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Abstract

In this work, an exponential Discontinuous Galerkin (DG) method is proposed to solve
numerically Vlasov type equations. The DG method is used for space discretization which
is combined exponential Lawson Runge-Kutta method for time discretization to get high
order accuracy in time and space. In addition to get high order accuracy in time, the use of
Lawson methods enables to overcome the stringent condition on the time step induced by
the linear part of the system. Moreover, it can be proved that a discrete Poisson equation is
preserved. Numerical results on Vlasov-Poisson and Vlasov Maxwell equations are presented
to illustrate the good behavior of the exponential DG method.
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In this work, we are interested in the numerical simulation of Vlasov type equations using
Eulerian based methods. Numerical approximation of Vlasov equations has been the subject of



a lot works since these models are widely used to describe the dynamics of charged particles in
a plasma through a distribution function f(¢,x,v) with the time ¢ > 0,  the spatial variables
and v the velocity variable. Hence, there have been a lot of numerical methods that have been
proposed to numerically solve Vlasov equations. The so-called Particle-In-Cell(PIC) methods
[30, 21] in which the unknown is approximated by a sum of Dirac masses with a position and
velocity (macro-particles) that solves a differential system. Even if these methods are efficient
in high dimensions since only a spatial grid is required, they however suffer from some numerical
noise which make them hardly get an accurate approximation. Indeed, the error slowly decreases
when the number of macro-particles increases, which turns out to be a drawback in low density
plasma region. On the other side, another family of methods have been developed which uses a
grid of the phase space (x, v) like spectral methods [20, 16] or finite differences/volumes methods
[2, 1]. These methods enable to get high order accurate approximation and as such, can capture
fine physical phenomena like Landau damping or filamentation in Vlasov equations.

However, due to the phase-space grid, these methods are quite costly both in terms of
memory and CPU point of view, in particular when high dimensions are considered. Moreover,
their stability is controlled by the so-called CFL condition which imposes a constraint on the
time step depending of the phase space mesh refinement, which makes them very costly in
practice. To overcome this drawback, semi-Lagrangian have been developed [26, 28, 15] or
arbitrary Lagrangian-Eulerian methods [8, 31, 5, 18], which allow extra large time stepping sizes
with stability by tracking solutions along their characteristics. For high dimensional problems,
since (high order) interpolation techniques are required which leads to huge computational cost.
Moreover, reaching high order accuracy in time are quite complicated. One possibility is to
use splitting methods which enable to deal with simple subproblems that can even be solved
exactly. However, the number of stages required to get high order in time become prohibitive
(see [12]).

For Vlasov type equations, the linear part induces the most stringent CFL condition since
the electromagnetic fields (which induce the nonlinear part) are typically one order of magnitude
smaller than the one of the linear advection part. Based on this observation, exponential time
integrator have been proposed in which the linear part is solved exactly, and as such do not
suffer from the stability condition induced by the linear part, whereas the nonlinear part is solved
explicitely. These methods are very popular in a number of applications ([17] and references
therein) and enables to derive easily high order methods in time since they are often based
on a high order Runge-Kutta method. Regarding the use of such time integrators for Vlasov
equations, we can quote |14, 12, 4], but these works are based on Fourier techniques in space
to approximate the linear part, and despite its simplicity and its spectral accuracy, Fourier
methods are quite limited in terms of applications (cartesian domains) and suffer from Gibbs
phenomenon when non periodic boundary conditions are considered.

In the present work, we focus on exponential type method combined with Discontinuous-
Galerkin (DG) method in space to approximate Vlasov type equations. The DG method is a
class of finite element methods, in which the approximation space contains completely discon-
tinuous, piecewise polynomials or other basis functions. High order accuracy can be obtained
and complex geometries with boundary conditions can be handled (see DG review article [11])
which is important for physically relevant problems; moreover, one element only communicates
with its immediate neighbors which is very important for parallelization capability [3] but also,
thanks to this local data structure, the matrices used in these methods are sparse which is an
important point if one wants to combine DG methods in space with exponential methods in
time.

Then, after a finite differences approximation of the Vlasov equation, a DG method is



employed for the space approximation using central fluxes. Indeed, this choice is motivated
by the fact that the DG matrix has a pure imaginary spectrum which is not the case when
monotone fluxes are considered. Moreover, using central fluxes makes the treatment more
easier compared to upwind flux. Indeed, the latter requires to split the flux of the linear part
into two parts according to the sign of velocity v, which prevents a discrete Poisson equation
from being satisfied because of a lack consistency in the nonlinear part. Once the semi-discrete
equations is obtained, an ODE system has to be solved in time. To do so, exponential time
integrators are used to overcome the stringent condition coming from the linear part, but the
exponential of a large matrix has to be computed. Thanks to a one side coupling between
the distribution function and the electromagnetic fields, it is possible to compute explicitely
the exponential of the matrix and to derive an efficient numerical scheme which is high order
in time, space and velocity, preserves the total mass and a discrete Poisson equation. Some
numerical illustrates the good behavior of the method. In particular, the expected order are
recovered on a two-dimensional linear advection and a good agreement is obtained when we
compare the DG exponential method to the Fourier exponential method.

The rest of the paper is organized as follows. In Section 2, we present the exponential
DG method for one-dimensional (1D) linear transport problems. Section 3 is dedicated to the
construction of the exponential DG method for Vlasov equations includes Vlasov-Ampére (1dx-
1dv) and Vlasov Maxwell (1dx-2dv) equations. In Section 4, we discuss some extensions of the
exponential method to high dimensional Vlasov-Maxwell equations. In Section 5, the capability
of the proposed exponential DG method is illustrated through several numerical tests. Finally,
after some concluding remarks, several appendices details some specific aspects of the method.

2 Exponential DG method for 1D transport equation

We firstly consider the 1D transport equation:

{ut +auy =0, € [T4,7], 1)

u(0,x) = up(z).

For simplicity, we assume periodic boundary conditions, and the velocity field a is a constant.
Here we take a as 1 for simplicity. We perform a partition of the computational domain z, =
r1 <x3 < - < Ty, 1 =Tpas the mesh partition. Let I; = [z

2 2 2
of length Az; = Tl

2
uniform mesh in this paper with Az; = Az = (2, — 24)/N. We define the finite dimensional
approximation space, V¥ = {v, : vplr; € PF(I;)}, where P¥(I;) denotes the set of polynomials

jf%’$j+%] denote an element

-z 1 and define Az = max; Az;. For simplicity, we consider the
2

of degree at most k£ on I;. For any v € V}f, we also denote the left limit of ¢ at cell boundary
as ¢~ and the right limit as ™. Multiply (1) by the test function ¢ € V}f, integrate on cell I;
and integrate by parts, we end up with the semi-discrete DG scheme: find uy, € th such that

| @unido = ~Fl, 0

R +/ Finds, j=1,..N, ()
I; =3 1—3 .

i1
itz
2 I

where F(u) =u and F is chosen as either a central or upwind fluxes

tral e B, = ind flux: Fl, | =u" 3
central flux: |xj:|:% = T‘%i%’ upwind flux: |xj:|:% =u |gcjjt%7 (3)
Next, we consider 7" (m = 0,1,...,k) a basis of P¥(I;) and we choose a modal basis defined

as &J'(z) = ((x —x;)/Ax)™ so that we have the representation up(t,z)|r; = an:O u' ()& (),

3



with u7*(¢) the degree of freedom. The semi-discrete DG scheme can eventually be written
as an ordinary differential equation (ODE) satisfied by the DG degrees of freedom u*(t) for

J
m=0,...,kand j =1,...,N. Introducing the vector u(t) € R=E+DN
u(t) = (U(E’u%’...,u’f’ Ug,u%,...,ulg,...,'UJ(])V"I,L}V’...7U§;\7)T(7§), (4)

the semi-discretized problem simply becomes

du )
— = Au, with 4 € Mgy gs1)v(R)- (5)

dt
The 'DG-matrix’ A contains the DG approximation (2) for which the details are given in Ap-
pendix A. From this semi-discrete in space formulation, a Runge-Kutta discretization is classi-
cally used to get high order accuracy in time |11, 33, 34]. But it seems also natural to use an
exponential method for time discretization, which turns out to be exact in this simple linear
transport case. Denoting u” =~ u(¢") the fully discretized unknown (with t” = nAt,n € N and
At > 0 the time step), the exponential-DG scheme thus writes

u"t! = exp(AAt)u™, Vn €N, (6)

with u’ = ug (ug being the degrees of freedom of the initial condition ug in (1)). Note that
from u” € RE+HN (whose components are denoted by ( mnj=1,...,Nand m =0,...,k,
following (4)), it is possible to reconstruct a piecewise polynomlal functlon uy € th from

k
= > (W (x), Ve el;, j=1,...,N. (7)

m=0

The properties of such an approximation obviously depends on the structure of the DG-
matrix A which is discussed now. From the calculations (given in Appendix A), the DG-matrix
A obtained with the central flux and periodic boundary conditions enjoys a circulant tri-diagonal
block structure so that it can be written as:

cC; Cy O ... Cs
1 03 Cl 02 0 . 1 )
A=+ 0o .o o | with O = M™"D; (j = 1,2,3) (8)
Cy, 0 ... O3 4

where the matrix elements of the matrices M, D; € M(,41) 141)(R) are given by (for £,m =
.,k + 1, see Appendix A for details)

B (1/2)m+£—1
tm =" +¢-1

(D = (/272 (2T = Y= ()™, (D)o = (-1 (172 (9)

m+l—2 2

[1— (=)™, (D2)gm = (=1)™(1/2)"

with (Dj)1,1 = 0 by convention. The choice of central fluxes implies the matrix A is diagonal-
izable and the eigenvalues are pure imaginary. This has been checked numerically and some
discussions are performed in the following remarks.

Remark 1. In [29], the author proposes a way to deduce the eigenvalues of A € M(k+1)N,(k+1)N(R)
from the eigenvalues of some matrices of size (k + 1), which can be computed explicitly for



small values of k (numerically for larger k). Considering (p;j)j=o,...N—1 the N-th roots of the
unity (pév =1forj=0,...,N—1), the (k+ 1)N eigenvalues of A given by (8) can be de-
duced from the (k + 1) eigenvalues of C; = Cy + p;Ca + p;-v_ng for 5 =0,...,N — 1, where
Cj € Mry1),(kv1)- Then, we checked numerically that the eigenvalues of C; are pure imaginary
forallj=0,...,N —1, and we deduce from [29] that it is also true for the eigenvalues of A.

Remark 2. We explore another way to check the eigenvalues of A given by (8) are pure imag-
inary by using symbolic software. Denoting Pa(\) the characteristic polynomial of A, we made
the following observations

e odd case: (k+1)N = 2d+1. In this case, we have Pa()) = AZEl:o age A% with ag € R and
the roots can be written as {0, Aj,Aj, g =1,... ,d}, i particular 0 s a simple eigenvalue
in this case. Since Py(—\) = Ps()\), we deduce Re(\;) = 0.

e even case: (k+ 1)N = 2d. In this case, we have P(\) = A2 ?;5 age N with ag € R
and the roots can be written as {O, AjyAj,g=1,...,d— 1}, i particular 0 is a double
eigenvalue in this case. Since Po(A\) = Pa(—\), we deduce Re(\j) = 0.

We can now study the stability of the numerical scheme. To do so, we write the following
proposition.

Proposition 1. Let consider the matriz A € Mg 1)n,+1)n(R) given by (8)-(9) There exists
C > 0 such that, for any time t and any k, N, we have ||exp(At)|| < C, with || - | an induced
matric norm.

Proof. First, we write A = Ax~'A; (with Az = (25 — 2,)/N) and since A is diagonalizable,
there exist P invertible and D diagonal such that A = Az"!PDP~!. Let us remark from (8)-(9)
that A; does not depend on the space mesh Az (and then dos not depend on N), so does the
matrix P. Thus, there exists C' > 0 (independent of N) such that cond(P) = ||P|||P~!|| < C,
where || - || denotes an induced matrix norm. Now, since the eigenvalues of A are pure imaginary
for all k, N, we have D;; =i\;,\; € R,j =1,2,...,(k+1)N. Finally, we get for all ¢

| exp(At)|| = ||Pexp(Az"tD)P7|| < cond(P) || exp(Az"tD)| = cond(P) < C.

We end this section by proving an error estimate for exponential DG method.

Proposition 2. Let u(t,x) the exact solution of 1D transport problem (1) with a smooth initial
condition ug and let uy € th the numerical solution, n = 0,...,N (with N = T/At, T being
the final time and At the time step) obtained from (6)-(7) where A is the DG-matriz given by
(8)-(9). Then we have the following L?-norm error estimate:

u(t",-) — ufl| 2 < CAak,

Proof. First, we introduce uy(t, z) the exact solution of the semi-discrete DG scheme (5). The
classical DG projection analysis gives ||[u(t?,-) — up(t",-)||2 < CAzF, where C is a positive
constant independent on Az (see the details in [27, 22, 19, 25, 33, 34|, but a simple proof of
stability and error estimate is given in Appendix B). Since the exponential method exactly
solves the semi-discrete DG scheme, we have ||up(t",-) — uj||2 = 0. Finally we have

lu(t™, ) —upllz < [lu(t®,) —un(t™, )2 + llun(t", ) = upll 2 < CAz”.



Remark 3. It is worthy to be mentioned that the (k + 1)th order optimal convergence rate
have been proved for DG with monotone flux (see [19, 25, 33, 3/]). However, kth order sub-
optimal convergence rate is proved for DG with central flux in [23] and a discussion is performed
according to the oddness of k.

3 Semi-discretization of some Vlasov models with Discontinuous
Galerkin method

In this section, we consider the numerical approximation of Vlasov-Maxwell equations using DG
framework in space (as presented in the previous section) and finite differences in the velocity
direction. The semi-discretization (in both space and velocity) is presented and we will see that
the so-obtained ODE system is amenable to Lawson time integrators.

We first present the methodology on the 1d, — 1d, case on the Vlasov-Ampére system and
then we consider the 1d, — 2d,, case on the Vlasov-Maxwell system.

3.1 Vlasov-Ampére equation

The equation we address is the following Vlasov-Ampére model satisfied by the distribution
function f(¢,x,v) > 0 and the electric field E(t,x) € R with ¢ > 0,2 € [0, L] (L > 0) and v € R,

of 3f of _

_ _ 1 (L
8tE:—/vfdv—|—J, J:/ /demdv,
R LJy Jr

with the initial conditions (fo(z,v), Eo(z)) such that the Poisson equation is satisfied initially

(10)

0vEo = [g fodv—p, with p = (1/L) fOL Jg fodvdz and periodic boundary conditions are imposed
in space. The Vlasov-Ampére system is equivalent the Vlasov-Poisson model where the electric
field satisfies the Poisson equation 0, F = fR fdv—p

3.1.1 Semi-discretization

We shall use a DG method in the space direction x as presented in the previous section and
we consider a truncated domain [—vmax,Umax] in the velocity direction discretized by v; =
—VUmax + JAv, 7 = 0,..., Ny, Av = 2up,x/N, being the velocity mesh step. We firstly present
DG discretization for F in the z-direction with I; = [z l, t=1,..,N; (N, being the

number of cells):

'_lyx' l
i—37 ity

E(t,z) ~ Ep(t,z) = ZEhtx\f—ZZEm )EM (@

i=1 m=0

Then, considering finite difference method for f in v direction, we consider the DG approxima-
tion in z-direction through

f(t,z,v5) = fu(t,z,v5) Z Z it (t,v)EM(x), 5=0,...,Ny.

i=1 m=0

As in the previous section, we denote f;(t) € RETDNe the vector of the DG coefficients f™(t,v;)
of fn(t,z,v;) using DG in space and evaluated at the velocity grid v; whereas E € R(k+1) Nz
denotes the vector of DG coefficients E" of E(t, x).



For Vlasov-Ampére equation (10), we have the following DG scheme with the DG represen-
tation of E and f:

5)0 L B (A G X 0 Y [ VAU o N
+§:O(ZE" (Dfm™ (¢ vj)gm,g‘f)[i —0,

where we used the central flux {f.(t, 2,v;)}z,r,,, = S(fult, x;:tl/wvj) + faul(t, x;ﬂ/z,vj)), =
0,1,2,...,k, i =1,2,...N; and D f(v;) denotes a discrete approximation of (9, f)(v;) (an example

would be (Df)(v;) = %ﬁwﬂ”) but any higher order finite difference approximation can be
used). We denote

f],l(t) = (f?(t7vj)7fi1(tavj)v ""7fik(t7vj))T7 1= 1a27 -'-aNxa
Ei(t) = (EYt), B} (), ..., EFe) T, i =1,2, ..., N,,

and
ij7i(t) = ((Df?)(t> vj)a (szl)(t) vj)? ) (fo:)(ta Uj))Tv L= 17 27 ceey Ng.
We can rewrite the DG discretization as an ODE system of size (k+1)N, for each j =1,..., N,

M fj71 Dy Dy ... Ds fj’l
M d fj72 D3 D1 DQ fj72
Az . pril —vj .
: dt | . Dy :
M fj,Nm Dy ... D3 D fj,Nm (12)
By (Df); 4
B Df) .
+ " P ) g

where the matrices M, D1, Dy, D3 are the same as in the previous section (see also Appendix A)
and B;(i =1,...,N,) are matrices of size k + 1 with elements (B;)¢,, = (ZZ:O Engnem ¢4
Introducing now the following vector containing the degrees of freedom of f;, and Ej,

fj(t) = (f?(t7vj)a .. '7f{c(tavj)7fg(t’vj)v e ',fég(ta Uj)7 ey f]%x(t7vj)’ .. '7f]lifx(t7vj))T7
E(t) = (BY(t),..., Ef(t), E(t),...,B5@t),... . EX_(t),..., E% ()T,

and Df; is defined similarly as f;, we can rewrite the DG scheme (12) as
8tfj = UjAfj - E(Df)j, (13)

A € M(i41)N, ,(k+1)N, 18 the DG-matrix (8) and E e M(k+1) N, (k+1)N, 18 @ block diagonal matrix
composed of N, block matrices of size (k + 1) x (k + 1) defined by (AzM)~'B;,i =1,..., N,.
Let remark that we consider central finite differences method to approximate (Df); to aV01d to
discuss the sign of matrix E € M(+1) Ny, (k+1)N, compared with upwind FD method.

Let us now discuss the discretization of the Ampére equation. Since our goal is to find a
consistent discretization that is compatible with a discrete Poisson equation, we first discuss



how to solve the Poisson equation. Using the above discretization, we will use the DG matrix A
which is an approximation of (—3d,). Thus, a direct approximation of the initial Poisson equation
0:E(0,2) = [; fo(z,v)dv — p would be —AE? = > f](-)Av — p (with E? and f]Q the degrees of
freedom of £(0,r) and fo(z,v;). However, as mentioned in Remark 2, A € My 1N, (k+1)N, 18
not invertible and we then introduce II € M1 1)n,,(k+1)n, the projection onto the Ker(A) so
that (A+1I) is invertible on R(A) with R(A) the range of A. Here we impose condition [TE® = 0
to preserve the uniqueness of the solution E € RAtDNe which is similarly as the constraint
Jg E(z,v)dx = 0 for Poisson equation itself. We then consider the following discretized Poisson
equation
—(A+IE° = (1—H)<ijoAv—ﬁ) =1-m) A, (14)
J J

with 1 the identity matrix of size (k + 1)V and where in the last equality, we used the fact
that constants belong to Ker(A) (see Appendix C for details).

We deduce the discretization of Ampére equation from the time derivative of the discretized
Poisson equation inspired from (14), that is: —(A+I)E(¢) = (1 —1II) >, £;(¢)Av. Considering
the time derivative of the latter equation and using (13) leads to

—(A+IER) = ath t)Av = ( ZU]Af
= ZU] t)Av = (A +TI)( Zvj

where we used Zj Df; = 0 and some relations between A and II. Hence, we consider the
following DG discretization of the Ampére equation

O/E(t) Zv] (15)

Finally, gathering (13) and (15) enables to get the following semi-discretized scheme for the
Vlasov-Ampére system
thj = ’UjAfj - E(Df)J,
8tE = — Z UjfjAU + Z ’UijjAU. (16)
J J
In view of the time discretization, we introduce the following vector of semi-discrete unknown
U = (f,E) € REFDN(NotD) with £ = (£, £, ..., fy,) € REFDNeNo Then the previous system
(16) can be rewritten as
oU =LU+ N(U), (17)

with L € Mg 11) N, (Ny+1),(k+1) Na (N, +1) 81ven by

v A 05 5 05 % 0y 5 05
Oy, v2A O O % :
L = (18)
ONN ON,N un, A ON,N
—Avv (1 =1I) —Avve(1 —-1I) ... —Avon, (1 -1I) Oy 5



where we denote N = (k 4+ 1)N, and 1 = 15 5 the identity matrix of size N x N. Finally,
U,N(U) € REHDNe(No+1) are given by

f, —E(Df),
f, —E(Df),
U = . N(U) = :
fN, —E(Df)y,
E 0

3.1.2 Time discretisation

The goal of this part is to present time discretization of (17) to get a fully discretized scheme
of the Vlasov-Ampére system (10). The form (17) is amenable to exponential scheme [17, 14]
which is motivated by the fact that the linear part acts on a different scale compared to the
nonlinear part in Vlasov type problems. Moreover, as discussed in Section 2, the linear part
can be computed exactly thanks to the exponential. Among the exponential schemes, we shall
use the Lawson class of methods for stability reasons [14].

—

Denoting U™ = (7, E") ~ (f(t"), E(t")) = U(t") with t" = nAt,Vn € N (At > 0 being the
time step), the simplest (first order in time) Lawson method can be written as

U™ = exp(ALL)U™ + At exp(AtL)N(U™). (19)

High order methods can be obtained from Runge-Kutta methods using the corresponding
Butcher tableau [14].

The key point of exponential methods lies in the computation of exp(AtL) with L given
by (18). To compute exp(At) V¢t > 0, one considers the linear part only ;U = LU. First, we
observe that the distribution function f; part is decoupled from the electric field part, so that
it can be solved directly and we have, similarly as in Section 2

£(t) = exp(v; A1)E;(0). (20)

Now, let consider the electric field equation

OF == (1 —TDf;(t)Av,
J
which gives, after integrating it in time
t
E(t) =E(0) - ) / v;(1 — IDf;(s)Avds.
— Jo
J

Now, replacing f;(s) by exp(v;As)f;(0) from (20) enables to get an explicit expression of E(t).



Indeed, using properties used to derive (14) we have

E() = EO) -3 /0 0;(1 — D)t (s) Avds = B(0) — 3 /0 0;(1 — TI) exp(v; As)£; (0)ds Ao
J J

i (v;As)* (Hfj(O) +(1 - H)fj(o))] dsAv

k!
7 k=0
t & Vs s k
= E(0) - Zvj(l —1I) /0 I1£;(0) + Z (](A]:_'H))(l —II)f;(0) | dsAv
7 k=0
> Vi kik+1
= E(0) - ) _v;(1 —1I) [tIf;(0) + > ( ﬂ(ft;ff))! ! (1 —IDf;(0)| Av
j k=0
i Vi k+1
= E0)-)_ |1-M)) (A+ H)—l( J(‘E‘kf?;) (1-— n)fj(())] Av
7 k=0

= E(0) - Z(l —I)(A+ H)_l(exp(vjAt) —1)(1 - IDf;(0)Av
J
= E(0) — > (A+1II)}(exp(v;At) — 1)(1 — I)f; (0) Av
J
= E(0)+Av )Y (A+1I) (1 — exp(v;At))f;(0).
J
Hence, denoting A + IT as A, we deduce from the above calculation the explicit expression of
exp(Lt)

A

At 05 5 0y 5 Oy 5 0% %

0% 5 ev2 At Oy 5 Oy 5 :

exp(Lt) = : ' ,
At

. ON,N R ON,N ~(2UNU ON,N

AvA~1(1 - e”lAt) AvA~1(1 - e”QAAt) . AvA~1(1 - e”NvAt) 1

(21)

Hence, the exponential-DG scheme for the Vlasov-Ampére equation corresponds to (19)-(21).
For this scheme, one can prove in the following proposition that a discrete Poisson equation is
satisfied for each iteration.

Proposition 3. The exponential DG method (19)-(21) (and its generalization to high order
Lawson Runge-Kutta) satisfied by U™ = (F”,E”) preserves the following discretized Poisson
equation:
(A+IME" = - ) (1 -I)ffAv, Vne N,
J
provided that it is satisfied at the initial time n = 0. Here, A is the DG matriz given by (8)-(9),
I is the orthogonal projection onto Ker(A) and 1 is the identity matrix of size (k 4+ 1) N,

Proof. We present the proof for first order Lawson case (forward Euler), the proof can be
generalized to arbitrary explicit Runge-Kutta scheme. First, we assume the Poisson equation

10



(A+TDE® = — > H)f](-)Av holds at the initial time.
Next, from the scheme (19) with exp(Lt) given by (21), we have

ff“ = exp(v; AAYE! — At exp(vjAAt)(EDf)?, (22)
whereas for the E component, we have

E = B4+ AvY (A+ID)7N(1 - exp(v AAL)ET
—AtAv Y (A+1I) 7' (1 — exp(v;AAL)) (EDF)}
= E'+Avd (A+I)7'(1 - T)(1 — exp(v; AAL))f]

—AtAv Y (A+T) 711 - T)(1 — exp(v; AAL)) (EDF)].

J

The last term can be split into two parts: the first one —AtAv(A + ITI)~1(1 — II) Zj(]:ﬂ)f)}1
vanishes thanks to the conservative properties of the discrete operator D whereas the second
one, we use (22) to get

AtAv(A + 1)1 Z(l —1I) exp(vjAAt)(EDf)? = Av(A4+T11)7! Z(l — II)(exp(v; AA)E} — f]m—l)
= Av(A+TD)! Z [(1 —1II) exp(v; AADEF — (1 — H)f?+1:|‘

Finally, we then get

E"M = B4 Av) (A+T) (1 —T)(1 — exp(v; AAL))E}
J
+AvA+I) Y [(1 — TT) exp(v; AAE — (1 — H)fj’”l]
J
= E'+Av) (A+I)7 YA -IDEF — (1 - IEFH). (23)
J
By induction, if the discrete Poisson equation is satisfied at iteration n, then it is satisfied at

iteration n + 1 and the proof is complete.
O

Remark 4. In this remark, we discuss how to compute the matriz II. As mentioned in Remark
2, when (k + 1)N, is odd (referred as odd case), 0 is a single eigenvalue and the associated
eigenvector uy corresponds to the constant function in the DG space (see Appendiz C). When
(k+ 1)N, is even, 0 has a double multiplicity and one has to find another eigenvector us (see
Appendiz C). Once we get the eigenvectors ui, ug € REHDNe of A associated to the eigenvalue
0, then 1T is given by Ha = (x,uy)u1 + (z,us)us = (ul @ uy + ud @ ug)z, for all x € REFHNe
with the Kronecker product ® and (vT ® )i = viv;. Some examples are given in Appendiz C.
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3.2 Vlasov Maxwell equations 1dx-2dv

In this part, We consider the following Vlasov-Maxwell 1dx-2dv model satisfied by f(t, x, v1, ve),
Ei(t,x), Ba(t,x), B(t,z), with t > 0,2 € [0, L](L > 0) and (vq,v7) € R?

'8tf + 010 f + Elavlf + Egamf + B(vg&}lf — Ulavzf) =0,

0yB = —0,Fs,

= —/ UlfdvldUQ + jl, (24)
R2

Oilly = —0,B — vo fdvidug + jQ,

R2
with the initial conditions (fo(x,v), E{(z), ES(x), BY(z)) such that the Poisson equation is satis-
fied initially 0, EY(x) = fR2 fo(z,v)dvidvy — p, with p = %fOL ng fo(x,v)dzdvidve and periodic
boundary conditions are imposed in space. Here J; = % fOL fR2 v; fdxdvidvy ensures that the
electric fields are zero average in space.

3.2.1 Semi-discretization

We follow the lines of the above subsection and use a DG method in the space direction x and
we consider a grid in the velocity direction vy j, = —Vrmax + JeAVe, Ve € [—Vrmax, Vemax), ¢ =
1,2, Avg = 20p max/ Ny, Ny, € N*. The definitions of the different objects are a direct extension
of the definitions introduced in the previous part. Indeed, we denote by £, ;, € REFDNz the DG
coefficient vector of f;, ;,(t,x) = fu(t,z,v;,v),) = f(t,z,vj,vj,) in space and evaluated at the
velocity grid, and Eq, Eg, B € RETDNz ar6 the DG coefficient vectors of (Er p, Eop, B)(t,x) =
(E1, By, B)(t, ). Moreover, (FDf)j, j, (with Fj, j, € M(k+1)N,,(k+1)N, (R)) is obtained as previ-
ously by a DG approximation of the nonlinear term (F -V, f), with F = (Ey+ Bve, Es — Buvy).
For fixed indices ji, jo, the derivation of the numerical scheme is very similar to the 1dx-
1dv case and we then obtain the following semi-discretized (in space and velocity) scheme
for jo=1,...,N,,(£=1,2)

atfjh]é = UL]dAfjhjz - (ﬁDf)jlsz’
0:B = AEs,
OE1 = =) o1 (1= IDf, j, Avi Ay, (25)
Ji,J2
OBz = AB — Z U2J2(1 - H)fj1,j2Ale'UZa
\ J1,J2

where A is given by (8)-(9) and 1 the identity matrix of size (k+ 1)N, and II the projection ma-
trix onto Ker(A) introduced in the previous part. Let denote U(t) = (f(¢), B(¢), E1(t), E2(t)),
where f(t) € REFDNeNoy Noy contains the DG coefficients
£i, j», B(t),E1(t), Ea(t) € REFDNe denote the DG coefficients of the electromagnetic fields.
Using the above notations and the following ones
0y € RNve, (02)j = Vo j = —Vgmax + JjAve, j=1,...,Ny, and £ = 1,2,
fujo € REFONNur for Gy — 1.0 N,,.

We also introduce the following compact notations for the size of the matrices: N = (k+1)N,
and N1 = (k+ 1)NyN,, = NN,,. The system (25) can be recast as

U = LU + N(U), (26)
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with

i*,l —(f:DIj)*J
f*72 _(fo)*72
_ —»: — ~ =, £ . Nl P

U = f*,NUQ s N(U) = _(]:Df)*,NvQ s f*7]2 eR ,VJQ = 1, ey NUQ
B 0
Es 0
E, 0
diag(v1) @A Oy, y, Oy, 5, -+ 0Ny, Oy, x 05 Omm
01\71,]\71 diag(lfi)@A 0]\71,1\71 ONI:NI : . .

L _ . . N ' B . . 27
0y, N, Oy, v,  disg()®A 0y 5 0g g Og v |27
05 5, = 05 5, 05 x5, Oyy 4 U
5271 52’2 . EQ’NU2 A 05 N ON,N

) )

where diag(vi) € M, n,, (R) denotes the diagonal matrix with vi € RNe1 on its diagonal, ®
denotes Kronecker product, diag(v1)®A € M 5.5, and Op, » is the zero matrix with m lines and

n columns. Moreover, the matrices &1,&3 5, € Mg Nl(R) for jo =1,..., N, are defined by
&1 = —AvAvu; ® (1 —1I),
Eaj, = —AviAvoue;,1®(1—1M) with 1=(1,...,1) € RN,

The size of the matrix L is (N1N,, + 3N) x (N1N,, + 3N) = (3 + Ny N, )(k + 1)N, x (3 +
Ny, Ny, )(k + 1)N,. Even if it is a large matrix, one can see that L is sparse which will help to
compute its exponential.

3.2.2 Time discretization

We now study the time discretization of (26) and as previously, we will design an exponential
scheme. To do so, the discrete unknown U™ =~ U(t") (t" = nAt, At > 0) is updated by

U™ = exp(AtL)U™ + Atexp(AtL)N(U™), (28)

and one has to compute exp(AtL). We give the following proposition to show the representation
of exp(AtL).

Proposition 4. The exponential of the matrixz L given by (27) is given by

Atdiag(vi)RA L L L L Lo
€ 0N17N1 0N1,N1 ONLNI 0N1,N 0Nl,N
o Atdiag(vi RA - L : :
0%, 5, e 0%, 5 -+ Oy N,
exp(LAt) = L L Atdiag(vi QA L
(LAY U Oy, 5 € v Onn
t — t t_ ,— t
B1 B2 N eBsz S +26 = <
AAt_ —AAL AAt —AAt
&1 &2 e€2,N,, —= e e
&1 &1 e &1 ON,N ON,N
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where ¢Bj,, €2 j,,E1 € MN,Nl(R) for jo =1,..., Ny, are given by

ijQ = Av1Avsy V2 js (A + H>_162,
65273‘2 = AviAuvy V2 js (A + H)flg,
& = AvAv(A+TD) N1 ®1 — eAtdiagia)

where the matrices 0_2,5 are given by

—eAAt e—AAL pADtYL
a = [a17a27"‘)05Nv]€M~ ~(R) with o; :[ — 4 ]7
1 N,N1 n 2(1 — 1}17]'1) 2(1 + 1117]'1) (1 — U%,jl)
AAt —AAt AAty
3 ; —¢ e V], € J1
= B2, ..., 8N, | € Mg 5 (R) with -:{ + J }
’ [51 ” . 1] N7N1( ) 5]1 2(1 - Ule) 2(1 + Ule) (1 - U%Jd)

Proof. First the (N1N,,) x (N1N,,) block is diagonal and the diagonal part is eAtdiag(viyeA
(Ny, times). Second, the 3 x 3 right bottom block corresponds to the homogeneous Maxwell
equations. Its exponential can be computed and is equal to

exp(AAt)+exp(—AAL)  exp(AAt)—exp(—AAL)

Oy AAL Oy 2 2 0y &
exp | AAL Oy Ogy | = | Sp(Ad—ewCAN)  epUantepAr) o o
Oyx Oyx Oy (e 05 % 1

Finally, we compute the three last block lines of exp(LAt).

Computation of .£; : solve Eq
First, we have for f;, ;, (%)

£,.50 () = e ACTE (),

which enables to compute Eq (")

tn+1

El(thrl) = E1 (tn) — Z (1 — H)evl’le(tftn)dtUlefj17j2 (tn)Ale’UQ
jl:jQ "
= E1(t") + AvAvg(A+ )71 (1 — e85 (1),

jl:jZ
from which we can thus deduce the last line of the exponential of the matrix.
Computation of .Bj,, &2 j,: solve B, E;

Next, we focus on the calculation of Eg(t"*!) and B(t"*!) from known initial conditions
E2(t") and B(t"). Let write down the equations for (Ez, B)(t) with ¢ € [t", t" 1]

d i .

5 E2() = AB(t) - D (U =T)et Ay 5 8 5, (#7) Avy Avy
jl:jZ

B = ARy

dt B 2
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which can be rewritten as % = MU + R with U(t) = (E2(t),B(t)) and

_ (%5 A _( Ra(®)
M= <A ON,N)’R(t)_<0N,1 )

Ri(t) = =) (1 —T)emn? oy 5 £ 5 (") Avy Avy (29)
Ji:j2
Thus, one can write the variation of constant formula

thrl
Uttty = MA (1) + / e MU= R(t)dt. (30)
tn

First, eMA? reads as, using its definition (29)

MA? 1 < eAAt +e—AAt eAAt _ e—AAt >

e = -
9\ ANl _ o—AAL ANt 4 —AA

Second, one has to compute the integral term in (30)

n+1 n n
L M th)R ] 1 ; e~ Alt—t"T1) 4+ Alt—t +1y Ru(t)dt
e - Hdt = = "
/t" ! 2\ erAuetth AT Ry (1)d
n+1 n n . n
S €A AT v AT gy 5 Avy Avydt
= D) tn+1 _ _4n+1 _4n+1 . _an
2 tn Zj1,j2 e AU _ AUt | urgy At )02,j1f1?,j17j2AU1AU2dt

. n
= - ( Zjl:jz vl ’U2,]1fk,jl7j2A111A’U2 )
. n
71,72 1y V2,51 fk:jl7j2 Avi1Avg
where 77,75 are given by

tn+1

I = % / [G*A(t*t"“) + eA(HW)} ULt A=) gy
t'n/
A+ IR (A+ID) e AA (A4 ID) oy e
2(1 —1)17]'1) 2(1 +U1,j1) (1 _U%,jl) 5
1 tn+l
tn
_ (A + H)—leAAt (A + H)—le—AAt (A + H)—leAAtvle
2(1 — vy ,) 2(1 + vy ,) (1 —U%jl) .

Inserting these calculations in (30) leads to the following expression for Eg(¢"*1) and B(¢"*1)

1 1
E2(tn+1) = 5(eAAt + eiAAt)Ez (tn) + 5(6AAt - efAAt)B(tn) + AleUQ(A + H)il Z U27j2,8j1 fj17j2 (tn)
J1,J2
1 - n 1 - n — n
B(t"") = (" — e ANy (t7) + 5 (e + e B + Av Avg(A+ DY vz gy, 65,5, (87)
J1,J2
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where ,5’: [B1, B2, - - ~aBNU1] € MNle(R) and @ = [ag, a9, ... ,oszl] € MNle(R) are given by

g —etA! + e 47 v1j, 200
i = 2
2(1 —w1jy)  2(14wv1y) (1- ULJ&)
At o—AAL eAAtYL 4y
oj, = -

+ ;
21 -v5) 2(04wvy;) (1- v%,jl)

which conclude the proof.
O

Shared the same spirit with Vlasov-Ampére equation, we have the following discretized

Poisson equation and error estimate for Vlasov-Maxwell equation with exponential Lawson RK
DG FD discretization.

Proposition 5. The exponential DG method (28) where the exponential is given in Prop J (and
its generalization to high order Lawson Runge-Kutta) satisfied by U™ = (f, B, Eo, E1)" preserves
the following Poisson equation

(A+IDET = — ) (1 - IDf} ;,AviAvy, Vn € N7,

J1,j2
provided that it is satisfied at the initial time n = 0. Here, A is the DG matriz given by (8)-(9),
IT the orthogonal projection onto Ker(A) and 1 is the identity matrix of size N = (k + 1)N,.

Proof. We present the proof for first order Lawson case (forward Euler), the proof can be

generalized to arbitrary explicit Runge-Kutta scheme. First, we assume the Poisson equation

(A+IEY = — (1= H)f‘;)l’jQA'UlAUQ holds at the initial time.
Next, from the scheme (28) and Prop 4, we have

n+1l _ vy j, AAten v1,5, AAL [ n
fj17j2 e fjl»j? Atett ("F,Df)jl,jz'

Regarding the E; component, we have

Ef =B} + AvjAvy(A+ 1)) (1 — e d8hern

J1:J2
Ji,J2
— AtAviAvg(A + H)_l Z(l — el AAt)(ﬁDf)?l,Jé
Ji,92
=E" + Av;Avy (A + 1)1 Z(l —1I(1 - evl’leAt)fﬁ,h
Ji,J2
— AtAv Avy(A+ D)7 Y (1 —T)(1 — e A2 (FDE)T,
jl)jQ
= B+ AnAn(A+ 1) Y (@M - e A
jl:j?
— AtAv; Avg (A + H)_l(l —1I) Z(ﬁpf)?h]é
J1,J2
+ Avi Avy (A + 1)1 Z (1- H)(evl’leNfﬁ,J‘z - fﬁti)
Ji,Jj2
= Ef + AviAvp(A+ 1)1 Y (1 - IDE; 5, — (1 - IDEET).
Ji,J2
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By induction, if the discrete Poisson equation is satisfied at iteration n, then it is satisfied at
iteration n + 1 and the proof is complete.
O

4 Vlasov-Maxwell 2dx-2dv

We finally consider the 2dx-2dv Vlasov-Maxwell model satisfied by

f(t7 Z,Y,v1, 1)2), El(ta €, y)a EQ(t7 €, y)’ B(t7 €, y)7 with ¢ > 07 (l’, y) € [07 Lx] X [07 Ly] and (Ulv UQ) €
R2

8tf =+ ’Ulazf + UQ@yf + Elﬁvlf + E28U2f =+ B(UQ@Ulf — 1}16@2f) = 0,

8tB = ayEl — 8xE2,

o = 0,5 [

vy fdvidug + J_l,
R2

(31)

O Fy = —0,B — UQfd’Uld’UQ + jg,
R2

O Eq + OyEg = / fdvidvy — p, O.B + 8yB =0,
R2

with initial conditions (fo(z,y,v1,v2), EY(z,y), ES(z,y), B(z,y)) such that the Poisson equation
is satisfied GIE? + @yES = fR2 fodvidve — p and periodic boundary conditions are considered

in space. here, J; = ﬁfwaLy Jre vi fdzdydvidvy, p = ﬁLnyway Jre fdxdydvidvy, E =
<E17E2)7B = (Bl7B2)7v = (811/‘78:1/)

4.1 Exponential DG discretization

Here we apply 2D DG method in (z,y) direction and consider the discretization on Cartesian
meshes with a rectangular triangulation I; x I;. We define the space V), as the space of tensor
product piece-wise polynomials of degree at most k in each variable on every element, i.e.
VE = {un 2 vplrx, € QL x )}, where QF(I; x I;) is the space of tensor products of one
dimensional polynomials of degree up to k.

We follow the lines of the above subsections: we use a DG method in the 2D space direction
(x,y) (with Ny (resp. Ny) cells in direction x (resp. y) and a grid in the velocity direction
Ve j, = Vemin + JeAve, £ =1,2, jo=1,...,N,. The 2D DG approximation for f is represented
as (for j1,jo =1,...,Ny)

N, Ny k

k
f(t’xayvvjuvjé) ~ fh(tyxvyavjlvvjz) = ZZ Z Z Z?;nn(t’ U_]la’U]Q)g;m(x)g?(y)

i=1 j=1 m=0n=0

For simplicity, we only present the 2D DG discretization for linear part of equation of f obtained
by multiplying the Vlasov equation by ¢/(x)¢3(y) (for £ =0,...,k and s =0,...,k) on (x,y) €
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I x Ij (for i =1,2,...N, and j =1,2,..N,):

Zk: Zk: [ i (v, v5,) (€ fé) -(fnafs)lj}

m=0

3

Mw
M”o

[Uﬁ fi?n(t7 Vs Uj2)(£m7 azgg)fi (gn’ ES)IJ' + szfz?;‘m(tv Uj1» sz)(gm’ gz)li (gn’ aygs)fj}

m=0n=0
k k it 1 1
’ i+ i+3 Y
#3030 | [t w0 )€ €0 (v [ Ul v v} €| =0
m=0n=0 i—3 5
(32)
where we used the central fluxes in x and y, that is for the x direction
{fh(ta Z,Y, V5, ’UjQ)}’l'iil/g = %(fh(tv x;_il/gv Y, U4y, ’Uj2) + fh(t7 :Ui_il/Q’ Y, Vg5 Ujg))'
We consider fj, j, € R(+1D?NaNy the vector containing the degree of freedom I
0,0 (1,0 k,0 k0 0,1 kk 1T
£ 5o = [fl,l i T I i TN Ny]]I,JQ (33)

and E1, Eg, B € RE+D*NaNy the vectors (defined as (33)) containing the DG degree of freedom
of the electromagnetic fields (E1, B2, B). Finally, we introduce (FDf) j1.j» the DG approxima-
tion of the nonlinear term (F - V, f)(v;,,vj,), with F = (Ey + Bvg, Es — Bvy) using similar
techniques as in the 1dx case. With these notations, we have the following semi-discretized
scheme

atfjhjz = (1y ® Ul,lew)fjl,]é + (027]'2Ay ® 1I)fj17j2 - (ﬁDf)jhjz
OB = —(A®1 )E1 + (1, ® A")Es,
0Eq = _(Ay ® 1 Z U1 j1 J1 jQA'UlAUQ, (34)
J1,J2
0E2 = (1, ® A")B = ) vy ;,Pfj, j, AviAvy,
\ J1,J2

where A% € Mg 1N, (k+1)N, (R) and AY € Mzy1)n,,(k+1)N, (R) are the matrices coming from
the DG semi-discretization in each space direction as before, ® is the Kronecker product, P =
(1, —1II,) ® (1 — II;) with 1, (resp. 1,) the identity matrix of size (k+1)N, (resp. (k+1)N,)
and II, (resp. II,) the projection onto Ker(A*) (resp. Ker(AY)).

Before discussing the time discretization, we prove the following proposition.

Proposition 6. The semi-discretized system (34) satisfied by (£5, j,, B, E1,E)(t) preserves the
following discretized Poisson equation

(1, ® A")E1(t) + (AY ® 1) Ea(t) = — Y Pfj, 5, () Avi Avg, Yt > 0,

Ji,J2

provided that it is satisfied at time t = 0.
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Proof. Let derive with respect to time the left hand side of the equality to get

O((1y, ® A")E1 + (A ®1,)E2) = (1, ® A")0,E1 + (AY ® 1,)0,E2
= (1, @A) (—(AY @ 1,)B = Y v1;, P, j, Avi Avy)
j17j2
+(Ay X 1a:)((1y & Ax)B - Z vg7j2Pfj17j2Ale’U2)
jl:jQ

= [We L)1, ®4%) - (1,047 (4" 9 1,)|B
—(1, ® A%) >~ 015, Pfj, j, Avi Awy)

jlan
_(Ay ® 11;) Z U27j2Pfj1,j2A’U1AU2)
Ji.j2
- Z (at(Pfjl,jz) + P(ﬁpf)jl,h)AleUQ
= —o( 3 P A0Aw),
jl’jQ
where we used the identities

(A ©1,)(1, © A7) = (A1) ® (1,A47) = AV @ A"
(LA A L) = (1,4% 6 (A°L,) = AV @ A”

to pass from the third to the fourth equality. Integrating in time the obtained equality and
assuming the discrete Poisson equation holds at time ¢t = 0 leads to the result. O

We end this part by giving some elements on the time discretization. First, in this case, it is
difficult to compute the exponential of the linear part. However, we can consider the exponential
of the f} j, linear part (which corresponds to the (x,y) transport). Indeed, we observe from
(34) that this linear part writes

0ifj, g, = [(1y ®v15, AT) + (v2,5,AY @ 133)} £, = [WJQAy @ Ul,lex} £51 s

where we used the definition of the Kronecker sum @. The exact solution can be then written
as

fj1,j2 (t) = exp ((’Uz}ngy D Ul’leit) t) fj1,j2 (0) = exp ('UQJ'QtAy &) V1,5, tA$>fjl7j2 (0)

It is well known that the exponential of a matrix with Kronecker sum structure is equal to the
Kronecker product of the exponentials that is

£1.32 (1) = exp(va,j,tAY) ® exp(vy;, tA®)fj, 5, (0),
which can be recast using the vec operation as
T
£j17j2 (t) = exp(vljztAy)Ejl,jz (O) eXp(AUlet(Ax) )7 <35)

where f}, j,(s)=vec(£;, ;,(s)) (for s = 0, denotes the vectorization operation which takes the
matrix £, ;, € Mkt )N, (k+1)N, (R) as entry and gives the vector f;, ;, € REHD?NaNy a5 a result.
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This means that the update of f requires matrix-vector products operations that only involves
to assembly exponential of matrices A* and AY which are computed from the one-dimensional
case (see (8)). Moreover, these matrix-vector products calculations can be performed in a very
efficient way. This nice property has been exploited in the literature to design efficient routines
for computing matrix exponentials [6, 13, 24].

Remark 5. The semi-discretized Viasov-Mazwell system (34) can be degenerated to a semi-
discretization of the Vlasov-Poisson system satisfied by (f, E1, E2). In this case, the Lawson
scheme only applies to the unknown f and then requires the calculation of exp(vg j,tAY Duy j tA”)
which can be performed efficiently thanks to (35). The update of the electric field is performed
using the Poisson equation thanks to the updated f.

4.2 Fourier based space discretization

In this part, we consider Fourier in space combined with finite differences in velocity to semi-
discretize the Vlasov-Maxwell system (31) and we will see that in this case, it will be possible
to compute explicitely the exponential of the linear part.

Denoting sz,kwh@ the Fourier coeflicient of f in space and evaluated at the velocity grid
introduced previously (kz, k, being the Fourier variables), El,kw,kya EQ,kw,kya Bkw,ky the Fourier
coefficients of the electromagnetic fields (E1, Fs, B), and introducing the force term F = (E; +
Buy, E5 — Buy), we get the following semi-discretized scheme

—

4 A ~
Ot fho kyinge + (V151K + v2,5,1ky) fieo oyjrge T (FDS )iy ey 1o = 05

0 Biy i, = thy B oy iy — tkaEo iy ks
Yy Y Yy

OB ky ey = 1y By by — Y 01y fha ey n ja D01 AV + 1, (36)
J1,J2
OrE ey kg = —ikeBro iy — Y 2.js fro iy gr.ja D01 AV + o,
J1,J2

with the initial conditions fkm,ky,jl,jz (0), Bkay (0), E’lkay (0), E’ka,ky (0) satistying the Poisson

equation ke B g, g, (0) + ikyEa g, k, (0) = 325 o Faoyn o (0)Av1 Avy for (kg ky) # (0,0).
For the semi-discretized system (36), we have a similar proposition as Prop (6) in this Fourier
case.

Proposition 7. The semi-discretized system (36) satisfied by (fk17ky:j17j27 Bekmky, Elykamky’ Egkzky>(t)
preserves the following discretized Poisson equation

ik B oy ey (8) + 1y By ey ey (1) = D Frg eyn o (A0 A, (K, Ky) # (0,0),¥¢ > 0,
j17j2

provided it is satisfied at time t = 0.

Proof. As in the proof of Prop (6), we take the derivative with respect to time of the left hand
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side to get

O (thka B oy o, + ikyEo i, k,) = ik (ik‘yka,k:y - ”1,jlka,ky,j1,j2AU1sz>
J1,J2
+iky( — ik Bk, = ) ”2,j2sz,ky,j1,j2A01Av2>
J1,J2
A —_—
= Y Ante(Afeusying + FD ey by o)
Ji,J2
= at( Z fkmky7j1,j2AU1A02)>
J1,J2

where we used the summation on j1, jo of the Vlasov equation together with the fact that D is
a conservative finite difference operator. Finally, integrating the result in time between 0 and ¢
and assuming the relation holds at ¢t = 0 ends the proof. 0

To derive a fully discrete scheme, we introduce as previously the vector fkmky € CNviNog

and denote U(t) = (f, B, Es, EAl)kz,ky (t) € Mn,, N, +3,N,, N, +3(C), then the system (36) can be
rewritten as

aU = LU + N(U), (37)
with
—i(kmdiag(v_i)+ky0271) ONU17NUI e ONv1 Noy ONU171 ONU171
OvaNv1 —i(kxdiag(v_i)+kyvg72) ce 0]\]”1,]\71]1 :
I : ON,, Ny, : :
| Ow, .., e On,, N, —ilkediag(vi}thyvan,,) On, 1 oo On, 1
Ol,Nul A OI,N'ul 017]\[”1 0 —iky ik
—A’UlA'UQ'UQJ]. —Ale'l)Q'UQ’Q]. . —A’UlAUQUZva 1 —ikw 0 0
—Av1 Avav] —Avi Avav .. —Av1 Avevq ik, 0 0
(38)
and
sz7ky71a1 —
: (FDf)k, k,
p 2 0
o by = | Thusky,Nop 1 € My, N, NN, (C) and N(U) = 0 € My, Ny, +3,Ny Ny, +3(C),
' 0

A~

S ey Noy Nuy

where we denote v7 the vector with components (v1)j, = vimin + j1Av1 and va j, = V2 min +
JoAvs. In the same spirit as previously, diag(v7) denotes the diagonal matrix whose diagonal is
composed of v7.

We now study the time discretization of (37) based on a Lawson scheme which requires to
know exp(tL) with L given above. Similar (but more tedious) calculations to those performed in
the proof of Prop 4 enable to get an explicit expression of exp(tL). To end this section, we prove
that the following scheme, with U™ ~ U(t"),t" = nAt, At > 0 and the notations introduced
above

U™ = exp(AtLYU™ + Atexp(AtL)N(U™), (39)
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LAt

that approximates the ODE (37) preserves a discrete Poisson equation. This is the object of
the following proposition.
Proposition 8. The Lawson scheme (39) satisfied by U™ = (f,B,EQ,El)ZE K, Preserves the
following Poisson equation
ko B g gy + kg ES g = Y IF i in D018, (ke ky) # (0,0),¥n € N,
J1,J2
provided that it is satisfied at the initial time n = 0.

Proof. First, we need to know the shape of exp(AtL). From the one-dimensional calculations
and from [1], we have

—iAt(kgyvi+k
e~ 1AL (kzVi+kyv2,1) ONvl,Nvl ONU1 Ny, =+ ONvl,Nvl ON'u171 ONul,l ON’L)171
—1At(kgvi+kyv : : :
ONUI’N”1 € ( e Y 272) ONvl 7NU1 e 0N1;17N111
' 0N, N, -
—iAt(kgvi+kyva N
= ONvlanl tte ON1117N1)1 € ( ¢ v U2) 0NU171 ONvlul ONul:l
—ikgsin(|k|At ikysin(|k|At
By oy 3,1 By ey 5,2 By oy 4, Ny, cos(|k|At) = ”Sl‘llz(ll a) y81r|1](€|| 1A%)
e€2.ku oy 1 €9k k%2 eC2 b kN *iszi‘fllc(HMAt) kanCOS(||k||2At)+k§ kxky(1—|c(|J§(Aﬂk|)
Rz, Ry sk, Ry Ry %, s, Ry %y Ny k k
ikysin(|k|At)  kyky(1—cos(At|k|) k2 cos(At|k|)+k2
&1 ki oy 4,1 €1 kg oy k.2 &1k oy 4, Nuy . ‘,(J‘ 149)  haky |k|2( M) VA

where we used the fact that the exponential of the homogeneous Maxwell part is

_ikg sin(t[k]) iky sin(t|k|)
0 —iky iky CO.S(tW) k2 z“,kl‘c k2 ¥l
exp |t | —iks O 0 = _ZkISTZ\(tlkD zcos‘(klpl)ﬂ kzky(l‘;c‘gs(tlkl)) ’
tky 0 0 iky sin(t|k]) Koky(1—cos(t|k])) ki cos(t|k|)+k2
I%| [k[? k2

and the vectors (B, €2, e€1 )k, kyja € C3Nv1 for all ke, ky and jo = 1,..., N,, will be given

below. From the components on f, since we get a diagonal matrix, we have

3 —i(t—t™) (kavy j, +hyva
Fradeynoin (8) = €07 Eavrithovaga) g (40)

which can be inserted in the Maxwell part to compute the vectors (B, €2, 1) ka,ky ko L0 dO
so, we consider the vector V (t) = (B, Ey, E1)T (t) which solves the following ODE

0 ) 0 —iky iky
0V = JV+R with R(t) = Zjth V2,5 [ha oy 1 g2 () Av1 Avg and J = | —iky O 0
2 i s VLt Sk ey g g (8) Avi Avg iky 0 0
The variation of constant formula gives
tn+1
V(thrl) _ eAtJV(tn) +/ e(t"“*t)jR(t)dt.
tn
The calculations for the integral term involve the following integral term
¢ntl . . +1 . . n+1
P —tky sin(|k|(t" — ¢ iky sin(|k|(t —t
(—ikzva jy +ikyv1j,) o\ &
- Z ( . ]Tk’ — C) f’?zvky,jhjz AviAvy,
Ji,j2
= Z eBk’I,k‘y,jl,jzf]?mky,jhjg7
Ji,J2
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. k2 cos([k| (17T — 1)) + k2 ik, (1 — cos(|k|(t"T! — 1))
L(E") = / < |k‘2 sz(t) + Y |k‘2 R3(t))dt
tTL
k2A + k2B kpky(B — AN 2,
= 2 (UMsz + L, 71/,,{,2 )sz,kyvjl,jzAleU%
J1,J2
= D eotbyiria Sy i
Ji,J2
gnt1 n+1 2 n+l _ 2
. kuky (1 — cos((I(E"! — 1)) k2 cos([k| ("1 — 1)) + k2
Ty = /t ( e Ro(t) + i Ry(t) ) dt
kyky (B —A) k2A + k2B n
= Z <U2’j2y’k.7‘2 + ’Ule Y ‘k|2 )fk,‘z,k‘y,jl,]'QAleUQ’
Ji,J2
= Zeglvkkayvjl,hfl?z,ky,jl,jz7
Ji.j2

where the time integrals are

t"+1
A = / cos([k| (£ — £))e 1=t (ks gy
tn
tn+l 1
B — / e~ it=t")(kv5) gy — (1-— e_iAtk'Uj)
m ik - ’Uj ’
7tn+1

C = / sin([k| (" — t))e k) g
t

n

with k- v; = kv 5 + kyvgﬂ-%. To check the conservation of the Poisson equation, one focuses
on the equations on Fs and E7 only. Thanks to the above calculations, we can write down the
update of Fo, 4 using the first order Lawson scheme

Eptl = (AT YY), 4 Ty — AHFDE)),

EPTl = (eATVM)5 + Is(E — AH(FDE)).

Thus, it remains to compute ik:;,;E?H + ikyE§+1 using the last relations. First, one can check
easily that

. . . .  —ikysin(|k|At) k2 cos(|k|At) + k2 ~n o kaky(1 — cos(|k|At)) -,
Zky(eAtJV )2+ka(€Ath )3 = Z]{,’y< |]€T| ’ )B + |k|2 yE2 + y( |k‘2 (| | ))El)
ik sin([k|AL) o, koky(1— cos(|k|At)) -, kicos([k|At) + k2
+zkx(—‘k| B+ e By + P £y)

= ik, EY + ik, E}.
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Then, we have

iky B0 4 ik EMTY = ik B+ ik BT + ik, To(f — A(FDIM) + ikoTs(f — At(FD™))
= ik, By 4 ik B ik, Y vag(f7 — AHFDS))BAvzAvy
j17j2
tike S o1y (" — AUFD)BAvAv,
Ji,J2

~ ~ A~ —_ ]_ .
= iky By + ik, BT + AvaAvy Z(zk ~0j)(f" = AL(FDf™)) - (1 — e~ iAtkv))

— 1K - Vj
J1,J2 J

= ’kaEEL + lkxEA{L + A'UQA’U]_ |: Z (1 _ e—iAtkv”L}]‘)fn

Ji,J2
~ALY D (FDf) 4+ ALY eiAthn (fﬂn)}
J1,J2 Ji,j2
_ ZkyEg + lkxEA? + Angvl [ Z(l - e*iAtk"Uj)fn + Z e—z’Atk-vj fn _ fn+1
J1,J2 J1,J2
= ikyEY + ik, BY + AvgAvy Y (f7 = fr,
J1,J2

where we used the update for f: f”“ = ¢ 1Atk f” — Ate "V (FDfn) and the conservation
property of the discrete operator D. Then, if the Poisson equation is satisfied at iteration n, it
is propagated to the next iteration, which concludes the proof. ]

5 Numerical experiments

In this section, we perform numerical experiments for linear transport problems and Vlasov
equations. First, we study the different order of convergence on a linear problem and then, we
present some numerical results of the exponential DG solutions for Vlasov equations in 1dx-1dv
and 1dx-2dv cases.

5.1 2D linear passive-transport problems

We consider the following two-dimension linear transport equation
Oy + Opu + Oyu = 0, (z,v) € [0, 27] (41)

with the initial condition u(x,v,0) = sin(z + v) and periodic boundary condition. The exact
solution is u(x, v,t) = sin(x+v—2t) which enables us to check the different order of convergence.
Indeed, for a Lawson scheme based on a underlying Runge-Kutta method RK(m, s) (order m,
s stages, a DG space approximation with Py and a finite difference approximation in v of order
4 (which means D is chosen as a 4th order centered finite difference operator CD4), we expect
the following estimate

[u(t™) — ul||2 < C(Az® + Avt + At™)

Here we use the 3rd order Lawson-RK method for the time discretization, with a final time
T =1, and consider different parameters to test the convergence rates in ¢,z and v. We firstly
take N, = 320, At = 0.01, and consider different mesh size N, to check the convergence rate of
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DG in x direction for both central and upwind fluxes (in this linear case, upwind fluxes can be
considereed easily). Table 1 shows the L and L? errors, the associated orders of convergence
for DG-PF for k = 1,2 in 2— direction. The optimal convergence rate for DG is clearly obtained.
In particular, the sub-optimal and optimal rates are observed according to the choice of the flux
and to the oddness of k, as discussed in [23]. Then, we study the convergence in v— direction.
We take k = 5, N, = 32, At = 0.01, and consider different mesh size N, to check the convergence
rate of the fourth order approximation of D (CD4). Table 2 shows the expected convergence
(note that only central fluxes are considered in this case). Finally, to check time accuracy, we
take k = 5, N, = 16, N,, = 32 and At = 0.0001 to compute a reference solution. Then we get the
error table for different time step sizes At. From Table 3, the expected 3rd order convergence
is observed for all cases.

N central flux upwind flux
T | L®-error | order | L2%-error | order | L®-error | order | L?-error | order
10 | 1.62E-01 - 3.76E-01 - 4.78E-02 - 9.51E-02 -

20 | 7.66E-02 | 1.08 | 1.86E-01 | 1.02 | 1.27E-02 | 1.91 | 2.42E-02 | 1.98
40 | 3.70E-02 | 1.05 | 9.24E-02 | 1.01 | 3.25E-03 | 1.97 | 6.07E-03 | 1.99
80 | 1.82E-02 | 1.03 | 4.60E-02 | 1.00 | 8.23E-04 | 1.99 | 1.52E-03 | 2.00
160 | 9.01E-03 | 1.01 | 2.30E-02 | 1.00 | 2.07E-04 | 1.99 | 3.79E-04 | 2.00
10 | 2.29E-03 - 3.76E-03 - 2.52E-03 - 4.67E-03 -
20 | 2.65E-04 | 3.11 | 4.53E-04 | 3.05 | 3.07E-04 | 3.04 | 5.83E-04 | 3.00
40 | 3.25E-05 | 3.02 | 5.63E-05 | 3.01 | 3.84E-05 | 3.00 | 7.29E-05 | 3.00
80 | 4.05E-06 | 3.01 | 7.03E-06 | 3.00 | 4.79E-06 | 3.00 | 9.11E-06 | 3.00
160 | 5.12E-07 | 2.98 | 8.99E-07 | 2.97 | 5.95E-07 | 3.00 | 1.16E-06 | 2.98

Pl

P2

Table 1: Linear transport equation: L and L2-norm space errors of the Lawson-DG scheme
with P1, P? (CD4 in velocity (N, = 320) and RK(3,3) in time (At = 0.01)).

central flux
L>®-error | order | L?-error | order
8 1.18E-02 - 5.24E-02 -
16 | 7.78E-04 | 3.92 | 3.50E-03 | 3.92
32 | 4.93E-05 | 3.98 | 2.19E-04 | 3.98
64 | 3.09E-06 | 4.00 1.37-05 4.00
128 | 1.98E-07 | 3.97 | 8.78E-07 | 3.97

Ny

CD4

Table 2: Linear transport equation: L> and L?-norm velocity errors of the Lawson-DG scheme
with CD4 (DG-P5 in space (N, = 32) and RK(3,3) (At = 0.01)).

5.2 Vlasov-Ampére equation

We firstly consider the following initial condition for Landau damping

fola) = e~ /2(1 + accos(ka),

where we take z € [0,27/k], k= 0.5, v € [-9,9] and a = 1073. Here we still use DG method
for space discretization, the finite difference method C' D4 in v direction and the 3rd Lawson-
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RK method for time discretization (see Section 3.1). The numerical parameters are chosen as
follows: At = 0.1, N, = 31(P?), N, = 121.

In Figure 1, the time evolution of the electric energy ||E(t)]|z2 is displayed in semi-log scale
(with the corresponding damping rate in red) and the deviation of the total energy H(t) — H(0)
with H(t) = [v?f(t,z,v)dzdv + [ E%(t,z)dz. The expected behaviors (correct damping rate
and good energy conservation) are recovered.

5 x10°
—rel.total energy
0 10 20 30 40 50 60 0 10 20 30 40 50 60
w t w_t
p p

Figure 1: Vlasov-Ampére equation (Landau damping): time evolution of the electric energy in
semi-log scale (left) and of the deviation of the total energy (right). Lawson-DG RK(3,3) and
P? (At =0.1, N, = 31(P?), N, = 121).

We consider a second test called the two stream instability test with the initial condition

fo(z,v) = \/12?1}26_1)2/2(1 + acos(kx)),

for which the same physical and numerical parameters as previously are kept except the final
time which is 7' = 300. In Figures 2, we plot the time evolution of the electric energy in semi-log
scale (and the corresponding instability rate in red) and the deviation of the total energy. For
this test, a linear instability is first observed (up to ¢ ~ 30) during which a vortex in phase
space is created (see 2), and it is followed by a nonlinear phase. These two behaviors are well
reproduced by the scheme even if the mesh is quite coarse. In partiular, even if the vortex is
well captured, we can observe spurious oscillations due to the use of central schemes. Note that
the Poisson equation is satisfied in both cases up to machine accuracy.

At central flux

L>®-error | order | L?-error | order
0.1000 | 4.17E-05 - 1.85E-04 -
0.0500 | 5.21E-06 | 2.99 | 2.31E-05 | 2.99
0.0250 | 6.51E-07 | 3.00 | 2.89E-06 | 3.00
0.0125 | 8.14E-08 | 3.00 | 3.61E-07 | 3.00
0.00625 | 1.02E-08 | 3.00 | 4.52E-08 | 3.00

RK(3,3)

Table 3: Linear transport equation: L* and L?-norm time errors of the Lawson-DG scheme

with RK(3,3) (DG-P?® in space (N, = 16) and CD4 (N, = 32)).
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Figure 2: Vlasov-Ampére equation (two stream instability): time evolution of the electric energy
in semi-log scale (top left) and of the deviation of the total energy (top right), snapshot of
f(t=0) (bottom left) and snapshot of f(¢ = 300) (bottom right). Lawson-DG RK(3,3) and P?
(At =0.1, N, = 31(P?), N, = 121).

5.3 Vlasov-Maxwell equations 1dx-2dv

We consider the Weibel instability [32] by consideering the Vlasov-Maxwell 1dx-2dv model
studied in Section 3.2 with the initial distribution and fields are of the form

ft=0,2,v1,v9) = ! e - U%—i-v% (1 + acos(kyr)), = €[0,27/k)
_”1’2_2770102Xp 2\o? o2 o IR

B(t = 0x) = Bcos(kx), Es(t=0,z)=0,

and Ej(z,t = 0) is imposed from the Poisson equation. We choose the parameters o =
0.02/\/5, o9 = V1201, k=125 a =0, B =—10"* for our test, which gives a growth rate of
0.02784 by solving the dispersion relation (see Weibel [32]). For the numerical simulations up
to a final time T" = 500, we still use DG method for space discretization in x— direction, finite
difference method with C' D4 in v direction and Lawson-RK(3,3) method for time discretization
(Lawson-RK(3,3)-DG CD4) and consider At = 0.5, N, = 21(P?),N,, = N,, = 44. For
comparison, we also consider Fourier method for space discretization in x— direction, finite
difference with a third order upwind (UP3) in v direction and Lawson-RK(3,3) method in time
(Lawson-RK(3,3)-Fourier UP3) with At = 0.5, N, = 64, N, = N,, = 88.

In Figure 3, we show the time evolution of the electromagnetic energies || B(t)| 2, [ £y (t)| L2,
|E:(t)||r2 (in semi-log scale) obtained by the two methods. First, we can observe that the
theoretical growth rate is in very good agreement with the two numerical solution. Second,
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the two methods are very close up to time ¢ &~ 300 (which corresponds to the end of the linear
phase) and slightly differs for larger times. We also show the evolution of the relative total
energy |H(t) — H(0)|/H(0) in Figure 4 for Lawson-RK(3,3)-DG CD4 scheme without (left)
and with (right) the energy correction step presented in [4] in the Vlasov-Ampére case. This
projection approach enables to modify the unknown by a suitable coefficient which is of order
the scheme so that the total energy is preserved almost up to machine error 1072,

— B — 1B
sl IE 53l BlP
S E:|P? s E:?
&0t —growth rate Z-10 —growth rate
© @
2-15 e-15
o u
<3 - [+
2 20 1 2 20
-25 -25
-30 -30 |
100 200 300 400 500 0 100 200 300 400 500
Time Time

Figure 3: Vlasov-Maxwell equation (Weibel instability): time evolution of the electromagnetic
energies in semi-log scale together with the analytic growth rate. Left: Lawson-RK(3,3)-DG
CD4. Right: Lawson-RK(3,3)-Fourier UP3.
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Figure 4: Vlasov-Maxwell equation (Weibel instability): time evolution the relative total energy
of Lawson-RK(3,3)-DG CD4 without (left) and with (right) energy correction step.

The second test for Vlasov-Maxwell equation we considered is the streaming Weibel insta-
bility |7, 9] for which the initial condition is

_ 1 v (v —v0,1)? (v2 — vo,2)?
f(t - 07ZE,U1,’U2) - 271'0'2 exXp <_M> (56XP <_M> + (1 - 5) exp <—%‘_2 R

B(t=0,z,t =0) = fcos(kz), E2(t=0,z)=0,

and Fi(t = 0,z) = 0 from the Poisson equation. We choose the parameters o = 0.1/v/2, k =
0.2, B =-1073, vo,1 = 0.5, vp2 = —0.1 and § = 1/6 for our test. The growth rate of Ey is
0.03 [7]. For the two schemes Lawson-RK(3,3)-DG CD4 and Lawson-RK(3,3)-Fourier UP3, we
take the same parameters as in the previous case but At = 0.1 for stability reasons. We show
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the result in Figure 5 in which the time evolution of the L? norm of the electromagnetic fields
are displayed. First, we observe a good agreement with the theoretical growth rate for these
two schemes and some deviations in the nonlinear phase can be observed. For this case, we also
consider the correction on the total energy and plot the time history of the relative total energy
in Figure 6 for Lawson-RK(3,3)-DG CD4 without (left) and with (right) energy correction step.
The total energy can be well preserved for exponential DG approximations if it is stable, and
the relative error is greatly improved with energy correction step without affecting the accuracy
of the scheme. Note that the Poisson equation is satisfied in both cases up to machine accuracy.
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Figure 5: Vlasov-Maxwell equation (streaming Weibel instability): time evolution of the elec-
tromagnetic energies in semi-log scale together with the analytic growth rate. Left: Lawson-
RK(3,3)-DG CD4. Right: Lawson-RK(3,3)-Fourier UP3.
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Figure 6: Vlasov-Maxwell equation (streaming Weibel instability): time evolution the relative
total energy of Lawson-RK(3,3)-DG CD4 without (left) and with (right) energy correction step.

6 Conclusion

In this work, we constructed and implemented a new exponential DG method for Vlasov equa-
tion, extending the previous works [14, 12, 4| on this topic where Fourier method in space were
used. These methods allow to derive high order accuracy in time, space and velocity, still ensur-
ing stability without the restrictive CFL type constraint coming from the linear part. Moreover,
a discrete Poisson equation is satisfied and a projection technique enables to preserve the total
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energy. The extension to DG turns out to be an interesting alternative compared to previous
approach based on Fourier which is restricted to cartesian domains with periodic boundary
conditions. The approach only involves the calculation of exponential of DG-matrices of size
(k + 1)N with k& the DG degree and N the number of points in the space direction and we
observe that thanks to the specific structure, this is also true in multi-dimensions.

One interesting extension is to perform an efficient implementation of the method in two-
dimension in space to exploit the Kronecker structure. We also plan to investigate the extension
of this approach to problems involving boundary conditions, for which monotone fluxes are more
appropriate but requires to study the stability of the scheme.

A Appendix A: The DG matrix construction

The goal of this appendix is to give some details on the construction of the DG-matrix (8)
which is at the core of our scheme. To do so, we consider the 1dx transport equation (1) with
coefficient @ = 1, for which we wrote in (2) the semi-discrete DG scheme. To get the DG matrix,
we consider ¢ = §§ and up(t,x) = anzo u' ()€ () in (2) to get

k
S [@a@em, €, — (@m0, ] + [un ke =0, (42)

m=0

where £ = 0,...,k,j = 1,...,N and where the central flux {up}|s;,,, = (uf (zj41/2) +
uy, (2j+1/2))/2 is considered. Thus we obtain for the boundary term

Tj+1/2 1 a m m,— m m —
Huh}ﬁe]xjflﬁ =3 Z [(UJ (O™ (wjp1/2) + T (OE™ T (@51/2)) €57 (T541/2)
— (uf (O)E™ T (1 y9) +uf ()™ (2521/2)) £l7+($j—1/2)}

k
= 5 (@@ + @i/ a2

We denote u;(t) = (ul(t),ul(t),....,u*(®)T, j = 1,2,..., N, then we can rewrite the DG dis-
cretization as

M u; Dy Dy ... D3 up
M us D3 Dy Do u2

. : .. . Dy :
M uy D2 N D3 D1 uy

where M, D; € M11),41)(R),7 = 1,2,3 are given by

m+{—
me:%ﬁﬂth—FW”“%(mmmzwnwuw”“%
‘-1 1

(D)o = (1727 D)= (1, (D)o = (-1 /2,

m+0—2 2
with (D1)1,1 = 0 by convention. Then we have

AzMdu — Du = 0,
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where M is a block diagonal mass matrix of size N(k + 1), D is a block tridiagonal matrix of

size N(k + 1), and u is the vector containing the degree of freedom
_ (0 1 k,0 1 k 0,1 k \NT k+1)N
u=(uul, . ubuQud, kW uky, L )T e RFFDN,

Now we can rewrite the DG scheme as

ou(t) = Au(t), A= (AzM) D, (44)
where A is a block circulant matrix
M~-'D;, M™'Dy 0 M~1Ds
1 M™'D3; M~'D; M~'Dy 0 1
A= — = —A4A,
Az | o M—1D, Az
M71D2 0 e M71D3 M71D1

or with the circblock notation A; = circblock(M 1Dy, M~1D5,0,0, ..., M~1D3). Since D and
M are independent of Az, so is Ay defined by A = Azt A;.

B Appendix B: Stability and error estimate for semi-discrete DG
scheme.

In this appendix, we give some error estimate of the exponential-DG scheme for the one di-

mensional linear advection equation (1). To do so, we first define some notations about norms

which will be used. For a given function z ~ v(z), we denote ||[v||; and ||v]|oo ; as the L2-norm
and L*°-norm of v on I; (j = 1,..., N) respectively. Moreover,

1
loll = O lloll5)2, 1Vlloo = max[|v]loo 5,
j

2 _ + 2 - 2
[ollF = Zj:(!vj_l/gl +lv; 1),

where we express the value of v on the left and right limits of the grid point Tii1 with v

+3 JT3
and v; 1 respectively. Define the jump and the mean of v at T;_1as [v]j_; = (v;r - vj_ L
2 2 2 -3 -3

2
and {U}jf% = (v;.r_% +o

)/2.

N[

B.1 Notations for projections and some properties of approximation space
The inverse properties of the finite space V}, will be used.

Lemma B.1. When the mesh is reqular, Vv € Vi, 3 C > 0, s.t.
B290]12 + llollE < Clol2, (45)
where the positive constant C' is independent of h and v.
Define the L2-projection Py of u into V, as follows:
(Pyu,vp) = (u,vp,), Yop, € Vi, with vy (x;(., 1)) € P([~1,1]).

The following lemma states the error of these projections [10].
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Lemma B.2. Let Phlq = q— Pyq is the projection error. For any smooth function q(z), 3 ¢ > 0,
such that

1
1Pi-allp + Pl0: (P @)llp + h2 || Py glloe,n < ch**glii1p, (46)
1
1Prglie < ch™* 2105 ]|, (47)

where the positive constant ¢ is not dependent on h, solely depending on q, and D may be Q0 or
I;.

Furthermore, to avoid confusion with different constants, we denote a generic positive con-
stant by C, which is independent of the numerical solution and the mesh size for our problem.
But, the constant may dependent on the exact solution and may have a different value in each
occurrence. Moreover, for problems considered in this paper, the exact solution is assumed
to be smooth with periodic or compactly supported boundary condition. Therefore, the exact
solution is always bounded.

We state the L? stability and L?-norm error estimate for the scheme and also give their
proof.

Theorem B.1. For semi-discrete DG scheme (2) with central fluz, we have the L?-stability:

d 2
— = 0.
a2
Proof. Take the test function ¥ = uy, in the semi-discrete scheme (2), we have
ld 2 - +
2t /, updr = —a{Uh}!xH%uh oy a{uh}\zjf%uh oy o /Ij aup(up)d,
= _a{uh}’ch%Uh ‘“”H% +a{uh}\zj,%UZ|a:j,% + 5(“}1) ’xH% - §(uh)+|xj7%'
_ 9 + - & —ut
B ’wﬂ% ol U, ’mjf%-
(48)
Sum over j of above equation, the L?-stability follows. O

Theorem B.2. Let T > 0, u be the exact solution of problem (1), which is sufficiently smooth
with bounded derivatives. Assume up, is the DG approximation of semi-discrete scheme (2)
with the central flux and the approximation space Vi, is the space consisting of k-th piecewise
polynomial. Then it holds that

[u(T) = up(T)| > < ORF, (49)
where C' is a positive constant independent on Ax.

Proof. Denote error as e, = up — u. Notice that the scheme (2) is still satisfied with uj, = w.
So, we have the error equation

/.(&teuw)dm‘ = —a{eu}|xj+%z/7|xj+% + a{eUij,%wﬂl’j, + / aeyYypdx. (50)

I I

ol

Define e, = up, — u = (up, — Pyu) — (u — Pru) = €, — PkLu. Then taking 1) = €, we have

/Ij (6 e
+/I aéy(€u)zdr  (51)

1
I—3 f

= [ aptiads - al@dle @k, + ol @,
J

+Q{Plj_u}‘zj+%é;7’$j+% _a{PkLu}‘wj %é;ﬂzji%

- / aPu(éy) da.

I
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By the the definition of the projections and some calculations, the right terms RH S of the error
equation (51) become

G ~
RHS = —ieu‘Leu lz 4 eu euﬂx L+ a{Pk u}\z eu |$ — a{PkJ‘uHx;leuﬂw;l.
it3 2 3 +3 i3 J

Sum over 7,

5l = S S = =Y a{E Al
J

Furthermore, from Holder’s inequality, Lemma (B.1) and Lemma (B.2), we have

Sl < > ot P,

1,1 (53)
< | Py U\Irl\eullr < chftanTi||e|
< cl|léy|* + ch?*.
Thus by Gronwall’s inequality, the conclusion in Theorem B.2 follows. O

C Appendix C: Ker(A) and projection II

Here, the projection matrix IT onto Ker(A) with A the DG-matrix (8) is discussed. A general
expression (for any k, N) turns out to be difficult and we compute Ker(A) (and the projection IT)
for several practical cases. As mentioned in Remark 2, there are mainly two cases, according to
the oddness of (k+1)N: (i) if (k+1)N is odd, 0 is a simple eigenvalue of A and Ker(A)=Span(u;)
where u; € REHDN correspond constants in the space P¥; (ii) if (k+ 1)N is even, 0 is a double
cigenvalue of A and Ker(A)=Span(uy,us) and ug € RE+DN has to be determined. This second
case recalls what happens for the second centered finite differences in which constant vector
belongs to the kernel but also the sequence (—1).

e odd case: We can check that

T
1,0,...,0,1,0,...,0,...,1,0,...,0 c RE+DN
—— — N
€Rk €Rk Rk
is a eigenvector of A associated to the eigenvalue 0. By Iz = (x,ui)u;, we get the

expression of the matrix II
II= [ul,O, .oy, 0,u1,0,...,0,...,u,0,... 7O:| S M(k+1)N,(k+1)N(R)7

with 0 € RGN,

e even case: in addition to u, we need to find a second eigenvector to construct II. We give
below the expression of us for some k =1to k=5

T
k=0, up = [0,1,0,1,...,0,1} e RN,

T
k=1, up = [0,1,0,1,...,0,1} e R2N,
~— ~—
€R2  ¢R2 €R2
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1 1 T
k=2, up = [—7,0,1,0,0,—1,...,—6,0,1,0,0,—1} € RN,

6
€R6 €R6
3 3 3 T
— k= 3 :|: ' N 717 ' o0 717"‘7 ' an? 71:| R4N'
3, us 0 20 0,1,0 20 0 0 20 0 €
€R? €R? eE‘l
3 3 3 3 3 3 T
— k=4 = |:_77 IR 7_]—7 sy T 717"'a_7a Y Q340 7_]—7 sy T 71i|
)02 o501V 100 =0 TR VR VR L
€R10 €R10
RN,
) ) ) ) ) ) T
- k:57 :|:077707_770717077707_770717"'7077707_77071}
case 2 336" 18 336" 18 336 18 ©
eEﬁ GEG EEG

ROV,

In the even case, when k is even, we observe a double pattern which is repeated N/2 (since
when k is even, N is even to ensure (k + 1)N is even). Once we get (u1,uz), the formula
Iz = (z,u1)us + (z,u2)us enables to get II.

D Appendix D: Lawson-Fourier method for Vlasov-Maxwell 1dx-
2dv.

In this appendix, we extend the method presented in [4] to the Vlasov-Maxwell model in 1dx-
2dv. This approach is compared to the Lawson-DG method in the numerical section 5.
Starting from the Vlasov-Maxwell 1dx-2dv model (24) satisfied by

f(t,z,v1,v2), E1(t,x), Ba(t,x), B(t,x), with t > 0,2 € [0,L] and (v1,v2) € R?, we shall use a
Fourier method in the space direction x and we consider a grid in the velocity direction vy j, =
Vgmin + JeAvg, £ = 1,2. Denoting fk,jl,jz (t) the spatial Fourier coefficients of f(t,x,v;,,vj,)
and (E1 k, Ea i, By)(t) the Fourier coefficients of (1, Es, B)(t, x) then gives the following semi-
discretized scheme for k = 1,..., N, (N, being the number of grid points in [0, L])

(04 fro i + V1 gy ik fregs gy + (fD\f)k,jm =0, with F = (E; + Bva, By — Bvy),
& By, = —ikFqy,
OB k= — > V1 frjy jn AviAvy, (54)
J1,J2
GtEM = —ikBy, — Z vg,ijkJLjQAlevg,
L J1.j2

with the initial condition fk7j17j2 , B(0), F1 1,(0), EA‘QJC(O) satisfying the Poisson equation z'k‘Elyk (0) =
Zj17j2 fk,jl;jz (O)Ale’Ug for k # 0. Let denote U = (f,B,EQ,El) S MN’Ulel"r'gvalelJ’_S(C)’

then the previous system can be rewritten as

aU = LU + N(U), (55)
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with

—

fk,*,l _(ﬁ)k,*,l

fk,*,Q _(FDf)k?,*,Q

: : . vk =1,....N

U = ; N(U) = — e cn . y ey WV,

fkl*’Nv2 ’ ( ) _(‘FDf)k,*,Nvg 7 fk7*7]2 © ’ VJQ = 17 s 7Nv2>

Br 0

B 0

Ey 0
—ikdiag( _i) ()Nv1 7N,U1 ()Nv1 7N,U1 e ()Nv1 7N,U1 ONvl,l . (:.Nv17
OnN,, Ny, —ikdiag(v1) ONy, Noy -+ ONy, N, : :

L On,, Ny,

ON,U1 7N,U1 e ONv1 7N,U1 —ikdiag(v_i) ONvl,l ON
01,n:,, .. 01,n,, 01,n,, 0 —ik 0
—Av1Avg(v2)11  —Av1Avg(v3)21 ... —AviAve(v3)n,, 1 —ik 0 0
—Av1 Avav —Av1 Avevq . —Av1 Avgv 0 0 0

where we denote v the vector with components (v1);, = v1,min + j1Av; and 03 the vector with
components (032)j, = V2min + joAve. Moreover, diag(vi) denotes the diagonal matrix whose
diagonal is composed of v, 1 € RN denotes the vector with components 1 and 043 is a
matrix with A lines and B columns with zeros. The size of the matrix L is (NVy, Ny, +3) and in
spite of its size, one can see that L is sparse.

A key point is to compute exp(LAt) to design an exponential scheme approximating (55).
Denoting U™ ~ U (t"),t" = nAt, At > 0, the first order Lawson scheme is

U™ = exp(LAt)U™ + Atexp(LAL)N (U™).
The following proposition gives an explicit expression of exp(—AtL).

Proposition 9. The exponential of the matriz L given by (56) is given by

6—ikAtdZag(171) ONul,Nvl ()Nvl’]\;v1 . ONvl,Nvl ONvl,l ONU171 ONvl,l
0N, Ny, e—ikAtdiag(vi) ON,, Noy -~ ON, Ny, : : :

: ' ON,, N, :

On,, Ny, e ON,, Ny, e_imtdlmg(ﬁ) On,, 1 On,, 1 On,, 1
eBi.1 Bk 2 . BN, cos(kAt) —isin(kAt) 0
682,k,1 6527]{72 e eSQ,k,NUQ —1 sin(kAt) COS(k‘At) 0
E1k &1k e 1k 0 0 1

where By jy, €2k 4oy €1,k € M1 N, (C) for jo=1,...,N,, are given by

iAUl Avg 5 iAUlAUQ g iAUlAUQ —ik
€Bk7j2 = k V2,52 &, 6527k7j2 = k U2,j267 egl,k = k (1 —e Ul)?
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where the vectors &,5 € Min,, (C) whose components are given by

e—ik‘At eik’At e—ik?At’ULJi
oy, = — — +
J1 . X 2 ’
2(1 - Ul,]l) 2(1+ Ul,]l) (1- Ul,jl)
e—’ik’At eik‘At Ul,jl e_ikAt'UlJi
ﬂjl = = + + P)

21 =v15)  2(1+wvy) (I—vi,)

Proof. To compute exp(AtL), we will solve exactly the linear part of the Vlasov-Maxwell system.
First of all, we observe that the components associated to f is diagonal and can be solved
independently so that the N,, x N,, top left block of exp(AtL) is diagonal and is equal to
e AL (N, times). Second, the 3 x 3 right bottom block corresponds to the homogeneous
Maxwell equations and its exponential can be computed as

0 —ikAt 0 cos(kAt) isin(kAt) 0
exp | —ikAt 0 0 | = isin(kAt) cos(kAt) 0
0 0 0 0 0 1

It remains to compute the three last lines corresponding to the coupling between the Vlasov
and Maxwell equations.

Computation of .£; ;: solve El,k
First, we have for f j, j,(t)

fk,jh]é (t> = e_“wl’jl (t_tn)fk7j17j2 (tn)a

which enables to compute Ey 5 (t"1)

tn+1
Eip(t™™) = Bt =) e~ T b . fi gy g, () Av Avg
g2 7t
iAlevg . . A
= Bl + ok Z(l —¢€ Zkvl’JlAt)kahjz ("),

Ji,J2

from which we deduce the expression of & k.

Computation of By, £ ;: solve Bk,ﬁ}z,k
Next, we focus on the calculation of Fa (t"*1) and By (t"*1). We write down the equations

d - 1. —ikvy 5, (t—t™ n
%Egjk(t) = —ZkBk(t) — Ze k 1’]1(t t )02,j1fk,j1,j2(t )Alevg
J1,J2
dp (t) = —ikFyy(t)
7 Br = 2.k
which can be rewritten as % = MU + R with U(t) = (Ezk(t), By(t)) and
0 —ik Ri(t . kv o (g 5 "
M = ( ik 0 ) and R = < 0 (1) ) , with Ry(t) = — Ze kvy,jy (t—t )’Uz,jlfk,jl,jz(t )Avi Avs.

J1,32
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Thus, one can write the variation of constant formula

tn+l
U™t = MAU ) + / e~ MUt R(t)dt. (57)
tn
First, eMAt reads as
JMAE 0 —ikAt \ [ cos(kt) —isin(kt)
— P kAt 0 ~ \ —isin(kt) cos(kt) '
Second, one has to compute the integral term in (57)
n+1 n+1
/t o M) Ry pl . cos(k(t — t"1)) Ry (t)dt
n [ isin(k(t — ") Ry (t)dt
| L Trv2a fi, g AviAv (58)
Zjl 22 T2v2,, f/?,jl,jz AviAvy
where 77 and Zs are given by
tntl s —ikAt ; ikAt o —ikAL
7, — / Cos(k(t B tn+1))eiikv1*j1 (titn)}dt _ et B 7et _ w1 5, € v : V1,51
tn 2k(]. — U17]’1) 2k(1 + 7)17]'1) k(]. vl,jl
tntl s —ikAt : ikAt ;o —ikAtvy
; n ie ie ie 1
I, = / isin(k(t — t"))ehvna (1 )]dt = + -
mn 2]{}(1 *Ule) 2]{3(1 +U17]’1) k(l —Uijl)

Inserting these calculations in (57) leads to the following expression for Es (t)

R . o ~ iAlevg £
By p(t™) = cos(kA) By k(") — isin(kAL) By(t") + ———— >  v2,58), frji 3»(t"),
Ji,j2
R n+1 .. n n iAUlA’UQ i "
Bi(t"") = —isin(kAt)Ey (") + cos(kAt)By(t") + ok D V2520 Fignaa ();
J1,j2
where ,5_;: [B1, B2, . . -aBNvl] € CNoi and @ = [a1, g, .. "aNm] € Cr are given by
—ikAt kAt vy j, e kAL
5]'1 = - - 1 2 ’
2(1 —?.11’)'1) 2(1 +U1,j1) (1 _Ulyh)
e~ tkAt etkAt efikAtvl,jl
a; = = - + 2
2(1— Ul,jl) 2(1+ Ul,jl) (1 vLJi)

We conclude by writing the vectors By, €2 1 corresponding to Bk and EAgﬁk

eBk:jQ -

z’Avl AUQ

k

—

V25,0, ok gy =
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