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Abstract

The coupling effects in multiphysics processes are often neglected in designing multiscale methods. The
coupling may be described by a non-positive definite operator, which in turn brings significant challenges
in multiscale simulations. In the paper, we develop a regularized coupling multiscale method based on
the generalized multiscale finite element method (GMsFEM) to solve coupled thermomechanical problems,
and it is referred to as the coupling generalized multiscale finite element method (CGMsFEM). The method
consists of defining the coupling multiscale basis functions through local regularized coupling spectral prob-
lems in each coarse-grid block, which can be implemented by a novel design of two relaxation parameters.
Compared to the standard GMsFEM, the proposed method can not only accurately capture the multiscale
coupling correlation effects of multiphysics problems but also greatly improve computational efficiency
with fewer multiscale basis functions. In addition, the convergence analysis is also established, and the
optimal error estimates are derived, where the upper bound of errors is independent of the magnitude of
the relaxation coefficient. Several numerical examples for periodic, random microstructure, and random
material coefficients are presented to validate the theoretical analysis. The numerical results show that the
CGMSFEM shows better robustness and efficiency than uncoupled GMsFEM.

Keywords: thermomechanical coupled problems, heterogeneous media, generalized multiscale finite
element method, coupling multiscale basis functions, error estimates

1. Introduction

Heterogeneous media have been extensively applied in practical engineering, and their physical and
mechanical properties across multiple temporal and spatial scales closely interact with their underlying mi-
crostructure, properties, compositions, etc. Hence, efficient coupling multiscale modeling is of paramount
importance for the performance prediction [1], optimization design [2, 3], and safety assessment [4] of hetero-
geneous media. In the case of thermomechanical processes, except for microscale heterogeneity, microscale
thermal expansion properties may also play a significant role at multiple spatial scales. For example, de-
pending on the complex loading conditions (e.g., high stress or extreme temperature environments), damage
or cracks may occur due to induced sharp thermal stresses [5], which can be computationally prohibitive.
For this reason, efforts should be made to develop more efficient multiscale models and numerical methods
to predict the coupled multiphysics behavior of heterogeneous media for engineering practice.

Based on the first law of thermodynamics and the conservation of momentum, mathematical model-
ing of thermomechanical processes can lead to coupled partial differential equations (PDEs) [6], including
hyperbolic mechanical equations and parabolic heat transfer equations that are mutually coupled. Consid-
ering the quasi-static case, the existence and uniqueness of the solutions for the coupled PDEs have been
analyzed in [7, 8], where the inertia terms of the mechanical parts are ignored. Numerical methods have also
been developed with the help of the finite element method (FEM), and the convergence analysis and error
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orders have been obtained in [9, 10]. Numerous studies have focused on the 2D and 3D linear thermome-
chanical problems [11, 12] and nonlinear thermomechanical problems [13], including coupling effects [14],
fracture analysis [15], etc. It is imperative to emphasize that although the physical mechanisms underly-
ing the thermomechanical equations and the poroelastic equations diverge, their mathematical equivalence
prevails. Numerous methodologies and conclusions demonstrate uniformity across both equation types.
Consequently, this paper abstains from an extensive exploration of the poroelastic equations. Furthermore,
the multiscale nature of heterogeneous materials leads to a tremendous cost when solving thermomechan-
ical problems using direct numerical methods, which are also unreliable and notoriously ill-conditioned
[16]. These motivate us to develop robust and efficient multiscale methods that can not only reduce the
dimensionality of coupled thermomechanical problems but also incorporate as much important microscopic
physical information as possible.

Research on multiscale methods is of great significance in modeling and numerically computing heteroge-
neous media. This remains an active field in engineering practice because it has the ability to fully describe
the intrinsic physical processes of complex systems. Great progress has been made to solve multiscale
problems using various strategies, which include constrained macro simulation and the generalized finite
element method (GFEM) [17]. Constrained macro simulation is a micro-macro coupling interaction method
that establishes a suitable macroscopic model through solving specific microscopic problems, including
the homogenization method [18, 19], the variational multiscale method [20], the heterogeneous multiscale
method [21], the computational homogenization method [22], etc. The generalized finite element method
was originally proposed in [17] and has been applied to solve various multiscale problems by constructing
different finite element spaces. In the multiscale finite element method (MsFEM) [23], the basis functions
of the finite element space are constructed by solving the local problems on each coarse block incorporated
with the localized microscale physical information, and the corresponding mathematical theories are also
developed for the MsFEM, such as convergence analysis and the error reduction method. Then the gener-
alized multiscale finite element method (GMsFEM) [24, 25] is designed to obtain high-accuracy multiscale
basis functions by solving local spectral problems on snapshot spaces. Similarly, the multiscale spectral
generalized finite element method (MS-GFEM) [26, 27] is another important multiscale GFEM with local
approximation spaces constructed by solving local spectral problems. Moreover, the localized orthogonal
decomposition (LOD) method [28, 29] stems from the ideas of the variational multiscale method [20], and
the coarse space is modified with the basis functions well approximated locally. These techniques have been
extended and applied to the thermomechanical and poroelastic problems, for instance, the homogenization
method [30, 31, 32, 33], LOD [34, 35], GMSFEM [36, 37] and extended MsFEM [38, 39], etc.

Inspired by previous works, this paper designed an efficient regularized coupling formulation of GMs-
FEM named CGMSsFEM. For the traditional GMsFEM [36, 37] or the LOD method [34, 35], the multiscal basis
functions are separately constructed through the corresponding elliptic operators obtained by decoupling
the mechanical and thermal parts of thermomachical equations. The multiscale characteristics of the thermal
expansion coefficients are not considered, which will lead to some limitations of these methods. Treating
the coupled system as a unified operator and constructing local spectral problems within the framework of
the GMsFEM is a natural but impractical idea. This is because the coupling operator exhibits non-positive
definite characteristics, especially in cases of strong coupling, i.e., when the coupling coefficients are rela-
tively large, which renders traditional methods ineffective. To overcome this challenge, we constructed a
regularized local spectral problem by introducing two relaxation coefficients in the CGMsFEM. Through the
regularization technique, the local spectral problems will be solved by a unified operator without decoupling
the thermomechanical equations. The multiscale basis functions are constructed by considering the coupling
effects of the displacement and temperature fields. Thus, the coupling information can be more accurately
captured. In addition, the theoretical results of the GMsFEM method [24, 38, 39] are also generalized. The
convergence analysis of the CGMsFEM is obtained, and the error estimations are derived, where the rate of
decay of eigenvalues for local spectral problems is obtained, which is similar to [40]. Furthermore, several
numerical examples associated with periodic and random microstructure material coefficients are presented
to confirm the theoretical analysis of CGMsFEM. When the same number of basis functions are chosen, the
numerical results show that the CGMsFEM not only has better accuracy than the GMsFEM in the case of
weak coupling but also has obvious advantages in accuracy for the strong coupling situation. The novelty
of the proposed approach is highlighted as follows:

(1) The multiscale basis functions are constructed by the coupled spectral problems incorporating local



multiscale physical information, which can more accurately approximate the solutions of the original
thermomechanical problems with fewer degrees of freedom.

(2) Two relaxation coefficients are creatively designed for the local coupling spectral problems in each
coarse-grid block, the proper regularity of which is ensured by adjusting the value of the relaxation
coefficient. Moreover, the method can be reduced to the standard GMsFEM when the multiscale
coupling correlation effect disappears, which also provides a generalized framework to design the
coupling multiscale basis functions for weak or strong coupled multiphysics problems.

(3) Through convergence analysis, it is deduced that the error of CGMSsFEM is closely related to the
eigenvalue decay in each local coarse block, which is consistent with GMsFEM. At the same time, it
is also proven that the upper error bound is independent of the two relaxation coefficients.

The paper is organized as follows. The formulation of CGMsFEM is given in Section 2, including the
problem statement, the construction of coupling multiscale basis functions, and the corresponding finite
element method. In Section 3, the convergence analysis of CGMSsFEM is carried out. A few numerical
examples are implemented to illustrate the efficiency and accuracy of the proposed CGMsFEM in Section 4,
and the conclusions follow in Section 5.

2. Formulation of CGMsFEM

2.1. Problem statement

A thermomechanical problem is considered to describe the quasi-static deformation of heterogeneous
media in domain Q, where Q ¢ R?, d = 2,3 is a convex bounded polygonal or polyhedaral domain with
Lipschitz continuous boundary JQ, and T > 0 is a given time. It is assumed that the solid phase is a linear
elastic solid and that the deformation is coupled with the temperature field [4, 3]. Then the equilibrium and
heat transfer equations are written in standard form as follows

-V (o (w) - gOI) = £, in Q% (0,T],

. M
0-V-(kVO)+pV-u=g, inQx(0,T],

where o is the stress tensor and I is the d-dimensional identity matrix. u(x,f) : Q x (0,T] —» R and
0(x,t) : Q x (0,T] — R denote the displacement and temperature fields, respectively. Here, the superscript
dot represents partial differentiation with respect to time ¢, and x denotes the space coordinates. x(x) and
B(x) are the thermal conductivity and expansion coefficients with multiscale characteristics, f is the body
force, and g is the heat source. Then the initial and boundary condition are defined by

u=up, onT¥ x(0,T], (o(u)- BoI)-n=oy, on Iy, x(0,T],
6 = 6p, onT¥ % (0,T], (xVO(x,1)-n=qy, onT¥ x(0,T], )
0(x,0) =6y, inQ,
where the boundary of Q is divided into surfaces I' and I, I'¥) and T, with T N T% =@ and I'Y N T, = 0.
up and Op are the prescribed displacement and temperature, and on and gy denote surface load value and

heat flux, respectively. n is the exterior normal to the surface I'y; and I'{.. The constitutive relation of stress
and strain for a general thermoelastic material is given by

o(u) =2ue(u) + AV - ul,

where €(u) is the strain tensor defined by

e(u) = %(Vu + Vu?).



y and A are the Lamé constants defined by

_ E 1= Ev
M oAy T A nd -2y

where E and v are Young’s modulus and Poisson’s ratio.
Here, some definitions and assumptions will first be stated. Let H'(Q2) denote the classical Sobolev space

equipped with the norm ||v||%{1 @ = ||v||i2 ot ||Vv||i2 @ and H1(Q) represents the dual space of H!. Then

define L¥([0, T]; V) for the Bochner space with the norm

T p
0llr o, 1v) = (fo ||U||"7/dt) , 1<p<oo,

O|p e . = essinf |[v
[ollz (1o, 71;v) ssin llollv,

where V ia a Banach space with the norm || - [y, such as L2(Q) and H'(Q). For the sake of simplicity, the
time interval [0, T] and the domain ) will be omitted, for instance, L*(V) for L*([0, T]; V). The following two
spaces V,(Q) and Vy(Q) are also defined as

Vi(Q) = oo € (H'(@) so=00nTh}, V(@) :=olo e H'(Q): v =0on T}

The following assumption is also presented.

Assumption 2.1. The material parameters A, 1, x, p € L=(Q) satisfied

0 < Apin = essinf A(x) < esssup A(X) := Ay < 00,
x€Q) xeQ

0 < Umin = essinf u(x) < esssup p(x) = tmax < ©0,
xeQ x€Q

0 < Kpmin := essinf x(x) < esssup k(X) 1= Ky < 0,
xeQ) x€Q

0 < Buin = essinf f(x) < esssup P(X) := Bax < 0.
x€Q xeQ

Furthermore, the corresponding variational formulation of problem (1) is to find the weak solutions
u € V,(Q) and 0 € Vy(Q) such that

a(u,v,) —b(v,, 0) =<f,v,), Vv, € V,(Q),
3)

c(0,v9) + d(0,vg) + b(u, vg) = {g,v0), Vvg € Vo(Q),

where

a(u,vu):foa'(u):e(vu), b(vM,G):fQﬁQV-Vu,

C(@, Z)Q) = f 609, d(@, 7}9) = f xVO - VUQ.
Q Q
: represents the Frobenius inner product, and (-, -) denotes the inner product in L*(Q).

2.2. Construction of coupling multiscale basis functions

The procedure of the construction of the CGMsFEM basis functions can be divided into two steps.
Firstly, coupling multiscale eigenfunctions can be constructed by solving regularized coupling local spetral
problems in coarse block, and the local computations associated with construction of local approximation
spaces are independent and can be performed in parallel. Then the partition of unity functions are obtained
to construct multiscale basis functions. Finally, the resulting global stiffness matrix can be several orders of
magnitude smaller than the stiffness matrix obtained by applying FEM directly.



Suppose the domain Q is composed of a family of meshes 7, where H = max H; is the coarse mesh
KieTH

size and Hg; is the diameter of coarse grid K;. 7 is the conforming partition of Q and is shape-regular. 7"
is a conforming refinement of 7, and h is the diameter of the fine grid. N denotes the number of elements
in 7H, and N, denotes the number of vertices of the coarse grid. Let {xl} be the set of vertices in 77 and
wi =UIKj e THx; € K]} the neighborhood of the node x;. Figure 1 deplcts the fine grid, the coarse element
K;, and the coarse neighborhood w; of the node x;.

|~ fine grid

—

|

|

Figure 1: The fine grid 7", the coarse grid 7!, the coarse element K; and neighborhood w; of the node x;.

In order to construct coupling multiscale basis functions, the following regularized coupling spectral
problem in each coarse neighborhood w; is given to find eigen-pairs {A“, *i} such that

-V (0'(1# N - )/1,81/)&"1) ! A A+ 20y, inw;,

V. KVI/)M + )/Z,BV 1#0, — _sz Il}th in wj, (4)
o) -n=0, on dw;,
KVt/)“” n=0, on Jdw;.

Y= (P, "), ¢y and gy are corresponding eigenfunctions for displacement and temperature fields
in problem (4) y1 and y, are the relaxation coefficients, the proper regularity of which is ensured by
adjusting the value of relaxation coefficient. To be precise, it is always possible to choose appropriate
and 7, such that this spectral problem is positive definite. The introduction of 7 in the right-hand side
of this spectral problem is to ensure that A" is independent of H. Here, it should be emphasized that the
important coupling physical characteristics are naturally incorporated into multiscale basis functions, which
can obviously reduce the orders of global stiffness matrix.

Let V,;,(Q) and Vgy,(Q) be classical affine finite element spaces on T" of V,(Q) and Va(Q) respectively,
and the definitions of V,;(w;) and Vg,(w;) are also similar. The corresponding variational formulation of
problem (4) is to find the weak solutions ¢}}" € V;(w;) and 1/)“" € Vgn(w;) such that

(Il)u /Vuh) Vlb (Vuhr wl = _Aw’ <Il) Vuh)Z)z ’ vvuh € Vuh(wi)r
5)

A (', von) + 20" (3", ven) = —2/\“)"< (;,”,veh> . Yoon € Vo),



where

awz(l/j;)”vuh) - f U(llljwl) e(vuh)/ b (Vuhl l/j(gi) = f ﬁlpzlv *Vuh,

w;

da)l (¢(1)‘ Uﬁh) — f Klea)i . Vveh/
[
wj w; _ wj w; Wi — @i
W' van), = f(/\ + 205" Van, <1P@ /USh>d = f Ky Von-
@) wj
In the following text, substituting w; with K signifies that it maintains the same definition within the region

K. Thus, following the standard finite element discretization, we obtain the following algebraic eigenvalue
problems,

AIIPIZEA 1M llp 1[ (6)
where
Aw‘ = A(lul X _ylA(ZUI ,MM[ = |: MC{” O . }I
V243" Ay 0 My
and

(A ;‘ih = a“(Qujy, Pu,jy), (A2) ;‘112 = b"(Pujr, Po,jp), As =

(A9, = d(Pojor Do) MG, = (bujus fus), » MDY, = <¢eh,¢eh> g

¢u,j € Vun(w;) and g, € Vap(wi), 1 < j1 <dN(wi),1 < jo» < N(wj), and N(w;) is the number of total fine grid
nodes in w;.

Then the eigenfunctons {
space, which is defined by

i }L,‘

|'}., related to the smallest L; eigenvalues are chosen as members of CGMsFEM

Vegn = span{CI)“”l(D(‘" = XMy, 1<i<Nyand1<1< L}

where { )(,} is a set of partition of unity functions associated with the open cover {w }N” of domain Q. The
coupling mult1scale basis function set {0} can be placed in the following matrix

() W (@ (& W @y Ny Ny Ny
R = [@), 05", @, &, 057, 2, ., O, &5, 0 ],
Here, it should be noted that the matrix R only needs to be constructed once, and it can be repeatedly used
for computation.

Remark 2.1. For multi-physics problems, it is more appropriate to select the partition of unit functions {)(,-}ffl
separately for each component. This paper chooses the standard Lagrangian basis functions as the partition of unit
functions. The MsFEM basis functions of the elasticity operator and diffusion operator will result in slightly better
performance.

2.3. Algorithm procedure of CGMsFEM

In the paper, the backward Euler scheme is used for temporal discretization. Let w" = (uj, 6}) be the
solutions at the n-th time level t, = Y./ _; 7., n € {0, 1, ..., N7}, where 1, is the time step. Then we have the
following weak formulation for the Egs. (3),

a(uZ, Vuh) - b(vuh/ QZ) = <fn/ Vuh) s Vv, € Vuh(Q)/
oy — o1 w —u! )
C(— Ueh) +d(0,, von) + b(T—,Ueh) =(g",v0), Yvan € Ven(Q),
n n
Thus, following the standard finite element discretization, Eqs. (7) can be rewritten as follows
A'w" =Bw"! +F', (8)



where

A —A> 0 0 F"
An = 7 = /Fn =
Az M + 1,A4 Az M 7,G"
and
(ADjyjy = a(Pujy, Puj), (A2)jrin = b(Puji, Do), As = A7,
(A1)jj, = d(Po,jo, Po,jn), (M)jyj, = c(Po,jos Po,jn),
(Fn)h = (fn/ (P“/]'l)/ (Gn)jz = (gn, (PQ,]'Z)'
Define

A" =RTA"R, B° = RTBR, w" = (R"R)'R"w", F! = (RTR)"'RTF",
and combining with Eq. (8), the following algebraic system can be given,
A'w" = B'w" ! + F. )

Then the solution w/! can be calculated by iteration, and the solutions in fine grid can be obtained by use of
the coupling multiscale basis functions,
w" = Rw/.

Here, the key difference between CGMsFEM and GMsFEM is the construction of more accurate coupling
multiscale basis functions. The matrix R can be computed offline, and it can be reused in all time steps.
Thus, a much smaller system is solved with CGMsFEM, which can significantly improve the computational
efficiency.

3. Convergence analysis of CGMsFEM

3.1. Interpolation error

Before proving the convergence and error estimates for CGMsFEM, some definitions and Lemmas are
first given. Let w = (u, 0), v = (v, 0g) € V,,(Q) X V(Q). The b(-, -) is continuous in V,(Q) X L?(Q2), and it can
be assumed that there exists a constant Cy such that for all u € V,,(QQ), 6 € L,(Q2), we have

b (u,0) < Collullx 16, x, Y KeETn,

161, x = f k6.
K

i} ¢ = f(/\+2y)u~u.
K

And for all u € V,,(Q), 0 € Vg(Q), the energy norms can be defined as follows

where

Also define

Il = aw,w), 1612 = (6, 0).

In the following text, substituting K with w; signifies that it maintains the same definition within the region
w;. Meanwhile, the local bilinear functionals can be defined as follows

AW, V) = a¥(u,vy,) — y1b¥(vy, 0) + y2b¥ (u, vg) + d(0, vg),

10
MY (w,v) = f (A +2u)u - v, + kOvg. (19)
Then the local eigenvalue problem (4) can be written as
)i @, 1 [ [ Wi
AP, v) = I?A MO WP v), Vv e Vi(wi) X Vo(w;). (11)



The obtained eigenvalues can be arranged in ascending order
j Wi o wi
ASAy < SAS

Assume that except for d + 1 zero eigenvalues, all eigenvalues are real numbers and greater than 0, and
define V (w;) := V,(w;) X Vo(w;).

We have .
Z “” Vv € ?(wi) ,
=1
where { ;‘”};’il are a set of complete orthogonal basis functions in 1% (w;) with the inner product M“i(-,-). It is
easily obtained that
i 1 S )i i i )i S w, (o
A, V) = 25 Y MO YPPAS, MO, v) = MO (12)
I=1 =1

Inspired by Reference [41], we define the semi-norm by

(o8]

Wi\ S
R = () M or0 <5 <2 )

=1

and it follows that
VI3, = MOV, v), VI, =A%WV,v).

It's important to emphasize that the eigenvalues of the local spectral problem (4) are {A } Therefore, the

seminorm is defined in this manner. Following the above definitions, we give

Lemma 3.1. Assume that w € V,,(w;) X Vo(w;) and |||W||sw; < 0. For 0 <t <s<2,L; >d + 1, there holds

Aa)i t—s
. Li+1
IIW—IZ’Wlllﬁa,,S( " ] Il Wiz, (14)

where I is the local interpolation operator defined by

Li
Iow =) M w, )y
=1

Proof 3.1. By definition (15), it can be obtained that

it

o0 Aa},
;i ! w; w;
=T, = Y, () Mgy

I=L;i+1
(Aa}, t—s A
_ w; w, 2
-2 () () v
I=Li+1 H
Awi t=s oo Aa),' s
Li+1 1 W w;i\2
|| X () weon
I=L;i+1
w; t—s
Li+1 i 2
<] lw-TpwiE,
@) t—s
AL1+1 2
< T W[50, -




Then the following corollary can be given by this lemma with t = 0, 1.

Corollary 3.1. Forallw € V,(w;) X Vo(wi),1 £s<2,L; >2d+1,

' ’ | H2
Mo = T, w - Tiw) € w2,
(AL1+1)
H2s—2 (15)
AW = Tw,w—I'w) < — w2, -
(AL;+1)

For interpolation operator 7: V,(Q) X V(Q) — V,(Q) X Vy(Q2) and all w = (u, 0) € V,,(Q) X Vy(Q2), we define
(Iw), and (Jw)y, s.t. Tw = ((Tw),, (TW)p).

Lemma 3.2. Forall w = (u,0) € V,(Q) X Vy(Q), there holds

fK (A4 20) (6 = (T WD) - (6 = (TswW)) + (0 = (Tmew)o)?
(16)

w|||2,a),"

where Nk = card {y; : y; € K} and Agp+1 = minyex A
operator, which is defined by

Z" 1 Lms 2 Vu(Q) X Vo(Q) — Vg, is the global interpolation

N, L;

T ysw = Z Z M (w, m’ (Dw’

i=1 [=1
Proof 3.2. Based on the definition of 1,5, we have

Ll
Mw‘(W w, T(X)Id+ m,
7
=1

W —J W =

|
:
z ':'[VLZ

XilanI7'w 17)

I
gs
W

= X7 () (w - I(L"i"w) .

1l
—_



Combining with Eq. (17), the left part of Eq. (16) gives

f <A+2m[}:xmld - (1w ][meld )]

+ % [yze;(xi,g (9 - (I‘i’i"w)e)]2
< Ni ;2 f A+ 20 (T Lo (w = (70w) ) - (kL Ja (= (Z20w), )

(o (0~ (13w) >>2
<N Y [0 2(u-(zw)) (- (7w) )+ (o0 - (riw), ]

yi€K
= Ng Z MW = I7w,w—I7'w)
yieK
}{4
<Nk} — I wilk,,
yieK (AL,+1)

2 Y W, -

( KL+1) ek

Lemma 3.3. Forallw = (u, 0) € V,,(QQ) X V (Q) and the definition of 1 s, the local interpolation error estimate can
be given as

||u (L jsW) u” + ||6 msw)(g”d’K < 2Nk Z (CzﬂK (W — 1 ysW, W — I W)

: e (18)
2C3
R [? . c3] (o= Tl 10 - @], ).
_ 2 = 2Co .
where Cp = PP TGN, Cs = PPNR TGN, and Cy is a constant such that

C .
max |Vyi| < ﬁl Vi<N,.

The proof of this lemma can be found in Appendix A.
Lemma 3.3 directly leads to the following estimation of global interpolation error.

Theorem 3.1. For all w € V,, (Q) X V (Q) and definition of I, the global interpolation error can be given as

la = (Tew), [, + 10 -

2
(ImSW)BHd,Q
»

Arp

< 2Noax (c2 +(2C3H? + C3H4

(19)
)Z Iwli,,,

L+1)

where A+ = min,, A‘Z’;H and N = maxg Nk.

10



Proof 3.3. From Eq. (18), the following estimations can be given as

Y, 27w Tiwow - Tyiw) = 3 A% (w = Tjiw, w = Tjiw)

KeT™H yieK
<2 vl
L Dl ] e H@ (7).,
- Z (“ Iwz UlL,,w;i * ||6 B (IZKW)Q Ld,cui) (21)

w;

=Y llw-1ew|3, <Y

\2
w; wj (Az)-lf-l)

Then combining the summation of Eq. (18) for all K € Ty with Egs. (20) and (21), the proof is complete.

Hl w HlZ,u),- .

3.2. Steady state case
Some results for the prior error estimate of the problem (1) will be first given in the steady state case. For

i€ V,(Q) and 8 € Vy(Q), it follows that
a(ﬁ/ Vu) - b(vul é) = <EI VM)H/ Vvu € Vll(Q)/

- 2
d(6,v6) = (3,00)a, oo € Vo(Q). (22)

Define V,y = span{i’;‘;" } and Vygy = span {q);‘g }, where <I>7’f(x) (<I>;‘;’ (%), (D“” (x)) (1<i<N,1<I<L). The
discretization form of Eq. (22) is given as

a(A, Vorr) — b(vun, On) = &, vur)a,  YVur € Vun,

_ 23
A(On, vorr) = {3, von)a, Yvonu € Von. @3)

Then for all w = (u, 0) € V,(Q) X Vy(QY), define the Riesz projection operator Zy = (Zuy (U, 0), Zro (0)) :
Vu(Q) x Vy(Q) — Vg X Vgy, such that

a(u - Xuu (u/ 9) /VuH) - b(VuH/ 0 — Zho (6)) =0, VYwvgeVyuy,
d(0 — R0 (0) ,v0u) =0, Y von € Von.

The following Lemma can be given with reference to [10].

Lemma 3.4. Forallw = (u, 0) € V,,(Q) X Vp(Q), and the definition of %y, we have

lu = Zru(w, O)ll, < inf lu = vunll, + CollO = Zro(O)ll., (24)
VuHEVuH
10 — Zro(O)ll; < inf 16 — vonll; - (25)
VoHEVoH

Lemma 3.5. Forall r € Ly, and let ¢ € V(Q) be the solution of the dual problem d(¢p, ve) = c(r,vg), ¥ vg € V(Q),
and ¢y € Von be the solution of the discrete problem d(¢pu, ve) = c(r,vg), Yvg € Von. There holds

6 = ox]l, < Calrdl. - (26)

where Cy = C : and C, is the Poincaré constant.

Proof 3.4. The followmg equation can first be estimated,
o = oxll, = d (6,6 — a1) = (1.0 = prr) < Wrlle |9 — ] . (27)

11



- 2
s =l <
Combining Eq. (27) with Eq. (28), it follows that

v(o- ¢H)||f <[l — o[- (28)

o = onll; < e, e o = o]
Lemma 3.6. Forallw = (u, 0) € V,,(Q) X V(Q), and the definition of %y, we have

It = Zeru(w, O)ll, < max{1, C4ColC (H, AL, ) [l Wlllas (29)

10 = Zu0(O)l; < C(H, AL, ) I Wi, (30)

10 — Zre(O)l. < C4C (H, A1) ||| w20, (31)
where X
H? 1 2

C(H A )_[c +(2C?H? + C3H? ] , 32

p) = |G — + (26 3H*) s (32)

and [[wll2g = ), lIwll2,

w;€Q
Proof 3.5. Forall 0 € Vg(QQ), and let v := 0 — Znq(0), it follows
16 = Zro(O)II? = c(r,7) = d(¢, ) = d(p — Pr, 7)
<o = pall, il < Calirlc lrlla -

Then we have
10 — Zro (Ol < C4llO — Zro(O)ll, - (33)

Moreover, combining Eq. (24) with Eq. (33), it follows

lu— Zru(u, 0)l|, < inf [ju—wvuyll, + C4Co inf |6 — vgplly -
vun€Vun voHE€Von

By the definition of |HWH|5 o the proof is complete.

3.3. The prior error estimate of CGMsFEM
For f and g in problem (1), we have

<f/ Uu)a = <f/ Uu>,v Uy € VM(Q)/ <g/ UQ)d = (g/ UQ),V Ug € V@(Q)/
where f € V,(Q) and 3 € Vp(Q). Define

C'(f,g) = -1|f" £+ Vnel, - Nr.

For simplicity of notation, let

Ci(w) = 4sz1 (Cﬁ + Cémax{l, CZCS}) ||atw||L°°(Tn,|\|-H\m) y

Cy(w) = 2C} (||aff6||L°<’(Tn,||'Hu) +Cj ”aftuHL""(TmH'”a))‘
Then we have the following prior error estimate of the CGMsFEM.
Theorem 3.2. Let w = (u, 0) and wy = (up, Oy) be the unique solution and CGMSsFEM solution of problem (1),

12



there holds

}L [[u" - u;g||j + 411 o - 9”H||f < Z [cm (f,9) + TwC? (H, Aps1) Cl'(w) o
m=1

+ 7, Chw)] + (c2 +max {1, C3C3}) C* (H, A1) || W' |3,
and

% lo - o3l < Y [C7 (£,8) + TuC? (H, Av) C(w)

m= m=1

n
1
+Tﬁ1CZ1(W)] + Z ZT’”CZ (H, Aren) [ W I3 -

m=1

(35)

wheren € {1,2,--- ,Nt}.

The proof of this theorem is similar to Theorem 3.1 in Reference [10]. Those interested can refer to the
original source or find a brief imitation in Appendix B. Excluding terms unrelated to H and Ar.1, it can be
concluded that the energy error of the CGMSFEM solution is primarily controlled by C? (H, AL+1) defined in
Eq. (32). When a sufficient number of basis functions are selected for each subdomain w;, which implies

that Ar,1 is sufficiently large, we have C2(H,Ar4+1) = O( Alil ).

4. Numerical experiments

In this section, we present several numerical examples to evaluate the performance of the proposed
CGMSFEM for the thermomechanical problem (1) and mainly focus on the verification of the accuracy and
efficiency of the CGMSFEM. The computation domain is Q = [0,1]?, and the time interval is (0,1]. The
Dirichlet condition and Neumann boundary conditions for the displacement and temperature fields are
defined as 0 in T}, = Fg =[0,1] x 0 and T}, = Ff, = JQ\T'}, respectively. The solutions (u®s™, 6%™) of
CGMSFEM will be compared with the reference solutions (u“’f 0"¢f) of the standard finite element method
and the solutions (u$™, 98™) of GMsFEM. Then, based on Theorem 3.2, the relative energy errors of each
solution and the total relative energy errors are defined as follows

( fQ a(Eu):e(Eu)dx?%, o ( f KVEg - VEedxl)
(j(;o(u):e-:(u)dx)2 (LKVQ Vde)2

(f o(E,) : e(E,) + xVEg - VEgdx)
IEwlle = - .

(La(u) ce(u) + KVG-Vde)i

IEulle =

7

(36)

E, represents the displacement error E,*" = u®®" —u’f or E§" = u8" —u’*/, and Eg represents the temperature
error E;gm = 0%m — g or Egm = 08" — 0"/, Our numerical experiments are performed on a desktop
workstation with 16 GB of memory and a 3.4 GHz Core i7 CPU.

4.1. Verification of CGMsFEM with periodic microstructure

In this example, the efficiency and accuracy of the CGMsFEM are verified for heterogeneous media with
periodic microstructure. The body force f and heat source g are chosen as

f(x,y) =0, g(x,y) =10.

The initial boundary condition is defined as

Bo(x, y) = 500x(1 — x)y(1 - y).

13
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Figure 2: Contour plots of the material coefficients in periodic microstructure. (a) Lamé coefficients i, and A; (b) Thermal conductivity
coefficient x, and expansion coefficient .

Then the Lamé coefficients p, A, thermal conductivity coefficient x, and expansion coefficient § are shown
in Figure 2, where the contrasts are chosen as Amax : Amin = 10% : 1, fimax : fimin = 10? : 1, Kmax : Kmin = 10% :
1,Bmax : Bmin = 10* : 1. The corresponding relaxation coefficients y; = 0.4,y, = 0.04 are given, and the time
step is T = 0.02. Here, the 200 x 200 fine grid is used for the reference solution, and the 20 x 20 coarse grid
is used for the proposed CGMsFEM and GMsFEM. The number of local coupling multiscale basis functions
for CGMsFEM is fixed at 8, and the total number of GMsFEM multiscal basis functions for displacement u
and 0 is also chosen at 8.

Figure 3 demonstrates the difference in eigenfunctions for the CGMsFEM and GMsFEM. It can be seen
that the first three or four eigenfunctions from the local coupling spectral problem of the CGMsFEM can
better represent the microscopic oscillating information than those from the GMsFEM. This is because for
the CGMSFEM, fewer eigenfunctions are needed to represent the physical properties of the microstructure.

Table 1: Comparison of energy errors for CGMsFEM and CGMsFEM

~

o cgm m cgm m cgm m
Eigoalue  IES™e  1ES"le  1ES™0e  IES™Ie  NES™le  IES"l

4 14.80 0.1630  0.4611 02048 03226  0.1922 03734
6 35.56 0.1316 04221 0.1687 02914 0.1576  0.3395
8 37.54 0.1275 04212  0.1420 02897 0.1374  0.3382
10 40.86 0.0793  0.4045 0.0790 0.2325 0.0791  0.2995
12 43.65 0.0687  0.3972  0.0728 0.2134 0.0715  0.2865
14 70.87 0.0634 03880  0.0543 0.2046  0.0574  0.2779
16 77.68 0.0590 03785  0.0383 0.1768  0.0461  0.2602

Figure 4 demonstrates the contour plots of reference solutions (u’*/, 6*f), CGMsFEM solutions (u™, 9¢s™),
and GMsFEM solutions (us”, 68™). It can be concluded that the proposed CGMSsFEM has higher accuracy
than the GMsFEM with the same number of multiscale basis functions. For comparison purposes, we cal-
culate the energy errors of CGMsSFEM and CGMSsFEM as defined by the Eq. (36). The numercal results for
different number L = 4,6, - - , 16 of multiscale basis functions are given in Table 1, where the column labeled
"Eigenvalue’ refers to Ar1 of the CGMsFEM. FFrom the table, we observe that the total relative energy error
IE:S™ |l for CGMSFEM decreases as L increases, and similar results can also be shown for the energy errors

||E;gm||g and ||E;*"||.. Moreover, it can also clearly be found that the energy errors of CGMsFEM with L = 4 are
obviously smaller than those of GMsFEM with L = 16 in Figure 5, which demonstrate that the CGMsFEM is
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(0

more efficient than the GMsFEM.

4.2. Application to random microstructure material coefficients

In order to validate the good applicability of CGMsFEM, two kinds of tests (Test A, B) are performed in
this subsection. In test A, heterogeneous media have random microstructure and deterministic coefficients,
and in test B, both the microstructure and coefficients of materials are random.

Test A: Heterogeneous media with random microstructure and deterministic coefficients. In this simulation, the
body force f and heat source g are chosen as

(x—02)2+(y - 0.4)2)

f(x,y) =0, glxy) = 10><exp(— 2 (.22

The initial boundary condition is defined as
Oo(x, y) = cos(mx)cos(my) + 1.5.

Then the Lamé coefficients 1, A, Conductivity coefficient x, and thermal expansion coefficient 8 are showed
in the left of Figure 6, where the contrasts are chosen as Amax : Amin = 102 : 1, HUmax : Hmin = 102 : 1, Kmax :
Kmin = 10% : 1,Bmax : Bmin = 5.0 X 10* : 1. The corresponding relaxation coefficients y; = 0.75,y, = 7.0 X 1072
are given, and the time step is T = 0.01. Here, the 100 x 100 fine grid is used for reference solution, and
10x 10 coarse grid for the proposed CGMsFEM and GMsFEM. The number of local coupling multiscale basis
functions for CGMSFEM are fixed to 10, and the total number of local GMsFEM multiscale basis functions
for displacement u and 0 are also chosen as 10.
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Figure 5: Comparison of relative energy errors of the CGMsFEM and GMsFEM in periodic microstructure. (a) Eg (b) E,, and (c) Eq;

Test B: Heterogeneous media with random microstructure and coefficients. In this test, the initial conditions,
boundary conditions, and source terms are the same as in Section 4.1. The material coefficients x(x; &), A(x; &),
u(x; &), and B(x; &) satisty the following logarithmic Gaussian random field

exp(GP(bo(x), Covixa, x2))),

where Cov(xy, x2) = o%exp(—|lx1 —x|[*/I?), x1 and x; are spatial coordinates in (), 0 is the overal variance, and
lis the length scale. Then we take ! = 0.01, 0 = 10, by(x) = 0 for k(x; &), B(x; &), and [ = 0.01, ¢ = 10, by(x) = 0 for
A(x; &), u(x; &). For simplicity, the samples are obtained with the help of Karhunen-Loéve expansion (KLE)
with 50 truncated terms. The right parts of Figure 6 show one sample of x(x; &), A(x; &), u(x; &) and B(x; &).
Let the time step size be 7, = 0.01. Fine grid size h = 5, coarse grid size H = 3, and relaxation coefficients
Y1 =07,y =80x% 107° are used for simulation. The number of local coupling multiscale basis functions for
CGMSFEM is fixed at 8, and the total number of local GMsFEM multiscal basis functions for displacement

u and 6 is also chosen at 8.

Table 2: Test A: Relative energy errors of the CGMsFEM and GMsFEM with different contrast ratio of fimax and Bmin-

. cgm m cgn m cgm m
Ratio  1ES™" Nl NES Il NES™le  NES" e NEGS"lle  NES"lle

u

1x10'  0.0474 0.0946 0.0838 02682  0.0474  0.0947
1x10> 0.0638 0.0946 0.1197 02538 0.0638  0.0947
1x10° 0.0805 0.1647 0.1364 05539  0.0822  0.1828
5x10° 0.1306  0.8367 0.1311 07455  0.1308  0.7926
1x10* 01512 05599 01519 05171 0.1512  0.5360

Table 3: Test B: Relative energy errors of the CGMsFEM and GMsFEM with different variance o of §.

cgm m cgm m cgm m
o MES"Ne  NES e NESle  NES"Ne  NEG"lle  NESlle

w w

0.2075  0.3259 02124 02916  0.0474  0.0947
0.2336  0.3410 0.2478 02871 02072  0.3116
02739 04202 02119 02665 02371  0.3152
0.2656  0.4194 02135 02677 02225  0.3048
0.4144 05782  0.1492 02250 0.1781  0.2728

N U1 N
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The reference solutions (u"f,0"f), the CGMsFEM solutions (u‘¢",6%™), and the GMsFEM solutions
(us™, 03™) of Test A and Test B are presented in Figure 7 and Figure 8. It can be observed that the CGMsFEM
solutions have higher accuracy than the GMsFEM solutions by comparing the reference solutions, which is
consistent with the periodic case. Moreover, in order to explore the influence of different coefficients on the
results, we compare the energy errors of the CGMsFEM and GMsFEM with the change of 5. In Test A, the
contrast ratio of fmax and Pmin constantly varies, and in Test B, the variance ¢ is also constantly changed.
Table 2 and Table 3 report the energy errors Eg, E,;, and (c) E,, of the CGMsFEM and GMsFEM for Test A and
Test B in detail. To make our point more clear, we also show the trend of the energy errors with fimax and Bmin
as contrast ratios in Figure 9 for Test A and with ¢ as the variance of In(g) in Figure 10 for Test B. For both
the CGMSsFEM and GMsFEM, we observe that the energy errors of the CGMsFEM are almost at the same
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Figure 7: Contour plots of solutions for Test A. The reference solutions: (a) u;ef (b) u;ef and (c) 6"f; The CGMSFEM solutions: (d) u;‘gm
(e) u;gm and (f) 0°¢™; The GMsFEM solutions: (g) ufm (h) u§m and (i) 68™.

level, while those of the GMsFEM change significantly. Although the whole system becomes extremely
complex with increasing the contrast ratio or the variance of two material coefficients, the energy error of
the whole system stays in a stable state, which is hardly affected by the complexity of the system. This is also
consistent with that in Section 4.1. In addition, the accuracy of the CGMsFEM is always better than that of
the GMsFEM for Tests A and B, even in the more complex cases. Those numerical results demonstrate that
the CGMSsFEM is computationally quite efficient and accurate, with wide applicability in many scenarios.

5. Conclusions

In this paper, a novel CGMsFEM is proposed to efficiently simulate the thermomechanical behaviors
of heterogeneous media, which is suitable for both weak and strong coupling settings. To the best of our
knowledge, this paper is the first example of designed and analyzed coupling multiscale basis functions
for the GMsFEM of multiphysics problems. Two relaxation coefficients are innovatively designed for local
regularized coupling spectral problems. The constructed multiscale basis functions can more accurately
capture the multiphysical coupling information of the original thermomechanical problems, which obviously
reduces the order of the global stiffness matrix. Moreover, the corresponding convergence analysis is derived
in detail, where the error of CGMSsFEM is closely related to the eigenvalue decay in each local coarse block
and the upper error bound is independent of the two relaxation coefficients. Numerical experiments show
that the proposed CGMsFEM is stable and effective and can provide enough numerical accuracy, which
supports the theoretical results of this paper.

Despite a number of simplifying hypotheses adopted in this study, the CGMsFEM presented here is quite
general and provides a generalized framework to design the coupling basis functions for fully coupled mul-
tiphysics multiscale problems under the ultimate load. It's worth noting that this regularization technique
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is not only effective within the framework of the GMsFEM but also applicable to other multiscale methods.
Future work will focus on the analysis of the optimal relaxation coefficients for solving the local coupling
spectral problems, although we find that they can be flexibly chosen without affecting the efficiency and
accuracy of the CGMsFEM through numerical experiments.
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Appendix A. The proof of Lemma 3.3

Firstly, the local energy error of the interpolation operator 7,5 can be given as
s (U= T W), , u— (I psw),) + s (0 = (T msW)g, 0 — (LmsW)g)

= f2ye (u— (T msw),) : €(u— (T msw),,) + f/\V c(u—= (T mswW),)
K K (A.1)
V-(u— T msw),) + ﬁkv (0 — (T msW)g) - V(B — (T msW)g)

=hLh+DL+1s.

Define E(1) : R* — R™? with E(u) lij = % (ui + u]-) for all u € V,,(Q). Let o is Hadamard product. For any
K € Ty, we have

e(u—(Tmsw),) = € [Z Xida (= (2 Z’,-"W)u)]

yiEK

=) (B o efu—(Tpw), )+ E(u=(T1w), o e (1in).

y,‘EK

Then I; can be estimated as follows

I < 2Nk Z (ﬁ( 2uE(xiu) o € (u - (IZ"W)M) :E(xiu) e(u - (IZ’;W)u)

y,'EK

[ 2 (1)) o) B (77 w),) o )
< 2Ng Z (fK 2ue (u - (Iziw)u) € (u - (IZ’W)M)

y,'EK

2 (A.2)

i [2uE (- () )< E(a- (1))
<N X [ amefu- (riw),)sefu-(7w))

yiEK
2

L (u—(fz'w)u)%u—(f?’fw)u)]'
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Next, I, can be estimated for any K € 7y as follows

V(- Tmew),) = Y V- (e (w = (25w),)

yi€K

= 2 (diag()(,-,u) Y (u - (I‘L"l’w)u) + diag (u - (I‘i’i"w)u) Y (Xi,u)) ,

;l/,‘EK
where diag (-) represents the main diagonal elements of square matrix. Thus,

I, < 2Nk Z (f A (diag()(i,u) Y (u - ('Z—(Luiiw)u))z

yi€K K

+ (diag(u - (I‘L"iiW)u) 1V (Xi,u))z)

A3
<2 Y [A(5(o-(11w) )] -
yi€K K
202
R = (1) )-(a= (1) )|
Combining Egs. (A.2) with (A.3), it follows that
h+L <N Y (Hu - (Tow), jK
yiek (A4)
2C3 o o
o [ um(zw)) (o= (1))
Estimating I3 is similar, and we have
VO~ i) = T ¥ (100 (12),)
yi€K
= ) (1o (0 - (zi1w),) + (0= (71w),) Vixio).
yi€K
Substituting it into I3, we obtain
<2 Y [V (0 (72w),) - (ria¥ (0= (771w),)
yi€K
+ [[x((o- (zw),)viin)- (0 - (77w),) Vo)
(A5)
<o Y [ w(o-(zw),) v (- (zw),)
yi€K
202
2 Jx(o- () )
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Combining Egs. (A.4) and (A.5), it follows that

h+h+1I3< ZNK (” I” + ”6 - (Iz)iiw)QH;K *

(A.6)
2 o170 ﬂ,K+||e—<fzzxw>@ )
2
Moreover, define | = ||u - (IZ"W ok ||6 W)GHd o then
= (= Tw =T =y (a= (1), 0 (1),
< AKX (W [“’ W, W — I W) + 171 = 721G ||u || [ W)u oK 0 - (IZ’ZIW)Q LK
< K(w_]-wiw w_]'wi )+ |V1 2)/2|C0
Wi Wi 2
(H I u a,K HQ I )6 LdK)
w o | IC 2
SﬂK(W—ILI‘W,W—ILi’W)+M(] ||9 L )e Ld/K).
Thenlet C; = ; 3= M and assume 1 = 2lCo < 1, it follows that
2—ly1=72Co’ 2—1ly1=72Co’ 2 ’
] < QAN (w— T, w — Tw) + Cy ”e - (2w), ;K . (A7)
Finally, combining Egs. (A.1), (A.6) with (A.7), this proof is complete.
Appendix B. The proof of Theorem 3.2
By the definition of Riesz projection operator %y, and we define
Mipy = P (07, 0") = wyy, 1yg = Zre (0") — O
Combining Eq. (7), we have
@ (1 Vi) = b (Vars, o) + € (g = 135 0om) + b (i, = 15 von)
+ Tud (Mg, Vo) = (B = B, Varsda + Tu(F" — & 00D
+c (6ZQ,UQH) +b (5173”, U@H) , v (VuH/ U@H) € chm,
where
6nH€ = %H(-) (Qn) - %Hg (Gn_l) - T,,atQ”
Oy, = Rpgu (0", 0") = Ry (w1, 0"71) = 7,00,
Define v,y = 0, — ;! € Vup and vgy = 1}q, it follows
1 1
A nHJH ||17”H9||2 5 e = i 1 + Il
- E “nHu ” By ||T] ” + <fn fH nHu nHu1>‘1 (Bl)

+Tu(8" = &1 Mipoda + ¢ (5?191 77H9) +b (6InJu/ nHu)‘
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Similar to Eq. (28), by use of ||171"1,9HC <Cy Hr}?{e o we have

1 1 1 Ty e Ly :
5 il + > [ 20 Imills < 5 2+ 3 i + ek )
+4C25 67612 + 42012 o7

Based on the regularity assumption of problem and Eq. (31), we have

II6ZGIL=||— | 1006 - 20 @06Nds - [ 6= tiadnoenar

c (B.2)
1
< 1,C4C(H, Ap+1) ||‘9tw||L°°(T,,,|\|~mm) + ETE, 1940l j11.) -
Similarly, using Eq. (29), we obtain
1
”6?1&1”[1 < tumax({1, C4Co}C (H, Ar+1) ”(atw)||L°°(Ty,,\|\-|\|2,9) + ET%, ||attu”L°0(Tm||.Hﬂ) . (B.3)

Combining Eq. (B.2) with Eq. (B.3), it follows
- n 2 - n 2 n n
4G, |6t + 4C3T o ||0fl|) < TnC? (H, Avsa) Cj(w) + T3Ch(w).

Let uY, = Zn (uO, 90) and 6}, = %o (6"), then 77, = 0and 77,, = 0, we have

1 1 5] L
L ll + 3l + Y Fewllill < Yl 6.0
m=1 m=1

+7uC? (H, ALwa) C(w) + THCh(w)]

(B.4)

Finally, the proof is complete by using the triangle inequality.
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