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Abstract

We consider the classical scheduling problem on parallel identical machines
to minimize the makespan. Under the exponential time hypothesis (ETH), lower
bounds on the running times of exact and approximation algorithms are character-
ized. We achieve the following results: (1) For scheduling on a constant number m
of identical machines, denoted by Pm||Cpaz, a fully polynomial time approxima-
tion scheme (FPTAS) of running time (1/e)o(m176)]1|0(1) for any constant § > 0
implies that ETH fails (where |I| is the length of the input). It follows that the
best-known FPTAS of running time O(n) + (m/e)°™ for the more general prob-
lem with a constant number m of unrelated machines Rm||Ciyq. is essentially the
best possible. (2) For scheduling on an arbitrary number of identical machines,
denoted by P||Cyaz, @ polynomial time approximation scheme (PTAS) of running
time 20((1/5)1_5)|f\0(1) for any 0 > 0 also implies that ETH fails. Thus the best-
known PTAS of running time 901/ 10g?(1/e)) 1 O(nlogn) is almost best possible
in terms of running time. (3) For P||Ciez, even if we restrict that there are n
jobs and the processing time of each job is bounded by O(n), an exact algorithm
of running time 20(n'™) for any 0 > 0 implies that ETH fails. Thus the tradi-
tional dynamic programming algorithm of running time 20 is essentially the
best possible.

Keywords: Approximation schemes; Lower bounds; Exponential time hypothesis
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1 Introduction

The theory of NP-hardness allows us to rule out polynomial time algorithms for many
fundamental optimization problems under the complexity assumption P # N P. On the
other hand, however, this does not give us (non-polynomial) lower bounds on the running
time for such algorithms. For example, under the assumption P # NP, there could
still be an algorithm with running time n®(°¢™ for 3-SAT or bin packing. A stronger
assumption, the Exponential Time Hypothesis (ETH), was introduced by Impagliazzo,
Paturi, and Zane [10]:

Exponential Time Hypothesis (ETH): There is a positive real § such that 3-SAT
with n variables and m clauses cannot be solved in time 2°"(n + m)°W.

Using the Sparsification Lemma by Impagliazzo et al. [10], the ETH assumption
implies that there is no algorithm for 3-SAT with n variables and m clauses that runs in
time 2°™(n+m)°® for areal § > 0 as well. Under the ETH assumption, lower bounds on
the running time for several graph theoretical problems have been obtained via reductions
between decision problems. For example, there is no 2°" time algorithm for 3-Coloring,
Independent Set, Vertex Cover, and Hamiltonian Path unless the ETH assumption fails.
An essential property of the underlying strong reductions to show these lower bounds
is that the main parameter, the number of vertices, is increased only linearly. These
lower bounds together with matching optimal algorithms of running time 2°0") gives
us some evidence that the ETH is true, i.e. that a subexponential time algorithm for
3-SAT is unlikely to exist. For a nice survey about lower bounds via the ETH we refer to
Lokshtanov, Marx, and Saurabh [20]. Interestingly, using the ETH assumption one can
also prove lower bounds on the running time of approximation schemes. For example,
Marx [21] proved that there is no PTAS of running time 20(1/9")p00) for Maximum
Independent Set on planar graphs, unless the ETH fails.

There are only few lower bounds known for scheduling and packing problems. Chen
et al. [3] showed that precedence constrained scheduling on m machines cannot be solved
in time f(m)|I|°™ (where |I| is the length of the instance), unless the parameterized
complexity class W[1l] = FPT. Kulik and Shachnai [16] proved that there is no PTAS

for the 2D knapsack problem with running time f(e)|l |°(\/1_/6), unless all problems in
SNP are solvable in sub-exponential time. Patrascu and Williams [25] proved using the
ETH assumption a lower bound of n°® for sized subset sum with n items and cardinality
value k. Recently, Jansen et al. [12] showed a lower bound of 2°("|I|°() for the subset
sum and partition problem and proved that there is no PTAS for the multiple knapsack
and 2D knapsack problem with running time 2°0/9| 7|91 and n°1/9| 1|91 respectively.

In this paper, we consider the classical scheduling problem of jobs on identical ma-
chines with the objective of minimizing the makespan, i.e., the largest completion time.
Formally, an instance [ is given by a set M of m identical machines and a set 7 of n jobs
with processing times p;. The objective is to compute a non-preemptive schedule or an
assignment a : J — M such that each job is executed by exactly one machine and the



maximum load max;—y__, >, jia(j)=i Pj Among all machines is minimized. In scheduling
theory, this problem is denoted by Pm||Ci,a. if m is a constant or P||Ci,a, if m is an
arbitrary input.

This problem is NP-hard even if m = 2, and is strongly NP-hard if m is an input. On
the other hand, for any € > 0 there is a (1 + €)-approximation algorithm for Pm/||Cy,ez
9] and the more general problem P||Ci,q, [7]. Furthermore, there is a long history of
improvements on the running time of such algorithms. We give a brief introduction as
follows.

In 1976, Horowitz and Sahni [9] presented a fully polynomial-time approximation
scheme (FPTAS) for a more generalized scheduling model Rm/||Cq, on unrelated ma-
chines, where each job j could have different execution times p;; on different machines.
The running time of the algorithm in [9] is O(nm(nm/e)™'). Lenstra, Shmoys and
Tardos [17] presented an alternative approximation scheme for the problem with run-
ning time (n + 1)™/¢|I|°)). In 2001, Jansen and Porkolab [14] presented an FPTAS
with running time O(n(m/€)°™)). This has been improved by Fishkin et al. [4]
to O(n) + (logm/e)°™) and by Jansen and Mastrolilli [13] to O(n) + (m/e)°™ =
O(n) + (logm/e)°mee™) 1f ¢ is small enough (e.g. € < 1/m), the running time can be
bounded by O(n) + (1/¢)°0™ [13]. All the above mentioned algorithms are based on a
combination of linear and dynamic programming and have a running time that depends
exponentially on m. The running time increases drastically as m increases, which is also
known as the curse of dimensionality. It is not yet known whether there is an FPTAS
of running time (1/¢)°™ 1|10 for Pm||Cyraz.

For P||Cinaz, where the number of machines is a part of input, Hochbaum and Shmoys
[7] gave a polynomial-time approximation scheme (PTAS) of running time (n/e)?1/<),
It has been improved by Leung [19] to a running time of (n/e)?(/<le(l/9) Tn 1998, Alon
et al. [1] and Hochbaum and Shmoys [8] presented an efficient polynomial-time approxi-
mation scheme (EPTAS) with running time f(1/¢)+O(n), where f is doubly exponential
in 1/e. Jansen [11] gave an EPTAS for the scheduling problem on identical machines
P||Cyae and uniform machines Q||Cipap with running time 200/€log*(1/€) 4 ,0() - The
algorithm is based on solving a mixed integer linear program (MILP). Recently, Jansen
and Robenek [15] showed how to avoid the MILP and presented an algorithm with the
same running time 20(1/¢*10g’(1/9) 4 nOM)  Here the approximation scheme uses a com-
bination of a linear program relaxation and a dynamic program. Interestingly, if the
maximum distance ||y* — 2*||o between any optimum linear solution z* and the closest
optimum integer linear solution y* is bounded by a polynomial in 1/e, the running time
can be bounded by 20(1/clos*(1/e) 4 ,0() [15],

As seen above there are a plenty of approximation schemes for both Pm||C.. and
P||Cpaz- A natural and important question is to find lower bounds on the running time
for approximation schemes to solve the scheduling problem with the help of ETH.

Exact algorithms for the scheduling problem are also under extensive research. Re-
cently Lente et al. [18] provided algorithms of running time 2/2 and 3"/2 for P2||C\ax
and P3||Cynaz, respectively. O’Neil [23, 24| gave a sub-exponential time algorithm of



running time 206v/11D) for the related bin packing problem where |I| is the length of the
input and £ is the number of bins. Such an algorithm also works for the scheduling
problem, and thus it is again natural to ask whether the sub-exponential time is the best
possible.

The main contribution of this paper is to characterize lower bounds on the running
times of exact and approximation algorithms for the classical scheduling problem. We
prove the following theorems.

Theorem 1 For any é > 0, there is no 20(1/9"™") | 1190 time PTAS for P||Cyaq, unless
ETH fails.

Theorem 2 For any § > 0, there is no 20 ™) time ezact algorithm for P||Crraz with
n jobs even if we restrict that the processing time of each job is bounded by O(n), unless
ETH fails.

Theorem 3 For any § > 0, there is no (1/€)°0™ ") |1|°0) time FPTAS for Pm||Cinaa,
unless ETH fails.

1/2-6

Theorem 4 For any§ > 0, there is no 20 1D time ezact algorithm for Pm||C oz,

unless ETH fails.

We also prove the traditional dynamic programming algorithm for the scheduling

problem actually runs in 200V ™legm+mloglll) time and it is thus essentially the best
exact algorithm in terms of running time. An overview about the known and new results
for P||Cyaz is listed in the Table 1:

Table 1: Lower and upper bounds on the running time

Algorithms Upper bounds Lower bounds
Approximation scheme | 200/€108’(1/9) L O(nlogn) 20(1/9™") |1]°0M)
Approximation scheme | O(n) + (1/€)°™ (if e < 1/m) (1/€)0m =) |1]00)

Exact algorithm 90(y/miI|log m-+mlog 1) 0(m! /272 /11])
Exact algorithm 20(n) 20(n' =)

(O(n) jobs and processing times)

Main Ideas in Designing a Reduction. Theorem 1 and Theorem 2 rely on a nearly
linear reduction, which reduces the 3SAT problem with n clauses and at most 3n variables
to the scheduling problem whose (optimal) makespan is bounded by O(n!*?) for any
6> 0.



The traditional reduction constructs a scheduling problem whose makespan is bounded
by O(n'®) [5], and thus yields a lower bound of 249" To improve it, the following
idea is used. We construct jobs for variables and clauses, and try to represent the in-
formation ’variable z; is in clause ¢;” with the form of 'the two jobs corresponding to
z; and ¢; are on the same machine’. We can assume that there is a huge job on each
machine, leaving a gap if the load of each machine is required to be a specified value. If
we define the processing times of the jobs corresponding to z; and ¢; to be i (i < 3n)
and 4nj (j < n), and generate a gap of 4nj +i = O(n?) (through a huge job), then this
gap has to be filled up by the two jobs. To make the job processing times smaller, say,
to O(n%?), the following two ideas are applied. One is that, if every clause c; contains
%, Ziy1 and 2,19 such that 0 <7 — j < O(1), then the two jobs for z; and ¢; could be
defined to have processing times of ¢ and 4n(i — j) + i = O(n), respectively. We create
a gap of 4n(i — j) + 2i¢. There are multiple ways of filling up such a gap by a variable
and a clause job. However, we can prove that there is a unique way of filling up all such
kind of gaps, in which a gap of 4n(i — j) + 2i is filled up by i and 4n(i — j) + 1.

The second idea assumes that there is a “proper partition” of the clauses so that
they can be divided into O(y/n) groups where each group contains O(y/n) clauses, and
every variable only appears in clauses of one group. Then if ¢; is in group k, we re-
index it as j/ < O(y/n) and re-index variable z; € ¢; as i’ < O(y/n). Let x = O(y/n).
The processing times of the jobs for z; and ¢; are defined as kz? + i’ = O(n%?) and
kx? + j'z = O(n*?). Again we can create a gap of 2kz? + j'z + i’ and prove that it
could only be filled up by the two jobs. Both ideas rely on a certain structure of the
given 3SAT instance. However, we can use Tovey’s method [26] to alter the instance
so that its clauses could be divided into two subsets and we can apply one idea for one
subset. It is possible to generalize the second idea to get even lower processing times by
partitioning the set of clauses recursively, i.e., we first equally partition the clauses into
n? groups, and then partition each group equally into n® subgroups, and so on, until
each subgroup contains only n’ clauses eventually. Basically, the partition process forms
1/6 — 1 levels from n° groups to n'=® groups each containing n° clauses, where the top
level is denoted as level 1/6 and the bottom level is level 2. For each clause ¢;, it appears
in a (unique) group at each level. Suppose it is in the k;-th group for each level i, and
it is the ki-th element in the group at the bottom level. Then the job corresponding to
c; has a processing time of ki 52° + - - + ko2 + kyz = O(n'*?) where = O(n?). The
job for z; is defined similarly as k1/5x1/5 + o kox? + k.

Theorem 3 and Theorem 4 rely on a different reduction, which reduces the 3SAT
problem with O(n) variables and clauses to the scheduling problem on m machines
whose makespan is bounded by 2°0(/™ log?t m).

The traditional reduction reduces 3SAT to 3DM (the 3-dimensional matching prob-
lem) with ¢ = O(n?) elements, and then further reduces 3DM to the 2-machine scheduling
problem with the makespan of 20(@!°e®) [5]. To get a lower makespan, we generalize 3DM
a bit to allow one-element and two-element matches (i.e., matches of the form (w;) and
(w;, ). We are able to reduce 3SAT to the generalized 3DM with ¢ = O(n) elements



and matches. From 3DM to 2-machine scheduling, the traditional reduction lists all
the elements. Suppose w; is the f(w;)-th element in the list. Then a job of processing
time af®) 4 of@) 4 ofWk) where o = ¢ + 1 is constructed for a match (wi, T, Yk),
and f is a sort of function to determine the index of an element. We create a gap of
>4 o' =(111---11), (through some huge job) on one machine, where this gap has to
be filled up by a subset of jobs where every o' term appears once, and they correspond
to the 3-dimensional matching in which every element appears once. Let |f| be the
largest value returned by f. The makespan of the above reduction (from the generalized
3DM) is 20Ufllogn) — 90(nlogn) Ty reduce the exponential term O(|f|logn) by utiliz-
ing the m-machine environment, we may allow m — 1 elements to share one ’bit’; e.g.,
f(w;,) = Afor 1 <1 <m —1, and construct a job for (w;, z;,yx) with processing time
g(w;)al @) + g(x;)a? @) + g(y,)al @) where @ = m°M and g(w;), g(x;), g(yr) < a. We
create a gap similar as (111---11), on m — 1 machines, and each gap should be filled
up by a subset of jobs where every o’ term appears once. A 3-dimensional matching
could thus be determined through the matches corresponding to the jobs on the m — 1
machines. The main difficulty of this idea is from (the generalized) 3DM to scheduling:
f should be defined without the knowledge of the 3-dimensional matching, meanwhile
it should ensure that given any 3-dimensional matching (if it exists), jobs corresponding
to the matching admits a “proper partition”, i.e., they could be partitioned and put
onto m — 1 machines so that any two jobs sharing the same o' term are on different
machines. To handle this, we design f in a way such that the following partition is
always a proper partition: given any 3-dimensional matching we always partition them
into m — 1 groups such that matches containing the element wyy,/(m—1)4; are in the same
group for 0 <[ < n/(m — 1) — 1, and jobs corresponding to the matching are divided
accordingly. We formulate the problem of designing the f satisfying the above property
into a graph coloring problem and provide a greedy algorithm to solve it. The function
f computed by the greedy algorithm satisfies |f| = O(n/mlogm).

2 Scheduling on Arbitrary Number of Machines
We prove the following theorem in this section.

Theorem 5 Assuming ETH, there is no 225" )|, |°D time algorithm which deter-
mines whether there is a feasible schedule of makespan no more than K for any § > 0.

Given the above theorem, Theorem 1 follows directly. To see why, suppose Theorem 1
fails, then for some &y > 0 there exists a 20(1/9"0) |7]00) time PTAS. We use this
algorithm to test if there is a feasible schedule of makespan no more than K for the
scheduling problem by taking ¢ = 1/(K + 1). If there exists a feasible schedule of
makespan no more than K, then the PTAS returns a solution with makespan no more
than K(1+¢€) < K + 1. Otherwise, the makespan of the optimal solution is larger than
or equal to K + 1, and the PTAS thus returns a solution at least K + 1. In a word, the



PTAS determines whether there is a feasible schedule of makespan no more than K in
9O((K+1)17%0) | 110() time, which is a contradiction to Theorem 5.

To prove Theorem 5, we start with a modified version of the 3SAT problem, say,
3SAT’ problem, in which the set of clauses could be divided into sets C; and C5 such
that

e Every clause of ('} contains three variables; every variable appears once in clauses
of C' 1

e Every clause of (5 is of the form (z;V —z;); every positive (negative) literal appears
once in Ch

e If a 3SAT’ instance is satisfiable, every clause of C, is satisfied by exactly one literal

There is a reduction from 3SAT (with m clauses) to 3SAT’ via Tovey’s method [26]
which only increases the number of clauses and variables by O(m), and thus ensures the
following lemma.

Lemma 1 Assuming ETH, there exists some s > 0 such that there is no 2°" time
algorithm for the 3SAT’ problem with n variables.

Proof. Given any instance Iz, (with m clauses) of the 3SAT problem, we may transform
L4t into a 3SAT’ instance I, in which every variable appears exactly three times. Such
a transformation is due to Tovey and we describe it as follows for the completeness.
Let z be any variable in I,,; and suppose it appears d times in clauses. If d = 1 then
we add a dummy clause (z V —z). Otherwise d > 2 and we introduce d new variables
21, 22, ++, zq and d new clauses (z1 V —29), (22 V —23), -+, (24 V —z1). Meanwhile we
replace the d occurrences of z by z1, 23, - -+, z4 in turn and remove z. By doing so we
transform [, into I, by introducing at most 3m new variables and 3m new clauses.
Notice that each new clause we add is of the form (z; V —zx). We let Cy be the set of
them and let C; be the set of other clauses. It is not difficult to verify that I, is an
instance of 3SAT’, and is satisfiable if and only if I, is satisfiable. According to ETH,
the lemma follows directly. O

From now on we use I,,; to denote a 3SAT’ instance with n variables. Notice that the
special structure of a 3SAT’ instance implies that n could be divided by 3, and clauses
could be divided into C; and Cy such that |C}| = n/3, |Cy] = n, and every variable
appears once in clauses of ;. We can re-index all the variables so that every clause
¢; € C contains variables z;, z;,1 and 2,5 fori € R ={1,4,7,--- ;n —2}.

Given any ¢ > 0 (where 1/§ > 2 is a constant integer), we may further assume that
n is sufficiently large (e.g., n > 23/9°%7/%) and n? is an integer. (Indeed, if n’ is not an
integer, we can simply choose o € {0, 1,2} such that [n°] + ¢ could be divided by 3 and
add ([n°] + 0)¥% —n = 3p dummy variables into I,,. Let 21 to z3, be these dummy

sat*
variables. We add p dummy clauses (z1 V22V 23), - -+, (23,2 V 23,1 V 23,) into C and 3p



dummy clauses (2, V —z1), - -+, (23, V 723,) into Cy. Obviously these dummy variables
and clauses do not change the satisfiability of I} ,. Furthermore, given the fact that
e > 1446, [n°]+0 <n’+dn° < (en)’, thus 3p < (e — 1)n, which means that we add
at most 2n dummy variables and clauses.)

In the following part of this section, we will construct a scheduling instance with
O(n/d) jobs and O(n/§) machines such that it admits a feasible solution with makespan
no more than K = O(2%/%n!*9) if and only if I, is satisfiable. This would be enough
to prove Theorem 5, to see why, suppose the theorem fails, then an exact algorithm of
running time 200" |1, ,..|0() exists for some dy > 0. We take § = §, in the reduction,

and we can determine in 200 ~*0) 17190 = 2°(") time whether the constructed scheduling
instance admits a schedule of makespan K, and thus determine whether the given 3SAT’
instance is satisfiable, which is a contradiction.

To provide an overview of the whole construction and the proof, we give a simplified
reduction where § = 1/2 in the next subsection. We give the reduction for arbitrary &
after the simplified reduction.

2.1 The reduction for § = 1/2

We give a brief overview. For each positive (negative) literal, say, z; (or —z;), two pairs
of jobs v}, and v}, (v]5 and v],) are constructed where v € {T', F'}. For each clause of
(1, say, ¢j, one job u]T and two copies of job uf are constructed.

As we have mentioned, we create huge jobs so as to make a gap on every machine.

There are five kinds of huge jobs (gaps).

[1.] Variable-assignment gaps. To fill up these gaps either vf 11 vf 9, viTﬁ, vg 4 (meaning
variable z; is true), or vl v%,, vl vf, (meaning variable z; is false) are used. Jobs a],
b], ¢/ and d] are created as ’assistant jobs’ to help achieve the above requirement.

[2.] Variable-clause gaps. If the positive (or negative) literal z; (or —z;) is in ¢; € C,
then a variable-clause gap is created so that it could only be filled up by w; and v;; (or
v;3). Notice that ¢ = j,j + 1,j + 2, the first idea in the introduction is used to ensure
that the gap can only be filled up in this way. Furthermore, for the superscripts of u;
and v;; (or v;3), the gap enforces that only three combinations are valid: (T,T), (F,F)
and (F,T). Recall that there is one u}r, it is thus always scheduled with a true variable
job, say, v} | (or vy 4), indicating that the clause is satisfied by zy (or =zy).

[3.] Variable-agent and agent-agent gaps. We want to create a gap for (z;V —z;) € Cy so
that it could only be filled up by v, and v, (or v, and vy ,), indicating that (z;V—z) is
satisfied by z; (or —z;). However, such a gap could not be constructed directly since the
the size of a gap should be O(n/?). We use the following idea to achieve this. We create
a pair of agent jobs for v;» (or vg4), namely n/, (or 5/ _). We create one variable-agent
gap which could only be filled up by v; 2 and its agent 7; 4, and they should be one true
and one false (i.e., their superscripts are T" and F'). Similarly another variable-agent gap
is created which could only be filled up by vy 4 and 7, _ that are one true and one false.



We further create an agent-agent gap which could only be filled up by 7; + and 7, _ that
are one true and one false. Combining the three gaps, we can conclude that the v; » and
U4 used in these gaps are one true and one false. The second idea in the introduction
is used to construct these gaps.

[4.] Variable-dummy gaps. Recall that we construct 8 jobs for a variable and only use
7 of them (either v;; or v; 3 is left), the remaining one will be used to fill these gaps.

2.1.1 Partition Clauses

Given a 3SAT’ instance [z, with n variables, we know that C; = n/3 and Cy = n. We
may further assume that n is sufficiently large (i.e., n > 22°) and /n is an integer.
Recall that there are n clauses in Cy and every positive (negative) literal appears once
in them. We partition clauses of Cy equally into \/n groups. Let S, = {1,2,--- ,n}. We
define the function f : S, — S & such that the positive literal 2; is in group f(i), and
we define the function f : S, — S s such that the negative literal —z; is in group f(4).
In each group, say, group i, there are \/n different positive literals. Let their indices
be iy < iy < -+ < iy, then we define g : S, — S 5 such that g(ix) = k. Similarly
the indices of negative literals could be listed as 1; < 15 < -+ < i and we define
g : Sy — S such that g(ix) = k.
Our definition of g and g implies the following lemma.
Lemma 2 For any i,i' € S, and i < i, if f(i) = f('), then g(i) < g(¢'). Similarly if

f@) = f(i"), then g(i) < g(i").
Furthermore, if (z; V —z;,) € Ca, then f(i) = f(k) according to our definition.

2.1.2 Construction of the Scheduling Instance

Given I, we construct an instance of scheduling problem with 30n jobs and 9n ma-
chines, and prove that I,, is satisfiable if and only if there exists a feasible solution
for the constructed scheduling instance with makespan no more than K = 10°r, where
r = 232 Throughout this section we set x = 4y/n and use s(j) to denote the
processing time of job j. v € {T, F'}.

20n jobs are constructed for variables, among them there are 8n variable jobs, 4n
agent jobs and 8n truth assignment jobs. n jobs are constructed for clauses of C;. 9n
huge jobs are constructed so that there is one on each machine.

Variable jobs: v}, and v/, are constructed for z;, v/ and v}, are for —z;.

s(ip) =r+2°(f(0)a” +i) +2°+k, k=12

s(ip) =r+2°(f())a” +i) +2° + k, k=34
s(vfy) = s(v)) +2r, k=1,2,34



Agent jobs: 77277+ and nzf.
snfy) =1+ 2°(f(i)2® + g(i)) + 27 + 8,

s(ni_) =r+2°(f(i)z* + g(i)z) + 2" + 16,
s(nf,) =s(nl,)+2r, o=+,—

7.0b), ¢ and d.

17 71 T

Truth assignment jobs: a
s(aj’) =11r + (27 + 8), s(b}") = 11r + (2"i + 32),

s(cl) = 101r + (27 + 16), s(dF) = 1017 + (277 + 64),
s(k])=s(ki)+r, k=a,b,cd.

Clause jobs: 3 clause jobs are constructed for every ¢; € €} where j € R, with one
uj and two copies of u; :

s(ul) = 10004r + 2", s(ul') = 10002r 4 2.

Dummy jobs: n + n/3 jobs with processing time 1000r, and n — n/3 jobs with
processing time 1002r.

Let V and V, be the set of variable jobs and agent jobs. Let A, B, C, D be the set
of a], b/, ¢] and d] respectively. Sometimes we may drop the superscript for simplicity,
e.g., we use a; to represent al or af’.

We construct huge jobs. There are five kinds of huge jobs corresponding to the five
kinds of gaps we mention before.

Two huge jobs (variable-agent jobs) 6, ; + and 6, ,; _ are constructed for each variable

$(Oniy) = 1071 —dr — 2°[2f(i)2” + g(i) + 4] — (2% + 2"+ 10)
s(Oy) = 10°r —dr = 2°f ()2 + ali)e +i] — (2 + 27 +20)

One huge job (agent-agent job) 6; . ¢, is constructed for (z; V —zi) € Ca:
$(Oik,cy) = 10°r — 4r — 2°[f (i)2” + f(k)2® + g(k)z + g(i)] + 2° + 24].

Notice that f(i) = f(k) according to our definition of f and f.

Three huge jobs (variable-clause jobs) are constructed for each ¢; € Cy (j € R), one
for each literal: for ¢ = j,j + 1,7+ 2, if z; € ¢;, we construct 0;; ; ¢,, otherwise —z; € ¢;,
and we construct 0;; _ ¢, .

$(0;i+.c,) = 10°r — 110057 — (2°f (i)2* + 25 + 2% + 2% + 1),

$(0;i—.cy) = 10°r — 110057 — (27 f(i)z® + 2" + 2% + 2% + 3).
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One huge job (variable-dummy job) is constructed for each variable. Notice that each
variable appears exactly three times in clauses, if z; appears twice while —z; appears once,
we construct 0; _. Otherwise, we construct 6; ; instead.

5(0;4) = 10°r — 1003r — (2°f(i)2? + 2% + 28 + 1),

s(0; ) = 10°r — 1003r — (2 f(i)2® + 2% + 2% + 3).

Thus, for each clause ¢; (j € R) and i = j,j + 1,7 + 2, either 0, , and 6, _ ¢, exist,
or 0, _ and 0;; 4 ¢, exist.

Four huge jobs (variable-assignment jobs) are constructed for each variable z;, namely
ei,a,ca 6)i,b,cla ei,a,d and 0i7b7c:

$(0;0,c) = 10°r — 1150 — 2°(f(i)2® + i) — (2° 4 2% + 25),

V2

0i0.a) = 10°r — 1151 — 2°(f(i)2® + i) — (2° + 2% + 75),
$(0ipe) = 10°r — 1157 — 27(f(i)a® +4) — (2% + 2% + 52).

( (¢) ) — )
(B3,0) = 10° — 1157 — 2°(f(i)a® +14) — (2° + 2% + 98),
s( fi)a® +i) — )

)

It is not difficult to verify that the total processing time of all the jobs is 9n - 10°r.
Furthermore, if the given 3SAT’ instance I, is satisfiable, then the constructed schedul-
ing instance I . admits a feasible schedule whose makespan is 10°r (the reader may
refer to Subsection 2.2.3 for a similar proof).

2.1.3 Scheduling to 3SAT

We prove that if there is a schedule whose makespan is no more than 10°r (which implies
that the load of each machine is exactly 10°r), then I, is satisfiable.

The input of a scheduling instance is a set of integers with 9n identical machines, we
prove that we can determine the symbol (e.g., a}, uf ) of a job based on its processing
time. Recall that we define the processing time of a job in the form of a polynomial,
which could be partitioned into four terms, the r-term, z2-term, z-term and constant
term (the summation of all terms without r or z). The sum of the z-term and constant
term is called small-z?-term, and the sum of 22-term, z-term and constant term is called
small-r-term. Since x = 4y/n and r = 2'°n%2, there are gaps between terms.

Lemma 3 The small-r-term and small-z*-term of a huge job are negative with their
absolute values bounded by 1/2r and 2° - 3/4x* respectively. The small-r-term of any
other job is positive and bounded by 1/4r. The small-x*-term of a variable or agent job
is positive and bounded by 2° - 3/8z%.

The reader may refer to Lemma 8 for a similar proof. The above lemma allows us
to determine the r-term and z-term of a job, and the symbol of it could be determined
easily if it is a variable, agent, truth assignment, clause or dummy job. If it is a huge job,
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we observe that, the function g is defined in the way that if f(i;) = f(i2) for i; < is, then
g(i1) < g(iz) (Lemma 2), which implies that i; + g(i1) < iz + g(i2), thus the processing
time of a huge job is unique and we can also determine its symbol.

Let Sol* be an optimal solution, it can be easily seen that there is a huge job on each
machine, creating a gap. The following lemmas follows by considering the r-terms and
the residuals of dividing each job by 27 (the reader may refer to Lemma 10 for a similar
proof).

Lemma 4 The following statements hold.
o A variable-agent gap is filled up with a variable job and an agent job.

o An agent-agent gap is filled up with two agent jobs.

A wariable-clause gap is filled up with a clause job, a variable job and a dummy
job.

A wvariable-dummy gap is filled up with a variable job and a dummy job.

A wariable-assignment gap is filled up with a variable job and two truth-assignment
jobs, one in AU B, the other in C'U D.

Combining Lemmas 3 and 4, we have the following lemma.

Lemma 5 For jobs on each machine, their r-terms add up to 10°r, a®-terms and small-
x2-terms add up to 0.

Consider the z2-terms of gaps. An agent-agent gap or variable-agent gap is called a
regular gap, since their z%-terms are 29 - 2(z% where 1 < ¢ < y/n. Other gaps are called
singular gaps with the 2?-terms being 2°¢2?.

A singular gap is called well-canceled, if it is filled up by jobs (other than huge jobs)
whose z2-terms are 2°Cz? and 0. A regular gap is called well-canceled, if it is filled up
by two jobs whose x?-terms are both 2°Cx2.

Lemma 6 FEvery singular gap is well-canceled, and every reqular gap is well-canceled.

Proof. We briefly argue why it is the case. The first part follows directly from Lemma 4
and Lemma 5. We show the second part.

Consider the regular gap with the term 2°-222. Since it is filled up by two variable or
agent jobs (Lemma 4), whose z%-term is at least 2%22, thus it is obviously well-canceled.

According to the construction of f and f, there are /7 indices such that f(i) = 1 and
V/n indices such that f(i) = 1, thus in all there are 12/n variable and agent jobs with
the term 2%22. There are \/n variable-clause gaps, y/n variable-dummy gaps and 4./n
variable-assignment gaps with the term 2°z%, meanwhile there are 2,/n variable-agent
gaps and y/n agent-agent gaps with the term 2°-222. All of these gaps are well-canceled,
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implying that all the variable and agent jobs with 2°22 are used to fill up these gaps.
Thus to fill up a regular gap with the term of 2% - 422, we have to use variable or agent
jobs with the term of at least 2°-222, implying that this regular gap is also well-canceled.
Iteratively applying the above arguments, every regular gap is well-canceled. O

A huge job (gap) is called satisfied, if the indices of other jobs on the same machine
with it coincide with its index. For example, the variable-clause job 0,; _ ¢, is satisfied if
it is on the same machine with the variable job v; ;, and clause job u; where k € {1,2,3, 4},
and 0, , . is satisfied if it is with v; ;, a; and ¢;.

Lemma 7 FEvery huge job (gap) is satisfied.

Proof. We give the sketch of proof. It is easy to see that every variable-dummy job is
satisfied. According to the definition of f and g (f’ and ¢'), an index i is determined
uniquely by the pair (f(4), g(i)) (or (f(i),3(i))). Combining this fact with Lemma 6, it
is not difficult to verify that every agent-agent job 0; ¢, is scheduled with n; , and 7,
where o,0" € {+, —}, and is thus satisfied.

Consider the variable-agent job 6,1 +. According to Lemma 4 and Lemma 6, the gap
of 4r + 22(2f(1)z* + g(1) + 1) + 28 + 27 + 10 should be filled up by a variable job vy
and an agent job n;» , where k € {1,2,3,4} and 0 € {4, —}, such that f(i') = f(i") = 1.
Simple calculations show that ¢g(i"”) 44 = ¢g(1) + 1. Since 4,7’ > 1, Lemma 2 implies that
i' =14" =1, and 0,1 4 is thus satisfied. Similarly we can prove that 6, ; _ is satisfied.

Using similar arguments, it is not difficult to verify that the three variable-clause job
0hio;00 (07 € {+,—} for i = 1,2,3) and the four variable-assignment jobs 01 4., 01,4,
01 a4, bhpc are satisfied. We call vy, (B € {1,2,3,4}) and 1, (0 € {+,—}) as jobs
of index-level 7, then all the jobs of index-level 1 are used to fill up the the previous
mentioned gaps so that when we consider 6,5 1, it should be scheduled together with
vy and n, with i',7” > 2, and we can carry on the previous arguments. O

The reader may refer to Lemma 17 for a similar proof. With the above lemma, it
is not difficult to further verify (due to the residuals of each job divided by 27) that
jobs are scheduled according to the following table. Recall that for every ;7 € R and
=7, + 1,5+ 2, either 0;; y ¢, and 0, _ exist, or 0;; _ ¢, and 0; ; exist.

Table 2: Indices of jobs

Qi,a,c Vi1 9j,z‘,+,01 Vi1 0i,+ Vi1
Qi,b,d Ui, 2 93’,@‘,—,01 Vi3 9z‘,— Vi3
gi,a,d Vi3 97;,i,+ Ui, 2
ei,b,c U; 4 07],2’,7 U; 4

)
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The previous discussion determines the indices of jobs on each machine, and we need
to further determine their superscripts. We have the following simple observations (by
considering the r-terms of jobs).

e The two jobs with an agent-agent or variable-agent job are one true and one false.
e The three jobs with a variable-assignment job are either (T,T,T) or (F,FF).

e The clause job and variable job with a variable-clause job are (T,T), (F,F) or (F,T),
i.e., the variable job must be true if the clause job is true.

According to the superscripts of jobs on each machine, we give a truth assignment of
variables in the following way. Notice that according to the analysis above, there are two
way of scheduling truth-assignment jobs, either (vf,al,cl), (v}, b7, d]), (vf5,al . df),

1,19 2 0 1,29 Y1 0
(Wl bf cf) or (vfy,af ef), (v, 0F ,d), (vls,al  dY), (vfy, 0] c). We let variable z; be

4,37 1 0 1,47 Y1 0 v
false if a; is with v}, otherwise it is true. We prove that I, is satisfied.

Consider any ¢; € Cf, uf should be scheduled with a true variable job and it is either
vfy or vl3. If it is v]}, then obviously the variable z; is true (for otherwise v/, is with a] ,
rather than u] ). Furthermore, u] and v/} must be scheduled with 6;; , ¢,. Recall that
we construct the job 8;; 1 ¢, if the positive literal z; € ¢;. Thus ¢; is satisfied. Otherwise
it is v]s, and v}y is with @, meaning that a] is with v}, and the variable z; is false.
Similar arguments show that —z; € ¢; and ¢; is also satisfied.

Consider any (z; V —zx) € Cy. 0,10, is scheduled with two agent jobs, one true and
one false. If it is with ], then n/, is with v],, implying that v, is with b and d;".
Hence the variable z; is true, meaning that (z; V —z;) is satisfied. Otherwise 6, ¢, is

with /., and using similar arguments we can show that (z; V —z;) is also satisfied.

Remark The reader can see that, the z-terms of variable jobs are only used when
we try to prove that variable-agent and agent-agent jobs are satisfied. Indeed, the
satisfaction of (z; V —z;) € Cy follows from v;5 and vg 4 should be one true and one
false (meaning that the positive literal z; and negative literal =z should be one true and
one false), and this is ensured by the following two facts.

e v;5 (Up4) has two agents, one true and one false. v;5 (vg4) is scheduled with one
of its agents, and they are one true and one false.

e One agent of v; » is scheduled together with one agent of vy 4, and they are one true
and one false.

The processing time of an agent job should be defined in a proper way so that we can
determine from the gaps that a variable job is scheduled with its corresponding agent
job, and two specific agent jobs are scheduled together, and this requires a processing
time of O(n®?). To reduce it to O(n'*?) for § > 0, we create 1/§ — 1 pairs of agent
jobs (from layer-1 to layer-(1/§ — 1)) for a variable. A variable job is scheduled with its
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layer-(1/6 — 1) agent job, its layer-(1/6 — 1) agent job is with its layer-(1/d — 2) agent
job, -+, its layer-2 agent job is with its layer-1 agent job, and two specific layer-1 agent
jobs are scheduled together. Detailed description is in the next subsection.

2.2 Reduction for arbitrary ¢

We give a brief overview. We create jobs v/, v}y, v/3, v/, for variable z; and jobs u]
for ¢; € Cy where v € {T, F'}, just as what we do when 6 = 1/2. Recall that in the
previous subsection we create 2 pairs of agent jobs T]Z + and T]Z _ for every variable z;,
in this subsection we create 2(1/0 — 1) pairs of agent jobs, namely n;; , and n/;  for
1 <j7<1/§—1. For simplicity, nZ ;4 and nz ;. are called layer-j agent jobs. Again we
create huge jobs so as to make a gap on every machine. There are six kinds of huge jobs
(gaps).

[1.] Variable-assignment gaps. Similar as the previous subsection, to fill up these gaps
either v}, vy, vl;, v, (meaning variable z; is true), or vl vl,, vf5, vf, (meaning

variable z; is false) are used. Jobs a], b], ¢/ and d] also serve as ’assistant jobs’.

[2.] Variable-clause gaps. Similar as the previous subsection, if the positive (or negative)
literal z; (or —2;) is in ¢; € C}, then a variable-clause gap is created so that it could only
be filled up by u; and v;; (or v;3), and their superscripts can only be (T,T), (F,F) or
(F,T).

[3.] Variable-agent, layer-decreasing and agent-agent gaps. Similar as what we do in the
previous subsection, we try to construct several gaps so as to enforce that either UZ-7:2, v,i 4
or vf 95 U;{A are are used to fill up these gaps. We create 1/J — 1 pairs of agent jobs for
Vi (O vk 4), namely n;; , (or n); ) for 1 < j < 1/6 — 1. We create one variable-agent
gap which could only be filled up by v; 2 and the corresponding layer-(1/J — 1) agent job
Mi1/6-1,+, and they should be one true and one false (i.e., their superscripts are 7" and F').
We then create 1/6 — 2 layer-decreasing gaps such that the j-th gap could only be filled
up by 7; j+1,— and 7; j — that are one true and one false. Similarly another variable-agent
gap is created which could only be filled up by vy 4 and 7, ;/5—1,— that are one true and
one false, and another 1/ — 2 layer-decreasing gaps are created such that the j-th gap
could only be filled up by 7; j4+1,+ and 7; ; + that are one true and one false. Finally we
create an agent-agent gap which could only be filled up by n;1 4+ and 1, ;- that are one
true and one false. It is not difficult to verify that if all these gaps are filled up, then
either ’UZQ, v,i 4 Or vf 95 0,24 are are used together with all the agent jobs.

[4.] Variable-dummy gaps. Again we construct 8 jobs for a variable and only use 7 of
them (either v;; or v;3 is left), the remaining one will be used to fill these gaps.

2.2.1 Partition Clauses

Recall that n’ is an integer. We first partition all the clauses (of Cy) equally into n°
groups. Let these groups be Sy, for 1 < k; < n’. We call them as layer-1 groups.
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It can be easily seen that each layer-1 group contains exactly ny = n'™% clauses, as a
consequence, clauses of Sy, contain n; positive literals and n; negative literals.

For simplicity, let Sff r, be the indices of all the positive literals of Sy, and Sy, be
the indices of all the negative literals of Sk, .

Suppose zgl k1) o i;l’kl) < < 25111 *1) are all the indices in Sff k> We then define
fi 5( b 1)) =k, gisa(i (l’kl)) =1
Similarly let 7" < ") < ... <i(%*) be all the indices in ST k> we then define

f1/ ( b 1)) =k, Gijs-1( (l’kl)) =l

Each group S, 4, is then further partitioned equally into n° subgroups and let these
groups be Sy, &, for 1 < ky < n'/%. In general, suppose we have already derived nt—1)?
layer-(j — 1) groups for 2 < j < 1/0 —1. Each layer-(j — 1) group, say, Sj_1.k ky, k;_; 15
then further partitioned equally into n° subgroups. Let them be S, k,.... & for 1 < k; <
nd. It can be easily seen that each layer-j group contains n; = n'=7% clauses. Again let
St . and S+ ... be the sets of indices of all the positive literals and negative

Jrk1,k2, K Jok1,k2, e K

literals in Sj k, ,.... k, respectively. Let kR k) Rk k) ,(fj ki) g

the indices in S, , ., , we then define
]7k11k:27 7kj ’

J1/s— J+1(I(J o )—k], 91/5-5(y ke )):l-

.7 k17k29 o 7kj) (.7 klka» o vk ) (]7k17k27 "’

Similarly let iy < iy < e < iy ) be all the indices in

SJ ot gy oy W then define

fi/s— j-l-l(l(] e J))Zk’j’ G1/6— g(%(] e ))Zl.

The above procedure stops when we derive layer-(1/6 — 1) groups with each of them
containing n° clauses. We have the following simple observations.

Observation
1. Forany 1 <i<n, 1 < fy(i) <ndfor 2 <k <1/6, and 1 < gi(i), gr(i) < n* for
1<k<1/5—1.

2. If (Zl V _'Zh) S Cg, then fk(l) = fk(h) for 2 S k S 1/5
3. Forany 0 < k<1/0—2andi<7

= If fi5(i) = fi6(i"), frys—1(8) = frys—2(@'), -, fro—i(i) = fiys-n(?),
then g1/5_r—1(7) < g1/5—k—1(7").

— I fi/s5(0) = fis(), Frys—1(0) = fiss—2('), -y fryo—i(i) = fis—x(),
then g1/5-1-1(¢) < g1/5-k—1(7').

4. Forany 1 <7 <n®and 2 <k < 1/6, [{ilfi(i) = 7} = |{il fu(i) = 7} = n'~°.
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2.2.2 Construction of the Scheduling Instance

We construct the scheduling instance based on I,. Throughout this section we set
x = 4nd r = 23/99p1+9 and use s(j) to denote the processing time of job j. We will
show that the constructed scheduling instance admits a feasible schedule of makespan
K = 10°r if and only if the given 3SAT’ instance is satisfiable. Similar to the special case
when § = 1/2, we construct 8n variable jobs, 8n truth assignment jobs, n clause jobs,
2n dummy jobs. The only difference is that we construct more agent jobs, indeed, we
will construct 4(1/6 — 1)n agent jobs, divided from layer-1 agent jobs to layer-(1/5 — 1)
agent jobs.

Variable jobs: v}, and v/, are constructed for z;, v/ and v}, are for —z;.

s(uly) = 7+ 25T f (D)2t 4] + 2V 1k k=1,2

s(vly) =1+ 2T F (D)2 i) 2V 1k, k=34
s(viy) = s(viy) +2r, k=1,2,3,4

A/géent jobs: layer-j agent jobs nz ;4 and nz ;— are constructed for 1 <7 <nand1<j <
1/6 — 1.

1/68
sy ) =r+ 200 0 fi)at g (0] + 27048, j=1,2,-,1/6— 1
k=j+1

1/6
s, ) =r+ 257157 fu(@)a + ()] + 276 +16, j=2,3,---,1/6 1
k=j+1

Specifically, s(n/; _) =7+ QT[S0 Fli)ak + gy (i)a] + 27 + 16,
s(0ij0) = s(lig) +2r, 0=+, -
Truth assignment jobs: a], b}, ¢/ and d.
s(al) = 11r + (27 + 8), s(bF) = 11r + (270 + 32),
s(cl) = 101r + (27 + 16), s(dF) = 1017 + (277 + 64),
s(G) =s(G)+r, C(=abed

Clause jobs: 3 clause jobs are constructed for every ¢; € C; where j € R, with one u
and two copies of uf :

T
J

s(u]) = 10004r + 27795 s(ul) = 10002r + 2795,

Dummy jobs: n+n/3 jobs with processing time 10007, and n—n/3 jobs with processing
time 1002r.
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Let V and V, be the set of variable jobs and agent jobs. Let A, B, C', D be the
set of a], b, ¢/ and d] respectively. Let Go =V UV,, G; = AUB, Gy, = CUD, G3

[

be the set of dummy jobs and G4 = U be the set of clause jobs. Again we may drop
the superscript for simplicity. We construct huge jobs. They create gaps on machines.
According to which jobs are needed to fill up the gap, they are divided into six groups.
Two huge jobs (variable-agent jobs) 6, ; + and 6, ; _ are constructed for each variable
Zi-
$(Onir) = 1077 — [dr 4+ 2772 5(D)a? + i+ grys-1(6)) + 2070 + 2045 4 10]
$(0pi—) = 10°7 — [dr + 2277 (2f) /(i) + i + Gijs-1(i)) + 2106 + 21/0F5 4 20)]
2/6 — 4 huge jobs (layer-decreasing jobs) 6;;+ and 6;,_ are constructed for j =
1,---,1/§ —2. For j =2,3,---,1/0 — 2, their processing times are
1/8
s(0ij) = 10°r —[dr +2'/°77(2 Z Se@a® + Fra (D27 + gj(0) + g;(i)) + 2777 + 277° 4 16]
k=j+2
1/6
s(0i5-) = 10°r —[4r + 27772 > fu(D)ab + Fim1 (D27 + g (0) + g;(0)) + 2717 4 2970 4 32].
k=j+2
For 7 = 1, their processing times are
1/6
$(O04) = 10°r — [dr+ 2072 " fi(i)a! + fo(i)2® + g2(i) + i (i) + 2° + 27 + 16]
1=3
1/6

$(00,-) = 10°r — [dr+ 2772 " fi(i)a' + fo(i)2® + go(i) + i (i)x) +2° + 27 4 32].
=3

One huge job (agent-agent job) 6; ¢, is constructed for (z; V —zi) € Cy:

1/6
5(0incy) = 10°r — [4r + 2772 Y fi(i)a' + gu(k) + g1 (7)) + 2° + 24]
=2

Three huge jobs (variable-clause jobs) are constructed for each ¢; € Cy (j € R), one
for each literal: for i = j,j + 1,7+ 2, if z; € ¢;, we construct 0;; ; ¢,, otherwise —z; € ¢;,
and we construct 0;; _ ¢, .

(00 1.c1) = 10°r — 110057 — (2Y°F7 f, /5(k)at/® + 210495 4 1/0F T 4 91/0F6 4 1),
(00 —.cy) = 10°r — 110057 — (297 f js(k)at/® 4 210495 - 1/0F T 4 9l/5%6 4 3y,

One huge job (variable-dummy job) is constructed for each variable. Notice that each
variable appears exactly three times in clauses, if z; appears twice while —z; appears once,
we construct 0; —. Otherwise, we construct ¢; ; instead.

s(0;,4) = 10°7 — 1003r — (21747 f, ;5 (i) 2% 4 21/0F7j 4 21/046 1),
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Thus, for each clause ¢; (i € R) and k = 4,7+ 1,7 + 2, either 0, ; and 6,,_ ¢, exist,
or 0; — and 0;; ; ¢, exist.

Four huge jobs (variable-assignment jobs) are constructed for each variable z;, namely
Oiacs Oids Oiaa and O;pc:

S(ei,a,c> = 1057‘ —115r — 21/6+7(f1/6(i)$1/5 + Z) _ (21/6+6 + 28; + 25)7

(0 p,4) = 10°7 — 1157 — 2Y/577(fy /5(3) /% 4 4) — (21/°F6 4 28 + 98),
S(Qi,a,d) =10 — 115r — 21/5+7(f/ ( ) 1/6 + Z) (21/6+6 + 28; + 75)7
8$(0ipe) = 10°r — 1150 — 21957 (f 5(i)a/® 4+ 0) — (21976 4- 28 4 52).

The jobs we construct now are similar to that we construct in the special case, except
that we construct a set of agent jobs from layer-1 to layer-(1/6 — 1) instead of only two
agent jobs, and a set of layer-decreasing jobs so as to leave gaps for these agent jobs. It
is easy to verify that we construct 2/dn + 5n huge jobs, and thus there are 2/dn + 5n
identical machines in the scheduling instance.

The processing time of each job is a polynomial on x (except of the r-term). The
reader may refer to the following tables for an overview of the coefficients

Table 3: coefficients-of- agent -jobs

Jobs/coefﬁcients 21 5+7 1/6 21 5+7 1/6—1 21 0+7 ]+1 21/54—71,]' 21 6+7$j_1 21 6+7£L‘2
i+ f1/5(4) Jijs—a(i) |- Ji+1(3) 0 0 0
i j—1,+ Ji/s(3) Jis—1(@) |- fi+1(2) (1) 0 0
Table 4: coefficients-of-huge-jobs
Jobs/coefﬁcients 91 6+7 1/6 21 5+7 1/6—1 91 6+7.Z‘]+1 21 6+7l’j 91 5+7l‘j_1 ol 6+7$2
0i,j,+ 2f15(8) | 2fisa(®) |- | fia(d) 0 0 0
01+ 2f15(7) 2f15-1(1) |- | 2f541(9) f;(4) 0 0
0i k.o 2 f15(7) 2f15-1(1) |- | 2f541(9) 2f;(7) 2f;-1(7) 2f5(1)

It is not difficult to verify that the total processing time of all the jobs is (2/dn +
5n) - 10°7.
2.2.3 3SAT to Scheduling

We show that, if I, is satisfiable, then the makespan of the optimal solution for the
constructed scheduling instance is 10°r. Notice that the number of huge jobs equals the
number of machines. We put one huge job on each machine. For simplicity, we may use
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the symbol of a huge job to denote a machine, e.g., we call a machine as machine 0, , .
if the job 6; 4 is on it.

We first schedule jobs in the following way. Recall that the superscript (T or F') of a
job only influences its r-term. It is not difficult to verify that by scheduling jobs in the
following way, except for the r-terms, the coefficients of other terms of jobs on the same
machine add up to 0.

‘ 0,0 | Vi | Nivsax ‘
Variable-agent

‘ | 071,1',— ‘ Via | Niys—1- |

. | ei,j,+ | i)+ | i j1s |
Layer-decreasing

| 0, ;.- I i~ ‘ i j,- |

- ,

Agent-agent ‘ 1,k.C, | i+ | Mia- |

‘ 0 ik,+,C, | u; | Via | d”mmy |

Variable-clause - ‘ 0, ¢ | u, ‘ Vs ‘ dummy ‘

e | v, [ dummy |

Variable-dummy - [ | Vs | dummy |

| 01 a,c | vll | ai | cz |

| 0.4 | Via | b, | d, |

Variable-assignment | 0,.. | Vis | a, | d ‘

| ei,b,c |vi,4 | bi | ¢; ‘

Figure 1: index-scheduling

We determine the superscripts of each job so that their r-terms add up to 10°r.
Suppose according to the truth assignment of I, variable z; is true, we determine the
superscripts in the following way. For ease of description, we may first assume that
currently only huge jobs are scheduled, and we schedule the remaining jobs one by one
as follows.

On machine 0,;_, we schedule 1)Z-T72 and 7751/5717{ On machine 6;; y where j =
1,2,---,1/6 — 2, we schedule n; | and n/,,, . Thus, nf;  is on machine 6;; ., n/; | is
on machine 60; ;_; 4, which means both the true job and false job of 7; ; ; are scheduled.
While for 7;1 4+, only 5/ | is scheduled (on machine 6;; 4 ).
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Similarly on machine 0,; _,
j=1,2,---,1/5 — 2, we schedule 77%7_ and n5j+17_. Thus, niijv_ is on machine 0; ; _,
nf;_ is on machine 6;;_; _, which means both the true job and false job is scheduled.
While for 7;; —, only 771-7; 1 — 1s scheduled (on machine 6, ).

Consider agent-agent machines. For the variable z;, there is a clause (z; V —zx) € Cs
for some k, and we need to schedule 7;; + and 7, - on machine 8;; c,. Since Iy is
satisfiable, variables z; and z; should be both true or both false. Thus, given that z; is
true, z; is also true. This implies that 77iT,1, 4+ and 77,5 1 are not scheduled before, and we
schedule these two jobs.

Meanwhile in Cy there is also a clause (zx V —12;) for some k', and we need to schedule
Mi1,— and 7y 1 4+ on machine 0 ; ¢,. Since Iy, is satisfiable, variables 2, and z; should
be both true or both false. Thus, given that z; is true, 2, is also true. This implies that
M1, and ) are not unscheduled before, and we schedule them on machine 6y ; ¢, .

Consider variable-assignment jobs. We put v/, af, ¢f on machine 6; o ¢, put v}y, b}, df’
on machine 0;; 4, put 023, al, diT on machine 0; , 4, and put vz-TA, biT7 ¢!’ on machine Oi e
Thus, both the true copy and false copy of a;, b;, ¢; and d; are scheduled. It can be
easily seen that the r-terms of three true jobs or three false jobs both add up to 115r.
Otherwise, z; is false, and we schedule jobs just in the opposite way, i.e., we replace each
true job with its corresponding false job, and each false job with its corresponding true
job in the previous scheduling.

We consider the remaining jobs. If z; is true, then viT, , and vf 5 are left. If z; is false,
then vf . and viT73 are left. These jobs should be scheduled with clause jobs and dummy
jobs on variable-clause machines or variable-dummy machines. Notice that for any i € R
and k € {i,i+ 1,7 + 2}, either 0,5 1 ¢, and 6 _ exist, or 6, _ ¢, and 6 ; exist.

Suppose the variable 2, is true. If 0;; 4 ¢, and 0, _ exist, we put v,z;l on machine
0i k+.cy, and 053 on machine 6, _. Otherwise 0, _ ¢, and 0 4 exist, and we put 053 on
machine 6; ;. _ ¢,, and v}, on machine 6 4. In both cases, the remaining jobs v, and
v}, 5 are scheduled.

Otherwise 2 is false. If 6; 4 1 ¢, and 0 _ exist, put vf, on machine 6; ; ¢,, and v]
on machine 6y, _. Otherwise 6; ;. _ ¢, and 6y 4 exist. We put v/, on machine 6;, _ ¢,, and
U£1 on machine 0, . Again in both cases, the remaining jobs v,il and v,{’B are scheduled.

From now on we drop the symbol + or — and just use 0; ; ¢, to denote either 0, 1 ¢,
or 0;x_c,, and use 8 to denote either 6 or 65 _. It is easy to verify that the above

scheduling has the following property.

we schedule v/, and 7!, s5_1,—- On machine ¢; ;- where

Property If ¢; is satisfied by variable z; (i.e., zx € ¢; and zj is true or -z € ¢; and z
is false), then a true variable job is on machine 6; ;. ¢,; if ¢; is not satisfied by z, then a
false variable job is on machine 0, ¢, .

Consider variable-dummy machines. For each k£ = 1,2,---  n, there is one machine
0. If a true variable job is on it, we then put additionally a dummy job of size 1002r.
Otherwise a false variable job is on it, and we put additionally a dummy job of size 1000r
on it. Thus, in both cases the r-terms of variable job and dummy job add up to 1003r.
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Consider variable-clause machines. For each clause ¢; € C; (i.e., i € R), there are
three copies of u;, one true and two false. There are three machines, 0, ¢,, 0;i+1,c, and
Oiit2,01-

Notice that according to the truth assignment, ¢; is satisfied by at least one variable.
Suppose ¢; is satisfied by zx,, and let 2, and z;, be the remaining two variables in this
clause, i.e., ki, ko, k3 is some permutation of the three indices 7,7 + 1,i + 2. We put u}
on machine 6;;, ¢,. Additionally, we put a dummy job of size 10007 on this machine.
According to the property we have mentioned above, since ¢; is satisfied by z,, the
variable job on machine 6; s, ¢, is a true job. Thus, the r-terms of the true clause job,
true variable job and a dummy job on 0, ¢, add up to 110057.

Consider machine 0, 3, ¢, and 0; i, ¢,. We put one of the remaining two false jobs uf
on them respectively. We add dummy jobs according to the following criteria. If the
variable job is true, we add a dummy job of size 1002r. If the variable job is false, we
add a dummy job of size 1000r.

Thus in both cases, the r-terms of the variable job and dummy job add up to 1003r.
And if we further add the r-terms of the false clause job and the relation job, the sum
is 10°r. Finally we check the number of dummy jobs that are used.

For simplicity we use (7'/F,T/F,1000r/1002r) to denote the truth-type of a variable-
clause machine, i.e., the first coordinate is 7' is the variable job is true, and F' if it is
false, similarly the second coordinate is T' (or F') if the clause job is T' (or F'), the third
coordinate is 10007 (or 1002r) if the dummy job is of size 10007 (or 1002r). We also
denote the truth-type of a variable-dummy machine in the form of (7'/F, 1000r/1002r).

A dummy job of size 10007 is always scheduled on a machine of truth-type (7', 7, 1000r),
(F, F,10007) and (F,10007), while a dummy job of 10027 is scheduled on a machine of
truth-type (7', F,1002r) and (7, 1002r). Notice that on these machines, there are n true
variable jobs and n false variable jobs, and there are |C| = n/3 true clause jobs, thus
simple calculations show that n +n/3 dummy jobs of 10007 and n —n/3 dummy jobs of
10027 are scheduled, which coincides with the dummy jobs we construct.

2.2.4 Scheduling to 3SAT

We show that, if the constructed scheduling instance admits a feasible schedule with
makespan 10°r, then I, is satisfiable. Notice that in a scheduling problem, jobs are
represented by their processing times rather than symbols, we first show that we can the
processing time of each job we construct is distinct (except that two copies of ul" are
constructed for every clause in C), this would be enough to determine the symbol of a
job from its processing time.

Distinguishing Jobs from Their Processing Times Recall that we define the
processing time of a job in the form of a polynomial, we use the notion z/-term or r-
term in their direct meaning. Meanwhile, we call the sum of all except the r-term of a
job as the small-r-term. For any 2 < j < 1/§, we delete the r-term and z*-term with
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k > j from the processing time of a job, and call the sum of all the remaining terms as
the small-z7-term.

For example, the relation job 6; 5., is of processing time 10°r—[4r4+2/517(2 S°0/% £ (i)ak+

fa(@)z* + g4(i) + g3(i )) + 219 4+ 29 4 16], and thus for 5 < k < 1/4, its a¥-term is
V04T .2 f(i)a®. Tts a*-term is f(4)(i)x*. Tts x-term and z%-term are 0. Its small-z°-
term is 2Y/9F7(f4(i)z* 4+ g4(i) + g3(i)) + 2'° + 2° + 16. Meanwhile, for a clause job, say,
u;, its 2/-term is 0 for 1 < j < 1/6, and its small-z7-term for any j is 21/0+%.

Consider the small-r-term of any job. If it is a huge job, this value is negative
and its absolute Value is bounded by 21/9+7(2 571/ pl/ogk 4 9p) 4 21547 4 39 < 1/2p
(notice that n’z* = 1/42%*1). Otherwise it is a variable, or agent, or clause, or truth
assignment, or dummy job, and the sum is positive with its absolute value also bounded
by 21/0H7(S/0 pl/ogk 4op) 4 2106 4 64 < 1 /4r.

For the small-z7-terms of jobs, we have the following lemma.

Lemma 8 For a huge job, its small-z7-term (2 < j < 1/0) is negative, and the absolute
value is bounded by 2'/°77-3 /47, For a variable or agent job, its small-x7 -term is positive
and bounded by 2/°+7 . 3 /87,

Proof. Notice that g;(i) < n?®, while f;(i)2? > 22n/% > g;(i) for any 2 < j < 1/§ — 1.

Thus for a huge job, its small-z7-term is at most

/0479 Z i)zt + gi(k)x + g1(i)] + 2176 4 21945 4 39

< 2YoHT[g Zn‘sx +nlz 4 n’ 4 1]
< Y9 Z n’z! + 2n°z)
1=2
j-1
< 21/6+7[2 Z nlxl + 3n5x2]
< QUEHT[g Zn(sm 1 3002
< QUSHT  gpdpi-l
< 21/6+7'3/4[Ej

The inequalities make use of the simple observation that n’z* = 1 /421 for 1 < k < 1/9.
The proof for variable or agent jobs is similar. O

Given the processing time of a job, we can easily determine whether it is a huge,
variable, agent, clause, or dummy job by considering its quotient of divided by r, and
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the residual of divided by 27, and if it is a huge job, we may further determine if it is a
variable-agent, layer-decreasing, agent-agent, variable-clause, variable-dummy, variable-
assignment job. Using the above lemma, if it is a variable, or agent, or clause, or dummy
job, we can easily expand it into the summation form and determine its symbol according
to Observation 3.

Suppose we are given the processing time of a huge jobs. Again it is easy to determine
its symbol if it is a variable-assignment, variable-dummy or variable-clause job. If it is
an agent-agent job, then according to the fact that g(i) < n® < 1/4x, we can also
expand the processing time into the summation form and determine its symbol. If it is
a variable-agent or layer-decreasing job, we show that the processing time of such a job
is unique.

Suppose s(6;, j, +) = s(0i,,+), then according to Lemma 8 we have j; = jo = j
and fi,(ir) = fi(iz) for j+1 < k < 1/6 and g;11(i1) + g;(i1) = gj+1(i2) + g;(i2). Now
according to Observation 3, we have iy = io. Similarly if s(6;, ;,—) = s(0;,,,,—), We can
also prove that iy = is, j1 = j2. Obviously it is impossible that s(6;, ;. +) = 5(0i,.5,—)-
The proof for variable-agent jobs is similar.

The following part of this subsection is devoted to proving the following lemma.

Lemma 9 If there is a solution for the constructed scheduling instance in which the load
of each machine is 10°r, then I, is satisfiable.

Let Sol* be an optimal solution, it can be easily seen that there is a huge job on each
machine, leaving a gap if the load of each machine is 10°7. We may use the symbol of a
huge job to denote the corresponding gap and the machine it is scheduled on.

We divide jobs into groups based on their processing times. According to the previous
subsection, we know the processing time of a variable or agent job is either in [r, 5/47]
or in [3r,13/4r]. Let G be the set of them. The processing time of a; or b; belongs to
[117,12.57], of ¢; or d; belongs to [101r,102.5r]. Let Gy = AU B, Go = C U D.

Lemma 10 In Sol*, besides the huge job, the other jobs on a machine are:

e The variable-agent, or layer-decreasing, or agent-agent gap is filled up by two jobs

Of Go.

e The variable-clause gap is filled up by one clause job, one dummy job and one job

Of G().
e The variable-dummy gap is filled up by one dummy job and one job of Gy.

e The variable-assignment gap is filled up by one job of G; = AU B, one job of
Gy =CUD, and one job of Gy.

Proof. See the following table (Table 5) as an overview of gaps on machines (here ©
denotes the set of variable-agent, layer-decreasing and agent-agent gaps).
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Consider clause jobs. According to the table they can only be used to fill variable-
clause gaps. Meanwhile each variable-clause machine (gap) could accept at most one
clause job. Notice that there are n clause jobs and n variable-clause machines, thus
there is one clause job on every variable-clause machine. By further subtracting the
processing time of the clause job from the gap, the remaining gap of a variable-clause
machine belongs to [10007, 10047].

Consider dummy jobs. According to the current gaps, they can only be scheduled on
variable-clause or variable-dummy machines, and each of these machines could accept
at most one dummy job. Again notice that there are 2n such machines and 2n dummy
jobs, there is one dummy job on every variable-clause and variable-dummy machine.
The current gap of a variable-clause machine is in [0, 4r], of a variable-dummy machine
is in [r,4r|. Using the same argument we can show that there is one job of C'U D and
one job of AU B on each variable-assignment machine.

Consider variable and agent jobs. Each machine of ©¢ has a gap in (4r, 5r), implying
that there are at least two variable or agent jobs on it. The current gap of a variable-
assignment machine is at least 1157 — (102r +2"n+12r +2"n+64+64) > r—2n > 1/2r,
thus there is at least one variable or agent job on it. Similarly there is at least one variable
or agent job on a variable-dummy machine.

Consider each variable-clause machine. As we have determined, there are a clause and
a dummy job on it. We check their total processing times more carefully. By subtracting
the huge job in from 10°r, the gap is in [11005r, (11005 + 1/2)r]. If the clause job on this
machine is a true job, with a processing time over 100047, then the dummy job on it
can only be of 10007, otherwise the total processing time of the two jobs is over 110067,
which is a contradiction. Thus, the total processing time of the two jobs is at most
110047 + 2/9+97,4+-1000r < (11004 + 1/2)r, which means there is at least one variable or
agent job on this machine. Otherwise, the clause job on this machine is a false job with
a processing time at most 100027 + 2'/99n < (10002 + 1/2)r. Adding a dummy job,
their total processing time is at most (11004 + 1/2)r, and again we can see that there is
at least one variable or agent job on this machine.

The above analysis shows that there is at least one job of Gy on a variable-clause,
variable-dummy and variable-assignment machine, and at least two jobs of Gy on each
machine of Oy, requiring 4n + 4/dn jobs, which equals to |Gy|. Thus the lemma follows
directly. O

Given the above lemma, we consider the residuals of each job divided by 2/%+7. The

fact that the three or four residuals on each machine should add up to 0 implies the
following table (Table 6).

Table 5: Sizes of gaps

Machines(Gaps) O Variable-clause | Variable-dummy | Variable-assignment

Size of Gaps | (4r,5r) | (110057, 110067) | (1003r, 1004r) (1157, 1167)
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The next step is to characterize the indices, i.e., we need to prove that for each row,
i =1 =1" (ori=1; =iy =13). If the indices equal for jobs on a machine, this machine
(gap) is called satisfied. The above table, combined with Lemma 8, implies the following
lemma.

Lemma 11 For jobs on each machine, their r-terms add up to 10°r, z¥-terms (2 < k <
1/6 —1) add up to 0.

The 2*-term of each huge job is negative and should be canceled by the corresponding
terms from other jobs. Similar as the proof for the special case when § = 1/2, we would
divide the z*-terms (2 < k < 1/6) of each huge job (gap) into singular terms and regular
terms. Notice that here we use the notion of singular (regular) terms instead of singular
(regular) gaps because when 1/§ > 2 we need to consider multiple terms of a gap.

We define singular (regular) terms in the following way. The x'/°-terms of variable-
clause, variable-dummy and variable-assignment gaps are singular terms.

For other gaps, see Table 7. The terms marked with % are singular term (e.g., the
2/-term of 0;j—1,), all the other terms are regular terms.

A singular term of a gap, say, 2/9t7r27 for 1 < 7 < nf, is called well-canceled, if it
is filled up by one job with the z’/-term of 2'/9*7727 and other jobs with the 2/-terms of
0. A regular term, say, 2'/°t7 . 2727 for 1 < 7 < nf, is called well-canceled, if it is filled
up by two jobs whose z/-terms are 2'/9+7r g7

Lemma 12 FEwvery singular term is well-canceled.
The proof is straightforward.
Lemma 13 FEwvery regular term is well-canceled.

Before we prove this lemma, we first count the number of variable and agent jobs whose
rF-term is 297 . .2 where 2 < k < 1/6 and 1 < 73, < n?. For simplicity we call them
as Ty-jobs. According to Observation 4, |{i|fx(i) = 7} = [{i|fe(i) = 7} = n*7% = ny,
thus we have Table 8.

The factor 2 in the last row comes from the fact that for each symbol there are
actually a true job and a false job, and thus the numbers should double. We call the gap
whose z¥-term is a regular term and equals to 2Y/9%7 . 27.2% as a regular 7,-gaps, and
call the gap whose z*-term is a singular term and equals to 2Y/9%7 . 7,2% as a singular
Tr-gap. We count their numbers. See Table 9 as an overview.

Notice that in Table 9 we do not list variable-clause, variable-dummy and variable-
assignment gaps, however, they contribute to the number of singular 21/9+77, /5$1/ % terms
by 6n, for any 1 < 75 < n?. Now we come to the proof of Lemma 13.

Proof. We prove the lemma through induction. We first consider x'/°-terms. A regular
z'/%-term of a gap could always be expressed as 2197 . 27 ;s21/9 for 1 < 71,5 < n°.
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Table 6: Overview of jobs on machines

017,i,+ Vir2 | Min1/6—1,+ \
Qn,i,f Virg | Mir1/6—1,— \
Oig+ | Mirgor | Mirgei+ \
Oij— | Mirg— | M7+, \
Oikco | Mg+ | Mg \
i kv, U Vi 1 dummy
Oik.—.c, Wjr Vi 3 dummy
9,’7+ Vi1 dummy \
91'7, Vi 3 dummy \
ei,a,c Vi A, Ciz
Oiva | Vip2 bi, d;,
ei,a,d Vi1 ,3 Ay d;,
ei,b,c Viy,4 A, dig

Table 7: Singular and regular terms

Gaps/Coefﬁcients 91 6+7I1 0 9l 6+7[L‘1 o—1 1 ... 91 6+7Ij+1 ol 6+7£L’j 91 5—1—71,]'—1 ! 6+7I2
Onsi+ 2f15(1) 0 e 0 0 0 .. 0
B 27,5(7) 0 - 0 0 0 0
0ij—1,+ 2f15(0) | 2fi5a(@) |- | 2f0G) | £ 0 . 0
9i7j—17— 2f1/5(2) 2f1/571(i) ce 2fj+1 (Z) f](l)* 0 <. 0
O; k,Co 2f15(7) 2f15-1(1) | - | 2fi1(7) 2f;(1) 2fi—1(@) |- | 2fa(0)

Table 8: Counting numbers of variable and agent jobs

Jobs/Coefficients QL/6+7 1170 QL0+ 1/5—T O1/0+T 1] | 91/ FT,2
Ui,L(L: 1727374) fl/&(i)yfl/é(i) 0 0 0
Ni1/5-145Minjs—1,— | Jiss(@), f175(7) 0 0 0
Mij—1,45 Mij—1,— fis(@), fi75(t) | frye—1(3), fijs-a(@) | -+ fi(2), f;(4) e 0
i1+ i1, Jis(@), f175(t) | frye—1(9), fijs-a(@) | -+ 1(3), £;(4) oo | fa(2), fa(1)
§ Ti-jobs 20201/ +2n1) | 2x2(1/6 —2)ny |- [2x2(i—Dng | --- | 2x2m
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We start with 7,5 = 1. Notice that a regular 2'/%-term comes from a variable-agent,
layer-decreasing or agent-agent gap. According to Table 5, the z*/%-term of the other two
jobs (variable or agent jobs) used to fill up such a gap are nonzero and at least 21/9+731/9,
thus the regular term 2'/977.221/9 is well canceled. Suppose for any 71/5 < hg < n’, each
regular term 219477, 521/9 is well-canceled.

We consider the case that 7,5 = hg. For any 7,5 such that 1 < 7,5 < hg, there are
in all 4n;(1/8 + 1) variable or agent jobs whose '/°-term is 2/9+77; ;21/° (see Table 8).
We determine the scheduling of these jobs.

Among them 6n; jobs are on used to cancel singular terms according to Lemma
12. Meanwhile since there are 2n;/6 — n; gaps with regular terms 2'/5+7 . 27, /5331/ I (see
Table 9), the induction hypothesis implies that 4n;/6 — 2n; of these variable and agent
jobs are used to cancel these regular terms.

Thus, we can conclude that for a regular z'/%-term being 2Y/9+7 . 2hox'/%, both of
the 2'/° term of the two jobs (variable or agent jobs) used to cancel it are at least
21/0+7 . hox'/%. This implies, again, that the regular term 2%/°+7.2ho2'/? is well-canceled.
The proof for regular z*-terms are the same. O

Next we prove that in Sol*, every machine is satisfied. See Figure 2.2.3 as an illus-
tration of such a solution. Obviously a variable-dummy machine (gap) is satisfied.

Lemma 14 Agent-agent machines (gaps) are satisfied.

Proof. Consider each agent-agent machine, say, 0;, x, c,- We can assume that the other
two jobs on it are 7, ; + and 751 —. Then according to Lemma 13, we have

fii) = fi(k) = filio) = filko), 1=2,3,--
7

_ 1/6
91(1) + g1(k)x = g1(io) + g1 (ko).

+

Since r = 4n67 while gl(i)vg1<i0)7gl(k)7gl(k0) < n(sv thus g1<2) = gl(i0)7 §1<k) =
g1(ko). According to the construction of functions f and g (see Observation 3), we know
that ¢ = ’io and k£ = ]{30. (I

Table 9: Counting the number of gaps

Gaps/Coefficients QL/0+7 176 QL/0+7 1761 . QI/8+T 1 Q15472
Oins—1450ias5-1,— | 2f1ys(i ) 2f1/5( P) 0 0 0
0

Oij—1,4,0i -1, 2f1/5—1( ) 2f1/6 1(4) f](2>>f]<2)

2f1/5(d ) 2f1/6( i)

f2(i), f2(i)

05145051, 2 f1/6(i ) 2f1/5( i) | 2f1/5-1(1 ) 2f1/5-1(7) 2f;(1),2f;(i)
f singular 7-gaps 611 2n 2ny 2n4
# regular 7,-gaps 2n1/0 —ny 2n1(1/0 — 1) — 3ny 2jny — 3n, ny
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We consider variable-clause machines. Notice that for each ig and ko € {ig, 30+ 1,70+
2}, either 6, ky.+.cy Or O ky— .0, €xists.

Lemma 15 Machine 0y 1., or 01—, (k= 1,2,3) is satisfied. The machine 0;, k. +.c,
or iy ko—.cy forio > 2 and ko € {ig,i0 + 1,10 + 2} is satisfied if:

o [ori < iy, each machine 0; 5+ c, or 0,5 _ c, is satisfied.

o All variable jobs vy, with k' < iy and v = 1,2,3,4 are not scheduled on this
machine.

Proof. We consider clause ¢; € (7. As ¢; contains three variables z1, 2o and z3, there
are three huge jobs 611,4,.01, 012.0..0, and 01 3, ¢, Where o1, 09,03 € {+, —}. Meanwhile
there are three clause jobs of u;.

For iy = 1 and any ko € {1, 2,3}, suppose 0} j, +c, exists, and the two jobs together
with it are a clause job u; and a variable job vy, with ¢ € {1,2,3,4}. Since s(0; k+.c,) =
10%r — 110057 — (2Y/°F7 f; /5(1) + 21/0+9 4 21047k, 4 21/0+6 4 1) " according to Lemma 11,
we have 2109 4 QV/0+T 41 = 21/6+9 4 91/0+TL 1, If i > 2, then the left side is at
least 21910 while the right side is at most 21/9+9 4 21/0+7 5 3 1 4 < 210410 which is a
contradiction. Thus 7 = 1 and it follows directly that k = kg, « = 1. Otherwise 0 x,— ¢,
exists, and the proof is just similar. Thus, machine 6 3, + ¢, or 01 k.-, (ko =1,2,3) is
satisfied.

When iy > 2 and kg € {igp + 1,99 + 2,99 + 3}, again we suppose that 0;, x, +.c,
exists. Notice that for any ¢ < iy — 1, ¢; contains three variables. According to the
hypothesis, the three clause jobs u; are scheduled on three machines, they are 0;; 1 ¢,
or 0;;_cy, Oiiv14+.c, O U5i41—c, and 05494 0, or 8,40 . Thus when we consider
machine 0, x, +.c,, all clause jobs u; with ¢ < ¢y — 1 could not be scheduled on this
machine.

Again suppose that the two jobs scheduled together with 6;, 1, + ¢, are w; and vy,
then 2V/0+95, 4+ 21047k 4 1 = 2V/049 4 21/0+7)/ 4 Since ¢/ > ig — 1 and k' > 7/,
if ' > 4o + 1, then we have 21/0%9" 4 2V/0+TE 1 5 > 21/0H9 (5 4 1) 4 2V/0+7 (5 + 1) >
21/0494, 4 21/%47 (45 + 3) + 1, which is a contradiction. Thus i’ = 49, ¥’ = ko and ¢ = 1,
which means machine 0, 1, +.¢, is satisfied.

Similarly if 6;, x, —.c, exists, this machine is also satisfied. O

Lemma 16 Machines 014¢, 61p.4, 01,04 and 61y are satisfied. Moreover, machines
Oiv.acs Viop.ds Gig,aa and ;4 forig > 2 are satisfied if:

o Machines 0; 4., 0ip.d, Viaa and b,y are satisfied for i < iy — 1.

o All variable jobs vy, with i'" < iy and v € {1,2,3,4} are not scheduled on these
machines.
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Proof. Consider machine ¢;,.. Except the huge job, let the other three jobs be v;, ,
(t€{1,2,3,4}), a;, and ¢;;. Then we have

2Y0HTiy 4 21040 4 uy 4 2Ty + 8 4 27ig + 16 = 2107 - 21/9¥6 4 98 4 95,

It can be easily seen that ¢y = iy = i3 = 1 and ¢ = 1. Thus, machine 0, , . is satisfied.

Using similar arguments we can show that machines 6, 3., 0, 4 and 60, 3 4 are satisfied.
The proof that machines 0, 4.c, 0iyp.d; Oip.a.a and 0, . are satisfied for 75 > 2 if two

conditions of the lemma hold is the same. O

For simplicity, we call variable jobs v;,, with ¢; € {1,2,3,4} and agent jobs 7; .,
with 15 € {+, —} as jobs of index-level i.

In contrast, let 0 € {4+, —}, we call machine 6, ;,, 6, ;,, machine 6 ; ,c,, machine
0; -, machines 0; o ¢, 0; 4.4, Oip.c, Vipa as machines of index-level i.

Specifically, machine 0;; ¢, is of index-level ¢ and also of index-level k, i.e., this
machine would appear in the set of machines with index-level of ¢ as well as the set of
machines with index-level of k. Notice that according to Lemma 14 these machines are
already satisfied.

Lemma 17 In Sol*, every machine (gap) is satisfied.

Proof. We prove it through induction on the index-level of machines. We start with
i=1.

Consider machine ¢,; . We assume jobs v;o and 7y 1/5-1 4 are on it. Then simple
calculations show that

2f15(1)2"? + 14 gij5_1(1) = fips(i)z'® +i+ i)z + gijsi ().

According to Lemma 13, fi/5(1) = fi/5(7) = fi/5(7').

Since i > 1, according to Observation 3 we have g1/5_1(7) > g1/5-1(1). Meanwhile
i > 1, thus g1/5-1(') = g1/5-1(1) and ¢ = 1. Again, due to Observation 3 we have
i =i = 1. Thus vy and 71,1/5-1,+ are on machine ¢, ; ;, i.e., this machine is satisfied.
Similarly we can prove that vy 4 and 7;1/5-1,— are on machine 0, ; _.

Consider machine 6, ;; for 1 < j < 1/§ — 2. We assume jobs 7; ; + and 1y j+1 4+ are
on it. Then simple calculations show that

1/4 1/6 1/5
2 Z S+ fin (D2 4 g;1(1) +g;(1) = Z fild)'+ Z Fild ) + g () +g; (i)
I=j+2 I=j+1 I=j+2

According to Lemma 13, we have
fl(l):fl(]')7 l:j+17]+2771/57

L") =fi(1), l=j+2,5+3,---,1/0.
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Thus gj11(1) + g;(1) = gj1(¢') 4 g;(4).

According to Observation 3, we have g¢;(i) > ¢;(1) and g¢;+1(¢") > gj41(1). Thus
gi(1) = g;(1), gj+1(i") = gj+1(1). Again due to Observation 3 we have i =i’ = 1, i.e,
machine 6, ; ; is satisfied.

Similarly we can prove that machine 6; ; _ for 2 < j < 1/§ — 2 is also satisfied. For
J = 1, recall that there is a slight difference between 60, ; _ and 60, ;_, we prove that
machine 6; ; _ is satisfied separately.

Consider ¢, and assume jobs 7;;,— and 7y 2 _ are on it. Then

1/6 1/ 1/
QZﬁ(1)$l+f2(1)x2+§2( + a5 J’3—Zfl 33+Zfl )z' + ga(i') + g1 (i)
1=3

According to Lemma 13, we have
ﬁ(l):fl(l)J 122737”'71/57

fi(i") = fi(1), 1=3,4,---,1/6.

Thus go(1)4g1(1)z = §2(i')+g1(¢)x. Similarly due to observation 3 we have go(i') > go(1),
and g;(2) > g1(1). Thus again we can prove ¢ = ¢’ = 1, which implies that machine 6, ; _
is also satisfied.

Combining Lemma 15, Lemma 16 and Lemma 14, we have proved so far that each
machine of index-level 1 is satisfied. We further show that indeed, all the variable and
agent jobs of index-level 1 are on machines of index-level 1. To see why, see Figure 2 for
an overview of the scheduling of jobs of index-level 1 (here Case 1 means z; € C, while
Case 2 means —z; € ().

Suppose that for any ¢ < ig < n, each machine of index-level i is satisfied and all
the variable or agent jobs of index-level ¢ are on machines of index-level i. We consider
1= ZO

According to Lemma 15 and Lemma 16, we know that machines 6;, .+ ¢, (or 6, x.—.cy)
for k € {ig,i0 + 1,790 + 2} and machines 6, ¢, iy b.ds ig.a.ds Biop.c are satisfied.

Consider machine 6, ;, ; which is of index-level ig. Again we may assume jobs v; o
and 7y 1/5-1,4+ are on it, and the induction hypothesis implies that i > iy, 7 > 7y. Simple
calculations show that

2f1/5(i0)xl/6 + io + g1/5_1<i0) = f1/5(i)$1/6 + 17+ fl/(s(i/)xl/é + 91/5_1(i/).

According to Lemma 13, fi/5(i0) = fi/5(i) = fi/5(i'). Since i > iy, according to
Observation 3 we have g1/5-1(i') > g1/5-1(lo). Meanwhile i > iy, thus gi/5-1(') =
g1/56-1(i0) and i = 5. We can conclude that i = i’ = i5. So, ;)2 and 7;y1/5-14 are
on machine 6, ;, 1, i.e., this machine is satisfied. Similarly we can prove that v;, 4 and
Mio,1/5—1,— are on machine 6, ;, _.
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Figure 2: scheduling-of-indexlevel-1

Consider machine 6;, ; + for 1 < j <1/6 — 2. We assume jobs n; ; + and 1 j41 4+ are
on it. Then simple calculations show that

1/6 1/8 1/8
2> filio)a'+ fia(io)a? T gy (o) +g;(i0) = > fili)a'+ Y fild)a'+ g4 () +9; ().
I=j+2 l=j+1 l=j+2

According to Lemma 13, we have
fl(i):fluo)’ l:j+17]+27a1/57

fi(i") = filio), 1l=j+2,7+3,---,1/6.

Thus gj+1(io) + g;(i0) = gj+1(') + g;(9).

According to the hypothesis we know 4,7 > i5. Due to Observation 3, we have
9j(1) = g;(io) and gj11(i") = gj11(éo). Thus g;(i) = g;(io), gj+1({') = gj+1(io), which
implies again that ¢ = ¢ = iy, i.e., machine 6, ; ; is satisfied.

Similarly we can prove that machine 6;, ; — for 1 < j <1/§ —2 is also satisfied (again
we need to prove machine 0, ; _ is satisfied separately, and the proof is actually the same
as the case when iy = 1).
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The above analysis shows that each machine of index-level i is satisfied. Similar
to the case when 735 = 1, we can further show that all the variable and agent jobs of
index-level 75 are on machines of index-level 1. O

A machine is called truth benevolent if one of the following three conditions holds.

e For a variable-agent, layer-decreasing or agent-agent machine, the two jobs (vari-
able or agent) on it are one true and one false.

e For a variable-clause machine, the variable and clause job on it are of the form
(T,T), (F,F) or (T, F).

e For a variable-assignment machine, the variable and truth-assignment jobs on it
are of the form (F, F, F') or (T,T,T).

We have the following lemma.

Lemma 18 In Sol*, every machine of is truth benevolent.

Proof. Consider a variable-agent, layer-decreasing or agent-agent machine. On each of
these machines, the r-terms of the two (variable or agent) jobs should add up to 4r
according to Lemma 11, thus the two jobs are one true and one false.

Consider a variable-clause machine. We check the r-terms of the clause, variable and
dummy job. According to Lemma 11, there are three possibilities that the three r-terms
add up to 110057, which are r+10004r+1000r, 3r+10002r+1000r and r410002r+1002r,
thus the variable and clause jobs are always of the form (7', 7T"), (F, F') or (T, F).

Consider variable-assignment machines. We check the r-terms. Except for the huge
job, the r-terms of the variable job, a; or b;, ¢; or d; should add up to 1157 and thus
there are only two possibilities, r + 12r + 102r and 3r + 11r 4 101r, which implies that
they are of the form (F, F, F') or (T, T,T). O

Now we come to the proof of Lemma 9.

Proof. We assign values to variables according to the variable-assignment machines. For
each ¢, consider the four machines, 0; ¢, 0;p.4, 0iaa and 8;.. Since the three jobs are
(T,T,T) or (F,F,F), thus a] is on the same machine with either ¢! or d;.

If a! is scheduled with ¢!, then the jobs on the two machines with 6; , . and 6;; 4 are
(vl al,ch), (vhy, bF, dT). We let variable z; be false. Otherwise a! is scheduled with d’,

4,10 2 0 Ve 4,29 71 0
and the jobs on the two machines with 6;44 and ;. are (v/5,a],d]') and (v],, 0], c]).
We let variable z; be true. We show that every clause is satisfied.
For each ¢; € (', there is one job u]T, and it should be scheduled with a true variable
job. If it is UZ-T71 where © = 7,5 + 1 or 5 4+ 2, then it turns out that z; is true because
otherwise v, is already scheduled with a] and ¢]. Notice that either machine 6;; | ¢,

or machine 6;; _ ¢, exists. Since v;; is scheduled with u;, machine 0,; _ ¢, does not exist
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because otherwise v; 3, instead of v; 1, is scheduled together with u; on this machine.
Thus the huge job 0, y ¢, exists, which means the positive literal z; appears in ¢;, thus
c; is satisfied. Otherwise it is UZ:S, then it turns out that z; is false. As v; 3 is scheduled
with u;, they are together with 60;; _ ¢ , which means the negative literal —z; appears in
¢;, and thus ¢; is satisfied.

Consider each (z; V —z;) € Cy. There is a huge job 6,4 ¢,. As machine 6, ¢, is
satisfied and truth benevolent, 7, ; 4+ and 71— on this machine should be one true and
one false according to Lemma 18.

Suppose on machine 6; i, ¢, 7:1,+ is false and 7,1 — is true. Notice that there are two
jobs, !y , and nf} .. Since /| is on machine ;. ¢,, 77, , should be on machine 6; .,
and thus on this machine the other job is nf 5. This further implies that niT’Z + and 775 34
are on machine 6;5 . Carry on the above analysis until we reach machine 0; 1,52,
and we know that nf 1/5-1,+ 1 on this machine. Thus on machine 0.+ the two jobs are

151, and v}y, See Figure 3 for an illustration.

| 91‘,1{,62 | ”iﬁ,+ | T].Z',l,— |
| 0,1 | Mot | Miga | | Ops. | Mo | Nia,- |
| 0 | Wiz | i3 | | O | Meo | M |
| 05 2. | '7;/5_2,+ | Ufus-1,+ | | Bk,llﬁer | '7:,1/5—2,— | '7:,1/5—1,— |
| 9ﬂi+ | 715115—1# | vlf,"Z | | 9'7’1"* | 7]1‘:'1/5—1,— | V; |

Figure 3: truth-assignment

Similarly, we can show that on machine 0, - the two jobs are 7, 5 ,  and vj,.
Thus, we can conclude that the variable z, is false, because otherwise v,:fA should be
scheduled with b and ¢f, which is a contradiction. So the clause (z; V —z;) is satisfied.

Otherwise on machine 0, ¢,, the two jobs are 773:17 4 and 77}:’ - Using the same
argument as before we can show that on machine 6, ; ,, the job 7;1/5_1,+ is false and the
job v; 5 is true, while on machine 60, _, the job 7 1/5_1— is true and the job vy 4 is false.
Thus, the variable z; is true because otherwise v, should be scheduled with b and dJ
which is a contradiction. This implies that the clause (z; V —z;) is satisfied. In both
cases, every clause is satisfied, which means that I, is satisfiable. O

Recall that given any instance of the 3SAT’ problem with n variables, for any § > 0 we
construct a scheduling instance with O(n/J) jobs such that it admits a feasible schedule
of makespan K = O(2%/°n1*9) if and only if the given 3SAT’ instance is satisfiable. Thus
Theorem 5 (and also Theorem 1) follows directly. We prove Theorem 2.
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Proof. Suppose the theorem fails, then there exists an exact algorithm for the restricted
scheduling problem that runs in 20(n'"%) time for some 8y > 0, then we may simply
choose § = 0y in our reduction. Since ) is some fixed constant, the scheduling problem we
construct contains O(n) jobs with the processing time of each job bounded by O(n!*%).
Then we apply the scheduling algorithm to get an optimum solution, and it runs in

_ _s2
20(mI=00)0) 4 o 90 ™) time. Through the makespan of this optimum solution, we

2
can determine whether the given 3SAT’ instance is satisfiable in 20(n""™) time for some
fixed 9y > 0, resulting a contradiction. O

3 Scheduling on m Machines

We consider the scheduling problem on m (m > 2) identical machines and prove the
following theorem.

Theorem 6 Assuming ETH, there is no (1/¢)° (st |]Sch6|O(1) time FPTAS for Pm||Caz .

Given the above theorem, Theorem 3 follows since otherwise there exists a (1/€)0m' ™) |1]0M)

time FPTAS for some ¢, > 0, and it runs in (1/6) Toa? m |I ehe|©Y) time, which is a con-
tradiction.

To prove Theorem 6, given any 3SAT’ instance [, with n variables, we construct
a scheduhng instance I .. such that it admits an optimal solution with makespan
20(5; log? m) 1f and only if I, is satisfiable, then if the above theorem fails, we may apply
the (1/6) s |I .|°® time PTAS for I, by setting 1/e = 20Gils*m) 4 1. Simple
calculations show that the optimal solution could be computed in 297" time where 4,
goes to 0 as m increases, and thus the satisfiability of the given 3SAT’ instance could
also be determined in 2°=" time, which is a contradiction.

We give an overview of the whole reduction. For simplicity throughout the remaining
part of this section we assume the number of machines is m + 1 with m > 1. Given a
3SAT’ instance I, we would transform it into an instance of the 3DM’ problem, which
is formally defined as follows:

e There are three disjoint sets of elements W = {w;,w;|i = 1,---,3n}, X =
{sj,a;lj=1,---,n;i=1,--- 3n} and Y = {b;li = 1,--- ,3n} where n’ < 3n.

e There are three sets of matches Ty = {(w;), (w;)|i = 1,--- ,3n}, Tn C {(wy, s;), (w;, s;)|w; €
W,s; € X}, Ty = {(w;,a:, b;), (W5, a5,bc3)) |0 = 1,---,3n} where ¢ is defined as
C3k+1)=3k+2, ¢(3k+2) =3k +3and C3k+3) =3k +1fork=1,---,n

e Either w; or w; appears in T5, and it appears once. Every s; appears at most three
times in T5.
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A subset of T' = T7 U T5 U T3 is called an ezact cover if every element of W U X UY
appears exactly once in its matches.

We first show that, if I,,; contains n variables, then a 3DM’ instance I34,, in which
there are O(n) elements (indeed, |W|=6n) and O(n) matches could be constructed such
that I34, admits an exact cover if and only if I, is satisfiable. We then construct a
scheduling instance I, which admits a feasible schedule of makespan K = 20(3; log* m)
if and only if I34, admits an exact cover, and thus if and only if I, is satisfiable.

We give a brief description of Ieh.. Every match of T has a corresponding job (called
as a match job) in I... Recall that there are m + 1 machines. If there is an exact cover,
then I admits a schedule of makespan K in which all the jobs corresponding to the
matches of the exact cover are on the first m machines while other match jobs are on
the last machine. Meanwhile, if I,.,. admits a schedule of makespan K, then in this
schedule there are m machines such that the matches correspond to the match jobs on
them form an exact cover.

3.1 Modification of the 3SAT’ Instance

Given a 3SAT’ instance I 4, we transform it into a 3DM’ instance I34,,, as we mention
before..

Transforming I, to I, Given a 3SAT’ instance [, (with n variables), we can
apply Tovey’s method [26] to alter it into I.,, by adding O(n) variables and clauses such
that the following properties are satisfied:

e Clauses of I!,, could be divided into C and Cj

— Every variable appears once in C
— Every (positive or negative) literal appears once in Cy

— All the clauses of Cy could be listed as (zsr41 V —2Z3k42), (23612 V —23613),
(z3k43 V —23pq1) for k=0,1,--- . n—1

e [/, is satisfiable if and only if I, is satisfiable

To see why, given I, we replace each occurrence of a variable in I, with a new
variable. Since every variable, say, z;, appears three times, we can replace its three
occurrences with 23;_1, 23,1 and Z3; and meanwhile add (z3;_2 V —z3;-1), (23i-1 V —23;),
(z3; V —z3i_2). Let Cy be the set of all the newly added clauses and C; be the remaining
clauses, then it is not difficult to verify that the modified instance I, satisfies all the
properties above.

Notice that there are 3n variables in I ,. For simplicity, we may further assume that
n could be divided by m and let n = gm. (Indeed, if n = ¢gm +r with 0 < r < m
with ¢ > 1, we could add additionally 3(m — r) dummy variables, say, 2%, ,, 2%,, and
zgi 43 for 0 <4 < m —r — 1, and meanwhile introduce m — r dummy clauses in C as
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(25141 V 25142 V 25:45), and 3(m — r) clauses in Cy as (251 V 225,41), (2540 V 22543),
(2415 V —25;.1). It is not difficult to verify that these newly added variables and clauses
do not change the satisfiability of the original instance.)

Transforming I, to Is;, We prove that, given I}, that contains 3n variables, a
3DM’ instance I3g4,, could be constructed such that 34, admits an exact cover if and
only if I, is satisfiable.

Construction of I34,,. We construct two variable elements for each variable z;, i.e.,
we construct w; corresponding to z; and w; corresponding to —z;. Let W be the set of

them. It can be easily seen that |[W| = 6n. We construct a clause element s; € X for

each ¢; € C).
Recall that all the clauses of Cy could be listed as (z3;11 V —23i11), (23142 V 723i43),
(23i43 V —z3i41) for . = 0,1,--- ;n — 1. For every i, we construct as;i1,asit2, asirg € X

and b3iy1,b3i42, 03143 €Y.

This completes the construction of elements and it can be easily seen that |X| =
3n +m, and |Y| = 3n. We construct matchings. For each variable z;, we construct two
matchings of 7}, namely (w;) and (w;).

For each clause ¢; € (Y, if the positive literal z; € ¢;, then we construct (w;,s;) €
T,. Else if the negative literal —z; € ¢;, then we construct (w;,s;). Notice that ¢,
might contain two or three literals, thus two or three matchings of T, are constructed
corresponding to it.

For each 0 <i < n—1, 6 matchings of T3 are constructed for the three clauses (23,41 V
—23i41) (23i42V23i43) and (23i43V23i41), namely (w311, agit1, b3i+1), (Wsitr2, A3i42, b3ita),
(W3i+3, A3i43, bgirs) and (Wsiy1, azit1, bsiv2), (Wait2, a3it2, b3ivs), (Wsits, agits, b3it1)-

It can be easily seen that |T7| = 6n, |T5| = 3n, |T3| = 6n. Thus in all, I34,, contains
O(n) elements and matches.

The following part of this subsection is devoted to proving the following lemma. We
remark that the proof is similar to the traditional proof showing that 3DM is NP-hard [5].

Lemma 19 I, is satisfiable if and only if Is4y admits an exact cover.

Proof. Suppose I, is satisfiable, we choose matchings out of 7" to form an exact cover.

We know that for each 0 < ¢ < n — 1, 23541, 2342 and z3;,3 are either all true
or all false. If they are all true, then we choose (Ws;11, asit1,b3i+2), (W3i42, @3iv2,b3ivs),
(w3443, 3143, b3i1). Otherwise they are all false, and (ws;11, asiy1, b3iv1), (W3ir2, @3i42, b3ita),
(w313, asits, bsirs) are chosen instead.

Now every element of Y appears exactly once in the matches we choose currently.
Since each clause ¢; € C is satisfied, it is satisfied by at least one variable. We choose
the variable that leads to the satisfaction of ¢; (if there are multiple such variables, we
choose arbitrarily one). Suppose this variable is z;. If z; is true, then we know the
positive literal z; € ¢;. According to our construction (w;,s;) € T and we choose it.
Otherwise z; is false, and the negative literal —z; € ¢;. Again it follows that (w;, s;) € T3
and we choose it.
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Consider the matches we have chosen so far. Every element of X and Y appears
exactly once in these matchings. Moreover, each element of W appears at most once in
these matchings. To see why, notice that if we choose (w;, s;) € T3, for example, then
z; is true and we do not choose matchings of 73 that contain w;. Finally, we choose
matchings of T} to enforce that every element of W appears exactly once.

On the contrary, suppose there exists an exact cover of I34,, we prove that !, is
satisfiable. Consider elements of X and Y. For each 0 < ¢ < n — 1, to ensure that
a3i11, b3iv1, a3ive, b3iro and as;y3, bs;r3 appear once respectively, in the exact cover T’
we have to choose either (U_)3i+17 aszii1, bgﬂ,g), (U_ngqrg, as;12, b3i+3), (U_)3i+37 asz;1-3, b31'+1), or
choose (w3z‘+1,@3z’+1,b3i+1), (w3i+2,a3z’+27b3z‘+2), (w3i+3,a3z‘+3753i+3)-

If (0311, a3i+1, D3it2), (Wsiv2, A3i12, b3ivs), (W3its, asivs, b3it1) are in T', we set 23,41,
23i40 and 23;13 to be true. Otherwise we set 23,11, 23;12 and 23;13 to be false. It can be
easily seen that every clause of Cs is satisfied.

We consider ¢; € C;. Notice that s; € X appears once in 7". Suppose the match
containing s; is (s;, w;) for some 4, then it follows that the positive literal z; € ¢;. The
fact that w; also appears once implies that w; appears in 7" N T3, and thus variable z; is
true and ¢; is satisfied.

Otherwise the matching containing s; is (s;,w;) for some 4, then similar arguments
show that the negative literal —z; € ¢; and variable z; is false. Again ¢; is satisfied. O

3.2 Defining the Functions f and g Based on Partitioning Matches

Notice that there are one-element, two-element and three-element matches in 34,
throughout this section we may use (w;, x;, yx) to represent any match of 7' = T3 UT,UT3,
where z; = yp = 0 if it represents a one-element match, and y, = 0 if it represents a
two-element match.

Recall that n = gm for some integer q. We divide the set W equally into m subsets,
with Wy = {w;, w;|3kq +1 < i < 3kq+ 3q} for 0 < k < m — 1. We aim to construct
a scheduling instance in which there is one job for every match, and the goal of this
subsection is to construct the functions f and g through which the processing time of the
job corresponding to (w;, x;,yx) is defined as g(w;)af @) + g(x;)af @) + g(y )/ @) where
a =m°Y and g(w;), g(z;), g(yx) < a. Given any exact cover (if it exists), a schedule for
the constructed scheduling instance is called a natural schedule (corresponding to the
exact cover) if jobs corresponding to matches of this exact cover that contain w; € Wy, or
w; € Wy are on machine k. We try to design f and g such that the following properties
hold for a natural schedule,

L f(0) = g(0) = 0, otherwise f(x;), g(x;), f(yx), 9(yr) € Z*.

2. For any (w;,z;,yx) and (wy,z;, yr) from the exact cover, if f(w;) = f(wy) # 0

(or f(x;) = f(xy) # 0 or f(yx) = f(yw) # 0), then the two corresponding jobs
should be on different machines in the natural schedule.
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3. The largest value returned by f (denoted as |f]) is as small as possible.

The second property above actually ensures that if jobs corresponding to matches of
an exact cover are on the same machine according to the corresponding natural schedule,
then their processing times contain different o’ terms, and it is a key property through
which a natural schedule of makespan K could be constructed from the given exact cover
for Isg,.

The following part of this subsection is devoted to designing the functions f and
g satisfying the properties above. Obviously we can simply define f so that it takes a
distinct value for every element, and then |f| = O(n), which is too large. In the following
part, we will define f such that |f| = O(n/mlogm).

We construct a bipartite graph G = (V* U V?*, E) in the following way. There are m
vertices in V", with a slight abuse of notations we denote them as Wy, for 0 < k <m—1.
There are |C}| < 3n vertices in V*, and we denote them as s; for 1 < j < |Cy|. There is
an edge between W), and s; if (w;, s;) € Ty or (w;, s;) € Ty where w;, w; € W.

It can be easily verified that the degree of every W} is at most 3¢, while the degree
of every s; is at most 3.

We define f in the following way. According to the special structure of 77 and T3, we
first let f(bskgri) = %, f(askgri) = 3¢ + 1, f(Wskgri) = 6 + 7 and f(Wskgri) = 9¢ + 4. It
can be easily seen that jobs corresponding to one-element and three-element matches of
the exact cover do not share the same o' term for 1 < i < 12q if they are on machine %
(according to the natural schedule). For jobs corresponding to two-element matches, the
following property can ensure that they do not share the same o term if they are on the
same machine: for any s; and s;; which are both connected to some Wy, f(s;) # f(sj).
We associate the value of each distinct f(s;) with a specific color. The problem becomes
that, can we draw each vertex of VV* with a color so that for any 0 < k£ < m — 1, all the
s; connected to W, are drawn with different colors.

Obviously we can draw every s; with a distinct color and this yields a solution with
O(n) colors. We provide a natural greedy algorithm which uses O(n/mlogm) colors,
and the function f is defined accordingly.

Consider the following method of coloring. We sequence s; in an arbitrary order.
Suppose we have used t different colors and currently we pick a new color ¢t + 1. We take
the first uncolored s; in the sequence and color it with ¢ + 1. Then we delete vertices in
the sequence sharing the same neighbors with s; (since they could not be colored with
t+1). Now we pick the first remaining vertex in the sequence and color it. We carry on
this procedure until we can not color any more, then we pick a new color ¢ + 2.

To analyze the number of colors used by the above algorithm, we have the following
lemma.

Lemma 20 If currently there are h < |Cy| vertices uncolored, then using a new color
we could color at least fg—hq} vertices.

Proof. Suppose s; is colored with color ¢. Then according to the greedy algorithm,
vertices sharing the same neighbors with it should be deleted. Recall that the degree of
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s; is at most 3, while the degree of W}, (0 < k < m — 1) is at most 3¢g. Thus we delete
at most 9¢ — 1 vertices and the lemma follows directly. O

Let ¢, be the number of vertices that are not colored when £ different colors are
used, then ¢y = |C| < 3n and it follows directly that ¢pi1 < ¢ — (‘g—’qﬂ.

Thus ¢y < Pp(l — &1). Meanwhile ¢, < ¢ — 1, so the integer sequence goes to
0. We assume |C}| > 9¢, otherwise we use at most 9¢ = O(n/m) colors. Let ko be the
largest index such that ¢y, > 9¢, then it follows that [Cy|(1 — 5-)* > 9¢, and simple
calculations show that ky < [log, L 31—‘111 < 9¢Inm. Thus in all the greedy algorithm

uses 7 < 9¢Inm + 9q different colors.
Let x(j) < 7 be the color of s;. We define the function f in the following way.

L f(b3/€q+i) =1, f(a3kq-|—i) = 3q + 1.
o f(kaqui) = 6q + 1, f(’U_J?,qu) = 9q + 1.
o f(s5) =12q+ x(j)-

As we mention before, a job corresponding to a match, say, (w;,x;,y;) has a pro-
cessing time of g(w;)a® + g(z;)af@) + g(yr)a @) where @ = m°®. The function f
indicates the index of the exponential, while the function ¢ indicates the coefficient. Ac-
cording to our previous discussion if we put jobs corresponding to matches that contain
W3kg+i OF Wakgt; onto machine k (as the natural schedule indicates), then all the jobs on
machine & have different o terms.

We provide the definition of g now.

o g(Wakgti) = 9(Wakgti) = g(askgri) = g(bakgri) = m + k.

e Sort vertices with the same color in an arbitrary way. Suppose s; is colored with
color ¢ and is the [-th vertex in the sequence, then g(s;) =m +1— 1.

We have the following simple observation on g.
Lemma 21 g(s;) <2m for 1 < j <|C4].

Proof. Suppose the lemma fails, then there are at least m + 1 vertices coloring with the
same color. Notice that every s; is connected with some W), for some 0 < k < m — 1,
among these m + 1 vertices there are two of them connecting to the same Wy, implying
that they should be colored with different colors, which is a contradiction. O

40



3.3 Construction of the Scheduling Instance

Let a = 6m* + 6m® + 6m? be the base. Recall that n = ¢gm, 7 = O(n/mlogm).
With a slight abuse of notation we let |f| = 12¢ + 7 = O(n/mlogm). We con-
struct a scheduling instance Ig.. such that it admits an optimal solution of makespan
6m3 Zlﬂl af = 20(n/mlog”m) if 4 only if I34,, admits an exact cover.

We construct three kinds of jobs, a match job for every match, a cover job for every
element and dummy jobs.

For every match (w,z,y), we construct a job with processing time g(w)a/™) +
g(2)a?@ + g(y)af® where (w,z,y) may represent (w;) or (w;) (in this case we take
g(x) = g(y) = 0), or represent (w;,s;) or (w;,s;) (in this case we take g(y) = 0), or
represent (w;, a;, b;) or (W, as, beiy).

For every element 7, we construct a job with processing time (6m? — g(n))a/™ where
7 may represent w;, w;, s;, a; or b;.

We construct dummy jobs. For each color we would construct several dummy jobs,
and we also construct a huge dummy job.

According to Lemma 21, we suppose there are [; < m vertices colored with color .
If [, < m, we then construct m — [; dummy jobs, each of which has a processing time of
6m3at?att. We call these dummy jobs as dummy jobs of color t.

Recall that there are m+ 1 machines, we construct a huge dummy job whose process-
ing time equals to 6m3(m + 1) Z?E{T o' minus the total processing time of all the jobs
we construct before. It follows directly that if there exists a feasible solution for Iy
whose makespan is no more than 6m? 32171 o, the load of every machine is 6m3 31 o,

3.4 From 3DM’ to Scheduling

For simplicity we index the m + 1 machines as machine 0 to machine m. We provide a
feasible solution of I, with makespan 6m? Zlﬁl at.

Given the exact cover of I34,, we take out the jobs corresponding to the matches of
the exact cover. We put jobs corresponding to the matches that contain wsjq4i or Wskg
onto machine k for 0 < k < m—1. According to our definition of f, each job on machine
k contains distinct of terms.

Let Ly be total processing time of jobs on machine k. It is not difficult to verify that
for 1 < i < 12q, the coefficient of o' term is g(k) = m + k. By adding the corresponding
cover job (with processing time (6m? — g(k))a'), it becomes 6m3a’.

For the o' term with 12¢ + 1 < i < 12¢ + 7, the coefficient is either g(s;) or 0. If it
is g(s;), we add a corresponding cover job, otherwise we add a dummy job of processing
time 6m3a’. In both cases the it becomes 6m3a’. Recall that for color t, there are [,
cover jobs and m — [; dummy jobs, so we can always add jobs in the above way.

Now the loads of machine 0 to machine m — 1 are all 6m? Z‘Zﬂl o', implying that if

we put all the remaining jobs to machine m, its load is also 6m3 Zlﬁl al.
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3.5 From Scheduling to 3DM’

Given a solution for I, in which the load of each machine is 6m? Zlﬁl o', we construct
a an exact cover. We assume that the huge job is on machine m, and the following
lemma, follows.

Lemma 22 For jobs on machine 0 to machine m — 1, the coefficients of their o' terms
(1 <i<|f|) add up to 6m3a’.

Proof. Notice that the huge job is on machine m, we prove that, except for this job, the
sum of all the coefficients of o' term is bounded by a — 1. This would be enough to
ensure that there is no “carry-over”from o' to o'*! when we compute the sum of the
processing times of the jobs on machine k for 0 < k£ < m — 1, and the lemma follows
directly.

Consider the o term for 1 < i < 3¢g. For each 0 < k < m — 1, since b3kq+i
appear twice in matches, hence the sum of all the coefficients of o' terms is bounded by

T 6mP — (m )] 4230 (m 4 k) < 6m* + 3m? < a.
The sum of coefficients of o term for i > 3¢ could be verified in the same way. O

Lemma 23 For machine 0 to machine m — 1, the term 6m3a’ in the sum is contributed
by either a dummy job, or a cover and match job.

Proof. If the coefficient 6m? of the o' term is contributed by only one job, then obviously
it is a dummy job. Otherwise it is contributed by two or more jobs, and among these
jobs there could be at most one cover job since the coefficient of a cover job is at least
6m?3 — (m + k) > 5m3. Meanwhile there should be at least one cover job, otherwise all
the coefficients of match jobs add up to 33 1 (m + k) < 6m® (every element appear
at most three times in matches), which is a contradiction.

Given that the coefficient 6m3 is contributed by exactly one cover job, the coefficients
of the remaining jobs add up to a value in (m,2m), implying that it is a match job. O

Lemma 24 All the cover jobs are on machine 0 to machine m — 1.

Proof. Consider jobs with nonzero o' terms for 1 < i < 12q. There are m cover jobs
whose coefficients are 6m?® — m, 6m3 — (m + 1), ---, 6m* — (2m — 1), and no dummy
jobs. According to Lemma 23 these cover jobs must be on machine 0 to machine m — 1,
one for each.

Consider jobs with nonzero a'?¢** terms for 1 <t < 7. There are I, cover jobs whose
coefficients are 6m3 —m, -+, 6m3 — (m + 1, — 1), and m — I; dummy jobs, again due to
Lemma 23 we know they are on machine 0 to machine m — 1, one for each. O

For any i < |f], if the coefficient 6m?® of the o' term is contributed by a cover
and a match job, then the match corresponding to the match job contains the element
corresponding to the cover job. Furthermore, there is a cover job for every element, thus
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if we take the matches corresponding to the match jobs on machine 0 to machine m — 1,
they form an exact cover of I34,,.

This completes the proof of Theorem 6. Simple calculations show that the input
length of the scheduling instance we construct is |lsepe| < O(%), and from the
same reduction Theorem 4 also follows. On the other hand, the traditional dynamic

programming algorithm for Pm/||C,q, runs in 20(y/mil[logm+mlog|l) time  as is shown in
the next section.

4 Dynamic Programming for Pm||C),..

We show in this section that the traditional dynamic programming algorithm for the
scheduling problem runs in 200V ™legm+mloglll) ipe.

Consider the dynamic programming algorithm for the scheduling problem. Suppose
jobs are sorted beforehand as p; < py < --- < p,. We use a vector (k,tq,ta,--+ 1) to
represent a schedule for the first k£ jobs where the load of machine ¢ (i.e., total processing
times of jobs on machine 7) is t;. Let ST}, be the set of all these vectors that correspond
to some schedules. We could determine ST, iteratively in the following way.

Let STy, = (0,0,0,---,0). For k > 1, (k,t1,ts, -+ ,t,,) € ST} if there exists some
(k—1,ty,t5,--+ 1) € STi1 such that for some 1 <i < m, t; =t; + pg, and t; =t} for
j # i. Since each vector of STy _; can give rise to at most m different vectors of STy,
the computation of the set ST}, thus takes O(m|STy_1|) time. Meanwhile, once ST, is
determined, we check each vector of it and select the one whose makespan is minimized,
which also takes O(m|ST,,|) time. After the desired vector is chosen, we may need to
backtrack to determine how jobs are scheduled on each machine, and this would take
O(n) time.

Thus, the overall running time of the dynamic programming algorithm mainly de-
pends on the size of the set |ST}| for 1 < k < n. We have the following lemma.

Lemma 25

‘STk’ < 20(\/m\1|10gm+mlog\l|)'

Proof. Notice that each vector of ST}, corresponds to some schedule. Let Jy, Jo---, J
be the first £ jobs with processing times 1 < p; < py < --- < pp and Ay = log, Hlepi.
Notice that such an indexing of jobs is only used in the proof, while in the dynamic
programming jobs are in arbitrary order. There are three possibilities.

Case 1: log, p1 > /Axlog, m/m. Since each vector in STy corresponds to a schedule,

we consider all possible assignments of the k jobs. Each job could be assigned to m

machines, thus there are at most m”* = 2¥1°82™ different assignments for k different jobs.
Since 1 < p; < py < --- < pg, we have

k
Ak = Zloggpi > ky/Arlogym/m,
i=1
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thus klogy(m + 1) < y/Apmlog, m, which implies that
|STk| S 2klog2m S 2w/)\kmlog2m'

Case 2: log, pr < \/Axlog, m/m. Consider any vector of STy, say, (k,t1,ta,  ,tm).
As t; < kpy, there are at most (kpy,)™ = 2mUogzF+log2px) different vectors. It can be easily

seen that
‘ST]C’ < 2m(log2 k+log, pk) < 9 / Apmlog, m~+mlog, k:'

Case 3: There exists some 1 < ky < k — 1 such that log, pr, < v/ Arlogym/m and

l0gs Pro+1 = \/ Ak logy m/m.

Notice that each vector of ST} corresponds to some schedule. Given (k,t1,t2, - ,t,) €
ST}, we may let GG; be the set of jobs on machine i. Group G; can be split into two sub-
groups, i. e jobs belonging to the set {J1, Ja, - - - , Jx, }NG; and the set {Jy, 11, Jk0+2, s Je N
G;. Let t ) be the total processing time of jobs in the former subgroup and t ) be the
total processing time of jobs in the latter subgroup. Then the vector (tq,ts,- - ,t,,) can
be expressed as the sum of two vectors

(ti,to, - tm) = (60 ooty (¢ 4 @),

’'m

Let ST,SI) and STk@) be the sets of all possible vectors (tgl), tgl), e (1)) and (t ( té )
respectively, then we know |ST}| < |ST W % |ST(2 |. Consider each vector of ST,il), i
corresponds to some feasible schedule of jobs 1 to kg over machines. Since t < kopr,

and log, pr, < v/ Ak logy m/m, we have
1STV| < (Kgpig )™ < 2™ B2 hoty/Aumlogym,

Consider each vector of ST* ., it corresponds to some feasible schedule of jobs &y + 1
to k over machines. To assign k — kq different jobs to m machines, there are at most

mb—ko = g(k=ko)logam {ifferent assignments. Since log, pr,41 > \/ Ak logy m/m, we have

k
Ao > > logypi > (k — ko)y/Axlogym/m,

i=ko+1
thus (k — ko) logy m < y/Axmlog, m, which implies that
|ST]€(2)| S Q(k:_k())long S 2\/)\kmlog2m‘

Thus,
STy| < [ST| x |STR)| < 2mioss kot2/Aumlogy m,

In any of the above three cases, we always have

‘STk’ S ZO(W-leog\ID‘
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5 Conclusion

We provide lower bounds for exact and approximation algorithms of scheduling prob-
lems under the Exponential Time Hypothesis. We show that, the traditional dynamic
programming for P||C,.. and the best known FPTAS for Pm||C,,.. are essentially the
best possible, while the lower bound of 20((1/9'™*) 171°M for any 6 > 0 and upper bound
of 2001/1*(1/) 1 O(nlogn) for the running time of the PTAS for P||Ciqee leave some
room for improvement. Furthermore, we conjecture that there is an EPTAS with run-
ning time 201/¢10e"(1/)| 1100 for P||C,,., where c is some constant. Finally, we believe
that the techniques could be useful also for other scheduling and packing problems.
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