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Abstract

We investigate time complexities of finite difference methods for solving the high-dimensional
linear heat equation, the high-dimensional linear hyperbolic equation and the multiscale hy-
perbolic heat system with quantum algorithms (hence referred to as the “quantum difference
methods”). For the heat and linear hyperbolic equations we study the impact of explicit and
implicit time discretizations on quantum advantages over the classical difference method. For
the multiscale problem, we find the time complexity of both the classical treatment and quan-
tum treatment for the explicit scheme scales as O(1/e), where ¢ is the scaling parameter, while
the scaling for the multiscale Asymptotic-Preserving (AP) schemes does not depend on e. This
indicates that it is still of great importance to develop AP schemes for multiscale problems in

quantum computing.
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1 Introduction

High-dimensional problems and multiscale problems have been two challenges in scientific
computing. For high-dimensional partial differential equations (PDEs), such as the N—body
Schrédinger equation in quantum mechanics, the Boltzmann equation in kinetic theory, and PDEs
with (high-dimensional) uncertainties [25,39], classical numerical methods suffer from the so-called
“curse of dimensionality” since the computational cost often increases exponentially with the di-
mension of the problem, which is undesirable for simulations on classical computers. To overcome
this bottleneck, Monte-Carlo methods, sparse grid methods, and/or mean-field approximations are
often used computational or mathematical tools. In addition, in these problems there are often
multiple spatial and temporal scales that pose further challenges for numerical computations. This
is because a naive numerical discretization of these equations requires the mesh sizes and time
steps smaller than the scaling parameters, which is prohibitively expensive in applications [16].

Among various multiscale methods, the Asymptotic-Preserving (AP) scheme, which preserves the



asymptotic transition from the micro models to the macro ones at the discrete level, has the merit
of using one solver that works across scales naturally, thus has been widely used for multiscale
hyperbolic and kinetic problems [23,29].

In this paper, we consider the application of quantum linear systems algorithms (QLSA) to
these two types of problems, namely high dimensional and multiscale PDEs. Quantum computing
is a rapidly growing computational paradigm that has attracted significant attention due to the
discovery of quantum algorithms that have exponential acceleration over the best-known classical
methods [14,20,34-36,40,44]. In [20], Harrow, Hassidim and Lloyd propose a quantum algorithm
(HHL algorithm) for solving linear system of equations and proved that the algorithm can provide
exponential speedup over the classical conjugate gradient (CG) method in terms of the matrix
size. Later Cao et al. [7] present an efficient and generic quantum circuit design for implementing
the algorithm. The exponential speedup of the HHL algorithm is expected to break the curse of
dimensionality, which has attracted research to apply the method to solve linear systems resulting
from classical numerical discretizations of both ordinary and partial differential equations. For
example, Berry in [4] first discretize the first-order linear ordinary differential equation (ODE) by
using the linear multi-step method and then apply the HHL algorithm to solve the resulting linear
system of equations. The HHL algorithm requires O(1/4) uses of a unitary operation to estimate its
eigenvalues to precision §. To circumvent the limitations of phase estimation, Childs et al. propose
a new algorithm to exponentially improve the dependence on the precision parameter in [9] and
apply the quantum method to develop a finite difference algorithm for the Poisson equation and a
spectral algorithm for more general second-order elliptic equations in [10], respectively. However,
even if this improved QLSA is used to implement the quantum difference method in [4], the overall
complexity is still poly(1/9) since the multi-step method itself is a significant source of error [5].
To circumvent this limitation, Berry, Childs and Ostrander et al. present a quantum algorithm
for linear differential equations with complexity polylog(1/d), where a truncation of the Taylor
series of the propagator for the differential equation is encoded in a linear system instead of using
a linear multi-step method. Cao et al. [8] present a Hamiltonian simulation algorithm and a
scalable quantum circuit design to solve the Poisson equation in d dimensions, where a detailed
implementation of the HHL algorithm is also discussed, and the number of quantum operations
and the number of qubits used by the circuit are almost linear in d and polylog in § ! to produce a
quantum state encoding the solution. Montanaro and Pallister [38] use the quantum linear systems
algorithm to solve a linear system resulting from the finite element discretization for the Poisson
equation. The state output is then post-processed to compute a linear functional of the solution.
Their algorithms have exponential improvement with respect to d and achieve at most a polynomial
speed-up for fixed d due to lower bounds on the cost of post-processing the state. We remark that
a comprehensive review of the literature on quantum differential equations solvers can be found
n [10], for example, the quantum algorithms for the wave equation and the hyperbolic equations
in [13,17]. Other work related to our paper will be reviewed in subsequent sections.

As mentioned above the linear ODEs

i—f = Ax + b, A and b are time-independent



can be simulated by the quantum algorithm in [5] with an exponential improvement in complexity
over the quantum difference method in [4]. Because of this, it seems that one can first discretize the
space variable to obtain a system of ordinary differential equations and then apply the algorithm
in [5] to solve the resulting linear system. However, the algorithm requires that A and b are
independent of time [5, Sect. 8], which may not be applicable to the problems in this paper. For
this reason, in this article we still explore the quantum difference method proposed by Berry in [4] to
solve several time-dependent problems, analyze in detail the time complexity of the algorithms and
make comparisons with the classical treatments. It should be pointed out that quantum algorithms
for differential equations with time-dependent coefficients A(t) and b(¢) have been discussed in [11],
where a global approximation based on the spectral method is employed as an alternative to the
more straightforward finite difference method.

Quantum algorithms for linear ODEs and PDEs have been extensively studied, so the focus of
this paper is not to develop new and novel quantum algorithms, rather we first try to understand
whether different classical time discretizations, including explicit and implicit schemes, make any
difference for quantum algorithms. The main part of this paper is on a prototype multiscale
hyperbolic system with the aim to understand whether one needs to use state-of-the-art multiscale
methods for quantum algorithms.

In Section 3 (resp. Section 4), we consider the computation of the high-dimensional linear
heat equation (resp. linear hyperbolic equation). We find that, for the heat equation, explicit
(forward Euler) and implicit (Crank-Nicolson) methods in time have comparable time-complexity
for quantum algorithms. Section 5 discusses the quantum difference method for solving a prototype
multiscale problem-a hyperbolic system with stiff relaxation, including three AP schemes and one
explicit scheme. The time complexity of both the classical and quantum treatments in the explicit
scheme is proportional to 1/¢, while the run time of the AP schemes is found to be independent of
the scaling parameter ¢, which demonstrates that there is still a need to develop AP schemes for
multiscale problems in quantum computing.

One important remark is that most of the quantum algorithms for ODEs and PDEs do not
actually provide the solutions of the equations in classical form. Rather they only prepare the
quantum states whose amplitudes encode those solutions. Thus these are sometimes termed sub-
routines rather than full quantum algorithms. An end-to-end comparison between classical and
quantum algorithms would only be possible if one is able to address costs in the preparation of
the initial quantum state as well as the final measurements protocol where the classical description
of the relevant solutions can be extracted [1]. While quantum advantages are significant for high
dimensional problems, for all problems discussed in low dimensions, we find that the quantum
speedup is at most polynomially scaled with N, and could be reduced or even evaporated when

considering the post-processing measurement steps.

2 The quantum difference method

In this section, we describe the linear system approach introduced in [4] for solving linear

ordinary differential equations. In view of the classical difference discretization, we term this



method as a quantum difference method. For ease of presentation, we take a simple ODE for
example. The ODE is

dzé(tt) = —au(t), te(0,1), (2.1)

u(0) = uo,

where a > 0 is a constant and u(t) is a scalar function of t.

2.1 Quantum difference schemes

The quantum difference method is proposed in [4] for solving the ODEs. Instead of using a
linear multi-step method, a truncation of the Taylor series of the propagator for the differential
equation is considered in [5]. The same idea in [4] is also considered in [31] with the forward Euler
discretization applied. We are interested in examining the difference between explicit and implicit
quantum methods. To do so, we use the general f-scheme.

Let t,, = nt for n = 0,1,--- , Ny, where 7 is the time step and Ny = 1/7 is the number of
time intervals. The numerical solution at t,, is denoted by w™. The first equation in (2.1) can be

discretized by the #-scheme as

— a0t (1 -0, n=0,1,-- N1,
-

where 6 € [0,1]. On a classical computer, one just march in time to obtain u?, - ,uVt. The above

equation can be rewritten as
—(1—(1—=60)ar)u™+ (14 0ar)u™ =0, n=0,1,---,N; — 1.

Let
s1=1—(1—-0)ar, s9=1+4far.

The above system is then written in matrix form as

Au =0, (2.2)
where u = [u!, -, u™])T, b= [s5;u°,0,---,0]" and
52
—81 S
A= —S81 S2
L 51 82— NtXNt

The solution of the differential equation at all times will be encoded by using just one state
|u) corresponding to the solution of (2.2). To obtain the quantum speedup, one needs to choose a

suitable quantum algorithm to solve the above linear system.



2.2 Quantum linear systems algorithms
2.2.1 Input model

We first state the quantum linear systems problem.

Definition 2.1 (Quantum linear systems problem (QLSP)). Consider the system of linear equa-

tions Ax = b, where A is an N x N Hermitian matriz, and vectors x = [z1,--- ,:UN]T and

b=[by, - ,bn]T. Assume that the vectors x and b are encoded as

1 Y 1
T) = — ;| and b) = — b;li),
|) ng |2) |b) Nb; |4)

where Ny = (23 + -+ + 23)Y2 and Ny = (b3 + -+ + b%)'/2 are normalization constants. The
aim of any algorithm to solve QLSP (such an algorithm is called QLSA) is the following. When

given access to A and b, one aims to prepare a quantum state |x') that is n-close to |z), i.e.,

") = |z)|| < 7.

Let’s state the concept of time complexity. On a classical computer, the time complexity of
an algorithm is usually a count of the number of basic operations of addition and multiplication.
For example, when comparing the time complexity of their proposed quantum linear solver in [20]
with that of the classical matrix inversion algorithms, the authors state that the conjugate gradient
(CG) method uses O(y/klog(1/0)) matrix-vector multiplications each taking time O(N's) for a total
running time of O(Ns\/klog(1/d)) for a positive definite matrix, where s is the sparsity number,
meaning it has at most s nonzero entries per row, k is the condition number of the matrix, and §
is the expected error bound of the algorithm.

On a quantum computer, the time complexity of an algorithm can be measured by the gate
complexity which refers to the total number of 2-qubit gates used in the algorithm [9]. This is
because quantum algorithms are usually represented by quantum circuits, whose basic operation is
a 2-bit quantum logic gate. The more commonly used measure of the time complexity is the query
complexity [31, Sect. 1.10]. For quantum linear systems problems, the query complexity is usually
measured in terms of the number of calls an oracle, for instance to entries of a sparse matrix A as
in [9]. The sparse matrices can also be block encoded using standard methods [37]. In this case one
can consider the number of queries to the oracles involved in the block encoding of the coefficient
matrix A [12,31]. We assume || A||max < 1 throughout the discussion, unless otherwise stated, since
the complexity can have a contribution proportional to ||A|max [24]. Otherwise we can simply
replace it by the re-scaled matrix A/a for some a > || Al|max, Where ||A|lmax = max;; | Az

In this article we are concerned with the sparse access to the matrix since the resulting coeffi-

cient matrices for PDEs are usually sparse, defined in the following way [5,24].

Definition 2.2 (Input model for the matrix). Let A be a Hermitian matriz with the (i, )™ entry
denoted by A;;. Sparse access to A is referred to as a 4-tuple (s, ||Al|lmaz, Oa,OF). Here, s is the

sparsity of A; O is a unitary black box which can access the matriz elements A;; such that

Oalg)|k)|z) = 15)[k)|z © Ajk)



for any j,k € {1,2,--- N} =: [N], where the third register holds a bit string representing of Ajj;

Or is a unitary black box which allows to perform the map
Orl)t) = INF3,1)

for any j € [N] and | € [s], where the function F outputs the column index of the I non-zero

elements in row j.

Definition 2.3 (Input model for the initial state). Let b be a vector. Access to b is referred to as

a unitary Uipitiar such that Uipitia|0) = |b). See [19, /7] for example.

With these definitions, the query complexity denotes the number of times oracles O4, OF and
Uinitiai are used throughout the protocol. As reviewed later, we shall apply the optimal QLSA
proposed in [12] to solve the linear system (2.2), in which the query complexity is in terms of calls
to a block encoding of the coefficient matrix, rather than the more fundamental oracles for positions

of nonzero entries of sparse matrices, defined below [24,31].

Definition 2.4 (Block access to the matrix). Let A be a m-qubit Hermitian matriz, 64 > 0 and
nA is a positive integer. An (m + na)-qubit unitary matriz Uy is a (aa,na,04)-block encoding of
A if

A = aa(0"4|UA|0" )| < da.
Block access to A is then the 4-tuple (ca,ma,04,Us) where Uy is the unitary black-box block-
encoding of A.

It is possible to create block access to A from sparse access to A [24,31,37]. If standard methods
[37] are used to construct the block access from the sparse access, there will be a multiplicative
factor s in the query complexity of block encoding [12].

The coefficient matrix A in a linear system is prepared on a classical computer and stored in
an external database with the bit string representing of A;;. Then one can construct the matrix in
a quantum computer by using the input model to query the non-zero entries through the external

database.

2.2.2 Review of quantum linear systems algorithms

Ref. [4] uses the well-known HHL algorithm for solving (2.2). This algorithm is the earliest
quantum algorithm for solving systems of linear equations, proposed by Harrow, Hassidim and
Lloyd in 2009 in [20]. The gate complexity of this algorithm is O(log(IN)s?x2/5). When the
condition number x of the matrix is not very large, the algorithm has an exponential speedup over
the classical algorithm. In fact, if the matrix is positive definite, then the time complexity of the
CG method is O(Nsy/klog(1/0), which exhibits exponential growth in the order of the matrix
compared to the HHL algorithm.

However, the direct use of the HHL algorithm does not necessarily yield quantum acceleration
advantages when solving the linear system of equations obtained by numerically discretizing a

partial differential equation. On the one hand, the condition number of the coefficient matrix of



the induced linear system increases with mesh refinement; on the other hand, the time complexity
of the HHL algorithm depends on 1/4, and § should be smaller than or in the same order as the
error induced by the numerical discretizations. These two observations may offset the quantum
advantage in terms of matrix order. For example, for the five-point difference scheme of the two-
dimensional Poisson equation [8,31], the condition number of its coefficient matrix is x = O(h~2),
and the accuracy in maximum norm is O(h?), where h = 1/N, is the mesh size in the direction of

x or yy. Let 6 = h%. One has
Ccg = O(log(N2)N2),  QunL = O(log(N,)Ny),

since N = O(N2) and s = O(1). Here and later, the symbols C and @ are used to denote the
time complexity for the classical and quantum algorithms, respectively. As observed, the time
complexity of the classical method is smaller than that of the quantum method. In fact, for the
PDE problem in lower dimensions, the more obvious contribution to the increase in complexity of
the HHL algorithm is the term associated with J, because it increases exponentially compared with
the CG method. Of course, as long as the order of the matrix increases faster than the condition
number and 1/§, the quantum speedup can be obtained. This can be seen in higher dimensional
problems, such as the high-dimensional heat equation discussed in this paper.

To improve the accuracy dependence, Childs et al. [9] replaces the Hamiltonian simulation
with Fourier method or Chebyshev method to obtain polylog(1/d) dependence, which is similar to
that of the classical method, both of which have exponential acceleration in accuracy over the HHL
algorithm. Childs also uses their quantum method to solve some linear partial differential equations
in [10]. It is worth pointing out that Childs et al. also exploited the variable-time amplitude
amplification (VTAA) proposed by Ambainis in [2] to improve the conditional number dependence
in [9], reducing the x-dependence from quadratic to nearly linear with the query complexity given
by O(kpolylog(x/d)). However, the VTAA procedure is highly complicated, making it challenging
to implement in practice due to the multiple rounds of recursive amplitude amplifications [12],
and it is still asymptotically sub-optimal by a factor of log(x). To address this issue, alternative
approaches based on adiabatic quantum computing (AQC) have been developed in recent years.
One can refer to [12] for a comprehensive review of the literature along this line, where the optimal
scaling with the condition number is achieved with query complexity O(klog(1/d)) by using a
discrete quantum adiabatic theorem proved in [15], which completely avoids the heavy mechanisms
of VTAA or the truncated Dyson-series subroutine from previous methods related to the AQC [46].
Unlike previous algorithms like HHL and CG, these algorithms assume access to block-encodings
of the matrix A instead, thus do not carry dependency the sparsity of A.

It is known that a quantum algorithm must make at least (xlog(1/J)) queries in general
to solve the sparse quantum linear system problems, where the notation f = €(g) means g =
O(f) [3,12]. Therefore, the method in [12] is already optimal in the scaling with precision § and
condition number k. Another method to obtain the optimal complexity is the quantum singular
value transformation (QSVT) [18], which can solve quantum linear system problems for general
matrices without the need of dilating the matrix into a Hermitian matrix. The query complexity
for solving Az = bis O(k?/€log(k/(£6)), where € = ||A~1b||. In the best case scenario that b has an



Q(1) overlap with the left-singular vector of A with respect to the smallest singular value, £ = (k)
and hence the optimal run time O(klog(1/d)) is obtained [31].

Instead of using the HHL algorithm as in [4], we intend to apply the optimal QLSA proposed
in [12] to solve the linear system (2.2). Note that the query complexity in [12] is in terms of calls to
a block encoding of the coefficient matrix, rather than the more fundamental oracles for positions
of nonzero entries of sparse matrices. In this article we are concerned with the sparse access to the
matrix since the resulting coefficient matrices for PDEs are usually sparse. In this case, there will
be a multiplicative factor of s in the sparsity s if standard methods [37] are used to construct the
block access from the sparse access. Therefore, the query complexity with respect to the sparse

access to matrices can be written as

Q = O(sklog(1/0)). (2.3)

On the other hand, the gate complexity may be quantified by O(Qpoly(log @,log N)), which is
larger than the query complexity only by logarithmic factors [9,12, 32].
Note that both the HHL algorithm and the optimal algorithm in [12] are for Hermitian matrices.

0O A
H = s

where A is confined to be real matrix throughout the paper.

If A is not Hermitian, we then consider

2.3 Complexity analysis
2.3.1 Query complexity of solving the resulting QLSP

Applying the elementary transform of block matrices, one easily gets
det(M — H) = det(\2T — AAT).

Hence the eigenvalues of H are A\ = +o0y,+09,---,+oy,, where o; is the singular values of A
for ¢ = 1,---,N;. We are able to derive the time complexity of the quantum difference method

described as follows.

Theorem 2.1. Let a > 0 be a constant and the time step T satisfies T < 1/(a(1 —68)). Then the

condition number and the sparsity of H satisfy
k= O(Ny) and s=0(1).

The time complezities of solving the ODE problem (2.1) by using the classical and quantum differ-
ence methods are C = O(N;) and Q = O(Nylog(1/0)), respectively.

Proof. (1) Applying the Gershgorin circle theorem [21] to AAT, one easily finds the eigenvalues of
H satisfy
|)\|min Z arT, ‘)\|max <2 + |20 - 1|CLT.

Since the calculation is relatively simple, we omit the details.



(2) The time complexity of the classical methods simply involves counting the number of basic
operations of addition and multiplication. At each iteration step, the number of operations is O(1),
thus the total time complexity is C' = O(Ny).

(3) The matrix H has sparsity number s = 2 and condition number

24120 —1 1
K < M <Z =N,
at T
Then @ is obtained by plugging these quantities in (2.3). O

The error of the Euler method (6 = 0) is O(7) in L* norm, and that of the C-N method
(6 = 1/2) is O(7?). Let the step size of the C-N method be 7 = 1/N;. Then to obtain the same
error bound § = O(72), the step size of the Euler method has to be taken as 72 = O(1/N?). Thus,

for the classical methods we have
Chuler = O(N7), Con = O(INy).
And the corresponding result for the quantum difference method is
Qruler = O(N{ log Ny), Qcn = O(Nilog V).

For this simple first-order ODE problem, the quantum difference method does not gain quan-
tum advantages. The complexities are only comparable to the ones of the classical methods if the

logarithmic terms are neglected. As mentioned in the introduction, however, the linear ODEs

d
d—j = Ax + b, A and b are time-independent

can be simulated by the quantum algorithm in [5] with an exponential improvement in time com-
plexity over the quantum difference method in [4]. In this case, the query complexity is only O(1),
hence the quantum speedup is recovered. It should be noted that the exact solution of (2.1) is

a

simply u(t) = e~%, which also requires only O(1) run time on a classical computer.

2.3.2 Post-processing: computation of physical quantities of interest

The solution of the quantum linear systems problem actually corresponds to the ‘history-
state’ solution of the differential equations, which is the quantum state that is a superposition of
the solution at all temporal and spatial points. However, measurements on the quantum ‘history
state’ are required to read out the classical solutions. When measurement costs are included, the
quantum speedup can be in cases greatly reduced or even disappear entirely [1].

When solving ODEs and PDEs, the actual desired outcomes of the problem are physical
quantities of interest that are associated with the solutions of the ODEs and PDEs. The selection
of these physical observables depends on the problem under consideration. For example, Ref. [33]
computes the amount of heat |, ¢ U in a given region S when solving the heat equation, and Ref. [38]
approximates the inner product (u,r) between the solution v and a fixed function r. We also refer
the reader to [24] for how to compute ensemble averages of physical observables for nonlinear PDEs

using quantum algorithms.
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Let O be an observable with p := (O) = (1|0|v¢) being the expectation value, where [¢) is a
quantum state. Suppose that we conduct n experiments with the outcomes recorded as i1, -+ , tn.

By the law of large numbers, we have

r

where Var(O) is the variance. For a given lower bound p, the number of samples required to

w_ﬂ) <E> > 1 var0)
ne?

n

estimate (O) to additive precision ¢ satisfies

~ Var(0) Sp — 0> 1 Var(O)

1
ne? 1—p &2

This implies a multiplicative factor Var(O)/e? in the total time complexity [31]. We note that
in a block-encoding scheme we can also use amplitude estimation to enhance the error scaling to
O(1/¢) (e.g. [24,42]). In this paper we don’t focus on this scaling and use the simpler protocol with
O(1/€?) scaling since our goal is only to compare quantum algorithms with different discretisation
schemes.

We remark that the variance Var(O) may scale as O(N?) = O(7~2) for the QLSA. To see this,
let us denote the quantum state of the solution to the QLSA by

‘ﬂ>:[ﬂ1;.-- ;ﬁNt]v ,l"l*,n:i,u,n7
where u"™ is the solution vector at time ¢ = t,, and the normalization constant is
Ny =[] = (' [I* + - + [u™]?)12.

For simplicity, we assume that ||u'|| = --- = ||u’t|| = ||u®|| and hence N, = /Ng|[u®||. Let
O; = [é){z], On = |n)(n| and
O} =0, ® O; = |n,i)(n, 1,

where |n) is of size N;. We consider a simple observable
p(t =ty, ;) = (u”)TOiu” = uT(On ® O;)u = NtNgo (u|Of|u).

The expectation (O}) := (u|O}'|u) satisfies the condition that Var(O}) is bounded. In this case,
however, we must evaluate (O}) to precision O(e/(N;NZ,)), which increases the number of samples
by another factor (NtN30)2. Note that we cannot resolve the issue by considering NthLO O} directly
since Var(N; N2 O') = (N;N2,)?Var(O}) gives the same factor.

A simple way to overcome this problem has been addressed in the original paper [4] by adding

N, copies of the final state «”*. That is, we add the following additional equations
't —u" =0, n=N,---, 2N, (2.4)
which is referred to as the dilation procedure [31]. In fact, let the padded state vector be
=@l at, @ =) ea ey, (2.5)
where |0) = [1,0]7, [1) = [0,1]7, and the unnormalized vectors are

~1 L. aNt

m:[u7 : ]’ y:[ﬁth...7aNt]_

11



Noting that
1 1

n||2 Il
I T 9N, 2NtN30Hu

Ha TlH27 n:17 7Nt7

we further define

~

0= diag(Oi, ce ,Oi) =IN® O;,
where I, is the identity matrix with order Ny, and obtain

p(t = tNt,mi) == (uNt)TOiuNt = 2NtN30 : (’l/l\,Nt)TOi’l/;Nt
= 2NZ y'Oy = 2N2, (@|O|a),

where

O =diag(0O,---,0,0;,--- ,0;), O is the zero matrix.

Obviously, Var(O) is bounded. It’s worth pointing out that the solution vector in (2.5) only requires
one ancilla qubit, and one can directly evaluate yTay by measuring the ancilla qubit and obtain 1.

We remark that the quantum solution, proportional to w, is a history state. In order to
recover the solution at a time V;, one needs to project onto the solution at N;. However, since the
solution of Eq. (2.1) decays exponentially in time, the success probability of such a projection is
exponentially small. This problem exists for all QLSAs that outputs a history state.

However, this probability can be raised if we apply amplitude amplification to this scheme.
In this case we can raise the probability to Q(1) with O(g) repetitions of the QLSA, where g =
maxyc(o 7] |w(t)]|/[[w(T)|| characterizes the decay of the final state relative to the initial state.
This implies a new factor g in the final time complexity. We remark that the parameter g has
been included in the complexities of the quantum algorithms in [5,11]. For convenience, in the

subsequent discussion, we ignore this parameter in the time complexity.

3 The linear heat equation

Consider the following initial-boundary value problem of linear heat equation

ug(x,t) = Au(z,t) in Q:=(0,1)% 0<t<l,
u(,0) = uo (), (3.1)
u(-,t) =0 on 09,

where ug(x) is sufficiently smooth.

During the revision of our paper, we found that the heat equation was also considered in [31]
with a forward Euler discretization in time applied. In addition, the authors in [33] studied in detail
the complexities of ten classical and quantum algorithms for solving the heat equation in the sense
of approximately computing the amount of heat in a given region, in which the quantum linear
equations method was discussed in Theorem 17 there. However, from the numerical analysis point
of view it is of interest to know if some discretization ways are preferred to others for the quantum
difference methods. Our study reveals that different discretizations (forward Euler and Crank-
Nicolson) don’t make a difference in the quantum scenario. This is a phenomenon not reported

before to our knowledge.
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3.1 The finite difference schemes

For simplicity we only provide the detail for the one-dimensional case. Consider Ny + 1 steps
intime 0 =ty <t; <--- <tn, =1 and N;+1 spatial mesh points 0 < xg <21 <--- <zpn, =1by
setting ¢, = n7T and z; = jh, where 7 = 1/N; and h = 1/N,. The central difference discretization
gives

- SO0 0y
Let u(t) = [u1(t),--- ,un,_1(¢)]7. One has

d 1

Cult) = o Dy(t) + %b(t), (3.2)
where,
S _ e
1 -2 0
Ly = , o b(t) =
-2 1 0
1 -2 | un, (t) ]

L d (Ne—1)x(Ny—1)

The time is discretized by using the 6-scheme as

3 1 3
b +1+(1—«9)ﬁb ,

n+l _ ., n 1 1
weoo—u Lhun+1+(1_9)ﬁ

1
T h? h?

Lhu” +0 2
which can be marched forward in time for # = 0 or by solving a linear system for 6 € (0,1] on a
classical computer.

Let 3 = 7/h?. The above equation can be written as

— Bu" + Ay = ol (3.3)
where
A=1-08L,, B=1I+(1-60)L;,, f"=68b"""4+(1—-6)pb"
By introducing the notation U = [u!;--- ;u™*], where “;” indicates the straightening of {u’};>1

into a column vector, and one obtains the following linear system

LU =F, (3.4)
where ~ _ _ _
A ft+ Bu®
I -B A pe r?
N

Note that the hermitian matrix for the quantum linear system problem is

O L
LT o

13



The matrix Ly, of the d-dimensional problem will be replaced by

Lyg=Lpy®I®@ - @I+IQLp @ - @I+ - +I1RI®- - ® Ly,

d matrices

and everything else remains the same. In addition, we only consider solving the high-dimensional
heat equation with homogeneous Dirichlet boundary condition. Other boundary conditions can be

similarly treated with possible different condition number x of the coefficient matrix.

3.2 Comparison of the time complexity

For the explicit scheme, i.e. # = 0, the stability condition is d7/h? < 1 and the error in L*®
norm is O(7 + dh?). We thus choose 7 < h?/(4d) for § = 0. The C-N scheme is unconditionally
stable, and its error is O(72 + dh?). In view of the constraint in the following theorem, we set
T = h/(8d) for § =1/2.

In the following we take the same mesh size h = 1/N,, and set § = dh? = d/N?. Then,

e Forward (6 = 0): 7 = O(h?/d) or N; = O(dN?2), and B = O(1/d);
e C-N (0 =1/2): 7= 0O(h/d) or Ny = O(dN,), and 8 = O(N,/d).
Theorem 3.1. Let 6 =0 or 1/2 and 7 < 1/(8d). For the explicit scheme, i.e., § = 0, we further

assume that the parabolic CFL condition 3 = 7/h? < 1/(4d) holds. With the above settings, one

has

(1) The condition number and the sparsity of H satisfy

k=0O(N?) and s=0(d).

(2) The time complezity of the classical difference methods for solving the d-dimensional heat equa-
tion s
O(®?N&+2),  9=0,
O(®?N&+15) 9 =1/2.

(3) The time complexity for the quantum difference methods is Q = O(dN?2log(N2/d)).

Proof. (1) Let A be the eigenvalue of H, i.e.,
det(A\ — H) = det(\*T — LL") =: det(uI — LL"),

where 11 = A\? is the eigenvalue of LLT, or u'/2 is the singular value of L. Obviously A and B are

symmetric matrices, and the direct calculation gives

A? —AB
—~BA B?+ A?
—AB
~BA B2+ A%

14



We again establish the upper and lower bounds of the eigenvalues of LL” by using the Ger-

shgorin circle theorem. Consider the 1-D case. Let P~'L; P = A, where A is the diagonal matrix

consisting of the eigenvalues of Lj. For convenience, we denote the relation as Ly, ~ A and obtain

A~T—0BA=:Ay, B~I+(1-0pA=Ap,  AB~AsAp.

Let P = diag(P,--- , P). Then
AL —AuAg
~ ~ —AsAp A%+ A2
pirr)p— | AN AT
' “AaAg
“Ashp A2+ A

Noting that the similarity transformation does not change the eigenvalues, thus one can apply

the Gershgorin circle theorem to estimate the eigenvalues for this matrix, which implies that the

minimum and maximum eigenvalues satisfy
fmin > Hliin{)\,%;,,‘ —airsil, M+ A5 — 2haidsal}
pmase < max{\3; + Xg; + 2\ A5l}-
The eigenvalues of Ly, are
9 imh

An; = —Asin? 22; = —dsin’ 5, =1 N, - L
xX

satisfying 8h? < |Ani| < 4. Since Ap; <0,

A =1—=08M,; > 0.
If Ag; > 0, then
Aail = ABil =1—=0BXp;i —1— (1= 0)BAp; = —BAp; > 87 >0
and
Aail +[ABil =1 =608 + 14+ (1 —0)BAn,

=24 (1—20)BAn; = 24 B\ <3, 0=0,
2, 0=1/2.
If Ap; < 0, then
Aail = [ABil =1—08 i+ 1+ (1—60)Bni
24 B =1, 6=0,

=2+ (1 -20)B\n; =
2, 0=1/2,

where the condition 8 < 1/4 is used for § = 0, and

Aail +[ABil =1 =08 p; — 1 — (1= 0)BAn;
1, 6=0,
= —fAn; <
48, 9=1/2.
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We first bound the maximum eigenvalue. According to the previous calculations, one has

9, =0,

Myi+ ABa + 24| = (Aaal + 1ABal)* <
max{4, (46)%}, 6=1/2,

which implies
9, =0,
max{4, (48)%}, 6=1/2.

<

,Ufmax —

For the minimum eigenvalue, we obtain from (3.6) and (3.7) that

(A% + A5, — 20 aidsal) — (A3 — [Aairsil) = [l - (1Al — [Aay

) <0,
and hence
pmin > min{A% 5 + A5 — 2Aa g} > 6477

since 7 < 1/8.
For d dimensions we can carry out the similar argument, except that A4 ; and Ap; are replaced
by the corresponding results of the new matrix. By the properties of tensor products, the eigenvalues

of Ly, q can be represented by the sum of the eigenvalues of L;, as
Ahd = Anjiy + Anjiy T+ Anjigs Anyi; 18 the eigenvalue of Ly,.

Hence the eigenvalues with the smallest and largest absolute values are

(N — )m
2N,

A = —4dsin® Ay, 1 = —4dsin®

T
2N, ’
In this case, one only requires that the time step satisfy 7 < 1/(8d) for both cases, and 5 < 1/(4d)
for the explicit scheme, which therefore implies the desired estimates.

(2) The classical method is to iteratively solve Au"t! = Bu™ + f"*!, where A is of order
N4 = (N, —1)% When 6 = 0,1/2, the matrix B has sparsity number sg ~ d. The number of basic
operations involved on the right-hand side is O(Nasg) = O(dNY). For § = 0, the total run time is

Chuler = N; - O(dN?) = O(dN;N%) = O(d*NI+?), 6 =0.

For § = 1/2, noting that A is positive definite with sparsity number s4 ~ d and condition number

C Mmax  14+4d68 1+4d6p
" AAmin 1 +8d0BRZ  1+8dOT

R A O(h_1)7

hence the time complexity of the CG method is
O(NASA\/KA) = O(dN;l+0’5).
Thus the total run time is

Con = NyO(dNE + dNGF05)) = O(dN;NI+O5)) = O(d* NI, 9 =1/2.
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(3) According to the established result in (1), the condition number of H is
3 2 —
Bdr ~ N{L” 0 — 0,

4dp 2 _

One can check that the sparsity number s ~ d. The time complexity is
Q = O(dN} log(N;/d)).
This completes the proof. O

It is observed that the time complexity of the classical algorithm depends on Naﬁl, where d
is the spatial dimension, while the quantum algorithm only depends on N,. This shows that the
quantum difference method has exponential acceleration with respect to the spatial dimension d.
On the other hand, unlike the classical difference methods, the quantum treatment of the heat
equation gives the same time complexity for the forward Euler and Crank-Nicolson discretizations,

which is not reported in the literature.

Remark 3.1. We cannot derive the spectral norm dependence on the coefficient matrix in the
condition number from Theorem 7 of [4]. For simplicity we consider the two-dimensional case. The
resulting ODEs are given in (3.2), where A = h%Lh corresponds to the one in [4]. For this specific
matrix, the condition for the time step in [4, Theorem 7] is 7 = 1/||A|| ~ h?, which simply refers

to the step size of the explicit scheme.

4 First order hyperbolic equation

For hyperbolic problems, a digital quantum algorithm combining the finite volume method and
the reservoir technique for symmetric first-order linear hyperbolic systems can be found in [17]. In

this section, we consider the quantum difference methods for solving the first order hyperbolic

equation
U+ Upy FUgy + - F Uy, =0, = (21,22, -+ ,24) € (O,l)d
in d dimensions with homogeneous inflow boundary conditions, where u = u(t, 1, x2, -+ ,xq).
Let j = (j1,72,- - »,Ja). The upwind scheme can be written as
n+l _  n d ,n_ ,n
A 3 Y5 " Yier _
T h
k=1
or

d
w4+ (dB - Duf =B ui,, =0, B=r1/h,

where e, = (0,---,0,1,0,---,0) with k-th entry being 1, jp = 1,2,--- Ny andn =0,1,--- , N;—1.

One easily finds that the above system can be written in matrix form as

u"t — Bu" =0,
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with

B=XNI®Ie T +I10 0TI+ -+T,0l®---I)
+1-dNIeI® oI,
N——

d matrices

where

1 0
- 4 Ny XNy

and w represents the vector form of the d-order tensor U = (uj) = (uj, jy,.. j,). The coefficient

matrix for the quantum difference method is then given by

L= o . (4.1)

-B 1

To give the bounds of the eigenvalues of the corresponding matrix H, or equivalently the

singular values of L, we introduce the Gershgorin-type theorem for singular values.

Lemma 4.1. [/1] Let A = (ai;) be a square matriz of order n. Write

r; = Z |a,-j|, C; = Z ]ajl-], S; = max(n-, Cz‘)

i J#i
fori=1,2,--- ,n. Then each singular value of A lies in one of the real intervals
[(lail = i)+, lai| + s,
where ay = max(0, a).

The error of the upwind scheme is O(7 + dh) if the exact solution is regular. In the following
theorem we set 6 = O(dh) = O(d/Ny).

Theorem 4.1. Let 5 =7/h < 1/d. Then the condition number and the sparsity of H satisfy
k= O(Ny) and s =0(d).

For fized spatial step h, let T = h/d. Then the time complezities of the classical difference methods

and the quantum difference method for solving the d-dimensional first order hyperbolic equation are
C =O(@NHYY and Q= O(d*N,log(N,/d)),

respectively.
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Proof. (1) For ease of presentation, we only consider the case of d = 3. In this case, B has the

following form

- ‘ -
AT, Ty \
|
. |
.|
AT, Ty ~
B=|-------2"-2__ - —m—— - - - T, = (1 —3)NI + \T,
\q i , h=( )+ AT,
|
A VAT, T,
| .
I -
L AL AT, Ty |

where the repeated blocks are omitted. Applying Lemma 4.1 to get
|B|| = omax(B) <1, Omax (L) < 2.

By definition, ouyin(L) = 1/0max(L™1). After simple algebra, one has

I I
I I B

which gives

Omax (L0) = LY < || + B + -+ | BN
< |||+ 1Bl + | Bl + - + || BN~ < Ny = 1/7.

Thus, omin(L) > 7, as required.
(2) The classical method is to iteratively solve u"*! = Bu", where B is of order ng = NZ.
One can check that matrix B has sparsity number sp ~ d. Thus, the number of basic operations

involved on the right-hand side is O(ngsg) = O(dNZ), and the total run time is
C = N; - O(dN%) = O(dN;N2) = O(d> N4+,

(3) The condition number is
K S 2/TNNt :de

One can check that the sparsity number s ~ d, then the query complexity is
Q = O(d*N, log(N,/d)).

This completes the proof. O

5 Multiscale problem
Consider the multiscale hyperbolic heat system (telegraph equations)

U + vy =0,
tr (5.1)

v+ tu, = -1, 0<e<,
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where ¢ is the relaxation time or the scaling parameter. For simplicity, we assume the exact solution
is regular. Note that numerically approximating the above system is challenging due to the stiffness
of the problem for both the convection and collision terms [26,27]. The key idea to tackle problem
(5.1) is to reformulate it as a (nonstiff) linear hyperbolic system with stiff relaxation term called
the diffusive relaxation system [26]:
Ut + Vyp = 0
c (5.2)
v+ Uy = —%(v—i—(l—e)ul«), 0<ex 1.
This system (5.2) has the form of Jin-Xin relaxation model used to construct Riemann solver free

shock capturing schemes for conservation laws by Jin and Xin (cf. [28]).

5.1 AP schemes

The AP schemes have been developed for a wide range of time-dependent kinetic and hyperbolic
equations. The fundamental idea is to design numerical methods that preserve the asymptotic limits
from the microscopic to the macroscopic models in the discrete setting [23,29]. We first consider

two typical AP schemes presented in [22,23] for solving (5.1) or (5.2).

5.1.1 IMEX scheme

The first AP scheme is the following implicit-explicit (IMEX) scheme (cf. (2.15) in [23]):

+1
uj I S R Y B S e S R
T 2h 2 h2 ? (5 3)
+1 +1 +1 .
v —vf + o G S N Y (0 S i RS U o4 (1— E)Lﬂ i
T 2R 2 h2 e\ 2h )
where j=1,--- N, —1land n=0,---, N, — 1. Notice that the scheme treats the relaxation term

implicitly. On a classical computer, one can obtain u"*! from the first equation of (5.3) explicitly

and then substitute it into the right-hand side of the second equation. The remaining equation for

v"*1 can also be implemented explicitly.

In order to write it as a large linear system as in (2.2), define
w(t) = [wi(t), - un, 1 ()], () = i), on (@)
The corresponding spatial discretization of (5.3) is
Lu(t) + &=Myv(t) — & Lyu(t) — 5
Lo(t) + & Myu(t) — ~Lyo(t) + & (b(t) — e(t) = —1 (U<t) + LE Myul(t) + %B(t)),

where,

L - L = (Ng—1)X(Ng—1)
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[ uo(t) | [—uo(t)] [ vo(t) | [ o ()]
0 0 0 0
b(t) = . b)) = ;)= ;)=
0 0 0 0
| un, (t) ] | un, (1) | ow, (1) ] | on, () ]
Further time approximation yields
wlou® | LMot — L Lyut — L (b7 - @) =0,
pntl_gyn 1

1 n_ 1 n_ 1 (pn_ .n) _ n+l | l—e¢ n+l | l—eFn+1
— + 55 Mpu s Lnv" + 5 (b" — ") = a(v + 5 Mpu + 5ob )

Let 8 = 7/h. The above system can be written as

_Bun+un+1 1+ Ay = Janrl7

(5.5)
—Bv" + v+ Aun + v Aun Tt = gt
where, y=1+17/¢, v = (1 —¢)/e, and
A:éMh, B:I—i-éLh,
2 2
fn+1 _ g(bn_aﬂ)’ gn+1 _ g( n_gn_ygn—l—l)‘
Introducing the following notations
U:[ul;"' ;uNt]v V:[vl;"' ;'th]’ S=[U;V],
one then gets a linear system
Livex S = Fivex, (5.6)
where, Livex = (Lij)2x2, Fimex = [F1; Fy), and
Wi | Ke) | _fl—l—BuO—AvO_
-B I A O i
Ly, = ‘ _ ; Ly = : F = _
-B I A O e
P | [ ~I ] _gl — Au’ + Bv°]
A VA —B ~I g?
Loy = ) Ly = ) F, = .
i A VvA] i —B 1] i g™ |

On a classical computer, one can obtain good results by solving the IMEX scheme directly for
a relatively large — compared with € — time steps and mesh sizes. However, the classical simulation
becomes difficult when one solves (5.6) with the QLSA, because the condition number of the matrix
H is very large. In fact, for fixed step sizes 7 and h, the eigenvalues of H corresponding to (5.6)
satisfy
| Almin < 1.

’)\’max ~
3
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A simple argument is described as follows. By the characteristics of the matrix, it is sufficient to

consider only the computation from ¢, to t,+1. The coefficient matrix in this case is

I O
vA ~I, ’

L=

and

D.=LLT =

I —vB/2Mj,
vB/2M;, I — 1/252/4M,%] .

The matrix M), is a standard antisymmetric matrix whose eigenvalue Ay, is zero or pure imaginary,
and thus A\? < 0. By ||[My|lcc = 2, [An] < 2. Let A be the matrix consisting of these eigenvalues.
One has

~

I —v(/2A
vB/2N 2T — 1232 /4A2] ’
which implies that the maximum eigenvalue of D satisfies

V232

Hmax S HDHOO S 4 .

vp 1
A lmase + 77+ jfkh\max < C(r, h)g-
By the Rayleigh quotient theorem for symmetric matrices [21],
1
fimax > max Dy; > C(7,h) =, Hmin < min Dy; < 1.
1 3 1

The claim follows from the above two equations.
A simple way to tackle this problem is to apply a preconditioner, that is, we can find a simple

invertible matrix P such that (PLgx)S = PFivex can be solved efficiently.

We remark that in the presence of the preconditioner P, we now assume access to the unitary
preparing the initial quantum state proportional to P Fiygrx, instead of Fiyvpx. This assumption
is motivated straightforwardly due to the simplicity of P. For instance, following state preparation
protocols like [19] or [47], the cost only depends on the sparsity and dimension of the states, which
are identical for Fyypx and PFrypx. Similarly, we assume access to a sparse-access query model
for (PLyygx) instead of Livgx, where we easily see from P that the sparsities of these matrices

are identical.

Theorem 5.1. Let P be defined in block form by

I O
P
[O ol

) 0=

where o is the preconditioned parameter. Let EIMEX = PLyEx and ﬁ[MEX = PFygx. Consider

solving the following preconditioned linear system
LivexS = Frupx. (5.7)

0 Livex

Let X\ be the eigenvalue of the Hermitian H corresponding to iIMEX, t.e., H=
Livpx 0

Then for fized T and h, the upper and lower bounds of |\| are independent of €.
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Proof. For convenience, we omit the subscript IMEX in the following. The parameters associated
with ¢ in the matrix L are

€ 1—¢ T+ ¢
= UV = = .
1+ Y Ti1re Y714

Y

They are all bounded as ¢ — 0 (they only depend on the step sizes). One easily finds that L
converges to a fixed invertible matrix as € — 0. Since the singular values of L are continuous with
respect to e, the upper and lower bounds of the singular values of matrix L are independent of ¢
for fixed 7 and h. Moreover, the absolute values of A are exactly the singular values of i, thus the

upper and lower bounds of || are also independent of ¢. O

In the simulation, the initial-boundary values of (5.1) are chosen in such a way that the exact

solution is

t t

u=e"sin(ar), v=e"cos(ar), a=-1/(1+¢).

The spatial and temporal domains are taken as [—1, 1] and [0, 1], respectively. We still consider
the original HHL algorithm in view of various detailed implementations in the literature, see [7, 8]
for example. Given a Hermitian matrix H, let U = e be the unitary matrix in the quantum
phase estimation. Denote the eigenvalue of H by A. Then the corresponding phase ¢ € [0,1) is
defined by ™% = oMo, where i = v/—1 and t is the evolution time. Noting that In(e'?)/i = 6 for
0 € [—m, 7], we require that |A|tp < 7. Then the eigenvalue A\ can be represented by the phase ¢ as

g A>0
A = to ’ ’

27(¢=1)

S A<

The evolution time tg will be set as tg = ;%Ct, where n; is the number of qubits in the clock
register, and C; = 107 with p = [log;((2™~!/|\|max)] being an integer. The reason for this choice
is that the integer part of AC}; can be represented exactly by ns-bits, while C} shifts the fractional
part of A to the integer part.

The number of qubits in the clock register is n; = 10. For e = 107%,4i = 1,4, 8, Fig. 1 displays
the numerical and exact solutions of u and v, from which one observes that the preconditioned
scheme is e-independent, which verifies the conclusion in Theorem 5.1.

Unless otherwise specified, the notations in this subsection will be frequently used in the

following text.

5.1.2 Diffusive relaxation scheme

The second AP scheme is the diffusive relaxation scheme proposed by Jin, Pareschi and Toscani
in [26] for solving multiscale discrete-velocity kinetic equations.

The diffusive relaxation scheme has two steps:
1. Relaxation step
17—, j=0,---,N,,
1Y :—%(@ﬂh@%ﬁ*), j=1,-- ,Ny— 1.

(5.8)

. *x __ N * —
In the computation, we take vy = vy and vy = vy .
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Fig. 1: Exact and HHL solutions of u and v for the preconditioned IMEX scheme with 7 = 0.05,

h=0.5and p=¢/(1+¢)

2. Convection step

“?Jrl_“; + ”§+12_h”;—1 _ %“?—1_2:2;+“§+1 -0,
P JH1TUi 1 RV 1205 Huiy, (59)
7t 2h T2 h2 =0.
The equations (5.8) and (5.9) can be written in vector form as
u* — un7
Yv* =v" —vAu" — uggn
and
u"t! = Bu* — Av* + g(bn —c"),
v = Bv* — Au* + J(c" b),
respectively. Introducing the following notations
1 1 [ v
Ai=-A, Ay;=-B, Bi=B+-A“, By=A+ —BA, (510)
Y Y Y Y
~n+1:§ pr _ an %Agn ~n+1:§ n_gn _%Bgn
= G-+ AR g = e -5 - B
and eliminating w* and v*, one obtains the linear system
Lrelaxations - Frelaxationa (511)
Where, Lrelaxation = (Lij)2><27 Flelaxation = [Fl; F2]7 and
[T | Ke) | [+ Biu® — A0
—B1 I Al (0 fQ
Ly, = ' _ ; Ly = o ; F, =
_B1 I A1 (0] th |
Ke ] 1 ] (G — Bou® + Ap0"]
B, O —Ay, I g>
Ly = ) Ly = ; F, =
i B O_ i —Ay I_ i ﬁNt ]
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=

Theorem 5.2. Let \ be the eigenvalue of the matrix H corresponding to the linear system (5.11).

Then for fized step sizes T and h, the upper and lower bounds of |\| are independent of €.

Proof. The proof is similar to that of Theorem 5.1. So we omit it. O

For the preconditioned IMEX scheme (5.7) with 7 ~ h2, a direct calculation gives amax(i) ~1,
where L is the coefficient matrix. Under the same condition, one can find that omax(Lyelaxation) ~
h~! for the diffusive relaxation scheme (5.11) though the condition number is independent of .

For this reason, we reformulate it as

Ly 77'Ly
TLi2 Lo

U a3
o] -

where 7 is the time step.

We note that if we wanted to recover the state [U, V|7 instead without the 7! rescaling factor

J-

where the sparsity of the new matrix L’ and the matrix denoted LinEq. (5.12) are clearly identical,

in [r7'U, V)T, we can instead rewrite Eq. (5.12) as

U
Vv

T_1L11 T_1L12

Lo Loy

L = (5.13)

T_lFl
|’

and their condition numbers are comparable, namely «(L), s(L') < 7~! for small e. This means
that the query and gate complexities of recovering the quantum state proportional to [U,V]? is
also of the same order as obtaining [r~1U, V|7.

To see why x(L') < 77! we use the following argument. Let E = diag(7'I,I), where I
is the identical matrix. Then L' = LE. According to the bounds established later in Theorem
5.4, we have for small ¢ that amax(j)) < 1 and amin(i) 2 7. For the maximum singular value,
one has omax (L) = |L'|| < |L||||E| < 7 'omax(L) < 77!, For the minimum singular value, one
has omin(L') = 1/0max(L'~1) by definition. Noting that omax(L'~1) = |[L/7Y| < ||E7Y LY <
TOmax (L") = 7/0min(L) < 1, we obtain oyin(L') = 1. Hence, k(L') < 7! when ¢ is small, as for
L.

We further remark that the formulation in Eq. (5.12) can raise the success probability of
obtaining U by a factor of 1/72 (since 1/7 > 1) if we obtain the output (7~'U, V) instead of
(U, V). Similarly, we can instead boost the success probability of obtaining V' by a factor of 1/72

by replacing (5.13) with

Pt

where the new matrix still satisfies the condition number < 77! for small ¢.

L1y Ly
Liy; 7Ly

L/
v )

v ] - [T_lFll , (5.14)

Since the condition numbers and the max-norms of our matrices L, L’ and in Eq. (5.13) are
comparable in size, the query complexity in obtaining either [U, V], [r~1U, V] or [U,771V] are
the same. We make the additional remark that the max-norms of these matrices can scale like
O(1/7), but the contribution to the total query complexity will still be independent of e since 7 is
independent of €. Thus our total query complexity in obtaining these states will also be independent

of €, showing an additional advantage of using AP schemes.

25



5.1.3 A penalized diffusive relaxation scheme

The AP schemes given previously tend to explicit discretizations of the heat equation when
¢ — 0, thus suffer from the standard parabolic CFL restriction: 7 < Ch2. To overcome this
problem, one can employ the penalization technique proposed in [6]. As an example, we only
consider the diffusive relaxation scheme.

By adding pug, to the left and right sides of the first equation of (5.2), where pu = p(e) — 1

as € — 0, one obtains
ug 4 (V4 pg)e = Hlge,
vt—i-uz:—%(v—i-(l—e)ux), 0<ex 1.

The way to remove the parabolic CFL restriction is to treat wu,, implicitly since when ¢ — 0 it will
give an implicit discretization of the heat equation. According to the construction of the diffusive

relaxation scheme, the scheme can be written as

1. Relaxation step

*—uh uwtr o —2ut4ut .
J J:Mjl o Jt1 j:l"' Nx_l
T h ) b ) ) 5 15)
VitV 1 *+(1_)M =1, .N.—1 &
T - £ vj € 2h ) ] - 5 ’ x .
: * n * — n
In the computation, we take vg = vy and vy = vy .
2. Convection step
+1 * * * * *
A B S S S R N B S e £ W) 5 B Iy £ R
T 2h 2 h2 h2 ’ (5 16)
+1 * * .
v Y T E5 S S [ S R TS 0
T 2h 2 2 :

In the following we set y = 1. Let B = I — 3Ly, where 8 = 8/h = 7/h%. Then (5.15) and
(5.16) can be written in vector form as
Bu* =u" + Bb™,
yv* =v" —vAu* — uggn

and
u"t! = (B+ B — Iu* — Av* + 5(b" — &) - Gb",
v = Bv* — Au* + §(c" b),

respectively. Introducing the following notations

1 B 1 1 B
Ai=-A=—M,;, Ay=-B=—-(I+=L;), 5.17
1= A= 2= ,Y( 5 Ln) (5.17)
Bi=(B-I+B+2A)B™', B,=(A+“BA)B, (5.18)
gl v
Frt = BB + Do — @y + X ab - o,
2 2
B 5 B

~n+1:_~an_7bn_ n_LBEn
g BBs 2( c") 2 ;
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and eliminating w* and v*, it is easy to get the linear system

Lpenalizeds = Fpenalizeda (519)

where Lpenalized = (Lij)2><2> Fpenalized = [Fl; FZ]a and

I O -fl + Bluo — Alvo-
B, I A O £
Ly = _ , ) Ly = . ) F =
I ~B; I I Ay O] I Ve ]
[ (0 | [ I | -§1 — BQUO + AQ'UO-
B, O —Ay I g’
Ly = , Ly = , F;, =
I B, O] I —Ay I| I gt |

5.2 Time complexity analysis of the AP schemes

Denote C' and @ to be the time complexity of classical and quantum processing, respectively.
Fix the mesh size h = 1/N,, and set d to be the desired error bound of the quantum linear solver.

Since the truncation error is O(7 + h), we take h = O(¢) in the following.

5.2.1 IMEX scheme

The previous qualitative analysis of the relationship between the matrix H and the scaling
parameter ¢ led to the design of the preconditioned IMEX scheme for solving the problem (5.1).
Now, we estimate the upper and lower bounds of the eigenvalues of H, thus give a quantification
of the time complexity.

To this end, we first list several lemmas.

Lemma 5.1. [}3, Eq. (2.3)] Let E € R™™ and |E|| < a < 1. Then I + E is invertible and its
singular values satisfy 1 —a < o(I+ E) <1+ a.

Lemma 5.2. [;5, Weyl’s inequality] Let A be a square matriz of order n with singular values
o1 > o9 > ---0,. Denote A=A+Etobea perturbation of A with singular values &1 > &9 >
-+ p. Then there holds |6; — o;| < | E|| fori=1,2,--- ,n.

Theorem 5.3. Let 8 =71/h and 7,h < 1. The eigenvalue of the matriz H corresponding to (5.7)
1s denoted by A.

(1) For alle >0, |Mmax < 2+ 8. If taking 7 = th? and 8 = th < 1/2 , where ¢ is a constant, then

2

h
’)\’min > § - (3/8+2_T)

€
14+¢

Hence for e — 0 the condition number and the sparsity of H satisfy
k= O(Ny) and s =0(1).
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(2) Let ¢ — 0 and take T = O(h?). Then the time complexity of the IMEX scheme is

Cruex = O(N2) = O(573), Qmex = O(N2log N,) = O(5 % log(1/6)).

Proof. 1) We first bound |A|max. The coefficient matrix of (5.7) is Livex = (lij). For convenience,

we omit the subscript. Denote the order by n. Let u be the eigenvalue of LLT and define
Ri=> llyl,  Ci=> |l
j=1 i=1

We have p < max;; R;C; since IL|[2 < ||L|[1]|L]jos. A direct calculation shows that the possible

values of R; are
ap =1, ay=2, a3:2+67 04:.97/5/24‘@)’»
as = ovB+ o0y, as=(ov+0)B+o+o07.

By the definition of the notations,

€ 1 T+e¢
<1, +o= <1, =
14+¢ evTe 14+¢ e

Q:
which implies
rn<az=24+08, i>1

Similar calculation shows that the possible values of C; are

by =0y, ba=1+0v3/2, bz=1+0vB, byi=p+0y+o0,
bs =2+ (ov+0)B, bs=o0+o0y+(1—-0)B/2, br=2+(o+ov—1)53/2.

Obviously,
Cj <2445, j=>1

Combining the estimates of R; and Cj, we have u < (2 + )2, and hence |A|max < 2 + 3.

2) We first briefly explain the idea of bounding |A|min: Let L. be the coefficient matrix and
L. = Ly + E, where Ly is the coefficient matrix with ¢ = 0. By the Weyl’s inequality in Lemma
5.2, it suffices to determine the lower bound of |A(Lg)|min and the upper bound of ||E||.

For this reason, we first let € = 0 and for convenience assume that iij has only three row or

column blocks. Let L = I + E, where

O O o0, o0 o o
-B O 0l A O O
O -B O, 0 A O
E=| 0 -2.91.9. .2 9. . d=1-7
A O o!-d o0 O
O A O, 0 -dI O
L 0O O A'O0 O —dI |
We now estimate o := || E|| = Amax(EET)Y2. A direct manipulation gives
F o ‘ o i}
BBT + AAT I -BAT —dA o
|
EET — BBT + AAT | o —-BAT —dA o
| O —-ABT —dAT | AAT 7T
o —ABT —dAT | AAT 4 21
L o ! AAT + 21 |




It is apparent that the eigenvalues of AAT + d2I are the ones of EET, given as
d? + MAAT) = 4> — \(A?).

Notice that the eigenvalues of M}, = tril(—1,0,1) are zero or pure imaginary, thus —A(M32) > 0.
One can check that 8h% < |[A(M})| < 4. Since A = th and d=1-—r,

(1—7)2+26%h% <d®> + N(AAT) < (1 —1)? + 2.

It remains to consider the middle part of EET, i.e.,

BBT + AAT \ —BAT —dA
EET — |.________BB'+AAT © ~BAT -d4
EE" = —ABT — AT 4‘ AAT + 421 ’
—ABT —dAT 1 AAT 4 P1
where,
-B . A
~ B! A
E=|---"Z2.___".
A | —dI
A —dI
Let ‘ ‘
-1 | -B . A B | —A
~ _7! _ | | —_
ol ..~ T I Bl A |_| B A
I A | —dI A | —dI
S A —dI A —dI
Then E is symmetric and |E|| = HEH since the orthogonal transformations do not change the
singular values. The matrix E can be decomposed as E=1I+ gCh with
Lh I _Mh
|
Lh I —Mh ~ 202 —71
Ci=|----=" R R
M, - —dI B
‘ ~
M, —dI

consisting of two basic matrices Ly and M}, given in (5.4). The matrix C} can be diagonalized
and has real eigenvalues. In fact, C}, is negative definite. By definition, for any « # 0 we write it

as © = [x1;x2; x3;x4]. The Cauchy-Schwarz inequality yields

' Cpx = &l Lz, + 2l Lyxy + 22 Myxy + 227 My — dwépxg — cZac{:m
< aP(I+ Lp)x, + 2l (I + Ly)xy — 2] M2xs — a MPx, — deles — dalxy

< (1 Aex(Ln) + Aviax (—M7) — d) T,
Obviously,
1+ Amax (Lp) 2T + Amax(—Mj) —d < 5 — d — 8h* = —% +2h — 8h? + 5,
which shows that when 5 =th < 1/2 and h < 1, the eigenvalues of C}, are less than zero. Hence,

ANE) =TI + gch) < -1+ th +uh? — auh3.
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By the Rayleigh quotient theorem [21] and noting that (Lp); = —2 (i > 1),
Amin(Ch) < min(Ch)i; = min{—2, —d} = —d,

and hence A\(E) > —1 + (h2. Combining the above equations, we then obtain [A(E)| < 1 — th2.
A simple calculation shows that for & < 1 it holds 1 — ¢th? < /(1 — 7)2 + 52, where 8 = 1h <

1/2. Summing up the previous analysis, we get o < /(1 — 7)2 + 2, which in turn gives

1—(1—7)2=p*  (1—2)h®— 2

STV (s EE A S R

(1—0)2h2 + 2R3 (1 — h2) _ h?
=

l1—a

= >

L+ 122

The desired estimate is obtained by using Lemma 5.1.

3) For e > 0, let LY be the matrix corresponding to € = 0 and denote by &; the singular values.
Let E = i — iO = (Eij)gxg, where E11 = E15 = O, and

(ov—1)A
By, = 0A (ov —1)A |
I 0A (ov—1)A
(07 —7)I ]
By — —oB  (oy—7)1
I —oB (ov—1)I

By Lemma 5.2, |o; — 6;| < || E||, where o; are the singular values of L. Let n = N, — 1. A direct

calculation gives

It follows from Lemma 4.1 that

IE|l < (e + 1 = ov|) Rmax(A) + (0Rmax(B) + |oy — 71)

:(1ié+12f6)6+<1i5+1i6(1—7))
=@ +2-m),

which naturally leads to the estimate for |A|min-

4) Now we analyze the time complexity. The classical treatment is to iteratively solve (5.5),

ie.,
1 _ 1
—Bu" +u" + Ay = frtl

—Bv" 4+ v+ Au" + vAu = gt
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Given u”, v" and f"*!, let n, = N, — 1. Then the number of fundamental operations in obtaining
w1 is O(nysa + nysp) = O(N;). With «™!) we can compute v+ explicitly from the second
equation, and the number of basic operations is O(2n,s4 + nsp) = O(N;). That is, the time

complexity of each iteration step is O(V,), and thus the time complexity after IV; iterations is
Crvex = O(NyN;) = O(N?),

where 7 = O(h?) is used in the last step.
For the quantum treatment, by the estimates of eigenvalues, the condition number x =
O(h=2%) = O(N2). Plugging in (2.3) yields

Qmiex = O(N; log(1/6)) = O(N; log N,),
as required. O

The estimate of the minimum eigenvalue is optimal, and the best choice of « in the proof is
o= \/(1—7')—2—1—52 . Let the mesh size be chosen uniformly in [0.05,0.1] with five points. The time
step is taken as 7 = h?, and the scaling parameter is ¢ = 1078. In Fig. 2, we display the estimated
and true values of the minimum eigenvalue, where o;, = 1 — « is the estimated value, which is close
to the true value o, and always smaller than the true value. It is obvious that both values are

second order with respect to h.

x107 %102 %102
6 5 5
—*— i —*—
4
5 —H*— Tin 5 4 0 (h?%) 0 (2%
——o 5 3
4
2 2
3
2 3 ¥
1 1 1
0.04 0.06 0.08 0.1 10 15 20 10 15 20
h log(1/h) log(1/h)

Fig. 2: The estimated value o;, and the true value o, of the minimum singular value for the
IMEX scheme

5.2.2 Diffusive relaxation scheme
We now consider the diffusive relaxation scheme (5.11).

Theorem 5.4. Let 5 =7/h <1 and 7,h < 1. The eigenvalue of H for the reformulated diffusive

relaxation scheme (5.12) is denoted by A.

(1) If 7/h? < 4, then for e > 0 there holds

’
|)\‘max <5 + «, |)\|min > Z — Q,
where ) )
€ 1+706 I}
- P ifia _ )
« T+€( T 2+T+< + )8 2)+T
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Hence for e — 0 the condition number and the sparsity of H satisfy

k= O(Ny) and s=0().

(2) If taking T = O(h?), then the time complezity of the diffusive relazation scheme is
Crelaxation = O(Ng) = 0(5_3)7 Qrelazation = O(N;E log Nx) = 0(5_2 log(l/é))

Proof. (1) For simplicity, we omit the subscript “relaxation” and denote L. and L to be the
reformulated coefficient matrix in (5.12) with € > 0 and € = 0, respectively. Let L. = L + E. By
the Weyl’s inequality in Lemma 5.2, it suffices to bound o(L) and || E||, where

I o)
—B1 I ‘ (0]
|
.. |
|
I— L O -B; I, o
- N Ty T T T T 9
L21 T [0 | I
By O | I
. |
. |
L B> 01 I |

with By = B+ 7 !A%? and B, =7A + BA since v/y — 7 lase = 0.
Step 1: When g < 1, a direct calculation gives

Ri(By) = Ci(Ba) = (r+(1-B)B+2, i=2,n—1,

hence )
IBall < (4 (L= 83+ 5 <3 (5.20)

When T/h2 <4,onehas 0 <1— % =1- ﬁ < 1. A similar calculation gives

1_%67 7::1)77’7

Ri(B1)=Ci(B)) =S 1-2  i—2n—1, (5.21)
1, 1=3,---,n—2,
and hence
Bl <1, L] < 5.

Step 2: It is obvious that

L11 (0
Loy 1

I (0
—Loyy I

Ly, . . =
7 or simply written as LP = L.

For any two matrices A and B, there holds opin(AB) < omin(A)||B]| (see Eq. (2.8) in [43]), which

together with the previous equation gives
Omin(L) 2 omin(L)/[| Pl = omin(L11)/[|P]- (5.22)
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One easily finds that
1P| <1+ Bzl <4,
yielding
Omin(L) > omin(L11)/4. (5.23)
Therefore it suffices to bound opin(L11).
Step 3: Let D = L11Lr{1. Noting that B is symmetric, one has

I -B
-B; I+ B}
: . _m
—-B; I—i—B%_

Let By be similar to the diagonal matrix A consisting of the eigenvalues. Then,

I —A
A T+AZ .
—A T+ A2

We point out that the Gershgorin circle theorem only gives a trivial lower bound 0. The matrix D

has the same structure of D. Hence it can be written as D = CCT, where

- ] . ;
A T AT

C = ,  Cl=| A2
I —A I AN A2 AT

By the definition of the 2-norm,
1 1 ~
= — = | DY =[(cCT) | < |CTH? = ol (CTH).
D) = iy =PI =IEEN I < IO = oh(C )
Let d be the maximum eigenvalue of B;. Since Bj is symmetric, d = ||B;| < 1. We obtain from

Lemma 4.1 and the structure of C~1 that

Omax(C™H) <14+d+d+ - +dV <Ny =1/,

which combining (5.23) gives
O'min(L) Z 7‘/4.

Step 4: We now estimate || E||, where

o o)
(v/y—7"HA%2 O l7=1/yA O
|
‘ .
U/ — 1) A2 ! -1
E = gt (,/j,f,),A,,Q,:,,O, ,,,,, T /1A _O_ 7 (5.24)
(rv/y—1)BA O : —7/yB O
. } .
i (rv/y-=1)BA O —-7/yB O |
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with

1 v e 1+71 1 € TV € T €
—— == , —= , 1——= 1+7), —= T
T v T4+€ T ¥y T+e€ v T+e vy T+4¢€
When 5 < 1, one easily obtains
5 32
Rmax(A2) = ?7 Rmax(A) = B) RmaX(BA) = B - ?7 Rmax(B) =1
Applying the Gershgorin circle theorem to get
1 v 1 TV T
E <|{-—-—- maXA2 - maXA ]-_7 maxBA - maxB
1B < (= 7) Bnos(A) 4 == R A) + (1= 77 ) Rua(BA) + ~ Rnas(B)
e (1+78% B 2
Eilia = .
_7'-|-€< T 2 +7'+( +7)(B 2)+T>

The desired estimate follows by applying the Weyl’s inequality in Lemma 5.2.
(2) The time complexity of the diffusive relaxation scheme can be analyzed in the same manner

as in Theorem 5.3. O

5.2.3 The penalized diffusive relaxation scheme

Theorem 5.5. Let § = 7/h < 1/2. Denote by X the eigenvalue of H for the penalized diffusive

relazation scheme (5.19).

(1) For everye >0

|>\|max S 4 + 2a7 ‘)\’min 2 % —Q,
where
e 2+d4r
Cr4e T

Hence for e — 0 the condition number and the sparsity of H satisfy

k= 0O(N) and  s=0O(1).

(2) Let ¢ — 0. If taking 7 = O(h) and assuming that h is sufficiently small, then the time

complexity of the penalized diffusive relaxation scheme is
Cpenalized = O(NQ?S IOg N:C) = 0(5_2'5 10g(1/5)), Qpenalized = O(N:c log N:B) = O<6_1 10g<1/(5))
If 7 = O(h?), then

Cpenalized = O(Ns IOg N:E) = 0(5_3 log(l/&)), Qpenalized = O(Nf: lOg Nx) = 0(5_2 IOg(l/é))

Proof. (1) Since the problem is linear, we can simply apply the discrete Fourier transform to
characterize the singular values of the coefficient matrix Lpenalized in (5.19). For simplicity, we omit
the subscript.

Step 1: To this end, we introduce the following expressions:
u;b — aneijkh7 U;? — ,[)neijkh’ U; — ,&*eijkh7 U;f — ﬁ*eijkh7 (525)
where k represents the frequency variable and i = /—1. Plugging them in (5.15)-(5.16), one obtains
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Relaxation step:

ar—an (efikh_2+eikh)ﬁ*
T hZ ’

DX —pn 1/ ~x (eikh_efikh)a*
R GE(ED R

Convection step:

antl_gr | (eFh—emikh)pr p (emikh_gyelbhygr  (emikh_gyeikh)gr 0
T 2h 2 hZ h? -
@n+l_,&* (eikhfe—ikh)ﬁ* _ ﬁ (e—ikh72+eikh),{)* . 0
T 2h 2 h? -

Collecting the above system, one has

antl C1eU" 4 20" =0
) n:0717"'7Nt_17

" 4 dy "+ dy 0" =0

where
1 ~ kh B2
Cle=———|( —1—48sin®> — + (28 + =) sin®(kh) ),
N 1+4ﬁsm2'3h( Fsin® 57 (25 4 =7) sin’( )
2 kh
Coe = ié sin(kh), die = 25 sin? 22
v ¥ 2
) 1 2521/ . 9 )
do. =1 = — sin“(kh) ) sin(kh),
“e 1+4Bsin2"72h(ﬂ Y ( )> (kh)
and

vy=1+71/e, v=(1-¢)/e.

The resulting coefficient matrix corresponding to L can be written as

1 )
Cl,e 1 ‘CQ,E 0
|
. . ‘ ’ .
- z |
c |Lue Lize| cie 1 e 0 5 96
e B e - 520
Ly . Lo, |
dze 0 Ldie 1
. | .
. | .
dze 0 die 1

Then the problem is reduced to estimate the singular values of L..
Step 2: As in the proof of Theorem 5.4, we first consider the simple case of ¢ = 0. For
simplicity, we omit the subscript 0 (¢ = 0) in the following. In this case,
1 ~ kh ~
¢ =———————|( —1—4Bsin? — + (28 + ) sin? k:h),
| 1+4Bsin2k2h< Bsin® - + (28 + B) sin®(kh)
Cy = dl = 0,

1
dy =1

lm </B — 25 SlI].Z(kh)) Sln(k‘h)

When 8 < 1, one has

= . 2 w2 kh kh 2 win2 kh
|d2|§ﬁ+2ﬁsm2(k¢h) :B—I—Sﬁsm 700527 < 1+ 83 sin® % <o

14 43 sin® & 1+ 473 sin? kb T 1+4Bsin?E T
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In view of the inequality (5.22),

A~

Umin(i/) > Umin(Lll)/?)-

Thus it suffices to bound amin(ill).
Step 3: By definition, amin(in) =1/ amax(f,fll), where

1

By Lemma 4.1,
omax(L1) < 1+ Jer| + -+ 4 Jea 7T

If 5 <1/2, then )
28 + B) sin?(kh 28 sin?(kh) + 43 sin? £ cos? Kb
(28 + B) sin*(kh) 2

£ _ 2 <1,
1+ 43 sin? £ 1+ 4f3sin? £
which yields
28 + B) sin?(kh
=i A
1 + 48 sin” 5
and hence
Omax(LT) < Ny =1/7.
Thus,
omin(L) > 7/3.
Step 4: Let E = L. — L, where
- » -
C1 0 I Go 0
|
|
|
S a_9r_____ 2_0.
E= 0 0 ’
d 0 :cil 0
o -
L d~2 01 d~1 0_
with
3 32 (1/ 1) o
cl=cle—c=————|———)sin“(kh),
P T s \y 7 (kh)

62 =Ce —C2 = lé sin(k:h),
Y

- 232 1
dymdpe—cpmi— D (f . 3) sin?(kh) sin(kh).
T v
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Then,

e 2+4r
T+e T

e 1+ 5)

E| < |¢ 3 d d: <2<
| E|| < [é1] + |E2] + |di| + |d2| < P P

Step 5: According to the above calculations,

UmaX(iIE) = Hileu <1l+ ‘01,5‘ + ‘0278’ + ’dl,e, + |d275|

<1+ |é1|+ |ée] + |d~1| + |CZ2| + |e1] + |eo| + |di| + |da|
< e 2+4r
T 7174 T

+ 4.

The desired estimates follow from the Weyl’s inequality.
(2) Now we consider the time complexity. In what follows, we set 7 = O(h). The first step of

the penalized diffusive relaxation scheme is to solve
Bu* = u" + Bb”,
_ By
yv* =v" —vAu* —v5b".

The matrix B is positive definite with order n,, = N, — 1. Let B =7/ h? ~ h~1. The condition

number of B is then given by

2.2
k= 25T oty = O(N).
1+ 85h2

The time complexity of obtaining w* using the CG method is

O(nu3V/klog(1/8)) = O(N;® log No),

where § = 3 is the sparsity number of B. And the time complexity of obtaining v* is O(N,). Thus
the time complexity of the first step is O(N}? log N,.).

The second step is to solve
u"t! = (B + B — I)u* — Av* + 5(b" — &) — pb",
v"tl = Bv* — Au* + g(c” —b").

It is easy to know that its time complexity is O(N,). In summary, the time complexity of each

iteration is O(N}° log N,), thus the total running time is
Crenalizea = O(Ni N log Ny) = O(N* log o),

where 7 = O(h) is used.
We now consider the quantum treatment. From the estimates of eigenvalues, the condition

number k = O(771) = O(N,). Plugging them in (2.3), one obtains
Qpenalized = O(Nt IOg(l/é)) = O(N:C log Nz)7

where 7 = O(h) is used in the last step.

The result for 7 = O(h?) can be proved in similar way. O

As observed, all three quantum methods have an acceleration advantage when ¢ — 0.
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5.3 Time complexity of the explicit scheme

The explicit scheme is

n+1 n n n n n n

u; T —uy + vt vy _h uj_l—Quj +uj+1 —0
T 2h 2,/ h? )

n+1 n n n n n n

o T = S = Y Y = W Bt =S WG WO
T 2he 2./ h? - g7y

which is written in vector as

T

n+l_,n ~
W g Mp" — 5z Ly’ — g5 (b — €") =0,

n+1l_,,mn =~
vt L Mu” — Tl\/th'v" + 5 (b" /e — c"/\/E) = — Lo

T

Let 8 = 7/h. One has
—Bu™® _|_,u,n+1 —I-A’Un — fn—&—l’
—(B —7/el)v" + v"T! 4 e LAy = gt

where

AZ%M}“ B:Iﬂ-iLh,

2
Fri= e vE-E, gt = (e VB e),

Introduce the following notations

U:[ul;--~ ;uNt], V:['vl;-~- ;’th], S =[U;V].

Then one obtains the linear system
Lexplicits = Fexplici‘m

where Lexplicit = (Lij)2x2, Fexplicit = [F1; F»], and

(5.27)

(5.28)

(5.29)

(5.30)

I 0
-B I A O
Ly, = _ . ; Ly =
i —-B I_ i A 0_
o ; _ N -
e A O —(B—71/el) I
Ly = . . y Loy = _ ;
I e'A O I —(B—7/el) I
-fl + Bu® — A0 -gl —e1Au’ + (B - T/EI)’UO-
2 2
F, = f ) F; = g
f g
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Theorem 5.6. Let 7 = cp\/eh and h = /e, where 1/v/111 < ¢, < 2/(2+ 6) is a constant and
0 <1 is the error bound. Denote H to be the Hermitian matriz corresponding to Legpiicit- Then

the condition number and the sparsity of H satisfy
k=0(N;) =06 and s =0(1).
The explicit scheme can be solved with time complexity
Ceapticit = O(72072),  Qeapticar = Oe™0™ log(1/5))
for the classical treatment and the quantum treatment, respectively.

Proof. Since the problem is linear, we can simply apply the discrete Fourier transform to charac-
terize the singular values of the coefficient matrix Leypiicit as done in the proof of Theorem 5.5

(1) Considering the amplification factor e ! in Lo, we first reformulate the system (5.30) as

Ly & 'Ly \ElU] _ [\/51171]

VeLy Ly \4 F,

with the coefficient matrix denoted by iexphdt in the following. This means we consider a linear
system with new variables @ = u/+/c and © = v. Note that ﬁ_lng = /eLoy.
(2) Plugging the expressions of (5.25) in (5.27), one has

artlgr | (M—eFon  p (eTRh—24eh)an
T 2/e R2 =Y
ortlogn | (@M —emMyan  p_ (T *h-a4e*h)on 140
T 2he 2./ h2 — T eY
which can be written as
an+1 — " — ™ =0

o — do" — dati™ = 0
an+1 . C1 C9 u"
@n-ﬁ-l dg dl o

cp=1- %sm 5 2= —ifsin(kh), d;=1-— \ﬁsm -5 T dy = —ig sin(kh).

For the reformulated system, we should introduce new variables @ = @/+/c and © = v and rewrite

(5.31) as
an+1 . C1 Cg/ﬁ u"™ . C1 62
g+l | Vedy  dy ||| |da da

where & = dy = —ifsin(kh)/\/e. Let a = |sin(kh/2)| € [0,1]. One has

or

; (5.31)

where

SN

u

—Al"], (5.32)

»n

? "

1-28/Vea®  +i2B8/\eaV1— a2]
+i28/\eav1 — a2 1—28/\ea® —7/e|
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(3) The truncation error of the explicit scheme may be given by O(7 + h/+/€), so one can set
h = /€8, where 0 is the error bound. Observing the term 7/e, we take 7 = ¢p\/ech or f = 7/h =

cpV/€, where ¢, is a constant to be determined, hence

1 —2cpa® +i2¢,av/1 — a?
+i2c,av/1 — a2 1 —2c,a% — ¢y .

One can verify that ||A| < 1 when ¢, and § satisfy the given condition.
The argument is as follows. Let det(ul — AAT) =: 2 — by — ¢ = 0 and denote 1 and psg to be

the two roots. A direct calculation gives

At — 4(12612) — 4a2cp +1 —i02aV1 — a2c]2)

—i02aV/1 — a?¢;  (4a® 4 4a*6 4 0%)ci — 2(2a® + 6)cp + 1

)

and
b= (8a® + 4a®s + 6%)c2 — (8a* + 20)c, + 2,

—c = 4(—a*6® + 445 + 4a* + 2a252)c§ — 4(4a* + 8a* — a?6” + 2a25)c§
+ (16a* + 12a%5 + 8a® + 6°)c — (8a” + 25)cp + 1.
Recall the simple fact:
Wil <1(i=12) <<= [p[<1l-¢ |1

We claim that the right-hand side holds if b and —c are two monotonically decreasing functions on

[0, 1] with respect to the variable a:

e [f —c is decreasing, then
—c < —c(0) = (1 —6¢y)* < 1,

and

—c>—c(l) = (401% + 462 + c§)62 + (160;43 - 2462 + 120123 —2¢p)0
+ 165 — 32¢5 + 24c) — 8cp + 1 1= dad® + d16 + do =: f(9).

Noting that

d Adody — d? 8c3(2¢, — 1)*
fmin((s):f<_71>: 002 1_ p( p ) >0,
2d2 4d2 d2
we obtain —¢ > —¢(1) > 0. That is, |¢| = —c < 1.

e If b is decreasing, then
b>b(1) =c26” + (4 — 2¢,)0 + 2(1 — 2¢,) > 0,

b<b(0)=1+(1—dcy)*
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e With the above estimates, one further gets

bl +c=b+c<b0)+c(1)
<1+ (1=46cy)? = 16¢5(cs — 2cp + 8) — (4ep — 1)°
=1— (112 = 6*)c) + 1 — 25¢, — 16¢5(1 — ¢)* — (4cp — 1)
Obviously, [b] + ¢ < 1if —(112 —62)c2 +1 <0 or ¢, > 1/V112 — 62 > 1/y/111.

It remains to verify that b’'(a) < 0 and —c/(a) < 0. From b'(a) < 0, one easily gets ¢, < 2/(249).

A direct calculation gives

352 3 3 2\ 4 3 3 2 3
—c(a) = 16(—a’6" 4 4a°6 + 4a” + ad”)c, + 8(—8a°d — 16a° — ad” — 2ad)c,

+ 8(8a® + 3ad + 2a)c]2g — 16acy.
From —c(a) < 0 one has

2(—012,52 —4cp(1 —¢p)d + 2012, — 8¢y + 4)cpa’

<16 + (=26 + ¢2)6% + (2¢; — 3¢p)8 — 2¢p. (5.33)
Let
f(8) = 2(—c26% — 4ep(1 — ¢p)6 + 2¢;, — 8ep, + 4)cpa”,
g(6) =16+ (— 202 + cp)(52 + (2cp —3¢p)d — 2¢,.
One easily finds that f/(6) < 0 and ¢’(d) < 0 when 6 < 1 and ¢, < 1. Hence f(d) < f(0) <

2¢p(cp —2) <0 and g(0) > g(1) = 16 — B¢y + 2¢5 + 5 > 0. Therefore, (5.33) is trivial when § < 1
and ¢, < 1.

(4) We now bound the singular values of the reformulated matrix iexphcit. The coefficient
matrix L corresponding to (5.32) has the same form of (5.26). It is obvious that oymay(L) < 1. For
the smallest singular value, by definition, omin (L) = 1/|| L™, so it suffices to give an upper bound
of ||[L~'||. Noting that

JEU = max [E7B), b= [f:d],
[[bl|<1

where f = [f*,---, N7 and g = [g%,--- , 3|7, one can determine the upper bound of ||L~1b||

by bounding the solution to the following linear system

w"tH e /e
6n+1 \/gd2 dl
Suppose the maximum is attained at b. Let @™ = [a","]T and 0" = [f",§"]7. One has @"+! =

Aw™ + INJ”, hence

an

fn

9

fn

9

—A +

o o

l™ || < AN 0l + AN HEON + A28t + -+ (1"

This gives ||@"| < ||@°|| + 1 under the condition of the spatial and temporal steps since ||A|| < 1
and ||b|| < 1. We then obtain

IL7H] = 1L = Jl]| < Ne([[@°]| + 1),
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where @ = [@';--- ;@™], and thus owin(L) > 1/N;.

(5) From |l@"|| < ||@°|| + 1 we get
0" < Vell@"|| S Vel + 1) < [a°] + vE(|8%] + 1),

which implies the stability for u. When performing the similar analysis below Eq. (5.12), we may
also deduce the stability for v, hence ||A"|| < C for some constant C' independent of 7 and h, where
A is given by (5.31). Therefore, the analysis in the last step is also valid for the original linear
system (5.30), which implies opin(H) 2 1/N;. It is obvious that omax(H) < 1/4/e. We therefore
obtain k(H) < O(N;//2) = O(e~15571).

(6) For the classical method, it is easy to get that the time complexity at each iteration is

O(N,), and hence the total run time is
Cexplicit = O(NyN) = O((e71°572).
For the quantum treatment, plugging the estimate of the condition number in (2.3), one has
Qexplicit = O(klog(1/0)) = (’)(5*1‘55*1 log(1/9)).
This completes the proof. ]

As one can see, for both classical and quantum algorithms, the explicit methods have time

complexity that depends on ¢.

6 Conclusions

We studied the time complexities of finite difference methods for solving several time-dependent
ODE and PDE problems, and in particular, a multiscale hyperbolic systems, in the setting of
quantum computing, The detailed results are summarized in Tab. 1 and Tab. 2 for comparison.

There have been large strides in the development of QLSAs that show computational advan-
tages over classical algorithms in certain regimes and under certain assumptions. To this end, it
is natural to numerically solve the PDEs by combining the classical discretizations with QLSAs,
especially for high-dimensional problems. This has been widely studied in recent years.

In this paper, we address issues in quantum algorithms for ODEs and high dimensional PDEs
relevant for the concrete deployment of these algorithms. Firstly, we are interested in whether
explicit—which is conditionally stable-and implcit—which are unconditionally stable-make any dif-
ferences when one uses quantum algorithms to solve these equations. For the heat equation we find
that the different discretizations (forward Euler and Crank-Nicolson) don’t make any difference
when counting the cost of the quantum algorithms. We also present a unified analysis of the time
complexity for the upwind discretization of the first order hyperbolic equation, which is a popular
numerical scheme for such systems and the analysis may be generalized to other difference schemes,
for example, the Lax-Friedrichs scheme and their high order approximations [30].

In addition to high-dimensional problems, the main focus of the paper is on quantum ad-

vantage of efficient multiscale methods for multiscale physical problems, which is important for
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Tab. 1: Time complexities of classical and quantum difference methods for the simple ODE and
the high-dimensional PDEs

Equation Classical difference methods| Quantum difference methods
ODE Forward Euler C-N Forward Euler C-N
O(N}) O(INy) O(N{ log Ny) O(N¢log Nt)
Heat cquation Explicit C-N Explicit C-N
O(ENI2)  O(ENIO%) | O(dN?log(N2/d)) O(dN?log(N2/d))
Hyperbolic equation O(d®>Nd+1) O(d?N, log(N,./d))

Tab. 2: Time complexities of classical and quantum difference methods for the multiscale

problem
Equation Classical difference methods |Quantum difference methods
IMEX (7 ~ h?) O(573) O(5 2logd1)
Relaxation (7 ~ h?) O(573) O(5 2logd1)
Multiscale telegraph
) Penalized (17 ~ h%) O(63logd1) O(52logd1)
equation
Penalized (7 ~ h) O(§ 2%51logdé™!) O(5 tlogd™1)
Explicit (7 ~ /eh)  O(e719672) O(e= 125 1 1ogé™1)

¢ is the relaxation time or the scaling parameter, and ¢ is the error bound.

applications not yet studied in the quantum computing community. We discuss in detail of the
quantum difference methods for solving a prototype multiscale problem and our results show that
the Asymptotic-Preserving schemes, a popular multiscale framework for multiscale problems [29]
— are equally important in quantum computing since they allow the computational costs for quan-
tum algorithms to be independent of the small physical scaling parameters. This also suggests that
one should take full advantage of state-of-the-art multiscale classical algorithms when designing
quantum algorithms for multiscale PDEs.

The approach and analysis in this paper can be extended to other more complex problems,

such as the multiscale time-dependent transport equations in [27].
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