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Abstract

Stochastic Klein-Gordon—Schrédinger (KGS) equations are important mathematical models and describe
the interaction between scalar nucleons and neutral scalar mesons in the stochastic environment. In this
paper, we propose novel structure-preserving schemes to numerically solve stochastic KGS equations with
additive noise, which preserve averaged charge evolution law, averaged energy evolution law, symplecticity,
and multi-symplecticity. By applying central difference, sine pseudo-spectral method, or finite element
method in space and modifying finite difference in time, we present some charge and energy preserved fully-
discrete scheme for the original system. In addition, combining the symplectic Runge-Kutta method in time
and finite difference in space, we propose a class of multi-symplectic discretizations preserving the geometric
structure of the stochastic KGS equation. Finally, numerical experiments confirm theoretical findings.

Keywords: stochastic KGS equations, averaged charge evolution law, averaged energy evolution law,
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1. Introduction

The KGS equation

idp + (pue + opu) dt = 0, (z,t) € O x (0,7,

duy — (Uzz — p2u + olp|?) dt =0, (x,t) € O x (0,71, (11
©(0) = ¢o(x), u(0) = uo(x),us(0) = vo(z), €O, '
o(t) = 0,u(t) =0, x € 900,t € (0,T],

where ¢ and u represent a complex scalar nucleon field and a real meson field respectively, i is mass of a
meson and o is a coupling real number, was first proposed by Isamu Fukuda and Masayoshi in 1975. The
equation has charge and energy conservation law and models the interaction of scalar nucleons interact-
ing with neutral scalar mesons. Besides, the dynamics of these fields through Yukawa coupling has been
extensively studied and applied in recent decades.

Recently, the stochastic KGS system has been widely concerned, since random effects are needed to take
into account when stochasticity occurs from disturbances in the Klein-Gordon equation (see e.g., ﬂa, , % and
reference therein), and external perturbation, boundary input, and medium changing (see e.g., [13, [L6, ﬂ]
and references therein). Similar to the deterministic case, the existence of local and global solutions of
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stochastic KGS systems can be obtained by a priori estimates in different energy spaces. The averaged
charge and energy of the stochastic KGS equation, as important tools, are not invariant but possess the
evolution law. In addition to the physical characteristics, the stochastic KGS equation possesses stochastic
symplecticity and multi-symplecticity, which are geometric properties. Constructing numerical methods
preserving intrinsic structures and characters of the original system is always an important topic. However,
there has been no result on structure-preserving schemes for stochastic KGS equations till now.

This paper aims to design structure-preserving numerical schemes for stochastic KGS equations with
additive noise. Inspired by the simplicity and easy programmability of the central difference (see M, @]),
flexibility to achieve high-order accuracy and deal with complex computational domains of the finite ele-
ment method (see B]), good stability and rapid convergence accuracy in solving smooth problems of the
sine pseudo-spectral method (see [, Iﬁ]), we employ these three classic numerical methods to approximate
the stochastic KGS equation. The corresponding three semi-discrete schemes preserve both the symplectic
and multi-symplectic geometric structure, as well as the averaged charge and energy evolution law. When
constructing fully-discrete schemes preserving both the averaged charge and energy evolution law, the treat-
ment of the time approximation is of vital importance. For example, the fully-discrete scheme based on the
discrete gradient method in time and central difference in space, inheriting the energy conservation law in
the deterministic case, does not preserve averaged charge and energy evolution law of the stochastic KGS
system. Moreover, if we make use of the fully-discrete scheme preserving both charge and energy conserva-
tion law simultaneously in the deterministic case directly, neither the averaged charge nor energy evolution
law of the stochastic KGS system is preserved. To overcome the difficulty brought by nonlinear coefficients
relying on the interaction between ¢ and u and the coupling effect between nonlinear coefficients and driving
stochastic processes, we propose some novel averaged charge and energy preserved fully-discrete schemes
by introducing some modified terms depending on the increment of Wiener processes. Since the energy-
preserving method can not preserve symplecticity and multi-symplecticity in general, we also employ the
symplectic Runge-Kutta method, especially the parametric symplectic Runge-Kutta methods, to present
various symplectic semi-discretization in time. Combining with the finite difference in the spatial direction,
we proposed fully-discrete schemes, which satisfy the stochastic multi-symplectic conservation law. Finally,
numerical experiments are performed to verify the theoretical result of the stochastic KGS equation.

The paper is organized as follows. In Section 2, we introduce the intrinsic properties of the stochastic
KGS equations with additive noise. In Section 3, we present fully-discrete schemes preserving discrete
averaged energy and charge evolution law based on the central difference, sine pseudo-spectral method,
or finite element method in space. In Section 4, a class of symplectic Runge-Kutta methods and finite
difference are utilized to propose fully-discrete schemes preserving multi-symplecticity. Finally, numerical
experiments are carried out in Section 5.

Some notations to be used:

e ¢, ¢, the derivative of ¢ with respect to time and space respectively;

e ¢, the second derivative of ¢ with respect to space ;

|¢| the module of complex-valued function ¢;

L?([a,b]) the space consisting of p-square integrable complex-valued functions defined on [a, b] with
norm || - ||ze;

H := L*([a, b]) with innner product (¢, ) = Re(f; d(z)1h(x)dz) for ¢, € H and norm || - || := || - || z2;

H™ := H™([a,b]) the usual Sobolev spaces with norm || - ||.,, for m > 0;

H} = H}([a,b]) the usual Sobolev spaces with norm || - [|; and with homogeneous Dirichlet boundary
condition which means H} = {¢|¢(a) = ¢(b) = 0,¢ € H'};
(Q, F, {]:t}tzo ,IP’) a filtered complete probability space;

E the expectation operator.



2. Intrinsic properties of stochastic KGS equation

Consider stochastic KGS equation equipped with the Dirichlet boundary condition as follows

idp + (paa + pu) dt = C1dW (1), (2,t) € (a,b) x (0,T],
duy — (Uge — u+ |@]?) dt = CQdW(t), (z,t) € (a,b) x (0,77, (2.1)
50(07:6) = (po(iC),U(O,ZL‘) = UO(x)vut(Oaz) = ,LL()(SC), T e (a’ab)v

where i = —1, a,b,C1,Cy € R, ug(z),po(z) are real-valued functions and @o(z) is a complex-valued

function. Here, W and W are defined as

W(t,z) = Wo(t,x) + iWi(t,z) := m(z)Bo(t) + in (x)B1(t), W(t,x) = na(x)Ba(t)

where By(t), Bi(t) and By(t) are independent standard Wiener processes and 1y (x),n2(x) are sufficiently

smooth real-valued functions. Set v := %ut and let p and ¢ be the real and imaginary parts of ¢, respectively.

Then (21]) has an equivalent formalization

dp = — (qee + uq) dt + C1dWy (1),

1 1 —~ 2.2
dv = 5 (um 7u+p2+q2) dt + §CQdW(t)’ (2:2)
du = 2vdt,

where p(0) = Re(po), ¢(0) = Im(po), and v(0) = %po. Assume that (o, uo, o) € & = Hy x H} x
H, and 11 € Hg, 1o € H, and then the stochastic KGS equation (1)) has a unique solution in space
L?(2,C(0,T;&)). This result is obtained by a priori estimates for (¢, u,u;) in different energy spaces,
and most discussions are similar to those in ﬁ] If the size of the noises equals 0, i.e., the noise terms are
eliminated, we get the deterministic KGS equation. In this case, it possesses charge conservation law and
energy conservation law, where

e charge:
el = llpl? + llall®

e cnergy: ) ) i ) )
H(p, u,v) = 2(u, [¢[%) = ([lull” + 4f[o]]" + [lul[y + 2[#]7)

Different from the deterministic case of Cy, Co = 0, the charge and energy of ([ZI)) are not conserved. Below
we shall introduce the averaged charge evolution law.

Lemma 2.1. Assume that (¢o,uo, o) € o := Hi x H} x H, and m € H}, mn2 € H. Then the stochastic
KGS equation 21) satisfies the following averaged charge evolution law.

Ellle(®)II°] = Ellleoll*] + 2CF||m|t. (2:3)

Proof. According to the Ito’s formula, we have

t

()11 =lp(0)II? /0 (2p(s), qza (s) +U(S)Q(S)>ds+/0 (2p(s), CrdWi(s)) + CE [lm I,

la(®)12 =lla(0) 2 + / (24(s), Pr (5) + u(s)p(s))ds — / (24(s), CrdWo(s)) + C2{lm .

Taking the expectation and using the integration by parts yield the result. O



It is obvious that the averaged charge increases linearly with respect to ¢. The following lemma presents
the averaged energy evolution law of stochastic KGS equation ([2.1J).

Lemma 2.2. Assume that (po,ug, j10) € E := H} x Hi x H, and m1 € Hg, na € H. The averaged energy
evolution law of stochastic KGS equation (2.1)) meets

BIH(A(0). u(t). o)) = BH(go. w0, o)) = CF eIt —4CHm e+ 4CEE] [ tu(e)dias].  (24)

Proof. Notice that H((t), u(t), v(t)) = 2(u(t), [o(t)[*) — (lu@®)|* +4llv@®)[* + [u®) [T + 2] ¢[7)- By the Ito’s
formula, we deduce

a2 =uo |2 + 4 / (Vu(s), Vo(s))ds,
lu(®)[2 =lluoll? + / (2u(s), 20(s))ds,
lo()]1? =lo? + / (0(5), hga(s))ds + / (v(s), —u(s) + [p(s)|2)ds

i 1
Jr/0 <U(5)7CZdW2(S)>+Z/O (Canz, Camz)ds.

Combining the above three equations, we obtain
lu@)l* + 4l + @)1~ luoll* — 4llmoll* — lluol?
= [ wlo) o)) + 45 [ (0(6) () + CBlne P
For the terms ||p()]|3 and (u(t),|¢(t)|?), a straight calculation yields
P11 + a1 = [lp(0)IIF — llp(0)I1F

-/ (22(5)s e () + a(8)a(s) + u(s)an(5))ds + / (22(5), Cl(1)a ()
[ 200051 ) + 005) 4 0ol — [ @05, Wi
+ [ Cu ) Crlm) s + / {Cu ) Calm )
=2 [ (Vols). iVu(s)ols))ds ~ 21 [ (Vils), iV (s) + 20
and

(u(t), lo(t)*) — (uo, lpol*)

= [ 20l le)P)ds [ (us).20(6) aea(s) + ulha(s))ds + [ (uls) 2p(s)CraWi (5)
0 0 0
" / (u(5), 20(5) (s (5) + u(s)p(s))ds — / (u(s), 2q(5)CrdWWo(s)) + 2 / (u(s), C2n?)ds
- / (20(s), [ () 2)ds + 2 / (Viols), iVu(s)p(s))ds + 2C, / (u(s). p()dW (s)
0 0 0

e / (u(s),q(s)dWo(s)) + 2C2 / (u(s), ) ds.
4



Combining the above equations leads to

2(u(t), [p)1?) = (lu@®)* + 4lo@)[1* + [lu@®)]IF + 2lle@)]3)
=2(uo, |¢o|?) — (Jluoll® + 4llpoll® + lwollF + 2[lwoll) — 4CE |m 5t — C3n2||*t

+4012/0 <u(s),7}%>ds—4/0 <v(s),cgdwg(s)>+4cl/0 (Vip(s),iVdW (s))
+4Cy / (u(s), p(s)dWW1 (s)) — AC / (u(s), a(5)dWo(s)).

Taking expectation completes the proof. O

The stochastic KGS equation can also be rewritten as an infinite-dimensional stochastic Hamiltonian
system. In detail, denoting

1 1
H(p, ¢, u,v) = 5 (w, |of*) = 2 (llull + 4lloll* + ult + 2|lplt + 2llqll?),

b b b
C
Ho(p7Qauvv) = 701/ pdl', Hl(p,g,”,”) = 701/ qd.fC, HQ(]?,(],U,’U) = 72/ Udza

we have SH OH;
dp = —5odt = 5 2dWi(t),  p(0) = Re(po),
du — 7%’}]1&7 u(0) = uyp,
oH 0Ho Y
dq = 3 dt + =S 2dWo(t),  q(0) = Im(o),
o — %ﬂdt + %d’vmt), v(0) = %uo-

One of the inherent canonical properties of the infinite-dimensional stochastic Hamiltonian system is the
infinite-dimensional symplecticity of its flow. For (ZI)) or (Z3)), the associated symplectic form is given by

o(t) = / (dq(t) A dp(t) + do(t) A du(t))dz,

where the overbar on w is a reminder that differential two-forms dg A dp and dv A du are integrated over
the space, and d denotes the differential with respect to the initial value.

Lemma 2.3. Assume (¢o,uo,p0) € & = Hi x Hi x H, ;1 € H}, n2 € H, and that the solution of
stochastic KGS equation @210) is differentiable with respect to the initial data. Then @21 satisfies the
infinite-dimensional stochastic symplectic structure, i.e.,

b
(t) = 3(0) = / (dg(0) A dp(0) + dpzo A du)dz.

The lemma implies that the spatial integral of the oriented areas of projections onto the coordinate
planes is an integral invariant. As shown above, (2.]) is regarded as a stochastic evolution equation in time.
When the spatial variable is also of interest, both the stochastic multi-symplectic Hamiltonian system and
stochastic multi-symplectic structure are involved.

Lemma 2.4. The stochastic KGS equation 2)) satisfies the stochastic multi-symplectic conservation law.

Proof. Let ¢(t) = p(t) + iq(t), p(t) = f(t) +ig(t) and set r := us, w := u,. Then the stochastic KGS
equation ([27)) can be reformulated as

Kdz + Lzgdt = VS(2)dt + VSo(2)dWo(t) + V.S1(2)dWi (t) + V.Sy(z)dW (t), (2.6)
5



where z = (p7Qa f,g,U,T7 w)T and

1
S(z) = —Sulp® + ) = 5(F* + ") + 7 (u* + 1% —w?),
1
SO(Z) = Clp, Sl(Z) = Clq, SQ(Z) = _§CQU,
[0 =1 0 0 0 0 O] [0 0 1 0 0 0 0]
1 0 0 0 0 0 O 0 0O 01 0 0 O
0O 0 0 0 0 0 0 -1 0 0 0 0 0 O
K=]0 0 O0O0O0O O 0], L= 0O -1 0 0 0 0 O
0 0 000 —-1o0 0O 0 00 0 0 2
0 0 0 O % 0 0 0 0O 00 0 0O
00 000 0 O] L 0 0 00 -1 0 0]

From (Z4) it follows that (2]) possesses the stochastic multi-symplectic conservation law locally
dy (dz A Kdz) + 0, (dz A Ldz) =0, a.s., (2.7)
equivalently,
d(2dg Adp + dr Adu) + 9, (2dp Adf + 2dg A dg + du A dw)dt =0, a.s.,
which implies the result. O

As shown above, the stochastic Klein—-Gordon—Schrodinger equation possesses the infinite-dimensional
stochastic symplectic structure, stochastic multi-symplectic conservation law, averaged charge evolution law,
and averaged energy evolution law. Now we introduce the fully-discrete schemes inheriting the properties
of the original system.

3. Fully-discrete schemes preserving averaged energy and charge evolution law

In this section, we introduce fully-discrete schemes, which preserve both the averaged charge evolution
law and energy evolution law of 2.1]).

For spatial discretization, we first introduce a uniform partition with x; = a +ih,0 < i < M, where M
is a positive integer, Qp, = {x; | 1 <i < M — 1}, I; = (z;,2541) and h = (b — a)/M denotes the spatial step
size. Denoting the approximations of p(x;,t), q(x;,t), v(x;, t), u(z;, t) at x; € Qp by Pi(t), Q:(t), Vi(t), Ui(¢)
and making use of the central difference, we have

dQ;(t) = ( i(t) - Pi(t )) — Crm(w3)dBo(t),

dP;(t) = —( ( )+ U( )-Qi(t)) dt—l—le(acz dBl(t , (3.1)

dVi(t) = & (02U;(t) — Us(t) + Py(t) - Pi(t) + Qs(t) - Qi(t)) dt + 5Cana(x;)dBa(t), .
Ui(t) = 2V;(t)dt

where 02P; = (P,_1 — 2P, 4+ Pit1) /h?,02Q; = (Qi—1 — 2Q; + Q1) /h?, and 62U; = (Ui—1 — 2U; + Ujy1) /h?
for i € {1,..., M — 1} approximate pyz, ¢zz and ug, at x; € Qp, , respectively. Let

Py = (P, P, .. L Py_)' . Qu= (Q1,Qo, .. Qo)
Uy = (U, Us,y ..., Uy1) '  Var= Vi, Vo, oo, Varn) |,
= (m(z), @), om@n-1) s My = (@), m(z2), . ma(Tar—1))



and

-2 1 0 0 0 0
1 -2 1 0 0 0

A:% Lo Do : (3.2)
0O 0 00 -~ 1 -2 1
0 0 00 -~ 0 1 -2

(M—1)x(M—1)

We obtain the semi-discretization (BI) in matrix-vector form as follows

dQus(t) = (AP (t) + Un(t) - Pas(t)) dt — CimydBo(t),
dPu(t) = — (AQu(t) + Unm(t) - Que(t)) dt + CimydBi(t),

AVar(t) = 5 (AUs(E) ~ Ung(t) + Pag(t) - Par(t) + Qrlr) - Qua (1)) dit + L ComydBa).
AU (t) = 2V s (1)t

(3.3)

Here, Up(t) - Pas(t) denotes the components multiplication one by one between Up(t) and Pas(t), the
same as Ups(t) - Qar(¢), Pas(t) - Pas(t), Qar(t) - Qar(t). Denote the inner products of discrete Hilbert space

M—1
2 by (f,g)n="nh ; Re(fig:) and || f||n = /{f, [)n- As a result, the charge and energy of ([B.3]) read

NP, Qu) = |Pulli + Quarll7
H(Par, Qur, Unr, Vi) = 2(Un, Pay - Pos + Qur - Quedn — |Une||f — 4 Viell7
+ (Up, AU 4 2(Pas, AP ) + 2(Qar, AQa ) ns

respectively. The central difference ([B.3)) preserves the averaged charge and energy evolution law, which are
shown in the following theorems.

Theorem 3.1. Assume (po,uo, o) € & = HE x HY x H, m € Hg, no € H. The averaged charge for
semi-discretization [B3) has the following evolutionary relationship

EWN(Par(t), Que(1)] = EN (Pr(0). Qar(0))] + 265 [y 2. (3-4)

Proof. By the 1t0’s formula for [|[Pa/(¢)|7 and [|Qas()]|%, respectively, we deduce

Pa 01 =P 017~ [ 2Par(5) AQu(5) + Uni(s) Quiads + [ (2Pas(s) Cumy i)
T C2m 3,

Q017 =l Qu)I} + [ (2Qur(5), AP (5) + Une(s) - Pas(s)uds — / (2Qui(5), Cumy o)
T C2m

Making use of the symmetric property of matrix A i.e., (Pa(s), AQar(s))n = (Qui(s), APp(s))r and
taking the expectation yield the result. O

Theorem 3.2. Assume (o, ug, o) € & = Hi x HE x H, m1 € H}, n2 € H. The semi-discretization (3.3)
has the following averaged energy evolution law

E[HPu(t), Qar(t), Uns(t), Var(?))]

=E[H (P (0), Qnr(0), Ups(0), Var(0))] —C§Q2t+405é1t+4CfE{/o (Unm(s),my - my)nds|,  (3.5)

where Qs = ||n,|7, 0, = (ny, Anq)p.



Proof. Applying the Itd’s formula to ||[Ua(¢)||7 and ||[Var(t)||7, we obtain
t
Oa 7 =10 (0)]]7 + 4/0 (Un(t), Vi (t))ndls,

IV @)l =IVar0)l7 + /0 (Vi (s), =Unm(s) + Par(s) - Par(s) + Qui(s) - Que(s))nds

t

t
1
+/ <VM(5),AUM(S)>hdS+/ <VM(S),02?72>thz(t)+ZC§||772||%15’
0 0

ds

(Ui (£), AU (£)) =(Uas(0), AU (0)) + z/t ( AUy (s)) ds
0

— (Uns(0), AU () + 4/0 (Var(5), AUt (5))mds.
Based on the above three equations, we have
E[Un @7 +4Var ()7 — (Uar(t), AUM())n] — E[[Uar(0)]17 + 4 Var (0)[17 = (Uar(0), AU (0)) ]

E[/O 4(Var(s), Par(s) - Par(s) + Qu(5) - Qui(s))nds| + CEma 3.

(3.6)
A straight calculation leads to

(Un(t), Par(t) - Par(t))n — (Unr(0), Pas(0) - Par(0))n

- / 2V ar(s). Par(s) - Pos(s))ndls — / (Ui (s), Pos(5) - (AQur(s) + Uni(s) - Qur(s)))ndls

20, / (Urr(s), Pas(s) - my)ndBi(s) + CF / (Unr(s) 1 - m)nds.

(Un(t), Qar(t) - Qur(t))n — (Uns(0), Qar(0) - Qar(0))n

- / 2V ar(s), Qur(5) - Qur(s))ndls + / 2(Uni(s), Qui(s) - (AP (s) + Uni(s) - Par(s))nds

a0, / (Uni(s), Qua(s) - ) ndBo(s) + C2 / (Unr(s),m - my)nds.
0 0
(Prr(t), AP (1)) — (Pas(0), APz (0))

=-— /t 2(AP 1 (s), AQus(s) + Upr(s) - Qur(s))nds + 2Cy /t<APM(5)J71>thl(S) +Ct /t<A7717771>hd5-
0 0 0
(Qum (1), AQum (1)) — (Qum(0), AQar(0)) 1,

t

- / ' 2(AQur(s), AP (s) + Ui (5) - Pag())nds — 204 / (AQui(s), 1 )ndBo(s) + C2 / (A1) nds.
0 0 0

Combining the above equations and taking expectation complete proof. |

For any T > 0, we partition the time domain [0,7] uniformly with nodes ¢, = nAt,n = 0,1,...,N
and N = [T/At]. The fully-discrete scheme preserving charge and energy evolution law also depends on
the numerical discretization in time, which confronts the difficulty brought by the treatment of the time
approximation on both drift and diffusion coefficients. By introducing some modified terms and taking
advantage of finite difference method to solve ([B3]), we have the following fully-discrete scheme

n n— 1 +Qn_1 1 n n n— n
Py, =P}, LAt (A% + §UM : (QM + QM 1)) + C1m AB]

8



1
+ EAtclABg (Any +UY - my), (3.7a)

PL + Py

— 1 n n n— n
Qi =Q; '+ At (A 5 + §UM (P + Pl 1)) — Cin,ABy

1
+ EAtC’lAB? (Any +U%, - my), (3.7b)

AUL Uy U U
2 2

1
Vi =Vii '+ SA < +Py P Q- Q}(;l) (3.7¢)

1 - n n— n
+ ECQUQABS + At (ClPT;V[ Lo ABY - C1Qn ! - ABY + AtCiny '771) )
- n n— 1 n
o =UN T AV + V) + S AtComy AB3, (3.7d)

where ABg = Bo(tn) — Bo(tnfl), AB? = Bl(tn) — Bl(tnfl), ABS = Bg(tn) — Bg(tnfl).

Theorem 3.3. Assume (o, uo, o) € & = HE x HY x H, ;m € Hg, no € H. The averaged charge for
fully-discrete scheme [B2) has the following evolutionary relationship

EN (P}, Q3] = EINV(PY,, Qi) + 26 [y [t
where n € {0,1,...,N}.

Proof. From (B it follows that the associated one-step approximation is

—1 —1 —1 1 =1
P, =Py + CIAWL, Q= QY — C1AW,, Vy, =Vi, + §C2AW%7 U, = Uy,

P
_ + 1 _
Pl =P, — At <Aw + §U}w : (Q}w + QR{)) ,
_ PL 4Py, 1 —
Qy = Q%w + At <AMfM + §U}w : (P}w + P}w)> ) (3.8)
—1 —1
—1 1 UL 4+TU 10UV +U 1 /=1 =1 —1 =1
Vi =V +At <§A A 5 - ~3 A 5 - +§(P]M'PM+Q]M'QM) )

Ul, =T, + At (V}w + V;w) ;

where AW} = n,(By(h) — Bo(0)), AW} = n,(B1(h) — B1(0)), and AW1 = n,(Ba(h) — Bs(0)). Taking
expectation leads to

=1 =1 —1
E[(P s, Par)n + (Qur, Quodn] = E[PY,, P + (Qhr, Qiy)n] +2CF [0y |17 AL
Making use of (B8], we obtain
—1
Qi +Qu
2

—1 =1 1 —1 —1
(P Poan— P, Pan = *At<A + §U}\4 : (Q}w + QM) P+ PM>h7

—1
AP}W + Py

1 — 1 — —
(@i, Qi) — @, Qudn = AL(AX=2 4 Uy, (Pl + Py ), Qly + Q)

.
Taking advantage of the symmetric property of matrix A and taking expectation, we derive the result. O

Theorem 3.4. Assume (po,uo, jt0) € E = H} x H} x H, 1 € H}, no € H. The averaged energy for
fully-discrete scheme [B) has the following evolutionary relationship

E[H(PKJ) Q’XJ? ’X/Ia V’XJ)]



n—1
=E[H(P;, Q% USy, VRN — C3 Qaty + 4CT Quty, + 4CF Y " E[(Uly,my - my)n] AL,
1=0

where n € {07 15 B 'aN}v Q2 = ||T’2||%17 él = <n15AT’1>h'

Proof. By the one-step approximation (3.8,

(Uar, Ua)n = (U3, Ussdn, (Uag, AU = (US, AUS ),

Fh Vo = (V3 Vi + (Vo CoaWd), + Z o,

Py, AP, = (PO, APY,)) + 2(APY,, C1AWD), + C20, At,

(Qur. AQu ) = QY. AQY)n — 2(AQ%,, CLAWY), + CF0, At

<ﬁ}wv§}w 'F}w + Q}v[ 'Q}vﬁh = (U, PY - PY + QY - Q) — 2(UY,, C1QY - AW,

+2(UY%,, C1PY, - AW D), 4+ C2(UY,, AW} - AWD), + C2(US,, AW - AW,
Further we employ the definition of H, take expectation, and then obtain
E[H (P, Qus, Uns, Vig)
=E[H(P};, Q% USy, V)] — C5 QoA + 407 Q1 At + ACTE[(UY 1,y - 1y )u] At

Moreover, from ([B.8)) it follows that

—1
—1 =1 QL +Q, 1 —1 =1
Py —Pa, APy +Poy))n = —At<AM7M + §U}w : (Q}w + QM) APy, + P]M)>h7

2
—1
—1 —1 Pl +P,, 1 —1 —1
Qv — Qur- AQp + Qu )i = At<AMfM + §U}w : (P}w + PM) JA(Q)y + Q]M)>h7
1
-1 =1 =1 =1 QL +Q,, —1
Py Pl + Qi - Qi :P]M'PM'FQ]M'QM_AI&AMfM'(P}\J+P]M)
P! +§1, —1
+ AtAMfM Qi+ Qup),
and
—1 —1 —1 =1
(Uy = Uy, Uy + Up)n = AV + V), Uy + Uy,
—1 —1 1 T=l
(U = Up, AUy + Uy = (AU (Vi + V), A(Up, + Upp)hn,
—1 —1
(Vi =V, Vi + Vi
At —— — 1 1 1 1 =l =1 =1 =1
:T<A(UM +Uy) Uy +Upy) +Ppy Py +Qu - Qo + Py - Py +Qyy - Qyy
—1 =1
QL +Q =1 Pl, +P —1 —1
+ AtAMfM Py +Pyy) — AtAMfM (Qu +Qu), Vi + V]M>h'
Then we obtain
2(Up Phy Pl + Qly - Qppdn
1 —1
—1 =1 =1 =1 —1 QL +Qy, —1 Pl +P,, —1
=(Uy+ Uy Py Py + Q- Qy — AtAMfM - (Py +Pyy) + AtAMfM (Qar + Qu))n

—1
+ AUV + V), Pi Pl + Q- Qi
10



1 =1 =1 =1 1 —1
=(Up + Uy Py -Pry+ Q- Qo) + (AU (VY + V), Pl - Pay+ Q- Qi

1 —1
Qi +Qu Py, + Py

—1 —1 —1 —1
— (U} + Uy, AtA (P + Py ))n+ (Ul + Uy, AtA 5 Qs+ Qur))n-

Since U}, + ﬁ}w =2UL, + AV, + V}M),

2(U}, Pl Py + Qo - Qi
1 =1 =1 =1 —1 1= =1 =1 =1 =1
=QUp, Py P+ Qpr - Qup)n + (A (Vs + Vi), P - Poyr + Qur - Qi

—1 =1 ! —|—_1 =1
+ (At (Vi + V), P P+ Qi - Qipdn — (U, + Uy, AtAw (P +Py)n
—1
1 Pl +P 1
+ (U + Uy, ALA=L—— 2 (Q}, + Q)0
1 =1 =1 =1 =1 —1 —1 =1 =1 =1
=2(U, Py P+ Qur - Quidn + ALV, + Vi, Pay - Por+ Q- Qi + Py Py + Qo - Qu
—1 =1
—1 Qi +Q =1 —1 Pl +P —1
- <U}w + Uy, AtAMfM (Pl + P]M)>h + <U}w + U, AtA=Y =M (Q}, + Q]M)>h'
Combining the above equations leads to
E[H (P, Qar Unss Vi)l = E[H(P oy, Qors Uy, Vgl (3.9)
which finishes the proof. O

Remark 3.5. If we use the midpoint method, we obtain a fully-discrete scheme as follows

P, =Ph ! — At (Ai% J;Qxf_l + i (U + U ") - (Qa + Q’;wl)) +Cim ABY

+ %AtClABg (Anl + U?”%UW -m) : (3.10a)
Qi =ai;+ o (AT Loy pug) e ) ) - s

+ %AtclAB? (Am + UHM+Un_1 '771) ; (3.10b)
Vi vl %At (AU?M J;Uﬁfl Ul +2U7vf1 n % (Prt Pl Qi 7131_1))

+ %CQTIQABS + %At (CiPy - m ABY — CiQyy - ABG + AtCEn, -1y ) (3.10¢)
Uy, =UN A (VY + VL) + %AtCzngﬁBS, (3.10d)

which preserves both the averaged energy evolution law and averaged charge evolution law via similar argu-
ments.

When simulating various partial differential equations, sine pseudo-spectral methods play an impor-
tant role due to their superior properties like high-order accuracy, good stability, and high efficiency
(see ﬂE, @]) Now we adopt the sine pseudo-spectral method to approximate the stochastic KGS equa-
tion ([22)) in space. Concretely, we let Ip; be the trigonometric polynomial interpolation operator onto
Snp = span{sin (lu(z —a)), ¢ =1,2,...,M — 1}, with pu = 77—, i.e.,

b—a’
M-1 g M-1
(Iyu) (x) = ; aesin (bu(x — a)), U= i Zl u; sin (p (x; — a)),

11



where u; is interpreted as u (z;). Substituting 4, into Ipsu, we derive

M—-1

(Ingu) ( Z wi X (3.11)

with the interpolation basis function

Xi(x) = % Z_ sin (Cu(z; — a))sin (bp (x — a)) . (3.12)

To obtain an approximation of the second-order derivative, we differentiate X;(x) twice, evaluate the re-
sulting expressions of X;(x) at the collocation points x;, and then derive the elements of second-order
differentiation operator A as follows

HJHM— [ (E i—J h)—0502 (E(i—l—j)h)}, if i # 7,
= , 2 2 2 (3.13)
’ p? o M?u? e
- — - +—csc (iph), if i = 7.
6 3 2

Applying the sine pseudo-spectral method, we derive the semi-discrete scheme in matrix-vector form

dQ]\/[(t) = (AP]M(t) + UM(t) . PM(t)) dt — Cl’l’]ldBo(t),

aP (1) = — (AQur(t) + Uni (1) - Qua(t) ) dt + CimydBa (1),

(3.14)
AV ai(t) = % (AU (1)~ Uni(t) + Part) - Par(t) + Qui(t) - Que(1)) dt + %angng (*),
AU (t) = 2V (2)dt,
Applying the modified techniques to time discretization, we have the fully-discrete scheme
P =y - (AR Tuy - qp - i) - cmay
+ %AtClABg (Am + Uy, -m) : (3.15a)
Qi =Qp ! + At < AP P - LUl (P P;(;l)> ~ O, ABY
n lAtclABn (Anl +un, -m) , (3.15b)
Ve, =Vl o At ( U% +2U Uy +2U7V?1 L Ploprol g Q. 7&—1)
+ 502172AB§ + At (C1Py Y ABY — C1Qy - ABY + AtCEny - my) (3.15¢)
=U A (VI + V) + %AtCQnQABS, (3.15d)

where n € {1,..., N}. Making use of similar procedures as in Theorems and 34, we have the following
result.

Remark 3.6. The fully-discrete scheme [BI3) satisfies averaged charge evolution law
EWN (P, Q)] = EIV (PR, Q1)) + 207 [m: |7,

12



and averaged energy evolution law

E[Q(PKJ) QT](/Ia T](/Ia VnM)]

n—1

:E[Q(P?\m Q?v[a U?v[a Vzow)] - 022 Qatp + 4012<771a A’h)htn + 4012 Z EKUlMa N1 )] AL,
i=0

where n € {0,1,...,N},

g( 71\1/17Q7]€47 x[vv%)
=2(U};, Phy - PR+ Qi - Qidn — U7 — 4IVa:
+ (U, AUR )R + 2(Phy, AP )0 + 2(QR, AQhy)n-

The finite element method, as a type of classic and mature numerical method, can deal with the irregular
computational domain and have high flexibility (see ﬂm, |J__1|]) We now apply the finite element method
to discretize ([2.2). First, we introduce some notations. Let 7, be the uniform partition of [a,b] with
step size h defined above, and denote I; = (z;,2;41),4 = 0,1,2,...,M — 1. Set V), to be the space of
piecewise linear continuous functions with respect to 7, which vanish on the boundary of [a, b]. Multiplying

Uz by ((2) and integrating by parts on each interval I; respectively, with ((z) being functions in V), for
1€4{0,1,2,....M — 1}, we get

L T e (@) (@) (@) = / e (2)C (2)d.

i i

Summing the above equations from ¢ = 0 to M — 1, we obtain the following discrete bilinear form

M—-1

Ba(u, )=~y / @) (@), (3.16)
i=0 Y Ti

which defines a discrete linear operator Ay, : V, — Vy, as
(AnUn,¢) = Br(Un,¢) Y (,Up € V.

As a consequence, the finite element approximation of stochastic KGS equation (Z2]) can be regarded as:
find Qn, P, Vi, U € Vj, such that

dQn = (ApPy + PrULPy) dt — CyPrimdBo(t),

APy, = — (ApQpn + PrUnQp) dt + C1PrmdBi(t),
) , , 1 (3.17)
AV, = 5 (AnUp — Uy, + Pr(PZ + Q3)) dt + 5027%7721132@),

AUy, = 2Vidt,
where Py, : L%([a, b]) — V), is the projection defined by (Ppu, @) = (i, ¢), Yé € Vj,. Further, we have

_ htQr 1 _
pr=r - s (B o 0+ i) ) + CPun By

1
+ §At01 (AnPrmABy + PrU Py ABy)

pr+pt

1
Qr =Q" 4+ At (Ah + 5 Pals (P + P;:l)> — 1P ABy

1
+ 5 AC (AnPrm ABY + PrUS PrmABY) (3.18)
13



. 1, up+urt o o1up4urt o1 . .
Vi =Vt 4 At (§Ah b 5 : —3 h 5 h +§7)h((Ph D24+ (Q} 1)2))

+ %CQPM’]QABS + AtC1 Py (PP " Pum ABY — Q) " Pum ABY + C1At(Prm)?) |
Up =Ur"'+ At (VP + V) + %AtCQPhngAB;‘.
Remark 3.7. The fully-discrete scheme [B.I8]) preserves the averaged charge evolution law
EWN (P}, Q)] = EIN (PR, Q)] + 265 (Puin, P Jtn

with N (P, Q7) = (PP, PP) + (Q7, QF), and averaged energy evolution law

n—1
E[/H(P}?’ m Uns V}?)] = E[/}:[(P}?, ]O“ U}?a Vho)] - 022 QQtn + 4012 Q3tn + 4012 Z E[(U}iw (Phn1)2)]Ata
=0

where n € {0,1,...,N},

H(Py, Q. Up, Vi) =2(UR Pu(P)? + Pr(@3)?) — (UR, UR) — 4V, Vi)
+ (U, AnUR ) + 2(Bf, AnBy) 4 2(Q5, AnQp),

and Qa = (Pnn2, Prn), O3 = (P, AnPrm).

4. Symplectic and multi-symplectic method

For a stochastic Hamiltonian system, symplectic methods are shown to be superior to nonsymplectic
ones especially in long time computation, owing to their preservation of the symplecticity of the underlying

continuous differential equation system ﬁl @ In this section, we present symplectic and multi-symplectic
methods for (Z1).

Runge-Kutta methods, as a class of efficient derivative-free numerical methods, are important tools for
the treatment of stochastic Hamiltonian systems. Beneath the complexity and variety, all Runge-Kutta
methods have a common form that can be summarized by a matrix and two vectors. In detail, for s-stage

Runge-Kutta methods with s > 1, the corresponding Butcher chart reads

Ci1 | a1 -+ Q1s
Cs | As1 Qss
| bl bs

By exploiting the symplectic Runge-Kutta method, we get a temporal discretization for (Z1]) as follows

Q™™ =Q"! +Zaml (QP;;AHU"IP”lAt—clnlABg),

1
"=0Q" E bm PETAL+ UM PYMAL — Cim ABy
Q Q + o] (2 TT + 1m

n,m n— - 1 n, n,
pmm — p 1—Zaml (5 IAL+U™NQ lAt—ClnlABl)
= pnt Zb ( AL+ U QMM AL — Cip ABY )

14



1 S
yrm = yn-l g 3 D i (U AL = U™ At + (P2 At + (Q™')? At + CompABY)
1 S
vr=ynl 4 5 > b (U AL = U™ AL+ (P2 AL+ (Q™)? At + Conp ABY)
m=1

U™ =U"T 4208 am VM, U = U 288 Y by VT,
=1 m=1

where n € {1,...,N},

aijbj + ajibi = bibj, 1,j=1,...,8s. (42)
Here, Q™, P™, V™ U™ are approximations of ¢(t,), p(tn), v(tn), u(ty), respectively, Q™™, P™m™ Vm™mm
U™™ stand for the approximation of ¢(t,.m), P(tn.m), U(tn.m)s u(tn m) wh1ch are the mth middle- value for
tnm € (th—1,tn), and Q" PR U™ represent g 575 (tn,m) 6—p(tn,m), ol (tn,m), respectively.

Example4.1. Lets:2,a11:%,a21:%+§+a, a12:i7§704, GQQZ%, blibgiéwithOAER.

Ezploiting the parametric Runge—Kutta method to [21I), we obtain

- 1 ., n ., n
QM ="t + +4 (2PM1At+U ip 1At—01n1ABO)

+ (1 _V3_ a) <;P&2At+ Um?Pm2At — leABQ) )

Q™2 =Q" ! + <Z + 5 +a> (QPmlAtJrU 1 pm 1At—Cln1ABO)

1/1
+7 <2P§Z2At +U™2P"2At — leABg> :

1/1
Q" =Q" '+ 3 <2P;;1At + U™ PAL — ClmABg> +
1
3 (QP;;?At +U™2P™2 At — ClnlABg) :

prl=prt ( Qi At +U™Q™ At — Crp ABY )

1
_ (Z_g—a> ( Q At+U"2Qn2Aﬁ—Cln1ABl)
1
1
Z < Q At + Un QQn 2At - ClnlABl>

pr=pn-1 ( QuIAt + U™ Q™ At — ClnlABl)

( Q" At+U"2Q”2At—ClmAB)

15



1
v =yt g <§ + § + %) (U At = U™IAE + (P12 At + (Q™1)? At + Comp ABY)

1
+3 (UZ2AL— U™ At + (P™?)? At 4+ (Q™?)?At + Conp ABY)
1
yr =yl 1 (ULIAt — U™ At + (P™1)? At + (Q™1)? At + Canpe ABY)

1
+7 (Ul 2At — U™ At + (P™?)? At 4 (Q™?)? At + Cone ABY) |
1 1
Ut =UnT g oAV (5 - —‘f - 2a> AtV™2,

1 1
unt =Unt + <§ + ? + 2a> AtV™ 4+ §AtV"*2,

Um =t + AtV 4 AtV™2,

When « = 0, the corresponding parametric Runge-Kutta method becomes the traditional Legendre-Gauss
collocation method.
When s > 2, the family of parametric Runge—Kutta methods can be defined by the following tableau

C1
C Ale) = 1X ()l (4.4)
| by ...bs
where
i(c1)  la(en) ls(c1) 5 (G ta)
T e i R CTR
hes) b(es) oo L) | N ~(Gm o)

with oy, ,as—1 € R, & = m,z =1,...,s — 1, and l;(7) being the Legendre polynomials of

degree i — 1 shifted and normalized in the interval [0,1] for i =1,...,s satisfying

1
/li(T)lj(T)dT=5ij, ,j=1,...,s.
0

In this case, ¢; < co < -+ < ¢g and by,...,bs are the abscissae and the weights of the Gauss—Legendre
quadrature formula in the interval [0, 1], respectively. For any value of aq, -+ ,as—1, the corresponding
parametric Runge—Kutta method defined by (&4) is symplectic, since

BA(a) + A(a)'B=1bb"

holds, where B = diag{bi,...,bs}, b= [b1,...,bs]". Introducing parameters into Gauss collocation formulae
leads to the numerical method which is symplectic and much greater degree of flexibility.

In the following, we prove that the semi-discrete scheme ([@J]) preserves the discrete symplectic conser-
vation law almost surely.

Theorem 4.2. The temporal discretization (L) admits the discrete symplectic conservation law, i.e.,
dQ* AdPY +dVIAdUY = dQ° AdPY +dVOAdU°, a.s..
16



Proof. By utilizing (41]), we obtain

dQ' A dP' —dQ° A dP°

. 1
=—dQ"NALY by (f@igﬂ +QV AUt + Ul*mdQl*m)
m=1

- 1
+ ALY by, <§dP;&m + Phmaut ™+ Ul’mdPl*m> AdP°
m=1

- 1 1
— AN by (gdpgém + phmautm 4 Ul””dPl’m) A by, (—d LE4QURAUTR + Ulvdelak) :

2

k,m=1

From

- 1
dQ° =dQM™ — At <§dP;;j + PUlqUtt + U“dP”) ,
=1

- 1
dPO =dP"™ + ALY ap <§dQ;g + QM aut! + U“dQ“)
=1

and symplectic condition (&) it follows that
- 1
dQ' AdP' =dQ° AdP® — dQ""™ N ALY by, <5in;“ + Ql’mdUl*m)
m=1

- 1
+AEY by (§deg" + Pl”"dUl’m) AdPh™,
m=1

Similarly,

dVi A dU?

=dVO A dU° + dVO A 2AL Z by, dV L™
m=1

1 S
+ 5 At > by (dAUN™ — AUN™ 4 2PV AP+ 2Q0™AQN™) A AU
m=1

+ ALY by (dAUD™ — dUD™ 4 2P APY™ 4 2Q0AQN™) A ALY bpdV R,
m=1 k=1

Further, based on symplectic condition (fI]), we obtain

- 1
AVI AU = dVOAdU® + ALY | by (U™ + PEMAPE™ 4 Q1AQN™) AdUT™

m=1
We combine (L0) and (L1) to get
dQ* AdP' + AV AdU! — (dQ° AdP° + dV0 A dUY)

1 S
=54t > b (dQE A QY™ 4 APy AP 4 AU AdUN™).
m=1

(4.5)

Combining the property of d,.,, we have dQL™ A dQY™ + dPL™ A dPY™ + dUL™ A dUY™ = 0, which

completes the proof.

17
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Applying the finite difference to ([2.6]) yields the following semi-discretization

Pi(t) = — (0.Gi(t) + Ui(t) - Qi(t)) dt + Crmi (w;)d By (1),
Qi(t) = (0. Fi(t) + Ui(t) - P5(1)) dt — Crmi(z)dBo(2),

Bi(t) = Fi(t),

5 Qz(t) Gi(t), (4.8)
Ui(t) = Ri(t)dt
Ri(t) = (0204(t ) Ui(t) + Pi(t) - Pi(t) + Qi(t) - Qi(t)) di + Canp(wi)dBa (1),

51Ul(t) = 0i(t),

where ¢ = 1,2,...,M — 1. Here, J, is the numerical approximation of one-order spatial derivative, for
Gita(t) — Gi(t) Fia(t) — Fi(t) Oit1(t) — Oi(t)

instance, 0,G;(t) = , 0. F5(t) = , 0,0,(t) = - . Then utilizing
the symplectic Runge-Kutta method to (L8]) leads to
R (5960;?*1& FUPQM AL + Clm(zi)AB?)) : (4.92)
=1
PP =P = by (0GP AL+ U QI AL + Cym (1) ABY) (4.9b)
m=1
QP = QI+ Y (G F AL+ U P AL - Cumi () ABY ) (4.9¢)
=1
=Qrt+ Z b (0 FV AL+ UM P AL — Oy (2:) ABY) (4.9d)
6P =F", 6,Q =GY, (4.9¢)
UMM =UM ALY amiBY, UP =UPM 4+ ALY by R, (4.9¢)
=1 m=1
RM™ = RO+ Zaml (5 O AL — UM AL+ (PP1)2AL + Q)2 At + Coma () ABY ) (4.9g)
=1
=RY+ Z b (6,00 At — U/"™ At + (P"™)? At + (Q7"™)? At + Cana(2;)ABY) | (4.9h)
5.UM = Or, (4.91)

wherei=1,.... M -1, m=1,...,s,andn=1,...,N.

Theorem 4.3. The fully-discrete scheme ([E9) admits the following discrete multi-symplectic conservation
law

1
A—t(de} AdAP! +dR} AdU} —2dQY AdP? —dRY AdUY) =0,  a.s.. (4.10)

Proof. According to the discrete variational equations of (£9h) and (£9d), we obtain
dQ} AdP! —dQY AdP?

=—dQ) NAE Y by (A6.G + QAU + U"AQ)")

+ ALY by (A6, F™ + PAU™ + UMAP™) AdP)
m=1

18



— ALY by (A6 F™ + P AU + UMAP™) A ALY by (d0,GY* + QU™ + UAQT") .

m=1 m=1

Applying ([£9a)), (£9d) and the symplectic condition (£I]) yields

dQ} AdP! =dQ) NdP? — dQ" AAL Y bpddu G — dQP AAE Y | b QAU
. m=t . m=t (4.11)
+ ALY bpdd, M AAP™ + ALY by PIAU A AP,

m=1 m=1

Analogously, we derive the following equation according to (£.91), (#:9g), (4.9L)

AR} AU} =dR) AdUY + At Y~ by, d6, 00" AdU™ + 2At Y by PAP™ A AU

. m= m=t (4.12)
+ 208 by QdQY A AU,
m=1

Combining (I1) and (@I2), we deduce

Ait(deg AdP! 4+ dR} A dU} —2dQY AdP? — dR? A dUY)

-y by (A6, E* A AP + A5, G A dQ™ + A5, 07 A dU™)dt = 0,

m=1

where implies the proof. O

5. Numerical experiments

This section presents various numerical experiments to verify the properties of the proposed fully-discrete
schemes for the 1-dimensional stochastic Klein-Gordon-Schrodinger equation with the homogeneous Dirichlet
boundary condition. In all numerical experiments, the expectation is calculated by taking average over 2000
realizations.

FD-SRK

-.-p
10 ——q
[~=u
[=—Order 1|

=

10

At

Figure 1: Mean-square errors of FD-SRK in time with T=1.

For the sake of simplicity, we denote the fully-discrete scheme ([@I]) as FD-SRK, which implies that the
numerical scheme is based on the finite difference in space and symplectic parametric Runge-Kutta method
with @ = 0.001 and s = 2 in time. Similarly, for the case that central difference, sine pseudo-spectral method,
or finite element method is employed in the spatial direction, and the modified finite difference method (B.7])
or midpoint method (BI0) is applied in the temporal direction, the corresponding numerical schemes are
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Figure 2: Mean-square errors of fully-discrete schemes in time with T=1.
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Figure 3: Mean-square errors of fully-discrete schemes in time with T=1.

denoted by CFD-I, SPS-I, FEM-I and CFD-II, SPS-II, FEM-II, respectively. Here, we use piecewise linear
polynomials for the finite element method. Figs. show the mean-square error for seven fully-discrete
schemes against At =27° s = 3,4,5,6 on log-log scale at time T'= 1, when a = —15,b = 15, and the initial
conditions are

3v2
0) = ——=sech
©(0) Wi

]

(ﬁ) exp (i0z)
u(0) = ﬁ sech? (N%—W> :
et (i) o (=)

Ut (0) = m sec
with 8 = 0.3. The exact solution is computed by implementing the proposed numerical schemes with a
small time step size At = 278 and small space step size h = 15 x 277, It can be observed that the slopes of
seven fully-discrete schemes are close to 1 on the temporal convergence order. The theoretical result will be
studied in future work.

When testing the long-time behaviors for proposed schemes, we choose a = 0, b = 1, T' = 50 and
©(0) = 0,u(0) = 0,u(0) = 1 as the initial conditions. The reference line (black line) in Figs. stands
for the averaged charge evolution law and averaged energy evolution law of the exact solution, respectively.
It can be observed that the proposed schemes named CFD-I, SPS-I, FEM-I, CFD-II, SPS-II, and FEM-II
reproduce the linear growth of the averaged charge and the evolution of the averaged energy. It implies that
the proposed schemes preserve perfectly both the averaged charge and energy evolution law.
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Figure 4: Averaged charge evolution relationship with At = 25/28 h = 1/2%.
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Figure 5: Averaged energy evolution relationship with At = 25/210 h = 1/23.

6. Conclusion

In this paper, novel structure-preserving schemes are proposed for solving stochastic KGS equations
with additive noise. We prove that the fully-discrete scheme based on central difference, sine pseudo-
spectral method, or finite element method in space and the finite difference method in time, preserves
the averaged charge and energy evolution law. Besides, we propose a class of multi-symplectic methods
through finite difference method in space and symplectic Runge-Kutta method in time. Compared with the
classical Runge—Kutta method, the proposed multi-symplectic method is more flexible due to the flexibility
of the parameter «.. In reality, there are still many important and challenging problems that remain to be
solved, such as, studying the strong convergence analysis and estimating the strong convergence order for
the proposed schemes; constructing ergodic fully-discrete scheme for damped stochastic KGS equations. We
will investigate these problems in our near future.
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