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Abstract

In this paper, Particle-in-Cell algorithms for the Vlasov—Poisson system are presented based on its Poisson bracket
structure. The Poisson equation is solved by finite element methods, in which the appropriate finite element spaces are
taken to guarantee that the semi-discretized system possesses a well defined discrete Poisson bracket structure. Then,
splitting methods are applied to the semi-discretized system by decomposing the Hamiltonian function. The resulting
discretizations are proved to be Poisson bracket preserving. Moreover, the conservative quantities of the system are
also well preserved. In numerical experiments, we use the presented numerical methods to simulate various physical
phenomena. Due to the huge computational effort of the practical computations, we employ the strategy of parallel
computing. The numerical results verify the efficiency of the new derived numerical discretizations.
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1. Introduction

The motion of charged particles under electromagnetic fields is the most fundamental physical process in mag-
netized plasma. If only one particle is concerned, the dynamics can be described by the single particle model. If we
are researching the interactive dynamics of a large number of particles with self-consistent electromagnetic fields, the
kinetic model can be applied. In this model the Vlasov equation is applied together with the Maxwell equations or
the Poisson equation, and the coupled system is called the Vlasov—Maxwell (VM) system or Vlasov—Poisson (VP)
system respectively.

There are two main classes of numerical methods to solve the Vlasov type equations, the Eulerian method and the
particle method. The Eulerian method, also called the grid-based method, is to discretize the PDEs model on fixed
computational grid, and to carry out the time integration of the distribution function on mesh points. Various Eulerian

approaches such as finite element methods, finite volume methods and spectral methods etc. have been developed
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and applied to the plasma problems, see [24, 147, 56] and references therein. Different from the grid-based method
the Particle-in-Cell (PIC) approach is to approximate the distribution function by ‘super particles’ with the weighted
Klimontovich representation, and to follow the trajectories of super particles. Indeed, PIC has a relatively small
computational cost to conduct high dimensional simulations [[16, [38]. Although the introduction of super particles
brings computational noise, it has been confirmed that the computational noise will decrease in the rate of 1/ m
along the increasing number N, of particles. The numerical simulation using the PIC technique can reproduce well the
realistic physical phenomena [34, |5], and has been considered as an effective way to simulate plasmas of the kinetic
theory [13].

In most applications, there span a wide range of space and time scales for the problem, which demands numerical
simulations over large time intervals. Classcial numerical methods, such as RK4, can approximate the solution well
in the first few number of iterations. However, the numerical error accumulates rapidly over steps, and usually
leads to wrong numerical results after a large number of iterations [20]. One reason is that these methods can not
preserve the important conservative quantities of the original system. Structure-preserving algorithms (or geometric
numerical integrators) are designed to conserve the intrinsic properties of the original system, including the symplectic
structure, the Poisson structure, the invariant phase space volume, and constants of motions etc.. As a result the long-
term stability of the numerical results can be guaranteed [19, 29, 21/]. In [33,[32], the K-symplectic algorithms and
the volume-preserving algorithms have been developed for solving the single particle equations. These numerical
algorithms provide the numerical simulations with bounded energy error, and the trajectories of particles are well
simulated over exponentially long simulation time.

It is known that the Vlasov—Maxwell system can be written as a Hamiltonian system with respect to the Morrison-
Marsden-Weinstein (MMW) Poisson bracket [43, 41]. The Vlasov—Poisson system can be taken as the reduced
Vlasov—Maxwell system. In this paper, we study the Poisson bracket structure of the Vlasov—Poisson system, and
verify that the Poisson bracket of the Vlasov—Poisson system has very closed relation to the MMW Poisson bracket.
As the Poisson bracket is usually not canonical, conventional time integrators are not structure-preserving. However,
the splitting technique [58, 42] can be applied. High-order Hamiltonian splitting methods have been developed for
Vlasov—Maxwell equations [57,152,131,136,/38] and Vlasov—Poisson equations without magnetic fields [14,8]. Corre-
spondingly, spatial discretizations should also be designed carefully to maintain the structure. For the VM system, with
the help of specially designed finite element spaces, the researchers [31},136, /7] provide the semi-discrete system which
can conserve the discrete Poisson structure corresponding to the original one. In other ways, a discrete Poisson bracket
can also be obtained by applying discrete exterior calculus [57,[52, 36] and the variational principle [55,18,51]]. On
the other hand, in simulations of magnetic confinement fusion, Vlasov equation with a strong non-homogeneous
magnetic field has aroused wide interest recently. Asymptotic preserving techniques [35, 159, [22, 28] and uniformly
accurate schemes [3, /9] are efficient and characteristic numerical methods for them.

In this paper, we have developed the Hamiltonian Particle-in-Cell methods for the VP system with an external
magnetic field. We first derive particle equations from the discretisation of the Vlasov equation, then the Poisson
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equation is solved by finite element methods, with the finite element spaces chosen such that the semi-discrete system
is Hamiltonian with a discrete Poisson structure. Furthermore, the Hamiltonian of the semi-discrete system is split into
two parts, each of which possesses the same Poisson structure and can be solved exactly. By composing the solutions
to the subsystems results in the Poisson-structure-preserving discretizations for the semi-discrete equations. In the
numerical simulations, the parallel technique has been employed, and the effectiveness of the resulting numerical
discretizations has been tested in numerical experiments.

The outline of the paper is as follows. In section 2, we introduce the various descriptions for the Vlasov equation.
For the VP equation, in section 3 we present the Hamiltonian formulation which is described with the defined Poisson
bracket structure. Furthermore, we apply the finite element methods to construct the numerical methods for VP
system in Section 4. The corresponding discrete Poisson bracket and the discrete Hamiltonian are also established
in this section. In Section 5, we split the Hamiltonian in order to construct the numerical discretizations which can

preserve the dicrete Poisson bracket. We display the numerical results in Section 6. Finally, we conclude this paper.

2. Equations

In the kinetic model, the Vlasov equation is in the form

af of Fx,v,n) of
ot v 0x * m v o

where f(X, v, ) is the distribution function of position x € Q, C R3 and velocity v € Q, C R3 at time 7, and F is the
force field acting on the particles. In most cases, the charged particles are considered to interact with the self-consistent

electromagnetic fields in vacuum. This yields the following Maxwell’s equations,

%))
mm—=VxB—mqvaw V-B=0,
ot 0,
oB
— =-VXE, aN-E=qj MV—wm
ot o

where y is the magnetic permeability, € is the vacuum permittivity and the constant py is the charge density of ions.
Then the force is given by F = g(E + v X B) with ¢ the charge. Choose the characteristic set of variables as they are

shown in Table[Il Set ¥ = ¢, we can derive the normalized equations,

af of of
'l 2L 4+ (E B)- L =
3t+v 3x+( +vxB) 3y 0,
OE
EzVXB_LvadV’ V-B=0, (1)
6—B=—V><E, V-E:ffdv—po.
ot Q,

In the magnetostatic limit, i.e. the case of % — 0, the magnetic field can be taken as a background field. Denote

the background magnetic field as B = By(x), the charge density as p(x,t) = fg fdv and the current density as



Names Symbols Units

Time t 1/w,
Position X A
Velocity v v
Distribution function f no/ »
Electric field E w,,l‘)%
Magnetic field B wp'y

Table 1: Units of Normalization. Here, ¥ is the characteristic scale of v, w, = \nog? /mey is the electron plasma frequency with total number of

electrons by ng = erxQu fdxdv, and A = V/w,.

Jx, 1) = fQ vfdv. The VM system () is reduced to

af of of _

6t+v 6x+(E+VXB0) 6v_0’ )
OE
— =VxBy-J, V-By=0, 3
ot
VXE=0, V-E=p-p. 4

The total charge neutrality of the reduced system is ensured due to fQ,(P — po)dx = 0.
Notice that Maxwell’s equations (3) and (4) can be decoupled, thus the system can be treated in two different

ways. The first way is to consider Ampere’s equation,

OE
E:VXBO—J. 5)

It together with Eq.(@) is called the Vlasov—Ampeére equation [17, 10, 11, 49].

Another way is to consider Faraday’s law and Gauss’s equation,
VXE=0, V-E=p-p.
By introducing the electric potential ¢, it follows that

E(x,7) = ~Vgp(x.1), —Ads = p(x.1) — po. (©)

Combining Eqgs.(2) and (6) derives the so-called Vlasov—Poisson equations.

As above, we have introduced two different reduced equations: the Vlasov—Poisson equation (2I6) and the Vlasov—
Ampere equation (23). Moreover, the two equations are connected. By taking the divergence and curl of Ampere’s
equation (@), Eqs.@) can be derived under the continuity condition ‘;—’; +V-J=0and Vx]J = ABy, and the following

restriction of the initial electric field,

V-E(x,0)— p(x,0)+po =0, VxE(x,0)=0.
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Therefore, the solution of the Vlasov—Ampere equation under the above restrictions is a solution to the Vlasov—
Poisson equation. In one dimensional case, in order to connect the solution of the Vlasov—Poisson equation to the
solution of the Vlasov—Ampere equation [2], we can add the requirement fQ E(x,t)dx = 0 and the initial constraint
Joxa, v (x.v, 0)dxdv = 0.

In this paper, we mainly focus on the numerical study for the Vlasov—Poisson equations described by @) and ().
In practical computation, the boundary conditions can be taken as zero, i.e., f(X, v, ) = 0 and ¢(x) = 0 on 9€Q,. Also

the periodic boundary condition is used frequently.

3. Poisson bracket structure of Vlasov—Poisson equations

In this section, we introduce the Poisson bracket whose fundamental definition can be found in [48]. With the
following defined Poisson bracket, in this section we describe the Vlasov—Poisson equations (2) and (6) as the Poisson
bracket system.

Suppose F and G are two functionals of f, we define the bracket of two functionals as

_ oF 0G ) 0 6 0 6G
. g}}(f) B j&;xxﬂv f{ 6f ' 6f }xv dxcv + j&;xxﬂv fBO (6" 6f X ov 6f)dXdV, ™
G

where 5 is the variational derivative , and the operator {:, -}, is the canonical Poisson bracket of two functions

m(x, v) and n(x, v), that is

It can be checked easily that the bracket (@) is bilinear and anti-symmetric. Furthermore, when By satisfies V - By(x) =
0, the bracket yields the Jacobi identity which has been proved in
With the bracket (7), we can present the following system,

dF
i {F, H}, (®)

where ¥ is any functional of the solution f, and H is the Hamiltonian functional and the global energy of the system,

1 1
H[f] = = f V2 fdxdv + — f E%dx
2 Q,.xQ, 2 Qx

1 1 1
=— f V2 fdxdv + = f ¢ fdxdv — =po f b rdx.
2 Jaxa, 2 Jaxa, 27" Ja,

In fact, by setting F[f] = fova f(X,V,0)0(x — X)0(v — ¥)dXd¥, and defining the local energy h(x,v) = %(x, V) =

©))

v2/2 + ¢ ¢(x), the formulation (8) leads to

or _ _ N
= =~/ i = Bo (6V><6V)- (10)

'The variational derivative [46, 4()] % of a functional G[f] is defined by
f %G s taxdy = lim G+ €0 = G,
QxQ,

of -0 €



Eq. (I0) recovers the Vlasov equation (2).

As a reduced model from the Vlasov—Maxwell equations, conservative properties of the Vlasov—Poisson system is
also of great importance. With the help of the Poisson bracket (7)) and the formulation (8)), the conservative properties
can be redescribed as follows.

Energy conservation. The total energy defined in (9) is invariant as

dH
i {H, H}} =0.

Momentum conservation. The total momentum P = fg <o, Vfdxdv is invariant when By = 0.

In fact, taking the derivative of P gives

@ ={P,H})} = —f V¢ pdx +f (v X Bg) fdxdyv.
dt Q. QxQ,

The first term vanishes due to the Poisson equation which is expressedas V- E = p — pp, VX E = 0, because
- f Vo rpdx = f E(V -E + po)dx
Q. Q,
= —f (VxE)xde+p0f Edx = 0.
Q, Q,

Here, fQ Edx = 0 for zero or periodic boundary condition of ¢ .
Casimir functional. Any functional in the form C[f] = fg 0 C(f)dxdv is invariant, as it is a Casimir functional [46]

w.r.t the Poisson bracket () with By = 0. In fact, taking the bracket operation between C[ f] and any functional G[ f]

gives
oC| oG
ie.on= [ {f, —} 5 sxav.
axa, U 0f ) of
The above equation vanishes because %&ﬂ = C’(f) is a function of f. Therefore, C[f] is an invariant for any PDE of

f equipped with the Poisson bracket (@), including the Vlasov equation, that is

dc
- =G H=0.

This provides a class of conservative quantities of the Vlasov—Poisson system (2l). For instance, the integral

norm / = fQ o JTdxdv and the entropy § = fg 0. S In fdxdv of the system are invariant.

4. Spatial discretization for Vlasov-Poisson equations

In this section, we present the construction of numerical approach for solving the Vlasov—Poisson equations (2)
and (6)).
According to the idea of PIC, the distribution function is sampled by a set of super particles. Assume that the

distribution function f is approximated by the Klimontovich representation

NF
Ju(X,v,1) = Z w6(X = X(0)6(v = V(1)), 1)

s=1
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where (X, V) is the s-th super particle’s coordinates in phase space, and wj is the particle weight, N, is the number

of super particles. The Vlasov equation (2)) is then transformed to particle equations,
X,=V,, V,= fQ (Ex, 5 + Vi xBo(x))6(x — Xy)dx, s=1,2,...N,. (12)
We use finite element methods to solve the Poisson equation (6) with the Dirichlet boundary condition, i.e.
—Ady =p—poin Q,, ¢s(x,1) = 0 on 0Q,.

Let V be a Hilbert space and V’ be the dual space of it. In the framework of finite element, the variational problem of

Poisson equation (@) is to find solutions ¢ € V such that for any € V the following equation holds

Vo, Vy) = <p = po. ), Yy eV. (13)

Here, p — po € V', (-, *) is the inner product of V and (-, -) is the pairing of elements of V' and V. It is known by the
Lax-Milgram theorem that the solution to the variational problem (I3) is unique [39, 6].

In order to determine the proper space V, we refer to [31, [36, [51] where finite element discretizations have
been presented to derive Hamiltonian algorithms for the Vlasov—Maxwell equations. Given a linear operator D €

{grad, curl, div}, we denote the Sobolev spaces as

H(D,Q) :={v e L*(Q),Dv € L*(Q)},
Hy(D,Q) :={ve HD,Q),trace v =0 on 0Q}.
Denote H"(D, Q) as the finite element subspace of H(D, Q). For the finite element PIC discretisation of the Vlasov—

Maxwell equations (1)), we have the following results. Here the perfect conducting boundary (PEC) conditions are

considered.

Proposition 1 ( [31]). Suppose that the fields E and B are discretised in spaces &, C Hy(curl, Q) and B, € Hy(div, Q)

respectively. The approximate problem for Maxwell’s equations is to find (E;, By) € &, X By, such that
(OEp, @) = (B, VX @) — Z w;Vi6(x - X,), @, YD e&,
0By, ¥) =—-(VXE,,¥), VYY¥Ye8&b,.
IfVx&E, CByandV - By, = 0, the resulting semi-discrete system is Hamiltonian with a discrete Poisson structure.

To understand the above theorem, we can employ the following diagram. That is, in order to derive a discrete

Hamiltonian system, we need choose the finite element to satisfies the de Rham Complex diagram
rad ur )
H(grad) =% H(ewrl) =" Hdiv) —2— 12
g | | gl
rad i
H'(grad) =% HMeurl) = Hh(div) —2 5 12
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According to the above comment and the relation E = —V¢, for E € Hy(curl,Q) we can choose ¢ € V =
Ho(grad, Q,).
The approximate problem of (I3) is then to find ¢, € V;, ¢ H}(€Q,) such that

(Vou, Vi) = {on, ¥n), Y, € Vi, (14)

Here, p;, € L*(Q,) is the discrete version of p — py. The inner product is defined by (f, g) = ‘L)x f - gdx on space L*(Q,)
and V), is the finite-dimensional subspace. In particular, for all y;, € H)(€,) and p; € L*(Q,) ¢ H™'(Q,), we have
(on, 1) = {on, ), and the solution to the variational problem (I4) is unique. Thus, the well studied finite element
spaces including linear element, quadratic Lagrange element, and Spline element etc. can be implemented.

Suppose that {W_/(x)}?’: , are piecewise polynomial basis functions of the space V;, then ¢, € V), can be expressed

as

N
o(x 1) = )" $(OW(x). (15)
J=1

In order to get an appropriate regularization of p,, we introduce the regularizing function S .(x) which satisfies

fRd S(x)dx =1and S(x) = ﬁS(’—e‘) [53,112,27]. Here € denotes the width of the kernel and d = 1, 2, 3.

Ny
Then, we define ff = f, * S, thatis f;(x,v,?) = Z[] wsS (x — X(1))0(v — V(¢)). By means of S, we can choose
s=1
N,
on(X) = Y, wsS (x — Xy) — po derived from py(x, t) = fQ fhf(x, v, 1)dv — po. On the other hand, p; can be projected to
s=1 v

N

the space Vj,, which gives p,(x) = }} p;W;(x). This will help us in computation due to that (W;, W;) can be calculated
i=1

easily, and p, € V), C Hé c 2.

Substitute Eq.(I3) into Eq.(I4) and take y, = W;, then we get the following approximate problem in matrix

formulation,
N
2 (YW VW) 6 = (pr Wi =1...N, (16)
j=1

where the solutions {%}Zl are the functions of particle positions Xy, s = 1,2,...,N,. In order to get a vector

expression for the particles, we denote X = (X],XT,..., Xy )T € R* and V = (V], V],..., V3 )T € R, Then the

approximate electric field is

N
Ex(x,X,1) = -

(X (@) VW(x). (17)
J=1

Substituting E, into Eq. (I2), we get the discrete particle equations for s = 1,2,...N,,

XS =V,

. = (18)
V== ¢;X0VWi(X,) + V, x By(X,).

J=1
Define the discrete bracket by discretizing the Poisson bracket (7)) shown in[Appendix B| Moreover, it is proved in
that the following discrete bracket is Poisson as long as V - Bo(x) = 0. With the defined discrete Poisson
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bracket, the semi-discrete system (I8)) is a Hamiltonian ODE system. For two arbitrary functions F and G of (X, V),

it reads
N,

N,

n1 (0F 8G 8G OF 1 oF G

_\v L L0606 ) , 19
[F,G}(X, V) Zw(ﬁx V. "X, 3Vs)+ZwSBO<Xf) (avsxavs) (1

s=1

Accordingly, by inserting (IT) into (@) we can derive the following discrete Hamiltonian function,

H(X, V) = H[ il

1 1
5 f V2 fydxdv + = f (Von) - (Vor)dx
2 Q. xQ, 2 Q,

|0 | & (20)
DI LR IPIICIT fQ VW(x) - VWi (x)dx
s=1 j=1 k=1 x

For the finite element discretization, the discrete Hamiltonian function (20Q)) is natural, and can be rewritten in matrix

form easily. With the discrete Poisson bracket (I9) and the discrete Hamiltonian (2Q)), the semi-discrete equations of
motion (I8) can be recovered by

X, ={X,,H}, V,={V,H}. (21)

As follows, we express the semi-discretised equations (2I)) by their matrix formulation. Introduce the following

notations for the field basis and variables:

®X) = (B1, b2, ..., dy) X) e RN, M e RVN with M, = f VW;(x) - VWi(x)dXx,
Qx

VWiXy) VWX - VIWNXY)
GX) = VWiXo) V(X)) - VIWN(XY) € ROV,
VWiXy,) VWaXy,) -+ VWy(Xy,)

B(X) = diagBy(X), Bo(Xa), ..., Bo(Xn,)) € RON*CNo),

where ]§0 is the hat matrix w.r.t the vector By. The hat matrix of a vector B = (B,, By, B;) is defined as

0 B, -B,
B=|-B. 0 B, | (22)
B, -B, 0
Denote the diagonal weight matrix Q = diag(w;, wo, ..., a)Np) e RM»M» and I as the 3-dimensional identity matrix.

Let
N=Q@®I e REVIXGN,),

Therefore, the discrete Poisson bracket (19) can be reformulated in matrix form as

N 1 orF \T or \T 0 ! ggy
{F,G}(Z)=;;((R)’ (&) ) -1 BoXy) J| & 23)
oF" G |
=3z K(X)a—Za



N—l
where Z = (X, V), and K(X) = . is the Poisson matrix. With the above notations, the discrete
-N"! N'BX)
Hamiltonian 20) can be rewritten as,

1 1
HX,V) = EVTNV + E(I)(X)TMG)(X). (24)
The corresponding system (I8) can be rewritten with Poisson matrix K(X), which is

X=V,
A (25)
V = GX)®(X) + BX)V.

With the help of the discrete Poisson bracket, the conservation of the discrete energy H(X, V) in Eq.@20) can be
easily verified, that is
dH

—p = HHX.V)=0.

Similarly, the total charge C = fg o, JndXdv = 3 ") w; is invariant, as it is a Casimir function of the discrete Poisson
bracket (19),
dc

— =ICHIX.V) =0.

5. Temporal discretization for Vlasov—Poisson equations

In this section we are designing temporal discretisation for the Vlasov—Poisson equations that can preserve the
Poisson bracket structure. As the Poisson bracket is not canonical, traditional time integrators such as Runge-Kutta
methods can not be used to construct Poisson-structure-preserving methods. The idea of splitting technique is to split
the original system into several subsystems. Each subsystem can be solved exactly, and has the same structure as ones
for the original system [58,42]. Thus, the composition of solutions to subsystems leads to numerical methods which
can preserve the structure of the original systems. High-order Hamiltonian splitting methods have been developed
for Vlasov—Maxwell equations [30, [38] and Vlasov—Poisson equations without magnetic fields [14, §]. In this sec-
tion, for the non-canonical Hamiltonian ODE system (I8]) we establish the Poisson-structure-preserving methods via
Hamiltonian splitting.

We split the Hamiltonian as,

N,
1& o, 1
H=H, +H. whereH, =~ Z w:V3, He= S OXOMEX).

s=1

With each part of the Hamiltonian, we can split the system into two parts,

7={Z,H), Z={Z,H,).

Each subsystem possesses the same Poisson bracket structure as the system (I8). Thus the composition of solutions
to each subsystem preserves the Poisson bracket of the original system due the group property of Poisson bracket
structure.

10



Associated with the Hamiltonian H,, the subsystem is F = {F, H,}. For the s-th particle it is,

XS =V,
. (26)
V, = Vi x Bo(Xy).
When By is constant and [Bo| = b, the exact update mapping of this subsystem (26) with step size At is
1 —cosbAt,  bAt—sinbAt 4
X,(1 + A1) = X, () + (AL + C;zs B+ ;3”’ B2)V,(1),
¢ (An) - 27)

inbAf. 1 —cosbAr,
Vs(t+At)=(I+Sm: By + C;Sb B2V, ().

where ]§0 is the hat matrix as in Eq.(22). Following the idea, we can also consider the problem in which By is

non-homogeneous. In this case, we need to split the subsystem corresponding to H, further according to its new
decomposition H, = %wsVix + %wsViy + %wSViz. More detail can be seen in [30].

The equation F = {F, H,} associated with the Hamiltonian H, is

X, =0,
, al (28)
Vo== Y Xy [ Wmo - Xodx
1 €
The exact update of this subsystem (28) with step size At is
X (t + An) = X,(2),
¢(An) - (29)

N
V,(t+Af) = V(1) — At Z 6 ,(X(1) f VW, (x)6(x — X,)dx.
=1 Qx

With the given exact solutions to the subsystems, Poisson integrators can be derived by the compositions of the

sub-flows 27) and [29). For example, the Poisson method of first order can be constructed by
DAY = ¢1(Ar) 0 ™ (AD),
and a second order symmetric method can be derived from
D(Ar) =4 (A1/2) 0 ¢ (A1) 0 T (A1/2).

From the above, it is clear that these methods constructed by splitting can be implemented easily. More important,
these methods can preserve the discrete Poisson bracket.
At the end of this section, we present the algorithm framework which helps to understand the computation proce-

dure.

6. Numerical experiments

In this section, we present numerical experiments by using numerical methods presented in the previous section.
The resulting numerical discretizations are derived by combining splitting method in time and finite element dis-
cretization in space. To derive the numerical results more efficiently we employ the parallel technique which is run on
high performance computing workstation of LSEC Lab.

11



Algorithm 1 Algorithm framework
Input: f(x,v,7=0)

1: Approximate the initial condition fy by the distribution f(x, v, = 0) = levﬁl WS (X — X(0))6(v — V(0)) where
(X5(0), V4(0)) is a set of particles distributed in the phase space according to the density function fj.

2: Generate finite element mesh and assemble stiffness matrix M.

3: Compute the density p;, = Zivﬁl wsS (x — X5) — po.

4: Assemble the load matrix F according to the density p;,. Thatis F; = (op, W;),i =1...N.

5: Solve the large sparse linear system Mg, = F. (A lot of linear solvers can be used such as Conjugate Gradient.)

6: Interpolate the electric field at the particle position by using discrete electric potential ¢,. We can just use the
information of VW;(x),i=1...N.

7: Update the position and velocity of particles by solving particle equation. High order symplectic algorithms can
be considered.

8: Repeat steps 3-7 till the final time T.

Output: fhE (x,v,t =T) or other required data

6.1. Test problems in 1+ 1-dimensional phase space
In this case, we perform various problems: Landau damping, Two-stream stability and Bump-on-tail instability.
In the numerical simulation for all problems, we use periodic boundary condition. The number of particles is chosen

as N, = 10°. The system considered here is modelled by Vlasov equation coupled with normalized Poisson equation
E=-0p, -*p=p—1.

Landau damping. Landau damping is referred to as the damping of a collective mode of oscillations in plasmas
without collisions of charged particles. It, commonly believed, is caused by the energy exchange between electro-
magnetic wave and particles. Landau damping is also a very popular benchmark problem for testing the numerical
methods applied to the Vlasov—Poisson equation due to that there are many analytical results in literature [23, [16].

Here, we consider the case of one spatial dimension. In this case, we take the initial distribution function as

V2
exp(—E)(l + a cos(kx)),

1
Jolx,v) = N
where the perturbation parameter @ = 0.001 and k is the wave number.

We use the time step A = 0.01. To solve the Poisson system we use N, = 128. We choose the computation
domain as [0, 27r/k] X [—6,6]. We are interested in the evolution of the square root of the electric energy which is
measured by E4(f) = \/WM(D(X) with ®(X) and M mentioned in Section 4. In Figure [T} we calculate the value
of log(E,4()) along time ¢ where the red line is the theoretical damping rate. It is observed that the electric energy is
exponentially decreasing, and the damping rate coincides with the analytical values which are y = 0.0127 for k = 0.3
and y = 0.154 for k = 0.5 [25,14,116].
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Figure 2: Convergence rates of numerical solutions with respect to time step. (a): Error of position; (b): Error of velocity. The solid colored lines

refer to the corresponding theoretical value.

We check the convergence order of splitting methods in Figure 2l for Landau damping with k = 0.5. We start from
choosing Afy = 0.5 and once again conduct four runs by decreasing the time step with each run. That is, the time
steps can be chosen as Ar; = 270*D = 1,2,3,4. We use ¢} to denote the error of position with time step Az;. For a
fixed final time 7, the error order can be calculated by log(e;?/e;ﬁr])/ log(At;/Atj.1), j=0,1,2,3,4. Similarly, we can
calculate the error order of velocity. As it shown in the figure, the numerical results by Strang splitting perform much
better than the ones by Lie-Trotter splitting due to the higher-order accuracy of Strang splitting method. However, the
damping rates by both approaches can match the analytical ones.

Two-stream instability. Two-stream is a common instability in plasma physics which occurs when an energetic
particle stream injects into a plasma, or a current is set along the plasma. The phenomena can be investigated when

there exists (time-depending) difference of drift velocity between two plasma components. In our simulation, for the
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initial value we set a perturbation as a vortex creation at the center of concerned domain. That is, the initial datum can

be set as
2

folx,v) = \/Lz_nvz exp(—%)(l + o cos(kx)),

where perturbation parameter @ = 0.01 and wave number k = 0.5. The computation domain is [0, 27/k] X [-5,5]. We

take Ar and N, as shown in the above experiments.
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Figure 3: Evolution of the distribution f for time ¢ = 0, 10, 15, 20.

In Figure[3 we plot the distribution function f for time 7 = 0, 10, 15, 20. It is observed that the instability appears
quickly, and the obvious vortex structure can be captured clearly. This coincides with the instability phenomenon
shown in literature 4, 16].

In Figure[d] we plot the total energy and momentum. We can observe that our method can preserve the energy and
momentum well over long-time even when the instability occurs.

Bump-on-tail instability. Bump-on-tail instability is a fundamental example of wave-particle interaction, the in-
stability can be investigated when the wave and particles interact. In this test, for studying the Bump-on-tail instability

we take the following initial conditions [54]

fo(x,v) = (1 + a@cos(kx))dy(v),
14



AT il Vo ‘ f U“H ““ G
[T " L H AT \‘ f {‘ AP AAATS \i‘f““‘

energy

relative error of

\ \ \ \ \ \ \ \ \
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

t/dt
@
-5
10 | | »v‘wv’ww‘v“WJr‘/"r"w [ M i
B fa A VS ““w‘ i | I
— vy AP N””WW” \“V b
o g e 1] wr«w«w»wwwww\ m N' e M T
& ©1010- ity
o ©
S
g €
S 1075
1 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
t/dt
(b)

Figure 4: Time evolutions of conservative quantities for Two-stream instability. (a): Error of energy; (b): Error of momentum. The red line shows

the error by the Lie-Trotter splitting while the blue line refers to the ones by the Strang splitting.

where perturbation parameter @ = 0.04 and wave number k = 0.3. In the above initial value, dy denotes a bump on
the tail of distribution function formed by energetic particles, which has the following expression

1 v2) ’
dy=——(09exp[—— |+ 0.2exp(-2(v — 4.5)%)].
° V27T( p( 2 P

In this experiment, computation domain [0, 67r/k] X [—8, 8] is considered. We choose At = 0.01 and N, = 256
to simulate this problem. In Figure 3l we plot the distribution function f for time ¢ = 0, 10, 15,20. It is observed
that our numerical discretization can describe the evolution of instability and the occurrence phenomena. Clearly, it is
investigated that there appear three vortices which extending arms embrace the neighbouring vortices.

It should be noticed that implementing our numerical method involves computations in a large amount of cycles
which can be treated in parallel. As follows, we show the efficiency of our numerical computation together with the
parallel approach. Based on MPI, we take two natural parallel strategies for the collective communications in the
cycle. For particle deposition part, the computational domain is subdivided into regions while for pushing particle
part, the particles are divided into groups. For the first strategy, we can also improve it by using, for instance, the
adaptive scheme presented in [43]. In Figure[6l we present the speed-up comparison for our numerical computation
and the ideal ones. By comparison, it can be seen that our speed-up result is quite good due to the so-called cache

effects.
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6.2. Test problems in 2+2-dimensional phase space

In this experiment, we consider the Vlasov—Poisson system in 2+2-dimension which means 2D in space and also
2D in velocity one. We assign N, = N, = 256 for the initial particle grid and 250 particles per cell. This means that
we take over 107 particles for the simulation.

Diocotron instability. The diocotron instability is a plasma instability which occurs when two sheets of charges
slipping past each other. This stability is usually described by the guiding center model [37, [22, [1] and has been
extensively simulated [[13, 22, 26, [1l, 9]. Here, we consider the model of two dimensional Vlasov—Poisson system
together with an external magnetic field. This system can be taken to model the instability which is usually encoun-
tered in magnetic fusion devices such as tokamaks. In this example, we also consider the effect of magnetic field to
the instability. Thus, we consider the case with strong magnetic field. As the instability usually is explained as the
analog of the Kelvin-Helmholtz instability in fluid mechanics, it can be observed directly in the nature [50]. In this
situation, the energy of system is dissipated as the two surface waves propagate in two opposite directions with one
flowing over the other. By investigation, there appears the vortex structure in the surface of distribution function when
the instability happens [22, 26, [1].

The Vlasov equation in this simulation is with an external magnetic field By which reads

of af 1 of _
Sat +Vv Ix + (E(t7 X) + SV XBexl(tv X)) v =0.

Here, ¢ is the strength of magnetic field. As the parameter & is usually small, the existence of term € in front of the
time derivative of f requires the numerical simulations to have long-time stability. There have been many numerical
methods for studying this instability. Among them, the asymptotic preserving schemes are introduced in [26], and the
uniformly accurate methods are introduced in [9].

‘We take the initial distribution function as

d 2
O(X) exp(—ﬂ), X = (-x9 )’) € R27
2n 2

Jo(x,v) =
where the initial density is

(1 + acos(16)) exp(—4(|x]| — 6.5?% ifr <|x| <rt,
do(x) =

0 otherwise,

with 8 = atan(y/x) and [ the number of vortices. In our simulation, we take r~ = 5,r" = 8, @ = 0.2 and By, = (0,0, 1).

In Figure[Z, we consider the case where ¢ is taken as £ = 1. We use At = 0.1 and [ = 7 for this case. It can be
observed that the plasma is not well confined. This can be explained that the enforced magnetic field is not strong
enough. This phenomena is also performed in [22]. Though the vortices will not occur, it still can be observed that
for the case of / = 7 there are seven clear clusters changing along the time.

Then, we take a small value of &€ = 0.1 in Figure[§land £ = 0.01 in Figure[8l In our computation, we use Az = 0.1
and Ar = 0.01 respectively.
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Figure 7: Time evolution of the density p for time 7 = 0,0.1, 15,30 and / = 7 with strength of magnetic field € = 1.

We plot the development of the diocotron instability at different time with [ = 5 in Figure[8] It is observed that the
five vortex structures are well captured by our method. If we change the direction of magnetic field, it can be observed
in this figure that the vortex structure will move on the reversed direction.

From Figure[d] it can be observed that the vortex structures become smaller when the magnetic field is stronger.
Also, the image becomes not clear. To improve this more particles in practical computation are needed and finer
resolution should be applied. The computational cost can still be distributed efficiently due to the parallel approach

used in this paper.

7. Conclusion

In this work, we have developed the symplectic Particle-in-Cell methods for solving the Vlasov—Poisson system
according to its Poisson bracket. We use the appropriate finite element spaces so that the semi-discrete system is
equipped with a discrete Poisson structure. With regard to temporal discretization, we apply the splitting technique. As
each subsystem can be solved exactly, the resulting discretization can preserve the Poisson structure of the concerning
system. In order to implement efficiently our algorithm, parallel computing technique has been designed, and applied
to various problems. The parallel efficiency of practical computation has been verified via the numerical results of
this experiments. We also show the convergence rates of splitting methods of first and second order which are taken

as a benchmark test. The numerical results perform that they all match the theoretical order very well. To verify
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(c) ()

Figure 8: Time evolution of the density p along the time. (a): Bex = (0,0, 1), £ = 30; (b): Bext = (0,0, —1), # = 30; (¢c): Bext = (0,0, 1), t = 50; (d)
Bext = (0,0,—-1), t = 50. Here [ = 5 and the strength of magnetic field is € = 0.1.

the advantage of Poisson bracket preserving methods constructed in this paper, we study the preservation of energy
both theoretically and numerically. This guarantees the numerical simulation over long-time. We also present a 2+2-
dimensional example, in this example the external magnetic field can be strong. The error and stability analysis of the

derived numerical methods will be reported in the future publications.
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Appendix A. Jacobi identity of the continuous bracket

In this section we prove the Jacobi identity of the bracket (7)) when V - Bg = 0. To simplify the notation, we use
[-, -] to replace the continuous bracket {{-, -}} in this section.

Following the idea in [44], we rewrite the continuous bracket (7)) as two parts,

[F.6] = [F.Glw + [F.Gls.
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Figure 9: Time evolution of the density p for time 7 = 5, 10, 15,20 and / = 7 with strength of magnetic field £ = 0.01.

Each part in the form can be written as

[F. Glu(f) = f ) f{d? G } dxdv

a of " of
~ d6F 006G
[F.Gls(f) = LAXQV fBo - (Eﬁ X Eﬁ)d"dv'

Then the Jacobi identity reads

,7—[] +cyc = [[77’ g]xv, W]xv +[F, g]xv, W]B

1 2

+[IF.Gls, Hlw + [[F.Gls, Hlg

3 4

+ cyc,

where the symbol cyc means cyclic permutation.

Term 1 vanishes because of the Jacobi identity of {:,-}xy. It is also the bracket of VP equation under By = 0,
see [40, 8].

Next, we simplify the notations. Let 5 = %,6@ = %,5‘7‘( = % and a = %6?,,8 = %5@,)/ = %5‘7-{. And we

use B; or ¢; to denote the i-th component of By or a. Then term 2+3 reads

f fBo - (£{5T, G X ) + f{Byg - (@ X B), H }xydxdv.
Q,xQ, ov
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Notice that (u X v); = 3, Jk €ijitt vy for two vectors u, v,

%]
By - (5{57‘1 0Glv X ¥) + {Bo - (@ X ), 0H }xy

= > €iBille}, 6Gh + 0F Bvic+ ) €l Bia B, Hlxv,

ijk ijk
where € is the Levi-Civita symbol. As By is independent of v, the third term on the right side of the above equality

reads
{Bia;Br, 0H }xv

0 0 0
= Z(a—)q(Biajﬂkm = Big (@05 -0H)

0
=Bilajfe oHw + ), 5 -BilasBon)
I
By Leibniz’ rule of {-, - }xy, it is known that

{(Ij, 0G v Vi + {6T»ﬂ_j}xv)/k + {a_/ﬂk» OH }xv
={aj’ OG v Vi + {6T»ﬂ_j}xv)/k + Bk 67{}xva'j + {aj» 67{}xvﬂk
= ({a'ja 0G v Yk + {Bks 57{}xva’j) + ({67:’18j}xv7k + {aj7 5W}xvﬂk) .

A B

The terms 3, € xB;A and 3, €3 BB cancel out by permuting ¥, G and H. Notice that 3, >/ € jx %Bi(a_/ﬂkyz) =
> aix,BO (@ X B)y; and (@ X B);y; + cyc = 6;j(a X ) - v, the summation of terms 2 and 3 leads to fg ‘o f(V-By)(ax
B) - y)dxdv which vanishes when V - By = 0.

According to the above notations, term 4 reads

f fBo - (;(Bo -(a X B)) X y)dxdv
Q. xQ, v

By calculation, it is

0
Bo - (5, Bo - (@ X B)) xy)

= Z Z Gijk(:'zmnB,‘Bl(iam,Bn)'yk

ik dmm v,
= Z Z € jk €tmnBiB (@ jBnYi + WmBnj¥i)s
ijk Imn

where @,,; means aiv/_a/m.

By shifting the indices i — I, j = m, k - n,l - i,m — k,n — jand afy — yaB, € jx€mBBia.fnjyx —
€lmn€ik BBy jimfBn.

Then term 4 vanishes accordingly due to the anti-symmetry of the Levi-Civita symbol.

By the above calculation, we conclude that the continuous bracket (7)) is Poisson if V - By = 0.
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Appendix B. Derivation of the discrete Poisson bracket

As follows, we prove that the particle system (I2)) with the approximate electric field (I7) is still a Hamiltonian

system with the defined discrete Poisson bracket. Under the approximation (IT), we denote a functional of f; as
Flfil = Flw, X, V).

Denote

X v, 1) = wd(x - X)o(v—-V,),s=1,2,...,N,.

The discrete variables can be reexpressed by wy = f fidxdv, X = ML f xfydxdv and V; = wl f v fsdxdv. Taking their

derivatives w.r.t f; providing

owyg ) Xy, x-X; oVy v-V;

Sfe 0 8fs ws T 8fs ws

Notice that W ZJ Usmg the chain rule of variation to calculate glves

oF _ dwg OF N 0X; OF N o6V OF
6fy  Ofs 0wy  Ofy 0Xy  Ofy OV
oF N x - X, OF +V—VS oF
Owy wy  0Xy ws; OV

It leads to
OF 6G\ _[OF x-X,0F v-V,0F 0G x-X;0G v-V; G
§f 60f o \dwy  wy Xy ws VS 0wy wy Xy ws; V),
S
B X, oV, 0V, 9X,)’
Then .
5F 6G N1 (0F G OF G
—,— ¢ dxdv= Lo0 _of
fg,,xg‘,fh{af,, 5fh}xv o Z (ax v, av, ax)
And

Jd 0F J 6G 1 OF oG
B = Bo(x) - [ —
Lmﬁmwam mm%“ Lmﬁ“sz w}wv

—Z o B (aF )

Therefore, we can define the following discrete bracket operator as

N, N,

1 (0F 0G 0G OF 1 oF 3G
mmmw-Z ( e e )+Zwmm>( )
s=1 s=1

0X; 0V, 09X, 0V, 6V

Appendix C. Jacobi identity of the discrete bracket
As follows, we prove that the discrete bracket (19) is a Poisson bracket under V - Bg(x) = 0

22



At the end of section 4, we connect the discrete Poisson bracket (19) which derivation has been shown in
to a matrix K which is called the Poisson matrix. Thus, the discrete bracket is Poisson if and only

if for the component of matrix K the following identity holds for all 4, j, k

6N,

6K,‘j 6Kjk 6Kki
Ky + K, + K;) =0,
;( oz St g it g )
where Z! is the I-th component of Z, see [48,129].
It can be known that
6N,
6K,‘j BKjk 0Ky
Z( oz K + ﬁKu + ﬁKU)
I=1

3N o
L ONTIBX);;
=Z( Jlel

INTBX)i . ONTBX)
5X 1 + +
=1

X! fi X!

N

Due to that N is a diagonal constant matrix, the right term of the above equality leads to

ON"BX);  ONT'BX)u ., INTBX)u
axk et T axr o N Pk N

INTTB(X);;

If X' and X/ are not the components for the same particle position X;, then X
—1R : . . . . .
%N}} = 0 due to that the value of all partial derivatives of functions is zero. Therefore, we only need to

_1 INT'BX) jx ny—1
Ng + = N; +

consider the case in which X/, X/, X* are the components for the same particle position X;. This reads

1 9By N B . By
w2 OXk T 9Xi T 9XJ

) = 0.

In the above equality, if the two of three indexes are equal the terms related cancel out because of the skew-symmetry

of matrix B. With the Levi-Civita symbol € j, it is known that Iﬁ%; ; has the expression I@%i i = € Bo(X;)r when the three

indices are different. Then % + % % = 0 if and only if Vx, - Bo(X;) = 0. This implies the bracket defined by

K is Poisson if V - By(x) = 0.
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