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Abstract

In this paper, we are interested in constructing a scheme solving compressible Navier—Stokes equations,
with desired properties including high order spatial accuracy, conservation, and positivity-preserving of
density and internal energy under a standard hyperbolic type CFL constraint on the time step size, e.g.,
At = O(Ax). Strang splitting is used to approximate convection and diffusion operators separately. For the
convection part, i.e., the compressible Euler equation, the high order accurate postivity-preserving Runge—
Kutta discontinuous Galerkin method can be used. For the diffusion part, the equation of internal energy
instead of the total energy is considered, and a first order semi-implicit time discretization is used for the ease
of achieving positivity. A suitable interior penalty discontinuous Galerkin method for the stress tensor can
ensure the conservation of momentum and total energy for any high order polynomial basis. In particular,
positivity can be proven with At = O(Ax) if the Laplacian operator of internal energy is approximated by
the QX spectral element method with k = 1,2, 3. So the full scheme with Q¥ (k = 1,2, 3) basis is conservative
and positivity-preserving with At = O(Ax), which is robust for demanding problems such as solutions with
low density and low pressure induced by high-speed shock diffraction. Even though the full scheme is only
first order accurate in time, numerical tests indicate that higher order polynomial basis produces much
better numerical solutions, e.g., better resolution for capturing the roll-ups during shock reflection.
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1. Introduction

1.1. Motivation of positivity

The compressible Navier—Stokes (NS) equations are one of the most popular and important models in
gas dynamics as well as computational fluid dynamics applications. The equations in dimensionless form on
a bounded spatial domain Q ¢ R? over the time interval [0, T] are given by:

dp+V - (pu) =0 in [0,T]x Q, (1a)
I(pu) + V- (pu@u)+Vp — =V -1(u) = 0 in[0,T]xQ, (1b)
HE+V-(E+pu)+2=V-q— V- (t(w)u) =0 in[0,T]xQ, (1c)

where p, u, p, and E are the density, velocity, pressure, and total energy respectively, and Re denotes the
Reynolds number. Let m = pu denote the momentum, then the conservative variables are U = [p, m,E]T.
Assume the fluid is Newtonian, as well as the Stokes hypothesis, which states that the bulk viscosity equals

to zero. Then the shear stress tensor is given by T(u) = 2&(u) — 2(V - u)l, where &(u) = 3(Vu + (Vu)") and
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I € R™ is an identity matrix. The total energy can be expressed as E = pe + % pllu||?, where e denotes the
internal energy. For simplicity, we consider the ideal gas equation of state p = (y — 1)pe, with parameter
y > 0 where y = 1.4 for air. With the Fourier’s heat conduction law, the heat flux q is defined by g = —AVe,
where parameter A = % > 0 and Pr denotes the Prandtl number.

Physically meaningful solutions U should have positive density and positive internal energy. Define the
set of admissible states as:

[|m]|?
2p

G={U=[p,mE]": p>0, pe(U)=E - > 0}.

The set G is convex and the pe is a concave function with respect to U, see [I]. With an initial condition
U, = [po,mo,Eo]T € G, it is a wide open question whether the solution of compressible NS equations
should have positive density and internal energy for a given positive initial data, though it is partially
justified for special systems, e.g., see [2 3] and the references therein. On the other hand, empirically we
would expect a reasonable numerical solution to this initial value problem should belong to the set G for
any time t > 0.

In general, classical numerical methods for a convection-diffusion system like are not positivity-
preserving without any limiters. In practice, one often observes blow-ups once negative density or negative
pressure (corresponding to negative internal energy) is generated during numerical simulations. The lin-
earized compressible Euler equations with negative density or negative internal energy will no longer be
hyperbolic thus its initial value problem becomes ill-posed [I]. When negative values emerge, the simple ad-
hoc approach of truncating negative values to zero destroys conservation, which is equivalent to adding mass
or internal energy into a conservative system, thus the computation will eventually still blow up. Therefore
for the sake of robustness, it is desired to construct a numerical scheme which is both conservative and
positivity-preserving.

1.2. Existing positivity-preserving schemes for compressible Navier—Stokes equations

In the literature there are many different methods to construct positivity-preserving schemes for com-
pressible Euler equations. However, it is much more difficult to construct a conservative and positive scheme
for the compressible NS equations in multiple dimensions due to the mixed second order derivatives in the
diffusion operator. In the past decade, significant progress of practical conservative and positive schemes
has been made for the fully nonlinear compressible NS equations . Notable efforts include at least the
following three different kinds of schemes.

The first approach proposed by Grapas et al. in [4] is to solve the internal energy equation directly instead
of solving the total energy equation . By solving the internal energy equation, preserving positivity of
internal energy becomes simpler but conservation of total energy becomes difficult. The fully implicit pres-
sure correction scheme on staggered grids in [4] can be proven unconditionally stable, positivity-preserving
and conservative. Nonlinear equations must be solved in the implementation. The spatial accuracy of this
approach is at most second order accurate and it seems difficult to extend it to higher order spatial accuracy
especially for a fully implicit scheme on a staggered grid.

The second approach is a fully explicit scheme proposed by the second author in [5]. By solving the
conservative system , conservation is straightforward to achieve but positivity of internal energy is difficult
to enforce. With a simple nonlinear diffusion numerical flux, it was proven in [5] that arbitrarily high order
Runge—Kutta discontinuous Galerkin (DG) schemes solving (/1) can be rendered positivity-preserving without
losing conservation and accuracy by a simple limiter, which can be regarded as an easy extension of the
Zhang—Shu method for conservation laws in [6 [T, [7] to the compressible NS equations. The advantages of
such a fully explicit approach include easy extensions to general shear stress models and heat fluxes, and
possible extensions to other type of schemes such as high order accurate finite volume schemes [§] and the
high order accurate finite difference WENO (weighted essentially nonoscillatory) scheme [9]. However, the
major drawback of any fully explicit scheme for the convection diffusion system in [5, [8, @] is a time step
constraint like At = O(Re Ax?), which is suitable and practical only for high Reynolds number problems.



The third approach proposed by Guermond et al. in [I0] introduces a semi-implicit continuous finite
element scheme with positivity-preserving property under standard hyperbolic CFL condition like O(Ax).
By applying the Strang splitting to the compressible NS model [IT], the equations are splitted into a
hyperbolic subproblem (H) and a parabolic subproblem (P), which represent two asymptotic regimes, namely
the vanishing viscosity limit, i.e., the compressible Euler equations, and the dominant of diffusive terms.
The definition of these subproblems is as follows:

dip+V-(pu)=0 dip=0
(H) { di(pu)+V-(pu@u+pl)=0 , (P) § de(pu) — %V -t(u) =0 . (2)
HE+V-((E+pu)=0 HE+ 2=V - (g —t(wu)=0

The first equation in (P) implies variable p in parabolic subproblem is time independent. Multiply the second
equation in (P) by u, use the heat flux g = —AVe and the identity V- (t(u)u) = (V- t(u)) - u + t(u) : Vu, we
obtain the equivalent non-conservative form of equations for (P):

8tp = O, (3&)
(P) { poru — V- 7(u) =0, (3b)
pore — 4-Ae = f=1(u) : Vu. (3c)

In [10], a semi-implicit time discretization is used for the internal energy equation such that only a linear
system needs to be solved for implementing the scheme, without affecting the conservation of momentum
and total energy. The positivity of internal energy in piecewise linear finite element method can also be easily
proven due to the well-known fact that piecewise linear methods can form an M-matrix for the Laplacian
operator.

1.3. Motivation and difficulty of high order spatial accuracy in implicit schemes

Even though schemes constructed from high order polynomials are high order accurate on a uniform or
quasi-uniform mesh only for smooth solutions, they produce less artificial viscosity thus resolve small scale
structures better than first order and second order schemes even for the gas dynamics problems involving
with strong shocks, see examples in 5, 9]. In other words, less artificial viscosity is the main motivation of
pursuing a high order scheme, e.g., DG methods with polynomial basis of degree at least two.

To see the key challenge in constructing a positivity-preserving high order scheme for compressible NS
equations, we consider the heat equation die = dyye with homogeneious Dirichlet boundary conditions as a
simplification of equation . The simple second order centered difference dyye ~ % is monotone
with both explicit and implicit time stepping. With forward Euler time stepping, the scheme

. At

el + —e!
L Ax?

el —2em +el Af At
+1
LT A (2B A

e?“ = el + At— L A2 = me?_l - QE
is monotone in the sense that el.'“r1 is a convex combination of e} and e, if % < % Such monotonicity is
in general not true for high order schemes, but some explicit high order schemes in [12] [13] 14, 15} [16] 17]
were shown to have weak monotonicity for the parabolic equations, which means that the cell averages can
still be a monotone function. In principle, all these explicit schemes can be applied to for constructing
a positivity-preserving scheme for but under a small time step constraint At = O(Re Ax?).

With backward Euler time stepping, the scheme

n+l _ 2€n+1 + en+1

n+l _ _n i—1 i i+1
e/ =e +At ArZ




At

"1 = e where A is a tridiagonal matrix with A = X

gives a linear system Ae
1+24 -4
-A 1+24 -A

-A 1+2A A
-A 1+2A

This implicit scheme is monotone because A~! has nonnegative entries thus one can also show el.”” is a
convex combination of e;.‘ for all j without any time step constraint. The matrix A is diagonally dominant

with non-positive off diagonal entries, so A is an M-matrix [I8] thus A™! > 0. It is well-known that the
monotonicity in implicit schemes holds in piecewise linear finite element method, e.g., [I0]. In general, the
monotonicity is not true in implicit high order schemes, e.g., the continuous finite element method with
quadratic polynomials cannot be monotone on unstructured meshes [19]. However, it is possible to show
that continuous finite element method with quadratic and cubic polynomial basis can still be monotone on
a uniform rectangular mesh under practical time step and mesh constraints [20] 2T].

1.4. The main results

In this paper, we are interested in constructing a conservative and positivity-preserving scheme which is
high order accurate for spatial variables, without a restrictive time step constraint such as At = O(Re Ax?).
For problems involved with low density and low pressure, loss of positivity is the main source of instabilities
of high order schemes. In order to avoid small time steps like At = O(Re Ax?), we follow the third approach
in Section by solving the non-conservative form of diffusion equations .

We will mainly consider the high order DG methods, which have a lot of advantages and have been
successful in many scientific and industrial applications. In particular, high order DG methods have been
quite popular for the compressible NS equations since the pioneering work in [22]. For the sake of easy
extensions to arbitrarily high order polynomial basis, we use the positivity-preserving Runge-Kutta DG
method for the compressible Euler equations [I [7} 5] for solving the hyperbolic subproblem (H) in .

For shear stress tensor terms V - 7(u) and t(u) : Vu in the parabolic subproblem (P) in , we will also
use a DG method. In the literature, many different types of DG methods have been developed for solving
diffusion equations, including local DG [23], 24], compact DG [25, 26], direct DG [27] 28] [29], hybridizable
DG [30, B, 32], interior penalty DG (IPDG) [33], 34, B5] [36], weak Galerkin methods [37, [38], and many
others [39, [40]. In particular, we will use the IPDG method since the global conservation of momentum and
total energy can be easily achieved via a proper choice of IPDG discretizations for approximating V - 7(u)
and T(u) : Vu.

In order to achieve positivity of internal energy for solving equation , we can utilize either IPDG
with Q' element or spectral element method with Q2 or Q> element on uniform rectangular meshes for the
Laplace operator —Ae. The monotonicity of spectral element method with Q2 and Q3 element for Laplacian
has recently been proven in [20] 2T].

To summarize, our numerical scheme for solving consists of the following main ingredients:

1. With Strang splitting, the compressible Euler equations, i.e., the hyperbolic subproblem in and
parabolic subproblem are solved separately. The compressible Euler equations are solved by the
positivity-preserving Runge-Kutta DG method with QF element on rectangular meshes .

2. The time stepping for the parabolic subproblem consists of Crank—Nicolson method to (3b)) and a first
order semi-implicit time discretization to . When a proper IPDG method is used for V- 7(u) and
T(u) : Vu, global conservation of momentum and total energy is ensured.

3. The diffusion term —Ae is treated implicitly. We will prove positivity of IPDG method with Q' element.
For positivity of higher order elements, we use the spectral element method with Q% and Q> element
(i.e., continuous finite element method with Gauss—Labotto quadrature), for which monotonicity has
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been proven in |20} 21]. We emphasize that no limiters are used at all in the fully discretized scheme
for solving the parabolic subproblem.

So the overall scheme is at most first order accurate in time for the system but fourth order accurate
in space when Q> element is used. At first glance, the high order spatial accuracy may not look necessary
since the order of time accuracy is low. However, empirically the spatial resolution is more important than
the temporal for many fluid dynamics problems. In particular, computational evidence often suggests that
a spatially higher order accurate scheme can produce better solutions even if the temporal order of accuracy
is low. For instance, see Figure [I] for results of our schemes solving a Mach 10 shock reflection-diffraction
problem, which involves strong shock, very low density and pressure, as well as Kelvin—Helmholtz instability.
In Figure the Q3 scheme with less degrees of freedom can better capture the instability roll-ups than the Q!
scheme, even though both schemes are first order accurate in time for the internal energy equation . See
also the numerical examples for the superiority of Q2 element over Q' element for scalar convection-diffusion

problems in [41] [42] [43].

s 13 25

Figure 1: Mach 10 shock reflection and diffraction with Reynolds number 1000. Plot of density: 50 equally space contour lines
from 0 to 25. Left snapshot from Q' scheme in this paper on a uniform mesh with mesh resolution 1/480. Right snapshot from
Q3 scheme in this paper on a uniform mesh with mesh resolution 1/120.

1.5. Contributions and organization of this paper

To the best of our knowledge, this is the first time that an implicit conservative positivity-preserving
scheme with high order elements like Q2 and Q3 elements is constructed for the compressible NS equations.
Morever, numerical tests suggest that the Q3 scheme is indeed robust with much better resolutions.

It is in general nontrivial to achieve global conservation when solving equations of the non-conservative
form . Even though we only consider rectangular meshes in this paper, the global conservation of IPDG
methods for the parabolic subproblem can be easily extended to unstructured meshes. There are many
variants of IPDG methods, including the symmetric version (SIPG), the nonsymmetric version (NIPG), and
the incomplete version (IIPG). In particular, we prove that the global conservation can be achieved if the
shear stress tensor terms are discretized by the NIPG method.

We also prove that the second order accurate IIPG method with Q' element for the Laplacian term —Ae
forms an M-matrix. Even though it is well known that it is possible to achieve an M-matrix structure when
using piecewise linear finite element method, to the best of our knowledge this is the first time that such an
M-matrix structure is proven among the family of IPDG methods beyond one dimension.

The rest of this paper is organized as follows. In Section [2] we introduce the fully discrete numerical
scheme and discuss the conservation property. In Section [3] we discuss the positivity-preserving property.
In particular we prove that the IPDG method with Q' element forms an M-matrix thus is monotone in

Numerical tests are shown in Section [d] Concluding remarks are given in Section

2. The full numerical scheme

In this section, we describe the fully discretized numerical scheme for solving the compressible NS equa-
tions that utilizes DG discretization in space within the Strang splitting framework. Then we show that
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our method preserves the global conservation.

2.1. Time discretization
Given the conserved variables U" at time step t, (n > 0), the Strang splitting for evolving to time step
tn+1 = bty + Af for the system is to solve (P) and (H) in separately:

solve (H) UH solve (P) p solve (H)

Un un+1' (4)

step size 4 step size At step size 4

Define the advection flux as

F* = [pu,pu®u+pl, (E+pul".
For any n > 0, the time discretization methods in one time step of Strang splitting consists of the following
steps:

Step 1. Given U" = [p", m", E"]", we use the third order strong stability preserving (SSP) Runge-Kutta
method [44] to obtain U" = [pH, mH,EH]T in the first step in Strang splitting ,

u®=ur- %V CFAUM), (5a)
3.1 At

u® =y [U“) -y, F‘"‘(U“))], (5b)
PR 2
1., 2 At

ut= Ul u® - v pru®)|. (5¢)

Step 2. Given U = [pH,mH,EH]T, compute (uf, ef) by solving

1
mt = pHutt and EM = pHel + §pH||u

H||2
Step 3. Notice that equation implies that p¥ = p! in the second step in Strang splitting . Apply
the second order Crank—Nicolson method to (3b)) and a first order semi-implicit time discretization to

(3,

* 1 P 1 H
u'=-u" + -u',
2 2
pul —u 1

V. r(ut) =
P A Re? T =0,

P_ ,H
pe —e 1 . . A p
- = :Vu' = —A
PAr T ReTW) VM = RoAC
which can be implemented as first solving two decoupled linear systems for #* and e?
At
P+ * H, H
- V. =
T T(w') =p u", (6a)
At A At
P P P H,H * .
- — = — -V
pre o Aet =piet + Rer(u ): V', (6b)

then setting u” = 2u* — ufl.
Step 4. Given (p¥,u?, eP), compute (m®, EY) by

P P P

1
m®” = pPu’ and EP =pPe’ + §pP|IuP||2.

Step 5. Given UP = [pP, m®, EP]", to obtain U™ = [p"*!, m"+1, En+1]T in (), solve (H) for another
%At by the third order SSP Runge-Kutta.



2.2. Space discretization

Let 75 be a polygonal mesh of the computational domain Q, where each element K is a square in two
dimension and degenerates to an interval in one dimension. Let h denote the mesh size, namely the diagonal
length of a square element in two dimension and the interval length in one dimension.

Let Q%(K) be the space of tensor product of one-dimensional polynomials of degree k on an element K.
Define the following discontinuous polynomial spaces:

ME = {xy € LAQ) : VK € T, xalg € Q(K)},
Xk = {0, e LXQ)?: VK € Tr, O4lx € Q“(K)).

We first briefly review the Runge-Kutta DG scheme for Euler equations, then we describe the IPDG scheme
for the parabolic subproblem.

Hyperbolic subproblem. For solving (H), we utilize the same scheme as described in [I], in which a simple
limiter can preserve positivity without destroying conservation and accuracy in high order DG methods. The
positivity-preserving property will be reviewed in Section [3| Here we briefly review the scheme.
The semi-discrete DG scheme on an element K for the compressible Euler equations o;U +V - F>(U) = 0
is defined by finding the piecewise polynomial solution U}, satisfying
4w, = / (W) - VW, - / B (U, U)W, (7)
dt Jx K IK
for any piecewise polynomial test function ¥} on any element K, where ng is the unit outward normal of K
and the F2 - ng is a Lax—Friedrichs flux for F*. On a face or an edge e C dK, the local Lax—Friedrichs flux
is defined by

Fo(U,) + F(U;)
2

where the U, (resp. U,") denotes the trace of a function Uy on the face K coming from the interior (resp.

exterior) of K. Here, a, denotes the maximum wave speed with maximum taken over all U, and U;{ along
JF®
ou

. a _
Fong (U, U}Y) = ng — é(u,j -u,),

the face or edge e, i.e., the largest magnitude of the eigenvalues of the Jacobian matrix which equals

to the wave speed |u - ng| + ‘/7/% for ideal gas equation of state.

By convention, we replace LI;; by an appropriate boundary function which realizes the boundary condi-
tions when dK N dQ # 0. For instance, if purely inflow condition U = Up is imposed on JK, then U is
replaced by Up; if purely outflow condition is imposed on dK, then set U;lr = U, ; and if reflective boundary
condition for fluid-solid interfaces is imposed on JK, then set U, = [p,,m, —2(m, - nK)nK,EZ]T.

Parabolic subproblem. We use the IPDG method for discretizing (P). For convenience of introducing
discrete forms in parabolic subproblem, we partition the boundary of the domain Q into the union of two
disjoint sets, namely dQ = dQp U dQ, where the Dirichlet boundary conditions (# = up and e = ep) are
applied on dQp and the Neumann-type boundary conditions (7(#) - n = 0 and Ve - n = 0) are applied on
0Qyn. Here, n denotes the unit outer normal of domain Q.

Let T';, denote the set of interior faces. For each interior face e € I';, shared by elements K;- and Kj+,
with i~ < i*, we define a unit normal vector #n, that points from K;- into K;+. For a boundary face e, i.e.,
e = dK;- N dQ, the normal n, is taken to be the unit outward vector to dQ). We define the broken Sobolev
spaces, for any r > 1,

H'(Ty) = {w € L*(Q) : VK € T};, w|gx € H'(K)}.

The average and jump operators of any scalar quantity w € H'(7}) are defined for each interior face e € Iy,
by

1 1
{|w|}|e = 5 lel'f + 5 a)|Ki+ 4 [[w]]le = a)lKl., - wIKi+ 4 e = aK17 n aI(lJr
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If a face e belongs to the boundary dQ, the jump and average of @ coincide with its trace on face e. The
related definitions of any vector quantity are similar. For more details see [33].

The main focus here is the conservation of momentum and total energy, since we solve the non-
conservative form of the parabolic subproblem . The fluxes across the element interfaces should be de-
signed such that no extra discrete momentum or discrete total energy is created or eliminated over the whole
domain. We utilize the NIPG method to discretize (6a). The bilinear forms a, : H2(T77)* x HX(7;)* - R
and a) : H2(7;)* x H2(7;)? — R associated with terms —2V - £(u) and V - ((V - u)l) are defined as follows:

ww0)=2 Y [ew:e@-2 30 [fewnd-10]

KeT, e€l,UdQp ¥ ¢
2 Y [le@mny- e Y [witen,
e€l,UIQp ¥ ¢ eel,UdQp ¥ ¢
i, 0)=-Y [@ww-or 3 [(veauptend- Y [1v-opiu-ni.
KeT;, YK eel,UdQpY ¢ e€l,UIQR " €

And the linear form b, : H*(7;)¢ — R associated with the term —V - 7(u) for the Dirichlet boundary dQp
in is defined by

be(0)=2 > /(s(@)n)«uD+% > /uD~6—§ > /V-e(uD-n).

ee&QD e ee&QD e BEQQD e

In order to achieve monotonicity for at least Q' element, we employ the ITPG method to discretize

the term —Ae in . In [Appendix Al we will prove that the Q' IIPG discretization enjoys an M-matrix

structure unconditionally. For the IIPG discretization, we define the bilinear form ag : H2(7,)xH?(7;) — R
and the linear form by : H2(7;) — R for term —Ae as follows:

a@(e,x)=Z/KVe-Vx— D /{|Ve-ne|}[[x11+% >, [ e,

KeTy eel,UdQp eel,udQp ¥ ¢

0
bp(x) = o Z epX.
e€dQp v¢

For the sake of global conservation of total energy, to discrete term 7(u) : Vu = 2&(u) : Vu—%((V-u)l) :Vu
in (6D), by using the tensor identity &(u) : Vu = (u) : &(u), the DG forms by : H2(73)* x H%(7;) — R and
by : H3(75)* x H3(7,) — R are designed for terms 2&(u) : Vu and —((V - u)l) : Vu, respectively.

bele =2 ) [ e e+ § Y [unt-wntxd+§ Y [ -u,

KeTy, el e€dQp v'¢

bau, ) == [ (V-u)(V-u)x.

Ke7; YK

We note that the DG forms above employ penalty parameters ¢ and 6. For any ¢ > 0, the bilinear form
of the NIPG method is coercive. In particular, NIPGO refers to the choice 0 = 0, namely the penalty term
is removed. The NIPGO method is convergent for polynomial degrees greater than or equal to two in two
dimension [33]. For IIPG method, the penalty & needs to be large enough for coercivity. The penalty
parameters used in our numerical tests will be given in Section [d] Next we summarize our fully discrete
scheme.

The fully discrete scheme. Let (-, ) and (-, -) denote the L? inner products associated with the quadrature
rules which are employed in hyperbolic and parabolic subproblems, respectively. The quadrature rules should
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be accurate enough for QF polynomial basis. On a rectangular cell, the (k + 1)?-point Gauss quadrature

and (k + 1)?-point Gauss-Lobatto quadrature are accurate for integrating (2k + 1)"-order polynomials and

(2k —1)"-order polynomials, respectively. The quadrature rule for solving (H) can be the same as in [6} [T} [5].
Our fully discrete scheme for solving can be stated as follows:

Step 1. Given U;’ S Mﬁ X XZ x MK, compute U]? € Mﬁ X XZ X M]]; by the DG method with the

h?
positivity-preserving SSP Runge-Kutta [1, 5] using step size %.

Step 2. Given U}Il{ € M£ X X],; X M’}f7 compute (ullf,e}ll{) € X’Z X MZ by L2 projection

1
(mj', 01) = (p}'uj!, 04), VO, € X} and (Eixn) = Spiey i) + 5oyl wy xn), Vxn € M. (8)

Step 3. First given pfl € MF, and set pI = pll. Given (pll,p}, ull) € M x MF x Xk, solve for
(u;,uy) € X§ x X} such that for all 8), € Xk

. At . At . H H At
(pjuy,, On) + 2—Reae(uh, 0,) + ﬁ%(”h, 0n) = {p,u, , On) + 2_Reb7(eh)' (9a)
up =2u, —u. (9b)
Then given (pf,plhj,uz,ez{) € Mlh‘ X MZ X X];l X Mﬁ, solve for e]l: € M’h‘7 such that for all xyj, € Mﬁ
AtA At . 2At . AtA
(prey, xn) + ﬁaﬂ(e};r)(h) = (pjley, xn) + %bs(uh/)(h) + ﬁlﬂ(“h/){h) + ﬁbZ)(Xh)- (9c)

Step 4. Given (pg,u};,e};) € M’h‘ X XII; X M’ﬁ, compute (mf,EE) € X’}‘l X Mﬁ by L? projection
1
(my,0n) = (pyuy,0n), VO, €XE and (E}, xn)={(pje}, xn)+ §(P1;u;1,),uf)(h>, Vxn € My. (10)

Postprocess U, by the positivity-preserving limiter in [I].

Step 5. Given Uf € M’]; XX’}‘I XMﬁ, compute Uﬁ“ € M,’; XX'IZ XMZ by with step size %. Postprocess
U;;” by the positivity-preserving limiter in [1].

The initial value U? is obtained via postprocessing the L? projection of Uy by the positivity-preserving
limiter [I]. The positivity-preserving limiter will be briefly reviewed in Section

In Step 3, the two linear systems and are solved sequentially. The unique solvability of the
linear systems is a straightforward conclusion due to the coercivity, see Chapter 2 and Chapter 5 in [33].

2.8. The global conservation

Next we show that the fully discrete scheme preserves the global conservation of conserved variables.
For simplicity, we discuss the conservation only for periodic boundary conditions. It is straightforward to
extend the discussion to many other types of boundary conditions, such as the ones implemented in the
numerical tests in this paper.

Both the explicit Runge-Kutta DG scheme for the compressible Euler equations and the positivity-
preserving limiter conserve mass, momentum, and total energy [Il [5]. Thus we have

(1) =(p}, 1), (my,1)=(my}, 1), (E},1)=(E,1),

and (p*',1) = (p}, 1). Therefore, (p},1) = (pj*", 1) holds, since in Step 3, we set p}! = p}’.
Notice that we have (m,,1) = (mZI, 1) and (mZ“, 1) = (mf, 1). Assume that (-,-) and (:,-) are accurate

enough quadratures, we also have (m}}ll, 1) = (m;}ll, 1) and (m;lf, 1) = (mpll), 1). Take 6 =1 in and , we
9



get (mh ,1) = (ph 5 H 1) and (mh ,1) = <ph h,l} Thus, above 1dent1t1es indicate (my,1) = <ph " H 1) and
(m”Jr1 1) = <ph h,l} By selecting 65 =1 in (9a)), we obtain (ph a1 = (ph h,l) namely the discrete
momentum conservation holds.

Similarly, we have (E}!, 1) = (pjle}T, 1) + 3 (pjlufl, ull) and (E]*', 1) = (p}e;, 1) + Q(ph uh Py Recall
that bz(0) = 0 and bp(x) = 0 for periodic boundary conditions, thus by and p}! = p)’, the step (94

can be written as
At 2At
(pruy, 0n) * Re e(uh,ﬂh)+ ﬂA(uh,eh) = (pju;’, On).

Plugging in 6, = (u; +u;')/2 = u;, we have

At At
<phuh /uh>+ s(uhruh)+ 3Re a/\(uh/uh) <phuh /uII;I> (11)
With x5 =1 in (9¢)), we have
AtA At . 2At .
(Ph h/1> + = ag)(eh,l) <Ph Eh,1> + ebf(uh’ 1)+ ﬁb/\(uh/ 1). (12)

By adding two equations above, with the fact that az)(e}ll), 1) = 0 and the identities a.(u;, u;) = be(u;, 1)
and ax(u;,u;) = by(u;, 1), we obtain

1
<PI;‘3111{/1> + §<Ph”h'”h> = <pheh’1> +5 <phuh’uh>

Theorem 1. For QX scheme, assume the quadrature rules in hyperbolic and parabolic subproblems are both
exact for integrating polynomials of degree k, then the fully discrete scheme conserves density, momentum,
and total energy,

(P}, 1) =(p*h, 1), (m!,1)=(m}*",1), (E},1)=(E*, ).

3. The positivity-preserving property

From Section [2} a schematic flowchart of our fully discrete scheme at step n > 0 is as follows:

solve (H) L? proj. solve (P) L? proj. solve (H)
u; u; (), e;)) ———— (u;, ey) u; ut.
ize AL step size Af ize AL
step size 3 step step size 5

At a given time step 7, the numerical solution U is a piecewise polynomial. Usually it is impractical to
have U}/(x) € G, for all x € Q, i.e, positivity holds everywhere. On the other hand, notice that the scheme
is implemented with quadrature, thus it suffices to enforce positivity only at quadrature points.

Quadratures and basis. We utilize different quadrature rules for different integral terms such as volume
integrals and surface integrals. For Q¥ scheme, the quadrature rules employed in hyperbolic and parabolic
subproblems are defined as follows:

1. For face integrals in (H), we use the (k + 1)-point Gauss quadrature. Denote the set of associated
. H,face
quadrature points here by Sy on a cell K.

2. For volume integrals in (H), we use a quadrature rule constructed by the tensor product of Gauss
quadrature and request this quadrature is accurate for at least (2k + 1)-order polynomials. Denote the
. . H,vol
set of associated quadrature points here by S, on a cell K.

3. For all (face and volume) integrals in (P), we use a quadrature rule constructed by the tensor product
of (k + 1)-point Gauss—Lobatto quadrature. Denote the set of associated quadrature points here by Sllz
on a cell K.

10



In addition, we consider the points for weak positivity of the compressible Euler equations [5], which are
constructed by (k + 1)-point Gauss quadrature tensor product with N-point Gauss—Lobatto quadrature in

both x and y directions and we request 2N —3 > k. Let Sg’aux denote a collection from these points, where

each point in S X is located on the interior of a cell K.

As an example we illustrate the quadrature points in Q2 scheme. The red points on the left of Figure I
are used for computing the face integrals of numerical fluxes along the cell boundary when solving the
hyperbolic subproblem. The black points together with the red points form a special quadrature for weak
positivity. Notice, the black points are not used in computing any numerical integrals [5]. The red points
in the middle of Figure [2] are used for computing the volume integrals of numerical fluxes when solving the
hyperbolic subproblem. The blue points on the right of Figure [2] are used for computing all of the integrals
when solving the parabolic subproblem.

Let K = [—5, 5]‘1 be the reference element. For QF scheme, we use (k + 1)¢ Gauss—Lobatto points to
construct Lagrange interpolation polynomials, which serve as basis functions. For example, the blue points
in Figure |2 9| are used for constructing the bases of our Q2 scheme. The total number of bases on K, namely
the number of local degrees of freedom is Nioe = (k +1)4. Let gy denote the v*® Gauss-Lobatto point on K,
where v =0,---, Njoc — 1. We assign a basis with an index j, if it equals to 1 when evaluated it at q]. From
this construction, we have qﬁj(t?v) = Ojv, where 6 denotes the Kronecker delta. Let F; : K — K; denote
the invertible mapping from the reference element KtoK;e 71, then the basis functions on element K; are
defined by @;j = ¢; o Fi_l. Thus, we have @;,j(gi,v) = 6i,i,0jy, which indicates the points g;, = Fi(§,) are
not only quadrature nodes but also representing all degrees of freedom on cell K;. It is obvious that these
bases are numerically orthogonal with respect to (k + 1)?-point Gauss-Lobatto rule.

e b fe o o T 7
le o T 12 ° °l e o o

Figure 2: An illustration of quadratures used in Q2 schemes. Left: Gauss quadrature tensor product with Gauss—Lobatto

quadrature in both x and y directions. The points along the boundary are exactly SH’face, which are marked red. The other

H,vol

points in SE’ Y¥ are marked black. Middle: Gauss quadrature tensor product with Gauss quadrature. The points in Sk are

marked red. Right: Gauss—Lobatto quadrature tensor product with Gauss—Lobatto quadrature. The points in SP are marked
blue.

The outline of proving positivity. Let S} = Sg’face U Sg’aux U S%VOl and let Sy be the union of set SY,
for all K € 7;,. On each time iteration of the fully discrete scheme, we apply the positivity-preserving limiter
on the following quadrature points on each cell K.

1. In Step 1 and Step 5, on each stage of SSP Runge-Kutta method, all points in set SH need to be limited.
As an example, for Q2 scheme, all of the red and black points in Figure l

2. In Step 1, on the last stage of SSP Runge—Kutta method, all points in set SE U SIIZ need to be limited.
As an example, for Q2 scheme, all of the red, black, and blue points in Figure

3. In Step 4, all points in set SIEI need to be limited. As an example, for Q2 scheme, all of the red and black
points in Figure [2}

11



To prove our fully discrete scheme is positivity-preserving, we need to show
Ui(x)€G,¥xeS;, = U (x)eG,VxeS,
by the following steps:

1. The positivity-preserving property of Runge-Kutta DG scheme for compressible Euler equations will be
briefly reviewed in Section [3.1

2. In Section we will show that the simple positivity-preserving limiter can ensure positivity in the L2
projection steps.

3. In Section and |Appendix Al we will show that the system matrix of in parabolic subproblem is

monotone. Thus, the scheme preserves positivity of internal energy.

We emphasize that the first two steps above can be easily extended to unstructured meshes. But in the
third step, the monotonicity of high order schemes only holds on uniform rectangular meshes. For the rest
of this section, we only consider a uniform rectangular mesh for a computational domain Q c R9.

3.1. Positivity of hyperbolic subproblem and the positivity-preserving limiter

One of the most popular approaches of constructing a positivity-preserving high order DG method for
conservation laws was introduced by Zhang and Shu in [6] 1], see also [45] 46|, 47, 48] 49 5]. A high-order
SSP Runge-Kutta method is a convex combination of several forward Euler steps, thus the positivity
of forward Euler time discretization of also carries over to Runge-Kutta method due to the convex
combination.

Define the numerical admissible state set G¢ as

2
G ={U=[p,mEl": pze, pe(U):E—% > e},

where € is a small positive number. Let Ug(x) denote the DG solution polynomial on a cell K and Uk
be its cell average on K. The main results in [0 [I] include a sufficient condition for positivity of cell

—n+l
averages U;l( € G€ in the forward Euler discretization of high order DG schemes and a simple positivity-
preserving limiter to enforce the sufficient condition without destroying conservation and high order accuracy.

—n+l
To be specific, the sufficient condition for U;i € G€ is to have certain special quadrature point values of Uy
to be in G¢, as well as a typical hyperbolic type CFL condition. We emphasize that this special quadrature

—n+1
merely serves as a sufficient condition for positivity of LI?r € G€ and it should not be used for computing
any integrals. We refer to [5] for a review of these conditions.

The positivity-preserving limiter modifies the DG polynomial solution Up(x) = [pn(x), mp(x), En(x)]"
with the following two steps under the assumption that the cell average is positive Ug € G€.

1. First enforce positivity of density by

pr(x) = 0,(pk(x) — Py) + Py, where 0, = min {1, _EK—_e}
pg — min pg(x)
x€Sk

In above, py denotes the cell average of px on K. Notice that px and pkx have the same cell average, and

px(x) = px(x) if min px(x) = €.
x€SK

2. Define U (x) = [p(x), m(x), E(x)]" and enforce positivity of internal energy by

— . _ _ e, —€
Ux(x) = 0,(Li(x) - Ux) + Ux, where 6, = min {1, _ P }
pey — min pex(x)
K

_ — — 2 2
In above, pey = Ex — %_”"g;” and pe(x) = E(x) — %—”";(é))” .
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We refer to [5] for details of the sufficient condition of positivity of cell averages, the CFL condition, and
the rigorous justification of the high order accuracy of such a simple limiter.

3.2. The positivity of the L? projection steps

For the quadrature rule in the projection steps and , we simply use the tensor product of (k + 1)-
point Gauss-Lobatto quadrature. As an example, for Q2 scheme, we use the blue points in Figure [2| It is
straightforward to verify that this quadrature satisfy the condition for preserving conservation in Section [2]
since it is exact for integrating QX polynomials.

Next we show the L? projections in and preserve positivity. Since the L? projection is local,
we only need to consider a cell K;. Recall that the basis functions are constructed by using Lagrange
interpolation polynomials at (k+1)? Gauss-Lobatto points and they are numerically orthogonal with respect
to the employed Gauss—Lobatto rule. Thus, the coefficients of basis functions also represent the values of
DG solution polynomials at associated Gauss—Lobatto points. We use subscript ij to denote the point value
on cell K; at the j*" Gauss-Lobatto node. We have the following results.

Lemma 1. If U}Il{(x) € G, forallx € SIP(Ii, then after applying the positivity-preserving limiter to U}Il{ on all
points in S}Zi and taking the L2 projection, we have pl};l(qij) > € and pl;(qi]')efll(qij) > ¢, for all Gauss—Lobatto
points qij € SIP(:.

Proof. The condition U]?(x) € G¢, for all x € SE}_, implies U_I?Ki € G¢. Applying the positivity-preserving
IIZ,_, we obtain pjl(g;;) > € and pe(U}II{)|qU > €. By taking test
functions @), = e¢pij and xj = @;ij in , due to the numerical orthogonality of the Lagrange bases, we get

limiter on all Gauss—Lobatto points q;; € S

H_ H, H H_ H,H 1 ,Hj,H|?2
mi; = piug; and Ei]. = pjje; + 2pi].||uij |?. Therefore, we have
1 il
H,H _ pH _ L ®Hy Hy2 _ pH_ 0 _ H
pij€ij = Ei]’ 2Pij||”ij|| = Ei]- 20T = pe(U, )lqi]- 2 €.

g
O

Lemma 2. If pg(qi/) > € and plz(qij)e}lj(qij) > €, for all Gauss—Lobatto points q;; € SIIZ,, then after
taking the L% projection and applying the positivity-preserving limiter to U; on all points in SE_ we have

Uy (x) € G¢, for all x € Sllgl_,

Proof. The density pf equals to pZI. Thus, we only need to show the positivity of internal energy. By taking
test functions 0, = eyp;; and x; = @jj in , due to the numerical orthogonality of the Lagrange bases,

we have m}, = pgu}; and EE = pge}; + %pZHu};llz. By pg = p}(qij) and e}; = ¢, (qij), we have
e(Uy)| =Ef- ||m5 : —Eh-1 Cllulll? = phel 2 €
pelty, aij ij 2PP ij 2pz'j ij pij€i; = €-
B

With the ideal gas equation of state, the pe is concave with respect to U, see [5]. By Jensen’s inequality,
we have

_ Nioe—1 Nige—1
ﬁKi = pe(u}lz)Ki) = pe( Z cf)/uil;) > Z cf)j Pe(u};)|%‘j > €,
j=0 j=0

where the @; denotes the jth Gauss—Lobatto quadrature weights on the reference element. Thus, the cell
average U]f « € G€. Applying the positivity-preserving limiter on points in SE_ gives Uf (x) € G¢, for all
x €Sy, O
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The Lemma [I| implies: if the positivity-preserving limiter is applied on all Lagrange node points in the
last stage of SSP Runge-Kutta method on Step 1, then after taking the L? projection on Step 2 the internal
energy is positive at each Lagrange node point. The Lemma [2| implies: if the solution of is positive on
all Lagrange node points, then applying the positivity-preserving limiter on Step 4 guarantees the input of
Step 5 is positive on set Sy,.

3.8. Positivity of high-order scheme for parabolic subproblem

A matrix A is monotone if all entries of its inverse are nonnegative, namely A~! > 0. In the rest of this
paper, all inequalities related with matrices are entry-wise inequalities. A matrix A is called an M-matrix
if it can be expressed in the form A = sl — B, where B > 0 and s is greater than or equal to the spectral
radius of B. A non-singular M-matrix is inverse-positive, thus is monotone [I8].

A convenient way to obtain a sufficient condition on the positivity of internal energy is by proving the
monotonicity of a system matrix. To be precise, consider a linear system (M+AtL)x = b, where the matrix M
is diagonal with strictly positive diagonal entries; the matrix L is an approximation of the Laplace operator
such that L1 = 0. Assume the right-hand side vector satisfies M™'b > €, then (1 + AtM™'L)x = M~1b > €.

Since (1+AtM™1L)1 = 1, each row of (I+ AtM™1L)™! sums to one. Notice that if I + AtM™1L is monotone,
then each row of (I +AtM™'L)~! has nonnegative entries thus forms a convex combination coefficients, thus
X 2>E€.

Since M™! >0, (M +AtL)™! >0 & (I+ AtM™1L)"! > 0. Thus, the monotonicity of M + AtL is sufficient
for positivity of x.

In order to obtain a monotone system matrix, we use either the IIPG method with Q' element or the
spectral element method with QX (k = 2,3) element to discretize the Laplace operator —Ae in .

3.8.1. Preserve positivity through the IIPG method

Consider in a matrix formulation. The entry of a matrix with row index Njoci’ + j* and column
index Njoci + is denoted by [-]i7jij. The entry of a vector with index Nio.i’ +j” is denoted by [-]ij,. Given
p}ll{, pf;, u,, and e?, we define the following matrices and vectors:

[Andiiiii = {p), Qijs Pirr), [Aplirjnii = ap(@ij, pirjr), [Belirj = be(uy, pirjr),
[Bmliry = (pjier, @irjr), [Bplirj» = bp(pij), [Balirj = ba(uy, @irjr).

Then, the matrix formulation of reads: find vector X}, where [X]];; = el.l?, such that:

AtA At 2At AtA
Ay + —=—Ap)X, =By + —B.+ —B) + —Byp. 13
(Am ReD)e MTRe " 3Re ' Re © (13)
Recall we use (k + 1)d—p0int Gauss—Lobatto quadrature rule to compute all of the numerical integrals in
parabolic subproblem and the bases are numerically orthogonal. The matrix Ay, is diagonal with strictly
positive diagonal entries. The el.l; represents the value of solution polynomial ef evaluated at Gauss—Lobatto

point gq;j. The following lemma shows that the right-hand side of system is positive.

Lemma 3. On each cell K; € Ty, if pf(q,’j) >0 and e;Il{(qij) >0, for all q;; € S}Zi. Then, under (k +1)*-point
Gauss—Lobatto quadrature rule, for any penalty 0 > 0 and & > 0, each entry of the right-hand side of
18 positive.

Proof. By numerical orthogonality of the Lagrange bases with respect to the (k + 1)*-point Gauss-Lobatto
quadrature rule, the condition pI;(qij) >0 and e}ll{(qij) >0, for all q;; € SEI_, implies [Bylij = szc?)jpl.}}eg >
0. Here, @; denotes the i Gauss-—Lobatto quadrature weight on the reference element.
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For the second and third terms on the right-hand side of 7 we recall the support of DG basis function
@ij is cell K; and

* 2 * * * 1 *
bul ) + 3aC05, i) =2 [ (el05)  elui) = 57032
K

i

o o
ty up || - u, ijlr + - u; —up) - (u; —up)p;. (14
o B A N A T e R TR SRS E

Then, the term [Be];j + %[BA]ij equals to (k +1)?-point Gauss-Lobatto integral of (14). By tensor inequality
eu): e(u) = %(V -u)?, we obtain (e(uy) = &(u;) — %(V . u;)2)|qﬁ > 0, for all g;; € Slz when dimension d < 3.
Notice, from the bases construction, we always have @i, j(gi,v) = 0i,i,0jy = 0. Thus, as long as the penalty
0 20, we have [B.];; + %[B/\]ij > 0.

Finally, it is straightforward to see the last term on the right-hand side of is always non-negative,
since the Dirichlet boundary condition ep > 0 and penalty ¢ > 0. O

In Step 3 of the fully discrete scheme, we have PE = pI;. Furthermore, the system matrix Ay + %AD
associated with the Q' IIPG discretization has an M-matrix structure unconditionally. We include the

proof in [Appendix Al Therefore, we obtain E;I,{(qi/') >0= e,lj(qij) > 0, for all of the Gauss—Lobatto points
P
qij € SK,"

3.3.2. Preserve positivity through the spectral element method

Except the fourth order compact finite difference scheme [I7], no known high order schemes have an
M-matrix structure. On the other hand, M-matrix structure is only a sufficient but rather than a necessary
condition for monotonicity. In particular, a matrix is monotone if it is a product of some M-matrices.
For example, A = M;M; where M; and M, are both M-matrices, then A is still monotone since A~' =
M;'M7! > 0.

The QF continuous finite element method implemented by (k + 1)4-point Gauss—Lobatto quadrature is
also called the spectral element method [50]. In [20], it is proven that Q* spectral element method is a
product of two M-matrices thus is monotone for a variable coefficient elliptic operator —V - (aVu) + cu
under suitable mesh constraints. In [2I], Q3 spectral element method is proven to be a product of four
M-matrices for the Laplacian operator thus monotone. The monotonicity of Q? spectral element method
has been used to construct high order accurate positivity-preserving schemes for Keller—Segel, Allen—Cahn,
and Fokker—Planck equations [41], 42} 43].

In this paper, we simply apply the existing monotonicity results in Q2 spectral element method [20] and
Q? spectral element method [2I] to the Laplacian operator in and couple it with the DG discretiza-
tion in parabolic subproblem. For the sake of simplicity, consider the thermally insulating boundary
condition Ve - n = 0 on the entire boundary of domain Q. Define continuous piecewise Q* polynomial space

My = {xn € C(Q): VK € Ty, xulx € Q“K)}.

Recall in Step 3 of the fully discrete scheme, when solving , the pI];I, pf, u,, and e}f are given data. We

replace by introducing the bilinear form acg : ]\7[;; X ]\71]]; — R and the linear form bgg : M’]j — R, as
follows:

AtA
acc(en, xn) = / Pl enXn + R—/V€/1 VX,
Q ¢ Ja
At 2At
— H_H * *
bea(xn) = ,/Q‘Dh ey Xnt %be(uh/)(h) + ﬁlﬂ(uh,){h)-

Then, the variational formulation for solving becomes: find e}: € Mﬁ, such that for all xj € M}h‘ , the
acg(ef, x1) = bea(xn) holds. For QF scheme, applying (k +1)?-point Gauss-Lobatto quadrature to compute
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integrals, the is replaced by: given (pI}f, pg, u,, e}f) € MZ X M’]; X X’}‘l X M’ﬁ, solve for 65 € ]\71’;7 such that
for all x; € MF,

AtA 2A
<p56}f,)(h>+ (Veh,VXh>—<P eh,xh>+ b(uh,xh)+ b/\(uh/)(h) (15)

Remark 1. For two dimensional problems, if we set penalty ¢ = 0, namely employ the NIPG0O method in
Q? and Q3 discretization for V- t(u) and t(u) : Vu, then is further simplified. We have

(pl,fef,)chﬂ%wefﬂx;z)=<p§6,§1,)<h>+ — - (euy) : e(uy), xn) - <(V w,)(V-up), xn)-

The above formula only involves volume integrals, which is convenient for implementation. And more im-
portantly, with the NIPG0O method, we get rid of the face penalties, which minimizes the numerical viscosity.

The identity (VeP V1) = 0 acts in the same role as ag)(eP 1) = 0 in proving the conservation of total
energy. Replacing (9¢) with . ) does not affect the proof of Theorem I Therefore, the conservations of
density, momentum, and total energy still hold. Similar to Lemma 3, it is straightforward to verify the
right-hand side vector stems from is still positive. For Q? spectral element scheme, by the results in
Section 4 in [20], we obtain a sufficient condition of monotonicity of the system matrix of as follows:

Re
At > 30 max P1] Ax?. (16a)

For Q2 spectral element scheme, in principle it is possible to extend the same proof for —Au in Section 6
in [21] to an operator like —Au + cu with a variable coefficent c. Thus in principle the monotonicity of the
system matrix of using Q> spectral element holds under a time step contraint like

At > C(Re, A, pl) Ax?, (16b)

where C is a constant depending on Re, A, PE~

We emphasize that the time step constraints (16a]) and are lower bounds, i.e., the time step cannot
be as small as Ax2, which is a practical constraint, rather than an impossible one to 1mp1ement.

Finally, the unique existence of ef is a conclusion from the monotonicity of the system matrix, since it

is invertible. Therefore, we obtain e}ll{(qij) >0= ef(qij) > 0, for all of the Gauss—Lobatto points q;; € SI?,-'

3.4. Adaptive time-stepping strategy and implementation

We use SSP Runge-Kutta method in the fully discrete scheme to solve the hyperbolic subproblem. By
[1, 5], for the compressible Euler equations on a structure mesh, a sufficient condition on preserving positivity
in a single forward Euler step with step size AtH is

AtH s < tp 11 an
—— max - =,
Ax e T2 2N(N —1)

where N is smallest integer satisfying 2N — 3 > k for QX basis. For the parabolic subproblem, the Q*
(k = 2,3) scheme is positivity-preserving under the condition , which is a lower bound on the time step
size. These constraints together imply that for a simulation the mesh resolution Ax should be small enough
such that a feasible time step size exist when solving subproblem (H) followed by subproblem (P) in Strang
splitting sequentially. However, we should not simply use a time step suggested by these constraints for the
compressible NS equations because of the following reasons.

1. Mathematically, the and can be achieved at the same time if Ax is small enough. However,
and are only sufficient, but not necessary for preserving positivity in practice.
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2. To enforce in SSP Runge-Kutta method, we need to estimate max, a, for each stage. However,
it is difficult to accurately estimate this quantity for the two inner time stages in a third order SSP
Runge-Kutta method.

3. The wave speed contains 4/yp/p, which will be inaccurate for extremely low density problems due to the
round-off errors.

Instead, we can apply the following simple adaptive time-stepping strategy. At each time step t", given
U (x) € G for all x € Sp,, we start with a trial step size Attrial by

: 1
At™ = g ——Ax, (18)

maX, Qe

where a is a parameter. We will specify its value in our experiments, see Section [l For solving hyperbolic
subproblem, the time-stepping strategy is the same as in Section 3.2 in [48], which is listed below for
completeness:

Algorithm H. At time t", select a trial hyperbolic step size Atf. The input DG polynomial U} satisfies

U, (x) € G, for all x € S,. The parameter € can be set as € = min{107%, pg, pex }.

Step H1. Given DG polynomial U]’, compute the first stage to obtain U}(Il).

o If the cell averages Eg) € G¢, for all K € 7;, then apply a positivity-preserving limiter to obtain
U}(ll) and go to Step H2.

e Otherwise, recompute the first stage with halved step size At™ « %AtH. Notice, when AtH satisfies
—(1
the hyperbolic CFL , the U%) € G¢ is guaranteed.

Step H2. Given DG polynomial ﬁ;ll), compute the second stage to obtain U,gz).

—(2

e If the cell averages U%) € G¢, for all K € 7;, then apply a positivity-preserving limiter to obtain
ﬁf) and go to Step H3.

e Otherwise, return to Step H1 and restart the computation with halved step size At « At

—@2
Notice, even if AtH satisfies the constraint in Step H1, the U§<) still may not belong to set
G°€, since is based on U;l’ rather than U,il).

Step H3. Given DG polynomial ﬁ@), compute the third stage to obtain U;lg).

—(3
o If the cell averages U§<) € G¢, for all K € 7j, then apply a positivity-preserving limiter to obtain
UZI. We finish the current SSP Runge-Kutta.

e Otherwise, return to Step H1 and restart the computation with halved step size AtH « %AtH.
—(3
Notice, even if At% satisfies the constraint (17) in Step H1, the U§<) still may not belong to set
G¢, since (17) is based on U’ rather than U,?).

The adaptive time-stepping strategy for solving the compressible NS equations can be now defined as follows.
At initial, the UIS’ is constructed by L2 projection of Uy with a positive-preserving limiter on Sj, e.g., we
have U)(x) € G€, for all x € Sj,.

Algorithm CNS. At time t", select At = At'™?! as a desired time step size. The input DG polynomial
U, satisfies U;'(x) € G¢, for all x € Sj,. The parameter € is taken as € = min{107%, pg, pex }.

. . . A
Step CNS1. Given DG polynomial U, solve subproblem (H) form time t" to " + %
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o Set m =0. Let t"0 =" and U:’O =Uuy.
e Given U;”m at time t""™ solve (H) to compute Ug’mﬂ by the Algorithm H. Let ¢+ = ¢ 4 AtH,

If 1M+l = 1 4 %, then apply a positive-preserving limiter for U;: +1 on all Gauss—Lobatto points

mn , for a € Y, we obtain . Go to dtep . Otherwise, set m < m + 1 and repeat
'S}Zf Il K €7, b'U;IfG S CNS2. Otherwi 1 and
solving (H) by Algorithm H until reach t" + %. Notice, when compute U;; ’m+1, we can take the
minimum of At and " + % — "M as a trail AtH to start Algorithm H.

Step CNS2. Given DG polynomial U}?, take L? projection to compute (u;lf, el?).

Step CNS3. Given DG polynomials (p}', u,|, e;!), solve subproblem (P) form time t" to t" + At.

e If a negative internal energy 65 (gij) emerge, then goto Step CNS1 and restart the computation
with doubled time step size At « 2At.

e Otherwise, go to Step CNS4. Notice, for Q¢ (k = 2, 3) scheme, when At satisfies , the positivity
of internal energy is guaranteed.

Step CNS4. Given DG polynomials (plhj,ulf,ef), take L2 projection follows by applying a positivity-
preserving limiter on all points in S; to compute Ulf .

Step CNS5. Given DG polynomial UP, use adaptive time-stepping strategy to solve subproblem (H)
form time t" + % to t" + At.

Notice that the time-stepping strategy above can easily result in an endless loop for a general spatial
discretization. However, since and are sufficient conditions for positivity, and ensure that
there will be no endless loops when using this time-stepping strategy with the fully discretized scheme in
this paper.

Remark 2. Our Q' DG scheme for solving subproblem (P) is unconditional positivity-preserving, since
the associated system matriz enjoys an M-matriz structure unconditionally, see [Appendiz_ Al Therefore,
for the Q' DG scheme, we do not need to adapt time step size with respect to the parabolic subproblem,
i.e., Step CNS3 always passes without recomputation. In practice, we can relax the condition for doubling
time step size in Step CNSS3, since it is not necessary to request the internal energy to be positive at each
Gauss—Lobatto point. We can double the time step size only when a negative cell average UPIIDK in Step CNS/
emerges. We only observed Step CNS3 recomputation in the first several time steps of Q% and Q3 Sedov
blast wave simulations. For all of the rest numerical experiments in Section[f], Step CNS3 recomputation is
not triggered.

4. Numerical tests

We consider some representative tests for validating our numerical scheme in one and two-dimensional
spaces, including the Lax shock tube, the double rarefraction, Sedov blast wave, shock diffraction, shock
reflection, and shock reflection-diffraction problems.

The parameters for all the tests are as follows. We use the ideal gas constants y = 1.4 and Prandtl
number Pr = 0.72. For the penalty parameters in IPDG method for solving (P), in the Q! scheme, we set
oc=2onTy, 0 =4o0ndQ, and 6 = 2; in the Q% and Q3 schemes, we take NIPGO method, namely set
penalty o = 0 on all faces. Since we use the continuous finite element to discretize the term —Ae in Q? and
Q3 spaces, thus there is no & involved.

We emphasize that only the positivity-preserving limiter is used in the Runge—Kutta DG scheme for the
hyperbolic subproblem, and no limiters are used in the parabolic subproblem, even though other limiters,
such as TVB limiter [7] and WENO type limiters [51) 52| 53], for reducing oscillations could be used to
improve quality of numerical solutions.
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4.1. Spatial order of accuracy for smooth solutions in two dimensions

We test the accuracy in space for smooth solutions. We utilize the manufactured solution method on
domain Q = [0,1]? and set the end time T = 0.1024. The prescribed density, velocity, and internal energy
are as follows:

p =exp(—t)sin2n(x +y)+2,

exp (—t) cos (2mx) sin (2my) + 2
exp (—t) sin (27mx) cos (2my) + 2|’

e = 1 exp (—t) cos (2mx) cos (2my) + 1.

The total energy and pressure are computed by E = pe + $p|lul|?> and p = (y — 1)pe. The system right-
hand side functions are evaluated from above manufactured solutions, as well as the initial and boundary
conditions are imposed by the same prescribed solutions.

We choose Re =1 and A = 1 and use the same IPDG penalties as in the physical simulations for solving
(P), e.g., for Q' scheme, we set 0 = 2 on I';, 0 = 4 on dQ, and & = 2; for Q2 and Q> schemes, we take
NIPGO method by setting penalty ¢ = 0 on all faces. Note, there is no parameter & involved in Q? and Q3
schemes, since we use the continuous finite element to discrete the term —Ae.

We obtain spatial convergence rates by computing the solutions on a sequence of uniformly refined meshes
with fixed time step size At = 274 -107%. This time step size is small enough, such that the spatial error
dominates and the hyperbolic CFL is satisfied. Define the discrete Lfl error of density by

,vol
Nei—1 Ng&vo-1 Nige-1

2
loj = pU"IE = A 30 > @i D Pl di(@) = pt") o Fi(@y)|
j=0

i=0 v=0

where w, and §, are the Gauss quadrature weights and points used in evaluating volume integrals in (H).
The discrete Li errors for momentum and total energy are measured similarly. If errp, denotes the error
on a mesh with resolution Ax, then the rate is given by In(erray/erray/2)/In2. When the time step size
is sufficiently small, such that the spatial error dominates, we observe second order convergence for Q' and
Q2 schemes and fourth order convergence for Q> scheme, see Table [l For odd-order spaces, we obtain the
optimal order of convergence. Since the NIPG method is suboptimal in even-order spaces, a second order
convergence for Q2 scheme is as expected.

k\ Ax = Ay‘ lloy" — p(T)llzz \ rate \ [lm )" — m(T)|| 2 \ rate \ IENT —E(D)2 \ rate
1] 1723 6.397-1072 — 2.144 - 1071 — 4.392- 1071 —
1/24 1.978 - 1072 1.693 5.297 - 1072 2.017 1.069 - 1071 2.039
1/2° 5.194-1073 1.929 1.288 1072 2.040 2.729 - 1072 1.970
2] 1/2% 9.257-1073 — 2.519 - 1072 — 4.538 - 1072 —
1/2° 2.603 - 1073 1.830 7.005 - 1073 1.847 1.248 - 1072 1.863
1/26 6.847 - 1074 1.927 1.838-1073 1.930 3.327-1073 1.907
3] 1/2! 1.100 - 1071 — 3.353- 107! — 5.739 - 107! —
1/22 1.408 - 1072 2.996 3.645 - 1072 3.202 6.853 - 1072 3.066
1/23 9.518 - 107* 3.887 2.360 - 1073 3.949 4.663 - 1073 3.878

Table 1: Accuracy test: the Qk scheme using a very small time step for a smooth solution, where k € {1,2, 3}, errors and
convergence rates for density, momentum, and total energy.
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4.2. Lax shock tube problem

The Lax shock tube problem a classical benchmark problem for gas dynamics equations. We choose
the computational domain Q = [-5,5] and set the simulation end time T = 1.3. The initial condition is
prescribed as follows:

T {[0.445, 0.698, 3.528]" if x €[-5,0),
[Po, uO/PO] = T .
[0.5, 0, 0.571] if x€[0,5].
In addition, the Dirichlet boundary conditions [p,u, p]* = [0.445, 0.698, 3.528]" on the left end of domain
Q and [p, u,p]T =1[0.5, 0, 0.571]" on the right end of domain Q are supplemented.

We uniformly partition domain Q into 512 cells. For this one-dimensional problem, the Q' scheme is
considered. We take the parameter a = 0.125 in for adaptive time step size. The Figure [3| shows
simulation results of Reynolds number Re = 100 and Re = 1000. The reference solution is generated by
a second order finite difference scheme using a fifth order positivity-preserving WENO flux for F?* with a
second order approximation for diffusion on a mesh of 64000 points [5].
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Figure 3: Lax shock tube: the Q' scheme with only the positivity-preserving limiter on 512 uniform cells. The snapshots are
taken at T = 1.3. Only cell averages are plotted.

4.3. Double rarefaction

This Riemann problem contains low density and low pressure. We choose the computational domain
Q =[-1,1] and set the simulation end time T = 0.6. The initial condition is prescribed as follows:

[7, -1, 0.2]" if x e[-1,0),

T _
[po, o, pol™ = {[7, 1, O.Q]T if x€l0,1].

In addition, the Dirichlet boundary conditions [p,u,p]T = [7, =1, 0.2]" on the left end of domain Q and
(p, u,p]T =1[7, 1, 0.2]" on the right end of domain Q are supplemented.
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We uniformly partition domain Q into 512 cells. For this one-dimensional problem, the Q' scheme is
considered. We take the parameter a = 0.125 in for adaptive time step size. The Figure 4] shows
simulation results of Reynolds number Re = 1000. The reference solution is generated by a second order
finite difference scheme on a mesh of 32000 points [5].
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Figure 4: Double rarefaction: the Q! scheme with only the positivity-preserving limiter on 512 uniform cells. The snapshots
are taken at T = 0.6. Only cell averages are plotted.

4.4. Sedov blast wave

The Sedov blast wave involves low density, low pressure, and a strong shock, which is of great utility as
a verification test for a positivity-preserving scheme.

We choose the computational domain Q = [0,1.1]? and set the simulation end time T = 1. We uniformly
partition domain Q by square cells with mesh resolution Ax = 1.1/320. The initials are prescribed as
piecewise constants: density pg = 1 and velocity uy = 0, for all points in Q; the total energy E, equals
to 10712 everywhere except the cell at the lower left corner, where 0.244816/Ax? is used. The boundary
conditions are as follows. In subproblem (H), we utilize reflective boundary condition on the left and bottom
edges. The outflow boundary condition is employed on the right and top edges. In subproblem (P), we
supplement Neumann-type boundary conditions for both velocity and internal energy.

We take parameter a = 0.5 in for Q' scheme and a =1 in for Q2 and Q3 schemes for adaptive
time step size. The Figure [5| displays snapshots of the density field at time T = 1 with Reynolds number
Re =200 and Re = 1000. The results are comparable to those in literature, e.g., [5].

4.5. Shock diffraction

Let the computational domain Q be the union of [0,1] X [6,12] and [1,13] x [0,12]. We select the
simulation end time T = 2.3. The initial condition is a pure right-moving shock of Mach number 5.09,
initially located at {x = 0.5,6 < y < 12}, moving into undisturbed air ahead of the shock with a density
of 1.4 and a pressure of 1. For the hyperbolic subproblem, the left boundary of Q is inflow, the right and
bottom boundaries of Q are outflow, the fluid-solid boundaries {y =6,0 < x <1} and {x =1,0 <y < 6}
are reflective, and the flow values on top boundary are set to describe the exact motion of the Mach 5.09
shock.

We uniformly partition Q by square cells with mesh resolution Ax = 1/96 for Q' scheme and Ax = 1/64
for Q2 and Q3 schemes, respectively. We take parameter a = 0.5 in for Q' scheme and a = 1 in
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Re =200

Re = 1000

1.0e-03

Figure 5: 2D Sedov blast wave. From left to right: the Q', Q2, and Q3 schemes with only the positivity-preserving limiter on
a 320 X 320 uniform mesh. The snapshots of density profile are taken at T = 1. Plot of density: 50 exponentially distributed
contour lines of density from 0.001 to 6.

for Q2 and Q3 schemes for adaptive time step size. The diffraction of high-speed shocks at a sharp corner
generates low density and low pressure. We compare two groups of simulations with Reynolds number
Re = 200 and Re = 1000. See Figure [0 for a snapshots of the density field at time T = 2.3. We only employ
the positivity-preserving limiter. No special treatment is taken at the corner.

4.6. Double Mach refiection of a Mach 10 shock

The double Mach reflection of a Mach 10 shock is a widely used benchmark test problem [54]. This
experiment studies a planar shock flow in a tube, which contains an oblique wall of thirty degree. In the
beginning, the planar shock is perpendicular to the tube surface and move to right. Later, when the shock
meets the oblique wall a complicated shock reflection occurs. Following the numerical setup in [55], we tilt
the incident shock rather than the solid surface and select the computational domain Q = [0,4] X [0,1]. We
set the simulation end time T = 0.2.

A Mach 10 shock initially is positioned at point (%, 0) and makes a sixty degree angle with x-axis. The

line 6x — 2\/§y — 1 = 0 denotes the shock location and separates domain Q into left and right zones. For

initials, the density equals to 8, the velocity equals to [4.125V3, —4.125]T, and the pressure equals to 116.5
in the post-shock region (left zone). And the undisturbed air ahead of the shock (right zone) has a density
of 1.4 and a pressure of 1. For the hyperbolic subproblem, the left boundary of Q is inflow, the right
boundary of Q is outflow, part of the bottom boundary of Q on {y = 0,1 < x < 4} are reflective, and the
post-shock condition is imposed at {y = 0,0 < x < %} On the boundary with post-shock condition, the
density, velocity, and pressure are fixed in time with the initial values to make the reflected shock stick to
the bottom wall. The flow values on top boundary are set to describe the exact motion of the Mach 10
shock.
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Re =200

Re = 1000

6.6e-02

Figure 6: Shock diffraction: the Q!, Q2, and Q3 schemes with only the positivity-preserving limiter on a uniform mesh with
resolution Ax = 1/96 for Q' scheme and Ax = 1/64 for Q2 and Q3 schemes. The snapshots of density profile are taken at
T = 2.3. Plot of density: 20 equally space contour lines from 0.066227 to 7.0668.

We uniformly partition Q by square cells with the mesh resolution Ax = 1/480 for Q' scheme and
Ax = 1/240 for Q? and Q? schemes. We take parameter a = 0.5 in for Q' scheme and a = 1 in
for Q2 and Q3 schemes for adaptive time step size. We compare two groups of simulations with Reynolds
number Re = 100 and Re = 1000. The Figure [7] and Figure [§ provide snapshots of the density fields at time
T = 0.2. For high Reynolds number simulations, it is clear that the rollup is better-captured by the Q3
scheme than the Q' scheme, see Figure

4.7. Mach 10 shock reflection and diffraction

This is the same test as in [9]. Let the computational domain Q be the union of [1,4] X [-1,0] and
[0,4] X [0,1]. We select the simulation end time T = 0.2. A Mach 10 shock initially is positioned at point
(%,0) and makes a sixty degree angle with x-axis. The line 6x — 2\/§y — 1 = 0 denotes the initial shock
location and separates domain Q) into left zone and right zone. For initials, the density equals to 8, the

velocity equals to [4.125V/3, —4.125]T7 and the pressure equals to 116.5 in the post-shock region (left zone).
And the undisturbed air ahead of the shock (right zone) has a density of 1.4 and a pressure of 1.

For the hyperbolic subproblem, the left boundary of Q is inflow, the right and bottom boundaries of Q
are outflow, part of the fluid—solid boundaries of Q on {y = 0,% <x<1}and {x =1,-1 <y <1} are
reflective, and the post-shock condition is imposed at {y =0,0 < x < %}. On the boundary with post-shock
condition, the density, velocity, and pressure are fixed in time with the initial values to make the reflected
shock stick to the solid wall. The flow values on top boundary are set to describe the exact motion of the
Mach 10 shock.

We take the parameter a = 0.5 in for Q' scheme and 4 = 1 in for Q2 and Q3 schemes for
adaptive time step size. Consider three groups of numerical experiments. In the first group of tests, we
choose Q' scheme and uniformly partition Q by square cells with the mesh resolution Ax = 1/480. We
various the Reynolds number in three different levels: 100, 500, and 1000. From Figure [9] we see as the
Reynolds number increases the rollup becomes stronger. In the second group of tests, we fix the Reynolds
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Figure 7: Shock reflection. From top to bottom: simulation results of Q', Q2, and Q3 schemes for Re = 100 with only the
positivity-preserving limiter. The snapshots of density profile are taken at T = 0.2. Plot of density: 30 equally space contour
lines from 1.3965 to 22.682.

number Re = 1000 and compare the Q!, Q2, and Q> schemes with mesh resolution Ax = 1/480, 1/240, and
1/120. From Figure we see even though the degrees of freedom for Q® simulation are significantly less
than the Q! simulation, the rollup is well-captured in the Q3 case. In the third group of tests, we take Q3
scheme and compare simulation results under different mesh resolutions Ax = 1/120, 1/180, 1/240. From
Figure we see as mesh refinement, our scheme produces satisfactory non-oscillatory solutions when the
physical diffusion is accurately resolved, which is consistent with the observations for fully explicit high order
accurate schemes in [5].

5. Concluding remarks

In this paper, we have constructed an implicit-explicit scheme with high order polynomial basis for solving
the compressible NS equations. Our scheme preserves the local conservation of density, global conservation
of momentum and total energy, and positivity of density and internal energy, under a CFL constraint like
At = O(Ax). Even though the time accuracy is at most first order, numerical tests suggest that the Q2
scheme and Q* scheme are not only robust but also producing better numerical solutions than the low order
Q! scheme. Numerical experiments also indicate that our Q3 scheme with only positivity-preserving limiter
produces satisfactory non-oscillatory solutions when physical diffusion is accurately resolved.
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Figure 8: Shock reflection. From top to bottom: simulation results of Q', Q?, and Q3 schemes for Re = 1000 with only the
positivity-preserving limiter. The snapshots of density profile are taken at T = 0.2. Plot of density: 30 equally space contour
lines from 1.3965 to 22.682.
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Figure 9: Mach 10 shock reflection and diffraction. The snapshots of density profile are taken at T = 0.2. Plot of density: 50
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Appendix A. The M-matrix structure of the Q' DG scheme for parabolic subproblem

The non-singular M-matrix is an inverse-positive matrix, which serves as a convenient tool for proving
the positivity of internal energy. There are many equivalent definitions or characterizations of M-matrix.
A comprehensive review of M-matrix can be found in [I8]. Here, we state a sufficient but not necessary
condition to verify the nonsingular M-matrix.

Lemma 4. For a real square matriz A with positive diagonal entries and nonpositive off-diagonal entries,
it is a nonsingular M-matriz if all the row sums of A are nonnegative and at least one row sum is positive.
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Figure 10: Mach 10 shock reflection and diffraction. The snapshots of density profile are taken at T = 0.2. Plot of density: 50
equally space contour lines from 0 to 25. From left to right: simulation results of Q!, Q2, and Q3 schemes with mesh resolution
Ax = 1/480, 1/240, and 1/120.

Figure 11: Mach 10 shock reflection and diffraction. The snapshots of density profile are taken at T = 0.2. Plot of density: 50
equally space contour lines from 0 to 25. Only contour lines are plotted. From left to right: simulation results of @3 scheme
with mesh resolution Ax = 1/120, 1/180, and 1/240.

One-dimensional case. Assume the computational domain Q = [-L, L], where L > 0, is uniformly par-
titioned into N intervals (cells) with spacing Ax. Let —L = xo < x; < --- < xn,, = L denote the grid
points. On cell K; = [x;, xj4+1], where i = 0,---, N — 1, the piecewise linear bases are defined as follows:
Pio(x) = = (xiv1 — x) and @i1(x) = £ (x — x;7). And if x & Kj, the @jo and @;1 equal to 0.

In one dimension, the matrix from IIPG discretization of the Laplace operator evaluated by 2-point
Gauss—Lobatto quadrature enjoys an M-matrix structure. This result is well-known in literature, for instance,
see [56]. Let us present the matrix Agp explicitly. For simplicity, we only show Ap with respect to pure
Neumann boundary condition. Enforcing part or entire Dirichlet boundary does not break the M-matrix
structure.

1 1
Ax —x O~ O
_ 1 1+20 1-256 _ 1
2Ax 2Ax 2Ax 2Ax
_ 1 1-26 1+25
2A 2A 2A 24,
Ap = x * a N 1598 1-25 _ 1
2Ax 2Ax 2Ax 2Ax
_ 1 1-26  1+26 _ _1
2Ax 2Ax QAfc 21Ax

0 0 i A

In above, we mark all diagonal entries in red color. Obviously, when the penalty parameter 6 > 1/2, the
diagonal entries of Ay are positive. All the off-diagonal entries of Ay are non-positive. The row sum of Agp
equals zero. In addition, since the Lagrange bases are numerically orthogonal with respect to the Gauss—
Lobatto quadrature, the mass matrix is diagonal with positive diagonal entries [Axqlijij = Ax®; pf]’.. Thus

AtA

the row sum of matrix Ay + %AD is positive. Above all, by Lemma the system matrix Ay + 35Ap is
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a non-singular M-matrix, therefore is monotone.

Two-dimensional case. In this part, we show the matrix corresponds to the IIPG discretization of —Ae
with 22-point Gauss-Lobatto quadrature enjoys the M-matrix structure. To the best knowledge of the
authors, this is the first time that an M-matrix structure is reported with respect to IPDG method for the
Laplace operator in two dimension.

Consider the computational domain Q) is uniformly partitioned into N square cells with side length Ax.
The Q' Lagrange bases on reference element K = [—%, %]2 are defined as follows: for £ = [X, ]}]T ek,

Do) = (5 - D)5 - D), Pi(@) = (5 + 2 - 9),
Pa(0) = (3 - D)5 +9), Do) = (5 + D)5 + )

Denote the lower left corner of a cell K; € 7, by a;g. The mapping F; : K — K; and its inverse Fi_l : Ki—> K
are defined by

E@)=A4f+1 1)+um and F7\(x) = —4x io—l[ﬂ.

2|1 2

A s AT
Then, the bases on cell K; are ¢;; = ¢j o F;', where j =0,---,3. Let V = [d¢,dg]  denote the gradient on

K. We list the gradient of the basis functions on the reference element, as follows:

. 1[-1+2§ o 1[1-29 o 1[-1-29 o 1[1+29
Voo =3 |-1+22|" V(Pl‘i[—l—%}' V(P2‘§[1—292 r V=g a0k

We index the two faces of K which are perpendicular to x-axis by €y and é; and index the two faces which
are perpendicular to y-axis by €2 and &3, namely

éo={r=-1/2,-1/2< 7§ <1/2}, Gqr={x=1/2,-1/2<§<1/2},
ey ={=-1/2,-1/2 < £ < 1/2}, és={9=1/2,-1/2< % <1/2}.

Define shift mappings with respect to the faces of the reference element as follows:

@) =2+1[1,0]" ifzee, @) =%- if £ €ey,
Q@) =2+1[0,1]7 ifzeéy, @) =2-10,1]" if2eéy

Let us evaluate entries in matrix Agp. We consider the thermally insulating boundary condition Ve-n = 0
on the entire boundary of domain Q). Enforcing part or entire Dirichlet boundary does not break the M-
matrix structure. Let matrix D = diag(Do, -+, Dn,-1) be a block diagonal matrix, where each diagonal
subblock Dy € R** is defined by: for any j’, j € {0,---,3}, the entry at j’th row and j*®® column of Dy is
the Gauss—Lobatto integral of the expression

3
1

i’ m=0
13 5 3
= [94;- 99, -2 /% g fp + - /M

In above, 1, is an indicator, which equals to 1, if the face e, of element Kj is an interior face, and otherwise
equals to 0. We mark all the diagonal entries of Ap in red color. The diagonal subblocks of Ap are: for
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Before computing the off-diagonal subblocks of Agp, let us take a look at an example of a square domain
Q =1[0,L]?, where L > 0. For any patition of the domain Q with more than 2 X 2 square cells, we divide all
cells into three categories: all faces are interior faces; only one face is a boundary face; only two faces are
boundary faces. See the blue, green, and red cells in the schematic Figure Using , we get if all
faces of a cell K; are interior faces, then the associated diagonal subblock

1, G 1 1

§+1E ) 01
SR —1
D, = i 31ty 0 1
=] _1 0 1,4  _1
1 2T 1

1 1 1L, G

0 1 i 2t

If only one face of a cell Ky is a boundary face, then dependents on the boundary face location, the associated
diagonal subblock belongs to the following four cases.

3, .0 1 1 1,35 1 1
Z+%ﬁ 1_§~ A 01 §+1E 3 o N 01
2 4+ 9 0 _1 1 2 4 0 0 —=
] _ 1 I 1 ] _ 2 1% 505 1
EOCBQ. D; = 1 0 3,0 1 , e1C8Q. D; = 1 0 1,30 1 ,
1 1t 355 2 1 2\ 4
1 1 1,36 1 1 3, &
0 -1 “1 31t g 0 —1 —2  1t55
3, 6 1 1 1,35 1 1
348 _1 -1 0 1,4 _1 -1 0
! f\ﬁ 3 y : 1 ’ 1\/5 1 *s ! 1
—= 2 4 9 0 4 31 14+ 9 0 —=
1 1 ‘ 2 7 2T 1
eQC&’Q: Dl‘I: 1 02 2 l+i 1 , €3C(9QI Dl'/: 1 O\/E §+L 1
1 A 1 2 1t 25 1
0 _1 1 1,6 0 _1 R S
1 1 2% 2 1 it 35

If only two faces of a cell K;; are boundary faces, then dependents on the boundary face location, the
associated diagonal subblock belongs to the following four cases.

1 -1 3,06 _1 1
! 2. 2 0 1typ5 1 2 0
_1 3,76 _1
i s+ 0 5 1 1
1 1755 2 -1 1 0 -3
€0, e2CdQ: Di=|_1 0 34 0 _1 | e1,eCdQ: Dy=| _1 0 140 _1
1 17504 2 1 272 1
1 1 1,3 1 1 3, 0
0 1 1 2t 0 B A w1
3, & 1 1 1,6 1 1
sy 1 _1 0 iy 1 -1 0
1 2 Z 1 ) 2 1\/5 , 1 1 :
1 = + L 0 —2 2 2 4 9 0 —=
eO,ESCBQ: Dy = 4 2 V2 4 , 61,83C802 D= 2 47 2v2 . - 4 .
1 1 1 3, @ 1
~3 0 1 —3 —3 0 1t55 1
0 1 -1 3,75 1 iV
2 4 4 2\/5 0 -3 -3 1

Let matrix F = Ap — D, namely F contains all the off-diagonal subblocks of Agp, where each off-
diagonal subblock is associated with integrals on a cell face. To be more accurate, each off-diagonal subblock
F7. € R*4, where i’ # i and Ky N K; = ey, with m € {0,---, 3}, is defined by: for any j’, j € {0,---, 3}, the
entry on j'* row and j* column of F’, is the Gauss-Lobatto integral of the expression

1 o

1 ~ L P o o A A
_§L'1 V(Pij'nKﬂ (P"'f'_ﬁfem (Pij(pi’j,:_i‘/é'm V(pjosm-nk(p]-,—@ . (p]-osm(p]-/.
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Therefore, the matrix F only contains the following four types of non-zero off-diagonal subblocks, namely
when i’ #i and Ky NK; # 0,

-1 1_ 5
I 173G 0 0 X _O . _01 8 8
o =9 0 0 0 FL=|® 22 1
i’ 0 0 1 1_ 05 |’ i'i 0 0 0 0|
AL 1 5 1
0 0 0 0 0 0 7735 "1
1 1_ 6
7 0 3 G 0 ) 0 0 0 0
F? 0 -3 0 - 2V F3 1 ', X 01 X
e = 7 e = i _ _0_ —_=
0 0 0 0 0 2735 0 -1
Obviously, when the penalty parameter G > \/75, the diagonal entries of Ay are positive. All the off-diagonal

entries of Ap are non-positive. The row sum of Ay equals zero. In addition, since the Lagrange bases are
numerically orthogonal with respect to the Gauss—Lobatto quadrature, the mass matrix is diagonal with
positive diagonal entries [Ayij.ij = Ax*d; pf;. Thus the row sum of matrix Apq + %AD is positive. Above
all, by Lemma |4l the system matrix Apq + %AD is a non-singular M-matrix, therefore is monotone. Here,

we highlight our system matrix holds the M-matrix structure unconditionally.

Figure A.12: A schematic graph of the domain partition, quadrature, and the M-matrix structure of Ag. Left: a 4 X 4 mesh
of domain [0,1]2. The cells with zero, one, and two boundary faces are marked in blue, green, and red. Middle: 22-point
Gauss-Lobatto quadrature used in Q! scheme for computing integrals in parabolic subproblem. Right: sparsity pattern of Ag
associated with a 4 x 4 mesh of the domain [0,1]2. The positive and negative entries are plotted by red and blue dots.
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