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Abstract

In this paper, we propose a hybrid finite volume Hermite weighted essentially non-
oscillatory (HWENO) scheme for solving one and two dimensional hyperbolic conservation
laws, which would be the fifth order accuracy in the one dimensional case, while is the fourth
order accuracy for two dimensional problems. The zeroth-order and the first-order moments
are used in the spatial reconstruction, with total variation diminishing Runge-Kutta time
discretization. Unlike the original HWENO schemes [28, 29] using different stencils for
spatial discretization, we borrow the thought of limiter for discontinuous Galerkin (DG)
method to control the spurious oscillations, after this procedure, the scheme would avoid
the oscillations by using HWENO reconstruction nearby discontinuities, and using linear
approximation straightforwardly in the smooth regions is to increase the efficiency of the
scheme. Moreover, the scheme still keeps the compactness as only immediate neighbor in-
formation is needed in the reconstruction. A collection of benchmark numerical tests for
one and two dimensional cases are performed to demonstrate the numerical accuracy, high

resolution and robustness of the proposed scheme.

Key Words: Hermite WENO scheme, hyperbolic conservation laws, discontinuous
Galerkin method, limiter

AMS(MOS) subject classification: 65M60, 35L65

!The research is partly supported by Science Challenge Project, No. TZ2016002, NSAF grant U1630247
and NSFC grant 11571290.

2School of Mathematical Sciences, Xiamen University, Xiamen, Fujian 361005, P.R. China. E-mail:
zzhao@stu.xmu.edu.cn.

3Institute of Applied Physics and Computational Mathematics, Beijing 100094, China. E-mail:
chen_yibing@iapcm.ac.cn.

4School of Mathematical Sciences and Fujian Provincial Key Laboratory of Mathematical Modeling and
High-Performance Scientific Computing, Xiamen University, Xiamen, Fujian 361005, P.R. China. E-mail:
jxqiu@xmu.edu.cn.



1 Introduction

In this paper, we design a hybrid Hermite weighted essentially non-oscillatory (HWENO)
scheme in the finite volume framework, which is the fifth order accuracy in the one dimen-
sional case and the fourth order accuracy for two dimensional problems. The HWENO
scheme was derived from essentially non-oscillatory (ENO) and weighted essentially non-
oscillatory (WENO) schemes, which have been widely applied for nonlinear hyperbolic con-
servation laws in recent decades. In 1985, Harten and Osher [I1] constructed a weaker
version of the total variation diminishing (TVD) criterion [10], which gave a framework for
the reconstruction to design higher order ENO schemes. Then, Harten et al. [13] developed
the finite volume ENO schemes for solving one dimensional problems, in which they selected
stencil adaptively in terms of the local smoothness, and in [12], Harten extended the finite
volume ENO schemes to two dimensional hyperbolic conservation laws. In 1994, the first
WENO scheme was constructed by Liu, Osher and Chan [20] mainly based on ENO scheme,
where they used a nonlinear convex combination of all the candidate stencils to obtain higher
order accuracy in smooth regions, and it was a third-order finite volume method in the one
dimensional case. In 1996, Jiang and Shu [18] proposed the third and fifth-order finite differ-
ence WENO schemes in multi-space dimensions, which gave a general framework to design
the smoothness indicators and nonlinear weights. Ever since then, the WENO schemes have
been further developed in the finite difference and finite volume frameworks presented in the
literature [14], 2], 32], 42] [44], and more detailed review for WENO schemes can refer to [34].

However, if we want to achieve higher order accuracy for WENO schemes, we need to
enlarge the stencil for the spatial reconstruction. To make the stencil more compact, Qiu and
Shu 28], 29] developed the WENO methodology, which were first taken as limiters for Runge-
Kutta discontinuous Galerkin methods, termed as Hermite WENO (HWENO) schemes. Af-
ter this, many HWENO schemes were developed for solving hyperbolic conservations laws
[39, [7, 16, B35, 24], [43], 36, 8, 25]. The HWENO schemes can achieve higher order accuracy

than standard WENO schemes on the same stencils. On the other hand, to avoid spurious



oscillations, all reconstructions of WENO and HWENO schemes are based on local charac-
teristic decompositions for the systems. Actually, the cost to compute the nonlinear weights
and local characteristic decompositions is very high for WENO and HWENO schemes. To
increase the efficiency, Pirozzoli [27] designed an efficient hybrid compact-WENO scheme,
on which they chose compact up-wind schemes in the smooth regions, while used WENO
schemes in the discontinuous regions. Hill and Pullin [I5] developed a hybrid scheme, which
combined the tuned center-difference schemes with WENO schemes. The purpose was to
expect the nonlinear weights would be achieved automatically in the smooth regions away
from shocks, but a switching principle was still necessary. Next, Li and Qiu [23] studied the
hybrid WENO scheme using different switching principles [30], which illustrated that the
troubled-cells indicator introduced by Krivodonova et al.[I9] (KXRCF) has the ability to
identify the discontinuities well. Other different schemes introduced by [40, 38, 45|, [17] for
hyperbolic conservation laws also showed the good performances of the KXRCF troubled-cell
indicator. In this paper, we would choose it as the indicator to identify the troubled-cell
where the solutions may be discontinuous. The main idea for the hybrid WENO schemes
[23],146] was that they both used non-linear WENO reconstruction near discontinuities, while
employed upwind linear approximation directly in the smooth regions. We also notice that
using upwind linear approximation in the smooth regions is one of the choice, and the other
methods can also be used, such as B. Costa and W.S. Don used spectral method [5] and cen-
tral finite difference scheme [0] in the smooth regions, which also can increase the efficiency
obviously.

The hybrid HWENO scheme in this paper is different from the original HWENO schemes
[28, 29] as we take the thought of limiter for discontinuous Galerkin (DG) method to control
the spurious oscillations. Since the solutions of nonlinear hyperbolic conservation laws often
contain discontinuities, the derivative equations for the HWENO schemes need to deal with
the derivatives or the first order moments, which would be relatively large nearby discon-

tinuities. Therefore, the HWENO schemes listed by [28] 29 39, 35, 24, 43, [36, [8, 25] all



used different stencils to discretize the space for the original equations and the derivative
equations, respectively. The variables of the derivative equations for the hybrid HWENO
scheme are the first order moments, which also can be seen in the discontinuous Galerkin
(DG) methods [I, 2, B, 4] and other HWENO schemes [41, 26, 36]. In one sense, these
HWENO schemes can be seen as an extension by DG methods, and Dumbser et al. [9] gave
a general and unified framework to define the numerical scheme extended by DG method,
termed as Py Py; method, in which Py represents a piecewise polynomial of degree N used as
test functions in DG method and Py, is a polynomial of degree M reconstructed by the test
functions of degree N for computing the numerical fluxes, and M > N. It is well known that
DG methods use limiters to modify the first order or higher order moments in the discon-
tinuous regions, therefore, we adopt this thought by adding a HWENO limiters [28] 29, 22]
to modify the first order moments nearby discontinuities, and use HWENO procedure to
reconstruct the point values on the interface of troubled cell.

The main procedures of the hybrid HWENO scheme are given as follows. At first, we use
the KXRCF troubled-cell indicator [19] to identify troubled cells, then, we modify the first
order moments in the troubled cells by the HWENO limiters [28] 29 22]. After we modify
the first order moments for all troubled cells in the computing domain, we would employ
HWENO reconstruction at the points on the interface of the troubled cell, but use linear
approximation at the internal points for spatial discretization, otherwise we directly use high
order linear approximation. For the systems, all HWENO reconstructions are based on local
characteristic decompositions to avoid spurious oscillations just like the classical WENO
scheme [I8]. Compared with other HWENO schemes [28], [29] [39, [7, 16, 35, 24 43, 306, 8, 25],
we borrow the idea of limiter for discontinuous Galerkin (DG) method to control the spurious
oscillations, which would have two advantages. The one is to control the oscillations, and
another one is to increase the efficiency for we directly use linear approximation in the
smooth regions, where the limiter doesn’t work under this circumstance. In short, the

hybrid HWENO scheme avoids the spurious oscillations well and has higher efficiency, while



it still keeps the compactness as only immediate neighbor information is needed in the
reconstruction.

The organization of the paper is as follows: in Section 2, we present the construction and
implementation of the finite volume hybrid HWENO scheme in the one and two dimensional
cases in detail. In Section 3, extensive numerical tests are performed to demonstrate the
numerical accuracy, efficiency and robustness of the proposed scheme. Concluding remarks

are given in Section 4.

2 Hybrid Hermite WENO scheme

In this section, we will introduce the detailed implementation procedures of the hybrid
HWENO scheme for one and two dimensional hyperbolic conservational laws, which would
be the fifth order accuracy in the one dimensional case, while is the fourth order accuracy

for two dimensional problems.

2.1 One dimensional case

We first consider one dimensional scalar hyperbolic conservation laws

U + f(u)x = 0,
{ u(z,0) = up(x). (2.1)

For simplicity, we divide the spatial domain with uniform meshes by I; = [z;,; /2, Tig1 /2],

Ti—1/2FTiq1/2

where the cell center is z; = 5

, and the mesh size is set as Az = ;112 — Ti_1/2.

. . . . L xr—x;
To design a HWENO scheme, we multiply the governing equation 1’ by <~ and (An)
respectively, and integrate them over [;, then, apply the integration by parts and use the
numerical flux to approximate the values of the flux at the interface of I;, finally, the semi-

discrete finite volume HWENO scheme is

du;(t) 1 /. 5
dt = _E (fi+1/2 - fi—1/2> ) (2 2)
du;(t) 1 /. 5 1 ’
& = 9AL (fi—1/2+fi+1/2> +MFz(U);
with initial conditions @;(0) = f[ up(z)dz and 7;(0) = 2= fli uo(z) “tdx, where u;(t) is

the cell average as z [, u(z,t)dz and T;(t) is the first order moment as x; [, u(x,t) 55 da.
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Here, fii /2 is the numerical flux which is the approximation to the values of the flux f(u)
at the interface point x;,1/o and Fj(u) is the numerical integration for the flux f(u). We

adopt the Lax-Friedrichs numerical flux method to define the fiﬂ /2

A 1 B o _
Jiv1y2 = B <f(ui+1/2) + f<uz'++1/2)> D) (“i++1/2 - “z‘+1/2) g

where @ = max, |f'(u)|. The numerical integration F;(u) is approximated by four-point

Gauss-Lobatto quadrature formula, and the specific expression is given as follows,

Fi(u) = i /1 fu)dz ~ Zwlf(u(xf,t)).

— L

Here, wi; = wy 3

and wy = w3 = 15—2 The quadrature points on the cell I; are

G _ G _ G _ G _
Ty =Ti-1/2, Ty = TiFrnos U3 = Lipys100 Lo = Tit1/2,

where z;,, is defined as x; + aAx.

The general frameworks for the hybrid HWENO scheme are given as follows. In Steps
1 and 2, we’ll introduce the procedures of the spatial reconstruction for the semi-discrete
scheme . In Step 3, the equations ([2.2)) is discretized in time by the third order TVD
Runge-Kutta methodology [31].

Step 1. Identify the troubled-cell and modify the first order moment in the troubled-cell.

Step 1.1. Identify the troubled-cell.

Troubled-cell means that the solution in the cell may be discontinuous, and in [30],
Qiu and Shu investigated different troubled-cell indicators for Runge-Kutta discontinu-
ous Galerkin methods. As suggested in [30], we use KXRCF troubled-cell indicator by
Krivodonova et al. [19] to identify the discontinuities. We first divide the interface of the
cell I; into two parts I, and OI', in which the flow is into (7 -7 < 0, 7 is the normal
vector to 01;) and out (7 > 0) of I;, respectively. The cell I; is finally identified as a

troubled cell, if:
h

1, )dS

g

‘f‘ﬂf (uh L, —u
ey

hi ® 1OL|[Juh 1|

> 1, (2.3)
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where h; is the radius of the circumscribed circle in the cell I;, I, is the neighbor of I; on
the side of 01, , the norm is L., norm in the one dimensional case and k is the degree of the
polynomial u;, approximating to u(x), and we take k = 2 in this paper. We should reconstruct
the polynomial u; which is used only in the troubled-cell indicator to identify troubled
cell, not in the reconstruction procedure for solution.

We use the information u;_j, U;, U;y; and ; to reconstruct a cubic polynomial p?(x)

on the orthogonal basis function space {1, =, (”‘Zi")z — 1—12, (xg;”)?’ — 23—0 (’“Z;’) }, and the

expressions is

o) =l el () ol | (2 5+ | (52) -3 (50|
satisfying
Aix e pi(x)de =y, j=-1,0,1, ALZ‘ /jip?(m)x;xxidx _ 3.
We have:
0@ =7, u = 125, u® = %(ﬂi_l — %+ Tiyq), uY) = _15_1@_1 L om, — ).

up is taken as u'” + uV () + u? [(I*xi)Q _ %}, which is the projection of p?(z) in

i i Ax ) Ax

the quadratic orthogonal function space {1, =, (“’Z;”)z — 1—12} Dropping the cubic term

doesn’t affect the accuracy for w; is used only in the troubled-cell indicator to identify
troubled cell, we use next high order HWENO methodology to reconstruct the first order
moment in the troubled cell.

Step 1.2. Modify the first order moment in the troubled-cell.

If the cell I; is identified as a troubled cell, we would modify the first order moment w;.
The procedure to modify the first order moment is the same as that HWENO limiter [28].
At first, we give three small stencils S; = {I;_1, ;}, So = {l;_1, I;, I;+1}, Ss = {I;, I;11}, and

a large stencil Sy = {S1, 2, S3} = Sa, then, we obtain three quadratic Hermite polynomials



p1(), p2(x), p3(x) on Sy, Sy, Ss, respectively, as

1 . 1 T —Ti—1
dr = U s, =-1,0, — ———dx = V;_q,
N Iiﬂ_pl(x) T = Uigj, N Ii_lpl(:v) A, 08 =T
1
- d :_’i iy ':—1,0,1, .
Az ), =T, g 2.4
L @ =, j=01 o [ w0
J— T)axr = Ujs 4, =0,1, —_— T)——ar = Vjy1,

and get a quartic polynomial pg(x) on Sy, satisfying

1 — Ljtj
A d = Ujyj, | = — 7 7 7 . jd — Vit J — _171 2.5

1

Then, we use these polynomials to reconstruct v;, and their explicit results based on the

moments {u;, 7, }; are

1 T — 1 1_
Ar p1( ) A dx = ZU; — ~Ui—1 — V-1,
1 T — x; 1 1
— 0t = > Wy — 5 Wi,
Az /Iim(x) Ar 0T 2" T gyt
1 T — T 1_ 1_ _
Az p3< ) Az dv = EUHI B éul — Vit
1 T — x; 5 _ 5 11_ 11_

dr = U1 — U1 — 550i-1 — 55 Uit1-
Ar po() Az 0T gttt T ggtticl T 3glint T gg il

The linear weights 77, 72 and 3 can be obtained easily, just following as

3
1 r—x; 1 T — T
Am/po( ) Ar = AL anl%/fip”(“”) Ar

then, we compute the smoothness indicators

which leads to v, = %, Yo = 5 and 3 =

19 38’

Bn, which measure how smooth the functions p,(x) in the target cell I;, and we use the same

definition for the smoothness indicators as in [18] [34],

T da
=> /Axm‘l(%y))?dx, n=1,2,3. (2.6)
a=1"1i

Here, r = 2 is the degree of the polynomials p,(x), and their explicit expressions are shown

as
( 13
Br = 4(U;—y — U; + 60;-1)° + ?(aifl — Ty +120,1)%,
1 _ _ 2 13 — 2
By = Z(ui—l —Ui1)” + 12(% 1= 20 + i), (2.7)

_ _ 13, _ _
Bg = 4(UZ — Ujyq + 6’Ui+1)2 + ?(Ul — Ujyq + 12U,L'+1)2.



Then the nonlinear weights are computed by:

Wn . _ n
Wy = ——, Wlthwn:fy— n=123,

2?21 Wy (ﬁn + 5)2 7
where ¢ is a small positive number to avoid the denominator by zero, and we take ¢ = 1076

in this paper. Hence, the first order moment v; is finally modified by

3
_ 1 T — x;
Ui = A 321 Wy, /IZ () N dz.

Step 2. The reconstruction procedure for Gauss-Lobatto points values.

In this subsection, we would give the details of reconstruction procedure for Gauss-
Lobatto points values ufﬂ /o and w5 /10 from {@;,v;};. Similarly to Step 1, we first give the
stencils 57, S5, S3 and Sy. If one of the cells in stencil Sy is identified as a troubled cell, we

would use the HWENO method described in Step 2.1 to reconstruct the ual /25 otherwise we

+

use the upwind linear approximation method described in Step 2.2 to reconstruct the Uizt /o

And the reconstruction of u;, z, is described in Step 2.3.
Step 2.1. The HWENO reconstruction for u, Jo-
If one of the cells in stencil Sy is identified as a troubled cell, u,, /9 is reconstructed by

HWENO procedure. We reconstruct three cubic polynomials p; (), p2(x), p3(x) on Sy, Ss, Ss,

respectively, such that:

1 1 T — Ty
—_— d = Uy j o N #d = j ) ':_1707
ap ), m@t = g [T =,
1 . 1 T — x;
E . pg(l’)dl’ = Ei-}—j? J= _1707 1a E . pQ(ZE) dr = Vi, (28)
i+7 7
1 ( )d _ 1 ( ).T — xiJrjd _ . 0.1
— x)ar = Wiyi, —— T)— = Vj4j, y Ly
Az Lers p3 +Jj Azr Toas p3 Ax +Jj J
and reconstruct a quintic polynomial py(z) on Sy, as
1 _ 1 T — Tirj _ .
E/I po(x)dr = Ui, E/I pg(x)Tﬂdx =Ty, Jj=-1,01 (2.9)
it+j it+j

Based on |) and 1) we compute the approximations of u;,, , by these polynomials at



the point ;4,/2, and their explicit expressions are

(:C' ) — §@ + lﬂ. + ZE. + §§4
P1\Tiq1/2) = g im1 T gl Gl o Vi

( ) = 2 + 5 N 7 _ n 60 _

X uz uz U - Vi,
P2li1/2) = gatlizt g T gt T g

1_ 1_ _ _

pg(I¢+1/2) = 5% + §ui+1 + 20; — 20444,

( )_13_ +7_+8 +25 +241_ 28 _
Po\Tit1/2) = 108%_1 12% 27Uz+1 54 Vi—1 51 V; 27'Uz+1-

Then we get the linear weights 1, 72 and 73, according to

xz+1/2 ZVnpn 1;1—1-1/2

and we have v; = 189, Yo = and V3 = 5. Then, we compute the smoothness indicators f3,,,
which measure how smooth the functions p,(z) in the cell I;. Again, we use the formula ([2.6))
to compute the smoothness indicators, where » = 3, and we have the explicit expressions for

the smoothness indicators:

( 1 13
Bl 16 (UZ 1 — ﬂi + 6@1‘_1 + 5461)2 + 4—8(15ﬂl_1 - 15ﬂZ + 6661‘_1 + 114@1)2—’—
3905
1—6@-,1 — 1 + 60,1 + 67;)%,
1 B ., 13 R
/82 = (Uz 1 — Uip1 — 2401)1) + _(ui—l — 2’&1 + Ui+1) +
484 12 210
355 i . (2.10)
a4 (uz 1 — Uit1 + 241)@') s
1 13, _ _ 2
Bg = 16( UZ+1 + 541)1 + 6’UZ+1) 4_8(15Ul — 15Ui+1 + 114’01 + 66'UZ'+1) +
3905
\ W(ﬂz — Uy + 6T; + 60;41)7,

and the nonlinear weights are computed by:

Wn _In
Z?:1 Wi ’ (ﬁ” )27

Here ¢ is a small positive number taken as 107%. Hence, the final value of u_

Wy, = with @, = n=1,2,3.

i+1/2 is recon-

structed by
Uiiyjg = anpn<xi+l/2)'

The reconstruction to u 10 is mirror symmetric with respect to x; of the above proce-

dure.
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Step 2.2. The linear approximation for u;,, /2
If nether cell in Sj is identified as troubled cell, then we will use upwind linear recon-

struction for v}, /20 that is we use pg(x) to approximate u directly, and we have:

8 7 _ 13 28 241 25_

+ , _ ° = i et
uifl/Z pO(gjzfl/2> 27“2—1 + = 12 Ui + —5 108 Uip1 + 27’02—1 54 ;i 54Uz+17

and

13 _ 7 8 25_ 241 28

ui+1/2 :p0(xi+1/2) 108 Ui—1 + =5 12 27 Uit + — 54 Vi1 + —— 54 2_7vi+1-

Step 2.3. The linear reconstruction for u,, /0.
We would like to use linear reconstruction for w,, V510 10 all cells, then, w5/, are

finally approximated by the following expressions, respectively,

101 1 13 101 1
Ui—\/5/10 = p0<xi7\/5/10) = _(—5400\/5+ 24)% 1+ 12 u; + (—5400\/5 24)Uz+1
3 841 10289 841
-t e Vo) i T (55 = Ta5an V2)Vit1,
(5 * 13500 V)" ~ Grm0 0 VU + ( 13500 VUi

and

101 1 13_ 101
Uit \/5/10 = po(xiJr\/g/lO) = (_\/5 S Ui+ S — (o \/_+ )Ui+1+

5400 24 12~ Y5400
841 3 10280 ~ 3 841 ~
(13500\/5 ~ 50 T G0 V5T + (55 + 13500\/5)””1‘

Step 3. When we have finished the spatial discretization following Steps 1 and 2, the

semi-discrete schemes ((2.2)) are discretized in time by the third order TVD Runge-Kutta

method [31]:
W =y AtL(um),
e = 3y 4+ Ly L AL (), (2.11)
ut) = Lum g 20® 4 2ALL(u®)

Remark 1: For one dimensional scalar equation, the solution u is taken as the indicator
variable and ¥ is defined as f’(u); while for one dimensional Euler equations, the density
p and the energy FE are taken as the indicator variables, respectively, and o is set as the

velocity p of the fluid.

11



Remark 2: For the systems, such as the one dimensional compressible Euler equations,
in order to achieve better qualities at the price of more complicated computations, the
HWENO approximation is always used with a local characteristic field decomposition seen

in e.g. [33,34] for details, while the linear approximation is used in component by component.

2.2 Two dimensional case

Similarly to one dimensional case, we first consider two dimensional scalar hyperbolic

conservation laws

ug + f(u)e + g(u), =0,
{ u(z, y,0) = uo(z, y). (2.12)

For simplicity of presentation, the computing domain is divided by uniform meshes. The
mesh sizes are Az = Z;41/2 — ¥;_1/2 in the x direction and Ay = y;41/2 — y;—1/2 in the y

direction, and each cell of the mesh I, ; is taken as [Z‘Z‘_l/g, xi+1/2] X [yj_1/27yj+1/2] with its

Ti—1/2FTiv1/2 Yji—1/72FYj+1/2
2 ) 2

cell center (z;,y,) = ( ). In the next procedures, x; + aAx is defined

as Titq, while y; + bAy is set as y,s.

To design a HWENO scheme, we multiply the equation (2.12)) by ﬁmﬁ (m_mi and

Az)2Ay

y—y;
(Ay)2Ax

on both sides, respectively, and we integrate them over I; ;, then, apply the integra-
tion by parts and employ the numerical flux to approximate the values of the flux at the

points on the interface of I; ;, lastly, we get the semi-discrete finite volume HWENO scheme,

12



and the explicit formulas are given as follows,

( du; ;(t 1 yit1/2 .
C}é( ) T T AzAy / s Lf(u(wig1y2,y)) — fulziciy2, y)]dy
Yji—

1 x;+1/2
B AxAy/ 12 [9(u(z,yj11/2)) — G(u(z,yj-1/2))]dz,

d_i . y;+1/2 N ~
"= L e ) ¢ e i+ o [ sy

dt — 2AzAy

1 xi+1/2 T —x;) . )

xi—1/2
dwi ; (1) 1 /yj+1/2 W= ¢ A
, - N [ ) - i— s d
dt AxAy yi—1/2 Ay f(u(Titay2,y) — f(u(wicay2,y))|dy
1 xi+1/2 1
~ SAuAy /'_1/2 G(u(z, yj—1/2)) + g(u(z, yjt1/2))]dr + AAy /I .g(u)da:dy,
213
with initial conditions w; ;(0) ZﬁAy flm_ uo(x, y)dxdy, v;;(0) :ﬁay fli,j uo(z, ) E52 drdy

and w; ;(0) :m flm‘ uo(x, y) 5, dedy. W ;(t) is the cell average set as @fm u(z,y, t)drdy;

U; j(t) is the first order moment in the x direction defined as m flv u(z, y, 1) 52 dady and
2,7

Cldady. f(u(is1/2,))

w; ;(t) is the first moment in the y direction taken as ﬁAy /, I, u(z,y,t)
is a numerical flux which is the approximation to the values of the numerical flux f(u) at the
interface point (%;11/2,y) and g(u(zx,y;41/2)) is a numerical flux to approximate the values
of g(u) at the interface point (,y;41/2).

Just as in the one dimensional case, we will approximate the integral terms of equa-
tions by employing numerical integration. Since we construct a fourth-order accuracy
scheme, 2-point Gaussian will be used in each numerical quadrature, then, these approxi-

mated formulas for the integral terms are given as follows,

e / fludady ~ 3 ) win (u(@e, ye)),

k=1 l=1

j—1/2

yi+1/2 2 .
[ Hueie )y ~ 893w (ulwiv)
Y k=1

zi+1/2 (ZL’ . mZ) X 2 (ka _ le) )
im1/2 —Ax Q(U(% yj+1/2))dx ~ Az ;wk—Al‘ g(u(ka’ yj+1/2>)7



and the approximated expressions for other integral terms are similar. Here, w; = % and
Wy = % are the quadrature weights, and the coordinates of the Gaussian points over the cell
I; ; are
Lo = Tiv3/er XG2 = Tivysier Yo = Yj—vBr6r Y62 = Yjrvise:
In the two dimensional case, two fluxes in the z direction and in the y direction are

approximated by Lax-Friedrichs numerical flux:

fu(Gy)) = %[f(u_(Gb)) + [t (Gy))] = %(u+(Gb) —u”(Gy)),

and
9(u(G) = o™ (G) + ol (Go))] = 2 (¥ () — ™ (G),

where o = max, |f'(u)|, f = max, |¢'(u)|, and G} is the Gaussian point on the interface of
the cell 1; ;.

The general frameworks for the hybrid HWENO scheme are: in Steps 4 and 5, we present
the spatial reconstruction for the semi-discrete scheme . In Step 6, the equations
is discretized by the third order TVD Runge-Kutta method [31] in time.

Step 4. Identify the troubled-cell and modify the first order moments in the troubled-
cell.

We also use the KXRCF troubled-cell indicator by Krivodonova et al. [19] (KXRCF)
to identify the discontinuities, which has been introduced in the one dimensional problems,
and its explicit expression can be seen in (2.3). In particular, the troubled-cell indicator
works separately in the x and y directions for two dimensional case, and the norm is still
L norm in the two dimensional case. The cell I; ; is finally identified as a troubled-cell, if
it is identified either in = direction or y direction. In addition, if the cell I; ; is identified as
a troubled cell, we mark the cells I;_y ;, l;i+1;, 1;j—1 and I; j1; as troubled cells in practice,
as the spatial reconstruction for the neighbor cells also need to use the information of I ;.

If the cell I; ; is identified as a troubled cell, we would modify the first order moments v; ;

and w; ; following as next procedures. We modify the first order moments in the troubled
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7 8 9 j+1
N

4 5 6 ]
k >k

1 2 3 j-1

i-1 i i+1

Figure 2.1: The big stencil and its new labels.

cells using dimensional by dimensional manner, and the modification procedures are the
same as the one dimensional case. More explicitly, if the cell I; ; is identified as a troubled
cell, we use these information w;_1 ;, U j, Uit1,5, Vi—1,5, Vi1, to reconstruct the value of v; j,
and the procedures are the same as the expressions introduced in Step 1 for one dimensional
case, and the procedures for the modification of w; ; are similar.

Step 5. Reconstruct the point values of the solutions u at the specific points.

This step is to reconstruct the point values of u*(xi,l/g,yji\/gm), U_($i+1/2,yji\/§/6),
Ut (g 3/6 Yi-1/2), U (Tiyz/6 Yirr/2) and u(T, 576, Yjavase) 0 the cell I, If the cell is
identified as a troubled cell, in Step 5.1, the interface points values of the cell I; ; are recon-
structed by HWENO methodology but the internal points values of I; ; are approximated
by linear approximation, respectively; otherwise, we directly use the linear approximation
presented in Step 5.2.

Step 5.1. Reconstruct the point values of the solutions u at the interface points by
HWENO approximation and approximate the internal points values using linear approxima-
tion.

We first give the big stencil Sy in Figure . For simplicity, we rebel the cell I; ; and its
neighboring cells as I, ..., Iy. Particularly, the new label of the cell I; ; is I5 and the symbols
7*7 in Iy represent the locations of the solutions v where we need to reconstruct. We also

give eight small stencils: Si, 5, ..., Sg shown in Figure which were first introduced by
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1 2 J-1 2 3 j-1
i-1 i i i+1
7 8 i+l 8 9 i+l
4 5 J 5 6 J
i-1 i i i+1
7 j+1 9 |j+1
4 ) J 5) 6 J
1 2 3 1)1 1 2 3 |j-1
i-1 i i+1 i-1 1 i+1
7 8 9 |j+1 7 8 9 |j+1
4 5 J 5 6 | J
1 j-1 3 |1
i-1 i i+1 i-1 1 i+1

Figure 2.2: The eight small stencils and these respective labels. From left to right and top
to bottom are the stencils: Sy, ..., Ss.
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Qiu and Shu in [29]. Noticed that we reconstruct the point values of solutions u in the
cell I; j, then, we would like to use more information in the cell I; j, such as the first order
moments v; ; and w; j, so we construct eight incomplete cubic reconstruction polynomials,

and these polynomials have the expressions as follows
Pul,y) = ag + a1z + agy + asz® + agwy + asy® + agr® +ary®, n=1,..,8, (2.14)

satisfying as

AwlAy f[ pn T y)dl'dy = Eka

A:):Ay fIk pn &z y)(z kol dxdy_vkﬂc’ AxAy f[k pn x y)(y yky)d‘rdy_wkya
for
n=1k=1245 k=45, k, =25 n=2 k=2,356, k, =56, k, = 2,5
n=3k=4,5"178, k, =4,5, k,=5,8 n=4, k=5,6,8,9, k, =5,6, k, =5,8;
n=5k=1,2345"7 ky=5 k,=5 n=6 k=12235069, k, =5, k, =5
n=7k=1,4,57,8,9, k, =5, k,=5, n=8, k=3,56,7,8,9, k., =5, k, =5.

Then, we combine these eight incomplete cubic polynomials to obtain a fourth-order approx-
imation for the reconstruction of these points values of the solutions u. For simplicity, we
use () to represent the specific points, where we want to reconstruct. At first, we use the

linear weights v¥, ..., v¥ to joint these eight small polynomials, satisfying as

=) 1pal(Gh). (2.15)

If 22:1 7% =1, the requirement are always satisfied for any incomplete cubic poly-
nomial u, and the form of the polynomial is presented in , but we still have two other
constraints on the linear weights to hold the requirement for u = 2%y and zy?. Subject
to these three constraints listed above, it leaves five free parameters to calculate the linear
weights, and we can obtain A}, ...,y easily and uniquely by minimizing 2221(75)2- In fact,
the linear weights 7F,...,7¢ determined by this least square methodology are all positive

in the implementation. For simplicity, we only present the eight linear weights to recon-

35334351v/3  5727+3513
37040 37040

struct u” (241 /2, Y4 \/g/ﬁ) at the interface point, and the values are

3533—351v/3 5727—351v/3 10599—1867+/3 17181—415+/3 10599418673 17181+415v/3
37040 37040 111120 ) 111120 111120 ) 111120

, respectively, and the
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linear weights for other points on the interface can be obtained by symmetry. In addition,
it is interesting that the linear weights to reconstruct u(z,, s/, Y;1,/3/6) are all %

Similarly as in the one dimensional problems, if G, is inside of I; ;, we directly use linear
approximation to reconstruct u(Gy) as 3o _, v5p,(Gy), and we’d better simplify the formals
in advance, instead of calculating in the codes; while GG}, is located on the interface of the cell
I; j, we need to employ the next HWENO reconstruction procedures, then, we first compute
the smoothness indicators 3, which measure how smooth the function p,(z,y) in the cell
I; ;. The formula was listed by [14], given as follows,

3
=Sl |

ll|=1 Lij

ol 2
(an(ﬂ%y)) dedy, n=1,..8, (2.16)

where | = (I1,1s), |l| = l; +13, then, we can get the non-linear weights using the linear weights
and the smoothness indicators, having
k oy

k
wh = " with of = Tn

! 218:1 C‘Jlk’ (Bn + 5)2’

where ¢ is set as 107® just as in one dimensional case. Finally, the approximation for the

n=1,..,8,

point values of the solutions u at the interface point Gy is given by

8
u(Gr) = Y whpa(Gh),
n=1

97 %9

where is 74”7 when G}, is located on the left or bottom interface of the cell I; ;, while

7.7’

R 3 N

is on the right or top interface of I; ;.

Step 5.2. Reconstruct the point values of the solutions u at the specific points by linear
approximation straightforwardly.

In this step, we’ll use the same polynomials and linear weights introduced in Step 5.1,
then, the linear approximation of the solutions u at reconstructed point G} can be directly

taken as
8
u(Gr) = Y 1P pa(Gr).
n=1

If Gy, is located on the interface of the cell I; j, ”*” has the same meaning just as in Step 5.1;

99 %99

otherwise, will be blank. Similarly, we also can obtain the simplified formulas easily for
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the linear approximation of u*(Gy) in advance, instead of calculating over and over again in
the codes.

Noticed that the reconstruction for the points values of the solutions u only has the
fourth order accuracy for the information we used here is not enough to reconstruct inter-
polation polynomial with degree 4, therefore, the scheme only is the fourth order in the two
dimensional case.

Step 6. Discretize the semi-discrete scheme in time by the third order TVD
Runge-Kutta method [31].

When we have finished Steps 4 and 5, the semi-discrete scheme is discretized in
time by the third order TVD Runge-Kutta method, and the explicit expression has been
presented in for the one dimensional case.

Remark 3: The KXRCF indicator is satisfying for two dimensional hyperbolic con-
servation laws. For two dimensional scalar equation, the solution u is set as the indicator
variable. ¥ is taken as f’(u) in the 2 direction, while it is defined as ¢/(u) in the y direction;
for two dimensional Euler equations, the density p and the energy FE are taken as the indi-
cator variables, respectively. o is defined as the velocity p in the z direction of the fluid,
while it is set as the velocity v in the y direction of the fluid.

Remark 4: For the systems, such as the two dimensional compressible Euler equations,
similarly as in the one dimension case, we first use the KXRCF indicator to identify the
troubled cell in Step 4. If the cell I; ; is identified as a troubled cell, we modify the first order
moments for each component. For the modification, it is different from the one dimensional
case for it has two first order moments and two flux functions, so we modify the moments
U;; in the « direction in terms of the local characteristic direction provided by f(u), while
reconstruct w; ; in the y direction based on the local characteristic direction of g(u). For each
local characteristic direction, we follow the procedures of Step 4 to reconstruct the first order
moments in the troubled cells. For the reconstruction for the point values of the solutions u,

all HWENO procedures are performed on the local characteristic decompositions, and the
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linear approximations are based on component by component.

3 Numerical tests

In this section, we perform the numerical results of the hybrid HWENO scheme in the
one and two dimensional cases, which is outlined in the previous section. If no otherwise
specified, the CFL number is set as 0.6 for one dimensional tests and 0.45 for two dimensional

examples.

3.1 Accuracy tests

For simplicity, Hybrid HWENO scheme is denoted as the hybrid HWENO scheme intro-
duced in the previous section, while HWENO scheme is represented as that we modify the
first order moments for every cell and employ HWENO reconstruction at the interface points
for the spatial discretization on the basis of the hybrid HWENO scheme. WENO scheme
was listed by Jiang and Shu [18], while Hybrid WENO scheme using KXRCF troubled-cell
indicator was introduced by Li and Qiu [23]. Since the four schemes all have fifth order accu-
racy in one dimensional problems, we will compare their performance in the one dimensional
accuracy tests. For two dimensional smooth tests, as the Hybrid HWENO scheme is based
on the finite volume framework, we also make the comparisons with the classical fifth order
finite volume WENO scheme narrated in [33].

Example 3.1. We solve the one dimensional Burgers’ equation:

U2
uﬁ%;%zu 0<x<2, (3.1)

with the initial condition u(x,0) = 0.5 + sin(wz) and periodic boundary condition. We
present the numerical results at ¢ = 0.5/ when the solution is still smooth, then, the
numerical errors and orders are shown in Table B.Il with N uniform meshes for HWENO and
WENO schemes. From the table, we can see that all four schemes have fifth order accuracy.
Firstly, we know the hybrid schemes have less errors than the original schemes, meanwhile,

we also can find that two HWENO schemes have less errors than corresponding WENO
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Table 3.1: 1D-Burgers’ equation: initial data u(z,0) = 0.5+ sin(7z). HWENO and WENO
schemes. T'= 0.5/7. L' and L™ errors and orders. Uniform meshes with N cells.

’ ‘ HWENO scheme ‘ WENO scheme ‘
N cells | L' error | order | L®error | order | L' error | order | L™ error | order
10 1.21E-02 1.00E-01 1.90E-02 7.46E-02

20 1.06E-03 | 3.52 | 1.00E-02 | 3.32 | 2.06E-03 | 3.20 | 1.23E-02 | 2.60
40 4.23E-05 | 4.65 | 5.25E-04 | 4.26 | 1.22E-04 | 4.08 | 1.05E-03 | 3.55
80 1.24E-06 | 5.09 | 1.70E-05 | 4.95 | 4.36E-06 | 4.80 | 4.78E-05 | 4.46
160 4.26E-08 | 4.87 | 4.84E-07 | 5.13 | 1.64E-07 | 4.74 | 1.41E-06 | 5.09
320 1.13E-09 | 5.24 | 1.43E-08 | 5.08 | 4.78E-09 | 5.10 | 7.35E-08 | 4.26

| \ Hybrid HWENO scheme \ Hybrid WENO scheme |
N cells | L' error | order | L®error | order | L! error | order | L> error | order
10 1.18E-03 6.00E-03 1.44E-02 7.32E-02

20 4.18E-05 | 4.82 | 3.69E-04 | 4.02 | 1.58E-03 | 3.19 | 1.47E-02 | 2.31
40 8.51E-07 | 5.62 | 1.14E-05 | 5.02 | 9.45E-05 | 4.06 | 1.29E-03 | 3.51
80 1.46E-08 | 5.87 | 2.26E-07 | 5.65 | 2.39E-06 | 5.30 | 3.11E-05 | 5.38
160 2.66E-10 | 5.78 | 3.59E-09 | 5.98 | 7.15E-08 | 5.06 | 9.40E-07 | 5.05
320 5.60E-12 | 5.56 | 5.93E-11 | 5.92 | 2.12E-09 | 5.08 | 2.82E-08 | 5.06

schemes with the same number of cells. In Figure [3.1, we show numerical errors against
CPU times by using four different schemes, which illustrates Hybrid HWENO scheme has
much higher efficiency than other three schemes, meanwhile, the two HWENO schemes only

need three cells while the two WENO schemes need five cells for the spatial reconstruction.

Example 3.2. We consider one dimensional Euler equations:

o p 0 pL
F7R B Rl B A Bl (3.2)
E p(E +p)

in which p is the density, u is the velocity, E is the total energy and p is the pressure. The
initial conditions are set to p(z,0) = 1 + 0.2sin(nz), p(x,0) =1, p(z,0) = 1 and v = 1.4.
The computing domain is = € [0, 27]. Periodic boundary condition is applied here. The exact
solution is p(x,t) = 1 + 0.2sin(w(x — 1)), p(z,0) = 1, p(z,0) = 1 and the final computing
time is 1" = 2. The numerical errors and orders of the density for the HWENO and WENO

schemes are given in Table [3.2] which shows four schemes achieve the designed fifth order
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Figure 3.1: 1D-Burgers’ equation: initial data u(z,0) = 0.5 + sin(rz). T = 0.5/7. Com-
puting times and errors. Rectangle signs and a red solid line denote the results of Hybrid
HWENO scheme; triangle signs and a black solid line denote the results of HWENO scheme;
circle signs and a blue solid line denote the results of Hybrid WENO scheme; plus signs and
a green solid line denote the results of WENO scheme.

accuracy. Similarly, the hybrid schemes have less errors than the original schemes and the
two HWENO schemes have less errors than corresponding WENO schemes with the same
number of cells. In addition, Figure represents numerical errors against CPU times using

four different schemes, which shows Hybrid HWENO scheme has higher efficiency than other

three schemes, and the HWENO schemes are more compact than the WENO schemes.

Example 3.3. Consider the two dimensional Burgers’ equation:
U2

5 )y=0, 0<z<4 0<y<4 (3.3)

) (2

ug + (
with the initial condition u(x,y,0) = 0.5+ sin(7(z +y)/2) and periodic boundary condition
in each direction. We perform the numerical results at ¢ = 0.5/7. In this time, the solution is
still smooth, then, the numerical errors and order are shown in Table for Hybrid HWENO
and WENO schemes. We can see that both schemes achieve the designed order accuracy.
In Figure 3.3 we present their numerical errors against CPU times, which illustrates Hybrid
HWENO scheme has higher efficiency than WENO scheme, meanwhile, the hybrid HWENO

scheme is more compact for only immediate neighbor information is needed in the spatial

reconstruction.
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Table 3.2: 1D-Euler equations: initial data p(z,0) = 1+0.2sin(rz), p(x,0) = 1 and p(x,0) =
1. HWENO and WENO schemes. T = 2. L' and L* errors and orders. Uniform meshes

with N cells.

| |

HWENO scheme

|

WENO scheme

|

N cells | L' error | order | L®error | order | L' error | order | L™ error | order
10 3.98E-03 6.25E-03 1.13E-02 1.66E-02
20 1.39E-04 | 4.84 | 2.50E-04 | 4.64 | 6.26E-04 | 4.17 | 9.94E-04 | 4.06
40 4.00E-06 | 5.12 | 8.18E-06 | 4.93 | 2.04E-05 | 4.94 | 3.72E-05 | 4.74
80 1.22E-07 | 5.04 | 2.43E-07 | 5.08 | 6.45E-07 | 4.98 | 1.21E-06 | 4.94
160 3.73E-09 | 5.03 | 6.71E-09 | 5.18 | 2.01E-08 | 5.01 | 3.67E-08 | 5.05
320 1.11E-10 | 5.07 | 1.91E-10 | 5.13 | 6.09E-10 | 5.04 | 1.01E-09 | 5.19

’ \ Hybrid HWENO scheme \ Hybrid WENO scheme ‘

N cells | L' error | order | L®error | order | L' error | order | L*> error | order
10 1.82E-06 2.82E-06 2.55E-03 4.25E-03
20 3.71E-08 | 5.62 | 5.73E-08 | 5.62 | 8.94E-05 | 4.83 | 1.47E-04 | 4.86
40 1.02E-09 | 5.18 | 1.60E-09 | 5.16 | 2.91E-06 | 4.94 | 4.67TE-06 | 4.97
80 3.10E-11 | 5.05 | 4.86E-11 | 5.04 | 9.22E-08 | 4.98 | 1.47E-07 | 4.99
160 9.61E-13 | 5.01 | 1.51E-12 | 5.01 | 2.90E-09 | 4.99 | 4.59E-09 | 5.00
320 3.00E-14 | 5.00 | 4.71E-14 | 5.00 | 9.10E-11 | 5.00 | 1.43E-10 | 5.00

T ZmE] s ==

ng10(CPU1time(sec)2) ng10(CPU1time(sec)2)
Figure 3.2: 1D-Euler equations: initial data p(x,0) = 1 4 0.2sin(rz), u(x,0) = 1 and
p(z,0) = 1. T = 2. Computing times and errors. Rectangle signs and a red solid line denote
the results of Hybrid HWENO scheme; triangle signs and a black solid line denote the results
of HWENO scheme; circle signs and a blue solid line denote the results of Hybrid WENO
scheme; plus signs and a green solid line denote the results of WENO scheme.
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Table 3.3: 2D-Burgers’ equation: initial data u(x,y,0) = 0.5 + sin(w(x + y)/2). Hybrid
HWENO and WENO schemes. T' = 0.5/m. L' and L™ errors and orders. Uniform meshes
with N, x N, cells.

|

|

Hybrid HWENO scheme

|

WENO scheme

N, x N, cells | L' error | order | L®error | order | L' error | order | L* error | order
40 x 40 7.07E-05 6.32E-04 8.20E-05 6.74E-04
80 x 80 3.95E-06 | 4.16 | 4.28E-05 | 3.88 | 4.06E-06 | 4.34 | 3.91E-05 | 4.11
120 x 120 7.31E-07 | 4.16 | 7.62E-06 | 4.26 | 6.30E-07 | 4.60 | 5.67E-06 | 4.76
160 x 160 2.19E-07 | 4.19 | 2.30E-06 | 4.16 | 1.66E-07 | 4.64 | 1.42E-06 | 4.81
200 x 200 8.67E-08 | 4.15 | 8.96E-07 | 4.23 | 5.65E-08 | 4.82 | 4.96E-07 | 4.72
240 x 240 4.07E-08 | 4.14 | 4.19E-07 | 4.17 | 2.28E-08 | 4.99 | 2.22E-07 | 4.40

05 0 0.5 1 15 05 0 0.5 1 15
Log10(CPU time(sec)) Log10(CPU time(sec))

Figure 3.3: 2D-Burgers’ equation: initial data u(z,y,0) = 0.5+ sin(w(z+y)/2). T = 0.5/7.

Computing times and errors. Rectangle signs and a red solid line denote the results of Hybrid
HWENO scheme; plus signs and a green solid line denote the results of WENO scheme.
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Table 3.4: 2D-Euler equations: initial data p(x,y,0) = 1+ 0.2sin(7w(x + y)), p(x,y,0) = 1,
v(z,y,0) =1 and p(x,y,0) = 1. Hybrid HWENO and WENO schemes. T' = 2. L' and L*®
errors and orders. Uniform meshes with N, x NN, cells.

| \ Hybrid HWENO scheme \ WENO scheme |
N, x N, cells L' error | order | L®error | order | L' error | order | L™ error | order
40 x 40 5.66E-06 8.90E-06 5.11E-06 1.14E-05

80 x 80 1.86E-07 | 4.92 | 2.93E-07 | 4.93 | 1.19E-07 | 5.43 | 3.12E-07 | 5.18
120 x 120 2.61E-08 | 4.85 | 4.10E-08 | 4.85 | 1.38E-08 | 5.31 | 3.79E-08 | 5.20
160 x 160 6.66E-09 | 4.75 | 1.05E-08 | 4.75 | 3.09E-09 | 5.21 | 7.58E-09 | 5.59
200 x 200 2.36E-09 | 4.65 | 3.71E-09 | 4.65 | 9.73E-10 | 5.18 | 2.03E-09 | 5.91
240 x 240 1.03E-09 | 4.56 | 1.62E-09 | 4.55 | 3.79E-10 | 5.17 | 7.21E-10 | 5.67

Example 3.4. We consider two dimensional Euler equations:

ol o ) A ) "
A NG ey I R B ) (3.4)
ot | pv ox ppv oy | pvo+p

E n(E + p) v(E +p)

Here p is the density, (i, ) is the velocity, E is the total energy, and p is the pressure. The
initial conditions are taken as p(z,y,0) =1+ 0.2sin(n(z +y)), p(z,y,0) =1, v(x,y,0) = 1,
p(z,y,0) = 1 and v = 1.4. The computing domain is (z,y) € [0,2] x [0,2]. Periodic
boundary conditions are applied in = and y directions. The exact solution of p is p(z,y,t) =
1+02sin(m(x+y—2t)), u(z,y,0) =1, v(z,y,0) = 1, p(x,y,0) = 1 and the computing time
is up to T' = 2. Table gives the numerical errors and orders of the density for the hybrid
HWENO and WENO schemes, and we can know both two schemes achieve the designed
fourth and fifth order accuracy, respectively. In addition, we also present their numerical
errors against CPU times in Figure [3.4] which shows Hybrid HWENO scheme has higher
efficiency than WENO scheme

Example 3.5. Isentropic vortex test [33] for two dimensional Euler equations. A isentropic
vortex is added to the mean flow (p, u,v,p,v) = (1,1,1,1, 1.4) with perturbations in (u,v),

the temperature 7' = p/p and no perturbation in the entropy S = p/p?, so that the initial
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Figure 3.4: 2D-Euler equations: initial data p(x,y,0) = 1+ 0.2sin(7(z +v)), p(z,y,0) =1,
v(z,y,0) =1 and p(x,y,0) = 1. T' = 2. Computing times and errors. Rectangle signs and
a red solid line denote the results of Hybrid HWENO scheme; plus signs and a green solid
line denote the results of WENO scheme.

conditions are

= —_ == 2
P 8y y D=2p
uzl—ﬁelgﬂ, u:l—i-gelf’

s 2

in which e represents the vortex strength taken as 5 here and r* = 22412, The computational
domain is [—5, 5] X [—5, 5], and periodic boundary conditions are applied in z and y directions.
The vortex movement is aligned with the diagonal of the computational domain, and it
returns to the initial position with time period 10. we present the numerical errors and
orders of the density for the hybrid HWENO and WENO schemes in Table then we can
see both two schemes achieve the designed accuracy, respectively. In addition, we also give
their numerical errors against CPU times in Figure [3.5] which illustrates Hybrid HWENO
scheme has higher efficiency than WENO scheme with smaller numerical errors and less CPU

times.

3.2 Non-smooth tests

We present the results of the hybrid HWENO scheme for the non-smooth tests. To

make comparisons with WENO scheme, we also give the numerical results for some of one
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Table 3.5: Isentropic vortex test. Hybrid HWENO and WENO schemes. 7" = 10.

L* errors and orders. Uniform meshes with N, x N, cells.

L' and

|

Hybrid HWENO scheme

|

WENO scheme

N, x Ny cells | L' error | order | L>error | order | L' error | order | L™ error | order
40 x 40 1.82E-04 4.53E-03 1.39E-03 2.73E-02
80 x &80 8.18E-06 | 4.47 | 1.34E-04 | 5.08 | 7.00E-05 | 4.32 | 1.73E-03 | 3.98
120 x 120 1.16E-06 | 4.82 | 2.01E-05 | 4.67 | 1.09E-05 | 4.58 | 1.89E-04 | 5.46
160 x 160 2.82E-07 | 4.92 | 5.01E-06 | 4.83 | 2.70E-06 | 4.85 | 3.86E-05 | 5.52
200 x 200 9.37E-08 | 4.93 | 1.68E-06 | 4.89 | 9.12E-07 | 4.87 | 1.66E-05 | 3.78
240 x 240 3.81E-08 | 4.93 | 6.88E-07 | 4.90 | 3.77E-07 | 4.85 | 7.51E-06 | 4.36

~
o
o
o

15 2 2.5 3 35 1.5 2 2.5 3 35
Log10(CPU time(sec)) Log10(CPU time(sec))

Figure 3.5: Isentropic vortex test. T' = 10. Computing times and errors. Rectangle signs
and a red solid line denote the results of Hybrid HWENO scheme; plus signs and a green
solid line denote the results of WENO scheme.
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dimensional non-smooth tests. In addition, we have computed these tests for HWENO
scheme likewise, but the results will not be presented here for saving space. Actually, they
have similar performance for the problems with discontinuities, but HWENO scheme uses
much more computing time. Moreover, we also test the non-smooth problems by the method
that we don’t modify the first order moments of any cells and use HWENO reconstruction at
the interface points of each cell for the spatial discretization. Unfortunately, all non-smooth
tests have obvious oscillations near discontinuities, even for the one-dimensional Burgers’
equation with smaller CFL number, and some tests don’t work in this case even though
using smaller CFL number, such as Shu-Osher and two blast waves problems, and so on,
which illustrate that the modification for these first order moments in the troubled cells for
the hybrid HWENO scheme is significant to avoid oscillations and keep the hybrid HWENO
scheme be robust. In the implementation, there are only a small part of cells in which we
need to modify their first order moments for the hybrid HWENO scheme.

Example 3.6. We solve the one-dimensional Burgers’ equation as in Example 3.1.
The same initial and boundary conditions are applied here. The computing time is up
to t = 1.5/m, and the solution is discontinuous by this time, then, we plot the numerical
solution of the hybrid HWENO scheme and the exact solution in Figure |3.6] and we also
test this example by the method that we don’t modify any first order moments and directly
use HWENO reconstruction at the interface points of each cell for the spatial discretization.
We set the CFL number as 0.45 in this case for the code doesn’t work with the original
CFL number, and its numerical solution is also presented in Figure From this figure, we
can see that if we don’t modify the first order moments in the troubled cell and directly use
HWENO procedures at the interface points of each cell for spatial discretization, which would
have obvious oscillations even with smaller CFL number. However, we also find that the
hybrid HWENO scheme can avoid the non-physical oscillations and has a good resolution,
which shows that the modification for the first order moments near the discontinuities is a

significant and essential procedure. In addition, there are only 4.52% cells where we need to
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Figure 3.6: 1D-Burgers’ equation: initial data u(x,0) = 0.5+ sin(rz). T = 1.5/7. Solid line:
exact solution; blue plus signs: the results computed by the method that we don’t modify
the first order moments of any cells and use HWENO reconstruction at the interface points
of each cell for the spatial discretization; red squares: the results of hybrid HWENO scheme.
Uniform meshes with 80 cells.

modify their first order moments by calculating.

Example 3.7. We now consider a one dimensional nonlinear non-convex scalar Buckley-

Leverett problem

+ u —0, —1<z<1 (3.5)
b du? 4+ (1 —u)? I_ ’ =T=5 ’

with the initial condition: v = 1 for —% <z <0 and ©v = 0 elsewhere. Inflow and outflow
conditions are applied at left and right boundary, respectively, and the computing time is
up to t = 0.4. The exact solution contains both shock and rarefaction, moreover, some high-
order schemes may non-converge to the right entropy solution for this test. We present the
numerical results in Figure [3.7, and we can find that the hybrid HWENO scheme performs

well for capturing the correct entropy solution and has a good resolution.

Example 3.8. We solve the 1D Euler equations Riemann initial condition for the Lax

problem

(0.445,0.698,3.528,1.4)7, z € [~0.5,0),

T _
(s p,7)" = { (0.5,0,0.571,1.4)7, z €10,0.5]. (3.6)

The final computing time is up to 7' = 0.16, and we first present the performances of the
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Figure 3.7: 1D Buckley-Leverett problem: initial data u = 1 for —% <z <0and u=20
elsewhere. T' = 0.4. Solid line: exact solution; squares: the results of the hybrid HWENO
scheme. Uniform meshes with 80 cells.

exact solution and the computed density p obtained with the hybrid HWENO and WENO
schemes by using 200 uniform cells in Figure[3.8f The zoomed in picture and the time history
of the cells where we modify the first order moments in the hybrid HWENO scheme are also
given in Figure 3.8 In this test case, there are about 10.71% cells in which we modify their
first order moments, which means most regions use linear approximation and have non-
decomposition in the characteristic direction, therefore, the hybrid HWENO scheme saves
about 62.5% computational time than the HWENO scheme, meanwhile, the modification
in the troubled cells is very important to control the oscillations. The hybrid HWENO
scheme also keeps good resolution, and the hybrid HWENO and WENO schemes have similar
numerical performances, but the hybrid HWENO scheme only needs the immediate neighbor
information.

Example 3.9. The Shu-Osher problem, which describes shock interaction with entropy

waves [34], and the initial condition is

(3.857143,2.629369, 10.333333,1.4)T, z € [-5,—4),

T _
(011, 2,7)" = { (1+ 0.2sin(5z),0,1,1.4)7, x € [—4, 5. (3:7)

As we know, when the solutions both contains shocks and complex smooth region structures,

a good scheme would simulate it well. Actually, this test case is a typical example with a
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Figure 3.8: The Lax problem. T=0.16. From left to right: density; density zoomed in; the
time history of the cells where we modify the first order moments in the hybrid HWENO
scheme. Solid line: the exact solution; red squares: the results of the hybrid HWENO
scheme; green plus signs: the results of WENO scheme. Uniform meshes with 200 cells.

moving Mach=3 shock interacting with sine waves in density. We solve this problem up to
T = 1.8. In Figure [3.9] we present the computed density p by the hybrid HWENO scheme
and WENO schemes against the referenced ”exact” solution, the zoomed in picture and the
time history of the cells where we modify the first order moments in the hybrid HWENO
scheme. The referenced "exact” solution is computed by the fifth order finite difference
WENO scheme [I8] with 2000 grid points. We find that there are only 2.42% cells where
we need to modify their first order moments by calculating, which saves near 66.7% CPU
time than HWENO scheme, but the modification in the troubled cells is very significant
to make the scheme be robust. In addition, we also see that the hybrid HWENO scheme
has higher resolution than WENO scheme shown in Figure 3.9, Particularly, the hybrid
HWENO scheme only needs three cells while the WENO scheme needs five cells for the

spatial reconstruction.

Example 3.10. We now consider the interaction of two blast waves, and the initial condi-
tions are:
(1,0,10%,1.4)T, 0<2<0.1,
(p, 1,0, )t =< (1,0,1072,1.4)7, 0.1 <z <0.9, (3.8)
(1,0,10%,1.49)T, 09<az<1.

The final computing time 7" = 0.038 and the reflective condition is applied in two boundaries.
In Figure|3.10, we present the computed density by the hybrid HWENO and WENO schemes

against the reference ”exact” solution, the zoomed in picture and the time history of the cells
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Figure 3.9: The shock density wave interaction problem. T=1.8. From left to right: density;
density zoomed in; the time history of the cells where we modify the first order moments in
the hybrid HWENO scheme. Solid line: the exact solution; red squares: the results of the
hybrid HWENO scheme; green plus signs: the results of WENO scheme. Uniform meshes
with 400 cells.

Density

Figure 3.10: The blast wave problem. T=0.038. From left to right: density; density zoomed
in; the time history of the cells where we modify the first order moments in the hybrid
HWENO scheme. Solid line: the exact solution; red squares: the results of the hybrid
HWENO scheme; green plus signs: the results of WENO scheme. Uniform meshes with 800
cells.

where we modify the first order moments in the hybrid HWENO scheme. Particularly, the
reference ”exact” solution is a converged solution computed by the fifth order finite difference
WENO scheme [18] with 2000 grid points. In the implementation, we find that the hybrid
HWENO scheme saves about 58.5% computational time as there are almost 11.31% cells
where we need to modify their first order moments. The modification for the first order
moment in the troubled cells makes the hybrid HWENO scheme be robust, meanwhile, the

hybrid HWENO scheme has higher resolution than WENO scheme.

Example 3.11. We consider the two-dimensional Burgers’ equation (3.3)) seen in Example
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Figure 3.11: 2D-Burgers’ equation: initial data u(z,y,0) = 0.5+ sin(w(x+y)/2). T = 1.5/7.
From left to right, the numerical solution at z = y and its surface. Solid line: exact solution;
squares: the results of the hybrid HWENO scheme. Uniform meshes with 80 x 80 cells.

3.3 with the same initial and boundary conditions here. The finial computing time is ¢t =
1.5/m, and the solution is discontinuous, then, we plot the numerical solution and the exact

solution in Figure|3.11{with 80 x 80 uniform meshes. Similarly as in one dimensional Burgers’

equation, the hybrid HWENO scheme has good resolution nearby discontinuities.

Example 3.12. Double Mach reflection problem [37], which is modeled by the two-dimensional
Euler equations (3.4). The computational domain is [0,4] x [0,1]. A reflection wall lies at
the bottom, starting from x = %, y = 0, making a 60° angle with the x-axis. For the bottom
boundary, the exact post-shock condition is imposed for the part from x = 0 to z = % and
the rest is reflection boundary condition, while it is the exact motion of the Mach 10 shock
for the top boundary. 7 = 1.4 and the final computing time is set as 7' = 0.2. In Figure
3.12| we present the numerical results in region [0,3] x [0,1], the cells where we modify
the first order moments in the hybrid HWENO scheme at the final time and the blow-up
region around the double Mach stems. Again, the hybrid HWENO scheme works well for
this test case, meanwhile, there are only 3.55% cells in which we need to modify their first
order moments, which saves about 68.2% computational time as most regions directly use

linear approximation, and it shows the hybrid HWENO scheme has higher efficiency than
HWENO scheme.
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Figure 3.12: Double Mach reflection problem. T=0.2. 30 equally spaced density contours
from 1.5 to 22.7. From top to bottom: the results of the hybrid HWENO scheme; the cells
where we modify the first order moments in the hybrid HWENO scheme at the final time;
zoomed of the hybrid HWENO scheme. Uniform meshes with 1920 x 480 cells.
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Example 3.13. The final example is about a Mach 3 wind tunnel with a step modeled by
the two-dimensional Euler equations , which is also originally from [37]. The setup of
the problem is as follows. The wind tunnel is 1 length unit wide and 3 length units long.
The step is 0.2 length units high and is located 0.6 length units from the left-hand end of
the tunnel. The problem is initialized by a right-going Mach 3 flow. Reflective boundary
conditions are applied along the wall of the tunnel and inflow /outflow boundary conditions
are applied at the entrance/exit. The corner of the step is a singular point and we treat it
as the same way in [37], which is based on the assumption of a nearly steady flow in the
region near the corner. The final time is 7' = 4. In Figure[3.13] we present the results for the
hybrid HWENO scheme with 960 x 320 uniform cells and the cells where we modify the first
order moments in the hybrid HWENO scheme at the last time step. We can notice that the
hybrid HWENO scheme gets good resolutions in the non-smooth regions, moreover, we find
that there are only 11.68% cells where we need to modify their first order moments in our
implementation, which shows most regions directly use high order linear approximation and
we don’t need to modify their first order moments, and we also know the hybrid HWENO
scheme has higher efficiency than the HWENO scheme for saving near 64.2% CPU time by

calculating.

4 Concluding remarks

In this paper, a hybrid finite volume Hermite weighted essentially non-oscillatory (HWENO)
scheme is designed for solving hyperbolic conservation laws. Compared with other HWENO
methods [28], 29, 89, [7, 16, 35], 24, 43, [36, 8, 25] for hyperbolic conservation laws, we bring the
idea of limiter for discontinuous Galerkin (DG) method to modify the first order moments
in the troubled cells, meanwhile, we find that there are only a small part of cells where we
need to modify their first order moments, and we also reconstruct the interface point values
for the solutions using HWENO approximation in these troubled cells. In other words, there

are many cells in which we reconstruct the point values for the solutions directly employ-
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Figure 3.13: Forward step problem. T=4. From top to bottom: 30 equally spaced density
contours from 0.32 to 6.15 of the hybrid HWENO scheme; 30 equally spaced Mach number
contours from 0.05 to 3.05 of the hybrid HWENO scheme; the cells where we modify the
first order moments in the hybrid HWENO scheme at the final time. Uniform meshes with
960 x 320 cells.

ing linear approximation, which makes the hybrid HWENO scheme be higher efficiency. In
general, the modification for the first order moments in the troubled cells is significant to
avoid oscillations and keep the scheme be robust for non-smooth numerical tests, and these

smooth and non-smooth numerical results all illustrate the good performances of the hybrid

HWENO scheme.
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