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In this paper, by employing the asymptotic expansion method, we prove the
existence and uniqueness of a smoothing solution for a time-dependent nonlin-
ear singularly perturbed partial differential equation (PDE) with a small-scale
parameter. As a by-product, we obtain an approximate smooth solution, con-
structed from a sequence of reduced stationary PDEs with vanished high-order
derivative terms. We prove that the accuracy of the constructed approximate
solution can be in any order of this small-scale parameter in the whole do-
main, except a negligible transition layer. Furthermore, based on a simpler
link equation between this approximate solution and the source function, we
propose an efficient algorithm, called the asymptotic expansion regularization
(AER), for solving nonlinear inverse source problems governed by the origi-
nal PDE. The convergence-rate results of AER are proven, and the a posteriori
error estimation of AER is also studied under some a priori assumptions of
source functions. Various numerical examples are provided to demonstrate
the efficiency of our new approach.
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1. Introduction

This paper is mainly concerned with the usage of the asymptotic expansion method and the a posteriori error

(\] estimation for a nonlinear inverse source problem in time-dependent reaction—diffusion-advection equations. To
=" introduce the underlying idea, we consider the following one-dimensional problem as an example:

.— (IP): Given noisy data {u°(x,10),w°(x,2)} of {u(x,1), g—ﬁ‘((x, t)} at the n location points {xi, -, x,} and at only one
>< time point #, find the source function f(x) such that (u, f) satisfies the nonlinear autowave model

& 0 0
ﬂl_l:—kul +f(x), x€(0,1)=Q, re(0,T],

oxr ot Ox _ 1
u(0,0) =u', u(l,t)=u’, te[0,T]=T, M
u(x,0) = i (x), x€[0,1]= Q,

where 0 < p < 1 is the turbulent-diffusion coefficient, u(x, ) is the dimensionless pollutant density, x is the spatial
coordinate, ¢ is the time variable, k is the positive coefficient of distribution of a pollutant in the environment, and
f(x) is a function representing the intensity and location of the pollutant source. For simplicity, the left and right
boundary conditions u' and «" are assumed to be constants. Model (T) assumes that the propagation speed does not
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depend on the water flow rate but depends only on the amount of the pollutant, and that pollutant dissipates quickly
(for example, the pollutant could be noise pollution of the water or the spread of electricity in the water). In this work,
the focus is on the speed, location, and width of the border between two regions — a region with a high concentration of
a pollutant and a region with an acceptable concentration. We assume that, at the middle point of this border (named
the transition point), which defines the location of the border, the concentration of the pollutant is equal to the critical
value of the pollutant density in the medium.

Reaction—diffusion—advection PDEs with small parameters arise in a wide range of scientific disciplines, such as
astrophysics [[1], biology [2} 13} 14, 15]], liquid chromatography [6} [7 8, 9], and industrial and environmental problems
[LOL 110 [T} [12]. Specific examples of interest here are the reaction—diffusion—advection models for predicting the
spread of environmental pollution, as shown in [13}[14]. However, as we are investigating rapidly dispersing pollutants
in this paper, we suggest using an autowave approach with the model (I). The application of the autowave model to
the reaction—diffusion problem was considered in [15], the authors proposing a model to predict the growth of the city
of Shanghai in subsequent years. The authors also created a similar model that allowed them to analyze, over time,
the displacement of the boundary between the two regions — the region with a high population density and the region
with a low population density.

Numerical schemes for solving the forward reaction—diffusion—advection equations comprise (a) finite difference
methods [16, [17, [18]], (b) finite element methods [19, 20, 21], and (c) finite volume methods [22]]. Asymptotic
methods are especially attractive for partial differential equations with small parameters, e.g. the model (T) with small
diffusion parameter p, since this technique allows us to find approximate solutions of singularly perturbed boundary-
value problems and express these solutions in terms of known functions or quadratures from them, and also allows us
to prove the existence and uniqueness of these solutions [23| 24, [25]]. In particular, the closer the small parameter is to
zero, the more effective the asymptotic methods are, as the system becomes very difficult for the traditional numerical
solution to handle. Another advantage of asymptotic methods is that the numerical solution is pointwise, while the
asymptotic solution is smooth. Hence, the first objective of this paper is to develop an appropriate asymptotic method
for the PDE model ().

The practical aim of the nonlinear inverse problem (IP) is to help eliminate negative environmental impacts.
Because of the increasing amount of cargo being transported by water and the corresponding increase in the number
of cargo ships, the problem of noise pollution of water is a very pressing one. The diesel engines and propellers
of cargo ships generate high noise levels [26} [27], and this noise pollution significantly increases the levels of low-
frequency ambient noise. Even marine invertebrates such as crabs are affected by ship noise [28]], and noise pollution
could have killed some species of whales that came ashore after exposure to the loud sounds of military sonar [29].
It should be noted that these kinds of inverse problems arise in many physical and engineering problems, such as
[30L 131} 32]. Inverse source problems for other control equations can be found, for example, in [33]. In particular,
inverse problems for the Burgers-type equations were recently considered in [34], where the authors restored the
modular-type source, and [35], where the authors reconstructed the initial condition u;,;(x) from the observation
data of the transition layer. It is well known that the inverse source problem is severely ill-posed because of the
unboundedness of its inversion operator (see [36] for a detailed discussion of the theoretical aspects of this problem).
Therefore, for the problem of noisy boundary data, regularization methods should be employed to obtain meaningful
source functions. With Tikhonov regularization, the inverse source problem (IP) can be converted to the following
minimization problem:

n

2 [Ou 2
min ) {[u(xi,to) - u‘s(x,-,to)] + [a(x,', fo) — w‘s(x,-,to)] } +&eR(f), ()

Je€Qua ;2
where u solves (I)) with the given f, R(f) denotes the regularization term, and & > 0 is the regularization parameter.
Q.4 1s an admissible set, incorporating the a priori information about the source function.

It is well known that the regularization parameter plays a crucial role in solving an ill-posed problem. In practice,
in order to select an optimal value for the regularization parameter, one needs to repeatedly solve the forward prob-
lem (I)), which is usually time-consuming, especially for large-scale problems. The main idea in this paper is to use
the asymptotic analysis to reduce the original nonlinear singularly perturbed problem to simpler problems without
small parameters and high-order derivative terms while obtaining a sufficiently accurate solution. It should be noted
that a similar idea was used in [37]], where the coefficient inverse problem was considered for a nonlinear singularly
perturbed reaction—diffusion—advection equation. Later, by using the same methodology, the authors in [38]] recon-
structed the boundary condition from the observation of the reaction front for the similar PDE model. However, all
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the works mentioned here (i.e. [39} 40, 33 37, [38]]) focus on the numerical implementation of the method. Hence,
the main aim of this work is to establish a rigorous mathematical theory, i.e. convergence results as well as the
(computable) a posteriori error estimation, for asymptotic-analysis-based inversion approaches. Note that, besides the
presented model (TJ), the framework proposed in this paper can also be applied to various linear and nonlinear inverse
problems in singularly perturbed PDEs, e.g. inverse source problems in parabolic or hyperbolic singularly perturbed
PDEs [41]], parameter-identification problems in singularly perturbed PDEs [42} 39, 40 [43]], etc.

The remainder of the paper is structured as follows. Section [2] states the main results of the research, including
the approximation results for both forward and inverse problems of PDE (). Section [3]covers the construction of
asymptotic solutions and the technical proofs of the main theoretical results. Section [4] presents some numerical
experiments using our method, for both forward and inverse problems. Finally, Section [5]concludes the paper.

2. Statement of main results

Table [Tl below lists the notations and abbreviations that will be used in this section.

Notation Description Reference
i Small parameter in the model, 0 < u <1 Eq.(I)
- Spacial and time domains:
QT Q=(0,1), T =[0.T] Ea
u” Left and right boundary conditions Eq.(I)
w’(x,1) Noisy data of 2 (x, 1) Eq.(19)
Xe.p. Point at the middle of the transition layer Eq.(39)
Vip. Velocity at point X, i.e. v, = 2 Eq.[@0)
. Describes functions on the left and right, respectively.
wlrss s

Superscript relative to the point x; . Eq.G8)
Subscript “o.1..” | Describes the order of approximation of the asymptotic solution Eq.(39)-@2)
~, = Left and right regions relative to point x; . :
Lo - . Eq.

Q' = [0, (1,)], © = [, (1,0). 1] ¢-(6)
Xu(t, 1) Approximation terms of x;,, up to order n Eq.(71)
U, The n-order asymptotic solution Eq.(6)
" Regular functions describing the solution away from the point x; . Eq.(37)
o Zero-order approximation of the regular functions Eq.(3),#3)

Transition-layer functions describing the solution

Lr
Q near the point x; . Eq.@)
Ax The width of the transition layer, Ax ~ u|Iny| Eq.(62)
. — x=xrp (L)

3 Extended variable, § = —£== Eq.(38)
u®(x,10) The smoothed approximate data at time 7o Eq.CZI)
A(x) The exact source function Eq.(18)

The reconstructed approximate
£ source function Eq.CO)
oL The set of approximate source functions Eq.(24)
A The relative a posteriori error Eq.(26)
Ay (x) The pointwise error estimate Eq.(30)
(%), £ (x) The lower and upper solutions Eq.(29)

Table 1: Notations and references to their definitions.

First, we list the assumptions under which the asymptotic solution exists:
Assumption 1. u' <0, u" > 0and v’ —u' > 2.

Assumption 2.

%(ur)2> A ' max(0, £(x))dx, %(u1)2>— A " min(0, £(x))dx.

3
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Note that, if the source function f(x) is positive, Assumption@can be replaced with the boundedness of the L' energy of source
Sunction f(x), iLe.

k, .
Iy < 5(” ). “4)

Assumption 3. Forallte T,0< x0(t) < 1, where xo is the zero approximation of x.,.; see @)
Assumption 4. ui(x) = Uy—1(x,0) + O(u"), where the asymptotic solution U,- will be constructed later; see, e.g., The()rem

Under Assumptions |1{and |2} zero-order regular functions go’(x) and ¢"(x), which will be used for asymptotic construction
(refer to (@J)), can be expressed explicitly from equation @4) in the following form:

wuk—¢%ﬁV®m+Wﬂ‘ﬂm:¢ww—%[7mm. )

Assumption[3|defines the location of the internal transition layer within the specified region €, while Assumption [ means that
at ¢ = 0 the transition layer has already been formed, and the initial function u;,; already has the transition layer in the vicinity of
the point x; := x0(0). It should be noted that for some special f(x), for which equation (56) has an explicit solution, Assumption
can be replaced by the requirements for the coefficients and boundary conditions, which are more reasonable in practice. However,
in this paper, since we are mainly interested in solving inverse problems (i.e., the reconstruction of f(x)), equation (36) cannot be
analytically solved without the information of f(x). Therefore, in the general case, Assumptioncannot be replaced by a simpler
condition. Nevertheless, an empirical simplification of Assumption[3]is discussed in Remark 3]

We are now in a position to provide the main result for the forward problem (the meanings and descriptions of some notations
can be found in Table[T]and Section B.1] respectively).

Theorem 1. Suppose that f(x) € C'(Q), wini(x) € C'(Q), and u < 1. Then, under Assumptions the boundary-value
problem (1) has a unique smooth solution with an internal transition layer. In addition, the n-order asymptotic solution U, has the
Jollowing representation (&, = (x — X, (t,11) ) [1):

UL(r) = S (A () + QUEnD)). () e x T,

Un(x,1,1) = 2 o (6)

Un(x,t,p) = 3 ' (@ (x) + Qi (&.1)),  (x,1) e Q' x T,
i=0

which gives an approximation of the solution of problem (I) uniformly on the interval x € Q. Moreover; the following asymptotic
estimates hold:
V(x,1) e Qx T Ju(x, 1) - Un(x,t,1)] < O™, (7

Vie T : |xy (L) - Xa(t )] < O™), ®)
Ou(x,t)  OUn(x,t, 1)
Ox ox

Corollary 1. (Zeroth approximation) Under the assumptions of Theoremm the zero-order asymptotic solution Uy has the following
representation:

V(x,t) e Q\{ X ()} x T :

<OW"). )

(x) + Ol Ol x T
w0 G e
where & = (x — x0(t))/p. Moreover; the following holds:
V(x,t) e Qx T |u(x,t) — Uo(x,1)| = O(p), (11)
VieT : |xip(tp0) = x0(1)| = O(u). (12)

Furthermore, outside the narrow region (xo(t) — Ax/2, xo(t) + Ax/2) with Ax ~ u|lny|, there exists a constant C independent
of u, x and t such that the following inequalities hold:

u(x,1) - ¢ (x)] < Cu, (x,1) € [0, x0(t) — Ax/2] x T, (13)
[u(x,1) — ¢ (x)] < Cp, (x,1) € [xo(t) + Ax/2, 1] x T, (14)
du(x,t) dy' -
% - % <Cu, (x.1) € [0,x0(r) - Ax/2] x T, (15)
ou(x, dy” -
% - % <Cu,  (x.1) € [xo(r) + Ax/2, 1] x T (16)
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Corollary[T]follows directly from Theorem[I] The inequalities (T3)—(T6)) in Corollary [T]can be obtained by taking into account
the fact that the transition-layer functions are decreasing functions with respect to & and are sufficiently small at the boundaries
of the narrow region (xo(f) — Ax/2,x0() + Ax/2), i.e. equation (6I). From Corollary [1} it follows that the solution can be
approximated by regular functions of zero order everywhere, except for a thin transition layer.

Remark 1. The point-wise error E,(x,t, 1) of the asymptotic approximation U,(x,t,u) is defined by

Eb(x,t,p) = |u(x, 1) - Ul(x,1, (x,0) e Q' x T,
Ep(x,t,1) = |u(x,t) — Up(x,t, ,u)| (6,1) e Q" xT.

Ey(x.t ) = |u(x, 1) = Un(x,1, 1) | = {

According to Theorem [I} the constant in the error estimation of asymptotic solution, i.e. (I), can be approximately (and
numerically) estimated by

Ey(x,1,
C= sup M, forQ<pu<1.

s 1
(x,1)eQxT pr

If the asymptotic solution converges, the error is equal to the remainder of the asymptotic series after truncation:

i K (ﬁfr(x) + Qﬁ'r(f,-,t)) . (nn) e xT.

i=n+1

E}(x,1,1) =

Of course, for a fixed u, the asymptotic series may diverge, then there exists an index N(u) of the order of the asymptotic
approximation at which the error of the asymptotic solution is minimal [44)]. The corresponding error value is called the optimal
error Eqp(x,t,pu) = miny |u(x,1) — Un(x,t,1)|. Moreover, the point-wise error for the divergent asymptotic solution can be
calculated through the Borel summation [45) Note 4.96]:

E: "(x,t, 1) = ‘f (°° M( z)[)e_zdzf U:,’r(x,t,,u)‘, (x,1) € QY = T.

Thus, for the zeroth asymptotic approximation, the constant in the error estimate (13) for the convergent and divergent asymp-
totic solution, respectively, can be numerically calculated by:

Q0(& 1) + = 1 (i (x) + Ql(&.1))
M

=C, forO<u<x1,

(x1)eQ!xT

sup
(x,0)eQ!xT

oo [ o —l X ., . 1
i(_[o (ZM(#Z))E“C&ﬂPU))‘:C, forO<p<1.

i=0

The equations defining the constant C in the estimate (1)) in the case of convergent and divergent x-derivative of the asymptotic
solution have the following representation, respectively:

2 (Qo(&nt) + 2z p (@ (x) + Qiént)))
Hu

sup
(x,0)€[0,x0 (1) =Ax/2]x T

1(f0°°(§ ai(%(X)+Q,(§ut))( )) dsiiﬁc))

M i=0

‘=C, forO<pu<1,

sup
(x,0)€[0,x0 (1) =Ax/2]x T

=C, for0Q<pu<1.

In the same way we obtain the constants C from the equations ([4) and (16).
According to Remarkm the following lemma holds.

Lemma 1. Suppose that for a.e. t € T,

Hul + Q1

H 90

(@) Ha (ul + Ql)

LP(0,x0—Ax/2) LP(0,x9—Ax/2)

(ay + Q1) HBQO +0,

ar+ Ol gy -
LP (xp+Ax/2.1)

|5

LP (xg+Ax/2,1)



6 Dmitrii Chaikovskii, Ye Zhang/ (2022)

and the asymptotic solution U, (x,t,u) and its x-derivative converge. Then, for small enough u < 1 such that

S il (] i ! — i-10
OTCETe)] T URT- TR ) i AU Re) ,
i= (@) i=2 LP(0.x9—Ax/2) LP (0,x9—Ax/2)
= i— —r r —r r e i— 0 _r
‘ 0D <l Ol S o <| L+ ,
i=2 Lo (&r) i=2 X 1P (o +Ax/2,1) LP (xg+Ax/2,1)
HBQ. HaQo 6Q1 H@Qo
LP (xp+Ax/2,1) LP (xo+Ax/2,1) ’

Lr(0,x0—Ax/2) LP(O,,\'OfA,\'/Z)
the following estimate holds
! r
H‘p (X) - u(x’ I)HWI.;J(O,XO,AX/Z) + ”(/7 (X) - u(x’t)”wl./’(onrAx/Z,l) < Cu,
fora.e. te T. Here,
Ox

6u1
ox

16 + Ol + | G

LP (xg+Ax/2,1) )
+3k (”P’H

C= 2(1 + & + 0 HU(Q,) ‘

L7 (0.x9—Ax/2)

ponar I L)

Based on the asymptotic approximation of the forward problem, we proceed to construct an efficient inversion algorithm for
(IP). The main idea behind our new inversion algorithm is to replace the original governing reaction—diffusion—advection equation
(T with a simpler relation {4)). To this end, let u(x, r) be the solution of PDE (I}, and define the pre-approximate source function
fo as

u(x to)

Jfo(x) = ku(x,10) ——= (17)

Proposition 1. Let f* be the exact source function, satisfying the original governing equation (I). Then, under Assumption@and
assumptions of Lemmam there exists a constant C; such that

If* = follre@y < Cipllnp], Vp e (0, +00). (18)
Suppose we have the deterministic noise model

Wlxito) ol ¢ 5, (19)

lu(xi,10) — ul] <6, :
ox

between the noisy data {u/,w! } and the exact data {u(x:,%), % (xi,f) } at time #o and at grid points © := {0 = xo < x| <+ < x, = 1}

with maximum mesh size h:= max {Xi1 — X }.
i€{0,+-,n—1}

Now, we restore the source function f° (x) according to the least-squares problem:

f(x)—argmm 1f:(f(x,) fadw?)’ (20)

rectony ™ i=0

For the case in which we have only the noisy measurement u}, we replace the values {u{,w?} in (20) with smoothed quantities
{u?, 2= —}. The function u°(x, #o) is constructed according to the following optimization problem:

4 (x, 1o) = arg min — 1 (s to) — il (1)) + £(t0) : @)

seC'(0.1) i=0

Fs(x,10) ?
ox?

L2(Q)
where the regularlzatlon parameter £(f) is chosen according to the discrepancy principle, i.e. the minimizing element u°(x, 7o) of

1) satlsﬁes Z( “(xisto) — u; (10))

i=0

Proposition 2. Suppose that, for a.e. t € T, u(-,t) € C*(T,L*(Q)). Let u°(x,t) be the minimizer of problem @), with to replaced
with t. Then, for a.e. t € T,

u(x,1)
ox?

u(x,1) i

/
+/6 . (22)
x|z )

22(Q)

Hu‘q(.,[) - u(-, Z)HHI(OJ) < 10\/5(]1‘
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Remark 2. Since the norms in the right hand side of [22) have large values in the transition layer, we use asymptotic analysis
to exclude the transition layer from the optimization problem 1) and perform the minimization separately on the left and right

regions [0,x0(f0) — Ax/2] and [xo(to) + Ax/2,1].

With the help of Propositions |1 and [2| and standard argument in the approximation theory, it is not difficult to construct the
following theorem:

Theorem 2. f°, defined in (20), is a stable approximation of the exact source function f* for problem (IP). Moreover, it has the
convergence rate

1£* = £ 2@y = Oulnp| + b+ V/6). (23)
Furthermore, if u = O(5'/?) (€ is any positive number) and h = O(\/§), the following holds:

1 = £l = O(V0).

At the end of this section, we study the error estimates for the obtained approximate source function f° with a priori infor-
mation, i.e. f* € Qu, where the admissible set Qs is assumed to be some compact sets. In this paper, we focus on the set of
monotonic functions M; and the set of (piece-wise) convex functions M. It can be clearly shown that both M; and M, are compact
sets in L?(Q) (see [46, 47, [48]).

First, define the set of approximate source functions as

O ={feManMo: | f(x:)—kuw! |< Cub + Crpallnp

L i=0,n}, (24)
where C,, = 2([[u 1o (ox7) + | % [ o= (@x7y) and C is defined in Proposition M, represents the set of bounded functions, i.e.

Mo :={f:f(x)e[C,Cu],Yx€Q}.

It can be clearly shown that both f° and f* belong to Q;;lz. Hence, once the approximate solution f° is obtained, we can

calculate the a posteriori error of f° according to the optimization problem
512
max [|f = |10, (25)
e a;{

1,2
ad

A= VAP

where we call the number A, the relative a posteriori error for the reconstructed source function f°. Here, f,f° ¢ R", with £ being
the n-dimensional projection of f°, and the n-dimensional analogs of the admissible sets Q}m,z are defined as follows.
The constraint for bounded monotonic functions:

which is well-posed according to the Bolzano—Weierstrass theorem — note that Q' are compact sets in L* (). The n-dimensional

analog of is
(26)

)

Ay = max |f -
£ 1,2

ad

Qu={feR": Aif <by}, 7
where
1 -1 0 0 O 0
0 1 -1 0 O 0
0 0 0 1 -1 0
O e A
0 0 0 0 1 Cy
-1 0 0 0 O C
0 0 0o ... 0 -1 C

The constraint for bounded convex functions:

QL= {feR": Asf <hy}, (28)
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where (the grid O is assumed to be uniform)

1 -2 1 ... 0 O 0

1 -2 0 o0 0

0 0 O -2 1 0

Ay = 1 0 0 0 0 b= C,
0O 0 O 0 1 Cy

-1 0 0 0 0 C

o o o .. 0 -1 C

To obtain the pointwise error estimate for the reconstructed source function f°, we construct the upper solution f* and the
lower solution ™" so that, for both f° and f*, the following holds for all x € Q:

FUE) 0. () < 7 (). (29)
Once the upper and lower solutions are constructed, the pointwise error estimate can be calculated through
Ao(x) = £ (x) = ™ (). (30)
To do this, fori =0, ---, n, let
£ =inf {fi: e Qy}, £ =sup{fi: fe Q.7 }. 3D

We construct the upper and lower solutions with points from (3T (a similar idea can be found in [49]).
For the monotonic functions, it is clear that £”* < £y, £V < £71, £ < f/”,i = 0,---,n— 1. Hence, the lower and upper solutions
can be constructed as follows (see Fig. [ for the V1suallzat10n).

low
low fo", xelxoxd], . _
f ( ) { flnw Xe (xi,xi+1], 1= la L la (32)
£7,  xe[x,xi) .
up _ i+1° is Xi B 0
f (x)-{ B efe =02, (33)

For the set of convex functions M», the upper and lower solutions are constructed according to the following equations (see
Fig. [§]for the visualization):

flow f{()w f‘lowx_ - f_lowx_ )
flaw(x): (o2 B R B 4 S xe[x,xi], i=0,n-1, (34)

Xi+l = Xi Xi+l = Xi

fup _ fup fupxl _ fupr
+

, x € [xo0,x1],
{fl _xl Y/ b= xu
£ - f”“ f,"“x,—fpx, 1 N
up Xi — Xi ’ xe [XhXi ] ’
f ()C) = ffow fup fup "~ lf[ ow _ . (35)
2 " hien o i+1%i+2 ~ Ly Xt x € [xE, xin1]
i s+l ]
- Xi+2 — Xi+1
[142;2 /}+l up i+ up i
£ - £ x - £ X
X+ , X € [Xnot, Xn ],

Xi — Xi-1 Xi — Xi-1
wherei=1,---,n—2 and
low up low
e (f 1 xi — £, Xi—l) (xiv2 = Xis1) — ( P Xiva — f,+2xi+1) (xix2 = Xis1)
i low up up y]
(B2 —£7) (xis2 = xiv1) = (£, —£27) (xi = xiz1)

Based on the above analysis, we construct an efficient regularization algorithm for the nonlinear inverse source problem (IP),
as shown below.

3. Derivation and proofs of main results

We follow the idea in [S0] and consider a solution in the form of a moving front, which at each moment of time ¢ is localized
in a neighborhood of some point x; . (, ) € Q to the left and to the right of it; a narrow moving transition layer is observed in the
indicated vicinity.
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Algorithm 1 Asymptotic expansion-regularization (AER) algorithm for (IP).

% Calculation of the approximate source function.
if The full measurement data {u’,w?}"  are given then
break;
else
if Only the measurements {u?}', are provided then
Construct the smoothed data {u®, %ix} by solving Z1);
end if
end if
Calculate the approximate source function f° using formula (20).

I AN R

% Error estimation.

9: Calculate the a posteriori error A; of the obtained approximate source function by solving problem (26)).
10: Find the lower £ and upper f*? solutions using formulas (32)—(33).
11: Calculate the pointwise error estimate A, (x) using formula @0).

3.1. Construction of the asymptotic solution

The asymptotic solution of problem () will be constructed in the following form:

U {u’, (1) € Q' x T = {(x,1) e R*: x € [0, 20 (t.p2) ] £ € T 6)

U, (x0) e xT={(x,0) eR*: x€[xp(t,u), 1], 1€ T},

where Q' x T and " x T — are the regions to the left and right, respectively, of the point Xep.(t, 1), and the functions U "and U"
have the following form:

U'=d(xp)+ Q' (&), U =i (xu)+Q (&40, 37

where " (x, ) — are regular functions describing the solution away from the point Xi.p.(,1t), and the functions Q" (&,1,1) describe
the transition layer near the point x,, (#, ), with the variable & defined as

£:=

x—w(lﬂ){ <0 O'xT. (38)

u >0, Q' xT.

Note that, from Assumption the function u(x) has a transition layer between the levels ¢'(x) and ¢ (x) in the vicinity of the
point x; € Q. We take x;, (0, 1) = x; and look for the coordinate and the velocity of the transitional layer in the form

Xep (top) = x0(2) + - x1(8) + -+, (39)

Vep (1) = vo(2) + - vi(t) + -, (40)
where v;(¢) = dx;/dt.
The functions & (x, ) and Q" (&, £,) in are constructed as expansions in powers of yu:

@ (2, p) = g (x) + iy (x) + oo+l (x) + ey 1)
Q" (&.t.1) = Q' (&:1) +uQY (£.1) + -+ 1" Q) (£.1) + - (42)
For the regular asymptotic part we substitute expansions (1) into the stationary equations, i.e. du/dr = 0:
a2ﬁ1,r . .aﬁ[,r
= —kit" —— + . 43
K3 w—=+f (x) (43)

!Hereinafter, functions with subscript 0 will be called the zero approximation of a function expandable in powers of u. In this paper, we mainly
focus on the zero approximation for the asymptotic solution.
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Equating coefficients at 4 = 0 in (@3), we obtain the degenerate equations for the functions ¢'(x) and ¢"(x) with the left and
right boundary conditions, respectively:

d¢'(x) ¢ (x) _ 5
{kgo(x) +f(x)=0, xeQ, k' (x) I +f(x)=0, xeQ, (44)
(10(0)_"{7 o(1)=u,
where the main terms of the regular part of U, i.e. @), are defined as
iy !
= 0
) < [ =0, xe (0. 1)) s)
io(x) =¢"(x), x€[xp(tp) 1].
Taking into account the fact that
F 4 18 L a 4 19
—_— == 1, — =, 46
How "o gt “)ag o Ox  poE (46)

we substitute the expansions (37) into (I). Then, subtracting the regular part from the result, we obtain the equation for transition-
layer functions:

162 Lr 1 o Lr 9 Lr k . o Lr 6 Lr '
L g 1) " - 00— (@ Gt vy ) + 0 () (P 4 PR 1)
ai™" tp\LLH),
_ (ﬁl’r(,u§+x,,p(t,,u),,u)) u (ﬂf +g§~ﬂ(t /‘l) /‘l)) (47)
Substituting the expansions (39)-@2)) into @7) and equating the coefficients at 1!, we obtain
02 Lr i 9 lr
a.;%o +(k(¢ (xo(1)) + QF )+v0(t)) o ="
05(0,1) + ¢ (x0(1)) = p(x0(1)), 48)
00(0,1) + ¢ (x0(1)) = @(x0 (7)),
Qo(£.1) — Ofor & — —oo,
0y(&,1) — 0 for é - +oo,
where
e(xo(1)) = (<p (x0(1)) + ¢ (x0(1))) - 49)

To study the zero approximation of x;,.(f, 1), i.e. xo(t), we introduce the auxiliary function

o' (xo(t)) + Qb(£.1), €0, teT,
i =1{p(x(1)), £=0, teT, (50)
¢ (x0(2)) + Qo (é.1), €20, teT.

It is clear that @ € (¢’ (x0(1),¢" (x0(2))). We rewrite problem (@8} in the following form:

&
{362 - k”_v‘)(’)) (51)
i(0,1) = ¢(x0 (1)), M( 00,1) = ¢! (x0(1)), ii(+o00,1) = ¢ (x0(1)).
Le t — =g(@), g; = 6‘%(14) g(i@t); then, (5 is transformed into é(;( ) = —kii — vo(t), from which we can deduce that
i
f (k= vo(1))du, £ <0,
i a0 (1)
x_ (52)
0 @
—ku —vo(t))du, >0.
-/W(Xo(f))( (1)) ¢
From the zeroth-order C 1—mat(:hing condition, i.e.
ot ot -
- = = 53
0 le=—0  O& lg=+0 ’ (53)
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we obtain, for the zero approximation,

¢ (o)
fw (T)) (—kut — vo(1))du = 0, (54)
X0

where vo(2) = dxo(t)/dt. Solving (54), we obtain

(1) = =58 (w(0) + ¢ (0())). (55)

By using the explicit formula for ¢"(xo(7)) (cf. (5)), we obtain the equation that determines the location of the transition layer in
the zero approximation xo(t) for every r:

) (\/ 2 s wr -y Jar -3 [ '(S)‘“)’ 6)

x0(0) = x5 € Q.

Remark 3. Empirically, we found that the quantity |¢' (x)| - |¢"(x)| keeps the sign for all x € Q. In the case when |¢' (x)| > |¢" (x)),
the right-hand side of the ordinary differential equation (36) is always positive, which means that the solution of (36) is increasing,
and hence Assumptionis reduced to check the condition xo(T) < 1 for only one time point t = T. Alternatively, if, for any x € Q,
o' (x)| < |¢" (x)| holds, the solution of (56} is decreasing and Assumption@can be simplified as the positivity of xo(T).

Integrating the right-hand side of (52)), we obtain

o E(W(xo(t))z @) - (f, - (pl(xo(t))) vo(t), £<0, .

% E(so"(xo(t))z—ﬁz)—(a—go"(xo(r)))w(t), £20.

From equations (53) and (57) and the definition of i in (50), we can write the functions Q5 (£, 1) in the explicit form, in which
xo(?) is a parameter:

PN 0l €10))
PN @ P () + 1 e
where
P(x0(1)) = 5 (¢ (0(1)) - (0(0)))

P(x(1)) = % (" (x0(1) = ¢ (x0(1))) = =P (x0(0)).

According to the boundary conditions at points £ = +oo in (@), we conclude that P'(xo(#)) < 0 and P"(xo(z)) > 0 for all > 0.

Consequently, the functions Qf;r(f, t) are exponentially decreasing with & — Foo and have the exponential estimates (see, e.g.,
[51L152]) _

Ce“ < |0p(&.1)| < Ce, ¢<0, teT, (59)

Ce™ <|Qp(&,1)| < Ce™, £20, teT, (60)

where C, C and k, k — are four positive constants, and, more precisely,

C= 1,3[‘3,% (¢ (0(0) - @), €= % sup (¢ (x0(0) - ¢ (w(0))).

sup
2 2 1€[0,T]
From the boundary conditions of @8] and Assumption[T} we deduce that

105 (0.0] = o (xo(1)) = ¢ (ro(1)) = 5 (6 (o (1)) = ¢! (x0(1)) 2 3 (o ') > 42,

and | Q5 (¢,1)| — 0 for £ - Foo. Since u > 0 is a fixed number, | Q' (¢,1)| are decreasing functions and & = (x — x.,. (£, 1) ) /i, then
there exist £ (#, 1) for which on the intervals [0, 2'(#,1)] and [# (1), 1] we have |Q} (&,1)| <y respectively for every #; and at
the points 2" (1, ):

|00 (£(8' (1)).1)] = 1, |Q6(E(R (1.0)).1)] = 41° (61)

Now, we define the width of transition layer Ax(#, ) and the point at the middle of the transition layer, x;, (2, 1), with

Ax(t,p) = £ () = (6 p), xip (1) = (8 (1) + £ (1,12)) /2 (62)
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From equations (59)—(60) and (GT) for x = " (7) we obtain

Ce 3™ < 1P < Ce 3™ (63)
from which Ax can be estimated as B
u. C 2
Fin= <ans T'ulng, i.e. Ax ~ pllnpl. (64)
K U kKl

We also write the first-order asymptotic approximation functions. Equating the coefficients at u' in (@3), we obtain the follow-
ing equations:

(plr( )dullr —l,r d‘p[’r(x) _ _1 dz‘p[’r(x)
dx ko dxr (65)
i (0,6) =0, @ (1,1)=0.

The solutions to these problems can be written explicitly:

iy (x,1) =exp(f0X—W(s)ds) jo-x—exp(/OSI W(s)ds) Y(s')ds',
) :exp( A 1 W(s)ds) / lexp( / 1—W(s)ds) Y(s')ds,

1 d Lr 1 d2 Lr
Ll G Y(x) - ¢(x)
¢ (x)  dx ket (x)  dx?
After substituting expansions

(66)

where W(x) =

i g + 30(0) 40 (0):10) = w0 (0) 4 (€ 4 30) G2 Gro0) + 1 (0)) + O

and expansions (39),[@0), and @2) into @7) and equating the coefficients at °, we obtain equations for the first-order transition-
layer functions:

2 ALr
aale + (k(‘:ol’r(x()(t)) + Q )+ vo(t))

- (¥

“Y[r(f t)

_V] (r)) T ) = HY (),

where

! _ou . _ou
T(f’t) - aé:(é:?t)’ SSO’ T (f’t) - af(é:’t)’ 520,

P (ent) = —k ((

Taking into account the initial conditions in (@8}, we derive additional conditions for the functions Q'l" (&.1):

and

00

<z>>)‘r"+Qéf—< o<r>>)

01"(0,1) =~ (x0(1))
0\ (£,1) - 0 for & - —c0, Ql(f,t) — 0 for & - +oo.

Functions Qll"(f, t) can also be written explicitly:
Lr Lr Lr ¢ 1 Foo Lr
oren-"En (- [ o [ HGrodnds), (©7)
o z2(s.t) Js

where 7" (£,1) = (‘Y’“(O, t))7l T (£,1). From we deduce that

dx; (l‘)

o 0.0 = (k" () ~0(0) 7 0) + P4 (6 (o) — o) = 7
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It can be clearly shown that the functions Qll'r(f, t) satisfy exponential estimates of the type (39), (60). From the first-order
C'-matching condition

3Q1

3Q1 d‘ﬁ

2 00+ 5 (@) = e, (68)
we obtain the equation that determlnes x1(2):
(¢ (o) - ¢ o) 22D 4 01 (1)1 0) = 0300, ©9)

where
r !
B1(0) =5 (4 o(0) - (0(0) [ %6 (o)) + 2820
@3(1) =1 (3 (10(0)) 1 30(0)) (¢ 30(0) ~ & (30(0) ~ 2 (o0 + 2 oot + [~ nyin = [

Given the initial condition in (36) and that x;,. (0, ) = x5, we solve (69) with initial condition x;(0) = 0, so we can find x; (¢)
in explicit form:

¢'(x0(1)) = ¢ (x0(1)) ¢! (x0(1)) = ¢ (x0(1))

In a similar way to @3)—(70), we can obtain approximation terms of solution « up to n order, i.e. formula (6).
Moreover, the approximation terms of x, (¢, 1) in (39) up to order n can be written as

: 10
t t EXp f ! ﬁd&' (I)Z(TI)
0 (f) = exp(ff D1 (s) s )f (5 e s s) i 70

Xo(to) = S pine), 1€ T (71)
i=0

3.2. Proof of Theoremll|

To prove Theorem [T]and estimate its accuracy (7)—(), we use the asymptotic method of inequalities [53]|. First, we recall the
definition of upper and lower solutions and their role in the construction of solution (m) 153,154} 155]).

Definition 1. The functions B(x,t, 1) and a(x,t,u) are called upper and lower solutions of problem (1) if they are continuous,
twice continuously differentiable in x, continuously differentiable in t, and for a sufficiently small u, satisfy the following conditions:

(C1): a(x,t,1) <B(x,t,1) for (x,t) e Qx T.

2
(C2): Lla]:= %—%‘: kaa—a—f(x)zo, (x,1) eQxT;
’B 9 _ -
L[ﬁ]::,ud—xlj—ﬁ -f(x)<0, (x,1)eQxT.

(C3): a(O,t,,u)Suls,B(O,t,/J), a(l,t,u) <u” <B(1,1,u).

Lemma 2. ([34)]) Let there be an upper B(x,t,ut) and a lower a(x, t,u) solution to problem (1)) satisfying conditions (C1)~(C3) in
Deﬁniti(m Then, under Assumptions 14, there exists a solution u(x,t, 1) to problem (1) that satisfies the inequalities

a(x,t, 1) <u(x,t,u) <B(x,t,p), (x,1) e QxT.
Moreover, the functions B(x,t,u) and a(x, t,u) satisfy the following estimates:

Bx.t,u) - a(x.t,p) = O("), (72)
u(x,t,p) = a(x,t,y) + OW") = Uper (x,t,1) + O(u"). (73)

Lemma 3. (/531 155)]) Lemmalalm remains valid in the case in which the functions a(x,t,u) and B(x,t, () are continuous and
their derivatives with respect to x have discontinuities from the class C* on some curve x;, p» and the limit values of the derivatives
on the curve x;, satisfy the following conditions:

da’ B B
(C4): |x ~x(t) = |t < 0, £|x:xw) = oy s 2 0.
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The proofs of Lemmas[2H3]can be found in [531[54]. Thus, to prove Theorem [T} it is necessary to construct the lower and upper
solutions a(x,7,u) and B(x,t,u). Under conditions (C1)-(C4) for a(x,t,u) and B(x,t,u), estimates (7), (8) will follow directly
from Lemma Estimate (9) can be obtained by solving equation (93) for z,(x,#,u) = u(x,t,u) — Un(x,t,1) using Green’s
function.

Now, we begin the proof of Theorem [I]

Proof. Following the idea in [50], we construct the upper and lower solutions o', @, 8, 8 and curves %, x as a modification of
asymptotic representation (6).

We introduce a positive function p(r), which will be defined later in (90), and use the notations p(t) = p(r) and p(t) = —p(t)
to enable us to define the curves X(#) and x(¢) in the form B

n+l ntl
¥(tp) = Yo px(e) + 1B, x(tp) = Y pxa() + ) (). (74)
i=0 i=0
Then,
dx dx
v(t) = — t)=—. 75
W)= o v = - (75)
We introduce the stretched variables (0p0) (t0)
- x-—x(t, x — x(t,
Rt GNP S GTD ) 76)
M H

The upper and lower solutions of problem (T) will be constructed separately in the domains K, K" and M, M", in which the
curves x(¢) and x(¢) divide the domain Q x 7T

et Bxtp), (x.6) ek = {(x0): xe[0,x(t, )]t € T},
Plxtp) {ﬁ’(x, tu), (x,1) e K = {(x,1) : x e [¥(t,u),1],t € T}, 7
ol _ o (xtp), () eM = {(x1):xe[0,x(t,u)], 1T},

(x.1.4) {a/'(x, tp), (xt)eM ={(x1):xe[x(t,u),1],te T} {78)

We will match the functions ﬁ[(x, t,u), B (x,t,4) and o/(x, t,1), @ (x,t, 1) on the curves X and x, respectively, so that B(x, t, i)
and a(x,t,u) are continuous on these curves and the following equations hold:

o' (x(t.p)) + ¢ (x(t.1))
5 ,

o' (x(t.p) + ¢ (x(t.p))
. .

Note that we do not match the derivatives of the upper and lower solutions on the curves X(¢) and x(#), and so the derivatives
9B/dx and da/0x have discontinuity points, and therefore we need condition (C4) to hold.
We construct the functions 8" and o in the following forms:

B = Ullgs + 1™ (€7(0) + a5/ (1) + g (E.1)).
@ = Ul — 1 (€7 (%) + g6 (&.1) + pgt (£.1)),
where the functions €""(x) should be designed in such a way that the condition (C2) is satisfied for 8" and o in (B0). The
functions gf(&,1) eliminate residuals of order 4" arising in L[g] and L[a] and residuals of order 4"*' under the condition of
continuous matching of the upper solution (9), which arise as a result of modifying the Tregular part by adding el”(x). The
functions ¢}" (€, ) eliminate residuals of order y"*" arising in L[] as we add €”"(x) and ¢}’ (&,1).

Now, we define the functions €""(x) from the following equations:

B (x(t.p).t.1) = B/ (X(t. ). 1 p1) =
(79)

o (x(tp).to ) = @ (x(t. ), 1) =

(80)

del"(x) I L dgal"(x)
k————=¢" +€e (x)k————= = -R,
PP AR S @1)
€(0)=R, €Q1)=R,
where R, R, R" are some positive values, which will be determined later. The functions e’"(x) can be determined explicitly:
! 1 i Rx
€)= o= (R (0)- 7).
¢'(x)
1 R (82)
€(x) = —=(R¢' (1) + ~(1-x)).
¢ (x) k
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Since ¢'(x) < 0 and ¢’ (x) > 0, € (x) > 0 for x € Q.
We define the functions q(l)‘r (&,1) as solutions of the equations
P q/
o0&?

+ (vo(1) + k(¢ (0 (1)) + Q5 . t))) +kqg 1Y (€.1) = Hyo (€.1), (83)

(r))) 4p{1) ) (84)

The boundary conditions for q "(&,1) follow from the conditions of continuous matching of the upper solution (79), with the
following conditions in £ = 0 for functions Q" (£,1):

where

HE (1) = T (Eor) ( ( (4

a5’ (0.1) = qo(=00,1) =0, gy(+00,1) =0. (85)

We can write the functions gh(Z, ) in this explicit form:

re i r g 1 Foo r
a5 (1) =" En) | p5 (1) - f T f Hao(n.1)dnds | . (86)
o ZM(s,t) Js
We define the functions qll" (€,1) from the following equations:

62

+ (K05 (€,1) + ¢ (x0(1))) +vo (t)) -k a1 (" (&1) =

(p(t) o’ (€0)+ (-6~ X1(t)) 0 (f 1) - a5 (& t))

k(1) (F+ (,)m(g,,) . Qé;'@, 0) T (o)
((§+ 5 ()%

- (ke’*’<xo<z>> kg (@) +

87

) T (1)

(20 + 20z )

(t)) an’r

(é" 1) (k(u (x0(1). 1) + Q1 (€,1)) +v1 (1)),

with the boundary conditions
47 (0,1) =0, ¢t (€,1) — 0 for & > Foo.

Replacing p with p and & with ¢ in (83)—(87), we define the functions g (¢,7) and ¢} (&, ) that appear in the functions .

The functions qf)‘r and qll'r satisfy exponential estimates of type (59) and (60).

Now, we need to show that the functions B(x,7,u) and a(x, ,u) are upper and lower solutions to problem (). To do this, we
check all conditions (C1)—(C4).

Condition (C1) is checked in the same way as in [33]. Using equations (77), (78), and (80), it is possible to verify that 5—a > 0
for each of the regions: [0,X(t,u) ], [%(t, 1), x(t. 1) ], [x(2, 1), 1].

The method of constructing the upper and lower solutions implies the following inequalities:

L[ﬂ] _ _'unJrlR + O(,un+2) < O, L[(l] :,un+1R + O(y"ﬂ) N 0’

where R is a constant from (8T). This verifies condition (C2).

Condition (C3) is satisfied for sufficiently large values R' and R” in the boundary conditions of equation ).

We now check condition (C4) for the upper solutions 8*". Because of the matching conditions (33), (63) (and up to order
n + 1), the coefficients for u' (i = 1,---,n) are equal to zero, and the coefficient at x"*' includes only the terms resulting from the
modification of the asymptotics:

B 0B
H ( ox Ox )

o (aqo (0,1) - aqo (o z)) +O("). (88)
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Using the explicit solution for go™ (0,1) (86), we find

0 0 - (¢ -2 1)) - 20 1)
- () + ke (0(1))) (e’(xo(r» o0 (o)) + B0 (1)) o
= PO (47 (a0(0)) ¢! (20(0)) - & (6 (000) = ¢ (30(0))) (€ +€)
00 (6 00 -/ 600)) (% o) + 2 () ) ).
We choose the function p(7) as a solution to the problem
B (o (a(1)) ~ ¢ (0(0)) = 01D (0) + FO) + 0, p(0) =, 1T, ©0)

where F(t) = £ (¢"(x0(1)) - gol(xo(t))) (el +¢€"). Since the function F() and the constants o and p° are positive, the solution
p(1) to equation (90) is also positive.
B o
Mlax ™ ox

For such p(r), we obtain:
Similarly, condition (C4) is satisfied for the functions ", and the constructed upper and lower solutions guarantee the existence
of a solution u(x,,4) to problem (I), satisfying the 1nequahtles

. ="+ OW?) > 0. 1)
x=x(t

a(x,t,u1) <u(x,t,p1) <B(x,t,u1). (92)

In addition, estimates (7),(8) are valid.
We now show that estimate (@) also holds. To do this, we estimate the difference z,(x, 1, 1) = u(x,t,u) — Up(x,£,1); the
function z,(x, ¢, i) satisfies the equation

&z 0z _( Uy,

- ox ox

n+1 93
Haa "o ) K (x ) 93)

for (x,1) € Q x T, with zero boundary conditions, where |(x, 7, 1)| < ¢i. Using the estimates from Lemma we obtain

(i top) = u(x,t,p1) = U (x,1,1) < O(u™™). (94)

The second term of equation (@3) can be represented in the form

ou,
KU, ~ ku a o f (ks)ds. 95)
We rewrite (93) in the following form:
Pz, 10z, 10 Un
- =2 —Kzn=-Kotn+—— ks)ds + "y (x, 1, 11). 96
o aan z+ﬂaxfu (ks)ds + "y (x, t,p1) (96)

We define
r(x,t,p) = 1 (x, 1, p1),

and, changing the variable to 7 = ut, we can rewrite (96) in the following form:

821;1 _ aZn
ox:  or

- Kz, =Kz, + f (ks)ds+r(x, JH). 97)

Using a Green’s function for the parabolic operator on the left-hand side of (@7), for any (x,7) € Q x T, to € [0,), and
(¢£,7) € @ x [0, ut) we obtain the representation for z, [56]:

zn:fo G(x, ut, &, pto) zn (4, pato)dg — f drf G(x,ut,¢, )( Kz.(¢, )+r([ ,,u) la (ks)ds)d( 98)

u(Zs 74
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Using integration by parts and the boundary conditions for G, we can transform the last term in (98) as follows:

ut .10 Un((vflﬂ) pt 1 1 U"(Llll"u)
f d‘rf G(x,ut, ¢, ) (ks)dsd¢ = — f d‘rf Ge(x,ut, g, =)= (ks)dsd¢
Hig M 8§ u(ds 1) uto 0o o Ju@zp

ut 7.1 UG !
—/ dT/ G(x,ut,l,—)— (ks)dsd{——— dT/ Gx(x,ut,{, / (ks)dsd{
Hio 0 Mmoo Ju(E ) Hlo 0 (&)

. . . . .0
Using (99), we obtain from (@8) the following representation for the derivative %:
x

99)

2

1 ut 1 T
= [ o) anoac - [ [ 6 et D) (<K@ Dy e D )ac

Un (4,5 1)
2(f d‘r/ G(x,pz,g,I)lf ““(ks)dsdg). (100)
"o it 0 HOp (@ T

The validity of representation (I00) follows from the estimates

ut 1 T
f dT/ Gy(x,ut, ¢, —)dL
Hto 0 M

o rm ! 7.1
7 d/G it ) ~d
axzf% v ) Glomn, ) ac

which can be found, for example, in [56, Page 49]. We find that the first and second terms of representation (I00) have estimates
O("") and O(u"), respectively. We also find that the last term in representation (TO0) can be estimated by

1 Up (x,uat )
- ‘f( (ks)ds

Xt )

<C, <C

|f01Gx(x,ut,{,uto)d§

and
<C,

<OW").

] o

3.3. Proof of Lemmall]

By the assumptions of the lemma, we deduce that:

¢ () ~ u(.0) i (@ + )

0+ i (@ + Q)
i=1

<)% +
P (D)

< HQGHLP(QI) +2ﬂ Hﬁl] + Qll ‘ LI’(QI) <IJ(1 +2 Hﬁll + Q[l‘

Lr(Qh) = ‘ -

Lr(Qh)
(101)

U}(Ql))’

taking into account the bounds for considered small i and the inequality |Qf)| <y in the region (0, x0 — Ax/2). In the same way,
we obtain:

dy' (x) _ Ou(x,t) 0} ﬂQ
H P F) —= Z.u ( +Q1 =2 ZH 67('4 +Ql)
X Lp 0xg-ax/2) = L7 (0,x0— Ax/2) LP(0x—Ax/2)  li=1 L0 (0,x9-Ax/2)
a0, o, o 90,
H : +2,U”8*(”1| +Qll) <u(k HPl“u(oxOfo/z) +2 ) - H : )
L7 (0.x9—Ax/2) X LP(0,x0—Ax/2) ’ XL (0.x9-2x/2) L7 (0.x9—Ax/2)
i}
JNEY T +2‘ - ). (102)
Lo (Oxy=0s/2) Ox L7 (0.x9—Ax/2)
!
where we used the estimates u dQ‘ < 8(9% 0Q°| < —kP'w? — ku* 2 < —kP'y* and P'(x0(t)) < 0 is defined in the equation (58).

By combining (T01) and (T02), we conclude that
H‘pl('x) - M()C, t) ”Wl'f’(O,X(rAx/Z) < Clﬂ

=l
oy

with C" =1+ 2|} + Q] s

+3k | P'|

Lr (D) 1P (0.x9—-Ax/2) +

L L7 (0xg-Ax/2)
Similarly, we can derive the estimates in the right region Q":
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<p(l+2]a@ + Q1 (o)) (103)

Lr (§r)

Qo+ > (@ + O
i=1

16 (6) — )y = \

004 oy

ox

H d¢'(x)  Ou(x,t)
dx Ox

ia —r r
; a("ii +0i)

<HEk HPr”Lp(xmAx/z’l) +2’ L2 (xo+ax/21)
X0+Ax/2,

(104)

LP (xg+Ax/2,1) H LP (xo+Ax/2,1)

By combining (T03) and (T04) we obtain:

I () = e D)y ey < €t

airy

with C" := 142 @1 + Q1 o ary + 3K 1P| 1o (g sayony +2 || 5

byC=C'+C".

, and the constant required for the lemma can be obtained
LP (xp+Ax/2, l)

3.4. Proof of Proposition([l]
Proof. First, we note that the exact source function ™ has the following representation according to equation @4):

ke ()d“’ ("), xe (0,x0(r) - Ax/2),

1= (105)

k%()ﬂ)%)(f), x e (x0(t) + Ax/2,1).

Let Q' = (0, x0 — Ax/2). By using Lemmam we have
e (x) = ux1)

<Cu, (106)

@y =

I
Hd¢ (%) du(x1) ‘ <cu, (107)
dx ox @)
Hd(p (x) dy (x)  du(x,1) ‘ du(x,1) H ‘ Ou(x,t) (108)
() - dx ax () LP(Q') c’)x Lr(Q)
From estimates (T06)—(T08), we conclude that
|- dy' (x) Ou(x,t)
P17 =l = [ 2 - ) 20
k LP(Q") ox @)
dga X dy' (x dy' (x ou(x,t
<[ BNy By 20D
* o llzecan * e (109)
1 dg'(x) dg'(x)  Ou(x,1)
< I 0= ) | NN ACRIC
” @) | dx ) @ gy Ox @)
C1
<C(Cr s ) yngary ) = T
Following exactly the same lines, we also derive the inequality
Hf* 7ﬁ)||U(X[)+AX/2Yl) < Cop (110)

with a constant ¢,. In addition, since Ax ~ u|lny| (see also (64)), we have

Hf* - ﬁ)HU’(xo*Ax/Z,onrA/Z) < Hf HL”(X()*A,\’/Z,X()JrAX/Z) + ”foHU’(XO_AX/Z)‘O‘*'AX/Z) < C3ﬂ|11’1ﬂ‘ (111)

with ¢3 = [ /" c(q) + |6l ¢(qy- By combining (TO9)—(TTT), we deduce that

Hf fO‘Lp(m) Hf fO‘LP(Oxo—— Hf fo ”f fO”U’(XoJr

p,p

Ll’(xof e x0+—

which yields required estimate (T8) with C; = (c” + ¢ + ¢2)'/”. O
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3.5. Proof of Proposition 2]
Without loss of generality, we assume that uf(¢) = u(xo,?) and u$(¢) = u(x,,t). Otherwise, we can consider the function

i(x,1) = u(x,1) +ud(t) — u(0,1) + b(¢)x, (112)

where b(t) = ul (1) —u(1,1) +u(0,1) —uy(1). It is clear that 7(0, 1) = ud(¢) and (1, 1) = u(¢). All assertions below hold according
the triangle inequality
(1) —u( )20y < |uCo0) = (D) 20y + (1) —u(1) 12 (113)
= [u(C.0) a0 2y + (D] < W8 (1) = (1) [ 120y + 26

Proof. Let e(x,t) = u®(x,t) — u(x,t). From the definition of u°(x,¢) in ZI), we have e(0,t) = e(1,¢) = O for all t € T.
Consequently, from the Dirichlet—Poincare inequality, we obtain, for every € 7T,

de(x,1) 0 (114)

le(rn)l <4 252
12(Q)
For every t € T, let u’(x,t) be the natural cubic spline over © that interpolates the exact data u(x,?) at the grid ©. Let
ei(x,1) =u’(x,t) —u’(x, 1) and ex(x,1) = u’(x,1) — u(x,1). Itis clear that e(x, 1) = e1(x, 1) + e2(x, 7).
According to [57, Lemmas 4.1, 4.2], for a fixed ¢, the following holds:

‘ der(x,1) || ‘ o' (x,t)  Ou(x,0) |’ h u(x,1) : (115)
ox 12(Q) 0x ox @ n 0x? LZ(Q).
Moreover, for each ¢, 32”[;;2”) is the best approximation of u(x, r) in L*(Q) from the space of linear splines over @, i.e. the following
identity holds:
er(x,1) : ‘ O’ (x,1) : u(x,1) : (116)
oxr |2 @ oxr || @ ox* |2 @

On the other hand, for each ¢ € T, let x(x,t) be the best approximating piecewise constant spline of w in £2(Q), ie.

1 Y Oeq
X;j. X I_ 7d . 117
X|(~H» i) =X h x 0X * o

Then, we obtain, together with e1(0,7) = e;(1,¢) =0 forae. te T,
2 1 (961 (961 1 (961

- “x)d f % vd 118
‘ /oax((?x X) x+0 ﬁxXx (118)
1 de; (5€| ) / 66]
= —vld :
fo ox \ax )T ZX o
ey [ Oe
:[) a—l( ! X)dx+ ZX,' (61 (xi,t)—61 (x;_l,t))

i=1

der
ox

Ox

a (9 n—1
_/o . ( = —X)dx+2e1 (xi,1) (i = xisn) + €1 (11) xn — €1 (0, 2) x1

Ox \ dx P
1 de; ((9€| ) n-l
= - dx + it i — Xi =1 + 1. 119
fo el e g K ;el(x ) (i —xin1) =l + I (119)
From the approximation property of piecewise constant splines (cf. [58, Theorem 6.1]), we have
| der _ el
ox L2(Q) - ox? 12(Q) ’
which implies, together with the Cauchy—Schwarz inequality, that
2
1<6€1 ‘%_H<h% 881
ox |l ox ox ox?
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Since u®(x, t) stands for a minimizer of ZI)), we have

Pt 2 n ‘ 52 2
& +&(r) Lf’) = min (s(x,-,z)—u;?)2+s(z) S(’;”)
dx p sctonntli 6; 12(Q)
n 2
Z (u(xit) - u‘i) +&(t) & u(x t) <& +£(t) %);’t) ,
=0 12(9) iz
which gives
& 2 2
‘ ou ();,t) < ’ c')u(xz,t) . (120)
ox 12(Q) ox LZ(Q)
Consequently, we deduce, with the identity (TT6), that
Fe Fu (x,1) N Fu(x,1) <2 Fu(x,1) . (121)
ox? ox? ox? ox?
Therefore, we obtain the following bound for /;:
2
11<2h‘ael Fulxn)l (122)
ox?
Next, we bound I, using the Cauchy—Schwarz inequality and (TT7). This yields
n-l 1 66] 6€| 2
B< Zel (x,,t)Z()( i) = Ze] )T (f (7( - (x+h))dx) .
By construction,
n—1 ) n—1 . N n—1 . 512 s 5
Zel (xi,1) = Z (u® (xi, 1) —u(xi,1))" <2 Z ((u (xi,1) — u,-) + (u, —u (x,-,t)) )
i=1 i=1 i=1
<23 (u® (xit) - uf)z +2(n-1)5" = 4ns"
i=0
and hence
B < 4né® Z(f f ‘ael (f)‘dfd ) /i
i=1
n—1 i+
< 4ns? Z(/ f 1 6el (f) dgdx) /h < 4ns” Z([ 3e| (f)‘ )
i=1 Xi—1
This last integral can be bounded using Cauchy—Schwarz and (I2) again (from the definition of A, & > 1/n holds):
212 2 2
B < ns® Z/“ Fer (g)‘ df/ de <166 | 24 < 645 %’2’) .
i 20 ox 2(0)
Inserting this and (I22) into (TT8), we finally obtain
2 2 2
0 0
‘% < h‘% Fulx1) +86‘M()§’[) : (123)
ox 12(Q) ox 2(Q) ox 2(Q) ox 2(Q)
Completing the squares permits us to conclude from (I23) that
2 2 2 2 2
‘% 8u();,t) < h‘ﬁu();,t) +\/—\/—’8u(x ,1) .
x llp2(a) 02 |l 0l ()
This yields
2
‘% <o ﬁu()g,t) +\/—\/—H6u(xt) ,
Ox ll2(a) B_x 12(Q) 12(Q)
and inequalities (TT4) and (TT3) imply that, for a.e. r € T,
de) des
e(-t <5 |0ce(x,t)|,2 SS’— ‘— )
ey <302 iy <3| 5 v [
< 5(2h‘ L"(ﬁ’ 2 + \/_f‘ 62"(X 0" Lk LM(E’Z) )
Ox 12(0) e 7 dx 2(Q)

which yields the required estimate (22). O



Dmitrii Chaikovskii, Ye Zhang/ (2022) 21

4. Numerical examples

In this section, we present some numerical experiments to illustrate the efficiency of our new approach. For each example, we
first verify the numerical behavior of the asymptotic solution, whose accuracy is theoretically guaranteed by Theoremm and then
subsequently demonstrate the efficiency of Algorithm 1 for the corresponding inverse problems.

We consider the following reaction—diffusion—advection equation with source function f(x), which will be set differently in
the simulation study:

2

pu 00 r), xe(01), te(0,T], p=00l,

oxt ot ox ] 124
w(0,0) =u', u(l,f)=u’, 1€[0,T], (124)

u(x,0) = uiir, x€[0,1].

According to Theorem [I] we need to verify Assumptions [TH4] which stand for the sufficiency conditions for the existence of an
asymptotic solution to problem (I24). We therefore repeat the procedure presented in Subsection @ By solving two equations
(@) we obtain the main regular terms ¢'(x) and ¢"(x) in the forward problems. The problem for determining the leading term of
the asymptotic description of the front xo(#) takes the form

L0 L (o)) + ¢ (1)), 125)
x0(0) = 0.1.

Then, by solving (123) numerically, we can verify Assumption 3]
We take the initial function in the form

r

!
umn(X,/l) _— 2 " tanh(

x-0.1 ) u +u
+ >
u 2
with an inner transition layer in the vicinity of x = 0.1.
Thus, if Assumptions|[THd]are satisfied, the considered equation (T24) has the following solution:

(¢ (x() - ¢' (0 (1))

exp ((x - x0(1)) (%’(Xo(t))zjf’(m(t)) )) i1
~ (¢ (0 (1) - ¢'(0 (1))

exp ((x_ (1)) (W’(xo(t))2;¢l(xo(f)) )) +1

For the simulation of inverse problems (IP), we consider the problem of identifying the source function f(x) in the nonlinear
PDE model (T24). The numerical experiments consist of three steps. First, we obtain the synthetic exact measurement data
{u(xi,10), %(x,-, fo) =y by solving the forward problem (124) numerically with the finite volume method, where we introduce a
mesh uniformly with respect to spatial variable ® = {x;,0 <i <n:x; = hi,h = 1/n}. Second, we generate the artificial noisy data
by adding independent and identically distributed (i.i.d.) random variables with a uniform distribution with noise level ¢; i.e. for
i=0,n,

¢ (x) + , xe [0 x0(0)],

(126)

¢ (x) + , x € [xo(r);1].

ul = [1+6(2rand - 1) Ju(xi,10), w{ = [1 + 6(2rand — 1)]?(}@-,[0), (127)
X

where rand returns a pseudo-random value drawn from a uniform distribution on [0, 1]. In the last simulation step, the observed
data is processed by Algorithm [I] and the retrieved source function is compared with the one from the input. Moreover, we also
output the relative a posteriori errors of the estimated source function and the lower and upper source functions.

4.1. Example 1

4.1.1. Forward problem
In this example, we consider equation (T24) with a given monotonically increasing source function f*(x) = x - x* + x° and

parameters i’ = —10,u" = 5, T = 0.3. We explicitly find the zero-order regular functions,
: 600 + 6x2 — 4x3 + 3x* , 145 + 6x2 — 4x3 + 3x*
¢ (x)=- .9 (x) = ,
V6 V6

- -0.1
and numerically verify that 0 < xo(#) < 1 forall 7 € T (Fig. . The initial function takes the form w;n;: (x, i) = 7.5 tanh (XO 001 ) -

2.5. Thus, Assumptions [THf] are satisfied, and the asymptotic solution is shown in Fig. P(a)] We also draw the numerical solution
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(using the finite-volume method) for problem (124) in Fig. which will be used as the high resolution of the exact solution u.

. . . UG =u(en 2 g
The relative error of the asymptotic solution is — LOx[003) - (),0586.

fuCxn)]l 12(2x[0.03])

0.8

0.6]

0.4

0.2

0.00 0.05 0.10 0.15 0.20 0.25 0.30

Fig. 1. Numerical solution of (123) for ¢ € [0,0.3].

1.0 0.5 0.0 1.0 0.5 0.0
X

X

(a) (b)

Fig. 2. Asymptotic solutionand numerical solution (using the finite-volume method)of PDE (124) with f* (x) = x— P +x3,xe[0,1],
t€[0,0.3],u=0.01.

4.1.2. Inverse problem

In the simulation, we use the error level 6 = 1%, t, = 0.2, n = 12, n" = 13, and n = 20, and take the values of the grid u(x;, %)
and % (xi, o) from the forward problem.

We skip the points from transition layer (xo(f) — Ax/2,x0(fo) + Ax/2), and use nodes in only two regions, located on two
sides of the transition layer, with indices i = 0, -+, n'andi= n',---,n. The uniform noise m is added to the values u(x;, %) and
% (xi,10) to produce noisy data {u?, wf}?io and {ul,w!}"- on the left and right intervals with respect to the transition layer.

Following Algorithm|[I] we obtain the approximate source function by solving the following optimization problem:

M=

. 1
£x)=  argmin
fecl(0,1): n+ls

1
F(xo)<f ()< <f (o)

(F(x) —uwf)”. (128)

]
=}

The reconstructed source function f°(x) is shown in Fig.
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0.8

0.6

0.4

0.2

Fig. 3. The result of reconstructing the source function f°(x) (black lines) for 7y = 0.2. The green line interpolates the source function in
the transition layer; this can be compared with the exact source function 7*(x) = x — x> + x> (dashed line).

The relative error of the reconstruction is | f* = f* | .2¢.1y/ f* |20,y = 0.0076.

Using formula (26), we can calculate the relative a posteriori error for the obtained approximate source function A; = 0.0641,
which is slightly larger than the value of the relative error.

Formulas (32) and (33), for monotonic functions, were used to construct the lower f°*'(x) and upper f"”(x) solutions, whose
figures are shown in Fig. EI In this figure, we can see that the exact source function f* lies between these two functions, i.e. the
underground truth f~ is located in the shadow region in Fig.

low

1.2
1 o—s 7|
"
D—O//._‘
0.8 K. !
o S
0.6 u—-///-—o
—_— e
.— o7 —s
ot~ Tee
0.4 s
S el
S - 2
0.2 —
,_,°—',,.’_;-.'_°
okl
<
-0.2
0 0.2 0.4 0.6 0.8 1

2 3

Fig. 4. The lower £/ (x) and upper f“’(x) solutions, which may be compared with the accuracy source function f*(x) = x — x
(dashed line).

+ X

4.2. Example 2

4.2.1. Forward problem
In this example, we consider PDE (124) with a given convex source function f*(x) = v/x — x2 and parameters u = -10,u" =
5,T = 0.3. The regular functions of zero order have the form

¢(x) = —% \/(4x—2) (1 -x)x—2sin™" (\/l—x) + 7 + 400,

¢ (x) = % \/(Zx— 1)V =x)x —sin” (VI=x) + 50,

and we numerically verify that 0 < xo(#) < 1 for all € [0,0.3] (see Fig. [3).
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0.8]

0.6]

0.4

0.2

0.00 0.05 0.10 0.15 0.20 0.25 0.30
Fig. 5. Numerical solution of (123) for f*(x) = Vx - x2,1¢[0,0.3].

-0.1
The initial function takes the form u;(x, 1) = 7.5 tanh ( al 5 (:)1

totic solution is shown in Fig. We also draw the numerical solution (using the finite-volume method) for problem (124) in
1915 |2 @xi00aD _ ) 0386

) —2.5. Thus, Assumptions are fulfilled, and the asymp-

Fig. |6(b)l The relative error of the asymptotic solution is
TGN 12 axp0.037)

1.0 0.5 0.0 1.0 0.5 0.0

X X
(@) (b)

Fig. 6. Asymptotic solution and numerical solution (using the finite-volume method) of PDE (T29) with f*(x) = Vx—x2,x € [0,1],
1€[0,03],1 = 0.01.

4.2.2. Inverse problem
For the inverse problem, we use the same input settings as in the inverse problem from Example 1. According to our theoretical

! !
analysis (e.g. Theorem 1), we can exclude data values belonging to the transition layer, and then produce noisy data {uf};’zo, {wf}?zo
and {u },r, {w! }'r. The approximate source function is estimated by solving the optimization problem

. 1 & 2
f‘j(x) = arglmlr)l PP (f(xi) - ufw?) s (129)
feC'(0,1): =l
F(xim1)=2f (i) +f (xi41)>0,
I<i<n—1

and the optimization result is shown in Fig. [7]
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0.6

Fig. 7. The result of reconstructing the source function f°(x) (solid black line) for #, = 0.2; this can be compared with the exact source
function f*(x) = v x — x2 (dashed line).

The relative error of the recovered source function is | f° — £ 2o/ 1f 12w = 0.0297.

Using formula 26), we calculate the relative a posteriori error for the obtained approximate source function A; = 0.2552.

Fig. [8| shows the lower f*”(x) and upper f*(x) solutions, which are constructed according to formulas (34) and (33) for
convex functions. Fig. [8]also indicates that the exact source function is located in the shadowy area between the upper and lower
solutions.

0.8

0 0.2 0.4 0.6 0.8 1
X

Fig. 8. The lower f’ /”W(x) (line with squares) and upper f“”(x) (line with triangles) solutions; these can be compared with the exact source
function f*(x) = vV x — x? (dashed line).

4.3. Example 3

4.3.1. Forward problem

In the last example, we consider equation (T24) with a given source function f*(x) = xsin(3xx) and parameters u' = ~8,u" =
4,T =0.2.
We explicitly find the zero-order regular functions,

\/2(28872 — 3rx cos(3nx) + sin(37x))

! _
¢ (x) = o
, \/2(727% - 37 - 3nx cos(3mx) + sin(3nx))
¢'(x) = i ;

and numerically verify that 0 < xo(f) < 1 for all 7 € [0,0.2] (see Fig. [9).
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0.5

0.4

*<0.3

0.2

0.1

0.00 0.05 0.10 0.15 0.20
t

Fig. 9. Numerical solution of (123) for f*(x) = xsin(3nx), t € [0,0.2].

x—-0.1

) — 2. Thus, Assumptions 1 H are verified and the considered

The initial function has the form wim:(x, 1) = 6tanh(
equation (T24) for a given source function has asymptotic solution in the form of an autowave with a transitional moving layer
localized near xo(t), which for # € [0,0.2] in the zero approximation has the form shown below in Fig. [10(a)l The numerical

in Fig.

solution of (I24) using the finite volume is displayed
e [ 70-00
| [ o ] A
Sl
/A | | | ’
| [ 1| \
[ESs===scEey |
e B 010t
T [ Y [Ty
|| [
I
1y I I A
| J O |
! A O |
LTl
10 .
X X
(@ (b)

Fig. 10. Asymptotic solutionand numerical solution (using the finite-volume method)of PDE (129) with f(x) = xsin(37x), x € [0, 1],

t€[0,0.2], = 0.01.

The relative error of the asymptotic solution is
Uop(x,t) —u(x,t 5
|Uo(x.0) = a5 Ollanguozy _ g g1y
luCx, )] 12 @x10.027)

Note that, even if we use only the regular part of asymptotics @3) as a solution to problem (I24), because of the narrow

transition layer, the relative error is still small:

uo(x) —u(x,t &
o) ~ . O)ll2ongonc) o (s
||“(X7Z)HL2(Qx[o,o,z])

4.3.2. The inverse source problem
Now we consider the problem of identifying the source function f(x) in the previously described PDE model (124). For this

example, we assume that we know only the values of {u(x;, )}/, at time 7. As in the previous examples, synthetic measurement

data are obtained from the numerical result using the finite-volume method for the forward problem (I24) (see Fig. [T0(b)). We
hi,h = 1/n}, and use nodes in only two regions

introduce a mesh uniformly with respect to spatial variable ® = {x;,0 <i<n:x;
outside the transition layer, i.e. [0, x0(fo) — Ax/2] and [xo(f) + Ax/2, 1] with node indices i = 0,--,n' and i = ", ---, n (see Fig. .

The i.i.d. uniform noises (T27) with two noise levels &; (i = 1,2) are added to {u(xi, 1)}, to produce noisy data {u" (to)}f‘io and

{uf"2 (to) }i— on the left and right intervals, respectively.
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0.10.20.30405060.70.80.91.0
X

Fig. 11. Solution values u(x;, 7)) on the left i = 0,---, n' and on the right i = n’,---, n intervals for 7y = 0.2.

In the simulation, we use parameters §; = 0.1%, 62 = 1%, tp = 0.2, nl = 238, n" =260, and n = 499. Following Algorithm we
obtain the smoothed data u”(x, 7o) according to the following optimization problem for the left and right segments, respectively:

Yll 6 t
u®(x,t0) = argmin Z(S(X:Jo)—u ) +£& (10 )HS(XO) .
seC! (0.nm') 13 220
& . n a t
u®(x,1) = argmin 7r2(s(x,,t0)_u) +5(t)Hs(x°) .
seCl(hnr,l) I-n i=n" Lz(/m’,l)

-
According to the second step in Algorithm El we obtain the missing measurements of {w?}7, U {w!}’,, by taking the

u (xito) —u’ (X1

numerical derivative, i.e. w = Lok ) for1<i<n'andn’+1<i<n. Then, the regularized approximate source function
(A bl

f°(x) is computed by formula (20). The results are shown in Fig. and from them we can conclude that our approach is stable
and accurate.

0.5

0 0.2 0.4 06 0.8 1
() (b)

Fig. 12. The results of reconstructing the source function f(x) (black lines) for different input error levels §; = 0.1% and 6, = 1%|(b);
they can be compared with the exact source function f* (x) = xsin (37x) (dashed lines).

The relative error and the relative a posteriori error of the reconstructed source functions f° for two different sets of noisy data
are as follows:

o For61=0.1%: | f* ~ f* 201 /1f* | 201y = 0.0233 and A = 5.7082;
o Ford:=1%: |~ f*|2on/ 1/ 2001y = 0.0894 and A; = 6.4588.

They indicate that, for this model problem, our relative a posteriori error A; is slightly over-estimated. Nevertheless, the reasonable
value of A; is always useful in practice for real-world problems.
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Fig. 13. The result of reconstructing the source function f(x) (solid black line) for the input-data error level 6, = 1%; this can be compared
with the exact source function f* (x) = xsin (37x) (dashed line).

Note that even if the initial data has missing points we still can reconstruct the source function. In Fig. [[3] we reconstruct the
source function for 7y = 0.17 when the initial data (with 1% noise level) on the right interval has a gap between the points x = 0.77
and x = 0.87, and missing values for the noisy data were approximated by a first-degree spline. In this case, the relative error of
the reconstruction equals | f° — f* lz2c0.)/1f* I 12¢0,1y = 0.0722, while the relative a posteriori error is A; = 6.25.

Finally, we uniformly select 21 random points from the reconstructed source function f(x) (Fig. , and using the formulas
(34) and (33) we construct the lower f”*(x) and upper f*’(x) solutions (see Fig. .

Fig. 14. The lower f*"(x) (line with squares) and upper f"?(x) (line with triangles) solutions; these can be compared with the exact
source function f*(x) = xsin (37x) (dashed line).

5. Conclusions

In this paper, by applying the asymptotic analysis, we propose a numerical-asymptotic approach to solving both forward and
inverse problems of a nonlinear singularly perturbed PDE. The main advantage of this method is that it allows the approximation of
the original high-order-differential-equation model with faster transiting internal layer through a simplified lower-order diftferential
equation, which describes the solution of the problem over the entire domain of the problem definition except for a narrow region,
the width of which is also estimated in this paper. This simplification will not decrease the accuracy of the inversion result,
especially for inverse problems with noisy data, and thus provides a robust inversion solver — AER. We believe this approach can
be applied to a wide class of asymptotically perturbed PDEs. The asymptotic analysis makes it possible to establish a simpler



Dmitrii Chaikovskii, Ye Zhang/ (2022) 29

link relation between the input data and the quantity of interest in the inverse problems, which greatly simplifies the procedure for
solving original PDE-based inverse problems.
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