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Abstract

Graph-modification problems, where we modify a graph by adding
or deleting vertices or edges or contracting edges to obtain a graph in
a simpler class, is a well-studied optimization problem in all algorith-
mic paradigms including classical, approximation and parameterized
complexity. Specifically, graph-deletion problems, where one needs
to delete a small number of vertices to make the resulting graph to
belong to a given non-trivial hereditary graph class, captures several
well-studied problems including VERTEX COVER, FEEDBACK VERTEX
SET, ODD CYCLE TRANSVERAL, CLUSTER VERTEX DELETION, and
PERFECT DELETION. Investigation into these problems in parameter-
ized complexity has given rise to powerful tools and techniques.

We initiate a study of a natural variation of the problem of deletion
to scattered graph classes. We want to delete at most k vertices so
that in the resulting graph, each connected component belongs to
one of a constant number of graph classes. As our main result, we
show that this problem is fixed-parameter tractable (FPT) when the
deletion problem corresponding to each of the finite number of graph
classes is known to be FPT and the properties that a graph belongs
to any of the classes is expressible in Counting Monodic Second Order
(CMSO) logic. While this is shown using some black box theorems in
parameterized complexity, we give a faster FPT algorithm when each
of the graph classes has a finite forbidden set.
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1 Introduction

Graph modification problems, where we want to modify a given graph by
adding or deleting vertices or edges to obtain a simpler graph are well-studied
problems in algorithmic graph theory. A classical work of Lewis and Yan-
nakakis [13] (see also [23]) showed the problem NP-COMPLETE for the re-
sulting simpler graph belonging to any non-trivial hereditary graph class. A
graph property is simply a collection of graphs and is non-trivial if the class
and its complement contain infinitely many graphs. A graph class is hered-
itary if it is closed under induced subgraphs. Since the work of Lewis and
Yannakakis, the complexity of the problem has been studied in several algo-
rithmic paradigms including approximation and parameterized complexity.
Specifically, deleting at most k vertices to a fixed hereditary graph class is
an active area of research in parameterized complexity over the last several
years yielding several powerful tools and techniques. Examples of such prob-
lems include VERTEX COVER, CLUSTER VERTEX DELETION, FEEDBACK
VERTEX SET and CHORDAL VERTEX DELETION.

It is well known that any hereditary graph class can be described by a
forbidden set of graphs, finite or infinite, that contains all minimal forbid-
den graphs in the class. In parameterized complexity, it is known that the
deletion problem is fixed-parameter tractable (FPT) as long as the result-
ing hereditary graph class has a finite forbidden set [2]. This is shown by
an easy reduction to the BOUNDED HITTING SET problem. This includes,
for example, deletion to obtain a split graph or a cograph. We also know
FPT algorithms for specific graph classes defined by infinite forbidden sets
like FEEDBACK VERTEX SET and ODD CYCLE TRANSVERSAL [7]. While
the precise characterization of the class of graphs for which the deletion
problem is FPT is elusive, there are graph classes for which the problem is
W-hard [LT,14].

Recently, some stronger versions have also been studied, where the prob-
lem is to delete at most k vertices to get a graph such that every connected
component of the resulting graph is at most { edges away from being a graph
in a graph class F (see [20H22]). Some examples of F that have been studied
in this stronger version include forest, pseudo-forest or bipartite.

Our results: In this paper, we address the complexity of a very natural
variation of the graph deletion problem, where in the resulting graph, each
connected component belongs to one of the finitely many graph classes. For
example, we may want the connected components of the resulting graph to
be a clique or a biclique (a complete bipartite graph). It is known that
cliques forbid exactly Pss, the induced paths of length 2, and bicliques forbid
P, and triangles. So if we just want every connected component to be a



clique or every connected component to be a biclique, then one can find
appropriate constant sized subgraphs in the given graph and branch on them
(as one would in a hitting set instance). However, if we want each connected
component to be a clique or a biclique, such a simple approach by branching
over P3, P4, or K3 would not work. Notice that triangles are allowed to be
present in clique components and P3s are allowed to be present in biclique
components. It is not even clear that there will be a finite forbidden set for
this resulting graph class.

Let us formally define the deletion problem below where we want every
connected component of the resulting graph to belong to at least one of the
graph classes TT; with 1 € [d] for some finite integer d.

(TTy, Ty, ..., TTy) VERTEX DELETION
Input: An undirected graph G = (V,E), an integer k, and d graph
classes Tly, ..., T1q4.

Parameter: k
Question: Is there a subset Z C V(G),|Z| < k such that every connected
component of G — Z is in at least one of the graph classes TTy,...,TT47

Many computational problems that are NP-hard in general graphs get
solvable in polynomial time when the graph is restricted to some graph class
IT. If a graph G is such that each connected component belongs to at least one
of the graph classes TT; for i € [d] where a problem is solvable in polynomial
time, then in most cases, the problem is solvable in the entire graph G as well.
Vertex Deletion problems can be viewed as detecting a few outliers of a graph
G so that the graph after removing such outliers belongs to a graph class IT
where problems are efficiently solvable. Since problems get tractable even
when the graph is such that its components belong to efficiently tractable
graph classes, the vertex deletion problem corresponding to such scattered
graph class is interesting as well.

We look at the case when each problem I'T; VERTEX DELETION is known
to be FPT and the property that “graph G belongs to TI;” is expressible
in CMSO logic (See Section 2 for formal definitions). We call this problem
INDIVIDUALLY TRACTABLE (TTy,TT,,...,TTy) VERTEX DELETION. We show
that this problem is fixed parameter tractable.

Theorem 1. INDIVIDUALLY TRACTABLE (TTy,TT5,...,TTq) VERTEX DELE-
TION is FPT with respect to solution size k.

The problem INDIVIDUALLY TRACTABLE (TTy, T3, ..., TTy) VERTEX DELE-
TION covers a wide variety of collections of popular graph classes. Un-
fortunately, the running time of the algorithm from Theorem [ has gar-



gantuan constant overheads. Hence we look at the special case of INDI-
VIDUALLY TRACTABLE (TT;,TTy,...,TT3) VERTEX DELETION named FINITE
(TTy, T, ..., TT4) VERTEX DELETION where each of the graph classes is char-
acterized by a finite forbidden set. We get a faster FPT algorithm for FINITE
(TTy, T, ..., TT4) VERTEX DELETION using the well-known techniques in pa-
rameterized complexity — iterative compression and important separators.

Theorem 2. FINITE (TT;,T1,,...,TT4) VERTEX DELETION can be solved in
time 2PoW(kKInO0),

Here, poly(k) denotes a polynomial in k.

Previous Work: While there has been a lot of work on graph deletion and
modification problems, one work that comes close to ours is the work by
Ganian, Ramanujan and Szeider [10] where they consider the parameterized
complexity of finding strong backdoors to a scattered class of CSP instances.
In fact, in their conclusion, they remark that

‘Graph modification problems and in particular the study of efficiently
computable modulators to various graph classes has been an integral part of
parameterized complexity and has led to the development of several powerful
tools and techniques. We believe that the study of modulators to ‘scattered
graph classes’ could prove equally fruitful and, as our techniques are mostly
graph based, our results as well as techniques could provide a useful starting
point towards future research in this direction’.

Our work is a starting point in addressing the parameterized complexity
of the problem they suggest.

Our Techniques: The FPT algorithm for INDIVIDUALLY TRACTABLE (TT;,TT,,...,TT4)
VERTEX DELETION in Theorem [I] relies on a result by Lokshtanov et al.
[18] that allows one to obtain a (non-uniform) FPT algorithm for CMSO-
expressible graph problems by designing an FPT algorithm for the problem
on a well-connected class of graphs called unbreakable graphs. For the latter,
using the observation that only one connected component after deleting the
solution is large, which belongs to some particular class TT;, we use the FPT
algorithm for TT;-VERTEX DELETION to obtain a modulator to the graph
class TT; of size s(k) for a function s. Then we use a branching rule to remove
the components that are not in IT; in the modulator “revealing” the solution
to the problem. See Section [3] for more details.

We now give a brief summary of the FPT algorithm of Theorem [2] for the
problem FINITE (TTy,TT5,...,TTy) VERTEX DELETION. Using the standard
technique of iterative compression, we can assume that we have a solution
W of size k + 1 for our problem. The problem can be divided into two
cases depending on whether W gets disconnected by the solution or not.
If it does not, a simple algorithm via branching on vertices of the finite
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forbidden graphs plus some important separators [19] of the graph solves
the problem. Else, we can assume that the solution contains a “special”
important separator. In this case, we come up with a recursive procedure to
find a set R of 2P°WK) vertices, at least one of which hits the solution. Hence
we devise a branching rule on R solving the problem. See Section [ for more
details.

In the procedure to obtain R, the graph in the recursive procedure is ob-
tained by gluing a graph of poly(k) vertices to a subgraph of G along with
a set of ‘boundary’ vertices. The techniques we use here is very similar to
the one used by Ganian et al. [I0] where they studied a similar problem to
identify outlier variable to a collection of easy Constraint Satisfaction Prob-
lems (CSPs). Similar such techniques involving tight separator sequences
are used to give FPT algorithms for problems such as PARITY MULTIWAY
Cur [16], DIRECTED FEEDBACK VERTEX SET [17], SUBSET ODD CYCLE
TRANSVERSAL [15] and SAVING CRITICAL NODES WITH FIREFIGHTERS [4].

There is a crucial distinction of our algorithm from the problems listed
above solved via similar techniques. In the latter, adding and removing edges
and vertices are possible. This is used to create gadgets that preserve some
properties in the recursive input graph such as connectivity and parity of
paths between pairs of vertices. In FINITE (TT;,T1,,...,TT3) VERTEX DELE-
TION, we are not allowed to add or remove edges or vertices as doing so
might create or destroy forbidden graphs corresponding to graph classes TT;
for i € [d] changing the problem instance. We circumvent this difficulty
by just doing contractions of degree two paths in the graph up to a certain
constant.

2 Preliminaries

Graph Theory: For { € N, we use P; to denote the path on { vertices.
We use standard graph theoretic terminology from Diestel’s book [8]. A tree
is a connected graph with no cycles. A forest is a graph, every connected
component of which is a tree. A paw is a graph G with vertex set V(G) =
{x1, %2, x3, x4} and edge set E(G) = {x1x2, X2X3, X3X1, X3X4}. A graph is a block
graph if all its biconnected components are cliques. For a set X C G, we use
G[X] to denote the graph induced on the vertex set X and we use G — X (or
G \ X) to denote the graph induced by the vertex set V(G) \ X. We say that
a subset Z C V(G) disconnects a subset S C V(G) if there exists v,w € S
with v # w such that v and w occur in different connected components of
the graph G \ Z. We call a path in a graph P as a degree 2 path if all the
internal vertices of the path have degree 2 in the graph G.



Definition 1. Let G be a graph and disjoint subsets X,S C V(G). We denote
by Rg (X, S) the set of vertices that lie in the connected component containing
X in the graph G\'S. We denote Rg[X,S] = Rg(X,S)US. Finally we denote
NRg(X,S) = V(G) \ Rg[X, S] and NRg[X,S] = NRg(X,S)US. We drop the
subscript G if it is clear from the context.

Definition 2. [19/ Let G be a graph and X,Y C V(G).

o A vertex set S disjoint from X and Y is said to disconnect X and Y if
Re(X,S)NY = ¢. We say that S is an X —Y separator in the graph
G.

o An X—=Y separator is minimal if none of its proper subsets is an X—Y
separator.

o An X—=Y separator Sy is said to cover an X—Y separator S with respect

to X if R(X,S) C R(X,S1).

e Two X —Y separators Sy and S, are said to be incomparable if neither
covers the other.

o In a set H of X —Y separators, a separator S is said to be component-
mazimal if there is no separator S’ in H which covers S. Component-
manimality is defined analogously.

e An X —Y separator Sy is said to dominate an X —Y separator S with
respect to X if |S1| < |S| and Sy covers S with respect to X.

o We say that S is an important X —Y separator if it is minimal and
there is no X —Y separator dominating S with respect to X.

For the basic definitions of Parameterized Complexity, we refer to [7].
Parameterized Complexity: A parameterized problem L is a subset of
2* x N for some finite alphabet £. An instance of a parameterized problem
is denoted by (x, k) where x € *, k € N. We assume that k is given in unary
and without loss of generality k < |x|.

Definition 3 (Fixed-Parameter Tractability). A parameterized problem L C
I* x N is said to be fixed-parameter tractable (FPT) if there exists an al-
gorithm A, a computable function f : N — N and a constant ¢ independent
of f,k, x|, such that given input (x,k), runs in time f(K)|x|° and correctly
decides whether (x,k) € L or not.



See Cygan et al. [6] for more details on Parameterized Complexity.
Counting Monadic Second Order Logic. The syntax of Monadic Second
Order Logic (MSO) of graphs includes the logical connectives V, /A, =, ¢
, = , variables for vertices, edges, sets of vertices and sets of edges, the
quantifiers V and 3, which can be applied to these variables, and five binary
relations:

1. uw € U, where u is a vertex variable and U is a vertex set variable;
2. d € D, where d is an edge variable and D is an edge set variable;

3. inc(d,u), where d is an edge variable, u is a vertex variable, and the
interpretation is that the edge d is incident to u;

4. adj(u,v), where u and v are vertex variables, and the interpretation is
that u and v are adjacent;

5. equality of variables representing vertices, edges, vertex sets and edge
sets.

Counting Monadic Second Order Logic (CMSO) extends MSO by including
atomic sentences testing whether the cardinality of a set is equal to ¢ modulo
T, where g and 1 are integers such that 0 < q < rand r > 2. That is, CMSO
is MSO with the following atomic sentence: cardg,(S) = true if and only if
IS| = q mod r, where S is a set. We refer to [I,[5] for a detailed introduction

to CMSO.

3 FPT Algorithm for INDIVIDUALLY TRACTABLE
(T, My, ..., TTq) VERTEX DELETION

We first formally define the problem.

INDIVIDUALLY TRACTABLE (TTy,TT3,...,TT4) VERTEX DELETION
Input: An undirected graph G = (V, E), an integer k, and d hereditary
graph classes Ty, ..., TT4 such that for all 1 € [d], TT; VERTEX DELETION
is FPT and properties P;(H) for input graph H is CMSO expressible.
Parameter: k

Question: Is there a subset Z C V(G),|Z| < k such that every connected
component of G — Z is in at least one of the graph classes TTy,...,TT47

We recall the notion of unbreakable graphs from [18].



Definition 4. A graph G is (s, c)-unbreakable if there does not exist a par-
tition of the vertex set into three sets X,C and Y such that (a) C is an
(X, Y)-separator: there are no edges from X to'Y in G\ C, (b) C is small:
ICl <c, and (¢) X and Y are large: [X|,[Y] > s.

We now use the following theorem from [I8] which says that if the problem
is FPT in unbreakable graphs, then the problem is FPT in general graphs.
Let CMSO[W] denote the problem with graph G as an input, and the objec-
tive is to determine whether G satisfies 1.

Theorem 3. [I8 Let P be a CMSO sentence. For all ¢ € N, there ex-
ists s € N such that if there exists an algorithm that solves CMSO[Wp] on
(s, ¢)-unbreakable graphs in time O(n?) for some d > 4, then there exists an
algorithm that solves CMSO[] on general graphs in time O(n4).

We prove the following lemma.

Lemma 1. INDIVIDUALLY TRACTABLE (TT;,TT,,...,TT4) VERTEX DELE-
TION 15 CMSO expressible.

Proof. We use conn(X) which verifies that a subset X of a graph G induces
a connected subgraph. It is known that conn(X) is expressible by an MSO
formula [7]. Also for X € V(G) , we can express the sentence “/X| = k” as
gy .oy Vu € V(G)(u e X) = (Vieggu = x4)

Recall that P;(G) denote the graph property “graph G is in TT;” for i € [d]
and input graph G. Let the CMSO sentences for properties Pi(G) be 1;(G).
The overall CMSO sentence for our problem 1 is 3X C V(G), [X| = k,VC C
V(G)\ X: conn(C) = (Vieahi(GIC))). O

Hence Theorem [3] and Lemma [ allow us to focus on unbreakable graphs.

Theorem 4. INDIVIDUALLY TRACTABLE (TT;,TT,...,TT3) VERTEX DELE-
TION is FPT in (s(k), k)-unbreakable graphs for any function s of k.

Proof. Let G be an (s(k), k)-unbreakable graph and X be a solution of size k.
Look at the connected components of G — X. Since X is a separator of size
at most k, at most one connected component of G — X has size more than
s(k).

Let us first look at the case where no connected component of G — X
has size more than s(k). In this case, we can bound the number of con-
nected components by 2s(k). Suppose not. Then we can divide vertex sets
of connected components into two parts C; and C,, each having at least
s(k) vertices. Then the partition (Cy, X, C;) of V(G) contradicts that G is
(s(k), k)-unbreakable.



Since each component has size at most s(k), we have [V(G)\X| < 2(s(k))?.
Hence [V(G)| < 2(s(k))? + k. We can solve the problem by going over all
subsets of size k in G and checking if every connected component of G —X is
in some graph class TT; for i € [d]. This gives us an algorithm with running
time (") (k)" where h(k) = 2(s(k))? + k.

Let us now look at the case where there is a component C of G — X of
size more than s(k). Let TT; be the graph class which C belongs to. Let
R =V — (XUC). Since X is a separator of size at most k with separation
(C,R), we can conclude that [R| < s(k). Hence we can conclude that X U R
is a modulator of size at most s(k) 4+ k such that G — (X U R) is a graph in
graph class TI;. Hence we can conclude that G has a modulator of size at
most g(k) = s(k) + k to the graph class TT;.

Our algorithm first guesses the graph class TT; and then uses the FPT
algorithm for TT;-Vertex Deletion to find a modulator S of size g(k) such that
G — S is in the graph class TT;.

We know that (C,X,R) is a partition of V(G). Let (Scx,Sg) be the
partition of S where Scx = SN (CUX) and Sg = SN R. The algorithm goes
over all 2-partitions of S to guess the partition (Scx, Sg).

Claim 1. For every component Q in the graph G — X such that Q is not in
the graph class TT;, we have Sg N V(Q) # 0.

Proof. Suppose Sg N V(Q) = (). By definition, we have V(Q) C R. Hence if
SkNV(Q) =0, we have SN V(Q) = (. But then this contradicts the fact
that G — S is in the graph class TT; as Q is not in the graph class TT; and TT;
is a hereditary graph class. O

For every vertex v € Sg, let Q, denote the component in G — X that
contains v. Note that the neighborhood of V(Q,) in the graph G is a subset
of X which is of size at most k. We now use the following proposition that
helps us to guess the subset V(Q,).

Proposition 1. ( [9/) Let G = (V,E) be a graph. For everyv € V , and
b, f >0, the number of connected vertex subsets B C V such that

eveB
e Bl=b+1
e IN(B)|=TF

1 at most (bzf) and can be enumerated in time O(n(

polynomial space.

b-+f

5 )) by making use of

We have the following Branching Rule.
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Branching Rule 1. Let v € Sg. Using the enumeration algorithm from
Proposition [1, go over all connected vertex subsets B C 'V such that v €
B, Bl|=b+1, and IN(B)| =f where 1 <b < s(k) and 1 < f < k and return
the instance (G — B,k —[N(B)]).

The branching rule is safe because in one of the branches, the algorithm
rightfully guesses B = V(Q,). The algorithm repeats the branching rule for
all vertices v € Sg. Hence we can assume that the current instance is such
that Sg = (). We update the sets X and R by accordingly deleting the removed
vertices. Let (G’, k') be the resulting instance. We have the following claim.

Claim 2. The set X is such that [X| < k' and G — X is in the graph class Tl;.

The proof of the claim comes from the fact as SMR = (), every component
other than C does not intersect with S. Hence these components have to be
in the graph class TT; as G — S is in the graph class TT;.

The algorithm now again uses the FPT algorithm for the graph class TT;
to obtain the solution of size k' thereby solving the problem. We summarize
the algorithm below.

1. For any of the given graph classes check whether the given graph G has
a modulator of size at most g(k). If none of them has, then return NO.
Otherwise, let TTj be such a graph class with S being the modulator.

2. Go over all 2-partitions (Scx, Sg). For each v € Sg, apply Branching
Rule [l Let (G’,k’) be the resulting instance.

3. Check whether the graph G’ has a TTj-deletion set of size at most k’. If
yes, return YES. Else return NO.

Running Time: Let f; (k)n°") be the running time for IT;-Vertex Deletion.
We use j - fj(g(k)) - 29%nCM time to obtain set S and its 2-partition where
g(k) = s(k) + k. We use overall O(n(g(k) + 1))*") time to enumerate
the connected vertex sets in Branching Rule [ The branching factor is
bounded by (g(k)+1))*"" and the depth is bounded by k. Since choices of v
is bounded by g(k), exhaustive application of Branching Rule takes at most
(g(k))+2mOM time. Finally we apply the algorithm for TT;-Vertex Deletion
again taking at most fj(k)n°" time.

Hence the overall running time is bounded by j - fj(g(k)) - 29 (g(k) +
”)k(k-i-Z)nO(]). O

The proof of Theorem [ follows from from Theorem [3] and Theorem [l
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4 Deletion to scattered classes with finite for-
bidden families

Unfortunately, the algorithm for INDIVIDUALLY TRACTABLE (TT;,TT, ..., T14)
VERTEX DELETION in Theorem [Il has a huge running time due to the gar-
gantuan overhead from applying Theorem Bl We now look into a special case
of INDIVIDUALLY TRACTABLE (TTy,TT,...,TTq) VERTEX DELETION where
every graph class TT; with 1 € [d] can be characterized by a finite forbidden
family. Note that TT; VERTEX DELETION is FPT for each i € [d] from the
simple branching algorithm over vertices of the induced subgraphs H of the
input graph G that is isomorphic to members of the finite forbidden family
Fi. Also, the properties that ”graph G is in TT;” can be expressed in CMSO
logic as we can hard code the graphs in F; in the formula. Hence the prob-
lem is indeed a special case of INDIVIDUALLY TRACTABLE (TT;,TT,,...,Tl4)
VERTEX DELETION. In this section, we give an algorithm for this case with
running time much better when compared to that in Theorem [Il
We have the following definition.

Definition 5. We call a set Z a (T1;,T1y, ..., 114 )-modulator if every con-
nected component of G\ Z is in one of the graph classes Tl for i € d.

Brief Outline of the section:

In Section 4.1l we first use the standard technique of iterative compres-
sion to obtain a tuple (G,k, W) of the input instance DISJOINT FINITE
(TTy, T,y ..., TT4)-VDC where W is a (TT;,T1,, ..., TTq)-modulator of size at
most k+ 1 and the aim is to obtain a solution of size at most k disjoint from
W. We also add an additional requirement to the problem that some of the
vertices cannot be in the solution which will be useful later.

In Subsection 4.2 we give an FPT algorithm for DisjoiNT FINITE (TTy, T3, . ..

VDC in the special case when the solution that we are looking for leaves W in
a single component. The algorithm uses the standard technique of important
separators [19].

Finally in Subsection [4.3] we handle general instances of DISJOINT FI-
NITE (T3, TT,,...,T14)-VDC. We focus on instances where the solution sep-
arates W. We guess W; C W as the part of W that occurs in some single
connected component after deleting the solution. The algorithm finds a set
R of 2P°W vertices one of which intersects the solution and do a branching
on vertices of R. Finding R involves a recursive subprocedure.

Since, the solution separates W, we know that it contains a W;—(W\W;)
separator X. It can the proven that X is a ‘special’ kind of important sepa-
rator (whose definition is tailored to the problem). The algorithm uses the

11
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technique of tight separator sequences [16]. It guesses the integer ¢ which
is the size of the part of the solution present in the graph containing W,
after removing X. The algorithm then constructs the important separator
sequence corresponding to £ and finds the separator P furthest from Wj in
the sequence such that there is a (TTy, TT,, ..., TTy)-modulator of size { in the
graph containing W; after removing P. If separator X either intersects P or
dominates the other, then a recursive smaller instance is easily constructable.
In the case when the two separators are incomparable, the algorithm iden-
tifies a set of vertices Y that is reachable from W; after deleting P. The
algorithm then constructs a graph gadget of k°( vertices whose appropriate
attachment to the boundary P of the graph GI[Y] gives a graph G’ which
preserves the part of the solution of G present in G[Y]. Since this part of the
solution is strictly smaller in size, the algorithm can find the set of vertices
hitting the solution R for G by recursively finding a similar set in G’.

4.1 Iterative Compression

We use the standard technique of iterative compression to transform the F'1-

NITE (TT;,T1,,...,TT3) VERTEX DELETION problem into the following prob-

lem D1SJOINT (TTy, 115, ..., TT3) VERTEX DELETION COMPRESSION(DISJOINT
FINITE (TT1,TT;,...,T14)-VDC) such that an FPT algorithm with running

time O*(f(k)) for the latter gives a O*(25"'f(k)) time algorithm for the for-

mer.

DisjoinT FiNiTE (TTq,TT5,...,T14)-VDC

Input: A graph G, an integer k, finite forbidden sets F7, F,..., Fq for
graph classes TT;, 1T, ..., T4 and a subset W of V(G) such that W is a
(TTy, Ty, ..., TT4)- modulator of size k + 1.

Parameter: k

Question: Is there a subset Z C V(G) \ W, |Z| < k such that Z is a
(TT4, T, . .., TT4)-modulator of the graph G?

We now define an extension of DiSJOINT FINITE (TTy,T1,,...,T14)-VDC
to incorporate the notion of undeletable vertices. The input additionally
contains a set U C V(G) of undeletable vertices and we require the solution

Z C V(G) to be disjoint from U.
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DisJoINT FINITE (TT;,T15,...,T14)-VDC wiTH UNDELETABLE VERTICHS
Input: A graph G, an integer k, finite forbidden sets Fi,Fs,...,Fq
for graph classes TTy,TT,, ..., TTq a subset W of V(G) such that W is a
(TT4, T, . .., TT4)- modulator of size k + 1 and a subset U C V(G).
Parameter: k

Question: Is there a subset Z C V(G)\ (WU U),|Z| < k such that Z is
a (TTy, Ty, ..., TTq)-modulator of the graph G?

We have the following reduction rule.

Reduction Rule 1. If a connected component of G belongs to some graph
class Iy, then remove all the vertices of this connected component.

Lemma 2. Reduction Rule[d is safe.

Proof. Let X be the connected component of G removed to get an instance
(G, k, W’). We claim that (G, k, W) is a YES-instance if and only if (G’, k, W’)
is also a YES-instance. Let Z be a solution of G of size at most k. Since G’
is an induced subgraph of G, Z is also a solution of G’ as well. Conversely,
suppose Z’ is the solution of size k for graph G’. Then every connected com-
ponent of the graph G\ Z’ belongs to some graph class TT; for i € [d]. Since
X also belongs to some graph class TT; for some i € [d], we have that Z’ is
also a solution for the graph G. U

We now develop the following notion of forbidden sets which can be used
to identify if a connected component of a graph belongs to any of the classes

IT; for i € [d].

Definition 6. We say that a subset of vertices C C V(G) is a forbidden
set of G if C occurs in a connected component of G and there exists a subset
C; C C such that G[C;] € F; for all i € [d] and C is a minimal such set.

Clearly, if a connected component of G contains a forbidden set, then it
does not belong to any of the graph classes TT; for 1 € [d]. We note that even
though the forbidden set C is of finite size, the lemma below rules out the
possibility of a simple algorithm involving just branching over all the vertices
of C.

Lemma 3. Let G be a graph and C C V(G) be a forbidden set of G. Let Z
be a (TTy, T,y ..., T1q)-modulator of G. Then Z disconnects C or ZN C # ().

Proof. Suppose Z is disjoint from C. We know that C cannot occur in a
connected component X of G\ Z as X cannot belong to any graph class TT;
for i € [d] due to the presence of subsets C; C C such that G[C;] € F;. Hence
Z disconnects C. O
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4.2 Finding non-separating solutions

In this section, we focus on solving instances of DISJOINT FINITE
(TTy, T, ..., TT4)-VDC wiTH UNDELETABLE VERTICES which have a non-
separating property defined as follows.

Definition 7. Let (G,k,W) be an instance of DISJOINT FINITE
(TTy, T,y ..., TT4)-VDC wiTH UNDELETABLE VERTICES and Z be a solution
for this instance. Then Z is called a non-separating solution if W is con-
tained in a single connected component of G\ Z and separating otherwise.
If an instance has only separating solutions, we call it a separating instance.
Otherwise, we call it non-separating.

We now describe the following lemma on important separators which
is helpful in our algorithm to compute non-separating solutions with un-
deletable vertices. To get separators of size at most k which is disjoint from
an undeletable set U, we replace each vertex u € U with k + 1 copies of u
that forms a clique.

Lemma 4. [3] For every k > 0 and subsets X,Y,U C V(G), there are at
most 4% important X —Y separators of size at most k disjoint from U. Fur-
thermore, there is an algorithm that runs in O(4kn) time that enumerates
all such important X — Y separators and there is an algorithm that runs in
nOW time that outputs one arbitrary component-mazimal X — Y separator
disjoint from U.

We now have the following lemma which connects the notion of important
separators with non-separating solutions to our problem.

Lemma 5. Let (G,k,W,U) be an instance of DISJIOINT FINITE
(TTy, Ty, ..., TT)-VDC wiTH UNDELETABLE VERTICES obtained after ex-
haustively applying Reduction Rule [l and Z be a non-separating solution.
Let v be a vertex such that Z is a {v}—W separator. Then there is a solution
Z' which contains an important {v}—W separator of size at most k in G and
disjoint from U.

Proof. Since we have applied Reduction Rule [I] as long as it is applicable,
there is no connected component X of G that is disjoint from W. Hence
every component of G, in particular the component containing v intersects
with W. Therefore, since the solution Z disconnects v from W, it must
contain a minimal non-empty {v} — W separator A which is disjoint from
U. If A is an important {v} — W separator, we are done. Else there is an
important {v} — W separator B dominating A which is also disjoint from
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U. We claim that Z’ = (Z\ A) UB is also a solution. Clearly |Z'] < |Z].
Suppose that there exists a forbidden set C in the graph G \ Z’. Let X
be the connected component of G \ Z’ containing C. Suppose X is disjoint
from W. Then there exists a connected component ) of G\ W containing
X, contradicting that W is a (TTy,Tly, ..., TTg)-modulator . Hence X must
intersect W. Since B C Z’ disconnects v from W, we can conclude that X is
not contained in Rg(v, B) as if so it cannot intersect with W.

By the definition of Z’, any component of the graph G\ Z’ which intersects
Z\ Z' = A\ B has to be contained in the set Rg(v, B). Hence the component
X is disjoint from Z\ Z’. Thus, there exists a component H of the graph G\ Z
containing X'. But this contradicts that Z is a (TTy, T, ..., TTq)-modulator

]

We use the above lemma along with Lemma Ml to obtain our algorithm
for non-separating instances. The algorithm finds a minimal forbidden set C
in polynomial time which by definition is of bounded size. Then it branches
on the set C and also on {v} — W important separators of size at most k of
G forallve C.

Lemma 6. Let (G,k, W, U) be a non-separating instance of DISJOINT F1I-
NITE (TT4,TT5,...,TTq)-VDC wiTH UNDELETABLE VERTICES. Then the
problem can be solved in 2°nCM time.

Proof. We first apply Reduction Rule [I] exhaustively. If the graph is empty,
we return YES. Else, there is a connected component of G which does not
belong to any graph classes TT; for i € [d]. Therefore, there exists a forbidden
set C C V(G) of G present in this connected component. We find C as
follows. We check for each graph class TT;, if a graph in F; exists as an
induced subgraph for a particular connected component X of G. If so, we
take the union of the vertices of these induced graphs. We then make the set
minimal by repeating the process of removing a vertex and seeing if the set
remains a forbidden set.

We branch in [C \ (W U U)|-many ways by going over all the vertices
v € C\(WUU) and in each branch, recurse on the instance (G—v, k—1, W, U).
Then for all v € C, we branch over all important {v}—W separators X of size
at most k in G disjoint from U and recurse on instances (G \ X, k—|X|, W, U).

We now prove the correctness of the algorithm. Let Z C V(G)\ (WU U)
be a solution of the instance. From Lemma [3] we know that a forbidden set
C of G is disconnected by Z or ZN C # (). In the latter case, we know that
Z contains a vertex x € C\ (WU U) giving us one of the branched instances
obtained by adding x into the solution.
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Now we are in the case where C is disconnected by Z. Since Reduction
rule [I] is applied exhaustively, the connected component containing C also
contains some vertices in W. Since Z is a non-separating solution, W goes to
exactly one connected component of G \ Z and there exists some non-empty
part of C that is not in this component. Hence, there exists some vertex
x € C that gets disconnected from W by Z. From Lemma [ we know that
there is also a solution Z’ which contains an important {x} — W separator of
size at most k in G disjoint from U. Since we have branched over all such
{x} — W important separators disjoint from U, we have correctly guessed on
one such branch.

We now bound the running time. Since |C| = O(d), any forbidden set in
G can be obtained via brute force in N4 time. For each i € [k], we know
that there are at most 4! important separators of size 1 < i < k disjoint
from U which can be enumerated using Lemma H in O(4'-1i-n) time. For
the instance (G,k,W), if we branch on v € C | k drops by 1 and if we
branch on a {v} — W separator of size i, k drops by i. Hence if T(k) denotes
the time taken for the instance (G, k,W), we get the recurrence relation

K
T(k) = O(A)T(k—1) + > 4'T(k —1i). Solving the recurrence taking into
i
account that d is a constant, we get that T(k) = 2900,
[

4.3 Solving general instances

We now solve general instances of DIsJOINT FINITE (TTy,TTy,...,TT4)-
VDC wiTH UNDELETABLE VERTICES using the algorithm for solving non-
separating instances as a subroutine. Hence we focus on solving separating
instances of DISJOINT FINITE (TTy,TTy,...,TT3)-VDC wWiTH UNDELETABLE
VERTICES. We guess a subset W; C W such that for a solution Z, W;
is exactly the intersection of W with a connected component of G \ Z. For
W, = WA\ W, we are looking for a solution Z containing a W;—W, separator.
Formally, let W = W; W W, be a set of size k+ 1 which is a (TTy, 1o, ..., TTq)-
modulator. We look for a set Z C V(G)\ (WUU) of size at most k such that
Zis a (TTy, Ty, ..., TTg)-modulator, Z contains a minimal (Wj, W,)-separator
X disjoint from U and Wj occurs in a connected component of G \ Z.

From here on, we assume that the separating instance (G,k, W, U) of
DisjoiNT FiNiTE (TT4,TT5,...,T14)-VDC wiTH UNDELETABLE VERTICES
is represented as (G, k, Wy, W5, U) where W = W; W W,. We branch over all
partitions of W into W; and W, which adds a factor of 257" to the running
time.
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4.3.1 Disconnected case

We first focus on the particular case when the input instance is such that
W; and W, are already disconnected in the graph G. We have the following
lemma that allows us to focus on finding a non-separating solution in the
connected component containing W; to reduce the problem instance.

Lemma 7. Let T = (G, k, W;, W5, U) be an instance of DISJOINT FINITE
(TTy, Ty, ..., TT4)-VDC wiTH UNDELETABLE VERTICES where W; and W,
are in distinct components of G. Let Z be its solution such that W; ez-
actly occurs in a connected component of G \ Z. Also let R(W;) be the
set of wvertices reachable from Wy in G. Let Z' = Z N R(W;). Then
(GIRWY)], 12/, Wy, U N R(Wq)) is a non-separating YES-instance of DIs-
JOINT FINITE (TTy,TT,,...,T14)-VDC wiTH UNDELETABLE VERTICES and
conversely for any mon-separating solution Z" for (G[R(W1)],|Z'l, Wi, U N
R(W;)), the set Z = (Z\Z')UZ" is a solution for the original instance such
that Wy ezxactly occurs in a connected component of G\ Z”.

Proof. Suppose Z’ is not a (TTy,T1,,...,TTg)-modulator for the graph G’.
Then some component of G’ \ Z’ contains a forbidden set C. The sets Z’
and Z \ Z' are disjoint as W; and W, are disconnected in G. Hence C is
also in a connected component of G\ Z giving a contradiction. Hence Z' is a
solution for the instance (G’,|Z’|, W;). Since the solution Z is such that W,
is contained in a connected component of Z and Z \ Z’ is disconnected from
from Z’, Z' is a non-separating solution.

Conversely, suppose Z is not a solution for the graph G. Then there exists
a forbidden C in a connected component of G \ Z. Either C is contained in
the set R(W;) or in the set NR(W;) = V(G)\R(W;). If C C R(W;), C is also
present in a connected component of the graph G\ Z” giving a contradiction
that Z” is a (TTy, 15, ..., TTg)-modulator of G’. If C C NR(W;), then C is
contained in some connected component of the graph G[NR(W4)]\ (Z\ Z').
Since Z’ is disjoint from C, we conclude that C is a forbidden set in the graph
G\ (Z'U(Z\Z")) =G\ Z, giving a contradiction. O

We have the following reduction rule.

Reduction Rule 2. Let 7 = (G, k, Wi, W,, U) be an instance of DISJOINT
FINiTE (TT4,TT,,...,T14)-VDC wiTH UNDELETABLE VERTICES where W,
and W, are disconnected in G. Compute a non-separating solution Z' for the
instance (G’, k', Wy, U’) where G" = G[R(W;)], W = UNR(W;) and X’ is
the least integer i < k for which (G',1, W, U’) is a YES-instance. Delete Z'
and return the instance (G \ Z',k — |Z'|, W, U).
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The safeness of Reduction Rule ] follows from Lemma [7l The running
time for the reduction is 2°®n®") which comes from that of the algorithm
in Lemma

We now introduce the notion of tight separator sequences and t-
boundaried graphs which are used to design the algorithm.

4.3.2 Good Separators and Tight Separator Sequences

We first look at a type of W; — W, separators such that the graph induced
on the vertices reachable from W; after removing the separator satisfies the
property as defined below.

Definition 8. Let (G, k, Wi, W5, U) be an instance of DISJOINT FINITE
(TTy, T,y ..., TT4)-VDC wiTH UNDELETABLE VERTICES. For integer {, we
call a Wy — W, separator X in G (€,U)-good if there exists a set K of size
at most € such that KU X is a (TIy, Ty, ..., Tlq)-modulator for the graph
G[RW, X]] with (KUX)NU = (. Else we call it (¢,U)-bad. If U =0, we
call it €-good and L-bad respectively.

We now show that ({,U)-good separators satisfy a monotone property.

Lemma 8. Let (G,k,W;,W,,U) be an instance of DISJOINT FINITE
(TTy, T,y ..., TT4)-VDC wiTH UNDELETABLE VERTICES and let X and Y be
disjoint Wy — W, separators in G such that X covers Y and (XUY)NU = 0.
If the set X is (L,U)-good, then Y is also (£,U)-good.

Proof. Let us define graphs Gx = G[R[W1, X]] and Gy = G[R[W/,Y]]. Let K
be a subset of size at most £ such that KU X is a (TTy, 15, ..., TTq)-modulator
for the graph Gx with (KU X)NU = (. Let K’ = KN R[W4,Y]. Note that
since K’ C K, we have K'NU = (). We claim that K'UY is a (TTy, TTa, ..., TT4)-
modulator for the graph Gy proving that Y is ({,U)-good.

Suppose K’ UY is not a (T, Ty, ..., Tq)-modulator . Then there exists a
forbidden set C C R[W}, Y] contained in a single component of Gy \ (K'UY).
Since C C R[W4, Y] C R[W;, X] and X and Y are disjoint, C does not intersect
X. Also C does not contain any vertices in K \ K’ as Y disconnects the set
from C. Hence C is disjoint from KU X. Since C lies in a single connected
component of Gy\ (K’UY) we can conclude that C occurs in a single connected
component of the graph Gx \ (KU X) giving a contradiction that X is (¢,U)-
good. O

Definition 9. Let (G, k, Wi, W5, U) be an instance of DISJOINT FINITE
(TTy, T,y ..., TT4)-VDC wiTH UNDELETABLE VERTICES and let X and Y be
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Wi — W, separators in G such that Y dominates X and (XUY)NU = 0. Let
€ be the smallest integer i for which X is (i,U)-good. IfY is (£,U)-good, then
we say that Y well-dominates X. If X is ({,U)-good and there is no Y # X
which well-dominates X, then we call X as (€,U)-important.

The following lemma allows us to assume that the solution of the instance
(G, k, W;, W5, U) contains an (£,U)-important W; — W, separator for some
appropriate value of £.

Lemma 9. Let (G,k,W;,W,,U) be an instance of DISJOINT FINITE
(TTy, T4, ..., TT4)-VDC wiTH UNDELETABLE VERTICES and Z be a solution.
Let P C Z be a non-empty minimal Wy — W, separator in G and let P’ be a
W; —W, separator in G well-dominating P. Then there is also a solution Z'
for the instance containing P’.

Proof. Let Q = Z N R[W,P]. Note that Q is a (TTy, TT,,..., TT4)-modulator
for the graph G[R[W;,P]] with Q NU = (. Let Q" O P’ be a smallest
(T4, Ty, . .., TT4)- modulator for the graph G[R[W;, P']] extending P’ with
Q'NU = (. We claim that Z' = (Z\ Q) U Q’ is a solution for the instance
(G, k, Wi, W5, U). Since P’ well-dominates P, |Z'| < |Z] and Z'NU = (). Also
note that Z’ MU = (). We now show that Z’ is a (TTy, Ty, ..., TTq)-modulator.
Suppose not. Then there exists a forbidden subset C present in a connected
component X of G\ Z’.

We first consider the case when X is disjoint from the set Z\ Z’. Then
there is a component H in G \ Z which contains X and hence C, contra-
dicting that Z is a solution. We now consider the case when X" intersects
Z\ Z'. By definition of Z’; X is contained in the set R(W;, P’). Since Z’\ Q’
is disjoint from R(W;,P’) and is separated from R(W;,P’) by just P’, we
can conclude that X and hence C is contained in a single connected compo-
nent of G[R[Wj, P’]]\ Q’. But this contradicts that Q' is a (TTy,TT,, ..., TTq)-
modulator in the graph G[R[Wj, P’]]. O

We now define the notion of a tight separator sequence. It gives a natural
way to partition the graph into parts with small boundaries.

Definition 10. An X — Y tight separator sequence of order k with
undeletable set U of a graph G with X,Y,U C V(G) is a set H of X—=Y
separators such that

e cvery separator has size at most k,
e the separators are pairwise disjoint,

e cvery separator is disjoint from U,
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Figure 1: An X —Y tight separator sequence of order two and U = ()

e for any pair of separators in the set, one covers another and
o the set is maximal with respect to the above properties.
See figure [I] for an example of a tight separator sequence.

Lemma 10. Given a graph G, disjoint vertex sets X, Y and integer K, a tight
separator sequence H of order k with undeletable set U can be computed in
IV(G)|PM time.

Proof. We first replace every vertex u € U in our graph G with k+ 1 copies
of u forming a clique. Note that any X —Y separator of size at most k in the
new graph must be disjoint from the vertices of the clique corresponding to
every u € U.

In this new graph, we check using the minimum cut algorithm if there is
an X — Y separator of size at most k. If not, we stop the procedure. Else
we compute an arbitrary component-maximal X — Y separator S of size at
most k using the polynomial time algorithm in Lemma [4l We add S to the
family H, set Y to S, and repeat the process. We claim that H is a tight
separator sequence of order k with an undeletable set U after the procedure
terminates. It is clear that the first four properties of tight separator sequence
are satisfied by H in any iteration. Suppose H is not maximal and hence
an X — Y separator P disjoint from U can be added. If P covers one of the
separators S’ in H, it contradicts the component-maximality of S’ at the
time it was added to H. Else P is covered by all the separators in H which
contradicts the termination of the procedure after the last separator in H
was added. This completes the proof. O

In the proof, it can be seen that the separators S in H can be totally
ordered by the subset relation of the reachability sets R(X,S). Hence H is
rather called a sequence than a family of separators.
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4.3.3 Boundaried graphs

Definition 11. A t-boundaried graph G is a graph with t distinguished
labelled vertices. We call the set of labelled vertices 0(G) the boundary of G
and the vertices in 0(G) terminals. Let Gy and G, be two t-boundaried graphs
with the graphs G1[0(G1)] and G2[0(G;)] being isomorphic. Let w:0(Gy) —
0(G3) be a bijection which is an isomorphism of the graphs G1[0(G1)] and
G,[0(G,)]. We denote the graph Gy ®, G, as a t-boundaried graph obtained
by the following gluing operation. We take the union of graphs Gi and G;
and identify each vertex x € 0(Gy) with vertex w(x) € 9(Gz). The t-boundary
of the new graph is the set of vertices obtained by unifying.

Definition 12. A t-boundaried graph with an annotated set is a t-
boundaried graph with a second set of distinguished but unlabelled vertices
disjoint from the boundary. The set of annotated vertices is denoted by A(G).

4.3.4 Algorithm

We design a recursive algorithm MAIN-ALGORITHM which takes as input the
instance Z = (G, k, W;, W5, U) and outputs YES if there exists a solution
Z C V\ (W;uW,UU) such that every connected component of G—Z belongs
to some graph class TT; for i € [d].

Description of MAIN-ALGORITHM procedure: The MAIN-ALGORITHM
procedure initially checks if Reduction Rule [ is applicable for Z. Then
it checks if (G, k, W; U W,,U) is a non-separating YES-instance using the
algorithm from Lemma [6l If not, it checks if Reduction Rule 2] is applicable.

After these steps, we know that any solution Z of Z contains an (£, U)-
good W; — W, separator X in the graph G for some integer 0 < { < k with
IX| =A > 0. Using Lemma [9, we can further assume that the separator X is
(¢, U)-important. Since A > 0, we have Z N R(W;,X) C Z as X is not part
of the set Z N R(W;, X). Hence € = [ZN R(Wj, X)| < |Z| < k. Hence we can
conclude that 0 <{ < kand 1 <A <k.

The MAIN-ALGORITHM procedure now calls a subroutine BRANCHING-
SET with input as (Z,A,£) for all values 0 < £ < kand 1 < A < k.
The BRANCHING-SET subroutine returns a vertex subset R C V(G) of
size 2P°W) guch that for every solution Z C (V(G) \ U) of the given
instance Z containing an ({, U)-important Wy — W, separator X of size at
most A in G, the set R intersects Z. The MAIN-ALGORITHM procedure
then branches over all vertices v € R and recursively run on the input

' = (G —V,k— ],W],Wz,U).
Description of BRANCHING-SET procedure:
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We first check if there is a W; — W, separator of size A in the graph G
with the vertices contained in the set V \ U. If there is no such separator,
we declare the tuple invalid. Else we execute the algorithm in Lemma [10] to
obtain a tight W — W, separator sequence 7T of order A and undeletable set
u.

Let 7 = 01,0;,...,04 for some integer q. We partition 7 into (£, U)-
good and (£, U)-bad separators as follows. Recall Lemma [§ where we proved
that if X and Y are disjoint W; — W, separators in G such that X covers Y
and X is (£, U)-good, then Y is also (£, U)-good. From this we can conclude
that the separators in the sequence 7T are such that if they are neither all
(¢, U)-good nor all (€, U)-bad, there exist an i € [q] where Oy,...,0; are
(¢, U)-good and Oy ..., 04 are (¢,U)-bad. We can find i in [log q] steps
via binary search if at each step, we know of a way to check if for a given
integer j € [q—1]if Oy is (£, U)-good and Oj41 is (£, U)-bad. In the case j = q,
we only check if Oj is (£, U)-good and if so conclude that all the separators
in the sequence are (£, U)-good. In the case where j = 0, we only check if O;
is (£, U)-bad and if so conclude that all the separators in the sequence are
(£, U)-bad.

In any case, we need a procedure to check whether a given separator
P is (¢, U)-good or not. From the definition of (£, U)-good separator, this
translates to checking if there is a (TTy,T1,, ..., TT4)-modulator of size at
most £ in the graph G[R(Wj, P)] such that the solution is disjoint from
W; U U. Note that since P separates Wi from W,, W, is a (TT;, Ty, ..., TT4)-
modulator in the graph G[R(W;,P)]. Hence the problem translates to
checking whether Z; = (G[R(Wy,P)],{, Wi, U) is a YES-instance of Dis-
JOINT FINITE (TTy,TT,...,T14)-VDC wiTH UNDELETABLE VERTICES. This
can be done by calling the MAIN-ALGORITHM procedure for the instance
(GIR(W4, P)], €, Ws, U). Note that this is a recursive call in the initial M AIN-
ALGORITHM procedure with Z as input where we called the BRANCHING-SET
procedure with £ being strictly less than k.

If we do not find an integer i such that O; is (£, U)-good and Oj,; is (£, U)-
bad, or conclude that all the separators in the sequence are either (£, U)-good
or all are (£, U)-bad, we declare that the tuple is not valid. Otherwise, we have
a separator P; which is component maximal among all the good separators
in 7 if any exists, and separator P, which is component minimal among all
the bad separators in 7T if any exists. We initialize the set R := P; UP;. For
1 € {1,2}, we do the following.

We go over every subset P C P;. For each such subset, we compute a
family H of [Pj|-boundaried graphs which consists of all graphs of size at
most k*P9* of which at most k are annotated. Note that the total number
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of such graphs is bounded by 2 ]

W5(pa)?

2
in time 2( 2 )(kslii? )kO(”.

For every choice of P{ C P;, for every annotated boundaried graph GeH
with |P}| terminals and every possible bijection 6 : A(G) — P!, we construct
the glued graph Ger s = G [R[W1, Pi]]®5é, where the boundary of G[R[W/, P;]]
is P{. We then recursively call BRANCHING-SET((Gpr s \ S,k —j, Wi, P\
PLUUV(G)\ P, A, ) forevery 0 <A <A, 1<j<k—Tand0< <,
where S is the set of annotated vertices in G. We add the union of all the
vertices returned by these recursive instances to R and return the resulting
set.

This completes the description of the BRANCHING-SET procedure. We
now proceed to the proof of correctness.

) and these can be enumerated

Correctness of MAIN-ALGORITHM and BRANCHING-SET procedure:
We prove the correctness of MAIN-ALGORITHM by induction on k. The
case when k = 0 is correct as we can check if Z is a YES-instance in polyno-
mial time by checking if every connected component of G belongs to one of
the graph classes TT; for 1 € [d]. We now move to the induction step with the
induction hypothesis being that the MAIN-ALGORITHM procedure correctly
runs for all instances Z where k < k for some k > 1 and identifies whether 7
is a YES-instance. We now look at the case when the algorithm runs on an
instance with k = k.

The correctness of the initial phase follows from the safeness of Reduction
Rules [II, 2] and the correctness of the algorithm in the non-separating case.
Let us now assume that the BRANCHING-SET procedure is correct. Hence
the set R returned by BRANCHING-SET procedure is such that it intersects
a solution Z if it exists. Therefore Z = (G, k, Wy, W5, U) is a YES-instance
if and only if Z = (G — v,k — T, W;, W5, U) is a YES-instance for some
v € R. Applying the induction hypothesis for MAIN-ALGORITHM with input
instance Z', we prove the correctness of MAIN-ALGORITHM.

It remains to prove the correctness of the BRANCHING-SET procedure.
Note that all the calls of MAIN-ALGORITHM in this procedure have input in-
stances checking for solutions strictly less than k. Hence these calls run
correctly from the induction hypothesis when BRANCHING-SET is called
in the MAIN-ALGORITHM procedure. Hence we only need to prove that
BRANCHING-SET procedure is correct with the assumption that all the calls
of MAIN-ALGORITHM in the procedure run correctly. We prove this by induc-
tion on A. Recall that the sets P; and P, were identified via a binary search
procedure described earlier using the calls of MAIN-ALGORITHM with values
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strictly less than k. Since we assume that the calls of MAIN-ALGORITHM
runs correctly, the sets P; and P, were correctly identified if present.

We first consider the base case when A = 1 where there is a W; — W,
(£, U)-good separator X C Z of size one. Since X has size one, it cannot be
incomparable with the separator P;. Hence the only possibilities are X is
equal to Py, is covered by P; or covers Py. In the first case, we are correct as
P; is contained in R. The second case contradicts that X is (£, U)-important
W; — W, separator. We note that in the third case, we can conclude that X
is covered by P,. This is because the other cases where X is equal to be P,
or X covers P, cannot happen as P; is ({, U)-bad and X is incomparable to
P, cannot happen as both are of size one. Hence X covers P; and is covered
by P,. But then X must be contained in the tight separator sequence T
contradicting that P; is component maximal. Hence the third case cannot
happen.

We now move to the induction step with the induction hypothesis being
that BRANCHING-SET procedure correctly runs for all tuples where A <
A for some A > 2 and returns a vertex set that hits any solution for its
input instance that contains an (£, U)-important separator of size A and not
containing any vertices from U. We now look at the case when the algorithm
runs on a tuple with A = A

Let Z C (V(G)\ U) be a solution for the instance Z containing an (£, U)-
important separator X. If X intersects P; U P, we are done as R O P; UP;
intersects X. Hence we assume that X is disjoint from P; U P,. Suppose X is
covered by Py. Then we can conclude that P; well-dominates X contradicting
that X is (£, U)-important W; — W, separator.

By Lemma B since X is (¢, U)-good and P; is not, X cannot cover P;.
Suppose X covers P; and itself is covered by P,. Then X must be contained in
the tight separator sequence 7 contradicting that P; is component maximal.
Hence this case also does not happen.

Incomparable Case:

Finally we are left with the case where X is incomparable with P; or with
P, if P; does not exist. Without loss of generality, assume X is incomparable
with P;. The argument in the case when Py does not exist follows by simply
replacing P; with P, in the proof.

Let K C Z be the (TTy,TTy, ..., TTg)-modulator for the graph G[R[W;, X]]
extending X, i.e X C K. In other words, K = Z N R[W;, X]. Since X is an
(£, U)-good separator of G, we have |[K\ X| < £. If P; N K is non-empty, we
have that Py N Z is non-empty. Since P; is contained in R, the algorithm is
correct as R intersects Z. Hence we can assume that P; and K are disjoint.

Let X" = R(Wj, Py)nX and X™ = X\X". Similarly, define P = R(W;, X)N
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Figure 2: The case where X is incomparable with P,

P; and P}" = P; \ P]. Since X and P; are incomparable, the sets X", X", P|
and P} are all non-empty. Let K" = KN R[W;, P;] and K" = K\ K". Note
that X™ C K" and X" C K". See Figure

We intend to show in the case when X and Py are incomparable, the set
returned by one of the recursive calls of the BRANCHING-SET procedure hits
the solution Z.

We now prove the following crucial lemma where we show that by carefully
replacing parts outside of R[W;, P;] with a small gadget, we can get a smaller
graph G’ such that K", the part of K inside the set R[W;, P¢] is an optimal
(TTq, T, . .., TTg)-modulator containing the (|K™\ X', U’)-important separator
X" in this graph for an appropriate subset U’ C V(G’). This allows us
to show that the instance of BRANCHING-SET corresponding to G’ would
return a set that intersects the optimal (TTq,TT,, ..., T4)-modulator K™ in G’
and thereby the solution Z in G. Later, we will see that one of the recursive
calls of BRANCHING-SET indeed correspond to G’.

Lemma 11. Let G; = G[R[Wy, P1l] be a boundaried graph with P} as the
boundary. There exists a |Pj|-boundaried graph G which is at most KPP jp
size with an annotated set of vertices A(G) of size at most k, and a bijection
nw:o(6) » P such that the glued graph G’ = G ®u/\é has the property

that BRANCHING-SET procedure with input as ((G"\ A(G), [K™[, W;, PT", UL U
V(G)\ P1), XTI, IK"\ X™|) returns a set R’ that intersects K.

Proof. To develop the intuitions behind the proof, we first prove that
for the graph G” = G[R[W;, X]], BRANCHING-SET with input as ((G” \
K™ KT, Wa, PR U, XL KT\ XT]) returns a set R” that intersects K.

Suppose R” does not intersect K™. The set R” by definition intersects any
(T4, Ty, ..., TTg)-modulator Z” C V(G”)\ U of size |K"| for the graph G”\ K™
containing an (|]K™\ X[, U)-important separator X”. The set K" C V(G”)\ U
is also a (TTy, Ty, ..., TTg)-modulator of size |[K"| for the graph G” \ K™ and it
contains a W; — PJ'" separator X". Hence, if we can prove that the set X" is
a (|JK™\ X", U)-important separator in the graph G” \ K™, we are done.
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Suppose this is not the case. Then there exists a (K" \ X'|, U)-good
separator X” C V(G”)\U in the graph G”\ K" that well-dominates X". Note
that since G” is the graph G[R[Wj, X]], the set of vertices reachable from W;,
after deleting X" in the graph G” \ K™ denoted by Rgmknr (Wi, X") is the
set Rg\](nr (W],X) If X" 7é Xr, the set RG\KnT (W],X) = RGu\Knr (W],Xr) C
Rgnknr (Wi, X”) which cannot happen.

Note that the graph G” can be viewed as the graph obtained by gluing
two boundaried graphs G; and G; both having boundary P} where G; =
G[R[Wj, Pl and G; = G[NR(W;, P1)NR(Wq, X)UPJUK™] with the bijection
being an identity mapping from Pj into itself. Unfortunately the graph G; is
not of size k®!" size and hence doesn’t satisfy the conditions required for the
lemma. We now aim to construct a graph G by keeping some k" vertices
of Gz.

Let V; = (NR(W4,P1) N R(W4q, X)) U P7 UK™. The set V, \ (P1T U K"
contains the vertices which are disconnected by P; from W; but are not
disconnected from W; by X. We have G, = G[V,].

Marking Vertices of Forbidden Sets:

We now perform the following marking scheme on the graph G where we
mark some vertices of V, to construct a smaller graph G’. Before this though,
we need to define the following notations.

Let p denote the size of the maximum sized subgraph present among
all the families . Let H = {(Hy,...,Hq) : H; € Fi,i € [d]}. For H =
(H],...,Hd) c H, let B?—l = {(B],...,Bd) : By C V(Hl),l € [d]} Let ]Pn]‘ =
{(Q1> EERE Qd) : Qi - P1T> ’Q1| < pal € [dl}.

Let Ty be the collection of tuples (t,...,t;) where t; is a pair of elements

[Hy] .
tl,t? € PTU{P} and r = (iez[d; ),i € [r]}. We use the bijection p : (UiE[zd] H‘) —

1) "M
[r] so that p({a, b}) denotes the index associated to the pair of vertices a,b €
Uie[d] Hi.

For all tuples (H, By, P],T#) where H = (Hy,...,Hq) € H,By =
(B],...,Bd) S B'H,'P]T = (Q],...,Qd) € P? and Ty = (t1,...,tr) € Ty,
if there exists a forbidden set C C (V, U V(Gy)) of the graph G \ K™ such
that

e For all i € [d], there exists a subset C; C C such that G[C;] is isomor-
phic to Hy,

o for sets Cf =V, N Ci, we have graphs G[C] isomorphic to H;[Bi],

e the set PN C; = Q; and
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Figure 3: Example of a marked forbidden set

e for vertices a; € C; and a; € Cj with i,j € [d], there is path P’ from
a; to a; in the graph G \ K™ such that the first and last vertex of P’
in the set Pj that has a neighbor to the set R(W;, P;) is t:)(ahaj) and

té(ahaj) respectively, (When the path P’ has only one such vertex v, we

denote it by the pair {v,()}. If the path has no such vertex, then we
denote it by the pair {0}, 0}, . Also note that the existence of such paths
for all pair of vertices in C shows that G[C] is connected in the graph

G\ K™).

then for one such forbidden set C, we mark the set Ct = CNV,. Let M’
be the set of vertices marked in this procedure. We call the corresponding
forbidden sets C as marked forbidden sets.

See figure [3] for an example of a marked forbidden set. We have H =
(Hi, Hz, H3) where H; is a triangle, H, is a C4 and Hj has two connected
components, one of which is K; after removal of an edge and the other is a
claw K; 3. The graph induced by the set of vertices {a;, a,, as} is isomorphic
to Hy, the one induced by the set of vertices {by, by, b3, by} is isomorphic to
H, and the one induced by the set of vertices {cy, ¢z, c3,C4, C5, Cs, C7, Cg} 1S
isomorphic to H3. We have By, = (B, B, B3) where By is a singleton vertex,
B, is the cycle graph C4 and B3 has two connected components, one of which
is a triangle and the other is a claw K;3. Notice that there are the graphs
induced by H;, H; and H; when we restrict the set of vertices to V;,. We
have ,P1T = (Q]) QZ) Q3) as ({03}, {Q}) {C2> cs}).

See figure Ml where we look at a path between a; and b, of the same
marked forbidden set. The first and last vertex of such a path is T; and
T, respectively. Hence the entry of T3 corresponding to the pair (aj, byg) is
{T1 ) T2}~

We now bound the size of M’. We know that each graph class F; has a
finite number of finite sized graphs. Let f = maxicq|Fi|. The size of H is
the number of tuples # = (Hy, ..., Hq) which is at most f¢. Since [H;| < p,
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the size of By is bounded by the number of tuples (By,...,Bg) which is at
most 2P4. Since the set Q; is of size at most p, the size of P} is bounded
by klP*V4. Each vertex in a pair in Ty is a pair of vertices of P}. The

[Hil
number of such pairs is bounded by (k + 1)2. Since r = (ieztdi ) < (pzd), the

size of Ty is bounded by ((k + 1)2)(p2d). Overall, we can conclude that the
number of tuples (H, By, PI, Tz,) is at most 1 = f42rdk P+ 20D Ror each
of these tuples we mark the set C NV, which is of size at most pd. Hence
we can conclude that [M’| < npd. The same bound holds for the vertices
corresponding to the marked forbidden sets which we denote by Mg.

Preserving Connectivity of the Marked Forbidden Sets: We now aim
to keep some vertices in V, other than those in M’ so that for every marked
forbidden set C, the graph G[C] remains connected in the resulting graph.
We also add the requirement that the connectivity between every vertex in
C* and vertices in P] and also between pairs of vertices in P] in the graph
G[V;] are preserved. Let F be the forest of minimum size in the graph G such
that it satisfies these connectivity requirements. Note that M’ C V/(F).

We now try to bound the size of the forest F. Note that any leaf of the
forest F corresponds to some vertex in the marked forbidden set Mr U Pj.
This is because it is not the case, then for some leaf vertex u € V(F), the
forest F—{u} also preserves the connectivities required for marked forbidden
sets contradicting that F is the forest of minimum size. Hence the number of
leaves is bounded by npd + k.

By properties of any forest, the number of vertices of degree 3 or more is
at most the number of leaves. Hence such vertices of F are also bounded by
npd + k. Hence it remains to bound the number of degree 2 vertices in F.

Let us focus on a degree 2 path P of F with endpoints either a leaf of
F or degree at least 3 or any vertex in M or P]. Suppose P has at least 3
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Figure 5: Forest F that provides required connectivities of marked forbidden
set vertices. The vertices colored grey correspond to marked vertices and
white correspond to other vertices of F. The forest F has a degree two path
between x; and x, with all the internal vertices unmarked. If an unmarked
vertex Yy in this path has an edge to some marked vertex x3, then the forest
obtained by replacing an edge adjacent to y in the path with (x3,y) also
preserves the connectivities but has an unmarked vertex as a leaf giving a
contradiction.

internal vertices. We claim that all the internal vertices of P except the first
and last internal vertices are not adjacent to any vertices of F in the graph G
induced on V(F) other than its neighbors in the path F. Suppose this is not
the case for some internal vertex u with w; and u, being the two neighbors
of win P. Hence u is adjacent to some other vertex v of F. Note that the
edge (u,Vv) is not in the forest F. Let us add this edge to the forest F creating
a unique cycle C containing (u,v). Without loss of generality, let 1; be the
other neighbor of u in C. Let F; be the forest created by adding the edge
(u,v) and removing the edge (u,u;). Note that we now have a forest Fy
where u; is a leaf vertex that is not marked. Then F; —{u;} is also a forest
that preserves the connectivities that F did with a fewer number of vertices.
This contradicts that F is the forest with the minimum number of vertices.
See Figure [i] for an illustration regarding this proof.

Since P does not have edges from the internal vertices to other vertices of F,
we can contract these paths up to a certain length and preserve connectivities
of F.

Let G5 = G[V(F)]. Let G, be the graph obtained from G} by con-
tracting all the degree 2 paths in the graph of length more than 4pd + 2
to length 4pd + 2. Since the number of degree 2 paths in F is bounded
by (2(IMf| + |P4]))? and each path is bounded by size 4pd + 2, we have
V(G;) < 2(mpd + k)?(4pd + 2) which is at most ko)
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Figure 6: The graph G’\ K™ obtained from gluing the graphs G[R[Wj, P;]
and G \ K™ along P} where K" is an optimal (ITy, TT,, ..., TTq)-modulator

Construction of G’: Let G’ be the graph obtained by gluing the boundaried
graphs G[R[W;, P1]] and G, both having P] as the boundary with the bijection
corresponding to the gluing being an identity mapping from Pj to itself. See
figure 6l We also similarly define G” as the graph obtained by gluing the
graphs G[R[W;, P;]] and G} both having P as the boundary with the bijection
corresponding to the gluing being an identity mapping from Pj to itself.

We claim that for the graph G’, BRANCHING-SET with input ((G’\
K™K, Wa, PR UYL IXTL IKT\ XT]) returns a set R’ that intersects K™ where
u = UUV(G)\P{. Suppose not. The set R’ by the definition of BRANCHING-
SET procedure intersects any (TT;, 15, ..., TTq)-modulator Z" C (V(G’)\U’) of
size [K™| in the graph G’\ K™ containing an (|K™\ X"|, U’)-important W; — P
separator. Since K is a (TT;, Ty, ..., TTq)-modulator in the graph G[R[Wj, X]]
with KNUW = K™ the set K" = K\ K" is a (TTy, 5. .., TTq)-modulator of
size |K"| for the graph G[R[Wj, X]] \ K™ with no vertices from U’. Let us
turn the focus to the graph G” where the degree 2 paths are not contracted.
Since G\ K™ is an induced subgraph of the graph G[R[Wj, X]]\ K™, the set
K" is a (TTq, Ty, ..., TTg)-modulator of size |K'| for the graph G” \ K™ as well.
In other words, every connected component of the graph G” \ K belongs to
at least one of the graph class TT; with i € [d].

Claim 3. K" is a (Tly, Ty, ..., g )-modulator of size |K| for the graph G'\K™.

The graph G’ \ K can be viewed as obtained from G” \ K by contracting
some of the degree 2 paths of length more than 4pd+2 to 4pd+2. If we can
prove that after doing this contraction in G” \ K, the connected components
still belongs to at least one of the graph class TT; with i € [d], we are done.

Suppose not. Then there is a forbidden set C in one of the connected
components of the graph G’ \ K. Let us now uncontract the edges that
we contracted. We will show that in the resulting graph G” \ K, there
exists a forbidden set C’ which is isomorphic to G[C]. This contradicts our
assumption that G” \ K is such that each of its components belongs to at
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least one of the graph classes TT; for i € [d].

Let C = Uie[d} C; where C; isomorphic to the graph H; € F. Let «
be one of the paths in the graph G” \ K with degree 2 vertices which was
contracted to a path «’ of length 4pd 4 2 in the graph G’ \ K. The graph
induced by C; N V(') is such that each connected component is a path of
length at most p. In the path « too we can find a subset of vertices such
that the graph induced by those vertices is isomorphic to the graph induced
by CiNV(«'). Since &’ has size 4pd+2 > p, no connected component of C;
for any 1 € [d] has both the endpoints of «’. Hence, if we replace C; N'V/(a')
with the corresponding subsets we identified in «, we get subsets C/ so that
the set C" = [J;¢(q C{ in the graph G" \ K is a forbidden set isomorphic to C.
The connectivity of C’ is preserved as we only uncontract some edges. This
contradicts that G” \ K is such that each of its components belongs to at
least one of the graph classes TT; for 1 € [d]. This concludes the proof of the
claim.

We now prove that X" is a (|[K™\ X[, U’)-important separator in G\ K"".
This implies that the set returned from the recursive procedure R’ intersects
K" completing the proof of the lemma.

Claim 4. X" is a (|[K"\ X"|, W) -important separator in G’ \ K",

We first prove that the set X" is (|[K"\ X[, U’)-good W; — P} separator
in the graph G\ K™". We know that X is a W; — P]"" separator in the graph
G. Hence X" is Wj — P} separator in the graph G \ X"". Since G” \ K™
is an induced subgraph of G \ X", we can conclude that X" is a W; — P}
separator in the graph G” \ K™. Since the graph G’ \ K™ can be seen as
obtained from G” \ K™ by contracting some degree 2 paths with none of the
edges with endpoints in X" contracted, X" is also a W; — P]" separator in the
graph G’ \ K™,

Suppose X" is not a (|K"\ X"|, U')-good W; — P}" separator in the graph
G’\ K™. Then the graph G"\ (K™ UX") does not contain a (TT;,TT,...,TT4)-
modulator of size |K™ \ X"| with undeletable set U’. We claim that the set
K™\ X" is indeed such a (TTy,TT,,...,TTq)-modulator . Suppose not. Then
there exists a forbidden set C in the graph G’\ (K™ UX"U(K"\ X")) = G"\ K.
But this contradicts Claim [3

Hence it remains to show that the set X" is a (|K™ \ X'|, U’)-important
W; — P} separator in the graph G’\ K™. Suppose this is not the case. Then
there exists a (|K™\ X"|, U')-good Wj — P} separator X’ in the graph G\ K™
that well-dominates X". We claim that if so, the set X =X UX"vis an
(£, U)-good Wy — W, separator in the graph G with undeletable set U well-
dominating X. This would contradict that X is an (£, U)-important W; — W,
separator in the graph G.
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Let Y’ be the set witnessing that X’ is a (K" \ X', U')-good W; — P}
separator in the graph G’ \ K™. Note that X’ U Y’ is contained in the set
R[Wj, P1] as it cannot contain vertices from the set (V(G)\ PT) C U".

We now claim that Y/ U (K™ \ X"} is the set witnessing that X is an
(£, U)-good Wy — W, separator in the graph G. Suppose this is not the case.
Then there exists a forbidden set C in the graph G[R[thz]] \ (X'UX"YU
Y U (K™ \ X)) = G[RIW;, K]\ K’ where K/ = X/ UY' UK™.

If C C V(G’)\ K, then the forbidden set C occurs in the graph G’ \ K’
contradicting that X’ is an (|JK™\ X"|, U’)-good W; —P]" separator in the graph
G’\ K™. Hence C N ((RW;, X1\ K')\ V(G’)) is non-empty. Let C = Uica G
where G[Ci] is isomorphic to graphs H; € Fi. Let C;7 = Ci N NR[W1,P]
and C* = J;cq Cf. We have graphs G[C{] isomorphic to graphs H;[Bi]
for subsets By € V(H;). Let Cf{ = C; N Pj. Since G[C] is connected, for
vertices a; € C; and a; € Cj with 1,j € [d], there is a path Py from
a; to a; in the graph G[R] W1,52 ]\ K’. Let the first and last vertices of

1 in Py, o be the pair ty(a, ¢ Then for the tuple (H, By, P, T) where
# = (Hi,...,Ha) € H,By = (By,...,Ba) € By, P} = (C}',...,C}) € P}
and Ty = (t1,..., t(\(zj\)) € Ty, there ex1sts a forbidden set Cp C (VZUV(G1 ))
of the graph G \ K™ which is marked.

Let Cm,i be the set such that G[Cy] is isomorphic to H;. Also let CKM =
Cmi N (V(F)). The set Cy can be viewed as replacing the vertices C* of C
with Cy,.

We first claim that the set of vertices of Cy, is present in the graph G’\ K’.
Recall that G’ is obtained by contracting some degree 2 vertices of G” which
in turn is obtained by gluing the graphs G[R[Wj, P;]] and G[V(F)]. All the
vertices of Cy, is present in the graph G” \ K™ as it contains all the marked
vertices. In particular, all the vertices of Cy in the set V; are contained in
the set M, the set of vertices of all the marked forbidden sets contained in
V,. When we transform G” to G’, we only contract degree 2 paths in V,
none of whose vertices belong to M’ and hence Cyy. Hence Cy; is a present
in the graph G’ \ K’ as well.

If we can prove that Cpy is in a connected component of G’ \ K’, we can
conclude that Cpy is a forbidden set in the graph G’ \ K’ contradicting that
X" is a (|[K"\ X", U')-good W; — Pj separator in the graph G’ \ K™.

Suppose Cpy is not in a connected component of G’\ K’. Then there exist
a pair of vertices u;,u; € Cy such that there is no path between u; and u,
in the graph G’ \ K’. But since Cy corresponds to the tuple (#H, By, P7, Tx)
with T3 = (t7.. .t(\g\)) € Ty, there exists a path Py, ., in the graph G\ K™
between u; and u, such that the first and last vertices of the path P, .,
intersecting Pj is the pair ton,,) = (T1,T2).
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Let us also look at vertices uj,u) € C such that in the isomorphism from
C to Cm, w; is mapped to u{ for i € {1,2}. Since C is connected, there is
a path Py, between u; and uj in the graph G[R[thz] \ K’. Note that
the forbidden sets C and Cy are both candidates for the marking procedure
corresponding to the same tuple (H, By, Py, T3). Hence we can assume that
the path Py ., in the graph G[RIW;, X1\ K’ is such that the first and last
vertices of the path Py ., intersecting P] is the pair (T1,T2).

We now identify all the vertices of P present in the path Py .; and
partition them accordingly. Specifically, let us partition the path Py, into
a sequence of subpaths o, ..., a4 where the path o is from uy to Ty, the
path o is from T, to uj, the path &; where 1T < i < q has its endpoints in
P} and none of the internal vertices of the paths contain vertices of P]. We
aim to use the path Py, ., and the connectivities provided by the forest F in
V, to construct a path between w; and u, in the graph G’ \ K’ leading to a
contradiction.

Let us now look at the cases based on whether w;, u{ € R[Wj, P;] or not.

e Case 1, uj,u; € R[Wj,Pq]: Note that since both the vertices are in
V(G'), we have u; = u{ for i € {1,2}. The paths oy which is not present
in G’ \ K’ are those whose internal vertices contains some vertices of
Vo \ V(F). The paths o; and &4 are present in G"\ K’ as all its internal
vertices including w; and u; are not in V,. Hence such paths «; have
both its endpoints in Pj. Also since P] separates R(Wj, P;) from V,\ PJ,
all paths o with 1 < i < q are such that all its internal vertices are
either in R(W;,Py) or in V; \ P]. The former kind of paths are also
present in G’ \ K’.

Hence the path «; that contains vertices of V, \ F are such that its
endpoints are in P] and all its internal vertices in V5. The forest F
preserved connectivities of vertices in P] within V; including the end-
points of «;. Hence we can replace «; with the unique path between
its endpoints in the forest F. Note that such a path is disjoint from K’
and hence is present in G" \ K.

By replacing all such paths o« with those in F, we get a walk from wy
to u, in the graph G’ \ K.

e Case 2, w3 € R[Wy,Pil,u; € Vo \ Pi: In this case, we have u; = uj.
But it could be the case that u; # uj. Also it could be that uj is a
vertex not in G’ \ K’.

Like we did in the previous case, we could replace all the paths o to
paths in G’ \ K’ using the forest F. Hence we have a path from wu; to T,
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Figure 7: A demonstration of how u;,u; € Cy are connected in the graph
G’ \ K’ (denoted by the grey region). We know from the marking procedure
that both C and Cy, are such that paths between vertices corresponding to
w; and u, have its first and last vertex of P] as t; and t,. We replace the
path between t, and uj with the path between t, and u, guaranteed from
the forest F.

in the graph G’\K’. We now focus on the path 0. We know that there
is a subpath from T, to u, in the path Py, ,, in the graph G\ K™ Since
T, is the last vertex of P] in the path, we know that this subpath is
contained in the set V,. Since F is a forest that preserved connectivities
of vertices between M’ and Pj in the set V3, there is a path from T, to
u, in the forest F. Again note that such a path is disjoint from K’ and
hence is present in G’ \ K’. We replace &4 with this path in F to get a
walk from w; to u; in the graph G’ \ K’.

e Case 3, u; € RIW;,Pil,uy € V5 \ Pj: This case is symmetric to the
previous case and the proof goes accordingly.

e Case 4, uj,uy € Vo \ P] : In this case, it could be that u, # u} and
w, # uj. Also it could be that the vertices u; and uj are not in G’ \ K.

We replace the path o to one in the forest as we done for g in Case
2. Since T is the first vertex of P] in the subpath between u; and T
in the path Py, .,, such a path is contained in the set V,. The forest
F preserves the connectivity between u; and T; in V,. Hence we can
replace the path o with the one in F which is disjoint from K.

The other paths «; are replace similarly as in Case 2 to get a walk from

Wy to uy in the graph G’ \ K’.

Hence the graph G[Cy] is connected in the graph G’ \ K’. Hence Cyy is a
forbidden set in the graph G’\ K’ contradicting that X’ is (|JK™\ X"|, U’)-good
W, —PJ" separator in the graph G"\K™". Hence |X"| is (|K"\ X"|, U’)-important
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W; — P separator in the graph G’\ K™. This concludes the proof the claim
and thereby the lemma.
O

From Lemma [II we can conclude that there exists a |P]|-boundaried
graph G with an annotated set S and an appropriate bijection p : d(G) —
P] with the properties claimed in the statement of Lemma I  Now

consider the recursive instance of BRANCHING-SET with input ((Gprs \
g,khW],Pim),?\’,ﬂ/) where Gprs is the graph obtained by gluing together
G[R[W;, P;]] and G via a bijection p,A’ = |X|, k; = [K"| and ¢/ = [K™\ X"].

To apply induction hypothesis on the above tuple, we first show that the
tuple is valid. We show this by showing that (Gpr s \'S, ki, Wi, P") is a valid
instance of D1SJOINT FINITE (TTy,T1,...,TT4)-VDC. For this we need that
Wi UPH is a (TTy, TTy, . . ., TTq)-modulator for the graph Gp{‘5\§ which is true
as Wi itself is such a set. Hence the tuple is valid and we can apply the
induction hypothesis.

Since X is {-important, from Lemma[I1] it follows that X" must also be k-
important in the graph Gpr 5 \S. By induction hypothesis, the tuple returns a
set R’ which intersects K". Since K" C Z, we can conclude that R’ intersects
Z as well. This completes the correctness of the BRANCHING-SET procedure.
Bounding the set R: Let us look at the recursion tree of the BRANCHING
SET procedure. The value of A drops at every level of the recursion tree.
Since A < k, the depth of the tree is bounded by k. The number of branches

at cach node is at most kK - 25 - kI - 287 (k* for choice of A’,j and ¢/, 2¢

2
for choice of P, k! for the choice of the bijection 6 and 2" for the size of
H). Since, at each internal node, we add at most 2k vertices (corresponding

to Py U P;), we can conclude that the size of R is bounded by ZkS(pd)ZH.

Let Ry denote the set returned by BRANCHING-SET procedure with

input (Z,A’,£"). We define R as the union of the sets Ry for all possible
values of A" and £'. After this, in the MAIN-ALGORITHM procedure we simply
branch on every vertex v of R creating new instances (G —v,k—1, W, W,)
of DisjoINT FINITE (TTq,TT5,...,T14)-VDC. If k < 0, we return NO. If
Reduction Rule 2] applies, we use it to reduce the instance. If this results in
a non-separating instance with W = W; U W,, we apply the algorithm in
Lemma [6] to solve the instance. Else we recursively run MAIN-ALGORITHM
on the new instance.
Bounding running time of MAIN-ALGORITHM: We now bound the run-
ning time T(k) for MAIN-ALGORITHM. We ignore the constants in the poly-
nomial of k in the size of R and the nodes in the search tree for an easier
analysis to show that the running time is 2POWIn 1),
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The depth of the branching tree is bounded by k and the branching factor

at each node is |R| < 2k5(pd)2+2. The time taken at each node is dominated by
the time taken for the procedure BRANCHING-SET corresponding to this node
instance. Let Q(k) denote the time taken for BRANCHING-SET. We have
T(k) = 2" T(k—1) +Q(k). Let us focus on the search tree for BRANCHING-
SET. We know that the depth of the tree is bounded by k and the branching
factor is bounded by 2" The time spent at each node is dominated by
algorithm of to enumerate graphs of size at most L and that of the
at most logn many sub-instances of MAIN-ALGORITHM called with strictly
smaller values of k, which is bounded by 2K oM 4 lognT(k —1). Hence
overall we have Q(k) = ZkOmQ(k— 1) + 22000 1 lognT(k—1).

We now prove by induction that T(k) = (2x7 +logn)*n®" and Q(k) =
(27" +1log n)*n®M. The base case is true as T(1) = Q(1) =n®". Assume
the statement holds true for 2 < i < k — 1. Substituting the values for
T(k—1) and Q(k — 1) in the recurrence for Q(k), we have

Q(k) = zkom(zkom —|—logn)k_]no(1) _|_2ko“’n(’)(1)
+ log n(2kom + log n)k—1n0(1)
= (2k0(1) + logn)k—ln(’)ﬂ)(zkom +14 2kom I logn)

— (2" 4+ logn)nO

Substituting the values for T(k — 1) and Q(k) in the recurrence for T(k), we
have

T(k) = Zkom(zko(”+logn)k_1n0m+(2kom+logn)kn@“)

= (2" $1logn) O (2% £ (2% 4 1ogn))

= (2" +logn) o0

Expanding the term (25°'" +log n)* and observing that (logn)* < (klog k)*+
n, we can conclude that T(k) = 2" n00),

Lemma 12. DisjoiNT FINITE (TTy,TT5,...,T14)-VDC can be solved in
2900 time.

Proof. Let (G,k, W) be the instance of DiSJOINT FINITE (TTy,TTy,...,TT4)-
VDC. We first apply Lemma [0l to see if there is a non-separating solution
for the instance. If not, we branch over all W; C W and for each such choice
of Wi, apply MAIN-ALGORITHM procedure with input (G, k, Wi, W5, ) to
check if (G,k,W;,W, = W\ W;) has a solution containing a W; — W,
separator. The correctness and running time follows from those of Lemma
and correctness of the MAIN-ALGORITHM procedure. O
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As mentioned in Section K1l the time taken to solve FINITE
(TT1, T3, ..., TTq) VERTEX DELETION is 251 . 2K 0 — 2k n00) - Thjg
proves Theorem [2.

5 Conclusion

We have initiated a study on vertex deletion problems to scattered graph
classes and showed that the problem is FPT when there are a finite number
of graph classes, the deletion problem corresponding to each of the finite
classes is known to be FPT and the properties that a graph belongs to each
of the classes is expressible in CMSO logic. Furthermore, we show that in the
case where each graph class has a finite forbidden set, the problem is fixed-
parameter tractable by a O* (257 algorithm. The existence of a polynomial
kernel for these cases are natural open problems. A later paper by a subset
of authors [12] gives faster algorithms when the problem is restriced to a pair
of some specific graph classes.

References

[1] Stefan Arnborg, Jens Lagergren, and Detlef Seese. Easy problems for
tree-decomposable graphs. Journal of Algorithms, 12(2):308-340, 1991.

[2] Leizhen Cai. Fixed-Parameter Tractability of Graph Modification Prob-
lems for Hereditary Properties. Inf. Process. Lett., 58(4):171-176, 1996.

[3] Jianer Chen, Yang Liu, and Songjian Lu. An improved parameterized
algorithm for the minimum node multiway cut problem. Algorithmica,
55(1):1-13, 2009.

[4] Jayesh Choudhari, Anirban Dasgupta, Neeldhara Misra, and MS Ra-
manujan. Saving critical nodes with firefighters is fpt. In 44th Interna-
tional Colloguium on Automata, Languages, and Programming (ICALP
2017). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2017.

[5] Bruno Courcelle. The monadic second-order logic of graphs. i. recog-
nizable sets of finite graphs. Information and computation, 85(1):12-75,
1990.

6] M. Cygan, F. V. Fomin, L. Kowalik, D. Lokshtanov, D. Marx,
M. Pilipczuk, M. Pilipczuk, and S. Saurabh. Parameterized Algorithms.
Springer, 2015.

37



[7] Marek Cygan, Fedor V Fomin, Lukasz Kowalik, Daniel Lokshtanov,

8]

[9]

[10]

[11]

[12]

[15]

[16]

[17]

Daéniel Marx, Marcin Pilipczuk, Michal Pilipczuk, and Saket Saurabh.
Parameterized algorithms, volume 3. Springer, 2015.

Reinhard Diestel. Graph Theory, 4th Edition, volume 173 of Graduate
texts in mathematics. Springer, 2012.

Fedor V Fomin and Yngve Villanger. Treewidth computation and ex-
tremal combinatorics. Combinatorica, 32(3):289-308, 2012.

Robert Ganian, M. S. Ramanujan, and Stefan Szeider. Discovering
archipelagos of tractability for constraint satisfaction and counting.
ACM Trans. Algorithms, 13(2):29:1-29:32, 2017.

Pinar Heggernes, Pim van 't Hof, Bart M. P. Jansen, Stefan Kratsch,
and Yngve Villanger. Parameterized complexity of vertex deletion into
perfect graph classes. Theor. Comput. Sci., 511:172-180, 2013.

Ashwin Jacob, Diptapriyo Majumdar, and Venkatesh Raman. Faster
fpt algorithms for deletion to pairs of graph classes. In International
Symposium on Fundamentals of Computation Theory, pages 314-326.
Springer, 2021.

John M. Lewis and Mihalis Yannakakis. The node-deletion problem for

hereditary properties is np-complete. J. Comput. Syst. Sci., 20(2):219—
230, 1980.

Daniel Lokshtanov. Wheel-free deletion is W[2]-hard. In Parameterized
and Fzxact Computation, Third International Workshop, IWPEC 2008,
Victoria, Canada, May 14-16, 2008. Proceedings, pages 141-147, 2008.

Daniel Lokshtanov, Pranabendu Misra, MS Ramanujan, and Saket
Saurabh. Hitting selected (odd) cycles. STAM Journal on Discrete Math-
ematics, 31(3):1581-1615, 2017.

Daniel Lokshtanov and MS Ramanujan. Parameterized tractability of
multiway cut with parity constraints. In International Colloguium on
Automata, Languages, and Programming, pages 750-761. Springer, 2012.

Daniel Lokshtanov, MS Ramanujan, and Saket Saurabh. A linear time

parameterized algorithm for directed feedback vertex set. arXiv preprint
arXw:1609.04347, 2016.

38


http://arxiv.org/abs/1609.04347

[18] Daniel Lokshtanov, MS Ramanujan, Saket Saurabh, and Meirav Zehavi.

[19]

[20]

[21]

Reducing CMSO Model Checking to Highly Connected Graphs. In 45th
International Colloquium on Automata, Languages, and Programming
(ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018.

Déniel Marx. Parameterized graph separation problems. Theoretical
Computer Science, 351(3):394-406, 2006.

Geevarghese Philip, Ashutosh Rai, and Saket Saurabh. Generalized
pseudoforest deletion: Algorithms and uniform kernel. STAM J. Discrete
Math., 32(2):882-901, 2018.

Ashutosh Rai and M. S. Ramanujan. Strong parameterized deletion:
Bipartite graphs. In 36th IARCS Annual Conference on Foundations of
Software Technology and Theoretical Computer Science, FSTTCS 2016,
pages 21:1-21:14, 2016.

Ashutosh Rai and Saket Saurabh. Bivariate complexity analysis of al-
most forest deletion. Theor. Comput. Sci., 708:18-33, 2018.

Mihalis Yannakakis. Node-deletion problems on bipartite graphs. STAM
J. Comput., 10(2):310-327, 1981.

39



	1 Introduction
	2 Preliminaries
	3 FPT Algorithm for Individually tractable (1, 2, @let@token , d) Vertex Deletion
	4 Deletion to scattered classes with finite forbidden families
	4.1 Iterative Compression
	4.2 Finding non-separating solutions
	4.3 Solving general instances
	4.3.1 Disconnected case
	4.3.2 Good Separators and Tight Separator Sequences
	4.3.3 Boundaried graphs
	4.3.4 Algorithm


	5 Conclusion

