate number of degrees of freedom. On the other hand, we combine the modeling strategy
and the numerical technique to form a new way to discretize the collision term, where only a
portion in the truncated series expansion is treated “quadratically”, and the remaining part just
decays exponentially as in the BGK model. Thus the computational cost is greatly reduced and
we can still capture the evolution of low-order moments accurately.

The rest of this paper is organized as follows. In Section [2] we briefly review the Boltzmann
equation and the Hermite expansion of the distribution function. In Section (3| we first give an
explicit expression for the series expansion of the quadratic collision operator, and then construct
approximate collision models based on such an expansion. Some numerical experiments verifying
our method are carried out in Section |4} Some concluding remarks, as well as some comparison
with similar works, are made in Section [5| Detailed derivation of the expansion is given in the
Appendix.

2 Boltzmann equation and Hermite expansion of the distribu-
tion function

This section is devoted to the introduction of existing works needed by our further derivation.
We will first give a brief review of the Boltzmann equation and the IPL (Inverse-Power-Law)
model, and then introduce the expansion of the distribution function used in the Hermite spectral
method.



2.1 Boltzmann equation

The Boltzmann equation describes the fluid state using a distribution function f(¢, x,v), where
t is the time, x is the spatial coordinates, and v stands for the velocity of gas molecules. The
governing equation of f is

%::Jrvx‘(vf):Q[f], teRY, zeR’ weR’ (2.1)

where Q[f] is the collision operator which has a quadratic form

aflteo) = [ [ [t o) - o seeo)Bgl 0 dxdndo,
nlg

(2.2)
where g = v — v; and m is a unit vector. Hence [ lg dn is a one-dimensional integration
over the unit circle perpendicular to g. The post-collisional velocities v’ and v} are

v = cos®(x/2)v + sin®(x/2)v1 — |g| cos(x/2) sin(x/2)m,

, . (2.3)
v = cos®(x/2)v1 + sin?(x/2)v + |g| cos(x/2) sin(x/2)n,
and from the conservation of momentum and energy, it holds that
vtor =0 o, P+ = P (2.4)

The collision kernel B(|g|, x) is a non-negative function determined by the force between gas
molecules.

In this paper, we are mainly concerned with the IPL model, for which the force between
two molecules is always repulsive and proportional to a negative power of their distance. In this
case, the kernel B(|g|, x) in has the form

dWy

3 2.5
dx’n>’ (2.5)

n—=>5
B(lgl, x) := |g|" W)

where —n is the index in the power of distance. The case n > 5 corresponds to the “hard
potential”, and the case 3 < 1 < 5 corresponds to the “soft potential”. When n = 5, the
collision kernel B(|g|, x) is independent of |g|, and in this model the gas molecules are called
“Maxwell molecules”. The dimensionless impact parameter W) is related to the angle x by

1 -1/2
i 2 (W\"!
=7—2 1—W2—<> dw, 2.6
x=r-2 [ — (i ] (26)
and W is a positive real number satisfying
2 Wi\
1-wi- — (= =0. 2.7
R <W0> 21)

It can be easily shown that the above equation of W7 admits a unique positive solution when
n > 3 and Wy > 0.

Apparently, the quadratic collision term is the most complicated part in the Boltzmann
equation. In this paper, we will focus on the numerical approximation of Q[f]. For simplicity,



we assume that the gas is homogeneous in space, and thus we can remove the variable  in the
distribution function to get the spatially homogeneous Boltzmann equation

of _

o =9fl,  teRY, veR’ (2.8)

It is well known that the steady state of this equation takes the form of the Maxwellian:

'U—u2
F0,0) = Mysualv) = 5t o (<20, (29

where the density p, velocity w and temperature 6 can be obtained by
1
p= / f(t,v)dv, uw= / vf(t,v)dv, 0= / lv — w2 f(t,v) dv. (2.10)
R3 R3 3p Jrs
These quantities are invariant during the evolution, and therefore (2.10|) holds for any t. By

selecting proper frame of reference and applying appropriate non-dimensionalization, we can
obtain

p=1 u=0, 0=1, (2.11)
and thus the Maxwellian (2.9)) is reduced to
1 v]®

Hereafter, the normalization (2.11]) will always be assumed.

In the literature, people have been trying to avoid the complicated form of the collision
operator Q[f] by introducing simpler approximations to it. For example, the BGK collision
model

QPK[f] = ~(M ) (213)

was proposed in [2]. Here 7 is the mean relaxation time, which is usually obtained from the first
approximation of the Chapman-Enskog theory [9]. When (2.13)) is used to approximate the IPL

model,
5

T AT — 2/ 1))

where As(n) = f0+oo Wy sin? y dWy. With Q[f] replaced by QBEK[f] in (2.8), the collision process
becomes an exponential convergence to the Maxwellian. Such a simple approximation provides
incorrect Prandtl number 1. Hence some other models such as the Shakhov model [37] and ES-
BGK model [23] are later proposed to fix the Prandtl number by changing the Maxwellian in
to a non-equilibrium distribution function. We will call these models “BGK-type models”
hereafter.

Numerical evaluations on these BGK-type models can be found in [19, [10], where one can
find that these approximations are not accurate enough when the non-equilibrium is strong.
Hence the study on efficient numerical methods for the original Boltzmann equation with the
quadratic collision operator is still necessary.

T

(2.14)



2.2 Series expansion of the distribution function
Our numerical discretization will be based on the following series expansion of the distribution
function in the weighted L? space F = L?(R3; M~!dw):
F0) = > Frikoks () H 5 (0) M(v), (2.15)
kikaks
where M (v) is the Maxwellian, and we have used the abbreviation

+oo 400 400

=YY (2.16)

kikoks  k1=0 ko=0k3=0
In (2.15), H*1*2%3(v) are the Hermite polynomials defined as follows:

Definition 1 (Hermite polynomials). For ki, ko, k3 € N, the Hermite polynomial H¥1#2¥3 (v) is

defined as
(_ l)n HF1tk2+ks

M(v) dut* vz vk

FTF1k2ks (v) =

M(v), (2.17)

where M(v) is given in (2.12)).

The expansion (2.2) was proposed by Grad in [21I], where such an expansion was used to
derive moment methods. The relation between the coefficients fx,,k, and the moments can be
seen from the orthogonality of Hermite polynomials

. H¥ Rz () H1RE (0) M (1) dv = 6p,1, Oyt Okts k1 o s (2.18)

For example, by the above orthogonality, we can insert the expansion ([2.15)) into the definition

of pin (2.10) to get fooo = p- In our case, the normalization (2.11)) gives us fooo = 1. Similarly,
it can be deduced from the other two equations in (2.10) and (2.11]) that

f100 = foio = foo1 =0, f200 + fo20 + foo2 = 0. (2.19)

Other interesting moments include the heat flux ¢; and the stress tensor o;;, which are defined
as

1 1
¢ = / v —ul|?(v; —u) fdv = / [v|?v; f dv, 1=1,2,3,
2 K 2 R3

1 1 ..
Uij = / (’UZ' — ui)(vj — ’LL]') — —6ij|'v — u!2 fd’U = / Ul'Uj — —57;j|'v|2 fdv, 1,] = 1,2,3.
R3 3 R3 3
They are related to the coefficients by

q1 = 3f300 + f120 + fi02, g2 = 3 fo30 + f210 + fo12, q3 = 3 fooz + f201 + fo21,

and

o11 = 2f200a 012 = f110> 013 = flOla

022 = 2f0207 023 = fOlla 033 = 2f002-



3 Approximation of the collision term

To get the evolution of the coefficients fi k,k, in the expansion (2.15)), we need to expand
the collision term using the same basis functions. The expansions of the BGK-type collision
operators are usually quite straightforward. For instance, the series expansion of the BGK

collision term (2.13) is given in [7] as

QP[] = Y QRN H™ M (v) M(v), (3.1)
E1kaks
where
QBCK 0, ki =ko=k3=0,
kikzks *%fhkzkgv otherwise.

The expansions for the ES-BGK and Shakhov operators can be found in [6 5]. In this section,
we will first discuss the series expansion of the quadratic collision term Q[f] defined in ([2.2)), and
then mimic the BGK-type collision operators to construct collision models with better accuracy.

3.1 Series expansions of general collision terms

Suppose the binary collision term Q[f] can be expanded as

QUfI(v) = D Quakars H24 (0) M(0). (3.2)

k1koks

By the orthogonality of Hermite polynomials, we get

Qrkaks = /Hklkzkd(v)g[f](v) dv = Z Z Aklllizgkguwgfilhhfj1j2j3a (3'3)

k1 !kolks! e
211213 J1J273
where the second equality can be obtained by inserting (2.15)) into (2.2)), and

o 1 0 L L
Amm,JlJzJS — / / / / B 123 / 19233 /
k1koks (277)31431']432']{3' s Jrs Jnig Jo (|g|a X) [ (’U ) ('vl)

[+ |
2

(3.4)
— H128 (y) {17203 (v1)] H*1k2ks () exp < > dx dndv; dv.
It can be seen from that the evaluation of every coefficient requires integration of an eight-
dimensional function. In principle, this can be done by numerical quadrature; however, the
computational cost for obtaining all these coefficients would be huge. Actually, in [21], 39], a
strategy to simplify the above integral has been introduced, and for small indices, the values are
given in the literature. However, when the indices are large, no explicit formulae are provided
in [21, 139], and the procedure therein is not easy to follow. Inspired by these works, we give in
this paper explicit equations of the coefficients Azlllljﬁ’g]m“ for any collision kernel, except for
an integral with respect the two parameters in the kernel function B(-,-). The main results are
summarized in the following two theorems:

Theorem 1. The expansion coefficients of the collision operator Q[f](v) defined in (3.3|) have
the form below:

min(i1+j1,k1) min(i2+j2,k3) min(iz+js,k3) o—k/2 1 .
o
Az — N > S g ey .
Fukaks SN ATATAR A A A E R F A A

s o i
i1=0 i5=0 13=0

6



where

Jh=is + g — i, 1=k — i, s=1,2,3. (3.6)

The coefficients ag., and 'yl.}l%l?', are defined by
J 113233

min(i’,7)

i o= (+5")/2;)5)
jrj = 2 gl Z

)

(_1)j’7i+s
sl — s)I(i — s)W(j' — i+ s)V

(3.7)

s=max (0, —j)

and

™ ! 2
hilsls . _ 17273 9 ) — [19233 < 9 >:| Flhl2ls (g) B ex <_‘g‘ ) dvdnd
Virjads /R3 /Mg/o [ <ﬂ NG G (gl x) exp { ==~ | dxdndg,

(3.8)
where g’ = g cos x—|g|n sin x is the post-collisional relative velocity, and B(|g|, x) is the collision

kernel in (2.2)).
Theorem 2. For any ki, ko, k3, l1,l0,l3 €N, let k =ky + ko +ks andl =1y + 12 +13. Then the
coefficients 7;1222333 defined in (3.8)) satisfies

- Lk1/2] |k2/2] [k3/2] [11/2] |l2/2] |13/2] .
2 k1kok l1lsl —2n1,la—2n2,l3—2n, Kl
716111?27% = Z Z Z Z Z Z (2k_4m+1)07f31”2123n30731%23713‘91611—2n11,2kz—2in§,k3—%m3Kmn’

m1=0 m2=0 m3=0 n1=0 ny=0 n3=0

(3.9)
where m = m1 + mag + mg, n = ny + no + ng, and
—1)™4rm!  kylkolks!
Crlzlk%k% _ (=1)"4rm LR2NE (3.10)
s (2(k —m) + DN myIma!ms!
In (3.9), S]illlzé?;% is the coefficient of vlflv§20§3wl11wé2w§3 in the polynomial
voow
Si(v.w) = (oltu) i (2 2. (311)
and
+oo ™ 2 2
Kﬁzln :/ / L$72m+1/2) <9> L7(1172n+1/2) (9>
4 4
o0 (3.12)

g k+1+2—2(m+n) 92

4 B(g, [P B — 1} _Z

x <\/§) (9. X) | Pi—2m (cos x) eXp( 1

Here Lgla)(x) are the Laguerre polynomials and Py(x) are the Legendre polynomials, which are
defined below.

) dydg.

Definition 2 (Legendre functions). For ¢ € N, the Legendre polynomial Py(x) is defined as

l
Puz) = 2%&% (1],

Definition 3 (Laguerre polynomials). For a > —1, let w®(z) = " *exp(—z). For n € N,
define the Laguerre polynomial as
n n
(@(py = 2 4"
L () = nlw(z) dzn ().

7



Through these two theorems, the eight-dimensional integration in (3.4]) has been reduced into

a series of summatlons and a two-dimensional integration. Among all the coefficients introduced

k1kak: : l1l2l:
in these theorems, a’/ ], and Cpl 2%, can be computed directly. As for S}’ 2%, we need to expand

polynomial Sk (v, w) which can be done recursively using the following recursion formula:

So(v,w) =1, Si(v,w) =v - w,

2% + 1 k (3.13)
F 1 (v-w)Sk(v,w) — . (|v||w\)25k_1('v,'w).

Sk—i—l(vv ’U)) =

This recursion formula can be derived from the recursion relation of Legendre polynomials, and
it also shows that for every monomial in the expansion of Si(v,w), the degree of v equals the
degree of w. Therefore S,lcll,?l s is nonzero only when ki + ko 4+ k3 = I1 + I3 + l3. This means in
. the summand is nonzero only when

ki + ko + kg — 2(m1 + mo +m3) =l +1l+13— 2(711 + no +n3). (3.14)

Consequently, when evaluating K* defined in , we only need to take into account the
case k — 2m = | — 2n. Generally, K*! can be computed by numerical quadrature; for the IPL
model, the integral with respect to g can be written explicitly, which will be elaborated in the
following section.

3.2 Series expansion of collision operators for IPL models

The formulae given in the previous section are almost ready to be coded7 except that specific
collision models are needed to calculate the integral K, kl defined in . This section is
devoted to further simplifying this integral for IPL models which completes the algorithm for
computing the coefficients AZ”,?Z?C’J 1273,

For the IPL model (| ., we ﬁrst consider the mtegral with respect to y in . To this

aim, we extract all the terms related to x from (3.12)), and define B”( -) as

5 dWy
B" / ng)[Pk(cosx) ]dx—gn 1/ Wo ‘ Py.(cos x)— }dx, n>3, g>0.
0
To evaluate the above integral, we follow the method introduced in [§] and apply the change of
variable .
x=m- 2/ [1—2*(1—y)—a" 'y 21— yda,
0

to get

5N _n—=3 n-=>5 1 _n+1

By(g) =2 nrtgn=t | [Pp(cosx) —1][2(1 —y) + (n — Dy]l(n — 1)y] 7T dy, (3.15)

0

Below we write the above equation as
- _n=3 n-5
Bjl(g) = 2" 1gm1ZI(k,n), (3.16)

where Z(k,n) denotes the integral in (3.15]). In general, we need to evaluate Z(k,7n) by numerical
quadrature. In our implementation, the adaptive integrator introduced in [36, Section 3.3.7] is
used to compute this integral.



Now we consider the integral with respect to g. Using the result (3.16)), we can rewrite (3.12))
as

+o0o
KM = 2¢MT(k —2m,n) / Lk=2mH1/2) (6) [ (k=2m41/2) (6) 56 exp(—s) dis, (3.17)
0

where ¢(n) = Z—j’ + k — 2m, and we have applied the change of variable s = g?/4, and taken
into account the relation &k — 2m =1 — 2n. In general, we can adopt the formula

/0 T L@ ()00 (5" exp(—s) ds = (—1)™ "D (pu + 1) mhff’”) <“ N O‘> <“ N O‘) <Z o )

P m—1i)\n—1 1
(3.18)
introduced in [38 eq. (10)] to calculate (3.17)). Specially, when n = 5, which corresponds to the

model of Maxwell molecules, we can use the orthogonality of Laguerre polynomials to get
E—m+1/2

K}, = 2F2m 2Tk — om, 5)< .

)F(k — 2m + 3/2)8m, (3.19)

and thus the computational cost can be further reduced. In fact, Grad has already pointed out
in [21] that for Maxwell molecules, A}''2"27*/** is nonzero only when

11 +ia+i3+ 71+ Je+ 33 =k + ko + ks. (3.20)

This can also be seen from our calculation: from (3.19)), we can find that only when ki +ko+ks =
l1 + 1l + I3, the coefficient 'y,l;llgé‘;’% given in (3.9) is nonzero; therefore in (3.5), if the summand
is nonzero, the sum of ji, j5 and j; must equal the sum of I}, ), and I3, which is equivalent to

(3-20) due to (3.6).

The above analysis shows that for the IPL model, we only need to apply the numerical

quadrature to the one-dimensional integrals Z(k,n), which makes it easier to obtain the coeffi-
cients A;l'2"971727% with high accuracy.

3.3 Approximation of the collision term

Until now, we already have a complete algorithm to calculate the coefficients Agj,f;?cgmj %, These
coefficients can be used either to discretize the collision term or to construct new collision models.
We will discuss both topics in this section.

3.3.1 Discretization of the homogeneous Boltzmann equation

Based on the expansion of the distribution function (2.15), the most natural discretization of
the homogeneous Boltzman equation is to use the Galerkin spectral method. From this point
of view, for any positive integer M, we define the space of the numerical solution

Fur = span{ H**2k3 () M(v) | (k1, ko, k3) € Iy} € F = LA R3 M~ dw), (3.21)
where I is the index set
Iy = {(kl,kig,kg) | O0<ki+ko+ks<M, k€N, i= 1,2,3}.

Then the semi-discrete distribution function fas(¢,) € Fas satisfies

d
/ —gi%/vl—ldv :/ O(fu, far)pM ™ dw, Yo € Far. (3.22)
R3 R3

9



Suppose

o)=Y frkaksOHMPR(0)M(v) € Fyr. (3.23)
(kl,kg,kg,)EIM

The equations (3.2) and (3.3]) show that the variational form (3.22)) is equivalent to the following
ODE system:

A Sfkikok
el D D AN faiisFige (bukaks) € I (3:24)
(i1,92,i3) €0 (J1,d2,03) €M

It is easy to see that the time complexity for the computation of all the right-hand sides is
proportional to the number of nonzero coefficients. For most collision operators, the coefficients
A?Egigm” form a full tensor, since there is no evidence showing that A?E;zg””?’ can be zero,
except a few coefficients related to the conservation laws. Therefore, the computational cost for

the right-hand side of (3.24)) is O(N3;) = O(M?), where Ny is the number of elements in Iy

(M +1)(M +2)(M +3)
6

Ny = ~ O(M?). (3.25)
However, when considering Maxwell molecules, due to the constraint , the computational
cost can be reduced to O(M83). S

To fully formulate the ODE system (3.24), we need the coefficients A?ﬁ,ﬁ;i’;m” for all
(i1,12,13), (J1, J2, j3), (k1, k2, k3) € Ipr. When the collision kernel is chosen and M is fixed,
we only need to compute these coefficients once, and then they can be used repeatedly. For a
given M, the algorithm for computing these coefficients is summarized in Table[I} The general
procedure is to sequentially compute the coefficients in the first column, with indices described
in the third column, and the equations to follow are given in the second column. For IPL models,
we can use (3.17) and (3.18) instead to obtain the values of K* . In the third column of Table
it is worth mentioning that some indices are in the index set Io)s instead of Iy, as is due to
the equation , which shows that

(41,75, 95) € Iapg,  if (i1,42,13) € Inr and (41,2, J3) € Ly

Therefore the corresponding indices for v and C' must lie in Iops. Similar arguments hold for
the coefficients K.

The last column in Table [T shows an estimation of the computational cost for each coefficient,
from which one can see that the total cost for getting A}!'2"97'7*7* is O(M'?). Now we compare
this with the numerical cost by applying numerical integration directly to . We assume
the number of quadrature points on R? is O(M2), and the number of quadrature points on the
unit sphere (domain for n and x) is O(M?2). Thus using numerical integration to evaluate all
the coefficients A!’29/'7*/* has time complexity O(M YIMSM2). In most cases, we will choose
M, > M to get accurate results. Hence our method listed in Table [T is significantly faster.

3.3.2 Approximation of the collision operator

In the previous section, a complete numerical method has been given to solve the spatially ho-
mogeneous Boltzmann equation. However, due to the rapid growth of the number of coefficients
as M increases, the storage requirement of this algorithm is quite strong. Table [2] shows the
memory required to store the coefficients Azlliz;i;jmjg’, where we assume that the coefficients
are represented in the double-precision floating-point format, whose typical size is 8 bytes per

10



Coefficients ~ Formula Constraints for the indices Computational cost
Crilas,, (3:10) (k1,k2,ks) € Iang, (M1, ma,ms) € Ins o(M")
lklllI;?:3 (13.13) (k1, ko, ks) € Ine,  (li,l2,03) € I, kit ka+hks=lL+1la+13 O(M®)
KE, B12) k<oM, I<M, m<|k/2], n<|l/2], k-2m=[1-2n o(M*)
yLiele B9 (I, l2,13) € In, (K1, k2, ks) € Ian o(M™M)
a.,, B-7) i<M, j<M, i<2M, j<2M, i+j=i+j o(M™)
AL B3 (ki ko, ks) € Ir, (i1,i2,is) € I, (1, J2.33) € It o™

Table 1: A summary for computation of all the coefficients.

number. It can be seen that the case M = 20 has already exceeded the memory caps of most

current desktops. Although the data given in

Table [2| can be reduced by taking the symmetry

of the coefficients into consideration, it can still easily hit our memory limit by increasing M
slightly. Even if the memory cost is acceptable for large M, the computational cost O(M?)
becomes an issue especially when solving the spatially inhomogeneous problems.

M  Memory (Gigabytes)

M  Memory (Gigabytes)

5 1.308 x 1073 25 2.620 x 10?
10 0.1743 30 1.210 x 103
15 4.048 35 4.473 x 103
20 41.38 40 1.400 x 10*

Table 2: Memory required to store A

To overcome this difficulty, we will only compute and store the coefficients A% /213715273

2112%37J1J2]3
k1k2ks

K ko ks for

a small number M such that the computational cost for solving (3.24) is acceptable. When
(K1, ko, ks) & Ipg, we apply the idea of the BGK-type models and let these coefficients decay to

zero exponentially with a constant rate:

Afkikoks
dt

= —UM [ikoks>»

(K1, ko, k3) & I, (3.26)

where vy is a constant independent of k1, ko and k3. Combining (3.24]) and -, we actually

get a new collision operator

Oumlf]

= Py Q[Pyf] —vm(I — Pu)f,

Vf e F, (3.27)

where P)s is the orthogonal projection from F onto Fjs. Such a idea is to mimic the derivation
of Shakhov model [37], which models the collision by

Q%(f] := Pa1sL[Pci3f] — v(I — Paus)

Vf e F, (3.28)

where L is the linearized collision operator defined by

QM + e(f = M)]

L[f] = lim

e—0

and Pg13 is the projection operator onto the 1

Faiz3 =  p(v)M(v) | p

€

3-dimensional subspace

=a+ Zﬂjvj + Z YijUiVj + ZC]MQUJ

3,j=1
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which includes Grad’s 13 moments [21]. Comparing and , one finds that in our
model, we have replaced the linearized collision operator £ by the more accurate quadratic
collision operator Q, and the subspace Fg13 is replaced by the larger space Fjs once M > 3.
Thus the proposed model is expected to provide better accuracy than the Shakhov model.

The difference between the proposed model and the original quadratic model is to be further
studied in the future work. In general, we suppose

1. The projection operator Py; has spectral accuracy;
2. Q[P f] approximates Q[f] with spectral accuracy.
Then

19 [f] = QUIN < [1Pu QLPM f] = QUPa [ + | QLPa 1 = QU + [vmlllf = P fIl;

from which one can see that Q°[f] approximates Q[f] with spectral accuracy. Applying spectral
method to this collision operator is quite straightforward. One just needs to choose an appro-
priate M (modelling parameter) and an appropriate index set for ki, ke and ks (discretization
parameter), and then solve the ODE system combined by and for k1, ko, k3 in the
index set. Thus, it remains only to select the constant v;.

In [§], the authors used a similar idea to approximate the linearized collision operator,
where the evolution of the coefficients for high-degree basis functions is also approximated by
an exponential decay. Here we choose the decay rate in the same way as in [8]: considering the
discrete linearized collision operator Ly; : Fas — Fas defined as

000,41 s L j21i3,000
Lulfl= > Y (AR ARIO0) £ HERRR (o) M), (3.29)
(k1,k2,k3)€ln (31,52,53) €M

we let vps be the spectral radius of this operator. The idea of such a choice includes the following;:

1. As “less important coefficients” ((k1, k2, k3) & Ipr), the decay rate should be faster than all
the “important coefficients” ((k1, k2, k3) € Ipr). Therefore we choose vy = p(Lar), where
p(Lyr) is the spectral radius of £/, indicating the fastest decay rate for the important
coefficients.

2. We do not want to introduce any gap between the spectrum of the two parts, causing a
sharp transition in the frequency space. Therefore we choose vy = p(Lar).

Additionally, it has also been shown in [8] that such a choice of vy; agrees with the choice of
v in the Shakhov model . By taking the same vy in Qp[f], the linearization of Qp|f]
about the Maxwellian M coincides with the approximation of the linearized collision operator
proposed in [§].

The collision operator Qs deals with a high-frequency modes with a very simple method:
they are damped to zero at a uniform decay rate. However, in the solution of the Boltzmann
equation, it is often observed that higher-frequency modes decay faster (see Section for an
example). This can be achieved by a more careful modelling for the higher-frequency modes.
Although not yet implemented, we would like to discuss some possibilities to make improvements.
The first possibility is to replace the simple uniform decay by the linearized collision operator:

Qulf] = PuQ[Par f]+ LI(I — Pur) f].

Since the computation of the linearized collision operator is much cheaper than that of the
quadratic collision operator [§], it can be expected that such a method can provide a quite

12



accurate approximation when the computational cost of the linearized collision operator is ac-
ceptable. Another possiblity is to give each coefficient a different decay rate:

Qilfl(w) = PuQIPufl(w) — D> U frk, HE RS (0) M (),
k1+ko+ks>M

and a possible choice of Vﬁkﬂ% is the corresponding term in the linearized collision operator:

1
kikaks _ kikok kikok
UM T T ! R3 L[pm] (v) HH 2 (v) dw,

where @F1k2ks (p) = k123 () M(v) is the basis function. The effect of these finer approxima-
tions will be studied in the future work.

By now, we have obtained a series of new collision models (3.27]). It can be expected that
these models are better approximations of the original quadratic operator than the simple BGK-

type models, especially when the non-equilibrium is strong and the non-linearity takes effect.
This will be observed in the numerical examples.

4 Numerical examples

In this section, we will show some results of our numerical simulation. In all the numerical
experiments, we adopt the newly proposed collision operator (3.27)), and solve the equation

8f_
a = QMo[f]

numerically for some positive integer My. This equation is solved by the Galerkin spectral
method with solution defined in the space Fj;, and M is always chosen to be greater than
My. For the time discretization, we use the classical 4th-order Runge-Kutta method in all the
examples, and the time step is chosen as At = 0.01.

4.1 BKW solution

For the Maxwell gas n = 5, the original spatially homogeneous Boltzmann equation ({2.8)) admits
an exact solution with explicit expression:

f(t,v) = (277 (1)~ exp (—z‘i}‘;) [1 + ;(;)(t) <2|:<E> - 3)} ’

where 7(t) = 1 — exp (%Bg(t—kto)). In order that f(v) > 0 for all t € Ry and v € R3, the
parameter ty must satisfy

- gégto > log (;) ~ 0.916291. (4.1)

Here we choose ty such that the left hand side of (4.1) equals to 0.92. To ensure a good
approximation of the initial distribution function, we use M = 20 (1771 degrees of freedom) in
our simulation. For visualization purpose, we define the marginal distribution functions (MDF's)

mwmaémwmmw hw%MZAﬂwNw
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- L L -

4 -2 -1 0 1 2

2
(a) Initial MDF g¢(0,v1) (b) Contours of h(0,v1,v2) (c) Initial MDF h(0, v1, v2)

Figure 1: Initial marginal distribution functions. In (a) and (b), the blue solid lines correspond
to the exact solution, and the red dashed lines correspond to the numerical approximation.
Figure (c) shows only the numerical approximation.

The initial MDFs are plotted in Figure in which the lines for exact functions and their
numerical approximation are hardly distinguishable.

Numerical results for t = 0.2, 0.4 and 0.6 are given in Figures[2]and [3] respectively for My = 5
and My = 10. For My = 5, the numerical solution provides a reasonable approximation, but still
with noticeable deviations, while for My = 10, the two solutions match perfectly in all cases.
To study the computational time, we run the simulation for My = 3,--- ,12 until £ = 5 on a
single CPU core with model Intel® Core™ i7-7600U. The relation between the computational
time and the value of Mj is plotted in Figure It can be seen that when Mj is large, the
computational time is roughly proportional to the cube of the number of degrees of freedom.
Note that the computational time also includes the time for processing the coefficients of basis
functions with degree between My + 1 and M. Although the time complexity is only linear,
when Mj is small, the number of such coefficients is quite large, and they have a significant
contribution to the total computational time. This explains why the curve in Figure [d] decreases
fast for the first few points. As a reference, we provide the average computational time for a
single collsion operator in Table

My 3 4 5 6 7 8 9 10 11 12
Time (ms) 0.128 0.479 0.734 1.535 3.553 8.037 17.554 36.643 72.666 135.955

Table 3: Average computational time for a single collision operator for different values of M.

In Table |4, we provide the L? and weighted L? error of the numerical solutions at t = 0.5
and t = 1.0. The notations in the table are

1/2

B = ([ (@)~ s aw) B = ([ lant®) eI )

where foum is the numerical solution, and feyact iS the exact solution. Four different choices of
My (My = 5,10,15,20) and two different choices of M (M = My and M = 20) are considered,
from which we can see a rapid drop of the numerical error as My increases, indicating the
spectral accuracy. When My < 20, the results for M = 20 are slightly more accurate than the
corresponding results for M = M, especially when Mj is small. We expect that such a property
is useful when simulating spatially inhomogeneous problems, for which the value of My cannot
be too large due to the presence of the spatial variables.
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-4 2 4 -4 -2 2 4 -4 -2 2 4

(a) Profile of g(0.2,v1) (b) Profile of g(0.4,v1) (c) Profile of ¢(0.6,v1)

-2 -1 0 1 2

(d) Contours of h(0.2,v1,v2) (e) Contours of h(0.4,v1,v2) (f) Contours of h(0.6,v1,v2)

Figure 2: Marginal distribution functions for My = 5 at ¢ = 0.2, 0.4 and 0.6. The blue lines
correspond to the exact solution, and the red lines correspond to the numerical solutions.

2 4 -4 -2 2 4 -4 -2 2 4

Proﬁle of g(0.2,v1) (b) Profile of g(0.4,v1) (c) Profile of ¢(0.6,v1)

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

(d) Contours of h(0.2,v1,v2) (e) Contours of h(0.4,v1,v2) (f) Contours of h(0.6,v1,v2)
Figure 3: Marginal distribution functions for My = 10 at ¢t = 0.2, 0.4 and 0.6. The blue lines

correspond to the exact solution, and the red lines correspond to the numerical solutions.

Now we consider the time evolution of the moments. By expanding the exact solution into
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0.015
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0.000 & I I I L 19
4 6 8 10 12

Figure 4: The horizontal axis is the value of My, and the vertical axis is the value of Ty, /N ]%4,
where Ty, is the computational time (in milliseconds) for given My and Ny, is defined in (3.25)).

t=0.5 t=1.0

Mo 5 10 15 20 5 10 15 20

ELY) 1 1.04x107%  5.40x107%  5.94x107°  1.90x107° | 3.19x10™®  6.09x1075 3.40x10~° 3.89x10~°
B | 7.46x107%  4.69x107°  557x107%  1.93x107° | 2.52x107  5.90x107*  3.50x107°  4.32x107"
ESY | 6.48x107%  3.71x10™%  4.49x107°  1.90x107% | 2.78x107% 5.53x107°  3.20x10°%  3.89x10~®
ESY 1 5.05x1072  3.42x107%  4.31x107*  1.93x107° | 2.28x1072  5.40x10™* 3.31x107° 4.32x10°"

Table 4: Numerical error for the BKW solution. E](Vl[) is the L? error, and EJ(\Z) is the weighted
L? error. See text for details.

Hermite series, we get the exact solution for the coefficients:

1 - FEET (ko kgt ks)/2
g (550 +w)] (/21 (ka2 s 201

0, otherwise.

if k1, ko, k3 are even,
Frkoks (8) =

This exact solution can also be written in terms of initial conditions as
7'(' ~
fk1k2k’3 (t) = fk1k’2/€3 (0) €xp (ng(kl + ko + k3)t) 5

from which one can clearly see that coefficients for higher-degree polynomials decay faster,
showing that a better modeling of the “BGK part” may yield better results. Due to the symmetry
of the distribution function, the coefficients fy, r,k, are zero for any ¢ if 1 < ki + ko + k3 < 3.
Hence we will focus on the coefficients fi90 and fo99, which are the fourth moments of the
distribution function. For Maxwell molecules, the discrete kernel Aglliii?lm2m3 is nonzero when
k14 ko + ks = 11+ 1o+ 134+ m1 +ms+ms. Therefore, for any M > My > 4, the numerical results
for these two coefficients fioo and fazp are exactly the same (regardless of round-off errors).
Figure [5] gives the comparison between the numerical solution and the exact solution for these

two coefficients. In both plots, the two lines almost coincide with each other.

4.2 Bi-Gaussian initial data

In this example, we perform the numerical test for hard potential 7 = 10. The initial distribution
function is

f(0,v) = 27:73/2 [exp(— (v1 4+ v/3/2)% + v3 —I—vg) + exp ( — (v1 —/3/2)? + v3 +v§>] .
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-0.020

-0.04

(a) faoo(?) (b) fa20(t)

Figure 5: The evolution of the coefficients. The blue lines correspond to the reference solution,
and the red lines correspond to the numerical solution.

— L L

5 rp—
(a) Initial MDF g¢(0,v1) (b) Contours of h(0,v1,v2) (c) Initial MDF h(0, v1, v2)

Figure 6: Initial marginal distribution functions. In (a) and (b), the blue solid lines correspond
to the exact solution, and the red dashed lines correspond to the numerical approximation.
Figure (c) shows only the numerical approximation.

Again, in all our numerical tests, we use M = 20 which gives a good approximation of the initial
distribution function (see Figure @

For this example, we consider the three cases My = 5,10,15, and the corresponding one-
dimensional marginal distribution functions at ¢ = 0.3, 0.6 and 0.9 are given in Figure[7} In all
the results, the lines for My = 10 and My = 15 are very close to each other. Due to the fast
convergence of the spectral method, it is believable that My = 10 can already provide a very
good approximation. To get a clearer picture, similar comparison of two-dimensional results are
also provided in Figure [§ and [9]

(¢)t=0.9

Figure 7: Marginal distribution functions at different times.
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(a) t = 0.3 (b) t = 0.6

Figure 8: Comparison of numerical results using My = 5 and My = 15. The blue contours and
the red dashed contours are respectively the results for My =5 and My = 15.

(a) t = 0.3 (b) t = 0.6

Figure 9: Comparison of numerical results using My = 10 and My = 15. The blue contours and
the red dashed contours are respectively the results for My = 10 and My = 15.

Now we consider the evolution of the moments. In this example, we always have 011 =
—2099 = —2033 and q1 = ¢ = g3 = 0. Therefore we focus only on the evolution of 11, which
is plotted in Figure [I0] It can be seen that three tests give almost identical results. Even for
My = 5, while the distribution function is not approximated very well, the evolution of the stress
tensor is almost exact.

0.0 L L I
0.0 05 1.0 15 20

Figure 10: Evolution of o11(t). Three lines are on top of each other.
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4.3 Discontinuous initial data

Here we consider the problem with a discontinuous initial condition:

. _ 2
f(0,0) = V22-VY) (_V’U|2> if v < 0
43/2 2\/5 ’ 1 '

We refer the readers to [8] for the graphical profile of this initial value. As a spectral method, the
truncated expansion ({3.23) is difficult to capture an accurate profile of a discontinuous function.
Therefore, we focus only on the evolution of the moments. The left column of Figure [L1] shows
the numerical results for n = 10 with different choices of My and M. All the numerical tests show
that the magnitude of the stress components 011 and 093, which are initially zero, increases to
a certain number before decreasing again. Such phenomenon cannot be captured by the simple
BGK-type models. The lines corresponding to the results of My = 10, M = 40 and My = 15,
M = 60 are very close to each other, which indicates that they might be very close to the exact
solution. For the case My = 5, M = 20, although an obvious error can be observed, the trends
of the evolution are qualitatively correct, and thus the corresponding collision model Qs[f] may
also be used as a better alternative to the BGK-type models. For the heat flux g1, the three
results are hardly distinguishable.
The right column of Figure [11] gives the same moments for the soft potential n = 3.1. For
comparison purpose, the horizontal axes are the scaled time t5 = t/7, where
2 2 ~
__ 47-179 BIOT(34/9)
BiT(4—2/(n—1))

~ 2.03942. (4.2)

By such scaling, the two models n = 10 and 1 = 3.1 have the same mean relaxation time near
equilibrium. The two columns in Figure [L1] show quite different behavior for different collision
models, while both numerical results indicate the high efficiency of this method in capturing the
behavior of the moments.

5 Concluding remarks and comparison with similar works

This work aims at an affordable way to model and simulate the binary collision between gas
molecules. Our new attempt is an intermediate approach between a direct discretization of the
quadratic Boltzmann collision operator and simple modelling methods like BGK-type operators.
In detail, we first focus on the relatively important physical quantities, which are essentially the
first few coefficients in the Hermite expansion, and use an intricate and accurate way to describe
their evolution. The strategy comes from the discretization of the quadratic collision operator.
For the less important quantities, we borrow the idea of the BGK-type operators and let them
converge to the equilibrium at a constant rate. Although the first part is computationally
expensive, we can restrict the number of degrees of freedom such that the computational cost
is acceptable. The accuracy of such a model depends apparently on the size of the accurately
modelled part.

In the literature, there are already some works implementing the Hermite spectral method
using different algorithms, among which [I7, B0] is essentially the same as ours. The difference is
the implementation: the work [I7] uses orthogonal polynomials based on spherical coordinates
in the three-dimensional Euclidean space, while we use the orthogonal polynomials based on the
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Figure 11: Evolution of the stress and the heat flux. The left column shows the results for
n = 10, and the right column shows the results for n = 3.1. In the right column, the horizontal
axes are the scaled time (see (4.2) and the context for details).

Cartesian coordinates; the work [30] uses the same orthogonal polynomials as ours, while the
proposed computational cost in [30] is O(M7). Compared with [17], in which the coefficients are
computed numerically, we can compute all the coefficients A} 23 71/2/* almost exactly, except for
the one-dimensional integration in . Compared with the algorithm in [30], our method has
a higher time complexity O(M?) if the full quadratic collision operator is used. Despite this, one
can directly compare the computational time for both algorithms. It seems that our algorithm
is still faster when M is small, due to a larger constant hidden in front of their computational
cost M7. One obvious deficiency of our algorithm is the memory cost as listed in Table 2| We

need O(M?) while [30] needs only O(M*?). The reason of such a difference is that the work [30]
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has shifted most of our calculation in the appendix to the online computation, whereas we store
these intermediate results in memory. This leads to different memory cost for the two algorithms.
Moving these computations online also makes it possible to reduce the time complexity. Thus
our algorithm to compute the full quadrature collision operator will eventually be slower as M
increases. Therefore in Section [3.3.2] we proposed a remedy to allow computations with a large
M.

Another related work is [22], where the basis functions are chosen such that the discretization
is in the L? space instead of the weighted L? space. One advantage of this method is that L?(R3)
is a large space, and more distribution functions can be included to the framework. However,
since the coefficients in the expansion are not directly related to the moments, and the trick of
cost reduction in Section [3.3.2]is not applicable.

Our numerical examples show that our method can efficiently capture the evolution of lower-
order moments in the spatially homogeneous Boltzmann equation. The method should be further
validated in the numerical tests for the full Boltzmann equation with spatial variables, by which
one can probably get a proper a priori estimation of My. Some preliminary applications to
several benchmark problems have been done in [24], and more experiments are to be carried
out in future works. Besides, we are also working on a better choice of the “BGK part” in our
collision model and the reduction of the computational cost for the quadratic part.

Acknowledgements

We would like to thank Prof. Manuel Torrilhon at RWTH Aachen University, Germany for
motivating this research project and Prof. Ruo Li at Peking University, China for the valu-
able suggestions to this research project. Zhenning Cai is supported by National University of
Singapore Startup Fund under Grant No. R-146-000-241-133. Yanli Wang is supported by the
National Natural Scientific Foundation of China (Grant No. 11501042 and 91630310).

A Proof of Theorem [1I

In order to prove Theorem [T} we first introduce the lemma below:

Lemma 3. Let v =h+g/2 and w = h — g/2. It holds that

FFkaks (U)HlllZZS (w) =

! 1. 1. 107
S Y Y s (),
1v1 Rabz R3l3 \/§

ki+l/1 =ki1+0 k/2+l/2:k2+12 k‘g+lé:k3+l3
where the coefficients aZZ%Z, s=1,2,3 are defined in (3.7)).

Proof of Lemmal[3 First, it is easy to verify that exp (— lvP;‘wP =exp (— (|h]? + % and
dvdw = dgdh. Based on the orthogonality of the Hermite polynomials (2.18]), we just need to

prove

a a
kh 1 RLL TR LG
Ckgkék’ A 11 R2b2 R3l3 (A.l)

Fakoksalals | KURAIRAISNANA GR a2l asls - if oo 41 = K+ 10, Vs =1,2,3,
3112 0, otherwise,
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where the left hand side is defined as

2 2
Ckllllljjlljg:lllllll;llg = /]Rd » Frk2ks (U)Hl1lzl3 (w)Hk’1k (\[h)HlllQ 3 (\/?) exp <_|’U‘—;|w|> dv dw.
(A.2)
By the general Leibniz rule, we have the following relation for the derivatives of with respect to
v,w and g, h:

aks—i-ls ks s <k3> <ls> (_l)ls_js 81:5 8l5 ,
< ) 2 O il =ke—is, j=ls—7js, s=1,2,3.
avicsawis zsz:()jéz:() is s 2ist+is ahéﬁjs agés—i—gs s s s s s Js
(A.3)

Then, following the definition of Hermite polynomials (2.17)) and (A.3)), and using integration
by parts, we arrive at

2
kikoks,lilals _ 2 |9l
Skl kit 414, = /R3 /R3 exp <— <\h\ +0) )%

3 k l .
. al k’s ls (—1)15_‘75 8’“5'”5 INENEY] VI g
< — | H"1"2"s(y/2h)H'*2*3 | == | dhdg.
H Z 2 <7fs> ( > istJs 8hés+j50g;;+]; (\/> ) \/i g

s=1 \is=075s=0 Js
(A.4)
From the orthogonality of Hermite polynomials and the differentiation relation
8 k1koks _ 0, lf ]{fs == O,
877)5[—[ (v) = kSHk1—5ls,k2—525,k3—53s (v), if ks >0, (A.5)

it holds that (A.4) is nonzero only when is + js = k

87 8

i+ 4L =1., s =1,2,3, which means
ks +1s =k, + 1., Vs=1,2,3. (A.6)
When ) holds, we can apply - ) to (| and get

Ckl kaks,l1l2l3

3 k l ’ .
LRLES LI . H . ul ks ls (—1)ls kstis 2# klllak2l2ak313
e~ L2 2 () 2 Ve, Tyl Uhy

s=1 is:Ojszo,is+js:kls Js

(A7)
Thus (A.1]) is shown, which completes the proof of the lemma. O

Corollary 1. Let v =h + g/2. We have

—k/2
Hk1k2k3(v) _ Z Z Z 2 / k1'k2lk3' Hl1l213(\/§h)Hm1m2m3 <g> .

11102!13'm1 ! meolms! 2
l1+mi1=Fk;1 lo+mo=ks I3+m3z=k3 e \f

Proof of Corollary[]. This corollary is just a special case of Lemmaf3when Iy =l =13 =0. O

Proof of Theorem[1 Let w = v, w1 = v}],s = w — w; and define the unit vector 1 as n =
—(gsinx/|g| +ncosx). It holds that

w2+ ju1 ]2 = || + jwi]?,  dvdv, = dwdw;, |s|=|g], 5 1w =0,

w’ = cos®(x/2)w + sin’(x/2)w; — |s] cos(x/2) sin(x/2)n, = v,
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Following ([A.8), and by change of variables, we arrive at
/ / / / B(|g|’X)H117«213(v/)HJ1J2J3(,U/1)Hk1k2k3(U)eXp <_]v!+v1|> dy dndv; dv
R3 JR3 Jnlg JO 2
" inigi kikaks (1 w|? + |w:|? _
= B(|s|, x)H""?* (w) HV273 (w1 ) H™ ™% (w') exp | ———————— | dxdndw; dw
rs JR3 JiLs Jo 2

" k1kok ]2 4 |v1]?
= / / / / B(|g|, x)H""*?" (v) H77?73 (v, ) H" "2 3(1;/) exp <—> dy dn dv, dv.
R3 JR3 Jnlg JO 9

(A.9)
Thus, we can substitute the above equality into (3.4]) to get
o 1 ™
Ali2is.j1j253 _ B(|g\ X) [Hklkzks (U/) — FFikaks (’U)]
kikzks 27)3k1 ko lk !/ / / / ’
(2m)3 k1 k2! ks! Jrs Jrs Jnig Jo (A.10)

0P+ o ?

Hil’igig (,U)HjlejS ('Ul) exp ( 2

) dydndv; dv.

Further simplification of (A.10) follows the method in [2I], where the velocity of the mass center
is defined as h = (v + v1)/2 = (v’ + v})/2. Hence,

1 1 1 1
U:h+§g, vlzh—ﬁg, v’:h+§g', 'v'lzh,—gg’, (A.11)
1
[0 + |01 = Jlgl’ +2/b°,  dvdvy = dgdh. (A.12)

Combining Lemma [3| Corollary |1/ and (A.12), we can rewrite (A.10]) as an integral with respect
to g and h:

L2 A liD VD VEED DEED DEED DD

i)+ =t1+51 th+jh=io+jo if+ji=iz+j3 I +ki=k1 l+ky=ko I} +ki=ks3

(A.13)
—k/2
27+ 1 Q1171 iz qisdLilals KRG
(27)3 K e b1 NG\ G ) a0 inds isds Tndads ity
. AN . . . ! Kl
where the coefficients Vi defined in (3.8) are integrals with respect to g, and 7,,%" are
1J2J3 1°2°3
integrals with respect to h defined by
k' kL k! YR 110 1.
s = . H'%2% (v/2h) HY1%2Fs (V2h) exp(—h|?) dh = 72K RS k5100 o 600 Oy - (AL14)
Thus the theorem is proven by substituting (A.14)) into (A.13). O

B Proof of Theorem 2

We will first prove Theorem [2] based on several lemmas, and then prove these lemmas.

B.1 Proof of Theorem [2

In order to prove Theorem [2, we will introduce the definition of Ikenberry polynomials [26] and
several lemmas.
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Definition 4 (Ikenberry polynomials). Let v = (v, v2,v3)" € R3. ForVn € N, andiy,--- ,i, €
{1,2,3}, define Yy, ..., (v) as the Ikenberry polynomials

Y(v)=1, Y (v) =,
Vi (0) = 0y 04, + OS5 () + oS00 - PRSI (w),
where S;l"'i" is a homogeneous harmonic polynomial of degree j defined in [26], which can be

determined by
e = A, = AYHY i, =0,

For ky, ko, k3 € N, define Y*1¥2F3(v) as the polynomial Y;,...;, (v) with

ALY

n:k:1+k:2+k3, ilz--':’iklzl,
ik1+1 :"':ik1+k2 :2) /L.kl—l-kz-i—l = :Zn:?’

Lemma 4. The integral
[ YR )y bt )
is the coefficient of v; U§2v§3wlllw122wé3 in the polynomial
47 kl'kg'kg'h'lgllg w
(Jo[lw])* P, | |

k =k + ko + ks.
2k +1 [(2k — D2 Cwl LRz

Lemma 5. The Hermite polynomial H*1%2k3 (v) can be represented as

Lk1/2] [k2/2] Lk3/2J

3
1 m‘ 2k —4m + ! k;!
l;[k kak: %

m1=0 mo=0 m3=0

L%_2m+1/2) <|,U2|> Yk1—2m1,k2—2m2,k3—2m3 ('U),

where k = k1 + ko + k3 and m = my + mo + mg3.

Lemma 6. Given a vector g and x € [0, 7|, let g'(n) = gcosx — |g|nsinx, where n is a unit
vector. It holds that

/ yH1kks (gf f|g]) dn. = 20Y 14253 (g g [) Py(cos X))
nlg

where k = k1 + ko + k3 and Py is Legendre polynomial.

In above lemmas, Lemma [ and Lemma [5] will be proved in Appendix and respec-
tively. Lemma |§| is proved in [29]. By Lemma 5| and Lemma |§|, we can derive the corollary
below

Corollary 2. Given a vector g and x € [0, 7], define g'(n) the same as in Theorem @ We have

Lk1/2] [k2/2] Lk3/2J
1 Monl(2k — 4m + 1)!!
k1kak
HM ks (ghdn =2m > ) Z 2 —m) T I

m1=0 mao=0 m3=0

3
k;!
(H il ] ) a2 (180 yinmamhecamabs 2 g) By cos),
(' (A 1)

i=1

nlg

where k = k1 + ko + k3, m = mq + mso + msg.

24



Proof of Theorem[2 By Lemma [5] the corollary [2] and the homogeneity of the Ikenberry poly-
nomials 'yllﬁlllgézs defined in (3.9) can be simplified as

Lk1/2] Lk2/2] [ka/2] [11/2] [12/2] Us/2J Nk kzks nohlals

2k — 1 I—n)+1
Ttk =20 D D D D D, Z o et M) D 223%713)(

m1=0 m2=0 m3=0 n1=0 no=0 nz=0 dm Hi—l(ki —2m;)! dm Hi:l( i

+oo g k+1+2—2(m+n)
Yk}l 2m1 k)Q 2777,2 k:3 2m3( )Yll 2n1 l2 2TL2 13 2’!7,3( ) <> %
oL 7

g2 2
L(k 2m+1/2) (4) LSZ 2n+1/2) (i > B(g, )[Pk—2m<COSX) _ 1} exp (i) dndydg,
(B.1)

where ClLil2ls s defined in ([3.10)).

mimams

Substituting Lemma [4f into (B.1]), we complete this proof. O

B.2 Proof of Lemma [4
In order to prove Lemma {4l we first introduce the following definitions and lemmas.

Definition 5 (Associated Legendre functions). For m = —lI,--- ,l, the associated Legendre
functions are defined as

le(ﬂf) — (71)771(1 - l,Q)m/Z dHm

S]] (:c2 — 1)1.

dgl+m

Definition 6 (Spherical harmonics). For | € N and m = —I,--- 1, the spherical harmonic
Y™ (0, @) is defined as

m m 2l+1 l—m .
V) =Y (0.0) = [ T A st explimp), e S

where (0, ) is the spherical coordinates of n.

Lemma 7 (Addition theorem). For anyl € N, it holds that

l
47 —_—
Fi(n-m2) = 5 > VM (m)Y " (ny),

m=—

where P, is Legendre polynomial.

Lemma 8. For anyl € N, it holds that

3 3
(’UHlePl <‘Z ’ > é Z Z wzl i1 zl(U).

In the above lemmas, Lemma [7] and Lemma [8| are well-known and their proofs can be found
in [I] and [27] respectively. Based on these two lemmas, the following corollary holds.

Corollary 3. The harmonic polynomial Y*1%2k3 (v) is the coefficient of the monomial w) wgz w§3

in the following polynomial of w:

kqkolks!

(2k )n(’ v||w ‘)kpk< w), k =k +ky+ ks.

v |w]
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Proof of Corollary[3. Since

k! k
_ : 1,, k2, k3ykikak
E E Wiy - Wiy, Yig iy (V) = T E wi wywy YRR (1)

11=1 =1 .k1+/€2+/€3 k

and matching the term of wy wgz w§3 in Lemma |8 we complete this proof. O

Proof of Lemma |Z| From Corollary [3| we can derive that [, Y*1*2k3(n)Yhi2ls (n) dn is the co-

efficient of v* Vs v§3wlll wl; wé?’ in the polynomial

[ [ imtonte (ne 2] [ it (- 2 )] an

where k = k1 + ko + k3,1 = Iy + lo + I3 and pkik2ks = Izé}skf'ﬁ?.' Following Theoremlﬂ it holds

/. {<nr|v|>’fpk <n - ,"’,)] (nlfw)'m (n - ‘j"v,)} an

k l
_ k

- 2k+1(|v|]w\) P ( lv| |'w]>

Thus if k£ = [, this corollary is proved If k # I, we can deduce that [g, Y*152ks (n)ylil2ls (n) dn =

0. In this case, the coefficient of v} v’;Qvlg“wlllwlzzwg in the polynomial (|v||w|)* P (\vl Tl

) is
w

also zero, and this completes the proof.

B.3 Proof of Lemma [l

We will prove Lemma [5] in this section.

Proof of Lemmal[3 Define the homogeneous spherical harmonic Zl(1 iy )% of degree k — 2m as

(k,m)

ivigeiy T L) Z Yio(yio@ ot 5io(r+1)io<r+2> ' "5io<k—1>io<k>’ (B.2)
€Sk
where 7 = k — 2m and the sum is taken over all permutations of the set {1,2,---  k}, i.e.
Sp={o|o:{1,2,-- ,k} = {1,2,--- ,k} is a bijection}.
It has been proven in [28] egs. (3)(8)(9)(31)] thatE|
Lk/2] m 2
Rk () — mz: (EC— )277];)'((221{:;@ 4277;4;11))‘:‘L(k 2m+1/2) <|”2|> Zz'(ﬁj?ik(v)’ (B.3)
where the indices i1, - - - , i satisfy:
1= =g =1, Uy +1 = = Ty tky = 2, Uy kol =+ = 1k = 3.

'In 28], the definition of the Laguerre polynomial differs from Definition [3| by a constant, which makes the
coefficient in our paper slightly different from the one in [28].
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To prove Lemma , we just need to provide a more explicit expression for . In order
that the summand in ED is nonzero, the two indices of every Kronecker symbol must be the
same. When all the Kronecker symbols take 2m; ones, 2ms twos and 2mg threes as their indices,
the summand will actually be Y1 —2mik2=2m2.ks=2ms (y)) according to Definition 4. Apparently
(m1, mg, mg) must be indices from the following set:

M koks = 1M1, m2,m3) [ m1 +ma +mz =m, 2m1 < ki, 2ma < ko, 2m3 < k3}.

ko—2ma,k3—2ms (’U)

Next, we are going to count how many times Y*1—2m1, appears in the sum

in (B.2). This can be observed by noting that

1. The m Kronecker symbols choosing from m; pairs of ones, meo pairs of twos and ms pairs
of threes gives a factor m!/(mi!malms!);

2. The k — 2m indices of Y choosing from ki — 2my ones, ko — 2mo twos and ks — 2mg threes
gives a factor (k — 2m)!/((k1 — 2mq)! (ko — 2ma)!(ks — 2mg3)!).

3. Permutations of ki ones, ko twos and k3 threes give respectively factors k1!, k2! and ks!.

Summarizing all these results, we get

3
. (k — 2m)!m! [] k!
Zl(lk;,;n)Zk — E Z 3 i=1 Yk172m1,k272m2,k372m3 (’U) (B4)
’ (m1,m27m3)€MZL1k2k3 H ((kz — 2mz)'ml‘>
1=1

By (B.3)) and (B.4)), the proof is completed. O
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