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ON MULTILEVEL MONTE CARLO METHODS FOR DETERMINISTIC AND
UNCERTAIN HYPERBOLIC SYSTEMS*

JUNPENG HU', SHI JINT, JINGLAI LI¥, AND LEI ZHANGH

Abstract. In this paper, we evaluate the performance of the multilevel Monte Carlo method (MLMC) for
deterministic and uncertain hyperbolic systems, where randomness is introduced either in the modeling parameters
or in the approximation algorithms. MLMC is a well known variance reduction method widely used to accelerate
Monte Carlo (MC) sampling. However, we demonstrate in this paper that for hyperbolic systems, whether MLMC
can achieve a real boost turns out to be delicate. The computational costs of MLMC and MC depend on the interplay
among the accuracy (bias) and the computational cost of the numerical method for a single sample, as well as the
variances of the sampled MLMC corrections or MC solutions. We characterize three regimes for the MLMC and MC
performances using those parameters, and show that MLMC may not accelerate MC and can even have a higher cost
when the variances of MC solutions and MLMC corrections are of the same order. Our studies are carried out by
a few prototype hyperbolic systems: a linear scalar equation, the Euler and shallow water equations, and a linear
relaxation model, the above statements are proved analytically in some cases, and demonstrated numerically for the
cases of the stochastic hyperbolic equations driven by white noise parameters and Glimm’s random choice method for
deterministic hyperbolic equations.
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1. Introduction. The Monte Carlo (MC) method is a widely used computational tool from
multidimensional integration, to statistical physics and finance. It is a sampling method which gen-
erates a large number of samples to retrieve statistical information that can be a good approximation
of a given random or deterministic problem, without curse-of-dimensionality. The accuracy of MC
is governed by the variance of those samples and the bias induced by the discretization method.
To further reduce the variance and to accelerate the sampling algorithm, Multilevel Monte Carlo
(MLMC) method [12] can be adopted by decomposing the calculation of the quantity of interest
(Qol) to hierarchical levels. MLMC has achieved great success for the efficient simulation of stochas-
tic differential equations (SDE) [1, 9, 12], elliptic PDEs with random coefficients [5, 8], and particle
methods for transport equations [24].

In this paper, we consider linear and nonlinear hyperbolic systems where MC and MLMC can
be applied in the following circumstances: i), for hyperbolic equations with random parameters; ii),
for randomized algorithms of deterministic hyperbolic equations. These two cases have interesting
applications in random algorithms for deterministic problems [6, 13], or problems in uncertainty
quantification [2, 3, 16, 27]. Although MLMC has be shown to accelerate MC for many stochastic
PDEs and randomized algorithms, we will demonstrate that, at least in the context of hyperbolic
systems, the situation is more subtle.

Let us start by considering the stochastic differential equation du(t) = a(u,t)dt + b(u,t)dW.
To compute certain Qol, for example, E [u(T)], one can employ a discretization method such as the
explicit Euler method, w11 = up + a(tn, tn) At + b(up, t, ) AW, with time step At. Let N be the
number of samples, and o be the standard deviation of each sample. It is well known that, the mean
square error (MSE) is bounded by ¢; N ™o + c3At?, where ¢, ¢y are positive constants. The first
term comes from the statistical error of the MC estimation, and the second term comes from the
bias, which is in turn bounded by the discretization error of the numerical method. For SDE, o is a
constant independent of At, and we can take At ~ O(5), N ~ O(6=2), such that the MSE is O(§?)
and the computational cost is O(673).

The multilevel Monte Carlo (MLMC) method proposed by Giles [12] et. al. is one of the state-of-
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the-art variance reduction techniques to further reduce the computational cost. MLMC samples the

(0) O] _Pl(lfl)

solution F;’ on the coarsest level and corrections P, on the finer levels, then assembles an

estimator for the Qol on the finest mesh by a telescoping sum. A sample correction Pl(l) — PI(FI) can

be obtained using solutions Pl(l)7 Pl(lfl) with the same set of random variables (random trajectory)
on the lth level, but with different time steps At; and At;_;. The key to MLMC is the reduction of

Var [Pl(l) - Pl(l_l) without changing the expectation E {Pl(l) — Pl(l_l)

SDE, the computational cost of MLMC can be reduced to O(6=2(log §)?) [12, Theorem 3.1], under
certain conditions for the variances of corrections.

For hyperbolic equations, as one needs to consider both spatial and temporal variables, the
situation is more complex. It turns out that, whether or not MLMC can enhance the performance
of a MC sampling algorithm for hyperbolic problems, depends on the interplay between the bias
induced by the numerical method for a single sample, variances of the sampled MC solutions or
MLMC corrections, and the computational cost of the numerical method for a single sample, which
can be characterized by problem dependent parameters.

To be more specific, let Pl(l) be the MC solution at the [th level, and Y} := Pl(l) - Pl(l_l) be the
MLMC correction at the Ith level (I > 1). Let

e «a denote the order of accuracy for the numerical method of a single sample (bias). In this
paper, we always use first order method with o = 1 unless otherwise stated.

e 3y and (3 denote the orders of the variances of MC solutions and MLMC corrections, re-
spectively. Namely V; := Var {Pl(l)] < ca(At)Po, and V) = Var [Y]] < ea(At)P.

e 7 denote the order of the computational cost for a single sample such that the cost is
O(At™7). For explicit numerical methods, v corresponds to the physical dimension of the
problem, for example, v = 1 for SDE, and v = 2 for 1D SPDE.

We can estimate the cost of MLMC and MC algorithms through parameters «, 8 or By, -,
and the desired accuracy § > 0, using Theorem 2.2 and Theorem 2.3 in § 2. In general, when
Bo < B < 7, up to a logarithmic factor, the cost of MC is O(§~2~(v=Fo)/@) "and the cost of MLMC
is O(6=2~(y=A)/) Therefore, when By = 3, the computational costs of MC and MLMC are of the
same order. Namely, MLMC does not accelerate and may even cost more than MC. In fact, we have
identified a few such examples, such as hyperbolic equations with white noise parameters, as well as
the random choice algorithm for the (deterministic) Jin-Xin model [18] which is a hyperbolic system
with relaxation.

We list the results in Table 1 for the problems from literature [1, 5, 8, 9, 12, 24] and the hyperbolic
problems that we study in this paper.

e Case 1: stochastic differential equation (SDE) [1, 9, 12];

Case 2: random elliptic equation [5, 8];
Case 3: particle method for transport equations [24];
Case 4: scalar advection equation with random time dependent velocity a(t,w), see § 3,
— 4.1, a is piecewise constant in finite number of time intervals,
— 4.2, a is uniform white noise in time;
e Case 5: Euler equations with random time dependent adiabatic constant A(¢,w), see § 4.1,

— 5.1, X\ is piecewise constant in finite number of time intervals,

— 5.2, X\ is uniform white noise in time;

e Case 6: shallow water equation with random bottom topography B(z,w), see § 4.2,

— 6.1, B has a finite number of random parameters,

— 6.2, B has uniform white noise parameters;

e Case 7: random choice method for deterministic Jin-Xin model, see § 5,

— 7.1, semi-random case, only use random choice for the relaxation step,

— 7.2, fully-random case, use random choice for both the convection and the relaxation

steps.

] It can be proved that for
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Cases Dimension Parameters cost Regime
physical random (K) a Bo B | v | MC MLMC
1 t T/At, in ¢ 1 0 1 1] 63 |0 2(logo1)? I
2 T O(1), in x L75* [ 0 | 2 [ 1] 6257 52 I
3 x,t T/At, in ¢ 1 0* 1 1] 63 |0 2(logo1)? I
EE x,t O(1), in t 1 0 2 [ 2] 6% [ 6 2(logd1)? I
4.2 x,t T/At, int 1 1 1 [2] 673 63 1I
5 5.1 x,t O(1),int 1 0 [15*[2] 64 525 I
5.2 x,t T/At, in t 1 1* = 2] 673 673 II
6 6.1 x,t O(1), in x 1 0* 1 [ 2] 6° 63 I
6.2 x,t T/At, in x 1 o [ or [2] o1 51 111
BEEEEEY (T/At)*, inz,t | 1 |05% |05 [2] 635 535 1T
7.2 at (T/At)?, ina,t | 1 0 [ o [2] o1 64 111
TABLE 1

Comparison of MLML and MC. Parameters «, Bo, B, and v are either analytically derived or obtained by
numerical experiments which are marked with a x. The complexities are computed using Theorem 2.2 and Theorem 2.3
in § 2, and numerically validated in literature or in the numerical experiments in § 3, § 4 and § 5. The expressions
‘n x’, ‘in t’, “n x,t’, in the ‘random (K)’ column indicate the dependence on the random parameters, K is the
number of random parameters (random dimension) in the problem, T is the computational time, and At is the time
step of the numerical method.

From above results in Table 1, we can identify three regimes:

e Regime I, > [y = 0, for example, SDE and SPDEs with finite number of random param-
eters, where MLMC outperforms MC by orders of magnitude.

e Regime II, By = B > 0, where we can observe the decay of variances of MC solutions and
MLMC corrections. The costs of both MLMC and MC are of the order O(5~*#), which is
the case for the scalar advection equation and the Euler equations with uniform white noise
parameters in time, and the semi-random choice method for the Jin-Xin model.

e Regime III, By = 8 ~ 0, namely, the variances of MC solutions and MLMC corrections do
not decay with respect to discretization parameters (time step and mesh size). The costs of
both MLMC and MC are of the worst possible order =%, which is the case for the shallow
water equation with uniform white noise parametrized topography and the fully-random
choice method for the Jin-Xin model.

Outline. The rest of this paper is organized as follows. In § 2, we describe the principle and
algorithm of MLMC, and present the main theorems — the cost analysis of MLMC and standard
MC methods. In § 3, we first carry out an in-depth analysis for the scalar advection equation
with a random velocity, then justify it with numerical experiments. In § 4 and § 5, we provide
comprehensive numerical experiments for other test examples, including hyperbolic equations with
random parameters such as the Euler equations and the shallow water equations, and the random
choice method for the multiscale Jin-Xin model. We conclude the paper in Section § 6.

Notation. The symbol C (or ¢) denotes generic positive constants that may change from one
line of an estimate to the next. When estimating rates of decay or convergence, C will always remain
independent of approximation parameters. The dependence of C will be clear from the context or
stated explicitly. The expectation and variance of a random variable X is abbreviated as E [X] and
Var [X] respectively. The covariance of two random variables X, Y is abbreviated as Cov [X,Y].
To further simplify notation we will often write &~ to mean that both sides of ~ are equivalent
infinitesimal.

2. The Multilevel Monte Carlo method. In this section, we first introduce the Multilevel
Monte Carlo (MLMC) method and formulate the MC and MLMC algorithms in § 2.1. Then we
present the theorems for their computational costs in § 2.2, which provide the crucial theoretical
foundation of the paper.

2.1. Formulation and algorithm.
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4 JUNPENG HU, SHI JIN, JINGLAI LI AND LEI ZHANG

2.1.1. MLMUC formulation. Given the time dependent hyperbolic problem with randomness,
we denote At; as the time step on hierarchical levels [ = 0,1,..., L, with At;_; = I'At; with the
integer refinement ratio I' > 1, and Ax; as the corresponding grid size which satisfies the CFL
stability condition.

For simplicity, we denote P®) as the random numerical solution at final time 7' computed using
time step At;. The Qol E [P(L)] for MLMC can be expanded as a telescoping sum

(2.1) E {P@)} —E [P(O)] +IZ; (E [P(l)} ~E {PU*UD .

Instead of approximating E [P(L)} on the finest level L, we can approximate the terms on the
right hand side of (2.1) by independent samples on hierarchical levels { = 0,1, ..., L, and sum them
together. The name of the game is now how to reduce the sample variances.

To be more precise, let Pl(l/)(s) be the sth sampled solution at final time 7" computed using
random variables on the [th level, as well as the time step At; and the grid size Az, on the level
U, with I’ =1 —1,l. Let N; be the number of samples on the /th level. That is to say, we have
samples PO(O)(S) on the Oth level, with s = 1,..., Ng, and Pl(l)(s)7 Pl(l*l)(s) on the [th level, with
s=1,....,N,l=1,... L.

We call Pl(l) - Pl(l_l) as the MLMC correction. Since Pl(l)(s) and Pl(l_l)(s) are solutions on

successive levels using the same random variables on the lth level, we have E [Pl(l) - Pl(lfl)

E [P(l)] -k [P(lfl)]. At the same time, we hope that Var [Pl(l) — Pl(l_l)} is small.
Hence, we have the following MLMC estimate

N L N;
PO = NS RO () + NS (PO - BV ()
(22) s:lL =1 s=1
2 pO 4 3 (pl(l) _ pl(l—l)) .
=1

2.1.2. Optimal parameters for MLMC. In the MLMC estimate (2.2), one needs to choose
the number of samples N; on hierarchical levels. The optimal value of N; can be determined in
terms of the cost and variance of MLMC corrections by the following argument.

Let Cy, Vi be the computational cost and variance of PO(O), and Cj, V; be the computational cost

(O pl(l—l)

and variance of P, , then the computational cost € and the variance of P@) are

L

L
(2.3) ¢=Y NG, Var [15@)} =Y N
=0 =0

Let R = Var {P(L)} be the variance of P(L), and our aim is to minimize the cost with respect

to N;. Using the Lagrange function L with the multiplier 2, we have

L L
(2.4) L(N;,p?) = NCy+ 12 <Z N7 - R> :
1=0 1=0
The Kuhn-Tucker conditions (KKT) condition writes
OL(N;, pu? _
(2.5) (5*]@,1’” =C— 2VIN 2 =0, = Ny =p\/Vi/C,

which means that the optimal N; is proportional to /V;/C). By substituting (2.5) into R =
Var [P(L)}, one gets

L L
(2.6) p=R"Y VViC, N=R'WV/C (Z \/v;cl> .
1=0 =0
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ON MLMC FOR HYPERBOLIC EQUATIONS b)

Remark 2.1. The variance V; is not known a priori, and one needs to estimate these values
through samples in the implementation.

2.1.3. An adaptive algorithm. In this paper, we adopt the MLMC algorithm (as well as
MC) with adaptively refined discretization levels as formulated in Giles’ paper [12]. We decompose
the MSE into bias and variance, and require that both the squared bias and the variance of the
estimator are bounded by §2/2. This requirement leads to the adaptive criteria for the finest level
L. The difference of MLMC and MC is that MLMC combines information from all the levels, while
MC only uses the samples on the finest level and the coarser levels are only used to determine the
finest level.

For simplicity, we denote P as the exact solution at the final time T, Pl(l), ]5;[_1)
MLMC solutions on level [ with time step At;, At;_1 = ['At; respectively, and

. (B” 1=0
(2.7) vi=< " ’
PO B s,

as the estimated

as estimated MLMC corrections.

Given the accuracy threshold § > 0 for the MLMC algorithm, we start from the initial Oth
level. Using an initial Ny = N; number of samples, we obtain the Monte Carlo estimates VO, Yo
of Vy, Yo respectively. Then the updated number of samples on 0th level V) can be determined by

Ny = [25—2‘70—‘- If N > Ny, we evaluate extra samples and update Vg, Yy, No = N}
For the iteration I — [+ 1, V41, Y41 can be estimated by Vl+1, Y’H_l at the new level [+ 1 using

Ni41 = Ny samples, then the optimal number of samples on the kth level Nj, with £k =0,...,1+1,
can be determined by

I+1

(2.8) Nj = 2672\ Vi/C [ D VViCs | |
j=0

where Cj is the computational cost on level j. If N; > Ny, we let N = Ny, evaluate extra samples
and update Vk, Y.

We can identify the finest level L by an a posterior error estimate through the requirement
that the squared bias of the estimator is bounded by §2/2. For a numerical scheme with (weak)
convergence rate a, we have

(2.9) B[AY—P| =B [P - P| ~ci(an)
The following estimate of the correction E [Pl(l) — pl(l—l)]

(2.10) B[AY - AV~ (1= T)a(an) ~ (1 -TE BV - P|,
can be used to obtain the stopping criteria

o |p0 _ pu-p| o T -1
(2.11) R

0,

) 2
which leads to |E [P — P||" < 82/2.

We summarize the adaptive MLMC algorithm [12] as follows.

his manuscript is for review purposes only.
This manuscript is for review purp nly



6 JUNPENG HU, SHI JIN, JINGLAI LI AND LEI ZHANG

Algorithm 2.1 Multilevel Monte Carlo method
Given Ny € N.

1: for[=0,1,... do

2:  Draw N; = Nj samples to obtain Vl, Yl;

3:  Define optimal N/, k=0, ...,[ using (2.8);

4:  If Nj, > Ny, generate extra samples and update Ve, Vie, Njp = Nj for k=0,...,1;
5. if [ > 1 & (2.11) is true then

5: Stop with L = [;

6 end if

o l=104+1;

8: end for

For MC, we only consider the solution pPI) = P,gL) on the finest level. Denoting V; = Var {Pl(l)} ,

we require

(2.12) Var [Pﬁ“} = N7V <622,

in MC. For comparison, we require Var [P(L)} = ZlL:O Nl_lvl < 62/2 in MLMC.
By (2.12), the optimal number of samples N/ can be taken as
(2.13) N/ = {25—2\%] :
where V, is the Monte Carlo estimate of V, using initial N; samples. We use a similar a posterior
estimate as the stopping criteria
p(1) _ pu-p| -1
Pl — P)lfl < 76

The adaptive MC algorithm can be given in the spirit of adaptive MLMC Algorithm 2.1.

(2.14)

Algorithm 2.2 Monte Carlo method
Given Ny € N.
1: for [ =0,1,... do
2:  Draw N; = N; samples to obtain \A/l7 ]51(1);
3:  Define N/ using (2.13);
4:  If N/ > Nj, generate extra samples at level [ and update Vi, ]51([), N; = N/;
5. if [ >1 & (2.14) is true then
5: Stop with L = [;
6
7
8

end if
=141
: end for

2.2. Cost analysis. In this section, we present cost theorems for MLMC and MC methods,
as prescribed in Algorithm 2.1 and Algorithm 2.2, which are crucial for the hyperbolic equation
applications. The proofs are given in Appendix B.1 and B.2, respectively.

THEOREM 2.2 (MLMC Computational Cost). Assume that the MLMC' estimators Y; (I € N)
defined in (2.7) has the following properties:
A1 E[PY — P] < ci(At)?,

A2 Var [Vi] = N7 < eoNTHAR),
A3 ¢ [Y/l:| = N,C; < CgNl(Atl)f’y,

This manuscript is for review purposes only.



ON MLMC FOR HYPERBOLIC EQUATIONS 7

where 2a > 7, B, v, c1, c2, c3 are positive constants. There exist L € NT, Ny e NT, 1 =0,...,L,
and a constant ¢y > 0 such that for any § < e, the multilevel estimator

L
(2.15) P =3y,
=0
has the following MSE bound
N 2
(2.16) MSE = E [(P(L) ~E[P)) } <82,

and the computational cost € is bounded by

645_2a B > v,
(2.17) € < {ead?(logst)?, 8=,
645*2*('%@/&7 0<f<H.

THEOREM 2.3 (MC Computational Cost). Assume that the MC estimators Pl(l) (1 € N) has the
following properties:
A4. E[PY — P] < e (At)?,

A5 Var [B"] = N7V < N Al

a6. ¢ [PV] = N [RP] < esNi(an),
where 2a > v, Bo, 7, c1, C2, c3 are positive constants. There erist L € NT, Ny ¢ Nt [ =0,....L,

and a constant cq4 > 0 such that for any 6 < e~1, the MC estimator ]5L(L) has the following MSE
bound

(2.18) MSE = E [(Pﬁ” _E [P})Q} <&,

and the computational cost € is bounded by

046_2, BO > e
(2.19) ¢ < Qesd ?logs Bo =1,
645—2—(7—50)/0‘7 0< fBo<n.

Comparing the results of Theorem 2.2 and Theorem 2.3, we can see that when 0 < 5y < 8 < 7,
the MLMC method outperforms the MC method.

3. Comparing MLMC and MC for the scalar advection equation with random ve-
locity. In sections § 3, § 4 and § 5, we use four examples to compare MLMC and MC methods for
both linear and nonlinear problems. In this section, we consider the first example, the scalar advec-
tion equation with a time dependent random velocity. For this example, we analyze the variances of
the MC solutions and MLMC corrections, and provide the complexity estimates of MLMC and MC
methods in Theorem 3.2 for two cases: 1) the number of random parameters is finite, 2) the random
parameter is modeled as white noise. In the first case, MLMC does outperform MC, while in the
second case, MLMC has the same order of computational cost 63 as MC. We then use numerical
experiments to justify those theoretical results.

We first consider the scalar advection equation

(3.1) ug + a(t,w)u, =0,

with € [-1,1], ¢ € [0,7], initial condition u(0,2) = wug(z), and periodic boundary condition
u(=1,t) = u(1,t).

This manuscript is for review purposes only.



8 JUNPENG HU, SHI JIN, JINGLAI LI AND LEI ZHANG

We assume that the random variable is of the form w = (w1, ..., wk), such that K is the random
dimension. The random time dependent velocity a = a(t,w) can be modeled as piecewise constants
over K equal length time intervals

k-1 k
(3.2) a(t,w)=a+w, for TT§t<?T’ k=1,...,K,

where @ = 1, wy, ~ U(—1,1). The corresponding solution is denoted as u(z,t,w).

Let a(t,w(s)) be a sample of a(t,w). We denote v}*(s) as the numerical solution at (z;,t,), with
the random variable w(s), x; = —1 4+ 1Az, t, = nAt;, where At; is the time step and Ax; is the
mesh size, with ﬁ—;ll = k < 1 by the CFL condition. In the following, when no confusion arises, we

also use notations v}’ or v™ for simplicity. We denote X; := Aixl and M; := Altl as the spatial and
temporal degrees of freedom.
Equation (3.1) can be discretized by the first order upwind scheme
v (s) — vl (s v (s) — vl (s)
(3.3) %tl() + a(tn,w(s))# =0, a>0

3.1. Analysis. We now carry out an analysis for this simple model. Denoting wu(-,¢,w(s)) as
the exact solution of (3.1) using the random variable w(s), which can be obtained by method of
characteristics. At the final time T, we have the following expression

K
(34) u(z,T,w(s))=u (x — (@ +wk(s)) %, KK_1T> = =g (x —al — z:k_};uk(s)T> .

PROPOSITION 3.1. Denote P = u (-, T,w(s)) as the exact solution and P as the numerical
solution using time step At; and mesh size Ax; at final time T. The variances of P, PW satisfy the
following properties
P1. Var[P]:= %", Var [P(z;)] Az; = O(K 1),

P2. Var [PU) — ] >, Var [(PO — P)(z;)] Az = O((At)?),
P3. Var [PWD)] := 3", Var [P (z;)] Az = O(K1).

Proof. (a) Proof of P1. Defining @ = ug(xz — aT"), we calculate P — u as follows

K (s) 2
-~ _ 2 D p—1 W
(35) P - @) = (i, Tws) - a@) < Jup()% T2 | ==L
and
K (s) K (s)
(3.6) E |Ek¢—1wk — Var D1 Wi _ Varfw]
K K K

Property P1 then follows by

(3.7 Var [P ZVar —a) (x;)] Az < ZE [ u)? (wz)} Ax; = O(K™).

7

(b) Proof of P2. We define the following intermediate variable with respect to the upwind scheme
(3.3),

At

A—xl(u(xi,tn,w(s)) —u(xi_1, tn,w(s))).

W(wy, tnat, w(s)) = u(x;, tn, w(s)) — altn,w(s))

This manuscript is for review purposes only.



ON MLMC FOR HYPERBOLIC EQUATIONS 9

The local truncation error of the upwind scheme is

T = w(xy, tg1,w(s)) — @i, tng1, w(s))
_ a(tn,w(Z))(Atl> <a(tn,w(s))um(xi,tn) _ ifllua:x@f,tn))
3.8 10(tn,w(s
. < QU (41, (e + 521 ) A0

< (2 + i) C1(At)?,

where C; = sup |ug,|. Then

1
I, < (2 + ﬁ) Civ/ X (At)2

The stability of the upwind scheme is obvious since

n n n 2 n
39) ol = Z ot < Z (1 = Ka(tn, w(s))) [0 + Ka(tn, w(s)) |vP|” = 0”3,
where the CFL condition x < 1 is used. The error P() — P can be bounded by

HP(l) _ pH2 = o™ = (g w(s)|
< oM =t w())]|y + -t w(5) = @Gy tar, w(s))l
(Stablhty) S ||,U]\/1171 - u('vtML—law S + ||TMZ71||2
M;—1

<0+ > 17,
=0
< (2 + ;) TV X At

M,
(3.10)

Property P2 follows by
(3.11) Var [PU) — P} <Y E {(P(l) _ P)2 (xi)} Az = F [HP(” _ PHz] Az, = O((AH)?). T

(c) Proof of P3. Property P3 follows by the assumption that At; = O(K~1), and the inequality

Var [P() — P] — \/Var [P] 2gvau« PO < (\/Var [P — P] + \/Var [P] 2.
(v ) vl ( )

We compute MLMC corrections, which are the difference of solutions Pl(l) and Pl(lfl), the
numerical solutions at final time T of (3.1) on the Ith level, with time step At;, At;_; = TAy
respectively. We have the following theorem for the computational costs of MLMC and MC for the
scalar random advection equation.

THEOREM 3.2. We consider two cases,
o (Case I: When the number of random variables K is fixed, and My > K, we have By = 0,
B8=2,ie.

(3.12) Var [Pf”} = 0(1), Var [P}” - Pl(l_l)} = O((A4)?).

Given the accuracy threshold § > 0, the cost of MLMC' is O (5’2 (log 5’1)2> and the cost
of MC is O (5‘4).

his manuscript is for review purposes only.
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e Case II: The random wvelocity is modeled as white noise, namely the number of random
variables depends on I, K; = Alt, = M for each level . We have By = =1, i.e.

(3.13) Var [Pl(l)} —o(At), Var|pP® fpl(l‘”] = O(At).

Given the accuracy threshold 6 > 0, the computational costs of MLMC and MC are both
0] (6‘3).
Proof. The values of By can be obtained directly from Property P3. In the following, we will
explain how random variables are used in both cases and evaluate .
e Proof of Case I. We first generate K random variables for one sample on level [. Since K
is fixed, we use the same random variables {wk(s)}szl to calculate Pl(l)(s) and Pl(l_l)(s).
Therefore similar error analysis as in (3.8), (3.10), (3.11) leads to the following estimate

2
(3.14) Var [Pl(l) - P}H)} <E [HPIU) - Pl(ll)HQ] = O((A)?).

Thus Property A2 holds with § = 2. The computational costs of MLMC and MC follow
by the application of Theorem 2.2, Theorem 2.3, and the fact that a =1, v = 2, 5y = 0,
8=2.
In this case, {wk(s)}szl can be directly used to calculate Pl(l_l), and the numerical imple-
mentation of Algorithm 2.1 is straightforward.

e Proof of Case II. We need to generate K; = T'/At; random variables for one sample on level
l, denoted by {wk}f{:’r For example, let a be a uniform white noise

(3.15) alt) = a+w(t), w(t)~U(-1,1),

with correlation B(t) = Var [w]§(t) = 16(¢). At each time t, 1, a(t,_1) = @ + wp, n =

-3
1,..., K;. The computation of Pl(l) is also straightforward, while the computation of Pl(l_l)

)

is a little tricky. To compute Pl(l_1 , we need to construct K;_; random variables from the

K; random variables, such that
1. They are strongly correlated with {wk}kK:l 1> So that Var {Pl(l) — Pl(lfl)] is kept small;
2. The distribution of the coarse random variables is the same as its finer counterpart, so
that B [P~V =B [RIV] still holds.

To that end, we use the following trick [24] to construct those coarse random variables

(3.16) w = (f%aé‘r {“(t’gi)})r ~U0,1), n=1,...,K_1(=KT).

The inequality (3.14) does not work since the random velocities {a(t,—1) ff:ll, {a(t,-1) f;l
are not the same now, although strongly correlated. Nevertheless, the Cauchy-Schwarz

inequality implies that

(817)  Var[RY - PV < <\/Var P0] + \/Var [PZUUDQ — O(At). 0

The Property A2 holds with 8 = 1. The computational costs of MLMC and MC follow by
the application of Theorem 2.2, Theorem 2.3, and the fact that a =1,7y=2, 8o =1, 8= 1.

3.2. Numerical results: Case I. In the numerical experiments for Case I, we choose two
constants K = 1 and K = 32. We take

At 1
(3.18) K= A—xll =05 T=2 Amg=5. Np=50,

This manuscript is for review purposes only.
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where I' is the refinement ratio, /Ny is the initial number of sampling, the CFL condition is satisfied
since |a| < 2. We also choose the initial condition

(3.19) wp(w) = D T2

and the periodic boundary condition.

In view of our theoretical results, we will show the computational costs of MC and MLMC vs.
the accuracy level §, also their variances vs. level. Let IV;, N;° represent the number of samples
of MLMC and MC respectively. The computational cost of MLMC can be estimated as the total
number of time steps and gird points on all levels normalized by that on the level 0,

L
(3.20) C=No+> N (le + P2(l‘1)) .
=1

Namely, the computational cost of one sample on level 0 (Cp) is regarded as 1 unit, and Cj41/C; =
I'?,1 > 1 since we refine the grid in both spatial and temporal dimensions.
The computational cost of MC can be estimated similiarly as

L
(3.21) ¢ =Nj+> NI
=1

In Figure 1 and Figure 2, the numerical results are shown in solid lines, while the theoretical order
is plotted in dashed lines. We observe that as long as K is a constant, we have Var {Pl(l)} =0(1)

and Var [Pl(l) — Pl(lfl) = O((At;)?), i.e. o =0, 3 =2. The costs of MC and MLMC are of order

O(6=%) and O(672), respectively. In this case, to achieve the same accuracy, MLMC outperforms
MC by two orders of magnitude in terms of the computational cost.
1. K=1

g s I MC ——————————————————————————————————————
e MLMC -5
~ — — MC fit, order -4.0
8 — — MLMC fit, order -2.0 @
L
H7 S -10 I P,
8 g - Pi-Pi-1
v .\ ] — — P fit, order -0.0
o6F T > — — P-Pi-1 fit, order -2.0
o - E .
- o o —15 PR
5 o T
L T T
4 e L Tl
e T -20 T
; ! ] I ; | I ] ; | -
-32 -3.0 -28 -26 -24 =22 =20 0 1 2 3 4

log & |

FiGc. 1. Ezample 1: Case I, K = 1, the computational cost w.r.t accuracy threshold & (left) and variance on
different levels (right).

2. K =32

This manuscript is for review purposes only.
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9 . "
H-MC || e
-3k MLMC
8 — — MC fit, order -4.0 -10
— — MLMC fit, order -2.0 @
7 g e
= P
3 g -15 e P-Ps
o © — — Pifit, order -0.0
= gL+ > .\‘\ — — P-Pi-1 fit, order -2.0
=} T £ R
e g2 e
4 = ~— e
\'\'\,\ -
3 R -25 Il
-32 -30 -28 -26 -24 -22 -20 0 1 2 3 4 5

log & |

F1G. 2. Ezample 1: Case I, K = 32, the computational cost w.r.t accuracy threshold § (left) and variance on
different levels (right).

3.3. Numerical results: Case II. In this case, we need to generate K; = T/At; random
variables wy, ~ U(—1,1) on the [ th level. Using (3.16), we can construct K;_; random variables and

use them to calculate Pl(l_l). Figure 3 shows that both Var [Pl(l)} and Var [Pl(l) - Pl(l_l)} decays
with order O(At;), i.e. Byp = 8 = 1, which is consistent with the derivation in (3.17). The costs of

MC and MLMC are both of the order O(§~3), while MLMC appears to have a larger constant than
MC.

7F < -8 -
el % MC T &P
. T *- MLMC -9 S~. - PPy
6 S~ "~ — — MC fit, order -3.0 el — — P/ fit, order -1.0
~o e — — MLMC fit, order -3.0 @ S~ — — Pi-Pi-1 fit, order -1.0
\ Sol o -10
- - c
@ 5 s .
[v] 5~
o >
o4 £ -12
o
L2 -13
3
-14 -
2 L I L i I I L i - L
—-3.0 —-2.8 -2.6 -2.4 -2.2 -2.0 -1.8 0 1 2 3 4 5

log & |

F1G. 3. Ezample 1: Case II, the computational cost w.r.t accuracy threshold § (left) and variance on different
levels (right).

4. Comparing MLMC and MC for the Euler equation and the shallow water equa-
tion. In this section, we extend our study to more practical examples such as the Euler equation
with a time dependent random adiabatic constant, and the shallow water equations with space
dependent random tomography. The Euler equation example is qualitatively similar to the scalar
advection example, albeit more complex. However, the shallow water equation example is quali-
tatively distinct, and has computational cost 6~* if the random tomography is modeled as white
noise. In [25], Mishra et. al. applied MLMC to Euler equations with random initial data, while
we consider Euler equations with time dependent random parameters in § 4.1. Mishra et. al. also
applied MLMC to shallow water equations with uncertain topography in [26], where the bottom
topography is treated as a fixed number of random variables with uniform distribution. That is
similar to our Case I, but we also consider the white noise Case II in § 4.2.

4.1. Euler equation with random adiabatic constant A(¢,w). In this subsection, we con-
sider the Euler equations as a prototypical nonlinear partial differential equations with time depen-
dent random parameters. When the number of random variables K is fixed, the analysis of Property
A2 is similar as (3.14); while the white noise case is now hard to analyze due to nonlinearity, we

can numerically estimate Var [Pl(l)}, Var {Pl(l) — Pl(l_l)] and their decay orders g, 5.
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Given the Euler equations with gravity

Pt + (pv)ac = 07
(41) (Pv)t + (UPU)x + Do = —pPq,
Ey + [(E +P)U}z = _pv(bza

where

E=pe+Lo? o) = gr.

Here p(t,x) is the density, v(¢,x) is the velocity, E(t,x) is the total energy, p(t, ) is the pressure,
e(t,x) is the specific internal energy, and g is the gravitational constant. The adiabatic constant A
can be modeled as a time dependent random parameter A(¢,w) in the equation of state

p=pe(A—1)= Ap)‘.

Problems with uncertain A were considered in, for example, [29].
We impose the initial condition

4
(4.2) po(z) =2 —¢(x), polz) = Aop(z)*, Ao = 3’ Ao =1,
and the Neumann boundary condition on z € [0, 2].
To be more precise, we let
(4.3) A=A+w; for ET<t<£T k=1 K
. - k K = K ) — Ly ’

with \ = %, wi ~U(—3, 3).

We use a well-balanced scheme introduced by Képpeli and Mishra [19], where the hydrostatic
steady state of (4.1) is

hS]

(4.4) v=0, p.=—-ppz, h+¢=const, h=e+ -.
o

The numerical parameters are chosen as follows

At
k=—"1=01 T=2 Axg=025 T=2N;=500.
AJCl

Here we show the numerical results for Case I: A\ with fixed K, and Case II: white noise \.

(4.5)

4.1.1. Case I. Figure 4 (K = 1) and Figure 5 (K = 8) show that Var [Pl(l)] ~ O(1) and
Var [Pl(l) - Pl(lfl)} ~ O((At)"?), i.e. By =0, B = 1.5. The costs of MC and MLMC are O(6~4)

and O(3~27) respectively. Both results are consistent with the analysis.

1. K=1
S -6
S -~ MLMC
7 = — — MCfit, order -4.0
o — — MLMC fit, order -2.5 o 8
¢ ) g *
] -10 P
8 5| g - P-Pi2
v T © — — Pifit, order -0.0
o - > -12 C — — Pi-Pi-1 fit, order -1.5
o4 £
S -1a P
3 - T '*\\“ -
. -16 T
e
‘ . . . -18 ; ; L
-250 -2.25 -200 -175 -1.50 0 1 2 3 4 5

log & |

Fi1G. 4. Ezample 2: Case I, K = 1, the computational cost w.r.t accuracy threshold § (left) and variances on
different levels (right).
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2. K=38
Sl - MLMC
6 N — — MC fit, order -4.0 -10.0
Tl — — MLMC fit, order -2.5 @
v}
B ° 5
-12.5 B
o = e
0O, § \\\\ N
o T
o T~
— 3 & -15.0 T
s}
- AP
2 & P-Pi1
—17.5 } |— — Pifit, order -0.0
1 — — P-Pi-1 fit, order -1.5
-2.50 —-2.25 -2.00 -1.75 -1.50 0 1 2

log & I

FI1G. 5. Ezample 2: Case I, K = 8, the computational cost w.r.t accuracy threshold 6 (left) and variance on
different levels (right).

4.1.2. Case II. In this case, we generate white noise A with K; = T/At; on the Ith level, and
use similar trick as (3.16) to construct coarser random variables.

From Figure 6, we observe that Var {Pl(l)} and Var [Pl(l) — Pl(lfl)} are both O(At), i.e. fp =
B = 1. Comparing with the variances in Figure 4, Figure 5, it is evident that the temporal white
noise leads to the decay of Var [Pl(l)]. The costs of MC and MLMC are both O(§73).

~ -14 } ~
R ~%-MC AP
6 N - MLMC - PPy
R — — MCfit, order -3.0 — — P fit, order -1.0
T S~ — — MLMC fit, order -3.0 o -16 — — P-Pi-1 fit, order -1.0
> [u]
= 5 c <~
@ 8 -
—
u ©
o 4 2 -18
o 3
=]
3 °
-20
2 \\\\
-3.50 —3.25 -3.00 —-2.75 —-2.50 0] 1 2 3 4 5 6

log & |

F1G. 6. Example 2: Case II, the computational cost w.r.t accuracy threshold § (left) and variance on different
levels (right).

4.2. Shallow water equations with random tomography B(z,w). In this example, we
consider space dependent random parameters instead of time dependent random parameters, using
the shallow water equations

ht =+ (hu)z = O7
4.6 h?

Here h(t, z) is the height, u(t,z) is the mean velocity, with the gravitational acceleration constant
g, and the bottom topography B(z). In view of the measurement error [22], we can introduce the
following random tomography B(x,w) defined via K random variables, such that

k—1 k
(4.7) B(z,w) =1+ wysin(rz) for T§$<E7 k=1,....K

) )
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with wg, ~ U(0,1) and the steady state

2

(4.8) hu = q = const, FE := % +g(h+ B) = E = const.

We treat the still water case with ¢ =0 (v = 0) using the well-balanced central-upwind scheme
[21]. The initial conditions

(4.9) h(x,0) = 5+ 2™ 4 (z,0) = sin(cos(27z)),

and the periodic boundary condition on « € [0,1] are imposed.
We use the following numerical parameters

At
K= -— =0.05,

T =0.1
Ax ’

1
Azy = —, N = 500.

(4.10) i

r=2,

Similarly as before, we have two qualitatively different cases: Case I: B(z,w) with fixed K, and
Case II: spatial white noise B(z,w).

4.2.1. Case I. We use K = 1 in Figure 7 and K 8 in Figure 8. We observe that
Var [Pl(l)} = O(1) (Bo = 0), the numerical values for the decay orders of Var Pl(l) — Pl(lfl)} in
these two experiments are § = 2.5 (K = 1) and § = 1.0 (K = 8) respectively.

The cost of MC is approximately O(5~%) since 8y = 0. In the case K = 1, since 3 = 2.5 > ,
the cost of MLMC is approximately O(§=2). While in the case K = 8, the cost of MLMC is
approximately O(63). As we expected, MLMC is better than MC method by one or two orders of

magnitude.
1. K=1
\\“\‘ —*—MC g mm
8 RN ¥ MLMC
AN — — MC fit, order -4.0
Sl — — MLMC fit, order -2.0 © -12
Q
+~ 6 c
o 5 L
= 15 — T
v e © T
o o > \ Teel
o4 gl E e
8’ -18 ~
- P
-3 P-Pi1
=211 |—— Pifit, order -0.0
— — Pi-Pi-1 fit, order -2.5

-3.0

log &

Fic. 7. Example 8: Case I, K = 1, the computational
different levels (right).

0

cost w.r.t accuracy threshold & (left) and variance on

1

2
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N e * *
h S-MC | e
8 S - MLMC
. — — MCfit, order -4.0
7 oo~ — — MLMC fit, order -3.0 o 6
o
Hoeli < 4P
6 ‘
3 ~ 2 L. e P-Ps
o o 8 T — — P fit, order -0.0
g; > “~_"-._ |~ — P-P-1fit, order-1.0
=y 4 é’ “w.\j‘\\\‘
3 2 -10 ~I
3 : _— “\\:‘ .
, iy \_ k_ b \
-250 -225 -2.00 -175 -150 0 1 2 3 4 5

log & |

Fi1G. 8. Ezample 3: Case I, K = 8, the computational cost w.r.t accuracy threshold § (left) and variance on
different levels (right).

4.2.2. Case II. When B(z,w) is modeled by spatially dependent white noise, we have K; = X
for the /th level. When a sample Pl(l) is computed on level I, the value of B(z;,w) is generated by

(4.11) B(zi—1,w) =14 w;sin(nz;—1), w; ~U(0,1), i=1,...,X].

To calculate Pl(l_l), we first construct {(I)Z-}jifl using (3.16), then let

(4.12) B(x(i,l)mw) =14+ Sin(wx(i,l)p), 1= 1,...,Xl,1(= Xl/l“)

Figure 9 shows that the decays of Var [Pl(l)] and Var [Pl(l) — Pl(l_l)} are very slow, namely, we

have 5 ~ 0 and By ~ 0. In this case, both MC and MLMC methods are expensive. In fact, MLMC
has a higher cost compared to MC.

8l - -4
N e~ MC
asl el e MLMC 5
7 e N — — MC fit, order -4.0 T Tt T T T T T T T T T T T T T T
S — — MLMC fit, order -4.0 ) - —— * —*
Y -6
o 6 [=
3 .o
Y5 5 -7
o >
o 3
4 g’ -8
- P
3 -9 e P-Pi-1
— — P fit, order -0.0
- — — Pi-Pi-1 fit, order -0.0
2 . R . . . o~ -10¢, . R . L
-2.50 —-2.25 -2.00 -1.75 -1.50 0 1 2 3 4
log & |

Fi1G. 9. Ezample 3: Case II, the computational cost w.r.t accuracy threshold § (left) and variance on different
levels (right).

5. Comparing MLMC and MC for the linear Jin-Xin relaxation model with random
choice method. While the first three examples in § 3 and § 4 are hyperbolic equations with random
parameters, the last example is of different nature. In this example, we apply a randomized algorithm
to a multiscale deterministic equation—the Jin-Xin hyperbolic relaxation model [18]. This algorithm
is in the spirit of the Glimm’s random choice method [13], and the random variables are in both
spatial and temporal dimensions. We identify similar behavior of MLMC in this example as the
third example. This simple model can shed some light on the application of randomized algorithms
to more complicated problems.
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In particular, we deal with the following one-dimensional linear Jin-Xin relaxation model [18]

ou Ov

ot + or 0
v ou 1
a + a% = —g(’U — bu),
where (z,t) € [—1,1] x [0,T] with the periodic boundary condition, and the initial data u(x,0) =
uo(x), v(x,0) =vo(z). a>0,beR, and € > 0 is the relaxation parameter. Asymptotic analysis
[18, 28] shows that when ¢ is small, the stability condition a > b? ensures the well-posedness of
model. In the limit & — 0, the second equation of (5.1) relaxes to the local equilibrium v = bu, and
the first equation of (5.1) reduces to the scalar advection equation u; + bu, = 0. The Jin-Xin model
is a prototypical multiscale hyperbolic equation, and can be treated by the so-called asymptotic
preserving (AP) method [17].

In the following, we will develop the asymptotic preserving Monte Carlo method (APMC) for the
equation (5.1), by combining the Glimm’s random choice method [13] and the asymptotic preserving
principle. A random algorithm is interesting not only for theoretical interest [13] but also of practical
interest [4, 7, 10]. We will compare the APMC method with its multilevel version (MLAPMC). We
will demonstrate that, since the random variables in the APMC method involves both spatial and
temporal dimensions, the cost of MLAPMC is of the same order as APMC.

5.1. Asymptotic preserving Monte Carlo method (APMC). The equation (5.1) is stiff
in the sense that the time step of any explicit method has to satisfy At = O(e) by the stability
requirement, which is prohibitively expensive as ¢ — 0. The asymptotic preserving (AP) method
[15] allows to choose At independent of €, while it still attains the correct asymptotic limit. To be
precise, (5.1) can be split into two steps,

(5.1)

ou  Ov
| o tor
(5.2) (convection step) Py N o .
gt =
ot oz ’
which is a linear convection equation, and
0
oo
(5.3) (relaxation step) aqt; 1
e _Z(u—b
ot € (v = bu),

which is a relaxation equation with a stiff source only in the equation for v.
We can construct a random choice method for the split system,
e convection step: (5.2) can be transformed to a diagonal form as

dp op
a—Jr\/a%—O,

o Va =,

(5.4)

by introducing the characteristic variables

(5.5) p=+au-+v, = au—w.

The explicit upwind scheme to (5.4) writes

oy Jalt =P
1 3 — _ a K3 11— ,
(5.6) At Ar
Bl el
At VYT A
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namely,
n+g = (1 — n n
p; 2 =0-v)p! +vpiy,
(5.7) sl
L 2 =0 -v)lI + iy,

At 1 1
where v = \/EA— is the CFL number. u?+2 and U?JFZ can be obtained by
x

n+% n+%
i o+

unJr% _p
L 2ya
5.8
5.3 o
nts _ Pi i
v P =T

The Monte Carlo method can be applied to update p and I, since (5.7) are convex combi-
nations. For example, we generate samples according to the following distribution

nti | p¥, with probability 1 — v,
Pi == p*_,, with probability v,

(5.9) . il
s _ {6, with probability 1 —w,
‘ B ?.,. with probability v.

1
In the implementation, we let p?+2 = p’ and sample a random variable £ ~ U(0,1). If

1
& < v, we update p?+2 =pl .
e relaxation step: we use the fully implicit Euler’s method to treat the stiff relaxation equation
(5.3),

ut Tl e
7 2
i,
(5.10) At
n+1l n+3 1
Y Y ~ (o7t = bup )
At e’ !
Thus
1
" wt =,
(5 ) Tl = c 'UTH_% At bun+%
! e+ At e+ At
1 1
vt is a convex combination of v?+2 and bu?+27 which has the following Monte Carlo
approximation
1
(5.12) o — v?+2i with probability p,
’ bu:H_E. with probability 1 — p,
€
ith p = .
WP AL

The APMC algorithm can be summarized as follows
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Algorithm 5.1 Asymptotic Preserving Monte Carlo (APMC) - fully-random version
Given the number of samples N € N T > 0, time step At, mesh
size Az (or equivalently, v = ValAt/Az). Generating N samples
{u(k). v(k)};L,

1: Initialize u? (k) = ug(z;), v (k) = vo(xi), k=1,...,N;

2: forn:O,...,T/At—l do

3: fork=1,...,N do

4 Compute pl (k),lf(k) as in (5.5);
5 Sample p;’ §(/{:) and ln+§(k) as in (5.9);

+1 n
6: Compute u; 2( ), v +2( as in (5.8);
Tt ) = e (k)

1

8 Sample v/ (k) = v?+2 (k) as in (5.12);
9: end for N N
1007 = 5 Yy (k) 0 = 5 Sy o7 (k);
11: end for

We can replace the convection Step 5 in Algorithm 5.1 by the deterministic scheme (5.7). The
resulting algorithm is called the semi-random version of APMC. Also, we can obtain the deterministic
method if we replace the Step 5 by (5.7) and the Step 8 by (5.10), respectively.

2. Variance analysis. The deterministic method is asymptotic preserving since it has the
correct ¢ — 0 limit, as proved in Appendix C. To apply the Monte Carlo method as ¢ — 0, the
variance should be uniformly bounded, i.e.

(5.13) Var [u}'],, Var [v}'] < C,

where C' is a constant independent of e.
We present the following lemmas for the expectations and variances. The proofs are given in
Appendix D.

LEMMA 5.1. Under the condition a > b2, the energy

(5.14) Eni= [(a—t%) (B[] + (B buy - v7])’] Az,

i
is monotonically decreasing,
(515) (‘:n < gn—l << 5O~

Moreover, the ly norms of E[u™],E [v"] remain bounded in the sense that

(5.16) I1E [u"lly = \/—Afc< a—b27
(5.17) IE "], = Z(E[”?DQMS\/E'

Remark 5.2. We have the following estimate for E [ul ; — u!'] and E [v]'; — v],

(2

>l (B =) (B — ™) - @ —or )] A
(5.18) 9 2
<Z[afb2 ud iy —ud) 4 (b (udy —ud) — (v), — ) }Al‘ = Co(Ax)?.
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Similar as (5.16), (5.17), we have

(5.19)
2
wthl — gt C
i+1 i 0
Az AT < a— b2’ Z B

(3

2
v;ﬁ:‘ll —ptt Ag < [ 2aCqy
Az “Va-0b*

. 1N 2
LEMMA 5.3. As e — 07, E[buf —v}'| = 0, and for any fived e >0, 37,3, (E [buz - vf}) Az
s uniformly bounded in the sense that

> (e

i

2

(5.20) ZZ( [u quQAxglp ~&o.

-p

In particular, 3", (E [bu? — v7])* Az — 0 as n — oo.

K3

To better understand the variances introduced in the convection step and in the relaxation step,
respectively, we first consider the semi-random APMC with the random relaxation step and the
deterministic convection step. We have the following lemma for variances.

LEMMA 5.4. The variance of the semi-random APMC solution is bounded in the sense that

(5.21) Z [(a — b*)Var [a}'] + Var [bi} — 57]] Az < T _Z')_

i

607 an
p

K3

where Eg =), [(a —b?) (u0)2 (bu — ) } Ax. Namely, for any e < 1, the variance is uniformly
bounded and tends to zero as € — 0.

Remark 5.5. We can use the same trick as in the proof of Lemma 5.3 to get an estimate of
Var [bul — v,

n+1 n+1

(5.22) ZZVar [bu — v } Ar < - ZZ (E [buz — Ug])2A$ < ﬁgo, Vn,

in particular,

(5.23) ZVar [bul — v Az — 0, as n — oo.

The main difference for the variance analysis of the fully-random APMC in the following
Lemma 5.6, is to use the conditional variance formula for characteristic variables in the random
convection step.

LEMMA 5.6. The variance of the fully-random APMC solutions is bounded in the sense that

(5.24) Z [(a — b®)Var [u]'] + Var [bu} — v}]] Az < 1 i &+ ol —v) TCoAt, Vn,
v

%

where

& = Z [(a —b%) (u?)Z + (buf — vl-O)Q] Az,

0 0\ 2 0 0 0 0
oy [ Ui T Y Uipp — Ui\ (Vi1 — Y
() ) - ()]

Co=2,
i
Then for any ¢ < 1, the variance is uniformly bounded and tends to zero as ¢ — 0, At — 0.
Therefore, the APMC method still works in the regime when € < 1 and At independent of ¢, i.e.
has the asymptotic preserving property.

2
Az.
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3. Multilevel APMC. We introduce the multilevel version of APMC (MLAPMC) algo-
rithm here. Since the random variables are distinct at the finest temporal and spatial discretization
level, we encounter similar situation as the Case II in Example 3, Example 4.1 and Example 4.2.
Therefore, we need to use the trick introduced in [24] and in (3.16) to construct coarser random
variables and compute MLMC corrections.

The fully-random MLAPMC algorithm of one sample on level [ can be stated as follows.

Algorithm 5.2 Multilevel APMC (MLAPMC) - fully-random version
Given T > 0, time  step Aty CFL  number v

ﬁAtl/A:cl.

1: Initialize u? = ug(z;), v = vo(2;), @), = ug(wi,r), v, = vo(@s,r), for iy =0,..., X1 — 1

2: forn=0,...,M;_1 —1do
3: fork=0,.. fldo

4 compute pf ,l;’ as in (5.5), where n’ = nI' + k;

5 sample p; “+% with & ~U(0,1) and I} *% with Nk ~U(0,1) as in (5.9);
n/ 1 .

6: compute u; +2, v; T2 asin (5.8);

7 uf = uy 3,

8 sample v;' “+1 with Gk ~U(0,1) as in (5.12);

9: end for

10:  compute pI' I as in (5.5);

1—\2

S (maXz1<z<zl+F o<k<r{&i, k}) s My = (Max;, <iciy 1T,0<k<TAMik})
12:  sample p ¥ with &, and [ +2 with n;, asin (5.9);

ntg _ntg

13:  compute u; *,?; ° asin ( .8);
. -+l _ JLJF%.
4 aptt =a 2

F2
150 G, = (maxy, <j<iy+1,0<k<r{Cik}) 3
16:  sample EZH with ¢;, as in (5.12);
17: end for

As discussed before, the variance in the asymptotic regime (¢ < 1) is small, and APMC performs
well enough. For comparison, we apply MLAPMC in the non-stiff regime (¢ = 1) with semi-random
and fully-random schemes respectively. We consider the initial value

sin(x) + 1

(5.25) ug(z) = g

vo(x) =0,
with z € [-1,1], t € [0,T], and periodic boundary condtion.
We take the numerical parameters

At 1 1
(5.26) v=va—t=-, T =2, Arg=g, T=1, Ny=500, a=1 b=2.

We implement both MLAPMC and APMC algorithms with accuracy thresholds § = 0.02, 0.01,
0.005, 0.002, 0.001. The results are shown in Figure 10 and Figure 11. The costs of two algorithms
with respect to ¢ are plotted in the left subfigure, and the right subfigure shows the variances of Pl(l)
and Pl(l) — Pl(lfl). We can see that both Var [Pl(l)} and Var {Pl(l) — Pl(lfl)} decay as At; decreases
in semi-random case, and the decay orders are about 0.5, i.e. Sy = 8 = 0.5. The costs of APMC and
MLAPMC are both O(§=3-5). While in the fully-random case, Var [Pl(l)} and Var {Pl(l) - Pl(lfl)}

decay very slowly, i.e. 8 ~ 0 and §y >~ 0. The costs of APMC and MLAPMC in fully-random case
are both O(67%).
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F1G. 10. The computational cost w.r.t accuracy threshold § (left) and variance on different levels (right) using
semi-random APMC and MLAPMC methods.
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Fi1G. 11. The computational cost w.r.t accuracy threshold § (left) and variance on different levels (right) using
Sfully-random APMC and MLAPMC methods.

6. Conclusion. In this paper, we study the Multilevel Monte Carlo method, and compare it
with Monte Carlo method for applications in linear and nonlinear hyperbolic systems with random-
ness originated from either random parameters or randomized algorithms. In many cases, MLMC
has lower cost than MC. Nevertheless, if the variance of MC solutions decays at the same rate
as MLMC corrections, the standard MC performs well and a multilevel method may not provide
improvement.

We conclude through both analytic studies and a few numerical experiments with different levels
of randomness, that the possible cause is white noise like random variables in the SPDE or random
algorithm, which may influence the decay rates for MLMC corrections and lead to the deterioration
of the MLMC complexity. If the white noise random variables depend only on time, the variances
have first order decay with respect to the discretization level or time step, and both MLMC and
MC have O(6~3) computational cost. While if the white noise random variables depend further on
space, the variances do not decay and both MLMC and MC have O(6~*) cost. A rigorous analysis
of the scalar advection equation with a random velocity is given and is consistent with our numerical
results.

In summary, we have identified three regimes for the performances of MLMC and MC for
hyperbolic equations. More research is needed to investigate SPDEs driven by Gaussian and Levy
white noise [14, 30], and to develop acceleration methods for SPDEs and random algorithms for
interesting physical applications.
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Appendix A. Some known results of MLMC for differential equations.

We review some applications of MLMC in the literature. For consistency of notations, we always
denote Pl(l), Pl(l_l) as the numerical solutions (at final time T if time-dependent) using time step
At; or At;_1 and mesh size Az; or Ax;_1 on level [ respectively.

e Stochastic differential equations [1, 9, 12].
For example, we consider the forward Euler method with time step At of the SDE

du(t) = a(u,t)dt + b(u,t)dW,
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(A1) Unt1 = Up, + a(Unp, tn) AL + D(Up, t,) AW,

In this case, the random variables are Gaussian white noises. Due to the additivity of
Gaussian distribution, it is natural to obtain a random variable on the coarser level by adding

up the random variables on the finer level, leading to the reduction of Var [Pl(l) - Pl(l_l) .

As proved in [12], we have Var [Pl(l)} = 0O(1), Var [Pl(l) — Pl(l_l)] = O(At), i.e. By =0,
B =1

PDE with random coefficients [5, 8].

In subsurface flow applications, the hydraulic conductivity can be modelled as a random
field k = k(x,w) on D x 2. We have the following Darcy’s equation with random coefficients
in the form

(A.2) -V (k(x,w)Vp(x,w)) = f(x), in D.

To apply MLMC, we need to sample from the input random field k(x,w), e.g. by a truncation
of the Karhunen-Loéve (KL) expansion [20, 23]. Then for each sample with fixed w, we solve
the PDE with multigrid methods. In this case, the dimension of random variables is fixed by
the truncation order of the KL expansion and same random variables are used to calculate

Pl(lfl), Pl(l). The numerical results in [8] show that Var [Pl(l)} =0(1), Var {Pl(l) — pl(lfl)} =

O((At)?), ie. By =0, 8 =2.
Particle method for transport equations [24]. For the BGK model

(A.3) O f(x,v,t) + g@mf(x,v,t) = E% M()p(x,t) — f(z,v,t)),

where f(x,v,t) is the particle density distribution at time ¢, position x with particle velocity
v and M(v) is the absolute Maxwellian. ¢ is the Knudsen number, the dimensionaless mean
free path. An asymptotic preserving particle scheme was proposed in [11]. Given the current
state of a particle in the position-velocity phase space, its position is updated based on its
velocity in the transport step. Then, the particle changes its velocity with the probability

paty, = ﬁgtl in the collision step, such that the collision is performed if & < pay, with
fl ~ U(O, 1)

To apply MLMC, Lgvbak, Samaey, and Vandewalle [24] proposed to use random variables
{Qk}gzl in the finer level to construct coarser level random varibales,

1<k<I'

r
(A.4) §i-1 = <H1aX fl,k) ~U(0,1).

If &1 < pat,_,, collision is performed on the coarser level. Therefore the trajectories of
particles in the finer level and the coarser level are correlated. In this case, particles are

independent of each other, similar to the SDE case. Var {Pl(l) — Pl(l_l)} = O(At),ie. =1
is proved in [24, Lemma 9]. The numerical results show that Var [Pl(l)} = 0(1), ie. Bo =0.

Appendix B. Analysis of MLMC and MC in § 2.2.
B.1. Proof of Theorem 2.2, cost of MLMC.

Proof. Let L = {M—‘ , the bias term ¢; (Atz)® is controlled from above and below by

(B.1)

alogT

1 1
—I' % < Atp)® < —9,
V2 NG

where T' = At;_1 /At;. Equivalently, we have

(B.2)

. 2 2
[0 - A - o[-
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According to (2.5), the variance of the MLMC estimate P(F) is
L L 1
A(L)| 1y, _ 1 _ 152
(B.3) Var [P }_;Nl Vi=pu l;\/clvl_ 597,

which implies y = 20-2 S35 \/C/Vi, and N; = @ Vi /OJ, [ =0,...,L. The total computational
cost is

L L L 2L
(B.4) =Y MG <Y (n/CVi+Cr) =25 (Z \/clvl> +> G
1=0 1=0 1=0 1=0
By properties A2, A3, we have
L L G, B>,
(B.5) SN VOV < Vaes Y (AT ={L+1< ‘s log 5, 8=
=0 =0 cr(Atp) 7 < s~/ g < B <y,
and
L L
(BG) Z Cl S C3 Z(Atl)_’y S 09(5_7/0‘ S 69(5_2.
1=0 1=0

In summary, the computational cost € is bounded by

046723 6 > ’)/7
(B.7) €< esd? (logs™)?, B=", o
645*2*(77[3)/04’ 0<fB<n.

B.2. Proof of Theorem 2.3, cost of MC.

Proof. We can perform similar analysis for the adaptive MC given in Algorithm 2.2. The
difference is that, for MLMC the bound for the total variance in (B.3) is needed, while for MC, we
only need the bound for the variance on each level, as Var []5[([)} in (B.10).

We have similar estimate for the bias by taking L = [w—‘,

alogT
(B.8) Lp-ag < o) (Aty)°
. —_— Cl L R
V2 < 75
where I' = At;_1 /At;, and equivalently,
. 2 2 ]
(B.9) ’E [ng> - PH - ‘E [P<L> - PH < 5%
The variances of each level should be bounded by
. 1
(B.10) Var [Pl(”} = N7V S 58 = N= (267, 1=0,. L.
to make sure that MSE < §2. The total computational cost ¢* is
L L L
(B.11) e =Y me RV <22y e[V i+ Y e [pY].

=0 =0 =0
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With properties A5, A6, we have

I L Cs, Bo >,
B12) Y e [P;”} Vi< Y (A% = { L+1< celogd?, Bo =1,
=0 =0 cr(Atp)Pom7 < egd= R/ a0 < By <,
and
L L
(B.13) S|PV S YAl < b < iR,
=0 =0

In summary, the computational cost €* is bounded by

045_27 BO > v
(B.14) ¢ < Qesd ?logs Bo =1, O
045—2‘4—(7—60)/(%7 0< By <n.

Appendix C. AP property for the deterministic method of the Jin-Xin model. For
completeness, we formulate the AP property of the deterministic numerical method in § 5.1 in the
following proposition.

ProprosITION C.1. The deterministic numerical method in § 5.1 is asymptotic preserving since
it has the correct numerical € — 0 limit, namely, in the limit € — 0, the numerical solutions u', vl
tends to the numerical solutions of the limit equations

ou ou
(C.1) v = bu, E—Fb%—o.

We provide a heuristic argument in the following, for complete theory, please refer to [15]. As
€ — 0, the implicit Euler’s method used in relaxation step collapses to

(C.2) T = oyt

7 7 ?

n=20,...,M; — 1.
Applying (C.2) into the convection step gives

(©3) o= (Va+ b, I = (Va - b,
and

1 n a+byr -bv ,
(C4) up ™t = (1 - v)ui + (\G:/ra)ui—l + <\/;\/a)ui+1a

which is equivalent to

(C.5) uptt —yn N bugbrl —ul 4 _ VaAz udy g — 2u +ui
’ At 2Ax 2 (Azx)?

(C.2), (C.5) is a first-order consistent and stable discretization of (C.1), with leading truncation
error
VaAz 0%u

2 0x?

(C.6)

Thus this scheme has the correct asymptotic limit and is expected to capture the correct limiting
behavior in the regime when ¢ < 1 and At > ¢, with a first-order accuracy.

Appendix D. Analysis for the APMC method in § 5.2.
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D.1. Proof of Lemma 5.1.
1
Proof. Combining (5.7) and (5.8), we obtain the formula of E [ n+2}7 E {vwri},

B[] = (1 =B 7]+ 2 (B [of] + B [of,]) - E[ur] - Eul,]),
(D.1) . 2 2
B ] = (=B )+ 5 (B ] + B [w]) - 57 (B k] - BRi))

We compute the following quadratic sums and simplify them as follows

(D.2)
D o (B [u]) (e [o7))] - D (Bl ]) + (B e])]
= LR S (@ )? + R EP] + 00— ) D BV [o] + B 1B 1]
=[1-v)*+v7] Z [a (E[u?)? + (B [1;1”])2} +2v(1 —v) Z [aE [uf]E [u},] + E [0 E [v]'4]],
S[e[w e ﬂ] - 4% D (Elr]) - (e [])]
e }j[ wWﬂ+”§¢j)§jmmmEvaﬂ—EumEvam
=[a—ﬂo +v]E:uwwﬂEwm1+uu—»o§jUﬂ%ﬂE@aﬂ-+Eme[¢uJL

which lead to the following estimate

fuvy = X [lo =) (£ ) (e o o)) o

+2v(l—v Z [ (a —b?) ( ul| E [uﬁﬂ) + E[bul —ol'|E [bu?ﬂ —vfﬂ]] Az

7

<> [@= 1) @)’ + B buy - o7)’] Ao =&,
In the relaxation step, by (5.11), we have

7 7 7

(D.5) E[ut!] =B {u’”%} . E [l — o] = pE [b n+d v“%} ,
thus
(D6)  En=D {(“ ) (E [u?ﬂf +p? (B [pul - v?ﬂ)j Az <E,41 <En

Therefore the energy decreases monotonically. And (5.16) can be easily derived from (5.15). The
boundedness of ||E [v"]||, (5.17) follows by the fact that

(D.7) S (B[] A < 22 (B bup — o))? + 02 (B )] A < - i“ngn. 0

7
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D.2. Proof of Lemma 5.3.
Proof. (D.6) implies that

(D.8) Enr+D_(1-p%) (E [bu?% - v?+%])2 Az=E,1 <&

Therefore

n+l+zzl_ ( [ J+2_U?+%:|)2Aaf

7=0 1
S el
(D-9) Jj=0 i
<.
<&+ (-2 (B fbuf - vﬂ)QAm
<&

7

1 1
Noting that E [bu?+1 — U?+1] =pE {buw” — U:+2:|, we have

n+1 n 2

(D.10) ; Z (& [bul - vg’DQ Az = ﬁgozi: (B [bug+% _ Ug+%}>2 Ar< P

2 505 vna

namely, (5.20) holds. Therefore, as e — 0, p — 0, E[bu™ — v™] converges to zero in (2.
D.3. Proof of Lemma 5.4, for the semi-random APMC.

Proof. We have the following identities, for the change of variances in the convection step,
(D.11)

3 o] v 4] = 3 e 1 v 1]

=[1-v)*+v7] Z [aVar [@}] 4+ Var [0]] + 2v(1 — v) Z aCov [a}, 4}, ] + Cov [0}, 07, 4]

o[t = g 5 ) v

:[(1—V + 12 ZCOV ay, l]—l—l/(l—u)Z[Cov[ﬂ?,@fﬂ]—f—Cov[f)?,ﬁ?HH.

Combining above identities, we have
Z [(a — b*)Var [ } + Var {b mhE 6f+%}}
=[(1-v)?+v7 Z [(a — b®)Var [a}'] + Var [ba} — 57]]

(D.12) '
+2v(1—v) Z[a—bQCOV[u uz+1}—|—Cov[bﬂ — o7, bugy  — z‘+1H

<Z a—bZ)Var[ M + Var [baf — 0] .

We then treat the relaxation step, using the conditional variance formula

Var [ n+1] Var [ n+2] 7
(D.13) TR a2
Var [bﬂ?H - 77?“] = pVar [bﬂ‘i A 2} +p(1—p) ( [bN 2 —p, QD .
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By substituting (D.12) into (D.13), we have

Z [(a — b*)Var [a7+!] + Var [payt! — a7+1]]

< 3" [(a— b)Var i) + Var [ba = a7]] +p(1 —p) Y (E [bﬂ?+2 g ])2

g

(D.14) s
2
<0+p1— ~]+2_~]+
D35 (-]
_1-p 1 it
buj J
2S5 (o )
(5.21) follows by a combination of (D.14) and Lemma 5.3. 0

D.4. Proof of Lemma 5.6, for the fully-random APMC.

. - . +3 3
Proof. We have the similar identities for the change of the variances, when we compute u:L 2, ’U;H_ 2

n+3 l”+2
p;z-‘r% _lZL+§‘|‘|
2
= EZ [Var { 7+%} + Var [l +2H
5 i Pi )

n-&-% n-&-% n-&-% n-&-%
+1 . l
3 Cor [t = o [ 22 |

- b o] v ]

from the characteristic variables p;

p”+2 + l"+2

5 + Var

Var

S [avar [wf T3] + var [ ]| = Z

i

(D.15)

2va 2

Combining the identities in (D.15), we have

(D.16) =3 [Var {plﬂ%} + Var {l?+%ﬂ _ 2\b/& | [Var {p;ﬂr%} _ Var |:l?+%:|:|

- % | [(1 - \2) Var [p ] + <1 + ja) Var [zg‘*%H .

We apply the conditional variance formula

Var [ +%} = (1 —v)Var[p}] + vVar [p?_l] +v(l-v) (E [PZL — p?—1])2a

(D.17) . ;
Var [li 2} (1 —v)Var[I!'] + vVar [ z+1] +rv(l—v) (E [l;-ﬂrl — lf]) ,

and write

(D18) Var [p}'] = Var [vau}] + Var [v}'] + 2v/aCov [u}', v}'],

Var [I]'] = Var [vau} | + Var [v]'] — 2v/aCov [u}, v]'].
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By substituting (D.17), (D.18) into (D.16), it leads to the following identity
Z [(a — b*)Var [U?Jr%} + Var {bu?Jr% — UZH%”

= Z [aVar [ul'] + Var [v]'] — 2bCov [u], v}']]

i

n V(1; v) [(1 - \/b6> ST E[or - o)) + (1 + \/b&) ; (Bl lﬂ)Q] |

%

(D.19)

We then derive

! [(1 _ %) ICIEE i)+ (1 + %) G lﬂ)ﬂ

020) =3 [a (B fury — )+ (B [uyy — 07])* = 28 [uly —ul] E [0y — v}

- Z [(a —b?) (E [u?-‘,-l - uﬂ)Q + (E [b (u?_H - u?"‘l) — (UZTL_H _ v?+1)])2} =V,
by noticing that

(E [p7 — pp1])? = (B [Vau? — Vau_, +of —v,]),
(B2 - 1) = (B [Vaul, — Vau? — v}y, — 7))’

In the convective part, we have

Z [(a — b*)Var {u:w%} + Var [bu?+% - U?JF%H

= Z [(a — b%)Var [u]'] + Var [bu} — o}]] + v(1 — )V,

(D.21)

(D.22)

and also V,,Az < Co(Ax)? by (5.18).
The analysis of the relaxation part is similar to that of (D.13), namely,
(D.23)

> [(a—v*)Var [up™] + Var [buf ' — op ]
O ERC (e O o 3 e

%

< Z [(a — b*)Var [u}] + Var [bu — v}]] + p(1 — p) Z (E [bulﬂr% _ U:L+%D2 ol -V,

<.
n+1 n
1— N
< LoD S S (B foud o)) + 01 =) 3 Vi
I —
j=1 i j
Thus
Z [(a — b%)Var [u]'] + Var [bu} — v}']] Az < 1 i Eo + v(1 — v)nCo(Ax)?
- p
(D.24) ’ a
B B AP N
1+p
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where

ON MLMC FOR HYPERBOLIC EQUATIONS

& = Z [(a —b?) (u?)2 + (bug — v?)z} Az,

i

Co=)_

i

(a—b?) u?+1 —uf b “?-H —uf _ U?+1 Y
Az Az Az
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