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A B S T R A C T

We model a slip boundary condition at fluid-solid interface of an arbitrary ge-
ometry in smoothed particle hydrodynamics and smoothed dissipative particle
dynamics simulations. Under an assumption of linear profile of the tangen-
tial velocity at quasi-steady state near the interface, an arbitrary slip length b
can be specified and correspondingly, an artificial velocity for every bound-
ary particle can be calculated. Therefore, b as an input parameter affects the
calculation of dissipative and random forces near the interface. For b → 0,
the no-slip is recovered while for b → ∞, the free-slip is achieved. Tech-
nically, we devise two different approaches to calculate the artificial velocity
of any boundary particle. The first has a succinct principle and is competent
for simple geometries, while the second is subtle and affordable for complex
geometries. Slip lengths in simulations for both steady and transient flows co-
incide with the expected ones. As demonstration, we apply the two approaches
extensively to simulate curvy channel flows, dynamics of an ellipsoid in pipe
flow and flows within complex microvessels, where desired slip lengths at
fluid-solid interfaces are prescribed. The proposed methodology may apply
equally well to other particle methods such as dissipative particle dynamics
and moving particle semi-implicit methods.

© 2023 Elsevier Inc. All rights reserved.

1. Introduction

For more than two centuries, the no-slip hypothesis at fluid-solid interface has been often accepted, especially

for continuum flows at macroscale [1]. In many cases, however, the no-slip is no longer valid and debates on how

to specify a correct boundary condition filled the whole 20th-century [2]. As a matter of fact, a slip is ubiquitous
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at interfaces in nature. For example, the special surface of lotus leaves makes them water-repellent, which not only

allows droplets to slide effortlessly but also reduces significantly adhesion of contaminated particles [3]; Aphids

exploit hydrophobic wax coated on their excreted honeydew for protection and transport [4]; Shark skins have drag-

reducing properties [5], which are leveraged for artificial materials [6]. At meso-/micro-scale, a slip is even more

common. For example, flows in hydrophobic capillaries [7] and ultrafast transport of water in carbon nanotubes [8–

10] exhibit apparent slip at interfaces. Above examples no longer respect the no-slip condition at the fluid-solid

interface. Evidently, a slip is normal and the no-slip is only a special case often adopted for convenience.

A linear slip boundary condition was first proposed by Navier [11] and augmented by Maxwell with a slip

length [12]. This was rigorously proved by Tolstoi [13] and further by Blake [14]. In Navier’s assumption, a slip

velocity is defined at the fluid-solid interface as

vs = b
∂v
∂n
, (1)

where b is the slip length, v is the velocity of the fluid, and n is the unit normal at the interface. Fig. 1 sketches three

different slip lengths at the interface, where b = 0 and b → ∞ are two special cases corresponding to the no-slip and

free-slip, respectively. The slip boundary has seen further developments in this century. Ou et al. [15] demonstrated

in experiment that superhydrophobic surfaces reduce flow resistance by up to 40% of pressure drop in laminar flow;

Kamrin et al. [16] derived a general expression for slip boundaries with periodic fluctuations of height on the surface

in shear flow; Zampogna et al. [17] presented a generalized slip expression over rough surfaces in turbulent flows.

Beyond linear theories, nonlinear analyses on the slip boundary have also been developed in the last decade. Sander

et al. [18] proposed an exhaust slip boundary in place of a continuous layer of actively released bubbles at the outer

edge of the boundary layer; Inspired by the water-repellent property of salvinia leaves, Xiang et al. [19] imitated a slip

surface containing a continuous air mattress; Bottaro [20] proposed a concept of deformable surface, which consists

of linearly elastic material placed periodically on a rigid substrate.

Fig. 1: Schematic of velocity field near fluid-solid interface: slip lengths are b = 0 for no-slip, b > 0 for partial-slip, and b = ∞ for free-slip.

The rapid development of numerical simulations allows one to observe phenomena due to slip boundaries readily.

At micro-/nano-scale, there has been a large number of simulations by molecular dynamics manifesting a slip bound-

ary [10, 21, 22]. For macro-/meso-scopic flow problems, lattice Boltzmann and smoothed particle dynamics (SPD)

are two popular methods. The former is mesh-based and an implementation of slip boundary is straightforward, which

is evidenced by several relevant works [23–25]. However, for mesh-less methods such as SPD, it remains obscure

how to model an arbitrary slip length, especially at an interface of arbitrary geometry.
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SPD represents either smoothed particle hydrodynamics (SPH) or smoothed dissipative particle dynamics (SDPD)

for solving macroscopic or mesoscopic flow problems, respectively. Its Lagrangian feature is advantageous to deal

with complex interfaces of dynamic nature, which involve coupling, interface tracking and moving boundary. SPH

was originally intended to simulate phenomena in astrophysics and has since then been largely extended to flow

problems of various kinds [26–30]. SDPD was proposed by Español and Revenga [31] by introducing stochastic

forces into SPH under the GENERIC framework of thermodynamics [32] so that it is an effective solver for the

Landau-Lifshitz-Navier-Stokes equations [1, 33–36]. It has been extensively applied to study physics of various

mesoscopic flows [33, 34, 37–43]. So far, there has been many striving efforts for a sensible implementation of no-

slip or arbitrary flow boundary condition in SPD [40, 44–52]. For a slip boundary, Hu et al. [37] mentioned briefly an

implementation for flow over a flat plate; Pan et al. [53] proposed a Robin boundary condition for planar and circular

interfaces.

In this work, we propose a slip boundary condition with arbitrary slip length at an interface of arbitrary geometry

in both SPH and SDPD methods. It is characterized by only one input parameter, that is, the slip length b, which

also effectively equals to the output one in simulations. We devise two novel algorithms to achieve the desired slip

length: the first one is an extension of Morris et al.’s interpolation method between a pair of interacting fluid particle

and boundary particle [45], while the second one is based on Adami et al.’s summation method by employing the

average effects of neighboring fluid particles [48]. The structure of the following parts is as follows. In Section 2,

we present the equations of fluid mechanics in both continuum and discrete forms. In Section 3, we describe the two

key algorithms. In Section 4, we simulate multiple flow problems by SPD, which demonstrate the reliability of the

proposed two algorithms. Finally in Section 5, we summarize this work.

2. The method

2.1. Lagrangian hydrodynamic equations and its boundary conditions

We consider an isothermal Newtonian fluid governed by the continuity and Navier-Stokes equations in Lagrangian

form as follows

dρ
dt

= −ρ∇ · v, (2)

ρ
dv
dt

= −∇p + η∇2v +
η

3
∇∇ · v + ρf, (3)

where ρ, v, p, η, and f are material density, velocity, pressure, dynamic viscosity and body force per unit mass,

respectively. An equation of state (EOS) relating the pressure to the density is necessary to provide a closure for

a weakly compressible description. Both an perfect-gas-like EOS and liquid-like stiff EOS are widely used in the

literature [26, 45], and they can be expressed in a general form:

p =
c2

sρ0

γ

[(
ρ

ρ0

)γ
− 1

]
+ χ, (4)

where ρ0 is the equilibrium density. An artificial sound speed cs is chosen based on a scale analysis [26, 45] such that

the pressure field reacts strongly to small deviations in the density, and therefore a quasi-incompressibility is fulfilled.
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In this case, the last second term in Eq. (3) may be negligible. Here, χ as a positive constant is introduced to enforce

the non-negativity of pressure on discrete particles.

We characterize the slip boundary by a slip length b, namely the Navier slip length, at which the velocity profile

linearly extrapolated to be zero inside the solid, as shown in Fig. 1. The shear stress at the fluid-solid interface can be

described as

στn = κvs, (5)

where κ is the surface friction coefficient and vs = |vs| is the magnitude of slip velocity or relative velocity between

the fluid and solid. Assuming a Newtonian fluid we further have

στn = η
∂vτ

∂n
. (6)

Due to the assumption of the linear velocity profile of vτ inside the solid near the interface, combining Eq. (5) and

Eq. (6), we get

vs =
η

κ

∂vτ

∂n
= b

∂vτ

∂n
, (7)

where slip length b is equivalent to the ratio of the dynamic viscosity and surface friction coefficient. This is the key

relation, upon which two numerical algorithms are built. Gradient of velocity in the normal direction at the interface

vanishes ∂vn/∂n = 0, corresponding to an impermeable boundary condition, which should also be appreciated in

the numerical algorithms. Although we elucidate the boundary condition in two dimensions, its extension to three

dimensions is trivial.

2.2. Smoothed particle dynamics

For comprehensive descriptions of SPH/SDPD, we refer to recent reviews articles [26, 27, 36]. For convenience,

we define some simple notations as reference

ri j = ri − r j, (8)

vi j = vi − v j, (9)

ei j = ri j/ri j, ri j =
∣∣∣ri j

∣∣∣ , (10)

where ri, vi are position and velocity of particle i; ri j, vi j are relative position and velocity of particles i and j; ri j is

the distance of the two and ei j is the unit vector pointing from j to i. Each particle’s position is updated according to

dri

dt
= vi. (11)

The density field is computed as [31]

σi =
ρi

mi
=

∑
j

W
(
ri j

)
=

∑
j

Wi j, (12)

where σ is number density defined as the ratio of ρ and particle mass m (constant). Note that the density summation

in Eq. (12) together with the position update in Eq. (11) already account for the continuity equation in Eq. (2), which
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does not need to be discretized separately [31]. The weight function W(r), also known as kernel, has at least two

properties:

lim
h→0

W
(
r − r′, h

)
= δ

(
r − r′

)
,

∫
W

(
r − r′, h

)
dr′ = 1, (13)

where h is quoted as smoothing length. This indicates that any kernel adopted should converge to the Dirac delta

function δ as h → 0 and its integral must be normalized. To balance the computational efficiency and accuracy, a

finite support domain described by a cutoff radius rc is usually adopted. When two particles’ distance is larger than

rc, W(ri j ≥ rc, h) = 0 and there is no direct contribution to each other’s dynamics. In this work we adopt the quintic

spline function with rc = 3h, which has been proven to be accurate [45]:

W(s, h) = CD
1

hD


(3 − s)5 − 6(2 − s)5 + 15(1 − s)5, 0 ≤ s < 1;
(3 − s)5 − 6(2 − s)5, 1 ≤ s < 2;
(3 − s)5, 2 ≤ s < 3;
0, s ≥ 3.

(14)

Here s = ri j/h and D is the number of dimension. The normalization coefficients are C2 = 7/478π, and C3 = 3/359π

in two and three dimensions, respectively.

The momentum equation of every particle in SPD can be expressed succinctly as follows

mi
dvi

dt
=

∑
j

(FC
i j + FD

i j + FA
i j + FR

i j) + FB. (15)

Here FC
i j and FD

i j are conservative and dissipative forces between a pair of neighbouring particles, the sum of which

correspond to a discretization of forces due to pressure and viscous stress in the Navier-Stokes equations in Eq. (3).

In this work, we shall consider two sets of formulations. The first set is as follows [37]

FC1
i j = −(

1
σ2

i

+
1
σ2

j

)
ρ j pi + ρi p j

ρi + ρ j

∂W
∂ri j

ei j, (16)

FD1
i j = (

1
σ2

i

+
1
σ2

j

)
2ηiη j

ηi + η j

vi j

ri j

∂W
∂ri j

. (17)

Here the particle-averaged pressure and viscosity are employed, which are suitable for handling multiphase problems.

In addition, we shall consider another set of formulations, which respect the 1st and 2nd laws of thermodynamics

explicitly [31]

FC2
i j = −

 pi

σ2
i

+
p j

σ2
j

 ∂W
∂ri j

ei j, (18)

FD2
i j =

η

σiσ jri j

∂W
∂ri j

(
2D − 1

D
vi j +

D + 2
D

ei j · vi jei j

)
. (19)

To minimize the so-called tensile instability, we adopt the transport-velocity formulation from Adami et al. [54],

which is one of the particle shifting techniques originated from XSPH [26]. Its spirit is to adjust dynamically the

irregular distributions of particles so that numerical errors are diminished. During this process, an additional force FA
i j

is generated as follows

FA1
i j =

1
2

(
1
σ2

i

+
1
σ2

j

)(Ai + A j) ·
∂W
∂ri j

ei j, (20)
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where A = ρv(ṽ − v) is a tensor from the dyadic product of the two vectors. Moreover, v is the velocity for the

momentum and force calculations, while ṽ is the modified transport velocity utilized to update the position of each

particle as follows,

ṽi = vi(t) + δt(
dvi

dt
−

1
ρi
∇χ), (21)

dr
dt

= ṽi. (22)

Here, δt is the time step, the constant pressure χ appears only in Eq. (21) instead of momentum equation. Since

the transport velocity ṽ is only used in the position evolution, linear momentum is consequently strictly conserved.

Following the same discrete form in Eq. (16), Eq. (21) unfolds as follows

ṽi = vi(t) + δt(
dvi

dt
−
χ

mi

∑
j

(
1
σ2

i

+
1
σ2

j

)
∂W
∂ri j

ei j). (23)

At mesoscale, the molecular entities and their incessant movements manifest themselves as random stresses in the

fluid dynamics equations. To have a local thermodynamic equilibrium, the pair of random stress and dissipative stress

are inherently related and must respect the fluctuation-dissipation theorem. In a discrete setting, for a given expression

of the dissipative force FD
i j , we may resort to the GENERIC framework to obtain the corresponding random force FR

i j.

For example, given FD2
i j in Eq. (19), the rational expression of the random force is as follows

FR2
i j =

(
−

20η
3

kBT
σiσ jri j

∂W
∂ri j

)1/2

dW i j · ei j, (24)

where dW is a matrix of independent increments of the Wiener process, and dW is the symmetric part of it

dW i j = (dWi j + dW T
i j )/2. (25)

Furthermore, the following symmetry between particles i and j is preserved

dWi j = dW ji. (26)

The independent increments of the Wiener process satisfy the following mnemotechnical Itô rules

dW αβ
i j dW κλ

kl = [δikδ jl + δilδ jk]δακδβλdt. (27)

There are various other formulations for the pairwise forces in the literature and different combinations also

exist [26, 27, 36]. As we shall notice, however, the proposed boundary condition is not restricted to any particular

force formulation. Therefore, we consider only two sets of them given above. More specifically, FC1
i j , FD1

i j , FA1
i j are

employed for SPH simulations; FC2
i j , FD2

i j , FR2
i j are utilized for SDPD simulations. It is apparent that the transport-

velocity formulation with FA
i j is only applicative in SPH, but not in SDPD, as the latter has already random forces to

redistribute particles. FB is any body force such as force due to gravity, which is present whenever necessary for both

SPH and SDPD simulations. Time integration is performed with velocity Verlet method.
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3. Modeling arbitrary slip length/velocity at fluid-solid interface

With advancement of micro-and nano-fluidics, apparent wall slip is frequently observed at small scales. We

propose two effective alternatives to implement an arbitrary slip length/velocity at the fluid-solid interface, especially

of an arbitrary geometry. We employ boundary particles to describe any solid and they are placed statically within a

layer of cutoff radius inside the solid surface.

3.1. Conservative force at interface

The pressure force of boundary particle has to be determined from the fluid in such a way that the pressure

gradient near the interface is respected. Consequently, a balance between the forces of a fluid particle aA and a

boundary particle aB near the interface can be defined [48]:

aA = −
∇pA

ρA
+ f = aB. (28)

By definition the gradient equals to the directional derivative times the distance between the two particles, therefore

the pressure on the boundary particle is obtained as

pB = pA + ρA(f − aB) · rBA. (29)

After introducing the SPH summation, the discrete pressure of the boundary particle becomes [48]:

pB =

∑
A pAWBA + (f − aB) ·

∑
A ρArBAWBA∑

A WBA
. (30)

Thereafter, boundary particle B adopts pB as its pressure when calculating the pairwise conservative force with any

neighboring fluid particle. This boundary condition of pressure is important, as it assures a smooth density profile

near the fluid-solid interface.

3.2. Dissipative force at interface

A slip boundary stems from a weaker viscous force than that of the no-slip boundary at the interface. With this

observation, we proceed with a modification on the calculation of the pairwise dissipative force FD
AB between a fluid

particle A and a boundary particle B. To implement Eq. (7) in SPD, we shall describe two approaches as follows.

In the first one, we regard a fluid particle as the center one and calculate its distance to the interface. Thereafter,

we consider the distance of each nearby boundary particle and assign a proper artificial velocity to it. Therefore, the

desired slip length/velocity is achieved at the location of the interface, which is determined by the fluid particle. For

reference, we call this approach as fluid-particle-centric method. In the second one, we consider a boundary particle

as the center one and calculate the position/velocity of a virtual particle from the nearby fluid particles. The virtual

particle represents the average effects of the fluid particles on the boundary particle and the desired slip length/velocity

is achieved at the location of the interface, which is determined by the boundary particle. For reference, we name this

approach as boundary-particle-centric method.
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3.2.1. Fluid-particle-centric method

As we assume a linear profile of the tangential velocity vτ inside the solid very adjacent to the interface, the slip

velocity can be approximated by particle’s properties as shown in Fig. 2 as

vs = b
∂vτ

∂y
≈ b

vτA
dA + b

. (31)

Here vA = (vτA, v
n
A) is the velocity of a fluid particle A with a distance dA to the interface. For the calculation of FD

AB

between the fluid particle A and any boundary particle B, we need to explicitly respect the slip velocity vs according

to the the slip length b at the interface. To this end, an artificial velocity vB = (vτB, v
n
B) is assigned with tangential and

normal components in τ and n directions to B, respectively, as follows:

vτB = −
dB

dA
(vτA − vs) + vs =

b − dB

b + dA
vτA,

vn
B = −

dB

dA
vn

A, (32)

where dB is the distance of B from the interface. With Eq. (32), the linear interpolation of velocities between A and

B induces a slip velocity vs in the tangential direction and zero (impermeable condition) in the normal direction.

Furthermore, the local Navier slip length b is also well maintained at the interface point C. Since the intersection

point C is determined solely by the fluid particle A and does not differ for interacting boundary particles, we refer this

approach as fluid-particle centric (FPC) method.

Fig. 2: Schematic of fluid-particle-centric method. Given a fluid particle A, an interface plane tangential to the solid surface is defined to be
perpendicular to line AC with length dA, where C is the intersection point on the surface. A Cartesian coordinate is chosen in such a way that τ
direction is on the interface plane, n direction is perpendicular to it, and meanwhile both C and vA are within τn plane. Accordingly, b is the Navier
slip length along n direction and vs is the slip velocity along τ direction. Therefore, we reduce a three dimensional problem to a two dimensional
one. B is an example of neighboring boundary particles with dB away from the interface plane. During the pairwise dissipative force calculation
between A and B, an artificial velocity vB is assigned to B so that the linear interpolation between vA and vB has a tangential velocity vτC = vs and
a normal velocity vn

C = 0 at C. Given the same fluid particle A, any other nearby boundary particles follow the same procedure of B. Since point C
is determined solely by fluid particle A, this approach is referred to as fluid-particle-centric method. The solid is at rest in this sketch.

It is simple to show the relative velocity vAB = (vτAB, v
n
AB) between A and B particles, which is directly involved in



Xinwei Cai et al / Journal of Computational Physics (2023) 9

computing the pairwise dissipative force FD
AB in Eq. (17) or Eq. (19)

vτAB =
dA + dB

dA + b
vτA,

vn
AB =

dA + dB

dA
vn

A. (33)

Considering two limit cases in Eq. (33): at first when b→ 0, we obtain

vτAB =
dA + dB

dA
vτA,

vn
AB =

dA + dB

dA
vn

A, (34)

which is exactly the classical no-slip boundary condition utilized in SPH method [44, 45]; Secondly, when b→ ∞

vτAB = 0,

vn
AB =

dA + dB

dA
vn

A, (35)

which indicates a free-slip in the tangential direction. The key difference between the implementations of a slip and

the no-slip boundary is that the former must treat tangential component differently from the normal one as in Eq. (33)

while the latter has the same scaling constant for both components as in Eq. (34). In any case, the impermeable

boundary condition in the normal direction remains unchanged.

If a slip takes place at a non-planar interface, the major task is to calculate dA, dB and the normal vector n of the

interface. This can still be accomplished for other simple geometries such as a sphere with a little extra effort [40, 45].

For complex geometries, we adopt a boundary value fraction (BVF) method [55, 56] to acquire dA, as described in

Appendix A. The unit normal vector n of the boundary can be obtained from

n =
∇ϕ(r − r′)
|∇ϕ(r − r′)|

, (36)

and the discrete gradient of ϕ is based on particle A

∇ϕA =
1
ρA

∑
j

∂W
∂rA j

eA j, (37)

where j is index of boundary particles. Thus, we obtain the normal distance from the fluid particle A and boundary

particle B to the interface using Eq. (A.7) and (36) as

dA = dBVF , (38)

dB = rAB · n − dA. (39)

Furthermore, if a slip boundary takes place at the surface of a mobile solid object, we need to take into account

the rigid motion at the intersection point C shown in Fig. 2, as how it is done for a no-slip boundary [40]. The slip

velocity in Eq. (31) is modified to be

vs ≈ b
vτA − vτC
dA + b

. (40)
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Te artificial velocity for the boundary particle B in this case is

vτB = −
dB

dA
(vτA − vs − vτC) + vs + vτC

=
b − dB

b + dA
vτA +

dA + dB

b + dA
vτC ,

vn
B = −

dB

dA
(vn

A − vn
C) + vn

C . (41)

The algorithm described in this approach represents a simple modification to an existing SPH code to control the

slip boundary at the fluid-solid interface with Navier slip length b as input parameter.

3.2.2. Boundary-particle-centric method

The previous approach involves frequent calculations of distance from any fluid particle to the interface and

becomes tedious especially for complex geometries. To avoid this deficiency, we may take a boundary particle as the

center one and consider a virtual particle E, which has the average effects of the neighboring fluid particles on the

boundary particle, as shown in Fig. 3. Given a boundary particle B, the position and velocity of the virtual particle E

are calculated by SPH interpolation as

xE =

∑
A xAWBA∑

A WBA
, (42)

vE =

∑
A vAWBA∑

A WBA
. (43)

Thereafter, we assign an artificial velocity vB = (vτB, v
n
B) to B as

vτB = −
dB

dE
(vτE − vs) + vs =

b − dB

b + dE
vτE ,

vn
B = −

dB

dE
vn

E , (44)

where dE and dB the distances of E and B from the interface, respectively. With Eq. (44), the linear interpolation of

velocities between E and B induces a slip velocity vs in the tangential direction and zero (impermeable condition)

in the normal direction. Furthermore, the local Navier slip length b is also well maintained at the interface point C.

Since the intersection point C is determined solely by the boundary particle B and does not differ for interacting fluid

particles, we refer this approach as boundary-particle centric (BPC) method.

If a slip takes place at a non-planar interface, we adopt the BVF method as described in Appendix A to calculate

the distance dB and normal vector n of each boundary particle to the interface only one time at the beginning,

dB = dBVF , (45)

n =
∇ϕ(r − r′)
|∇ϕ(r − r′)|

, (46)

and the discrete gradient of ϕ is based on particle B

∇ϕB =
1
ρB

∑
j

∂W
∂rB j

eB j, (47)

where j is index of boundary particles. During simulations, based on position of xE , we obtain

dE = rEB · n − dB. (48)
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In practice, the directions of the normal vector n and rEB are almost aligned, the normal distance of E may also be

approximated as dE ≈ |rEB| − dB.

Furthermore, for a mobile solid the rigid body motion of the intersection point C is taken into account as

vτB =
b − dB

b + dE
vτE +

dE + dB

b + dE
vτC ,

vn
B = −

dB

dE
(vn

E − vn
C) + vn

C . (49)

For calculation of FD
AB between any neighboring fluid particle A and boundary particle B, the relative velocity vAB is

needed. The procedure is the same as the previous approach, we omit it here. For these calculations, the artificial

velocity of B remains the same until xE or vE is updated.

Fig. 3: Schematic of boundary-particle-centric method. Given a boundary particle B, an interface plane tangential to the solid surface is defined to
be perpendicular to line BC with length dB, where C is the intersection point on the surface. A virtual particle E represents the average effects of the
neighboring fluid particles on B and its position xE and velocity vE are calculated by SPH interpolations. The distance of E to the interface plane is
dE . A Cartesian coordinate is chosen in such a way that τ direction is on the interface plane, n direction is perpendicular to it, and meanwhile both
C and vE are within τn plane. Accordingly, b is the Navier slip length along n direction and vs is the slip velocity along τ direction. Therefore, we
reduce a three dimensional problem to a two dimensional one. An artificial velocity vB is assigned to B so that the linear interpolation between vE
and vB has a tangential velocity vτC = vs and a normal velocity vn

C = 0 at C. During the pairwise dissipative force calculation between the boundary
particle B and any fluid particle A, the artificial velocity vB remains the same until xE or vE is updated. Since point C is determined solely by
boundary particle B, this approach is referred to as boundary-particle-centric method. The solid is at rest in this sketch.

3.2.3. Comments on the two algorithms

Some comments are in order. The first approach is an extension of Morris et al.’s method [45]. It relies on the

distances of a pair of interacting fluid particle and boundary particle to the interface to determine an artificial velocity

of the latter. In this way, an desired value of the interpolated velocity between the two particles is achieved at the inter-

face, corresponding to the slip velocity. This approach is accurate and can be directly applied to interfaces with simple

geometries such as flat wall and cylindrical/spheric objects. However, it becomes tedious for a complex interface, as

the distance from any fluid particle to the interface has to be calculated frequently. The second approach is based

on Adami et al.’s method [48]. It avoids frequent calculations of distances of fluid particles to the interface. Instead,
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the distance of each boundary particle to the interface is calculated only one time before simulation starts. During

simulations a virtual particle is created for each boundary particle and its position and velocity are interpolated from

the nearby fluid particles using SPH kernel. This virtual particle represents the average effects of the fluid particles

on the corresponding boundary particle so that an artificial velocity of the latter is calculated based on the former.

The virtual particle’s position and velocity can be done in the density summation loop as in Eq. (12). Superficially,

the second approach seems to sacrifice accuracy. However, we shall demonstrate with numerical examples that the

second approach has negligible errors compared to the first approach.

The artificial velocity of a boundary particle described in both approaches is employed only in the calculation

of dissipative force, but not intended for the kinematics of the solid. If the solid is mobile, all constituent boundary

particles move along together and follow rigid body dynamics as described in Appendix B.

3.3. Random force at interface

In SDPD, the random force has to be modified according to the dissipative force so that the fluctuation-dissipation

theorem is satisfied also at the interface. We first recall the special case of b = 0 at the interface, namely the no-slip

boundary condition, for a solid object at rest. Introducing the relative velocity between a fluid particle and a boundary

particle of Eq. (34) into dissipative force of Eq. (19), we obtain

FD2
AB =

(
dA + dB

dA

)
η

σAσBrAB

∂W
∂rAB

(
2D − 1

D
vAB +

D + 2
D

eAB · vABeAB

)
. (50)

Comparing to the dissipative force between two fluid particles, the dissipative force between a fluid particle and a

boundary particle induces an effective viscosity as [33]

ηAB =
dA + dB

dA
η. (51)

It is simple to see that this holds also for a solid object in a rigid motion.

Following the GENERIC structure [32], we obtain directly random force between A and B as

FR2
AB =

(
dA + dB

dA

)1/2 (
−

20η
3

kBT
σAσBrAB

∂W
∂rAB

)1/2

dW AB · eAB (52)

so that the fluctuation-dissipation theorem is appreciated at the interface. Eq. (52) is the proper random force at

interface by simply replacing η by ηAB in Eq. (24).

For a general partial slip at the fluid-solid interface, the correction for random force can be done according to an

effective viscosity with anisotropy. Correspondingly, the anisotropic scaling factors for the random force of A and B

with b > 0 are as follows

τ :
(

dA + dB

dA + b

)1/2

,

n :
(

dA + dB

dA

)1/2

, (53)

where τ and n are tangential and normal direction on the interface plane, respectively. It is simple to see that random

force determined by Eq. (53) at interface recovers Eq. (52), if b→ 0.
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4. Numerical results

To demonstrate the competency of the two proposed approaches for slip boundary condition, we select multiple

examples to cover a wide range of scenarios from simple to complex flows: flows around flat and circular interface,

as well as complex interface of arbitrary geometry; flows in both transient and steady states; macroscopic flows and

mesoscopic flows with thermal fluctuations. Whenever possible we derive analytical solutions to compare with results

of SPD simulations. If analytical solutions are formidable, we construct solutions with finite difference method or

finite volume method as references. Since the difference in results of the two approaches is mostly negligible, we

present only the results from the boundary-particle-centric method to avoid redundancy. If no other reference is

available, we present results of both approaches and compare one against the other.

4.1. Couette flow

We first consider the two-dimensional Couette flow with a linear distribution of steady velocity as shown in Fig. 4.

The distance between the upper and lower walls is L = 10−3m. The lower wall at y = 0 always remains still and

the upper wall drives at constant velocity vw = 1.25 × 10−5ms−1 in x direction. We set the fluid kinematic viscosity

ν = 10−6m2s−1 and density ρ = 1000kgm−3. Therefore, the corresponding Reynolds number is Re = vwL/ν = 0.0125.

When flow reaches steady state, the analytical solution of velocity with slip boundary conditions on the two walls is

vx(y) =
vw(y + blo)

L + bup + blo , (54)

where bup and blo are slip lengths specified on the upper and lower walls, respectively.

Fig. 4: Schematic of Couette flow with upper wall moving. Either upper or lower wall is with partial slip boundary condition.

Fig. 5(a) shows a comparison between the velocity profiles by SPH simulations and analytical solution in Eq. (54).

The lower static wall has a specified slip length while the upper moving wall has no-slip boundary condition. The

results of simulations represented by symbols fall on top of the corresponding individual analytical lines. The lines on

the far left represent extrapolations of the velocity into the boundary and their intercepts with the horizontal coordinate

indicate various slip lengths. It is apparent that simulation results are reliable for no slip, any partial slip, and free slip

boundary conditions. In addition, we perform convergence study on the particle resolution, as shown in Fig. 5(b). It

can be seen that simulations with as low as 10 particles across the channel is sufficient for the one directional flow.
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(a) Simulation results compared with analytical solutions at
steady state: different slip lengths b prescribed on the lower static
wall and no-slip on the upper moving wall. Absolute values of
y-intercept of the velocity profile indicate resulted slip lengths of
the simulations.

(b) Convergence study on ∆x for b = 0.5L and b = L in Fig. 5(a).

(c) Simulation results compared with analytical solutions at steady
state: different slip lengths b prescribed on the upper moving wall
and no-slip on the lower static wall.

(d) Simulation results compared with solutions of finite difference
method at transient states: lower static wall has slip length b = 0.1L
and upper moving wall has no slip boundary condition.

Fig. 5: Velocity profiles of SPH simulations with rc = 3.0∆x for Couette flow. Resolution ∆x = L/50 in Fig. 5(a), 5(c) and 5(d).

Furthermore, we switch to allow slip boundary on the upper moving wall while keep lower static wall with no-slip

boundary. Fig. 5(c) presents the agreement between simulation results and analytical solutions, where the upper wall

is specified with different slip lengths. The velocity gradient at the upper wall is inversely proportional to the slip

length. In the limit of infinite slip length, the fluid is not driven by the upper wall and remains stationary.

Finally, we validate SPH simulations by finite difference method (FDM) for time-dependent velocity profiles.

In this case, the lower static wall has a slip length of b = 0.1L, while the upper moving wall drives gradually the

fluid from rest to flow. Selective velocity profiles at different moments are shown in Fig. 5(d), where results of

SPH simulations have an excellent agreement with solutions of FDM. This indicates that the proposed approach is

competent for one directional time-dependent flows.

4.2. Poiseuille flow

We further consider a two-dimensional Poiseuille flow with a nonlinear velocity distribution as shown in Fig. 6.

The distance between the upper and lower walls is L = 10−3m. The lower wall at y = 0 and both walls remain still.

The fluid kinematic viscosity ν = 10−6m2s−1 and density ρ = 1000kgm−3. The flow is driven by a constant body
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force F = 10−4Nkg−1 in x direction. Therefore, for no-slip boundary conditions the maximum velocity of the flow

vmax = 1.25× 10−5ms−1, which define a Reynolds number as Re = vmaxL/ν = 0.0125. When the flow arrives at steady

state, the analytical solution of velocity with slip boundary conditions is as follows

vx(y) = −
F
2ν

y2 +
FH(2bup + L)

2ν(L + blo + bup)
y +

FbloH(2bup + L)
2ν(L + blo + bup)

. (55)

Fig. 6: Schematic of Poiseuille flow driven by a body force: either upper or lower wall has slip boundary condition.

Fig. 7(a) shows a comparison of the velocity profiles by SPH and the analytical solution in Eq. (55). Both lower

and upper walls have specified identical slip lengths. Initially, 50 particles are uniformly distributed across the channel.

The results of SPH simulations are in good agreement with analytical solutions. At fluid-solid interface the velocity

distribution is non-linear, therefore, the velocity gradient of the fluid at the interface is exploited to extrapolate the

velocity linearly into the interior of the solid. The magnitudes of y−intercepts represent the slip lengths from the

simulations, which are consistent with the specified ones. In addition, we perform a resolution study for two selected

slip lengths as shown in Fig. 7(b), where the velocity profiles of simulations with as low as 10 particles match the

analytical solutions. In another the case, we consider no slip boundary on the lower wall and different slip lengths on

the upper wall, results of which are shown in Fig. 7(c). Again the SPH results of velocity are consistent with analytical

solutions and the y-intercepts of the velocity profile into the wall reproduce the desired slip lengths. Moreover, we

also show the time-dependent velocity profiles in Fig. 7(d), where simulation results agree very well with solutions of

FDM at selective moments.

To examine the proposed approaches on disorder particle configurations, we pre-run a simulation with SDPD

method with rc = 3∆x so that the particles are redistributed by thermal fluctuations. Thereafter, we perform a SPH

simulation with the disordered particle configuration as initial condition. When flow reaches steady state, the new

simulation has significantly different particle configuration as the previous simulation with particles on square lattice

as initial condition, as shown in Fig. 8(a). The left snapshot shows configuration of particles started from square

lattice while the right snapshot presents configuration of particles initially disordered. Since a highly disordered

configuration of particles leads to magnified numerical errors in SPH summation, a larger cut-off radius of rc = 4.5∆x

is required to achieve accurate results as shown in Fig. 8(b). For this large cut-off, results are insensitive to ∆x as

shown in Fig. 8(c), where again as few as 10 particles across the channel is sufficient.

The proposed approaches work equally well at moderate Reynolds numbers, as shown in Fig. 9, for three selective
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(a) Simulation results compared with analytical solutions at steady
state: identical slip lengths b are specified on both walls. Abso-
lute values of y-intercept of the velocity profile indicate resulted slip
lengths of the simulations.

(b) Convergence study on ∆x for b = 0.1L and b = 0.2L in Fig. 7(a).

(c) Simulation results compared results compared with analytical so-
lutions at steady state: different slip lengths b specified on the upper
wall and no-slip on the lower wall. Absolution values of y-intercept
of the velocity profile indicate resulted slip lengths of the simulations.

(d) Simulation results compared with solutions of finite difference
method at transient states. Both walls have slip boundary condition
with identical slip with b = 0.1L.

Fig. 7: Velocity profiles of SPH simulations with rc = 3∆x for Poiseuille flow. Resolution ∆x = L/50 in Fig. 7(a), 7(c) and 7(d).

slip lengths.

4.3. Taylor-Couette flow

We have seen that the two approaches work well for planar interfaces. In the following, we start to consider a slip

length taking place at fluid-solid interface of non-planar geometry. The first example is the so-called Taylor-Couette

flow [57]. It consists of two cylinders of different radii R1 and R2, both of which rotate around the same axis with

angular velocities Ω1 and Ω2, as shown in Fig. 10(a). The fluid is filled between the two cylinders so that there is

a convex interface outside the inner wall and a concave interface inside the outer wall. The general solution for the

steady Taylor-Couette flow is known as

vθ(r) = Ar +
B
r
, (56)

with A and B as undetermined constants. We define slip boundary conditions at the two walls as followsvθ(R1) − R1Ω1 = bin dvθ
dθ ,

vθ(R2) − R2Ω2 = −bout dvθ
dθ ,

(57)
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(a) Particle configurations for Poiseuille flow at steady state: left one started from a square lattice versus
right one started from a disordered state. The color represents velocity magnitude with blue as 0 and red as
maximum. Both walls have slip length b = 0.1L.

(b) ∆x = L/40 (c) rc = 4.5∆x

Fig. 8: SPH simulation results of Poiseuille flow using disordered particles with identical slip length on both walls: b = 0.1L and 0.2L

where bin and bout are specified slip lengths at inner and outer walls, respectively. Combining Eq. (56) and Eq. (57),

we can solve for A and B as

A =

∣∣∣∣∣∣R1Ω1 1/R1 + bin/R2
1

R2Ω2 1/R2 − bout/R2
2

∣∣∣∣∣∣ /
∣∣∣∣∣∣ R1 − bin 1/R1 + bin/R2

2
R2 + bout 1/R2

2 − bout/R2
2

∣∣∣∣∣∣ , (58)

B =

∣∣∣∣∣∣ R1 − bin R1Ω1
R2 − bout R2Ω2

∣∣∣∣∣∣ /
∣∣∣∣∣∣ R1 − bin 1/R1 + bin/R2

2
R2 + bout 1/R2

2 − bout/R2
2

∣∣∣∣∣∣ . (59)

We take the inner wall with R1 = 10−3m and Ω1 = 0.01s−1 while the outer wall with R2 = 2 × 10−3m and

Ω2 = 0.02s−1. The former has a variable slip length at the interface, while the latter maintains a no-slip boundary

condition at the interface. Therefore, distance between the inner and outer walls is L = 10−3m. We arrange uniformly

50 SPH particles, that is ∆x = L/50 = 2 × 10−5m, across the channel. The density of the fluid is taken as ρ =
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(a) Re = 1 (b) Re = 10

Fig. 9: SPH simulation results for Poiseuille flow with Re = 1 and Re = 10 with particles initially on square lattice: rc = 3∆x and ∆x = L/40.

1000kgm−3 and kinematic viscosity ν = 10−6m2s−1. For no-slip boundary conditions at both walls, the maximum

velocity vmax = ΩR2 = 4 × 10−5ms−1, which defines a Reynolds number Re = Lvmax/ν = 0.04. Fig. 10(b) shows a

typical velocity distribution for such flow, where for example a slip length bin = 0.1L is specified on the inner wall.

Therefore, there is a slip velocity at the outer surface of the inner wall and the velocity extrapolates to be zero at a

distance of b into the inner wall in this example.

(a) Configuration of different radii. (b) Velocity field.

Fig. 10: Schematic of Taylor-Couette flow with R1 = 10−3m, R2 = 2 × 10−3m and L = R2 − R1 = 10−3m. Slip length b = L/10 at inner wall and
no slip at outer wall.

For a quantitative evaluation, we specify a slip length of b = 0.2L on the inner wall and no-slip on the outer

wall, and construct a set of solutions by FDM as reference given in Appendix C. We present transient SPH results

in comparison with the reference in Fig. 11(a), where the nonlinear velocity profiles between non-planar interfaces

are well captured and the two sets of results follow each other closely. Moreover, we aim to observe the effects of

different slip lengths on the accuracy. Therefore, we perform SPH simulations with different slip lengths at the inner

wall and correspondingly, construct reference solutions by FDM. We select velocity profiles at time of t = 0.1s to

show in Fig. 11(b), where the two sets of results remain consistent overall. Results of SPH and FDM agree with each

other at other time instants, we omit them to avoid redundancy.
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(a) Transient results at different time with slip length b = 0.2L on the
inner wall and no-slip on the outer wall.

(b) Transient results at t = 0.1s with different slip lengths on the
inner wall and no-slip on the outer wall.

Fig. 11: Velocity profiles of SPH simulations for Taylor-Couette flow.

Furthermore, we perform convergence study on the particle resolution. We present results at two selective time

instants t = 0.1s and 1.0s in Fig. 12. On Fig. 12(a), we present show results for a slip length b = 0.1L at the inner wall

and no-slip on the outer wall, while on Fig. 12(b) results for identical slip length b = L at both inner and outer walls.

The results indicate that with resolution as low as ∆x = L/10, that is 10 particles across the channel, a slip boundary

condition is well described.

(a) Slip length b = 0.1L on the inner wall and no
slip on the outer wall

(b) Identical slip lengths of b = L on both inner
wall the outer wall

Fig. 12: Convergence study on ∆x with rc = 3∆x for Taylor-Couette flow: two selective time instants at t = 0.1s and t = 1.0s.

There is another way to perform the resolution study, that is, increasing the curvature or reducing the radii of

the walls. Here, we reduce inner radius to be 5 times smaller and keep the distance of the two walls the same, that

is, R1 = 2 × 10−4m and R2 = 1.2 × 10−3m. The outer wall with an angular velocity of Ω = 1.04 × 10−2 has no slip

boundary condition while the inner wall remains still and may have various slip lengths. We compare velocity profiles

of SPH simulations at steady states with analytical solutions in Eq. (56) for various slip lengths, as shown in Fig. 13.

We observe that the SPH results with 5 times more particles, being consistent with increasing inner curvature 5 times,

agree well with analytical solutions. The dashed lines of velocity extend into the inner wall and their intersections
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with the horizontal axis represent the slip lengths.

Fig. 13: Velocity profiles of SPH simulations for Taylor-Couette flow at steady states: different slip lengths b on the inner wall and no-slip on the
outer wall. The inner wall remains still and the outer wall rotates with angular velocity 1.04 × 10−2s−1. R1 = 0.2 × 10−3m, R2 = 1.2 × 10−3m and
channel width L = 10−3m; ∆x = L/50 and rc = 3.0∆x.

4.4. Dean flow

We introduce an azimuthal pressure gradient in Taylor-Couette flow and this is so called Dean flow [58]. In our

simulations, we let both the inner and outer walls remain stationary with various identical slip lengths. To imitate

pressure gradient, an azimuthal body force Fθ is applied everywhere to drive the flow. The general solution for the

steady Dean flow is

vθ = Ar +
B
r
−

Fθ

3ν
r2, (60)

which recovers Eq. (56) without body force. When the same slip boundary conditions as Eq. (57) with Ω1 = Ω2 = 0

are specified, we can solver for the coefficients A and B as:

A =
Fθ

3ν
(2a − R1)(R2 − b)R3

1 + (2b + R2)(R1 + a)R3
2

R2
1(a − R1)(R2 − b) + R2

2(b + R2)(R1 + a)
,

B = −
Fθ

3ν
(2a − R1)R3

1

R1 + a
+ A2

R2
1(a − R1)
R1 + a

. (61)

The density of the fluid is taken as ρ = 1000kgm−3 and kinematic viscosity ν = 10−6m2s−1. The radii of the inner

and outer walls are R1 = 2 × 10−4m and R2 = 1.2 × 10−3m, respectively. The body force is Fθ = 10−4Nkg−1 along

the tangential direction everywhere. Fig. 14(a) shows the velocity field for b = 2 × 10−4m, where the color ranges

from minimum in blue inside the boundary to maximum in red. A quantitative comparison for different slip lengths

is shown in Fig. 14(b), where velocity profiles of SPH simulations agree well with analytical solutions. In particular,

for free slip boundary condition when the viscous effects are neglected on the interfaces, results of SPH simulations

converge as the resolution increases.
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(a) Velocity field for slip length b = 2 × 10−4m. (b) Velocity profiles for different slip lengths.

Fig. 14: Velocity of SPH simulations for Dean flow. R1 = 2 × 10−4m,R2 = 1.2 × 10−3m and L = 10−3m. Various identical slip lengths b are
specified on both inner and outer walls.

4.5. Flow through cylinders

To examine the slip boundary condition in a more complex flow, we consider a flow through a periodic lattice of

cylinders. The configuration is taken from Morris et al. [45], where a cylinder of radius R = 2 × 10−2m is placed in

a periodic box of size L × L = 0.1m × 0.1m, and the flow is driven by a body force of F = 1.5 × 10−7Nkg−1. The

density of the fluid is ρ = 1000kgm−3 and kinematic viscosity ν = 10−6m2s−1. With no slip boundary condition, the

velocity of the flow is on the scale of v = 5 × 10−5ms−1, which defines a Reynolds number Re = vL/ν = 1.

The flow starts at rest and becomes steady state driven by the body force in x direction. To capture free slip (b � 0)

fluid behavior, we adopt a SPH resolution of ∆x = R/40 = 5×10−4m. To validate SPH simulations, we also construct

corresponding solutions by finite volume method (FVM) for incompressible flows at steady states. In particular, we

consider velocity profiles across two particular cross section: path 1 is a line along y direction and passes through the

center of the cylinder; path 2 is another line along y direction that is furthest away from the cylinder. The velocity

profiles for path 1 and 2 with different slip lengths on the surface of the cylinder are shown in Fig. 15. Overall, the

SPH results are in close agreement with those of FVM. When the slip length b = 0, the results also are consistent with

Morris et al.’s results [45].

We also perform simulations with lower SPH resolution at ∆x = R/20, and show the results in Fig. 16. We observe

that when the slip length is small (b ≤ 0.5R), a low resolution is sufficient; when the slip length is substantial (b ≥ 5R),

a high resolution is necessary.

Furthermore, in Fig. 17 we compare flow field and streamlines between results of SPH and FVM, where slip

length b = 0.5R on the solid surface. The SPH results are obtained by interpolation of particles onto a Cartesian grid

using kernel functions. We observe that results of SPH simulations agree well with those of FVM.

Finally, we calculate drag coefficients for the cylinder with different radius and with different slip lengths on the
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(a) Path 1 (b) Path 2

Fig. 15: Velocity profiles with slip boundary condition on the surface of cylinder: SPH with rc = 3∆x and ∆x = R/40 versus FVM.

(a) Path 1 (b) Path 2

Fig. 16: Convergence study on SPH particle resolution with rc = 3∆x.

(a) SPH (b) FVM

Fig. 17: Velocity field and streamlines for flow around cylinder: comparison between SPH with FVM for slip length b = 0.5R on the solid surface.
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Fig. 18: Drag coefficients of flow around cylinder by SPH simulations. Concentration C = πR2/L2. For the no-slip boundary condition, the
reference is the dilute theory. As the slip length increases, the drag coefficient decreases. For the free-slip boundary condition, the reference is
taken from FVM simulations.

surface. The drag coefficient is defined as

λ =
F
ρνV

, (62)

where F is the drag on the cylinder, V is a far-field velocity. In Fig. 18, we present the drag coefficients at different

slip lengths for radii of R = 1 × 10−2m, 2 × 10−2m, and 3 × 10−2m, respectively, corresponding to different solid

concentrations of C = πR2/L2 in the horizontal axis. For the results of no-slip boundary condition, we refer to previous

work [40, 59]. We observe that the SPH results coincide with the dilute theory for no slip boundary condition. As

the slip length increases, the drag coefficient decreases and converges to specific values. For the free-slip boundary

conditions, we take the results of FVM simulations as reference and they coincide with those of SPH simulations.

4.6. Flow through channels described by semi-circle and trigonometric functions

Flow in channel with curvy boundaries is very common. Without loss of generality, we first simulate flow in a

channel, axis of which is described by semi-circles connected in reverse directions, as depicted in Fig 19(a). Therefore,

a periodic boundary condition may be applied in the direction of the flow where a period of full circle ends. The inner

radius formed by one wall is R1 = 1.5 × 10−3m and outer radius defined by the other wall is R2 = 2.5 × 10−3m.

Therefore, the corresponding width of the channel is always L = 1 × 10−3m. The particle resolution is taken as

∆x = L/50, which leads to 50 particles across the channel. The density of the fluid is taken as ρ = 1000kgm−3

and kinematic viscosity ν = 10−6m2s−1. A body force F = 10−4Nkg−1 tangential to the direction of the channel is

applied everywhere to drive the flow. A particular cross section in the channel may be referred to by the angle θ in a

cylindrical coordinate, center of which coincides with the center of the curvature of the inner wall.

Fig. 19(b) shows a snapshot of the velocity field as an example of an identical slip length b = 0.1L on both

walls. Here blue color represents the static boundary with v = 0, and red color indicates the maximum velocity of

v = 1.75 × 10−5ms−1 in the middle of the channel. The velocity distribution is very similar to the Poiseuille flow or

Dean flow mentioned earlier. There are apparent slips for the velocity near the fluid-solid interfaces. Furthermore, we
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consider various slip lengths on both walls and compare SPH results with those of FDM. The procedure for the FDM

solution is given in Appendix D. In particular, we select two representative cross sections at θ = 0 and θ = π for the

comparison. The results of SPH simulations coincide with those of FDM, as shown in Fig. 20 for four slip lengths.

We emphasize that results of this flow are different from that of Dean flow, as the velocity profiles are asymmetrical

due to the reverse connections of semi-circular channels. We note that the delicate asymmetry of the flow profiles is

well captured by the SPH simulations.

(a) Schematic of a semi-circular channel. (b) Velocity magnitude for identical slip length b = 0.1L on both walls.

Fig. 19: Periodic flow through a channel of semi-circular shape: R1 = 1.5 × 10−3m, R2 = 2.5 × 10−3m and the distance between the two walls
L = 10−3m. The flow is driven by a body force tangential to the direction of the channel.

Next, we construct a channel described by a trigonometric function, as shown in Fig. 21(a). The center-line of

the channel is described a cosine function with amplitude A = 1 × 10−3m and period T = 6 × 10−3m. The width

of the channel is L = 1 × 10−3m. The fluid’s properties, and the body force are the same as the previous case of a

semi-circular channel. Fig. 21(b) presents a snapshot of the velocity magnitude as an example of identical slip length

b = 0.1L on both walls. We further consider other slip lengths on the walls and present results from both the fluid-

particle-centric (FPC) and boundary-particle-centric (BPC) methods in Fig. 22. In particular, we consider the velocity

profiles at the cross section of θ = 2π as indicated in Fig. 21(a). The linear extrapolations of the velocity profiles into

the wall define the slip lengths of the simulations. Overall the results from the FPC and BPC methods follow each

other very closely, which give us the confidence of their accuracy.

The slip boundaries enhance the flow volume rate significantly, as shown in Fig. 23, for the time-dependent

channel flows. For the semi-circular channels, the SPH results are in agreement with those of FDM. For channels

described by a cosine function, results of the FPC and BPC methods overlap each other, and therefore, we only

present the latter.

4.7. Flow through channels of arbitrary geometry

We further consider a flow through channels of arbitrary geometry. The frame of the geometry is drawn by a brush

in an ordinary paint software, as shown in Fig. 24, where three letters of ”ZJU” are written and deliberately connected

periodically in x direction. In addition, we inlaid arbitrarily five ”Seeking Truth Eagles”, which are the emblem of the

University, and two hearts in the channel. The size of the entire rectangular box is Bx×By = 0.02m×0.01m. The width

of the channel is set universally as L = 10−3m, and the particle resolution is ∆x = L/50 = 2 × 10−5m, corresponding

to a total of 230769 SPH particles. The density and kinematic viscosity of the fluid are set to ρ = 103kgm−3 and

ν = 10−6m2s−1, and a constant body force F = 8 × 10−3Nkg−1 is applied to the entire fluid in x direction. If there are
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(a) no-slip. (b) b = 2 × 10−5m.

(c) b = 1 × 10−4m. (d) b = 2 × 10−4m.

Fig. 20: Velocity profiles of SPH simulations for flows in a channel of semi-circular shape: two cross sections at θ = 0 and π/2 are selected. Both
walls have identical slip lengths. The results of FDM are taken as reference. SPH adopts 50 particles across the channel while FDM also employs
50 grid points across the same distance. Half of the data are shown for clarity.

(a) Schematic of a channel described by a cosine
function.

(b) Velocity magnitude for identical slip length b = 0.1L on both walls.

Fig. 21: Periodic flow through a channel described by a cosine function. The flow is driven by a body force tangential to the direction of the
channel.

no slip boundary conditions on the walls, the characteristic velocity of the flow field is about v = 10−4ms−1 and the

corresponding Reynolds number is Re = vL/ν = 0.1.

The results of SPH simulations for various slip lengths are shown in Fig. 25. If we compare the velocity distri-

bution of the flow field under different slip lengths, the overall flow field is obviously elevated for a larger slip length

on the walls. The velocity distribution is different from those in the previous examples due to the complexity of the
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Fig. 22: Velocity profiles of SPH simulations for flows in a channel described by a cosine function. Both walls have identical slip lengths. A cross
section as drawn on Fig. 21(a) is considered. The hollow symbols are from the fluid-particle-centric method while the solid symbols are from the
boundary-particle-centric method.

(a) Channels of semi-circular shape. (b) Channels described by a cosine function.

Fig. 23: Flow volume rate for the flows in a curvy channel.

Fig. 24: Schematic of a flow through channels of arbitrary geometry. Periodic boundary conditions are applied in x-direction. The yellow particles
represent the wall and the blue ones represent the fluid. A constant body force is applied to the fluid in the x direction.

channel and also the fact that the body force is in x-direction, not necessarily along the channel. Nevertheless, as long

as some part of the channel is along x-direction, its local velocity distribution is generally consistent with that of the
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(a) no-slip. (b) b = 0.2L.

(c) b = 0.5L. (d) b = L.

Fig. 25: Velocity magnitude for different slip lengths on the wall. Colour bars are set to be [0, 5 × 10−4ms−1].

Poiseuille flow. The results from FPC and BPC methods are almost identical, therefore we present only the latter.

4.8. Dynamics of an ellipsoid in Hagen-Poiseuille flow

So far we have considered complex flows inside static solid boundaries. We further examine the methods for a

moving boundary. This is represented by the dynamics of a three-dimensional ellipsoid in Hagen-Poiseuille flow,

which is sketched in Fig. 26(a). The flow inside the tube is driven by a body force in y-direction and has periodic

boundary conditions in the same direction. A neutrally buoyant ellipsoid particle is initially placed inside the tube

with its center at the axis of the tube. We consider a special case for the three semi-axes as ae > be = ce, therefore the

ellipsoid is a prolate. A cross section of the prolate in y-z plane presents an ellipse, as shown in 26(b), where the long

axis ae defines an angel θ along y direction.

(a) An ellipsoid in a tube. (b) A cross section in y-z plane passing the center of the ellipsoid.

Fig. 26: Schematic and configuration for an ellipsoid in Hagen-Poiseuille flow

In following simulations, we specify the long axis of the ellipsoid as 2ae = 10−4m and the axis ratio as ae : be :
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ce = 2 : 1 : 1. We consider two cases for the radius of the tube as R = 1.5ae and 3ae, and tube length as L = 5R

so that periodic effects are negligible. The density and kinematic viscosity are ρ = 103kgm−3 and ν = 10−6m2s−1,

respectively. In a Hagen-Poiseuille flow without the ellipsoid, if the body force F = 4νUc/R2, the maximum velocity

of the flow at steady state is Uc = 10−3ms−1, which defines a Reynolds number as Re = 2aeUc/ν = 0.1. We adopt a

SPH resolution of ∆x = ae/20 and rc = 3∆x.

(a) R/ae = 1.5 (b) R/ae = 3

Fig. 27: Distinct velocity for an ellipsoid in Hagen-Poiseuille flow with different tube radius.

Due to hydrodynamic interactions between the ellipsoid and the tube wall, the ellipsoid has different translating

velocity from the flow. In particular, a distinct velocity1 can be defined as Ud = Ue − Uc, where Ue is the velocity

component of the ellipsoid in y-direction. For a typical no-slip boundary on both the ellipsoid and the wall, the

distinct velocity is always negative and has a larger magnitude as the tilt angle θ increases. We present SPH results

for two different tube radii in Fig. 27, where they agree well with those of Chwang et al. [60] for no-slip boundary

conditions. If a slip boundary takes place on the ellipsoid, its velocity increases significantly. For slip length b > ae

on the ellipsoid surface, it moves even faster than the maximum flow velocity when θ < π/4, as shown in Fig. 27.

4.9. Couette flow at mesoscale with thermal fluctuations

We further consider mesoscopic flows, where thermal fluctuations are present. These can be simulated by SDPD

method. Given a 3D cubic box with length L = 10−5m and the mass density of fluid ρ = 103kgm−3, the total mass

M = L3ρ = 10−12kg; the kinematic viscosity of the fluid ν = 10−6m2s−1. There are two walls in y direction: the

upper wall with no-slip boundary moves with vup = 0.01ms−1, which defines a Reynolds number Re = vupL/ν = 0.1;

the lower wall with various slip lengths remains still. The temperature T = 293.15K and the Boltzmann constant

kB = 1.38 × 10−23m2kgs−2K−1.

To avoid round-off errors due to small physical quantities such as kB, we adopt non-dimensional numbers for

mesoscopic simulations. In particular, length, energy and mass are taken to be unity, that is, L∗ = 1, (kBT )∗ = 1 and

1It is called slip velocity in other references. Since slip velocity relates to boundary condition here, we rename it as distinct velocity.
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M∗ = 1. Therefore, density ρ∗ = 1, kinematic viscosity ν∗ = ν/(kBT L2/M)1/2 = 1572.2, and time t∗ is in units of

(M(L)2/(KBT ))1/2. In the following, we omit the ∗ for simplicity.

We present averaged velocity profiles of SDPD simulations with different slip lengths on the lower wall for two

temperatures in Fig. 28. The error bars indicate standard deviation of 100 steady-state moments. There are 20 particles

across the channel, which are sufficient to reproduce the analytical solutions.

(a) T = 293.13K (b) T = 313.13K

Fig. 28: Averaged velocity profiles of SDPD simulations for Couette flow at mesoscale.

We may define directional temperature as the averaged kinetic energy due to random motions of particles as

follows,

kBTx = < m(vx − vbg
x )2 >, (63)

kBTy = < mv2
y >, (64)

kBTz = < mv2
z >, (65)

where vbg = (vbg
x , 0, 0) is the linear profile of the background velocity for Couette flow. We present temperature and

density of SDPD simulations across the channel with no-slip and slip boundary conditions in Fig. 29, where there is

no numerical artifact from the algorithms for the boundary condition.

(a) No-slip on both walls. (b) Slip length b = 0.2L on lower wall and no-slip on
upper wall.

Fig. 29: Temperature and average density profiles of SDPD simulations for Couette flow at mesoscale.
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4.10. Brownian sphere

We simulate the random motion of a neutral buoyant sphere in a solvent. We set the radius of the sphere R, fluid

density ρ, and temperature kBT to be unity. The kinematic viscosity ν = 15. We adopt a cubic box with length L = 15R

and apply periodic boundary conditions in all three directions. We employ three different resolutions ∆x = R/5 = 0.2,

R/8 = 0.125 and R/10 = 0.1 to verify convergence of the results. The velocity scale is vt =
√

3kBT/m and the sound

speed is taken as c = 20vt. To obtain a smooth statistical average, we perform 20 simulations using different random

seeds. The probability distribution functions (PDF) of the sphere’s velocity with different slip lengths are shown in

Fig. 30. The velocity PDF of the sphere is not altered by a slip boundary on its surface and remains the same as for

the case of a no-slip surface. They both follow the Maxwell-Boltzmann distribution as

P(v) =

√
m

2πkBT
exp(

−mv2

2kBT
). (66)

However, the mobility of the sphere depends strongly on the boundary condition of its surface. According to Stokes’

law, the mobility of a sphere in an incompressible fluid at steady state is [61]

µ =
1

6πρνR
1 + 3ρν/κR
1 + 2ρν/κR

=
1

6πρνR
1 + 3bR
1 + 2bR

. (67)

Further combining with Einstein’s relation, we obtain

Dt = µkBT =
kBT

6πρνR
1 + 3bR
1 + 2bR

, (68)

where Dt is the translational diffusion coefficient of the Brownian sphere. Practically we can verify the diffusion

coefficient by measuring the mean square displacement (MSD) of the sphere for two different slip lengths, as shown

in Fig. 31. The SDPD results are in agreement with the theoretical solutions within statistical uncertainties, where the

mobility of the Brownian sphere is enhanced by a slip boundary condition.

(a) b = 0 (b) b = 0.5R

Fig. 30: Probability distribution function for the velocity of sphere.

Similarly, the rotational diffusion coefficient of the sphere with the no-slip boundary condition is

Dr =
kBT

8πρνR3 . (69)

In Fig. 32, we can observe that 8 and 10 particles across the sphere radius lead to a negligible difference in the

rotational motion of the sphere and a slip boundary also enhances the rotational mobility of the sphere.
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(a) b = 0 (b) b = 0.5R

Fig. 31: Translational mean square displacement of a sphere: the slope represents the diffusion coefficient and shadows indicate standard deviations
of 20 simulations. The inset shows the transition from ballistic to diffusive regime in logarithmic-logarithmic scale.

(a) b = 0 (b) b = 0.5R

Fig. 32: Rotational mean square displacement of a sphere with slip length: resolution study.

4.11. Dynamics of an elliptical cylinder in microvessels of arbitrary geometry

Finally, we simulate dynamics of an elliptical cylinder in an artificial network of microvessels, as sketched in

Fig. 33. To facilitate comparison of SPH and SDPD simulations, we employ dimensionless units in both methods.

The size of the rectangular simulation domain is 2 × 1, the width of the channel L varies from 0.08 to 0.16, and the

particle resolution ∆x = 2×10−3. We set density ρ∗ = 1, kinematic viscosity ν∗ = 1572.2, and temperature (kBT )∗ = 1.

The semi-major and semi-minor axes of the ellipse are ae = 2be = 0.02. A body force F = 1.98 × 1010 is applied

in x direction. For a no-slip boundary on the wall, the maximum velocity of the flow is around v = 15722, and the

corresponding Reynolds number is about Re = 1.

We present six snapshots at the same selective moment of t = 0.225 of SPH simulations for various boundary

conditions in Fig. 34. The color map indicates the velocity magnitude of the flow and its maximum and minimum

values are set to be 22800 and 0, respectively. We apply different slip lengths to the surfaces of the elliptical particle

and wall, represented by be and bw, respectively. Among Figs. 34(a), 34(b), 34(c), and 34(d), we impose no-slip

boundary on the vessel walls, but various slip lengths on the surface of the ellipse. Although there are similar flow

fields among these four cases, the mobility of the ellipse is significantly different due to its distinct surface properties.
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Fig. 33: Schematic of an elliptical cylinder in microvessels of arbitrary geometry at the initial moment. The yellow, blue and purple particles
represent the wall, fluid and elliptical cylinder, respectively. A constant body force is applied to the fluid in the x direction. Periodic boundary
conditions are applied in x-direction. Position A is a branching point for the trajectory of the elliptical cylinder.

In particular, the ellipse with slip length of be = ae on its surface almost arrives at the outlet while the one with no-slip

surface of be = 0 still tumbles around halfway. Moreover, due to possibility of branching, the slip length on the

surface of the ellipse may also alter its trajectory completely. For example, the ellipse has different orientations for

be < 0.5ae and be ≥ 0.5ae at the branching position A, as shown in Fig. 35, therefore, this lead to different trajectories

at downstream. When there is slip at the wall, the flow field is enhanced, as shown in Figs. 34(e) and 34(f). Both the

velocity and trajectory of the ellipse may be altered as compared to the case of no-slip at interfaces in Fig. 34(a).

We further switch on the thermal fluctuations of the fluid in the same microvessels, and results of SDPD are

presented in Fig. 36. Compared with results of SPH in Figs. 34(b) and 34(c) for the same slip lengths, the Brownian

motion of the ellipse induces more diffusive trajectories and therefore, leads to shorter distances traveled along the

channel.

5. Conclusions

In this work, we propose two algorithms to achieve an arbitrary slip length at fluid-solid interface of an arbitrary

geometry in SPH and SDPD simulations: fluid-particle-centric method (FPC) and boundary-particle-centric (BPC)

method. The two algorithms concern the calculations of pairwise dissipative force and random force between fluid

particles and boundary particles near the interface. The FPC method treats a fluid particle as center and further deter-

mines an intersection point on the surface, where the desired slip length/velocity is prescribed. Thereafter, artificial

velocities for the interacting boundary particles are calculated. The BPC method takes a boundary particle as cen-

ter and further determines an intersection point on the surface, where the desired slip length/velocity is specified.

Correspondingly, a virtual particle with average position/velocity from the interacting fluid particles is created and

thereafter an artificial velocity for the boundary particle is calculated. The FPC method recovers the work of Morris

et al. [45] for a no-slip boundary condition at static interfaces of simple geometry. It is accurate, but requires frequent
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(a) be = 0, bw = 0 (b) be = 0.2ae, bw = 0

(c) be = 0.5ae, bw = 0 (d) be = ae, bw = 0

(e) be = 0, bw = 0.2L (f) be = 0.2ae, bw = 0.2L

Fig. 34: Snapshots of an ellipse in microvessels at the same moment t = 0.225 using SPH method: be and bw represent the slip lengths of ellipse
and wall, respectively. The black lines indicate the trajectories of the ellipse.

(a) X (b) cosθ

Fig. 35: Dynamics of the elliptical cylinder in microvessels with different slip lengths at interfaces. Left: the distance travelled in the x-direction
by the center of mass of the elliptical cylinder as function of time. Right: cosine of the angle for the semi-major axis with respect to x-direction, as
a function of time. At the initial moment, X = 0.035 and the semi-major axis points to y-direction. The branching position A is X = 0.66, and the
time at which the elliptical cylinder first passes ranges from t = 0.6 to 0.09 approximately.

calculations for distances of fluid particles from the interface. It is an effortless task for interface of plane and other

simple geometries such as sphere, but becomes tedious and costly for a complex geometry. The BPC method resem-

bles the work of Adami et al. [45] for a no-slip boundary condition. By taking an average effects of the neighboring

fluid particles around the boundary particle, this method appears to be less accurate than the former. However, the
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(a) be = 0.2ae, bw = 0 (b) be = 0.5ae, bw = 0

Fig. 36: The snapshot of an ellipse in the blood vessel at the same moment t = 0.225 using SDPD method

BPC method only involves SPH interpolations and is readily accomplished even for complex geometry. After apply-

ing both algorithms in a series of flow problems in channels of various geometries, the BPC method has negligible

errors in comparison with analytical solutions, references of finite difference/volume methods, and results of FPC

method.
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Appendix A. Boundary volume fraction method

For an arbitrarily shaped solid object, the distance d of a fluid/boundary particle to the interface can be calculated

by exploiting the normalization properties of the SPH kernel [55, 56]. In this approach, a boundary volume fraction

(BVF) [56] is defined as

φi =
1
σi

∑
j

W(r − r′, h). (A.1)

where i, j represent a centric particle and a neighboring boundary particle, and σi is the number density of the centric

particle defined in Eq. (12). For both theoretical and computational convenience, we may adopt a Gaussian function

as the kernel

W(r − r′, h) = CD
1

hD e−
(r−r′ )2

h2 (A.2)

where CD = 1
πD/2 is the normalization coefficient. When the interface is flat or its radius of curvature is much larger

than rc, we can calculate φ by

φi = ϕ(d) =

∫ +∞

−∞

∫ +∞

d
W(ri j, h)dxdy =

1
2

erfc(
d
h

). (A.3)

Here, erfc( d
h ) is the complementary error function defined as

erfc(z) =
2
√
π

∫ +∞

z
e−t2

dt. (A.4)

Furthermore, we can obtain an approximate expression for erfc(z) [62]

erfc(z) ≈ 1 − sgn(z)

√
1 − exp

(
−z2 4/π + az2

1 + az2

)
, (A.5)

and its inverse function

erfc−1(z) ≈ sgn(1 − z)

√√
(

2
aπ

+
ln z(2 − z)

2
)2 −

ln z(2 − z)
a

− (
2

aπ
+

ln z(2 − z)
2

). (A.6)

Here, constant a = 0.147. In Eq. (A.3), φi = 0 when the distance from a particle i to the interface is larger than rc;

φi = 0.5 when the particle is on the interface. Given a particle configuration, we calculate φi by SPH interpolation in

Eq. (A.1), and then employ the inverse function of Eq. (A.3) to calculate the distance of particle i to the interface, i.e.

d/h = ϕ−1(φi) ≈ erfc−1(2φi). (A.7)
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Fig. A.37: Relation between the boundary volume fraction φ and d/h. We calculate φ of a particle by Eq. (A.1) and then the distance from the
particle to the interface by Eq. (A.7). For a fluid particle, the value of φ ranges from 0 − 0.5, and d/h calculated by Eq. (A.7) is positive; for a
boundary particle, the value of φ ranges from 0.5 − 1, so d/h is negative.

Fig. (A.37) shows the relationship between d/h and φi. Since the smooth length h is constant in the whole simulation,

d only depends on the value of φi. In three dimensions, we follow the same idea and obtain

φi = ϕ(d) =

∫ +∞

d

∫ +∞

0
2πW(ri j, h)rdrdz =

1
2

erfc(
d
h

), (A.8)

which has the same expression as in two dimensions. Therefore, the distance d is still calculated by Eqs. (A.6) and

(A.7).

Appendix B. Rigid body dynamics

Translation and rotation of a rigid body can be described by the classical Newton’s equation and Euler’s equation

as

MU̇ = F

I · Ω̇ + Ω × [I ·Ω] = T (B.1)

where U, Ω are translational and angular velocities for the center of mass, respectively. M is the total mass and I is

the inertial tensor. F and T represent the total force and torque exerted on the rigid body, respectively. As a rigid body

is composed of particles in SPD simulations, the translations of particles can be calculated directly. For the rations,

we adopt a unit quaternion [63]

q = {q0, q1, q2, q3} (B.2)

with
∑

i qi = 1. The quaternion can represent the rotation matrix A(q) from a space-fixed (r) to a body-fixed ( r′)

coordinate

r′ = A(q)r

r = A(q)T r′ (B.3)
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where

A(q) =

q
2
0 + q2

1 − q2 − q2
3 2(q1q2 + q0q3) 2(q1q3 − q0q2)

2(q1q2 − q0q3) q2
0 − q2

1 + q2
2 − q2

3 2(q2q3 + q0q1)
2(q1q3 + q0q2) 2(q2q3 − q0q1) q2

0 − q2
1 − q2

2 + q2
3

 (B.4)

Here, the four components of the unit quaternion are

q0 = cos(
θ

2
)cos(

φ + ψ

2
)

q1 = sin(
θ

2
)cos(

φ − ψ

2
)

q2 = sin(
θ

2
)sin(

φ − ψ

2
)

q3 = cos(
θ

2
)sin(

φ + ψ

2
) (B.5)

where (φ, θ, ψ) are three Euler angles. Therefore, Eq. (B.5) represents the relationship between the unit quaternion and

Euler angles. In the body-fixed coordinate the rigid body is first rotated φ about the z-axis, then θ about the x′-axis,

and finally ψ about the z′-axis.

In the body-fixed coordinate, the motion of quaternion and rotation are as follow
q̇0
q̇1
q̇2
q̇3
q̇4

 =


q0 −q1 −q2 −q3
q1 q0 −q3 q2
q2 q3 q0 −q1
q3 −q2 q1 q0




0
Ωx

Ωy

Ωz


Ω̇x =

Tx

Ixx
+

Iyy − Izz

Ixx
ΩyΩz

Ω̇y =
Ty

Iyy
+

Izz − Ixx

Iyy
ΩzΩx

Ω̇z =
Tz

Izz
+

Ixx − Iyy

Izz
ΩxΩy (B.6)

Here, Ixx, Iyy, Izz are the diagonal elements of the rigid inertia. Ωx, Ωy, Ωz and Tx, Ty, Tz are the components of

angular velocity and torques in the body-fixed coordinate.

At each time step, the force and torque on the rigid body are accumulated by the force and torque of each boundary

particle constituting the solid. Afterwards, the physical quantities of the center of mass is updated first, and then the

boundary particles are updated via the quaternion.

Appendix C. Navier-Stokes equations for the transient Taylor-Couette flow

Taylor-Couette flow consists of two cylinders of different radii R1 and R2, both of which rotate around the same

axis with angular velocities Ω1 and Ω2. The NS equation for transient Taylor-Couette flow in cylindrical coordinates

is

∂vθ
∂t

= ν(
∂2vθ
∂r2 +

1
r
∂vθ
∂r
−

vθ
r2 ) (C.1)
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where vθ is the velocity component in θ direction. We define slip boundary conditions as follows

vθ − R1Ω1 = bin ∂vθ
∂θ

,

vθ − R2Ω2 = −bout ∂vθ
∂θ

. (C.2)

In FDM, we solve Eq. (C.1) with second-order discrete accuracy in space using a distribution of N = 201 spatial

points. We employ vt
θ,i to denote the velocity of the discrete points at time t, where the index i represents the label of

the points in the r direction. Then the discrete form is as follows

vt+1
θ,i = vt

θ,i + ∆tν(
vt
θ,i+1 − 2vt

θ,i + vt
θ,i−1

∆x2 +
1
r

vt
θ,i+1 + vt

θ,i−1

2∆x
−

vt
θ,i

r2 ), (C.3)

where 1 < i < N. The discrete boundary conditions are

vθ,i=1 =
2rΩ1∆x + (4vθ,i=2 − vθ,i=3)bin

2∆x + 3bin ,

vθ,i=N =
2rΩ2∆x + (4vθ,i=N−1 − vθ,i=N−2)bout

2∆x + 3bout . (C.4)

Appendix D. Navier-Stokes equations for the transient semi-circle channel flow

For the transient flow through channels described by semi-circle functions, we adopt the following NS equation

in cylindrical coordinates:

∂vθ
∂t

+ vr
∂vθ
∂r

+
vθ
r

(
∂vθ
∂θ

+ vr) = Fθ + ν(
∂2vθ
∂r2 +

1
r2

∂2vθ
∂θ2 +

1
r
∂vθ
∂r

+
2
r2

∂vr

∂θ
−

vθ
r2 )

∂vr

∂t
+ vr

∂vr

∂r
+

vθ
r

(
∂vr

∂θ
− vθ) = ν(

∂2vr

∂r2 +
1
r2

∂2vr

∂θ2 +
1
r
∂vr

∂r
−

2
r2

∂vθ
∂θ
−

vr

r2 ) (D.1)

where Fθ denotes the body force parallel to the θ direction. Let R1 and R2 denote the inner radius and outer radius of

the wall. Then we define slip boundary conditions and impermeable conditions as follows

vθ = b
∂vθ
∂θ

, r = R1

vθ = −b
∂vθ
∂θ

, r = R2

vr = 0, r = R1,R2 (D.2)

where b represents the slip length on the wall. The inlet and outlet boundary conditions and periodic boundary

conditions are as follow

vθ(r) = vθ(R1 + R2 − r), θ = 0

vr(r) = vr(R1 + R2 − r), θ = 0

vθ(θ = π) = vθ(θ = 0)

vr(θ = π) = vr(θ = 0) (D.3)
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In FDM, we take Nr = 51 and Nθ = 301 points in the r and θ directions, respectively. We employ vt
θ,i, j and vt

r,i, j to

denote the velocity of the discrete points at time t, where the index i, j represent the labels of the points in the r and θ

directions, respectively. We adopt second-order discrete accuracy in space to solve Eq. (D.1) as follows

vt+1
θ,i, j = vt

θ,i, j + Fθ∆t

+ ν(
vt
θ,i+1, j − 2vt

θ,i, j + vt
θ,i−1, j

(∆r)2 +
1
r2

vt
θ,i, j+1 − 2vt

θ,i, j + vt
θ,i, j−1

(∆θ)2 +
1
r

vt
θ,i+1, j − vt

θ,i−1, j

2∆r

+
2
r2

vt
r,i, j+1 − vt

r,i, j−1

2∆θ
−

vt
θ,i, j

r2 )∆t − vt
r,i, j

vt
θ,i+1, j − vt

θ,i−1, j

2∆r
∆t −

vt
θ,i, j

r
(
vt

r,i, j+1 − vt
r,i, j−1

2∆θ
+ vt

r,i, j)∆t (D.4)

vt+1
r,i, j = vt

r,i, j + ν(
vt

r,i+1, j − 2vt
r,i, j + vt

r,i−1, j

(∆r)2 +
1
r2

vt
r,i, j+1 − 2vt

r,i, j + vt
r,i, j−1

(∆θ)2 +
1
r

vt
r,i+1, j − vt

r,i−1, j

2∆r

−
2
r2

vt
θ,i, j+1 − vt

θ,i, j−1

2∆θ
−

vt
r

r2 )∆t − vt
r,i, j

vt
r,i+1, j − vt

r,i−1, j

2∆r
∆t −

vt
θ,i, j

r
(
vt

r,i, j+1 − vt
r, j−1

2∆θ
− vt

θ,i, j)∆t (D.5)

Here, the index 1 < i < Nr, 1 < j < Nθ. For slip boundary and impermeable conditions, the discrete form are as

follow

vt
θ,i=1, j =

(4vt
θ,i=2, j − vt

θ,i=3, j)b

2∆θ + 3b

vt
θ,i=Nr , j =

(4vt
θ,i=Nr−1, j − vt

θ,i=Nr−2, j)b

2∆θ + 3b
vt

r,i=0, j = 0

vt
r,i=N, j = 0 (D.6)

For inlet and outlet boundary conditions and periodic conditions, we have

vt
θ,i, j=1 = vt

θ,i, j=1(R1 + R2 − r)

vt
r,i, j=1 = vt

r,i, j=1(R1 + R2 − r)

vt
θ,i, j=N = vt

θ,i, j=1

vt
r,i, j=N = vt

θ,i, j=N (D.7)
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