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Abstract

This paper develops high-order accurate entropy stable (ES) adaptive moving mesh finite difference
schemes for the two- and three-dimensional special relativistic hydrodynamic (RHD) and magne-
tohydrodynamic (RMHD) equations, which is the high-order accurate extension of [J.M. Duan
and H.Z. Tang, Entropy stable adaptive moving mesh schemes for 2D and 3D special relativistic
hydrodynamics, J. Comput. Phys., 426(2021), 109949]. The key point is the derivation of the
higher-order accurate entropy conservative (EC) and ES finite difference schemes in the curvilinear
coordinates by carefully dealing with the discretization of the temporal and spatial metrics and the
Jacobian of the coordinate transformation and constructing the high-order EC and ES fluxes with
the discrete metrics. The spatial derivatives in the source terms of the symmetrizable RMHD equa-
tions and the geometric conservation laws are discretized by using the linear combinations of the
corresponding second-order case to obtain high-order accuracy. Based on the proposed high-order
accurate EC schemes and the high-order accurate dissipation terms built on the WENO recon-
struction, the high-order accurate ES schemes are obtained for the RHD and RMHD equations in
the curvilinear coordinates. The mesh iteration redistribution or adaptive moving mesh strategy is
built on the minimization of the mesh adaption functional. Several numerical tests are conducted
to validate the shock-capturing ability and high efficiency of our high-order accurate ES adaptive
moving mesh methods on the parallel computer system with the MPI communication. The numer-
ical results show that the high-order accurate ES adaptive moving mesh schemes outperform both
their counterparts on the uniform mesh and the second-order ES adaptive moving mesh schemes.
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1. Introduction

This paper is concerned with the high-order accurate numerical schemes for the special rela-
tivistic hydrodynamic (RHD) and magnetohydrodynamic (RMHD) equations, which consider the
relativistic description for the dynamics of the fluid (gas) at nearly the speed of light when the
astrophysical phenomena are investigated from stellar to galactic scales, e.g. the core collapse
supernovae, the coalescing neutron stars, the active galactic nuclei, the formation of black holes,
the gamma-ray bursts, and the superluminal jets etc. In the covariant form, the four-dimensional

space-time RMHD equations can be written as follows [1]
Oa(pu®) =0, 9o(T*) =0, 9o(¥*F) =0, (1.1)

where the Einstein summation convention has been used, p and u® denote the rest-mass density
and the four-velocity vector, respectively, J, denotes the covariant derivative operator with respect
to the four-dimensional space-time coordinates (¢, 2!, 22, 2%), the Greek indices a, 3 run from 0 to

3. In (1.1), the tensor U8 can be expressed by u® and four-dimensional magnetic field b as
TP = 42p® —uPv?, (1.2)

and the energy-momentum tensor T®® can be decomposed into the fluid part T?B and the electro-

magnetic part TS, defined by

1% = phu®u” + pg*?, (1.3)

2
To = B’ + g77f2) - 5, (1.4
where p and h = 1+ e + p/p are respectively the pressure and specific enthalpy, with e the
specific internal energy. Throughout this paper, the metric tensor g is taken as the Minkowski
tensor, i.e. ¢®¥ = +diag{—1,1,1,1}, and units in which the speed of light is equal to one will be

used. The relations between the four-vectors u® and b* and the spatial components of the velocity

v = (v1,v2,v3) and the laboratory magnetic field B = (By, By, B3) are
u® =W(1,v), (1.5)
o B
b =W v-B,W—i-v(v‘B) , (1.6)
where W = 1/4/1 — |v|? is the Lorentz factor. It is easy to verify the following relations
|B|”

UUuq = —1, u%by =0, |b> =0y = 5o + (v B)*

To close the system (1.1)-(1.4), this paper considers the equation of state (EOS) for the perfect gas

p=(T'=1)pe, (1.7)



with the adiabatic index I" € (1,2]. The RHD case can be obtained by setting B = 0.
Numerical simulation is a powerful way to help us better understand the physical mechanisms
in the RHDs and RMHDs. For the computational purpose, the system (1.1)-(1.7) is rewritten in a

lab frame as follows

Z OF(U) _ (1.8)

8.%'k

with the divergence-free constraint on the magnetic field

OBk _
day,

M‘“

0, (1.9)
k=1

where U and F}, are respectively the conservative variable vector and the flux vector in the xp-
direction, and defined by
U= (D,m,E,B)",
(1.10)
Fy, = (Dvy,, mvy, — By(B/W? + (v - B)v) + proter, my, vg B — Byv)?t,

with the mass density D = pW, the momentum density m = (phW? + |B|*)v — (v- B)B, and the
energy density E = DhW — piot + | B|?. Here e;, denotes the k-th row of the d x d unit matrix, and
Prot denotes the total pressure containing the gas pressure p and the magnetic pressure p,, = %\b\Q.
Due to no explicit expression for the primitive variables (p,v,p, B)T and the flux F} in terms of
U, a nonlinear algebraic equation, see e.g. [37], has to be solved in order to recover the values
of the primitive variables and the flux from the given U. It is obvious that the nonlinearity of
(1.8)-(1.10) becomes much stronger than the non-relativistic case due to the relativistic effect, thus
its analytical treatment is very challenging. The first numerical work may date back to the artificial
viscosity method for the RHD equations in the Lagrangian coordinates [44, 45] and the Eulerian
coordinates [61]. Since the early 1990s, the modern shock-capturing methods were extended to the
RHD and RMHD equations, such as the Roe-type scheme [2, 22|, the Harten-Lax-van Leer (HLL)
method [15, 16, 55], the Harten-Lax-van Leer-Contact (HLLC) method [39, 46, 47], the Harten-Lax-
van Leer-Discontinuities (HLLD) method [50], the essentially non-oscillatory (ENO) and weighted
ENO (WENO) methods [17, 15, 16], the piecewise parabolic methods [41, 49], the Runge-Kutta
discontinuous Galerkin (DG) methods with WENO limiter [75, 76], the direct Eulerian generalized
Riemann problem schemes [71, 72, 70, 66], the gas kinetics schemes [12, 13], the two-stage fourth-
order time discretization [73], the adaptive moving mesh methods [31, 32], and so on. Recently, the
properties of the admissible state set and the physical-constraints-preserving (both the rest-mass
density and the kinetic pressure of the numerical solutions are positive and the magnitude of the

fluid velocity is less than the speed of light) numerical schemes were well studied for the RHD and



RMHD equations, see [39, 40, 65, 67, 68, 69, 63]. The readers are also referred to the early review
articles [25, 42, 43] for more references.

For the RHD and RMHD equations, the entropy condition is an important property which
should be respected according to the second law of thermodynamics. On the other hand, it is
well known that the weak solution of the quasi-linear hyperbolic conservation laws nay not be
unique so that the entropy condition is needed to single out the unique physical relevant solution
among all the weak solutions. Thus it is of great significance to seek the entropy stable (ES)
schemes (satisfying some discrete or semi-discrete entropy conditions) for the quasi-linear system
of hyperbolic conservation laws. For the scalar conservation laws, the fully-discrete conservative
monotone schemes were nonlinearly stable and satisfied the entropy conditions, thus they could
converge to the entropy solution [30, 14]. A class of the so-called E-schemes satisfying the semi-
discrete entropy conditions for any convex entropy was studied in [51, 52], but they were restricted
to the first-order accuracy. Generally, it is difficult to show that the high-order schemes of the
scalar conservation laws and the schemes for the system of hyperbolic conservation laws satisfy
the entropy inequality for any convex entropy function. In [6], a second-order accurate scheme
is shown to satisfy all the entropy conditions, which evolves not only the cell averages but also
the solution values at half nodes. Many researchers are trying to study the high-order accurate
ES schemes, which satisfy the entropy inequality for a given entropy pair. The two-point entropy
conservative (EC) flux and corresponding second-order EC schemes (satisfying the semi-discrete
entropy identity) were proposed in [56, 57], and their higher-order extension was studied in [38].
It is known that the EC schemes may become oscillatory near the shock waves so that some
additional dissipation terms have to be added to obtain the ES schemes. Combining the EC flux
with the “sign” property of the ENO reconstruction, the arbitrary high-order ES schemes were
constructed by using high-order dissipation terms [24]. The ES schemes were then extended to
the finite difference schemes based on summation-by-parts (SBP) operators [23]. Some ES schemes
were also studied in the DG framework, such as the space-time DG formulation [34, 33], the DG
spectral element methods [26, 8], and the nodal DG schemes on the simplex meshes [10]. More ES
DG methods can be found in the review articles [11, 27].

Recently, the high-order accurate ES finite difference schemes for the RHD equations were firstly
studied in [19], in which the dissipation terms built on the fifth-order WENO reconstruction and
the switch function in [5] was of the fifth-order accuracy and the “sign” property simultaneously.
Later, the TeCNO scheme [24] was extended to the RHD equations [4], where the dissipation terms
were based on the ENO reconstruction. For the ideal RMHDs, the high-order accurate ES finite
difference schemes were proposed in [64] and the ES DG schemes were studied in [20] by using the



symmetrizable RMHD equations and the suitable discretization of the source terms.

In view of the fact that the solutions of the RHD equations often exhibit localized structures,
e.g. containing sharp transitions or discontinuities in relatively localized regions, the second-order
accurate ES adaptive moving mesh schemes for the RHD equations are proposed in [21] to improve
the efficiency and quality of numerical simulation. This paper is devoted to extend such ES adaptive
moving mesh schemes as the high-order (greater than second-order) accurate schemes for the RHD
and RMHD equations. The key point is the derivation of the higher-order accurate EC and ES
finite difference schemes in the curvilinear coordinates. For such purpose, one should carefully
deal with the discretization of the temporal and spatial metrics and the Jacobian introduced by
the coordinate transformation and construct the high-order EC and ES fluxes with the discrete
metrics. We prove that the suitable linear combinations of the two-point EC flux in the curvilinear
coordinates give the high-order EC fluxes, which can be regarded as a refinement of the arbitrarily
high-order accurate EC fluxes in the Cartesian coordinates in [38]. The spatial derivatives in
the source terms of the symmetrizable RMHD equations and the geometric conservation laws
are discretized by using the linear combinations of the corresponding second-order case to obtain
high-order accuracy. Based on the proposed high-order accurate EC schemes and the high-order
accurate dissipation terms built on the WENO reconstruction, the high-order accurate ES schemes
are obtained for the RHD and RMHD equations in the curvilinear coordinates. Several two- and
three-dimensional numerical tests are conducted to validate the shock-capturing ability and high
efficiency of our high-order accurate ES adaptive moving mesh methods on the parallel computer
system with the MPI communication. The numerical results show that the high-order accurate ES
adaptive moving mesh schemes outperform both their counterparts on the uniform mesh and the
second-order ES adaptive moving mesh schemes [21].

The paper is organized as follows. Section 2 gives the symmetrizable RMHD equations in
the curvilinear coordinates and corresponding entropy conditions. It involves the special case of
the RHD equations, i.e. (1.8)-(1.10) with B = 0. Section 3 presents the high-order accurate
EC finite difference schemes in the curvilinear coordinates, while Section 4 gives the high-order
accurate ES finite difference schemes by adding suitable dissipation terms based on the WENO
reconstruction. The adaptive moving mesh strategy is introduced in Section 5. Several numerical
tests are conducted in Section 6 to validate the high-order accuracy, the shock-capturing ability

and the efficiency of the proposed schemes. Section 7 concludes the work with further remarks.



2. Entropy conditions for symmetrizable RMHD equations

This section introduces some basic notations and the entropy conditions for the symmetrizable

RMHD equations.

Definition 2.1. A strictly convex scalar function n(U) is called an entropy function of the system

(1.8) if there exists associated entropy fluxes ¢ (U') such that
¢, (U)=VIF(U), k=1,2,---,d, (2.1)
where V' = 1/ (U)7T is called the entropy variables, and (1, qi,) is an entropy pair.

For the smooth solutions of (1.8)-(1.10), multiplying (1.8) by VT gives the entropy identity

However, if the solutions contain discontinuities, then the above identity does not hold and the

weak solutions should be considered.

Definition 2.2. A weak solution U of (1.8)-(1.10) is called an entropy solution if for all entropy

functions 7, the inequality
d
on(U) 9q:(U)
<0, 2.2
o T2 ou (2:2)

k=1

holds in the sense of distributions.

For the system (1.8)-(1.10) with zero magnetic field (B = 0), the entropy pair can be defined
by the thermodynamic entropy [19, 54] as follows

_pWs

nU)=-r—7

ar(U) = nug, (2.3)

where s = In(p/p") is the thermodynamic entropy, 7 is a convex function of U and (7, g) satisfies
the consistent condition (2.1). However, when B # 0, the function pair in (2.3) does not satisfy
(2.1), and it can be verified that in general the system (1.8)-(1.10) cannot be symmetrized [20, 64].
Motivated by the symmetrization of the non-relativistic magnetohydrodynamics [28, 53], some
source terms can be added to get a symmetrizable RMHD system as follows [64]

d
oU OF; 0B
= + § Sk _ —' (V)T E —k, VvV .=7U)", (2.4)

where ®(V') is a homogeneous function of degree one, i.e. ® = ®'(V)V, with
W(v - B)

P = "T, (V)= (0,B/W?+wv(v-B), v-B, v), (2.5)



that is to say, the function pair in (2.3) can symmetrize the modified RMHD system (2.4) so that

it is an entropy pair of (2.4). The entropy variable V' can be explicit expressed as

Pos, p pWo" oW p<B+W2v<v‘B>>>T
r-1 p» p ' p’ 214

V=nU)"= (

For the smooth solutions, taking the dot product of V' with (2.4) yields the entropy identity

which holds in the sense of distributions. One can further define the entropy potential ¢ and entropy

flux potential 1y, from the given (n(U), qx(U)) and ®(V') by

WbJ2
¢:=VTU - nU) = pw + 220 2}')' , (2.6)
2
i = VIR(U) + (V) By — qu(U) = pogr + LV IL (2.6b)

2p

which are important in obtaining the sufficient condition for the two-point EC flux.
Similar to [21], let us derive the curvilinear coordinate form of the symmetrizable RMHD equa-

tions (2.4) and corresponding entropy conditions. Let €2, be the physical domain with coordinates

x = (z1,--+,xq), in which (2.4) is specified, and Q. be the computational domain with coordinates

&= (&, - ,&) that is artificially chosen for the sake of the mesh redistribution or movement. Our

adaptive moving meshes for 2, can be generated as the images of a reference mesh in {2, by a time

dependent, differentiable, one-to-one coordinate mapping & = x(7, £), which can be written as

t=r, CCZ(B(T,E), 52(51,-“,&[)696. (2.7)

Under this transformation, the system (2.4) in the coordinates (7, &) reads

d
1 OF, , OB,
= —d'( —F 2.8
(%k kga (2.8)
with J .
3§k 5&: 3€k
u=sw. 7= (5 >2< B). 5= (75:8)



where J denotes the determinant of the Jacobian matrix and its 3D version is explicitly given by

1 0 0 0
8901 81‘1 8:51 8$1

J:det<6(t,w)> o 06 06 0%

= |2 072 Ory Oxy)-
or 0&  0& O
03 8:6; 83:2 835:;,

or 06 060G

The metrics should satisfy the following geometric conservation laws (GCLs) consisting of the

volume conservation law (VCL) and the surface conservation laws (SCLs)

d

- 0J 0 o0&\
VCL: 5=+ ?le 26 <Jat > —0, (2.92)
d &k,
. _— = 1 = 1 .. . .
SCLs g afk (Jﬁm]> 0, j yore o, d (2.9b)

The former indicates that the volumetric increment of a moving cell must be equal to the sum of the
changes along the surfaces that enclose the volume, while the latter indicates that the cell volumes
must be closed by its surfaces [74]. Those GCLs imply that free-stream solution is preserved by
(2.8), in other words, a physical constant state is an exact solution of (2.8). Finally, by using the

GCLs (2.9), see [21], the entropy identity for (2.8) in the coordinates (7, &) is

a(Jn)
or

[~
ES

e

+ =0, (2.10)

£

=
Il

1

o ()£ 00)

but when the solutions are not smooth, it is replaced with the entropy inequality

with

Tk <o, (2.11)

which holds in the sense of distribution.

Remark 2.1. The continuous GCLs (2.9) are crucial in deriving the governing equations (2.8),
the entropy identity (2.10) and the entropy inequality (2.11). Corresponding discrete GCLs will be

important in proving the EC property of our schemes, see Section 3.

Remark 2.2. For the RHD case, the entropy variable V', the entropy potential ¢, and the entropy
flux potential ¥ can be obtained by setting B = 0.



3. High-order accurate EC schemes

This section presents the 3D high-order accurate EC finite difference schemes for the RMHD
system (2.8), which gives corresponding schemes for the RHD equations by setting B = 0. The
1D and 2D schemes in the curvilinear coordinates are given in Appendix A and Appendix B,
respectively. For simplicity, only 3D adaptive moving mesh schemes for the RMHD equations in

curvilinear coordinates (2.8) on structured meshes are presented hereafter.

3.1. Two-point EC fluz

To develop the high-order accurate EC schemes, one of the main ingredient is the so-called

two-point EC fluz.

Definition 3.1. For the RMHD system (2.8), a numerical flux ﬁ(Ul, U,, (Jaafck)l’ (Jaik) ) is

called two-point EC flux, ( =t,z1,x9, x3, if it is consistent with Fj and satisfies

(V(U,) = V(U)" Fr = << 3£k> <Ja§k> ) 0 o)
1 << gj;) * Jagk)) U,) —v;(U0)
0&;;

' (75
i(( Zﬁ’j) " (Jax) ) (U) + B, (U)) (B(U,) — (1)), (3.1)

'Mw
N

J

Iﬁw

1

J

where ® and ¢, 1); are defined in (2.5) and (2.6), respectively.

Remark 3.1. If B = 0, then (3.1) reduces to the RHD case [21], while, if (¢,) = (7,&), then

(3.1) reduces to the Cartesian coordinate case [64].

What follows is to find such a two-point EC flux satisfying (3.1). Similar to [21], the EC flux

can be chosen as follows

ﬁ(Ul, U,, (Ja;g)l, (J%ik)r) =0+ Fyr), (3.2)

[
Il
-

where ¢ = t, x1, x2,x3, and

o= ((45) - (045) )b - (1) (452) )30

with U and ﬁj satisfying
(w—wfﬁzw—m

(Ve = VT B = [(01)r — ()] — = (B + (By),] (2, — 1)

2



For the RMHD system (2.8), ﬁ;RMHD in [20] is used, while URMHD can be given by following the

derivation of FjRMHD and reads

{3y

{u JUSMHD /EW Y + Ry / {8}

{uv pUSRMED /W) + Ry / {5}

{JRMHD _ {{UZ}@RMHD/{W} + Ra/{B}

D' [{u" Y Ry + {u?} Rs + {u*} Ry — {8} R
(W gom} — fwoPR{u}) AW}
(W fovy — (W' {ur}) /{W}
(W {ory — (W' {w*}) AW}

where

3
D= {BFAWD =Y L B)/HAW Y. 8= /b

k=1
Ry = a0 — Ly p0) }}+Z[ WOy — o |

Ry = (onfu"} — {ﬁB{WbO}}{{bx}}) /W },
Ry = (a1 fu’} — {BHWH{0'}) /{W ),
Ry = (oafu} — {BHWH{o°}) /AW,
ap = 1+1/(T = 1)/{B}",

3
o = o} + 5 E8F S A@PH + SEBHW 2R/,
k=1

here fa}™ = [a]/[Ina] is the logarithmic mean, see [35], and UFMHD denotes the nth component

of URMHD  For the RHD equations, a two-point EC flux in curvilinear coordinates can be found

in [21].

8.2. Discretization of RMHD system and VCL

Assume that the 3D computational domain €. is chosen as a cuboid for convenience, e.g.
[a1,b1] X [a2,b2] X [ag, bs], and divided into a fixed orthogonal mesh {(&1i,,82.4,,&3,i5):
ar = &ro < &1 < 0 < &gy < 0 < &pNp—1 = b, k = 1,2,3} with the constant step-size
A&k = &rip+1 — &y, - For the sake of brevity, the index 4 = (i1, 42,43) is used to denote the point
(&1,i1+ 62,4, €345 ), and the subscript {2, k,n} denotes the index ¢ increases n in the i-direction, e.g.,

{iu 37 %} denotes (ila 7:271'3 + %)

10



Based on the above notations, consider the following 2pth-order (p > 1) semi-discrete conser-
vative finite difference schemes for the RMHD system (2.8) and the VCL (2.9)

3 3
d _ 1 T \2pth — \2pth 1 2pth 2pth
ati=- 2 Ag, <(}-’“)i,k,+§ Y Z A&, Jikots (Bk)@ k=3’

2
(3.4)
3 —~—\ 2pth ——~—\ 2pth
N o B Y 9k
—J; = ZA&<<J&>. 1 <J6t> 1), (3.5)
k=1 ik, 5 i,k,—35

where J;(t) and U;(t) approximate the point values of J (¢,€) and U(¢,£) at 4, respectively, and

—~—\ 2pth

O&,

(F k)Qz;; 11, (Bk)27;: 11, <J 8%) are the numerical fluxes used in the approximations of the
ik, 1

flux derivative, source terms, and spatial derivatives in the VCL, respectively.
The high-order (p > 1) accurate EC schemes (3.4) for the system (2.8) are mainly built on the

following parts.

1. For the given entropy pair, the two-point EC flux F, is first derived from (3.1), and then the

high-order EC flux (F k)2p 11 is gotten by some linear combination of the two-point EC flux

~ oOF

F in (3.2), such that the approximation of the flux derivative 3 ks 2pth-order accurate.
k

It is considered as an extension of the high-order accurate EC schemes in the Cartesian

coordinates [38] to the curvilinear coordinates.

" O&\ 2vth
2. Compute (Bk)m?:};l and ( 8575 k) L1 by the same linear combinations of corresponding
2nd-order case as that of the 2pth—0rder EC flux, so that the approximations of the spatial
derivatives in source terms and the VCL are also 2pth-order accurate. The discretization of

the latter degenerates to the 2pth-order accurate central difference.

—~—

3. The metrics (J gi];)z used in the above two parts are discretized by the 2pth-order central
difference based on the conservative metrics method (CMM) [60] such that the SCLs hold in
the discrete level.

4. The schemes (3.4)-(3.5) can be proved to be 2pth-order accurate and EC by combing the
above three parts, which mimics the derivation of the continuous entropy identity (2.10) in

the curvilinear coordinates.

The first two parts are given in Proposition 3.1, the third is addressed in Section 3.3, and the last

one is summarized in Theorem 3.2.

—_—~—

Proposition 3.1. If the 2pth-order fluxes (]:k)thh (Bk)zpth and (J%

2pth
kL ok 8t>' , are chosen as

11



follows

» _
Fh | - ko Uit (J‘%’“> , (Jaf’“> ) RNEY:
( k)%k,_,_g >y, ;0 < k, kst ) in 0 )ir i (3.6)
O 8£k
( 1,k,—s> zk,—s+n> (Jﬁac])z’ ( a$]>i7k7_s+n> ’ (37)
J@fk 2pth - p n—1 Jagk <J(9fk> ((]%g) (3.8)
¢ B Z%’n o¢ C ) ins N OC ) ip sin]’ '

zk+1 n=1 s=

S

0
where ( = t, x1, 2, 3, Bk and (J 3%) are corresponding 2nd-order case as follows

B (@ (752) (Jaffj>>=§i;i<<J§fjj>l+< 7). ><<Bj>l+<3jm,
%) ((5), 649) -3(0%) (%))

and the coefficients in the linear combinations satisfy the constraints [3§]

p P
Znap,n = 17 ZnQSilap,n:(L 5227'” y Py (311)
n=1 n=1
. .. OF . .
then the approximation of the flux derivative a€ is 2pth-order accurate, i.e.
k
1 — \2pth — \2pth . aj:k 2p .
e <(}-’“)z‘,k,+§ —(Fh, ) = et| O (Agk )  k=1,2,3. (3.12)
1

Similarly, the approximations of the source terms and the spatial derivatives in the VCL are also

2pth-order accurate.
To prove such proposition, let us first consider the following Lemma.

Lemma 3.1. If the smooth two-parameter scalar function f(u(¢;), u(¢,)) and vector-value function
F(U(G).U(()) satisfy
Consistency flu,u) = f(u), F(U,U) = F(U),
Symmetry  f(u(G),u(G) = F(u(G), u(@), FUG),UG) = FUG),UG),

then the following identities hold

9 + )
250 1@ w(@))| = 5] _»

12



0 =~ 0
25 FUQLUG))|_ = 5 FOQ)] .
20 [Fu(@). ulc)FO@.UGD] | = 5 fae) PO _ .

Proof. The first identity is a special case of the second, which comes from [9]. Utilizing the sym-

metry and the consistency of F gives

Qaﬁ(Ul, U,)
ou,

_ (9FWLU,) | 0F(ULU)
UT:Ul B aU[ 8Ur

B 8ﬁ(U,U)’ B 8F(U)‘

U lv=u, U lu=u,’

U,.=U,;

Letting U; = U (), U, = U((,) and using the chain rule gives

0
9

The third identity can be obtained as follows

0

2 oo = PO

F(UQ),UG))

5o [Fu(@). () FU@).U(6)]

—

7{
—

7(

2

r=Q

9 ~
CT=QF(U(CZ)) + Qf(U(Cz))aCTF(U(Cl% U(¢)) o

(W], PO+ Ful@) 5 FU©)

@(OIFUQ)|

=2

=G

¢=¢’

where the first equality uses the product rule. ]
Based on the above Lemma, it is ready to prove Proposition 3.1.

Proof. 1t suffices to consider the ig-direction and to assume the other two independent variables to

be fixed and omitted in the following expressions by using “ --”. If taking (; = ék, ¢ =&, and

f:;<(Jgi;) (...’§k7...)+<J(§i’;> (...7&7...)),

F=FU(- &, )U( &, ),

in Proposition 3.1, then one has

6(; [; ((J?i’j) (oo ) + (J?ﬂi’;) (- ,gk,...)> ﬁj(U(... ) U 7@...))]

_ ;(;Z_k Kjgil;) . ,gk,..-)Fj(U(...,§k,...))]

Ee=x

(3.14)

e=E
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If utilizing (3.14), then one can expand Iof"j(i; i,k,£n) defined in (3.3) at §;, by using Taylor series

(% g | L PA&% 9 (0% o
Fj(z,z,k,:tn)—[<Jaxj>F‘]]i:t 5 o6, [(Jﬁacj)FJL

+ Z (insA&O 0¢, (z i)+ O (A.§2p+1)

s=2

as follows

so that their difference becomes

Fj(iyi,k,+n) — F(i4,k —n )_nAgki Kjgic) ]
J i

(nAE)?® . 2p+1
+2Z TR agk L (zz)+o(Agkp+>.

Similarly, it can be verified that

agk ot

+2Z HQML B0 (i) + 0 (Ag).

f](’i;i,k,—i—n) — f](i;i,k,— ) = nA—— 0 |:<J8€k> U:|

Based on those, one gets
1 — \2pth — \2pth
A& <(‘7:’“)i,k,+§ - ("Fk)i,k,fl

3
—Zapn zzk—i—n Z (44, k,+n) — U (3;4, k, — Z]'sz

j=1 Jj=1
P 25—2 D p 0x YU (5;4)+ 52, Fi(4;4
_ (Z napm) aagk 2A§kz ‘Z (Z n25_1ap7n) ( ('L 7') Z] 1 J(’I, z)) Lo (Agz”)
n=1
O0F

8528 1
:Té_k

g n=1

O (Ag,ﬁp) Ck=1,2,3,

1
where the last equality uses the constraints (3.11). Similarly it can be proved that the approxima-

tions of the source terms and the spatial derivatives in the VCL are also 2pth-order accurate. [

3.3. Discrete GCLs

This section introduces some appropriate discretizations of the spatial metrics ( §k> and

Ox;j
0
the temporal metrics <J 8§tk> in order to get the discrete SCLs
7
3 ——~—\ 2pth ——~—\ 2pth

1 0 0&};
> e (J;k) (Jf) —0, j=1,2,3. (3.15)
i1 A Y9/ il ) ikt
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and the discrete VCL.

For the smooth transformation (2.7), the following identities hold

o6 _

Oy

7% _

81‘1
0&s3

81‘1

Oy Oxg Oz Oy
0& 083 083 0&
Oy Oxg Oz Oy
083 0&1 06 083
Oy Oxg Oz Oy
061 08 08 0&1

96 _ Oz30ry Oy Oy
8902 862 853 853 852,
0 _ Or30vy Oy Oy
Oxy 083 061 0& O3’
08 _ Org dry Oy 0y
Oxy 06 0 0& 0&1

which can be reformulated into the divergence form

798
8.271
98 _
8563
352
8%1
96
8%3
08
8x1

083
Ja:cg

J ==

_ 0 (8% ) 0
853 9&° 6«52

81‘1 83:1
853 (aaz 2) &, agﬁ)’
(8%> 9 3%) J%_8<0w3
06 \0& ) a6 \oe ) Ton, 06 \ 96
0 8951 0 8.%'1
6’5(8{3 2) €3 a&“)’
6‘(8%) 9 @%) J(%a_8<@ffa
T 06 \06 ) 06 \0ge ) T on, 96 \ 96
8 81‘1 8 al’l
96, (a& ) ¢, asf‘")'

(9%'2

930

8:62

o6

83?3

o6 _

D3
&3

81‘3

). a2 (e

O Oz Oy Oy
08 083 083 0&
O Oxy Oy Oy
063 0& 061 0&3°
O xy Oy Oy
061 08 06 0&1

Those are useful to compute the discrete metrics and to obtain the discrete SCLs by the CMM

[60]. Using the same discretizations for the first-order spatial derivatives in (3.16) gives

NN
T AGAG
T AGAE
= AgAg |
(62 [01 [w2] 3]

T AGAS

T AGAS

1

1

1

1

1

1

Oxla;

(65 [02 [x1] 2]

(61 [03 [w2] 3]

(62 [01 [21] 2]

1

(05 [02 [wo] 23] — 62 [03 [w2] 23]) (J >
— 03 [61 [w2] x3])

— 01 [62 [w2] x3])

p

061
0xo

— 02 [65 [71] 22])

61 (03 [z1] 22] — 83 [61 [z1] 22])

— 01 [62 [71] 22])

15

08\
(Jaxgl B
083\
("ax)i -

Keyae; (s oLl m] =025 rs] 1)
A§31A§1 (61 [53 [113'3] xl] N 63 [51 [113'3] xl]) )
Reag (02101 sl an] = 1 6 fus] ).

] = 5 Z Qpn (ai,k,Jrn - ai,k,fn)

n=1

(3.17)



is the 2pth-order central difference operator in the ix-direction. Combing the above discretizations

with the fluxes (3.8), one can verify that the discrete SCLs (3.15) are satisfied. For example, for

3 1 /55/ 2pth /52/ 2pth 3 1 85
k k _ = IS5k
e ()., U), ) meee [0R))

. 1 . 1
7‘7kv+§ vy g

1 & 1 082 1 083
~aen (7)) ragn (7)) + 56 | (752

_ M (5165 [52 2] 3] — 5182 [0 [w] 3] + 6201 [33 2] ]

— (52(53 [(51 [.%‘2] 373] + 5352 [(51 [1‘2] 1'3] — 53(51 [52 [372] 1'3]) = 0,

7 =1, one has

since ; and 0y are commutative, i.e. ;0 = 30;.
The temporal metrics (J0x&y) satisfy

3

D Ty =1,2
Jat Z ot <Jaxj k=123

7j=1
so that one has the following approximation
Oy, %, Oy,
ISR Nl =2, 1
(J o > ' Z(azj) J o, ). (3.18)
i =1 i
where (&;);, j = 1,2, 3 are the grid velocities at 4, which will be provided by some given expressions

433

) have been obtained
l’j .
in (3.17), the implementation of (3.18) is simple and cheap. Combining 63.18) with (3.5) and

or solving the mesh equations in Section 5. Since the quantities <J

(3.8) gives the semi-discrete VCL. Moreover, it can be verified the following free-stream preserving

property.

Proposition 3.2. If the semi-discrete schemes (3.4)-(3.5) are integrated in time with the explicit
SSP RK scheme from ¢ = " to t"*! = " + At", with the time step size At", then the resulting

fully-discrete schemes preserve the free-stream states.

Proof. The forward Euler time discretization is considered here, since the explicit SSP RK schemes
are a convex combination of the forward Euler time discretizations. Assuming that U;* = Up is a

physical constant state, rewrite the update of the metric Jacobian J; and the solution U; as follows

Soae [T\ (Cag T N 96,
JrHl = g J=E — | = =Ji' — 0 [(J)]
i P Ay, ( ot >i,k,+; < ot >k2 C A, k ot
ntl n YN 2pth = \2pth
k=1



- J{LUO—ZAthapn[

k=1

(08 (), B () (), e
SO0 ) e na (), (5) ) pes)
N ) = N )
= JUy,

where the discrete GCLs have been used in the last equality. Thus U"Jrl (J U)"+1 /J; nt— .
The proof is completed. ]

3.4. Proof of high-order accuracy and EC property

This section is devoted to present the high-order accurate EC schemes based on the previous

results.

Theorem 3.2. The semi-discrete schemes (3.4)-(3.5) with the fluxes (3.6)-(3.8) are 2pth-order

accurate and EC in the sense that
d i 1 th ( )thh =0 (3 19)
d T i,k +2 % i’k’fé - ’

with the consistent numerical entropy fluxes

&k O
2pth
ikt ] Zap, Z%( it Uik —sim, <Ja<>i,k, <J36>i,k,s+n>’ (3.20)

where

(o

Jj=1 )
3 1 8§k>
+ - (( dzj )

_|_



Proof. From Proposition 3.1 and the discretizations of the metrics <J%£Ck>, in (3.17) and (3.18),
¢ =t,x1, 9,3, it is obvious that the semi-discrete schemes (3.4)-(3.5) are 2pth-order accurate in
space.

Taking the dot product of (3.4) with V; and using the chain rule and the semi-discrete VCL

(3.5) gives

d 3 1 5 pth /‘5%_/ 2pth
s 2pth =" \2pth i YSk _ YUsk
ﬂh = Z A { < k)zk+2 (fk)z,k,é> QZS ( (J ot ) . 1 (J ot > ' 1 )
i,k +3 i,k —3
+ P ((B TR <Bk>fp;h) }

Further utilizing the discrete SCLs (3.15) can get

d 3 1 /(‘92‘/ 2pth /-55/ 2pth
A Tm) — — - T — \2pth =" \2pth e YUSk B YSk

k=1 it I
/5—5/ 2pth /5%/ 2pth
- ZW%’( (J aﬁ) - (%ﬁ) ) +®; ((kap;ig <Bk>fpgh_> }
j=1 I/ ikl 1/ k-1
3 p o
k=1n=1 Afk

where

o [ v (), (05), >< (%).(%)..))
i,k,+n
7%k 0% L( (% 06

(b@[ <( 8t> (Jat zk+n> 2<< at)i,“)]’

3 8§k> 6& ) < 3&;) ( 3&6) )]
I3 = J=E g%k ’
3 ;(%) [ (( 0 Z; &rj ik 8x] ax]

afk 8§k

I4—Z(I) [ (( 8x]> ( ax] zk+n>< 2k+n>

4 ( < giﬁ) " ( giﬁ) ) ((Bj)i + (Bj)m’n)].

1 1 1 1
If splitting V; as 5 (Vi+ Vikan) — B (Vik,4n — Vi) or B (Vig,—n + Vi) + B (Vi = Vik,—n), then I

T
L=+ 5 (Vi+ Vign) ' F (U“ Uik-tn; <J ¢ ) <J ¢ >k+n>
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1 ~ 0 8
—35 (Vikin — Vi)' Fi (U'b Uik n, <J ;k gk )
C 1, k,+n
1 —~ 0 8
— = Vit Vg " Fr | Ui Us oy | T2 5’“ g’“
2 8C zk -n
1 —~ 15) 8
) (Vi — V;:,k,—n)T Fr (Ui, Ui k,—n, <J ;Ck gk ) (3.23)
zk -n

Similarly, treating ¢;, (¢j); and ®; gives

_ oy 433 Ok Ll 3 43
I =+ Z (¢z + ¢z,k,+n) <<J ot ) (J ot )z,k,-}-n) 4 (¢z,k,+n ¢1,) <<J ot >'+ <J ot >17k7+n>
1 & O&k, 1 0&;; 0
-4 (63 + Dikn) <<Jat> (Jat) n) 1 (05 — i k,—n) <<J8t> + <Jat>1,,k,n> ;
(3.24)
3
0/3 O

E (Ws)s + Wlisan) (("ax] ’ ("a@)i,k,+n>

J
1
4

)
k) ] , (3.25)
)

ST . ((@fj) + (ﬁf)k ) ((Bm ¥ <Bj>i,k,_n>
(

- é (P — Pig,—n) ((Jgj;>z + Jgi’j)ﬂ n) ((Bj)i + (Bj)i,k,—n>] - (3.26)

Substituting the sufficient condition (3.1) into (3.23) yields

1 T = 8£k 5&;
L=+ 5 (Vi+ Vigin b ko \ g ¢
1=+3 (Vi+ Vik4n) Fr (U Ui k,+ <J ¢ > (J ¢ )’L,k,Jrn)
1 T = 8fk aék
-5 Vit Vign o Pk \ e ) o\ o
5 Vit Vi)' Fi (U Ui, (J ¢ > (‘] a¢ ),H)

) &, 433
1 [(¢i,k,+n — ¢i) ( (J('?t> <Jat>z,k,+n>
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—_

t3 (®; — Pi k,—n) < <

Combining (3.24)-(3.27) with (3.21)

1
II_IQ_I3+I4:+§(‘/;Z+V;ZJ€,+H

2
1
1 (s + Gik4n

1
t1 (s + Dike—n

;i

3

J—

1
(Vikn +Vi)T

)
)

O

\_//\

) (3.27)

gives

7
i

¢,
aC

).
a).
)o)

).
)i+ ( 79k

Ox;j

o6,
aC

g,
aC

Ui, Ui k. 4n,

).
).

Ui, U ., —n,

+ (V5)ik,4n) ((Jagk

(J
<J
¢
ot

¢

J
J
ot

( 79
<J

(‘33:]-

)i,k,+n>

- i ((5)i + (¥5)i e, —n) ( ( gif;) + < gii) )]
oo () (), ) (mne i)
~ % (i + Pik,—n) ( < gi’;) + Jg )Zk n) ((Bj)i + (Bj)i,kv—n>]

- 15) 0 -
= qk (Ui,Ui,k,—i—na < £k> ( €k> ) —qk (Ui, Ui k,—n, <J
i,k,+n

thus (3.22) becomes the numerical

consistency of the numerical entropy flux (qk)

O

Ok Ok
a¢

a¢

).

Moreover, it is easy to check the

O]

)
i,k,—n

entropy identity (3.19).
il with qz. The proof is completed.
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4. High-order accurate ES schemes

It is known that for the quasi-linear hyperbolic conservation laws, the entropy identity is avail-
able only if the solution is smooth. For the discontinuous solutions, one should consider the entropy
inequality. Meanwhile, the EC schemes may produce serious nonphysical oscillations near the dis-
continuities. Those motivate us to construct the high-order accurate ES schemes (satisfying the
entropy inequality for the given entropy pair). It can be achieved by adding suitable high-order
dissipation to the EC flux (3.6) to obtain the wth-order (w = 2p — 1 > 3) accurate ES flux

= = \2pth 1 >
Forty = FOmh, Dy Yo (V)N (@)

where the matrix D, , 41 is obtained by evaluating D := AT~ 'R(TU) at i,k,+3, and T is the
“rotational” matrix, which is defined by T = diag{1,Tp, 1} and T = diag{1,Tp,1,Tp} in the RHD
and RMHD case, respectively, with

cospcosf  cospsinf  sing
Ty = —sinf cos 0 )

—sinpcosf —singsinf cosp

_ 08k 08k
f = arctan <<J8x2> / <J8x1>> ,

= arctan (%k 8§k J 0%k > i
Y= 8903 8901 8962

Here \ is taken as the spectral radius

= max{‘ %—FLM (TU)‘},

3 2
with Ly = ([ > (J 8&6) , and R is a set of scaled eigenvectors such that

=1\ 0z
ov _ 91 _ RA A = D W
v RR", 50 = RAR ", diag{\1,..., Am}
where A1, -+, A, are the eigenvalues and m is the equation number (e.g. m = 5 and 8 for the

RHD and RMHD cases respectively when d = 3). The detailed computation of the eigenvalues
and eigenvectors has been given in [21, 20]. To obtain high-order accuracy, the high-order WENO
reconstruction is performed in the scaled entropy variables. More specifically, the wth-order (w =
2p—1) WENO reconstruction [36] is performed on {V = RT L (TU )T ! V'} in the ix-direction

to obtain the left and right limit values denoted by VW]?FNO and V.WEl\iO +, and then define

3 'L,k,+§

WWENO __ 7WENO,+  £7WENO,—
<<V>>i,k,+% - V;k+2 Vzk+f
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In (4.1), the diagonal matrix Y, , 41 is used to enforce the “sign” property, see [5], with the diagonal
IS L)

component given by

L sign((Vi)i s 1) = sign([Vil s, 1),

0, otherwise,

(Vi it =

where [[a]]i’kﬂr% =Qik4+1—0Q

Theorem 4.1. By replacing the 2pth-order EC flux with wth-order ES flux (4.1), the following

schemes
d 1 501
_ wth T \wth T 5 \2pth 5 \2pth
aHi=— kz A, ((-7"/<:)zk+1 - (-’Fk)i’k.’_%> - (V) kZ—l Agr <(Bk)ii7+; - (&)&j_;) ;

d 3 1 /‘8\{ 2pth /‘a\%/ 2pth
& Zag\\"or ), o) s

2

are ES. Specially, they satisfy the entropy inequality

3
d 1 wth =~ \wth
a0 + 3w (@i — @) <0
k=
with the consistent numerical entropy fluxes
1~ ~ ~
~\wth _ (7\2pth T WENO
(qk):jk-7+% - (qk)lﬁfﬂ’% - 5)\1:,]6,4»%{‘/}1:,]@’4»% i7k7+%<<v>>i7k7+% ) (44)

where fa}; ;1 = 5(aipq41 + as).

Proof. Taking the dot product of V; and (4.2) gives

d _ 1 ~\2pth ~\2pth
i) ==X 5 (@, - @,
1
b\ Trp— T\ WENO
2.5, <A Vi Ry (TU)Y o (VS
k=1
b\ - 0
A VT Ry s (TU)Y (V)
:_il((f)wth _(C/I\ wth )
— Aék k i,k +5 k i,k,—5
1
b\ -1 WENO
~2_ 1A% (A,- et Ve T Rike s (U (VDT
k=1
PR VIS T R wwm,k,_;«v»wg)



3

=3 3 (@ - @)

k_

w

1 3 v\ WENO T v\ WENO
— > 4A§k< zk+1[[v]]zk+2 ik, 1 <<V>>i,k,+l +>\7,k IHV]] k, % ,k,*%<<v>>i,k,—%)’

ol

where the 1st equality uses the entropy identity satisfied by the 2pth-order EC scheme (3.19), the
2nd equality uses (4.4). From the definition of Y, , | 1, one can get
vy 2

= \WENO
[[V]]z & ilifi,k,:t%<<v»i7k7i% >0,

therefore, it holds
d wth ~\wth
— . < 0.
a’ +Z Afk (@5 — @) <o =

Remark 4.1. When the solution is a constant state, the dissipation terms vanish, so that the ES

schemes preserve the free-stream state.

5. Adaptive moving mesh strategy

This section presents our adaptive moving mesh strategy at time ¢t = " for the completeness of
the paper, but focuses on the mesh iteration redistribution with the solution obtained by the finite
difference scheme. It is similar to that used in [21], where the mesh iteration redistribution depends
on the solution obtained by the second-order accurate finite volume scheme. Unless otherwise
stated, the dependence of the variables on ¢ will be omitted.

Consider the mesh adaption functional

Z/Q Vgxk Gk (V&l’k) dE, (51)

where G, is the given symmetric positive definite matrix, depending on the solution U. Solving

the Euler-Lagrange equations of (5.1)
Vg : (GkV£l’k) =0, £€ Q., k=1,2,3, (5.2)

will give directly a coordinate transformation x = (&) from the computational domain . to the
physical domain 2,. The concentration of the mesh points is controlled by G}, which in general
depends on the solutions or their derivatives of the underlying governing equations and is one of
the most important elements in the adaptive moving mesh method. Different problems may be
equipped with different G. For example, the Winslow variable diffusion method [62] is considering
the simplest choice of G}, defined by

G = wlis,
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where w is a positive weight function, called the monitor function, and may be taken as

w= \/1 + a|Veo|/max|Veo|, (5.3)

here o is some physical variable and « is a positive parameter. There are several other choices of

the monitor functions, see [7, 29, 31, 58, 59].

Remark 5.1. The monitor function is computed from the solutions of the underlying physical
equations (2.8), thus is not smooth in general. To get a smoother (adaptive) mesh, the following

low pass filter

1\ l+lizl+lis+3
Wiy ig,iz < E (2> Wiy +j1,i2+72,i3+73>

J1,J2,J3=0,%1

is applied 3 ~ 5 times in this work.

The mesh equations (5.2) are approximated by the central difference scheme on the computa-

tional mesh and then solved by using the Jacobi iteration method

3
Z [(Wi + Wik, +1) (CB%H - CIJLVH]) — (Wi + wik,—1) <x£V+1] - x%_l)} =0, v=0,1,---,p,
k=1

in parallel, where :cgo} =z}, and w is computed by using the solution U at t". In our numerical
tests, the total iteration number g is taken as 10, unless otherwise stated.

Once the mesh {a:L“ ]} is obtained, the final adaptive mesh is given by

x?“ =xy + AL (0rx)], (0;)}

i =T

where the parameter A, is used to limit the mesh point movement

A<
oG [(xk>2k,+1 - (901)?} ; (6rak)i > 0.

Finally, the mesh velocity in (3.18) is defined by &} := A.(d6;x)}/At", where the time step size
At" is determined by (6.1).

6. Numerical results

This section conducts several 2D and 3D numerical tests in the RHDs and RMHDs to validate
the convergence orders of our sixth-order accurate EC schemes on moving meshes (denoted by
MM-06), and the convergence orders and the shock-capturing ability of our fifth-order accurate ES

schemes on moving meshes (denoted by MM-05). The numerical results are also compared to those
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obtained by the fifth-order accurate ES schemes on the static uniform mesh (denoted by UM-05)
[19], and the second-order accurate ES adaptive moving mesh schemes (denoted by MM-02) [21].
Our schemes are implemented in parallel based on the data structure of the PLUTO code [48], and
all simulations are performed with the CPU nodes of the High-performance Computing Platform
of Peking University (Linux Red Hat environment, two Intel Xeon E5-2697A V4 (16 cores x2) per
node, and core frequency of 2.6GHz). Unless otherwise stated, the adiabatic index I' is taken as

5/3 and the time step size At™ is determined by the following CFL condition

A" = CrL : (6.1)

d
kzl rn?x QZ@/A&@

where g} ; is the spectral radius of 0F/0U + ®'(V)0Bj,/OU evaluated at i and ", and the CFL
number is taken as 0.4 and 0.3 for the 2D and 3D tests, respectively.

6.1. 2D tests

Example 6.1 (2D RMHD isentropic vortex problem). It describes a 2D vortex moving with a
constant speed (—0.5,—0.5) and is solved to test the convergence orders and the change of the total
entropy. Specifically, the physical domain 2, is taken as [-R, R] x [-R, R| with R = 5 and periodic
boundary conditions. The explicit analytical solutions at time ¢ and the spatial point (x1, x2) given
first in [18] are

_ o e S
p=(1—-cexp(l—7r"))T1, p=p,

1 - ~ - ~
= m(@ +V2)T + (2 V2)T2 — 2, (24 V2)Te + (2 - V2)T1 — 2, 0),

B= 1 (V2+ 1B~ (Vi- DB (V24 1B~ (VZ- 1B, 0).

v

where

'=5/3, 0 =0.2, By =0.05, r= m,

Tr =2k + (V2 - 1)(T1 +32)/2, k=1,2,
(/fl,C/L‘\Q) = (2]{21R+$1 +t/2 —1, 2koR + x9 —I—t/2 — 1), (/:E\l,/.fg) S [—R, R} X [—R, R], ki,ko € Z,

kexp(l —7?)

=2r I —1)B2(2—r?
kr2exp(l—r2)+ (C—=1)p+Tp’ w op+( ) Bl ),

(U1,02) = (=22,21) [, f = \/
(B1, Bs) = Byexp(1 — r?)(—%2, 1)

The problem is solved with a series of N x N meshes until ¢ = 4.
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First, we test the sixth-order EC scheme on moving meshes (MM-06) with the following moving
mesh strategy
(1)iy iy = T1 + 0.2cos(nt/4) sin(3wz2/R), (x2)iy,iy = T2+ 0.2cos(nt/4)sin(3wz1/R), 6.2)
6.2
z1 =2i1R/(N — 1), @3 = 2ioR/(N — 1), i1,i2=0,1,--- N — 1.
The time step size is chosen as At" = CFLAE? to make the spatial error dominant. Figure 6.1
gives the 10 equally spaced contours of the rest-mass density and the moving meshes with N = 40
at different times. One can see that the shape of the vortex is preserved well.
Next, the problem is resolved by using the fifth-order ES scheme with the adaptive moving

mesh (MM-05) and the following monitor function

w=/1+20[Vepl/ max [Vep| + 10| Agpl/ max|Agp. (6.3)

The time step size is chosen as At" = CFLAﬁ?/ ? to make the spatial error dominant. Figure 6.2

plots the adaptive meshes of N = 40 at different times, which show that the concentration of the
mesh points follows the propagation of the vortex well.

Figure 6.3 plots corresponding errors in the rest-mass density p and convergence orders of
MM-06 and MM-05. One can see that MM-06 and MM-05 can achieve sixth- and fifth-order accuracies
respectively.

Finally, we examine the EC and ES property of our schemes. Figure 6.4 presents the evolution

of the discrete total entropy >, . Jiy i,n(Ui,.ir)/N? with respect to time obtained by MM-06 and

11,82

MM-05 with N = 160. We can see that the total entropy of the EC scheme almost keeps unchanged,
while the total entropy of the ES scheme decays as expected.

It should be noted that MM-05 with the moving mesh (6.2) and MM-06 with the adaptive moving
mesh and the monitor (6.3) can also respectively get fifth-order and sixth-order. Their results are

omitted here due to limited space.

Example 6.2 (RHD Riemann problem I). This example considers the 2D RHD Riemann problem
with the initial data

(0.5, 0.5,—0.5, 5), 21> 0.5, 2 > 0.5,
(1, 0.5, 0.5, 5), 21 < 0.5, 25> 0.5,
(p,'l)l,'l)g,p) -
(3,-0.5, 0.5, 5), 21 < 0.5, 25 < 0.5,
(1.5,-0.5,-0.5, 5), 21> 0.5, 22 < 0.5,
\

It describes the interaction of four contact discontinuities (vortex sheets) with the same sign (the

negative sign).
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Figure 6.1: Example 6.1: Adaptive meshes and rest-mass density contours at different times obtained by MM-06 with
the moving mesh (6.2). N = 40 and 10 equally spaced contour lines.
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Figure 6.2: Example 6.1: Adaptive meshes and rest-mass density contours at different times obtained by MM-05 with

adaptive mesh velocity and the monitor (6.3). N =40 and 10 equally spaced contour lines.

The monitor function is chosen as (5.3) with & = 1200 and ¢ = Inp. Figure 6.5 shows the
adaptive mesh of MM-05, 40 equally spaced contour lines of In p, and the cut lines of Inp along
ro = x1 at t = 0.4 obtained by using our ES schemes with N x N meshes. As time increases, a spiral
with the low rest-mass density around the point (0.5,0.5) emerges, and the adaptive concentration
of the mesh points follows the spiral formation well, see Figure 6.5(a), so that some important
features are well-captured. Figure 6.5(f) shows the solution of MM-05 with N = 200 is very close
to that of UM-05 with N = 500, and MM-05 does not cause spurious oscillations near (0.86,0.86),
see the small box in the upper right corner in Figure 6.5(f). The CPU times (see the parentheses
in the captions of Figures 6.5(b) and 6.5(c)) clearly highlight the efficiency of the adaptive moving
mesh scheme, since it takes only 17.8% CPU time of the latter. Figures 6.5(d) and 6.5(e) show that
the fifth-order scheme MM-05 gives better results with comparable CPU time than the second-order
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Figure 6.3: Example 6.1: The errors and convergence orders in p at t = 4.
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Figure 6.4: Example 6.1: The evolution of the discrete total entropy with 160 x 160 meshes. The line and symbols
aare obtained by using the EC scheme MM-06, and the ES scheme MM-05, respectively.

scheme MM-02 [21], thus MM-05 outperforms MM-02.
Example 6.3 (RHD Riemann problem II). The initial data of this 2D RHD Riemann problem are
1, 0, 0, 1), x1 > 0.5, 29 > 0.5,

0.5771,—-0.3529, 0, 0.4), r1 < 0.5, 2 > 0.5,

(1,
(
(p7U17v27p) =
(1,-0.3529, —0.3529, 1), r1 < 0.5, 9 < 0.5,
(

0.5771, 0,—0.3529, 0.4), a1 > 0.5, 25 < 0.5,

\

which is about the interaction of four rarefaction waves.
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Figure 6.5: Example 6.2. Adaptive mesh of MM-05 with N = 200, 40 equally spaced contour lines of In p, and cut

lines of In p along z2 = z; obtained by using ES schemes. CPU times are listed in parentheses.

The monitor function is the same as that in the last example. Figure 6.6 presents the adaptive

mesh of MM-05, the contours of the density logarithms In p with 40 equally spaced lines, and In p

along r9 = x1 at t = 0.4. The results show that those four initial discontinuities first evolve as

four rarefaction waves and then interact each other and form two (almost parallel) curved shock

waves perpendicular to the line z9 = 1 as time increases. It is seen that the adaptive moving mesh

schemes capture the rarefaction waves and the shock waves well. Figure 6.6(f) compares the results
of MM-05 with N = 200 to UM-05 with N = 500, which are very close to each other, but the former
takes about 30.6% CPU time. One can also find from Figure 6.6(f) that MM-05 with N = 150 gives

better results than MM-02 with N = 200 when using comparable CPU time.

Example 6.4 (RHD Riemann problem III). The initial data of the third 2D RHD Riemann
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lines of In p along 2 = z1. CPU times are listed in parentheses.

problem are

<p7 U17U27p) =

where the left and bottom discontinuities are two contact discontinuities and the top and right are

two shock waves.

The monitor function is the same as above. The adaptive mesh of MM-05 with N = 200, the
contours of the density logarithms In p with 40 equally spaced lines, and Inp cut along xo = x1
at t = 0.4 are shown in Figure 6.7. Similar to the last two examples, from Figure 6.7(d) and
6.7(e), one can see that MM-05 gives better results than MM-02 when using comparable CPU time,

especially around the central “mushroom cloud”, which forms after the interaction of the initial

\
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discontinuities. The solution obtained by MM-05 with N = 200 is much better than UM-05 with
N = 200, see Figure 6.7(f), and agrees well with that of UM-05 with N = 600, while the adaptive
moving mesh scheme only takes 13.7% CPU time, verifying the high efficiency of our high-order

accurate ES adaptive moving mesh schemes.

1

(a) MM-05 with N = 200 (c) UM-05 with N = 600 (9m16s)

-0.2
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-0.25
5 o
x
4y -0.3

02 025 03 035 04
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(d) MM-05 with N = 150 (32s) (e) MM-02 with N = 200 (39s) (f) Inp along z2 = x1

Figure 6.7: Example 6.4. Adaptive mesh of MM-05 with N = 200, 40 equally spaced contour lines of In p, and cut

lines of In p along x2 = z1. CPU times are listed in parentheses.

Example 6.5 (2D RMHD blast problem). It is a benchmark test problem for the RMHD, and
the initial setup in [3, 16, 47] is adopted. The physical domain is [~6,6]? with outflow boundary
conditions, and divided into three parts at initial time. The inner part is the explosion zone with
a radius of 0.8, and p = 0.01, p = 1; and the outer part is the ambient medium with the radius
larger than 1, and p = 1074, p = 5 x 10~%; while the intermediate part is a linear taper applied
to the density and the pressure from the radius 0.8 to 1. The magnetic field is only initialized in
the z;-direction as B; = 0.1 and the adiabatic index I' = 4/3. This problem is solved by using the
fifth-order ES adaptive moving mesh scheme with N x N meshes until ¢ = 4.

The monitor is the same as that in the last example except for a = 800. Figure 6.8 shows
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the adaptive mesh and 40 equally spaced contour lines obtained by using MM-05 with 150 x 150
mesh at ¢ = 4. One can see that the mesh points adaptively concentrate near the large gradient
of In p due to the choice of the monitor function, and increase the resolution of the shock waves.
To compare the results of the fifth-order ES schemes on the adaptive moving mesh and the static
uniform mesh, the cut lines of p and W are plotted in Figure 6.9. It is seen that the results obtained
by using MM-05 with N = 150 are much better than those of UM-05 with the same grid number,
and comparable to those of UM-05 with NV = 600. From Table 6.1, one can see that MM-05 is more
efficient than UM-05, since the former takes only 7.26% CPU time of the latter, highlighting the

high efficiency of our high-order accurate ES adaptive moving mesh schemes.

Example 6.6 (2D RMHD shock-cloud interaction). It is about a strong shock wave interacts with a
high density cloud [32]. The physical domain is [—0.2, 1.2] x [0, 1] with the inflow boundary condition
specified on the left boundary, and the outflow boundary conditions on the other boundaries. A

planar shock wave moves from 1 = 0.05 to the right with the left and right states

(3.86859, 0.68, 0, 0, 1.25115, 0, 0.84981, —0.84981), =z < 0.05,
(p;v,p, B) =
(1, 0, 0, 0, 0, 0.16106, 0.16106, 0.05), otherwise.
The circular cloud of radius 0.15 with a high density p = 30 is centered at (0.25,0.5). This problem

is solved by using the fifth-order ES adaptive moving mesh scheme until ¢ = 1.2.

The monitor is the same as that in the last example. Figure 6.10 shows the 210 x 150 adaptive
mesh obtain by MM-05, where the mesh points adaptively concentrate near the cloud. To give
comparable results presented in [32], the numerical schlieren images generated by using ¢; =
exp(—50|VInp|/|VIn plmax) and ¢2 = exp(—50|V|B||/|V|B||max) are presented in Figures 6.11-
6.12. The results obtained by MM-05 with 210 x 150 mesh are shown in the upper half parts, while
UM-05 with 210 x 150 and 560 x 400 meshes are respectively shown in the lower half parts of the
left and right plots, so that one can compare the results more clearly. Similar to the last example,
MM-05 gives the comparable results to UM-05 with a finer mesh, while takes only 10.5% CPU time,
see Table 6.1.

Scheme Example 6.5 Example 6.6

MM-05 | 2mO03s (150 x 150) | 4m16s (210 x 150)
UM-05 30s (150 x 150) 2m05s (210 x 150)
UM-05 | 28ml14s (600 x 600) | 40m28s (560 x 400)

Table 6.1: CPU times of Examples 6.5-6.6 (4 cores are used).
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Figure 6.8: Example 6.5. Adaptive mesh and 40 equally spaced contour lines obtained by MM-05 with 150 x 150 mesh.

6.2. 3D tests

Example 6.7 (3D RMHD isentropic vortex problem). It is given in [18] and used here to verify
the accuracy of the 3D EC and ES moving mesh schemes. The analytical solutions at time ¢ and

the spatial point (z1,x2,x3) in the physical domain [—-R, R] x [~ R, R| x [-5R,5R] with R =5 and
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Figure 6.10: Example 6.6. 210 x 150 adaptive mesh obtained by MM-05 at ¢ = 1.2.

=P,

the periodic boundary conditions can be given by
1

(1-oexp(l—r?)T1, p
(4v1 + 702 — 3, 4v2 + 11 — 3, V1 + U2 — 3),

p:
1
v = —
6 — 3(01 + 02)
1/ ~ ~ -~ - -
B = (5B~ By, 5By~ By, — Bi- By),
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Figure 6.11: Example 6.6. Numerical schlieren images of ¢1 at t = 1.2. Left: MM-05 with 210 x 150 mesh (upper
half) and UM-05 with 210 x 150 mesh (lower half). Right: MM-05 with 210 x 150 mesh (upper half) and UM-05 with
560 x 400 mesh (lower half).

Figure 6.12: Same as Figure 6.11 except for ¢o.

35



where

I'=5/3, 0 =02, By=0.05, r=/i2+72,

(Z1,Z2) = (40/3ky + 10/3ky + 21, 10/3ky + 40/3ke + Z2), (Z1,Z2) € Qo, k1, ke € Z,

Tp=xp+ (r1 +x2+23)/3+t, k=1,2,3,

(01,02) = (=Z2,71)f, f= \/

kexp(l —17?)

(B1, By) = Byexp(1 — r?)(—%a, 71).

kriexp(l1—r2)+ (T —1)p+Tp’

k=2Top+ (I' —1)BE(2 — %),

The problem is solved until ¢t = 0.1 with a series of N x N x 5N meshes.

Similar to the 2D isentropic vortex problem, two mesh movements are used. The first is gener-

ated by using the adaptive moving mesh strategy in Section 5 based on the monitor being similar

to the 2D case (6.3), while the second is given by the following expressions

(x1); = &1 + 0.2 cos(mt/4) sin(3wz2/R) sin(3723/5R),

(x2); = T2 + 0.2 cos(nt/4) sin(37z3/5R) sin(3nz1/R),

(x3); = T3 + 0.2 cos(nt/4) sin(3nz1/R) sin(3nz2/R),
&1 =201 R/(N — 1), &2 =2i3R/(N — 1), i1,i2=0,1,---
3 = 10i3R/(5N — 1), i3 =0,1,--- ,5N — 1.

(6.4)

7N_17

Figure 6.13 plots the errors and convergence orders in p, from which one can see that MM-05 with the

adaptive moving mesh gets fifth-order, while MM-06 with the moving mesh (6.4) achieves sixth-order

accuracy. Figure 6.14 presents the time evolution of the discrete total entropy >, Jin(U;)/5/N>

obtained by MM-06 and MM-05 with N = 160, verifying the EC and ES property of our schemes.

1072
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Figure 6.13: Example 6.7. Errors and convergence orders in p at t = 0.1.
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Figure 6.14: Example 6.7. Discrete total entropy obtained by EC and ES schemes with N = 160.

Example 6.8 (3D RHD spherical symmetric Riemann problem). This problem has a reference
solution so that it is suitable to serve as the first example to verify our 3D high-order accurate ES
adaptive moving mesh schemes. The reference solution is obtained by using a second-order TVD

scheme to solve the RHD equations in the 1D spherical coordinates. The initial data are

(10, 0, 0, 0,40/3), r=+/z}+ 23+ 23 <0.5,

(1, 0, 0, 0,1072),  otherwise,

(p,v,p) =

and N x N x N meshes are used.

The monitor function is chosen as (5.3) with & = 800 and ¢ = Inp. Figure 6.15 gives the
100 x 100 x 100 adaptive mesh obtained by MM-05, and the comparison of p along the volume
diagonal connecting (0,0,0) and (1,1,1) at ¢ = 0.4. Table 6.2 lists the CPU times of different
cases. It is obvious that all the schemes give correct solutions, and the mesh points adaptively
concentrate near where the large gradient in In p occurs, increasing the discontinuity resolution.
MM-05 gives better results than MM-02 near the head and tail of the rarefaction wave, indicating
that the present high-order accurate scheme outperforms the second-order scheme. The results of
MM-05 with N = 100 and UM-05 with N = 200 are comparable, while the former costs 13.8% CPU

time, verifying the efficiency of our high-order accurate ES adaptive moving mesh scheme.

Example 6.9 (3D RHD shock-bubble interaction). This example considers a moving planar shock
wave interacts with a light bubble within the physical domain [0, 325] x [—45, 45] x [—45, 45], which
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Figure 6.15: Example 6.8. Adaptive mesh and cut lines of p at ¢ = 0.4.

Scheme Example 6.8 Example 6.9 Example 6.10

MM-05 | 5m40s (100 x 100 x 100) | 2h14m44s (325 x 90 x 90) | 3h9m57s (210 x 150 x 150)
MM-02 | 2m51s (100 x 100 x 100) | 1h10m29s (325 x 90 x 90) -

UM-05 | 3m08s (100 x 100 x 100) 51m18s (325 x 90 x 90) 2h8mdds (210 x 150 x 150)
UM-05 | 41m08s (200 x 200 x 200) | 12h34m43s (650 x 180 x 180) | 34h46m49s (420 x 300 x 300)

Table 6.2: CPU times of Examples 6.8-6.10 (32 cores are used).

is extended from the 2D case [31], and also used in [21]. The initial pre- and post-shock states are

(1, 0, 0, 0, 0.05), z1 < 265,

(1.865225080631180, —0.196781107378299, 0, 0, 0.15), x1 > 265,

(p,v,p) =

and the state in the bubble is

(pv.p) = (0.1358, 0, 0, 0, 0.05), /(w1 — 215)2 + a3 + 2 < 25.
The output times are ¢ = 90, 180, 270, 360, 450.

The monitor is the same as that in the last example. Figure 6.16 presents the iso-surfaces of
p = 0.7, the close-up of the adaptive mesh and two surface meshes near the bubble at ¢ = 450. One
can see that the mesh points concentrate near the shock wave and the bubble according to the choice

of the monitor function, which helps to obtain the sharp interfaces. Figure 6.17 gives the adaptive
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meshes and numerical schlieren images generated by ¢ = exp(—10|Vp|/|V p|max) on the slice z9 = 0
at t = 90, 180, 270, 360, 450 (from top to bottom). The results obtained by MM-05 with 325 x 90 x 90
meshes are shown in the upper half parts in each row, while the adaptive meshes and numerical
schlieren images obtained by MM-02 with 325 x 90 x 90 meshes are shown in the left and middle
lower half parts in each row, respectively, and those obtained by UM-05 with 650 x 180 x 180 meshes
are shown in the right lower half parts. Those plots clearly show the dynamics of the interaction
between the shock wave and the bubble, and our high-order accurate ES adaptive moving mesh
schemes well capture the sharp interfaces of the bubble at different output times. One can see that
as time increases, the fifth-order scheme gives sharper interfaces than the second-order scheme,
since the high-order accurate scheme has lower dissipation. From the CPU times listed in Table
6.2, MM-05 is more efficient than UM-05, because it takes only 17.8% CPU time to give comparable

results.

Example 6.10 (3D RMHD shock-cloud interaction). It is a 3D extension of Example 6.6. The
physical domain is [—0.2,1.2] x [0, 1] x [0, 1], and the circular cloud is modified as a spherical cloud
of radius 0.15 centered at (0.25,0.5,0.5) with invariant density. The initial data of the pre- and
post-shock remain unchanged. This problem is solved by using the fifth-order ES adaptive moving

mesh scheme until ¢ = 1.2.

The monitor is the same as the last example. The iso-surfaces of p = 1.52, the close-up of the
adaptive mesh and two surface meshes near the bubble at ¢ = 1.2 are given in Figure 6.18. The
mesh points adaptively concentrate near the complicated structures formed after the interaction
of the shock wave and the cloud, improving the nearby resolution. Figures 6.19-6.20 show the
numerical schlieren images of ¢; and ¢o defined in Example 6.6 on the slice x9 = 0. The results
obtained by MM-05 with 210 x 150 x 150 meshes are plotted in the upper half parts, while those
obtained by UM-05 with 210 x 150 x 150 and 420 x 300 x 300 meshes are shown in the left and right
lower half parts, respectively. One can see that MM-05 gives better results than UM-05 with the
same grid number, and the former takes only 9.06% CPU time to give comparable results when the
latter uses finer mesh, which again shows the high efficiency of our high-order accurate ES adaptive

moving mesh schemes.

7. Conclusions

This paper presented the high-order accurate ES adaptive moving mesh schemes for the 2D
and 3D special RHD and RMHD equations. Our schemes were built on the ES finite difference

approximation in the curvilinear coordinates, the discrete GCLs, and the adaptive mesh redistri-
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Figure 6.16: Example 6.9. Adaptive meshes and p at t = 450.

bution built on the minimization of the mesh adaption functional, and consisted of the following

main parts.

1. The two-point EC flux Fy, for the modified RMHD equations (involving the RHD equations)

(3.2), and then

see

in the curvilinear coordinates for the given entropy pair was first derived,

the high-

order EC flux (Fj

2pth
1,k,+

)’

was proposed by using some linear combinations of the two-

1
2
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Example 6.9. From top to bottom: ¢ = 90,180,270,360,450. Left: adaptive meshes on surface of

ig = 45 obtained with MM-05 (upper half) and MM-02 (lower half) with 325 x 90 x 90 mesh. Middle: numerical

schlieren images of ¢ on slice zo = 0 obtained with MM-05 (upper half) and MM-02 (lower half) with 325 x 90 x 90

mesh. Right: numerical schlieren images of ¢ on the slice z2 = 0, obtained with MM-05 (upper half) with 325 x 90 x 90

mesh and UM-05 (lower half) with 650 x 180 x 180 mesh.

41



2\

SN

TR

T

N
R
HRRTHHT

T

i
N
TR

m

R
N

L

TR
N

TR
MR
T
Y
AT

o
-

N
N
-
DAY

R

(a) Iso-surface of In p = 1.52 and three offset 2D slices taken (b) Adaptive meshes on three surfaces of i1 = 150,ip =
at 1 = 0.58, 29 = 0.5,23 = 0.5 75,13 = 75

T aRsaRsapsszssszsstIasEmnzazsuaset
T AT 1 HH

T T
H

EESEas

(c) Close-up of adaptive mesh on surface of i1 = 150 (d) Close-up of adaptive mesh on surface of i = 75

Figure 6.18: Example 6.10. Adaptive meshes and Inp at ¢t = 1.2.

point EC flux .’}-'vk, so that the approximation of the flux derivatives in space was 2pth-order
accurate, which was an extension of the high-order accurate EC schemes in the Cartesian
coordinates [38] to the curvilinear coordinates.

2. The 2pth-order accurate approximations of the spatial derivatives in the source terms and
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Figure 6.19: Example 6.10. Numerical schlieren images of ¢1 at t = 1.2. Left: MM-05 with 210 x 150 x 150 mesh
(upper half) and UM-05 with 210 x 150 x 150 mesh (lower half). Right: MM-05 with 210 x 150 x 150 mesh (upper
half) and UM-05 with 420 x 300 x 300 mesh (lower half).

Figure 6.20: Same as Figure 6.19 except for ¢s.
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—~—" thh
the VCL were given by designing (E;)f’: 1 , and (J ;:) as the linear combination of
1V 2
ik, t1

corresponding 2nd-order case with the same coefficients as above. The discretization of the

latter degenerated to the 2pth-order accurate central difference.

—_—~—

3. The spatial metrics (J gii) used in the above two parts were discretized by using the 2pth-
order central difference based on the conservative metrics method (CMM) [60], such that the
SCLs held in the discrete level.

4. The semi-discrete schemes built on the above three parts, see (3.4)-(3.5), were proved to be
2pth-order accurate in space and EC by mimicking the derivation of the continuous entropy
identity in the curvilinear coordinates.

5. Some suitable high-order dissipation term utilizing WENO reconstruction in the scaled en-
tropy variables was added to the EC flux to get the high-order accurate ES schemes satisfying
the semi-discrete entropy inequality, in order to avoid the numerical oscillation produced by
the EC scheme around the discontinuities.

6. The fully-discrete ES schemes were obtained by integrating the above semi-discrete ES schemes
in time by using the third-order accurate explicit strong-stability preserving Runge-Kutta
schemes, and proved to be free-stream preserving.

7. The mesh points were adaptively redistributed by solving the Euler-Lagrange equation of the
mesh adaption functional on the computational mesh at each time step with the suitably

chosen monitor functions.

Several 2D and 3D numerical results showed that the high-order accurate ES adaptive moving
mesh schemes effectively captured the localized structures, such as the sharp transitions or discon-
tinuities, and outperformed both their counterparts on the uniform mesh and the 2nd-order ES

adaptive moving mesh schemes.
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Appendix A. 1D EC schemes

This Appendix presents the semi-discrete 1D EC schemes. Consider the case of d = 1 and omit
the subscripts “1” denoting the &;-direction. The system (2.8) and the GCLs (2.9) reduce to

ou oF 0B
L TZ—=1
and
VCL: — =
“elar) =0
0
SCL: J—=] =0,
ag( )
where
ox 1913 ox
— F.
J = a€’ Uu=JU, = <J8tU> (8tU)+
It is easy to see that the SCL holds automatically in this case. If replacing ¢ with ¢, then the
2pth-order EC schemes become
d B 1 ~2pth ~ 2pth , 5 \2pth 7\ 2pth
ati=ae (Fy - F0) - o <(Bl)i+é - (B
—\ 2pth 2pth

a,_ ()" o) "
at™ Ag\\at ) | ot

i+5
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P n—1
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S th N =1
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z+ s=0
or
and <8t>

Appendix B. 2D EC schemes

_is the mesh velocity at &;.

)

This Appendix presents the semi-discrete 2D EC schemes. Consider the case of d = 2, and

replace (£1,&2) and (z1,x2) with (£,n) and (z,y), respectively. The system (2.8) and the GCLs
(2.9) reduce to

WU OF, 0Fs_ g (9B, 0B,
or " og T on (I)(V)<8€+ )
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and

o 94 2 (/). 2 (42

or  0¢ t ot
. O (98N 9 (0n\ _
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If replacing ¢ with {4, j}, then the 2pth-order EC schemes become
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