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FINITE FLAG-TRANSITIVE AFFINE PLANES WITH A SOLVABLE
AUTOMORPHISM GROUP

TAO FENG

ABSTRACT. In this paper, we consider finite flag-transitive affine planes with a solvable auto-
morphism group. Under a mild number-theoretic condition involving the order and dimension
of the plane, the translation complement must contain a linear cyclic subgroup that either is
transitive or has two equal-sized orbits on the line at infinity. We develop a new approach to
the study of such planes by associating them with planar functions and permutation polyno-
mials in the odd order and even order case respectively. In the odd order case, we characterize
the Kantor-Suetake family by using Menichetti’s classification of generalized twisted fields and
Blokhuis, Lavrauw and Ball’s classifcation of rank two commutative semifields. In the even
order case, we develop a technique to study permutation polynomials of DO type by quadratic
forms and characterize such planes that have dimensions up to four over their kernels.

1. INTRODUCTION

Let V' be a 2n-dimensional vector space over the finite field F,. A spread S of V' is a collection
of n-dimensional subspaces that partitions the nonzero vectors in V. The members of S are
the components, and V' is the ambient space. The kernelis the subring of ['L(V) that fixes each
component, and it is a finite field containing F,. The dimension of S is the common value of the
dimensions of its components over the kernel. The automorphism group Aut(S) is the subgroup
of I'L(V') that maps components to components. The incidence structure I1(S) with point set
V and line set {W +v: W € S, v € V} and incidence being inclusion is a translation plane.
The kernel or dimension of II(S) is that of S respectively. Andre [4] has shown that Aut(S) is
the translation complement of the plane I1(S) and each finite translation plane can be obtained
from a spread in this way. Two spreads S and S’ of V' are isomorphic it &' = {g(W): W € S}
for some g € T'L(V'), and isomorphic spreads correspond to isomorphic planes.

An affine plane is called flag-transitive if it admits a collineation group which acts transitively
on the flags, namely, the incident point-line pairs. Throughout this paper, we will only consider
finite planes. Wagner [47] has shown that finite flag-transitive planes are necessarily translation
planes, so the plane must have prime power order and can be constructed from a spread S with
ambient space V' of dimension 2n over F, for some n and ¢. The affine plane II(S) constructed
from a spread S is flag-transitive if and only if Aut(S) is transitive on the components. Foulser
has determined all flag-transitive groups of finite affine planes in [24] 25]. The only non-
Desarguesian flag-transitive affine planes with nonsolvable collineation groups are the nearfield
planes of order 9, the Hering plane of order 27 [23], and the Liineburg planes of even order [30],
cf. [13, B30]. In the solvable case, Foulser has shown that with a finite number of exceptions,
which are explicitly described, a solvable flag transitive group of a finite affine plane is a
subgroup of a one-dimensional Desarguesian affine plane.

Kantor and Suetake have constructed non-Desuarguesian flag-transitive affine planes of odd
order in [29] [31] 43, 44], and we will refer to these planes as the Kantor-Suetake family. The
dimension two case is also due to Baker and Ebert [§]. Kantor and Williams have constructed
large numbers of flag-transitive affine planes of even order arising from symplectic spreads in
[277, 32]. The dimensions of these planes over their kernels are odd. It remains open whether
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there is a non-Desarguesian flag-transitive affine plane of even order whose dimension over its
kernel is even and greater than 2. Prince has completed the determination of all the flag-
transitive affine planes of order at most 125 in [42], and there are only the known ones.

Except for the Lineburg planes and the Hering plane of order 27, all the known finite
non-Desarguesian flag-transitive affine planes have a translation complement which contains
a linear cyclic subgroup that either is transitive or has two equal-sized orbits on the line at
infinity. Under a mild number-theoretic condition involving the order and dimension of the
plane (see Lemma Bl below), it can be shown that one of these actions must occur. We call
flag-transitive planes of the first kind C-planes and those of the second kind H-planes, and
call the corresponding spreads of type C and type H respectively. There has been extensive
study on these two types of planes in the literature. In the case the plane has odd order and
dimension two or three over its kernel, it has been shown that the known examples are the
only possibilities for either of these two types, see [5 [6 [7, O, (10, 22]. The classification takes
a geometric approach by making use of the intersection of the corresponding spread with the
orbits of a certain Singer subgroup and considering relevant Baer subgeometry partitions.

In the study of finite flag-transitive projective planes, deep results from finite group theory
are invoked and considerable progress has been made towards a complete classification, cf.
[28, [45] 46]. In contrast, the affine case is more of a combinatorial flavor, and a complete
classification seems far out of reach. In this paper, we show that there is a broader connection
between flag-transitive affine planes and other combinatorial objects than that is previously
known. This will lead us to new characterization results on such planes by making use of the
deep results already obtained in other circumstances. To be specific, in Section 3 we develop
a new approach to the study of such planes by associating them with planar functions and
permutation polynomials in the odd order and even order case respectively. In the odd order
case, this new approach allows us to characterize the Kantor-Suetake family by making use
of Menichetti’s classification of generalized twisted fields in [37, [38]. In particular, the cases
of dimension two and three over their kernels follow as a consequence. In Section 4 we will
consider the nuclei of the associated commutative semifields and study planar functions that
correspond to rank two commutative semifields by the classification results of such semifields
by Blokhuis, Lavrauw and Ball in [14] [33]. In the even order case, we will develop a technique
to study permutation polynomials of DO type by quadratic forms and characterize such planes
that have dimensions up to four over their kernels in Section 5. This is the first characterization
result in the even order case to our knowledge.

2. PRELIMINARIES

A finite presemifield S is a finite ring with no zero-divisors such that both the left and right
distributive laws hold. If further it contains a multiplicative identity, then we call S a semifield.
The additive group of a finite presemifield is necessarily an elementary abelian p-group for some
prime p, so it is conventional to identify (S, +) as the additive group of the finite field F, with
q = |S] elements. Two presemifields S; = (F,,+,*) and Sy = (F,, +, *) are isotopic if there
exist three linear bijections L, M, N from (F,, +) to itself such that M(x) * N(y) = L(z x y)
for all x,y € [F,. In this case, we call S; an isotope of Sy and vice versa. For a presemifield
S = (F,, +, ), fix any e # 0 and define a new multiplication o by (z*e)o (exy) =z *y. Then
S" = (F,,+,0) is a semifield with multiplicative identity e * e that is isotopic to S.

Let S = (F,, +, %) be a commutative semifield. Its middle nucleus N,,(S) and nucleus N'(.S)
are defined respectively as follows:

Non(S)={a €F,: (x*a)xy=xx*(axy) forall z,y},
N(S)={aeF,: (a*xx)*y=ax*(xx*y)forall z,y}.
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Both N,,,(S) and NV(S) are finite fields, and we can regard S as a vector space over N,,(5).
For more details, please refer to [26] or the surveys in [40, Chapter 9] and [34].

A rank two commutative semifield (RTCS for short) is a commutative semifield that is of rank
at most two over its middle nucleus. A finite field is a RTCS by definition, and other known ex-
amples include: Dickson semifields [21], Cohen-Ganley semifields [15] and the Penttila-Williams
semifield [41]. They have close connections with many central objects in finite geometry, cf.
[T, 34]. The following approach to RTCS is due to Cohen and Ganley [15].

Theorem 2.1. Let q be odd, and firt € F2 \F,. Let f, g : F, — F, be two functions. The
algebraic system S(g, f) = (Fp2,+, 0) with multiplication

(xt +y)o (ut +v) = (xv + yu+ g(au))t + yv + f(au) (2.1)
is a RTCS if and only if f, g are linear and g(x)? + 4z f(x) is a nonsquare for x # 0.

In this manner, the Dickson semifield can be described as S(g, f) with g(z) = 0 and f(z) =
mz?, where ¢ is odd, o is an automorphism of F,, and m is a nonsquare. It is clear that a
different choice of ¢ in the theorem lead to an isotopic semifield. In the following theorem we
collect some characterization results of Dickson semifields among all RTCSs.

Theorem 2.2 ([14, B3]). Let S be a RTCS of order p*, p an odd prime. If the nucleus
N(S) = F,, and p™ = ¢°, then S is isotopic to either a finite field or a Dickson semifield if
p>2m%—(4—2V3)n+ (3-2V3), ¢>4s>—8s+2 ors = 3.

A polynomial f(X) € F,[X] is reduced if deg(f) < ¢ — 1. It is well known that any function
f: F, — FF, is uniquely representable by a reduced polynomial in F,[X], i.e., there exists a
unique reduced polynomial g(X) € F,[X] such that f(x) = g(x) for all x € F,. We will write
f(X) and f(z) when we regard f as a polynomial and a function respectively. A polynomial
of the form L(X) = Y7 a; X9 with coefficients a;’s in Fyn is called a g-polynomial over F .
If ¢ is not specified in the context, then it is also called a linearized polynomial. If L(X) is a
reduced linearized polynomial over F,., then the map = — L(z) is F -linear if and only L(X)
is a g-polynomial. If a subspace U is in the kernel of L, then Ly(X) = [[,.,(X —a) is a
linearized polynomial, and there is a linearized polynomial R such that L(X) = R(Ly (X)), cf.

[35, Theorem 3.52, Theorem 3.62]. For a g-polynomial L(X) = Z?:_(]l d; X7, define its adjoint
polynomial as ﬂ(X ) = Ztol dng 4" and its associated matrix as

do di - dnp
A, dd e dl

Y (2.2)
d({nfl dgn71 L dgn71

The following lemma is well-known, and we sketch a proof.

Lemma 2.3. If L(X) = Z?:_Ol d; X9 € Fyu[X], then the kernel of the F,-linear map x — L(z)
from Fn to itself has dimension n — rank(M), where M is as defined in ([2.2)).

Proof. Take {to,t1,--- ,t,—1} to be a basis of Fyn over F,, and let 7" be the n x n matrix whose
(1,7)-th entry is t?l for 0 <i,j7 <n—1. By [35] Lemma 3.51], T" is invertible. It is routine to
check that (T*MT); ; = Trg,. r, (t:iL(t;)) and (MTx"); = L(z)?, where x = (20,21, ,Zn_1) €
F? and @ = woto + 1t + -+ - 4+ Zp_1tp1 € Fgn. It follows that L(x) = 0 if and only if x" is in
the null space of T*MT. The matrix T*MT has all its entries in F,, so its rank over F, and
F,» are the same. The conclusion now follows. O]

A function f: F, — F, is a planar function if x — f(x +a) — f(x) — f(a) is a permutation
of IF, for any a # 0. It is known that there are no planar functions in even characteristic. A
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Dembowski-Ostrom (or DO) polynomial over a field of characteristic p is a polynomial of the
shape Z cai; XP 2’ If a function f : F, — IF, is representable by a DO polynomial, we call
f a functlon of DO type. Two planar functlons f,g of DO type are equivalent if there exist
linearized polynomials Ly, Ly such that f(x) = Li(g(La(z))) for all z € F,. It is shown in [16]
that there is a close connection between commutative presemifield and planar functions of DO
type: if (Fy, +, %) is a commutative presemifield, then z — x*x is a planar function of DO type
over [F; conversely, if f is a planar function of DO type, then Sy = (F,, +, *) is a commutative
presemifield, where the multiplication is x xy = f(x +vy) — f(z) — f(y). Weng and Hu have
given a characterization of planar functions in terms of the images of f in [48, Theorem 2.3].

Lemma 2.4. Let f : F, — F, be a DO polynomial. Then f is a planar function if and only if
f is 2-to-1, namely, every nonzero element has 0 or 2 preimages.

We shall need the following simple lemma.

Lemma 2.5. Let q be an odd prime power and w be a nonsquare of Fy. If Li(X) and Ly(X)
are linearized polynomials such that Q(x) = Li(x)? — wLy(x)? is a planar function over F,,
then at least one of Ly and Ly is a permutation polynomaial.

Proof. If neither L, nor L, is a permutation, then there exists nonzero elements wuq, us such
that Li(u;) = La(us) = 0. However, this leads to that Q(u; + us) — Q(uq) — Q(us) = 0, which
contradicts the planarity property. O

A quadratic space is a pair (Q), V') where V' is a finite dimensional vector space over F, and
Q : V — F, satisfies that: (1) Q(\v) = XN?Q(v) for all A € F, and v € V; (2) Bg(z,y) :=
Qz +vy) — Q(x) — Q(y) is a bilinear form. If we fix a basis {ey, -+ ,e,} of V over F,, then
flzy, - x,) = QX0 zie;) is a quadratic form in n indeterminants over F,. A different choice
of basis yields an equivalent form, and the rank of () is the minimum number of variables in a
quadratic form induced from @) in this way. The radical of a quadratic space (Q, V') is

rad(Q) :={v eV : Bg(v,z) =0forall z € V}.

In the following theorem we collect the facts about quadratic forms with ¢ even that we shall
need, cf. [40, Theorem 7.2.9] and Section 6.2 of [35].

Theorem 2.6. Let g be even and (Q,V) be a quadratic space over F,. Fixz an element d € F,
such that X* + X +d is irreducible over F,. Write n := dim(V), r = dim(rad(Q)), and denote
by No the number of v € V' such that Q(v) = 0. Then n —r = 2s is even and there is a basis
of V' such that the resulting quadratic form is one of the following:

(1) X9 + X324 + - - - + Tas_1295 (hyperbolic),

(ii) 22 + Ty 29 + doi + T34 + - - - + Tos_ 1795 (elliptic),

(i) 22 + 2129 + - - + Tos_172s (parabolic),
and No = q" 1+ (¢ —1)¢" e, where e = 1, —1, 0 in (i), (i) and (iii) respectively. Moreover,
(111) occurs if and only if Q(rad(Q)) # {0}.

Corollary 2.7. Let q be even and (Q,V') be a quadratic space over F, with dimg, V' =n. Then
the number of v € V' such that Q(v) = 0 is ¢"~1 if and only if Q has odd rank.

Proof. In Theorem 2.6, @) has even rank in case (i) and (ii), and has odd rank in case (iii). O

For n > 1, we define the trace function Trg ./, : Fgn = Fy by Trp . /p, () = 2+ 27 + - +
29" If a function f : Fg — Fu satisfies that f(Azx) = Mf(x) for some positive integer d
and all A € F, and © € Fyn, then we call f(X) a homogeneous polynomial of degree d over

the subfield F,. Such a polynomial f naturally induces a map f : Fr. /F; = Fr. /F; such that

f(z) := f(x) for each 7 = oF;. In the case f is a bijection, we say that f induces a permutation
of . /IF; or simply say that f permutes F}./F;.
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Lemma 2.8. Let Q(X) =3, ; ag X0 € Fpu[X] with q even. Then Q(X) is a permutation
polynomial of o if and only if Q,(x) = Trg_, /r,(yQ(z)) has odd rank fory # 0.

Proof. If Q(X) is a permutation polynomial of F,», then the size of {z : Q,(x) = 0} is equal
to that of {2 : Trg . r,(y2) = 0}, which is g for y # 0. By Corollary 27, the quadratic form
@, has odd rank for each y # 0. This proves the necessary part.

Now assume that @, has odd rank for each y # 0. Since ¢ is even and )(X) is homogeneous
of degree 2 over F,, it is easy to show that Q(X) is a permutation polynomial if and only if it
induces a permutation of the quotient group Fy. / ;. We regard [F,n as a vector space over F,
and identify the elements of I}, /F; with the projective points of PG(n—1, ¢) in the natural way.
Each hyperplane of PG(n — 1,¢) is of the form {«F; : Trg_, ¢, (yz) = 0} for some y # 0, and
Q(z)F; lies on the hyperplane if and only if @, (x) = 0. For each element g € ;.. /F;, we define
n(g) == {r € F./F, : Q(x)F; = g}. For aset U of projective points, write n(U) := >_ i, n(g)-
If H is a hyperplane, then n(H) = qn;—_ll_l by Corollary 27 For a fixed point g € PG(n —1,q),
let Hy,---,Hmn-1_, be the set of hyperplanes containing it. As a multiset, | J, H; covers the

q— 1

q ! times. We thus have

L times and each other point
¢ -1
S s iy
hePG(n—1,q) : q

On the other hand, 3, cpgp_1,9 n(h) = L L It follows that n(g) = 1 for each g. Hence Q(X)
induces a permutation of Fy, / 7, and so 1t permutes F,». This proves the sufficiency part. [

point g exactly <

The above lemma describes how to study the permutation behavior of a polynomial of DO
type via quadratic forms. This is the technique that we will apply in Section 5.

3. A FUNCTION APPROACH TO C-PLANES AND H-PLANES

Let ¢ be a prime power, n > 2 be an integer, and regard the finite field Fpn as a 2n-
dimensional vector space over F,. Let v be a primitive element of F2n and let o : x + 2? be the
Frobenius automorphism. For each a € F,,, we use ©(a) for the linear map from Fgon to itself
that maps x to az. The group (©(7)) is a Singer group, and I'L(1,¢*") = (O(7)) x Aut(F2x).
Let S be a spread with ambient space (F,2n, +) and kernel F,. The associated affine plane II(S)
is flag-transitive if and only if Aut(S) is transitive on the components. If further Aut(S) is
solvable, then it is isomorphic to a subgroup of I'L(1, ¢**). After taking an isomorphic spread if
necessary, we assume that Aut(S) is a subgroup of (O(7)) x Aut(Fn). If the Singer subgroup
Aut(S)N(O(y)) has order L= +1 or ¢" + 1 respectively, then we call S a spread of type H or type
C and the corresponding plane II(S) a H-plane or a C-plane respectively. All the known flag-
transitive affine planes with a solvable full collineation group are either C-planes or H-planes,
and there are no other such planes of order at most 125. The following result summarizes
Lemma 1 and the subsequent comments in [22], restricting to the solvable case.

Lemma 3.1. Let ¢ = p® with p prime and n > 2 be an integer. If S is a spread of (Fpn, +)
with kernel F, such that Aut(S) is solvable and transitive on the components, then S is either of
type H or of type C provided that gcd(q—Jrl ne) = 1 in the case p is odd and ged(q™ +1,ne) =1
wm the case p = 2.

The above lemma indicates that C-planes and H-planes are the only possibilities under a mild
number theoretical condition in the solvable case, and it is an open problem whether the ged
condition can be dropped. In this paper, we will focus on C-planes and H-planes. Throughout
the paper, we fix the following notation. Take [ to be an element of order (¢" 4+ 1)(¢ — 1). Let
S be a spread of type H or type C such that Aut(S)N{(O(7)) = (O(5?%)) or (O(B)) respectively.
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Let W be a component of S, so that S = {g(W) : g € Aut(S)}. Since the number of Fn-
subspaces of F 2 is ¢" + 1, there exists § € Fy2n \ Fyn such that W N Fyn - § = {0}. From the
decomposition Fyen = Fgn @ Fgn - 9, we can write the F,-subspace W as follows:

W={zx+d L(x): x €Fpm}, (3.1)
where L(X) € F;»[X] is a reduced ¢-polynomial. We also define
Q(X) = (X +0L(X)) - (X + 67 L(X)), (3.2)
which is a DO polynomial over F,». The following is our key lemma.

Lemma 3.2. Take notation as above, and let W be the F,-subspace in (B.1)).

(1) If q is odd, then the orbit of W under the group (©(3%)) forms a partial spread if and
only if Q(x) is a planar function over Fn.

(2) If q is odd, then the orbit of W under the group (©(f)) forms a spread if and only if
r +— Q(x) induces a permutation of I}, /IF;.

(3) If q is even, then the orbit of W under the group (©(f5)) forms a spread if and only if
x — Q(x) is a permutation of Fyn.

Proof. We first prove (1). The orbit of W under (©(/3?)) forms a partial spread if and only if the
following holds: y + dL(y) = f*(z + 0 L(x)) # 0 occurs only in the case > € F} and y = % x.
First assume that we get a partial spread from W as described. If Q(z) = Q(y) for xy # 0, then
st = 1, where s, = zigég)) Since 51 € (?), it follows from our assumption that s; € F,
and y = s;x. Since ged(¢" + 1,9 — 1) = 2, we get s2 = 1, i.e., s; = £1. We thus have shown
that x — Q(z) is 2-to-1, and it follows that @Q(x) is planar by Lemma 2.4l Conversely, assume
that Q(x) is a planar function. If y + 6L(y) = f*(x + 6L(x)) # 0, then taking norm we get
Q(y) = pAa"+ViQ(z) = Q(B"+Viz). It follows from Lemma A that y = 4" +Yiz. Plugging
this into y 4+ 0L(y), we get 3" T = g% This gives that 5%~ =1, ie., f% € Fi,. It is
easy to show that (%) N}, = F;, so 8% € F;. The conclusion now follows.

We next prove (2). Since Q(Az) = A\?Q(z) for A € F,, the map = — Q(z) induces a function
from F}, /FZ to itself. Observe that (3) is the set of elements in IF;% whose relative norm to
Fgn is in F}. The orbit of W under (©(f3)) forms a spread if and only if the following holds:
y+0L(y) = f'(x+0L(x)) # 0 occurs only in the case 3' € F} and y = 'z. First assume that we
get a spread from W as described. If Q(x)/Q(y) € F; for xy # 0, then y+0L(y) = s1(z+L(7))
for some s, € (f). It follows that s, € F; and y = s;z. Hence Q(x) permutes F}./F;.
Conversely, assume that Q(x) permutes Fy., /F;. If y + 0L(y) = '(z + 6 L(x)) # 0, then taking
norm we get Q(y)/Q(z) = /T4 € F;. It follows that y/z € F, and the conclusion follows.

The claim (3) can be proved similarly, and we omit the details. O

Corollary 3.3. Let W be the F,-subspace in [B1), and assume that g and n are odd. If the
orbit of W under (O(5%)) forms a partial spread, then its orbit under (9(3)) forms a spread of
type C.

Proof. By the previous lemma, we see that Q(z) is a planar function, and so z — Q(z) is 2-to-1
by Lemma 24l Denote by D the image set {Q(z) : = # 0}, and write E for its complement
in ;.. For a nonsquare A € F;, we have £ = X - D by [48, Proposition 3.6]. In particular,
Q(y)/Q(x) € F; implies that Q(y)/Q(z) = u® for some u € F;. The 2-to-1 property of @ then
gives that y/x = fu € F;. This shows that Q(x) permutes F},/F;. The claim then follows
from claim (2) in Lemma O

Theorem 3.4. There is no type C spread with ambient space (Fpn, +) and kernel Fy, when n
1s even and q s odd.
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Proof. We take notation introduced preceding Lemma and prove by contradiction. By
claim (2) in Lemma .21 z +— Q(z) induces a permutation of F},/F;. By [48, Lemma 3.3},
Trp, .k, (Q(7)) is a nondegenerate quadratic form over F,. By [35, Theorem 6.26], the number
No = #{x € Fgn : Trg . /r,(Q(x)) = 0} is equal to ¢"~* & (¢ — 1)¢™/*7*. On the other hand,
No = #{y € Fpn : Trpyr,(y) = 0} = ¢"~! by the fact that Q(z) permutes Fy. /. This
contradiction completes the proof. O

In the case ¢ is odd, we may further restrict the form of W.

Lemma 3.5. Let S be a spread such that Aut(S) N (O(v)) contains (O(5%)), and let W be a
component. If q is odd and 67"~ = —1, then W intersects Fyn or Fyn - 0 trivially.

Proof. From the decomposition Fpzn = Fpn & Fyn - 0, we can write W = {L;(x) + dLo(x) :
x € Fypn} for some ¢"-polynomials Li(X), Lo(X). The argument in Lemma shows that
Q(z) = Li(x)* — 6®Ly(x)? is planar. By Lemma 23] at least one of Ly, L, is a permutation,
and correspondingly W intersects one of F,n and Fy» - ¢ trivially. U

Remark 3.6. In Lemmal3.3, if Aut(S) is transitive, then 8" = {g(d- W) : g € O(J) - Aut(S) -
O(6)7'} is a spread isomorphic to S and Aut(S’) contains (©(5%)). So after replacing W by
§ - W if necessary, we always assume that 69"~ = —1 in [BI)) in the case q is odd.

The Kantor-Suetake family constitutes a major part of the known non-Desarguesian flag-
transitive affine planes of odd order. As a first application of our new approach, we give a
characterization of this important family based on the following result of Menichetti. Please
refer to [II 26] for details on generalized twisted fields.

Theorem 3.7. [37, B8] Let S be a finite semifield of prime dimension n over the nucleus IF,,.
Then there is an integer v(n) such that if ¢ > v(n) then S is isotopic to a finite field or a
generalized twisted field. Moreover, we have v(3) = 0.

By [26], Proposition 11.31], which is essentially due to Albert [2] 3], a generalized twisted field
that has a commutative isotope must be isotopic to the commutative presemifield defined by
a planar function z'**" over F,e, where 1 < a < n — 1 and e/ ged(e, @) is odd. The following

result characterizes planar functions whose associated presemifield is isotopic to a commutative
twisted field or a finite field, see [16, Corollaries 3.9, 3.10].

Lemma 3.8. Let p be an odd prime and q = p°. Let f be a planar function of DO type over
F, and Sy = (F,,+, %) be the associated presemifield with xxy = f(xr+y)— f(x) — f(y). There
exist linearized permutation polynomials My and My such that
(1) 4f Sy is isotopic to a finite field, then f(My(x)) = My(2?) for x € Fy;
(2) if S} is isotopic to a commutative twisted field, then f(Ma(z)) = My(a?" ) for x € F,
where « is an integer such that 1 < a <e—1 and e/ ged(e, ) is odd.

Lemma 3.9. Let n be an odd prime, v(n) be as in Theorem [3.77, and let q be an odd prime
power such that ¢ > v(n). Suppose that the orbit of W = {x + 6 - L(x) : © € Fpn} under
(©(8?%)) forms a partial spread, where 67"~ = —1 and L(X) is a g-polynomial over Fyn. Then
W={a (r+udz?): x €Fp} for some o € Fra, uw € Fgn and 0 <0 <n—1.

Proof. By LemmaB.2, Q(x) = 2% —§?L(x)? is a planar function. By Theorem 3.7} the associated
presemifield Sg is isotopic to a finite field or a commutative twisted field under the conditions
in the lemma. By Lemma [B.8 there are reduced linearized permutation polynomials M;, Mo
such that

M (X?) = My(X)? — 6*L(My(X))*  (mod X7 — X), (3.3)
or

M (XYY = My(X)? — 82L(My(X))?  (mod X7 — X), (3.4)
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where ¢ = p® with p prime, 1 < a < ne — 1 and = is odd. Write My(X) = Z?:eo_l a; X7,
L(My(X)) = 30 0 X7 (mod X" — X), and set T = {i: a; #0}, J = {i: b # 0}.

Comparing coefficients of %" in (Bd)), we see that 0 = a? — 02b? for 0 < i < ne — 1. Since
62 is a nonsquare in [, all the a;’s and b;’s are zero. This contradicts the assumption that
M, is a permutation polynomial, so (.4 can not occur. It remains to check ([3:3)). We look at
the coefficients of :)sp“rpj, 0 <i < j<ne—1, on both sides and get a;a; = §*b;b;. If |[I| > 2 or
|J| > 2, then it is easy to deduce that I = J. If both I and J have size at most 1, then L is a
monomial and W takes the desired form with a = 1. We assume that I = J and they have size
at least two below. In this case, for any distinct 4, € I, exactly one of {a;b; ajbj_l} is a square
and the other is a nonsquare, since 62 is a nonsquare in F7.. This is only possible when |I] = 2.
Therefore, My(X) = aX?" +bX?" | L(My(X)) = cX?" 4+ dX?" for some 0 < k < £ < ne —1 and
a,b,c,d € F, such that ab = 6%cd. Since z +— My(x) is a permutation, the elements of W can
be written as

My(2) + 6 - L(Msy(2)) = (a+6¢c) - (y + 6da™ 'y "), y = 2*".
Since W is a FF,-linear subspace, p‘~* is a power of ¢. This completes the proof. O

Remark 3.10. Let q be an odd prime power, w be a nonsquare of F,, and N > 1 be an integer.
Let a = (ag,ay--- ,ay_1) and b = (by, by, -+ ,by_1) be two sequences consisting of elements in
F,, and define their supports as I = {i : a; # 0}, I, = {i : b; # 0} respectively. As in the
proof of Lemma[3.9, we can show that: if a;a; = wb;b; for any distinct i, j, then either both
|I1| and |I5| have size at most one or I = Iy and both have size 2.

Theorem 3.11. Let n be an odd prime, v(n) be as in Theorem[3.77, and let q be an odd prime
power such that ¢ > v(n). A type C spread S of (Fen,+) with kernel F, is isomorphic to the
orbit of W = {z+6-29 : 2 € Fpu} under (8(B)) for some § and i such that 67" ~' = —1,
1<i<n-—1andged(in)=1.

Proof. Let W be a component of S such that & is the orbit of W under the Singer subgroup
(©(8)). By the remark following Lemma [3.5] up to isomorphism W = {x+¢'L(x) : = € F,n} for
some g-polynomial L(X) and ¢’ such that 67" ~! = —1. By LemmaB9 W = {a - (z +ud'z?) :
x € Fyn} for some o € F7,, and u € Fy,.. Its orbit under (©(3)) is a spread isomorphic to the
one described in the theorem with § = wd’. The kernel contains the fixed subfield of = — 27,
so we have ged(i,n) = 1. O

Theorem 3.12. Let n be an odd prime, v(n) be as in Theorem[3.77, and let q be an odd prime
power such that ¢ > v(n). A type H spread S of (F,en,+) with kernel F, is isomorphic to the
orbit of {x + 629" : x € Fyn} under the group A generated by (O(52)) and o : z — 029", where
1<k<n-—1,ged(k,n) =1, 67" = -1, p+aI" =D = 1 and n is a nonsquare.

Proof. Write ¢ = p© with p prime. By Lemma[3.9] under the conditions in the theorem a spread
S of type H is isomorphic to the orbit of W = {x + 0 - 27 : © € F;n} under Aut(S), where
071 = —1,7=¢" with1 <k <n-—1and ged(k,n) = 1, and Aut(S) N (O(7)) = (O(5?%)).
There exists 1 € Aut(S) that permutes the two (©(/3?))-orbits by the transitivity of Aut(S) on
the components, so the spread S consists of the orbit of W under the subgroup A := (0(3?), ).
By elementary group theory,

Aut(8)/(0(8%)) = Aut(S) - (8(7))/(0(7)) < (O(7)) x Aut(Fyzn)/(O(7)) 22 Aut(Fgen).
Since any odd power of v also permutes the two (©(5?))-orbits, we can assume that the order
of 1 € Aut(S)/(6(5?) is a power of 2. Write 1(z) = 727, where 0 = p* (1 < ¢ < 2ne — 1) and
n € Fp,,. We now derive conditions on ¢ to guarantee that the orbit of W under the subgroup
A forms a spread. To be specific, we need to make sure the following hold:
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(1) Y2(W) = g% - W for some i, since ¥? stabilizes the (©(3?))-orbits;
(2) (W) intersects each of 8% - W, 0 < i < L1 trivially.

We fist consider the condition (1). Assume that *(W) = % . W for some . This means
that for each 2 € Fn, there exists y € Fyn such that n'* (z + 5:57)02 = B%(y + oy"). Write
n'tB7% = u + v for some u,v € Fyn. Expanding and comparing the coefficients of the
basis {1,8}, we get y = ua® + 067 T a™" y™ = ud” "1z™" + vz . Canceling out y, we see
that (u” — ud” ~1)z™" + 0767t g7 — yzo® = 0 for all 2. Hence, the reduced polynomial
(U™ —ud” X7 47D X X (mod X" — X) is the zero polynomial. Since 7 # 1
and n is odd, the reduced monomial X° (mod X" — X) occurs only once. This gives v = 0,
and the remaining coefficient gives u™~! = 571, Raising both sides of n'*737% = 4 to the
g™+ 1)(7 — 1)-st power, we get n(@" +DT=D1+0)/2 — 4 7=1 50 it must hold that

77(1+q")(7'—1)(1+0)/2 _ 502—1. (3.5)

Conversely, if ([3.5) is true, then (1) holds with 5% = 1=4")(1+9)/2 by direct check. To summa-
rize, we have shown that (1) holds if and only if (B3] holds.

We claim that ged(e,£) = 7, 80" V% = —1 and y+) = 20D, where r = ged(e, 26),
and 6y = §2@"~V/@=1) By raising both sides of (3.5)) to the (q _1> _th power we get 5(192‘—1 /2 _

1. Tt follows from ged(p* — 1,p¢ — 1) = p" — 1 that 5 ' = 1. On the other hand 5% is a
nonsquare in F},, so 5817 D2 — _1. Now, we see that 0y has order dividing gcd( Lpr—1)

which is equal to either p"—1 or (p —1)/2. The latter case will not occur, since it Would lead to

v L 22_1, which is the case only if 2¢/r is even,

the contradiction 5(,, = 1. Hence p" —1 divides

i.e., r|¢. This shows that r = ged(e, ¢) and 5(()p7'_1)/2 = —1. It is clear that ¢ := ged (%, "TH)

divides ged(pm® —1, p*" —1) = peedme2n) 1 — 71 50 it also divides ged(p™ —1,p’ +1) = 2.
On the other hand, % is odd, so g = 1. It follows from (B.5) that n(+a)r—1) = §2=1),

We now consider the condition (2). Recall that (5) is the set of elements of I}, whose relative
norm to Fgn is in ;. The condition amounts to that 7'™*"Q(z)” = A*Q(y) does not hold for
any z,y € Fi, and X € F};, where Q is as defined in (82). By expanding 7' ™" Q(z)” = A?Q(y)
and rearranging terms, we get Y = 6*Y7 with Y = n'T4" 227 — \?y? € F,.. Here we have
made use of the fact that n(1t9")(=1 = §2@=1 If Y =£ 0, then Y7 is a square while §2 is
not, which is impossible. We thus must have Y = 0. It is clear that ¥ = 0 has a solution
(z,y,A) € Fy. x Fr. x F if and only if n't" is a square in F7.. To summarize, (2) holds only
if n'T7" is a nonsquare in F,

Let €’ be the highest power of 2 that divides e. It follows from r = ged(e, £) = ged(e, 2¢) that
e/r is odd, i.e., ¢'|r. Hence ¢ is a multiple of ¢/. Recall that the order of v is a power of 2, so ¢
is a multiple of ne. On the other hand, 0 < ¢ < 2ne implies that ¢ = ne. In this case, r = e,
and the conditions reduce to the same as stated in the theorem.

The sufficiency part of the theorem is shown in [29] [3T]. O

The spreads described in Theorem [B.11] and Theorem are due to Kantor and Suetake
[29, 31]. The case n = 3 has been characterized by Baker and Ebert et al in a series of papers
[5, @, [7, 10] by a geometric approach. It is well-known that a two-dimensional finite semifield
is a finite field [20], so the same arguments in this section can be applied to characterize the
case n = 2 which has been dealt with in [9].

4. PLANAR FUNCTIONS OF THE FORM L(1)? — wa?

In Section Bl we have shown that C-planes and H-planes of odd order have close connections
with planar functions of the form X?—§?L(X)? over F,n, where §"~' = —1. In this section, we
study the properties of the commutative semifields associated with such planar functions and
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determine the planarity of functions of particular forms. Throughout this section, we shall fix
the following notation. For convenience, we write alternatively Q(X) = L(X)? — wX?, where
w(=67?) is a nonsquare in F» and L(X) is a reduced g-polynomial such that

{NeF,: L(Ax) = A\L(z) for all z € Fjn } = F, (4.1)
Assume that Q(X) is a planar function over F;». Then

v 5 @G +1) - Q) — Q) = L)L) — w

is a F -linear bijection of Fy» by definition. Let L; be its inverse under composition, which is
also F,-linear. Denote by Sg = (F,n, +, 0) the associated semifield with multiplication

zoy = L(Li(x))L(L1(y)) — wli(z)La(y), (4.2)

The multiplicative identity is eq = L(1)?—w, and N (Sg) contains F,-eq. We have (aeg)oz = az
for a € F, and z € Fyn. Let ¢™ and ¢" be the sizes of NV,,(Sg) and N (Sg) respectively.

We now explicitly construct a commutative isotope of Sg that has Fym as the middle nucleus.
For each x € Sp, let R, be the F,-linear map over (Fy»,+) such that R,(2) = zox. For
u € N;u(Sg) and @ > 1, we use u®* for the product of i copies of u under the multiplication
o, and set u®® := eg. Let 2’ be a fixed primitive element of F,» with minimal polynomial
X7 4+ e X over F,. The map a + aeg is a field isomorphism between (I, +,-) and
(F, - eq,+,0), and it naturally extends to a ring isomorphism between their polynomial rings.
Therefore, there exists a primitive element z € N,,(Sg) such that 2°™ + 37" !(cieq) 0 2% = 0.
Let {fi =eq.for++, faym} and {f{ =1, f3---, f,,,} be a basis of (F¢n, +) over N, (Sq) and

F,m respectively. Now define a [F-linear map ¢ : (Fyn,+) — (F,n, +) such that
V() =2"0f;, 0<i<m-—1,1<j<n/m.

Here, F,-linearity means that ¢)(Az) = A\(z) for A € F, and x € Fjn. The map 1) is a bijection
and has the properties: (1) The restriction 9|, is a field isomorphism between F,m and
Nin(Sq); (2) ¥(az) = ¥(a) o ¥(x), Le., Y Ry (x) = az, for a € Fym and x € Fgn. By the
definition of the nucleus, Ryg)Ry@) = Ry Rew) for a € Fyr and y € Fgn, s0 ' Ryt
is Fyr-linear for each y by (2). On the other hand, ¥~ (¢ (y) o ¥(x)) = ' Ryuyv(z) is
symmetric in z,y, so it is F-linear in both z and y. Therefore, ¥~ (¥ (y) o ¥(x)) = x *x v,
where = g y = Z” cij:vq”yqrj for some constants c;;’s such that c¢;; = c¢;;. It follows that
Y(z) o(y) = ¥(z *x y) and also a *x x = ax for a € Fym by (2). The algebraic system
Sk = (Fyn,+, %) is a semifield isotopic to Sg, and its middle nucleus is Fm.

We write K (X) = Z%:)l ci; X497 5o that K () = g x for & € Fyn. Let My (X), My(X)
be the reduced ¢-polynomials s.t. M;(z) = L(Li(¢(z))) and My(x) = Li(¢(z)) for © € Fyn
respectively. Applying the map = — L(1)L(x) — wz to both sides of My(x) = Li(¢(x)), we get
W(x) = L(1)M;y(x) — wMs(x). Now ¢(x) o h(x) = 1p(x %k x) takes the form

My (X)? — wMy(X)? = LM (K(X)) — wMy(K(X)) (mod X7 — X).  (4.3)

Lemma 4.1. Let q be an odd prime power, n > 2 be an integer, and w be a nonsquare in
Fn. Suppose that L(X) is a reduced q-polynomial over F n such that (A1) holds. If Q(z) =
L(z)*—wz? is planar over Fyn, then the semifield Sg = (Fyn, +, o) with multiplication as defined
in ([2) is either isotopic to a finite field or has nucleus equal to F,.

Proof. We use the notation introduced preceding the lemma, and write s = n/r. The semifield
Sq is isotopic to a finite field if and only 7 = n, so we assume that 1 < r < n and try to derive
a contradiction. First we introduce some notation for the proof. For a reduced g-polynomial
f(X) € Fn[X], we have a unique decomposition

FX) = fo(X) + (X)) + -+ fra(XT

1

),
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where the f;’s are reduced ¢"-polynomials. We call it the ¢"-decomposition of f, and call f; the
i-th component. For t € {1,2}, write M;(X) = Z;:Ol a;; X7, and define

I ={0<i<r—1:o0neof a, Girt,  ,Ait(s—1)r; IS NONZETO}.

We comment that ¢ € [; if and only if M; has a nonzero i-th component in its ¢"-decomposition.
Since M is a permutation and L is not the zero polynomial, both I; and I, are nonempty.
Observe that for i # j (mod r), the coefficient of X7+ is zero on the right hand side of (Z3)),
so we have a;1a;1 = wa;pajo from the left hand side. We can pick two subsequences of length r
whose supports are I; and I from the coefficients of M;(X) and M(X) respectively, satisfying
the conditions in Remark It follows that each of I; and I5 has size at most 2 and I; = I,
when one of them has size 2.

We first consider the case |I;| = |I| = 1. In this case, we have M;(X) = Uy(X?") for
t € {1,2}, where U; and U are ¢"-polynomials, and 0 < 7y, ro < 7 — 1. Set r3 1= r; — 19
(mod 7). Since M;(X) = L(My(X)) (mod X7 —X), the ¢"-decomposition of L(X) has exactly
one nonzero component, namely the r3-rd. We have r3 # 0: otherwise L(X) is ¢"-polynomial,
contradicting (AI)). By comparing exponents of the monomials in [{3), we get M;(z)* =
L(1)M;(K(x)) and My(z)* = My(K(x)) for x € Fn. Applying L to both sides of the second
equation, we get L(My(z)?) = M;(K(x)). Recall that x — M(x) = Ly(1)(z)) is a permutation.
By setting z := Ms(x) and combining L(Ms(x)?) = M, (K (x)) with the first equation, we get
L(2)? = L(1)L(2%). Tt follows that L(X) is a monomial and Sp is isotopic to a finite field,
contradicting our assumption.

We next consider the case [T = Iy = {ry,r2}, where 0 < r; < ry < r — 1. In this case, we
have the ¢"-decomposition M;(X) = A(X?") + B(X9?), My(X) = C(X9") + D(X9?), where
A, B,C, D are reduced ¢"-polynomials neither of which is the zero polynomial. Plugging them
into (A3]) and again by comparing exponents of monomials, we get

AXT)B(XT?) = wC (X" )D(XT?), (4.4)
AXTY?2 —wC(X7)? = LHAK(X)7") —wC(K (X)) (mod X7 — X), (4.5)
B(X7*)? —wD(X7*)? = L(1)B(K(X))"* —wD(K(X)??) (mod X" — X). (4.6)

The equation (Z4)) holds without modulo X" — X since both sides have degree at most 2¢" ! <
q" — 1. If the coefficient of X @“in B (X)) is nonzero, then by considering the coefficients of the
monomials { X7+ 0 < i < s —1} on both sides of [{4), we see that A and C' differs
by a constant. That is, A(X) = A\C(X), B(X) = A 'wD(X) for some A # 0. Canceling A and
B from ([@.5) and (6] by substitution, we get

r

(AL(1) = w) - C(K(2)"") = (X = w) - C(a"")?, (4.7)
(A = AL(1)) - D(K(2)"*) = (A = w) - D(a")2.

Since w is a nonsquare, A\* —w # 0. It follows that AL(1) —w and A\ — AL(1) are both nonzero.
By expansion using the ¢™-decomposition of M7, My, we have

My(x)* — wMy(z)? = A\ —w) - (C(x7")* = X 2wD(277?)?).

The map = — Q(My(z)) = Mi(x)> — wMsy(x)? is a planar function of DO type equivalent to
@, so at least one of C, D is a permutation polynomial by Lemma 25 If C'is a permutation
polynomial, then we substitute = + y, x, y into (A7) and take their linear combination to get
aC((z*xx y)T") = (aC(x7)) - (1C(y?")), where ¢; = W Here, we have used the fact
that K(z +vy) — K(z) — K(y) = 2(x %k y). This shows that Sk is isotopic to a finite field,
contradicting our assumption. The case D is a permutation polynomial leads to the same
contradiction. This completes the proof. 0J
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The size of the nucleus is an invariant under isotopism and provides a measure for the non-
associativity of a commutative semifield. Lemma (.1l suggests that the associated semifield Sg
of a planar function () of the form described in the lemma behaves in two extremes: the size
of its nucleus is either the maximum possible or the minimum possible. The planar functions
that have associated semifields isotopic to a finite field have been characterized in [16], and
those of the prescribed form is implicitly described in Lemma 3.9l This provides some evidence
to the conjecture that the planar functions of this form are all known. There is not much that
we can say about the middle nucleus. In [I§], the authors have studied the equivalent forms
of planar functions whose corresponding commutative semifields have specified nuclei. We deal
with the planar functions of our special form in the following lemma.

Lemma 4.2. Let ¢ be odd, n > 2 be an integer, and w be a nonsquare in Fyn. Let L(X) be
a reduced q-polynomial over Fn such that (@) holds. Assume that Q(X) = L(X)* — wX? is
planar over Fyn and the semifield Sg = (Fyn, +, o) with multiplication as in [L2) has a middle
nucleus of size ¢™ with 1 < m < n. Then Q(X) is equivalent to either

(i) A(X)? —w' X", with ged(k,m) =1, w' a nonsquare and A(x) a ¢™-polynomial, or
(i) (L()X 4+ T1(A) + R(A))2 —w (X +To(A) + L(l)w‘lR(A))2, where A = X9" — X,
To, Ty are q"-polynomial and R is a nonzero q-polynomial.

Proof. Take the same notation as in the proof of Lemma [1] and write s = n/m. Let M (X) =
S0 fi(XT) and My(X) = 32770 gi(X9) be their ¢™-decompositions respectively, where the
fi’s and g¢;’s are reduced ¢"-polynomials. Set Iy = {i : f; # 0} and I, = {i: g; # 0}. Both [
and I, are non-empty subsets of {0,1,---,s—1}.

For a € Fym, we have K(a) = a xx a = a?, so [@3) gives that M;i(a)? — wMs(a)?* =
L(1)M;(a?) — wMs(a?). In other words,

M;(X)? —wMy(X)? = L(1)M;(X?) — wMy(X?) (mod X" — X). (4.9)
It is similar to (83) and the same argument using Remark show that either

(1) My(X) =, X9 4+ ,X7 and My(X) = ¢3X7 + ¢,X9 (mod X" — X), or

(2) M(X) =, X9 and My(X) =, X9 (mod X" — X),
where 0 < k, [, u,v < m—1, k <, the ¢;'s and ¢’s are constants with ¢;co = wesey # 0. Notice
that ¢, # 0, since M5(X) is a permutation polynomial over Fyn. If ¢f = 0, then we set u = v for
uniform treatment. The monomials in M;(X) (mod X?" — X) correspond to the components
of My(X) in its ¢™-decomposition for ¢ € {1,2}, so k,l € I, N I5 in the case (1), v € I5 in the
case (2), and u € I; in the case (2) if ¢} # 0.

In the case (2), after plugging them back into (£9]) and comparing coefficients we get ¢| =
L(1) and ¢y, = 1 if u # v and ? — wc} = L(1)d; — wd, if u=v. Now consider the special case
¢y = 0. We deduce that ¢, = 1, My(a) = a?" for a € Fym, so My maps Fym to Fym bijectively.
On the other hand, L(My(a)) = M;(a) = cja? = 0 for all @ € Fym. This shows that Fym lies in
the kernel of L. Therefore, there exists a g-polynomial R such that L(X) = R(XY" — X), so
Q(X) is of the second form in the lemma. We thus assume that ¢} # 0 in the case (2).

For a € Fym and x € Fyn, we plug 4+ a, z and a into (£3) and take their linear combination
to get Mi(a)M;(x) — wMy(a)My(x) = L(1)M;(ax) — wMs(ax). Here, we have used the fact
K(z) =z % 2 and a xx x = ax for a € Fym. Since both M;(X) and M,(X) are reduced, we
have Mi(a)M;(X) — wMy(a)Ms(X) = L(1)M;(aX) — wMy(aX). By expanding it using the
¢"™-decompositions and comparing exponents of monomials, we get

(My(a) — L(1)a?) f;(X") = w(Ms(a) — a?)gi(X¥), 0<i<s—1. (4.10)

If 4 is an integer such that 0 < i < s — 1 and neither M;(X) — L(1)X? nor My(X) — X7 is
zero modulo X" — X, then we claim that 7 is either in both of I; and I, or in neither of them.
There exists a € Fym such that M;(a) — L(1)a? # 0 by the assumption, so it follows from
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(4.I0) that f; is equal to g; multiplied by a constant. Similarly, g; is equal to f; multiplied by
a constant, so the claim follows.

After these preparations, we are now ready to handle each case separately. In the case (1),
we claim that I, = I, = {k, 1}, My(X) = gp(X9) + g(X) and M, (X) = cic5 gu(X7) +
oy gi(X ). For each 0 < i < s — 1, neither M;(X) — L(1)X? nor My(X) — X7 is zero
modulo X9" — X, so I, = I, by the preceding claim. For i € I, = I, there is a nonzero
constant d; such that g; = d, f; and plugging it in ([@I0) we get

(L(1) — wd)a? = My(a) — wd;Ms(a) = (c1 — wdses)a® + (¢ — wdseq)a® . (4.11)

It is straightforward to check that the right hand side has at least one nonzero coefficient, so
L(1) — wd; # 0. Tt follows that ¢ = k or i = [. Comparing the coefficients of a? in {II) in
the case i = k gives dj, = w™lc; ey = cscy . Similarly, we get d; = cy4c; ' in the case i = . This
proves the claim. We then compute that

Q(Mz(z)) = My(2)? — wMs(2)? = (1 — wd?)gi(x7)? + (1 — wd}) gy (27 ).

Since Q(Ms(x)) is a planar function equivalent to Q(z), one of gx and g, must be a per-
mutation polynomial by Lemma Consider the case g is a permutation polynomial.
With y = gi(2?)? " we have 24" = hy(y?"") for some ¢"-polynomial hy, and so g (z¢) =
g(he(y? )9™") = A(y) for some ¢™-polynomial A. We now have Q(Ma(x)) = (1—wd2)y*?" '+
(1 — wd?)A(y)? with A a ¢™-polynomial, and so Q(z) is equivalent to one of the first form in
the lemma. Since the nucleus of Sq is F, by Lemma 1], we have ged(k —[,m) = 1. The case
g; is a permutation polynomial is dealt with similarly.

In the case (2) with u # v, we claim that I; = {u} and I, = {v}. Recall that ¢| = L(1) # 0,
¢y =1, u € I and v € I, in this case. For each i € {0,1,---,s — 1} \ {u, v}, neither
M;(X)—L(1) X9 nor My(X)—X7 is zero modulo X" — X in this case, so [;\{u,v} = L\{u,v}.
Ifi € 1 \ {u,v} = I\ {u, v}, then there exists a nonzero constant d; such that g; = d, f;, and
[EI0) reduces to (L(1) — wd;)a? = cla?" — wd;chba? . This is impossible since ¢; # 0 and
wd;c¢y # 0. Hence Iy, I are both subsets of {u,v}. By setting i = v in ([@I0), we get f, = 0.
Similarly, g, = 0. This proves the claim. By the same argument in the previous case, Q(x) is
equivalent to one of the first form in the lemma.

Finally, consider the case (2) with v = v and ¢ # 0. In this case, u is in both [; and
I,. As before we have I \ {u} = I\ {u}. If I} = I, = {u}, then from the fact My(X) is
a permutation polynomial and M;(X) = L(M(X)) (mod X9 — X) we deduce that L is a
¢™-polynomial, contradicting (1]). Hence I \ {u} = L\ {u} # (). For t € I\ {u}, there exists
a constant d;, # 0 such that g, = d, f, and @I) reduces to ¢;a? — L(1)a? = wd,(c,a? — a?)
for a € Fm. By comparing coefficients we get L(1) = wd; and ¢ = wd,c,. Together with
A —wd? = L(1)c, — wd,, we deduce that ¢, =1, ¢} = L(1) and d; = L(1)w™!. To sum up, we
have My (X) — g,(X7") = L(Dw Y (My(X) — fu (X)), Mi(X) = L(1) X and My(X) = X"
(mod X" — X). The Fn-linear maps x — f,(z) — L(1)z and = — g,(z) — 2 both have F m in
their kernels, so there exist ¢"-polynomials 77, Tp such that 77 (X" — X) = £,(X)— L(1)X and
To(X9" — X) = g,(X)— X. Meanwhile, M;(X) — f,(X?") has Fm in the kernel, so there exists
a g-polynomial R such that it is equal to R(X?""™" — X49"). We thus have M;(X) = L(1) X" +
Ty (X" — X) 4+ R(X™ — X)), My(X) = X¥ + Tp(X?" — X) + L(Dw ' R(XT™™ — X",
and Q(X) is equivalent to the second form in this case. O

For the rest of this section, we will only consider the simplest cases as a demonstration
of techniques, where the associated semifields are rank two commutative semifields. They
correspond to Case (i) in Lemma .2 with n = 2m. We start with a technical lemma.
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Lemma 4.3. Let q be an odd prime power, m be a positive integer, and take ¢ € Fpm such
that (7" ~' = —1. Let U : Fﬁm — F;’m be the map defined by

U(xoC + 21, yoC + y1) := (191, ToYo, Toy1 + 1Y0), VX0, Z1, Yo, Y1 € Fgm. (4.12)

Then its image set is equal to {(A, B,C) € F3,. : C* —4AB is a square in Fyn}, and ¥(x,y) =
(0,0,0) if and only if =0 ory = 0.

Proof. If (A, B,C) = ¥(z,y) with z = 2o + 21, ¥y = yoC + y1 (2, y; € Fygm), then A = 21y,
B = zoy0, C = xoy1 + 2190, and C* — 4AB = (xoy; — 21Y0)* is a square in Fym. If further
A= B =C =0, then it is straightforward to show that at least one of x and y is 0.
Conversely, suppose that (A, B,C) € Fg’m satisfies that C? —4AB is a square. We can directly
check that W((,B(+ C) = (A,B,C) it A=0and V(1,C(+ A) = (A, B,C) if B =0. Now
assume that AB # 0, and let ¢ be a solution to BX? — CX + A = 0. It is now routine to check
that ¢t € F} and W(¢ +t, B{+ At™") = (A, B, (). O

Lemma 4.4. Suppose that m > 3,1 <k <m—1 and ged(k,m) = 1. Let q be odd and w be a
nonsquare in Fpm. Then Q(X) = (X7 — X)? —wX?" is not planar over Fm.

Proof. Take ¢ € F2m such that (7"~ = —1, and let ¥ be as defined in {{L12). Write z = zo +
x1, y = yol + y1 with z;, y; € Fym, and set (A, B,C) = ¥(z,y). Then Q(x +y) = Q(x) + Q(y)
if and only if

—wA” + (4B — wC B —w(? C? = 0. (4.13)
The left hand side is equal to 3(Q(z +y) — Q(z) — Q(y)). By Lemma B3, Q(x) is planar if and
only if there is no triple (A, B,C) € F2,.\ {(0,0,0)} such that C* —4AB is a square and ([EI3)
holds. To show that Q(z) is not planar, we need to establish the existence of such a triple.

By raising both sides of (£I3]) to the ¢"-th power we get another equation, and together
with ([AI3) we deduce that

AT = 2w +w B - B, 0 =20 (w T — w ") B, (4.14)
We then compute that
(C? —4AB)" = 40" (0 — w7 2B — 4B" (2w +w (B - (BT

= 4C4_2qu2 ((w—l o w—qm)z B 2<w_qm + w_l)Cz(qk_l)qu_l + C4(qk_l)B2(qk_1))

77L

e 4C4—2qu2 ((w —'— g2(qk_1)qu_1)2 o 4w_1_qm> '

Since (? is a nonsquare in Fym and ged(gF —1,¢™ — 1) = ¢ — 1, we need to find z € [y such
that H(z) := (w4 w 9" — (2@ =D 20-1)2 _ 49y=1=4" is a nonsquare. Then by taking B € Fn
such that B?~! = 21 and setting A, C' as in ([AI4]), we get the desired triple. It remains to
establish the existence of such an element.

Let p be the multiplicative character of order two of F}.., i.e., p(z) = if x is a nonzero

square and p(z) = —1 otherwise. We extend it to F = by setting p(0) = 0. Let F,n be the
algebraic closure of Fm. If H(X) = h(X)? for some polynomial h(X) € Fymn [X |, then

(™! 4w = X 4 B(X)) (0 + w

It implies that the two factors on the left hand side both have degree 0, which is impossible.
We can now apply [40, Theorem 6.2.2] to see that | ZZE]F Cp(H(2)| < (2(g—1) = 1)g™2 Tt

is straightforward to check that (2(q — 1) — 1)¢™/? < ¢™ — 1 holds for all ¢ odd and m > 3, so
there exists z € F},. such that H(z) is a nonsquare. This completes the proof. O

77L m

— PPN x0T (X)) = 4w
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Theorem 4.5. Let k,m be positive integers with m > 3, ged(k,m) = 1, and let ¢ = p°
with p an odd prime. Suppose that either of the following holds: (1) ¢ > 4n* — 8n + 2, (2)
p>2(em)? — (4 —2V3)em + (3 —2v3), (3) m=3. Then Q(X) = (aX + bX7")?> —wX?" is
planar over Fem if and only if ab =0, where a,b € Fpm and w is a nonsquare in From.

Proof. Take ¢ € F2m such that (4" ~' = —1, and let U be as defined in ([L12). Set s := a+b, § :=
(a—b)(¢. The case s = 0 has been handled in Lemma[4.4] so assume that s # 0. By multiplying

Q(z) by a nonzero constant if necessary, we set s = 1 without loss of generality. If /5 is in Fym,
then a = M= b= 25— —ab™! = £F6 = (5~ O™, and a7(5 — () 7°Q (B — O)X) s of
the form in Lemma .4l Therefore, we only need to consider the case s =1 and 8 € Fym. Asin
the case of Lemma 4] Q(x) is planar if and only if there is no triple (A, B,C') € F2,.\{(0,0,0)}

such that C? — 4AB is a square and
A—wA? + 2B — w2 BT + BC — w(? 01" = 0. (4.15)

The left hand side equals 1(Q(z +y) — Q(z) — Q(y)) in the case (A, B,C) = ¥(z,y).
Assume that Q(z) is planar. We claim that the F,-linear map

T Fgm )—)qum, (A,C) — A_qu’“ +ﬁ0_w<chqk

is a bijection. Otherwise, there exists a pair (A,C) # (0,0) such that (£I5) holds with
B = 0. Since C? —4-A-0 = C? is trivially a square, this is impossible by our assumption.
Therefore, for each B = u € F,m, there is a unique pair (A4,C) = (f(u),g(u)) such that
T(f(u),g(u)) = —Bu + w u?", where f(X),g(X) € Fym[X]. It is clear that both f and g
are [F -linear. By the definition of f and g we have

flu) — wf(u)qk + B2u — w2y 4 Bg(u) — qukg(u)qk =0, Yué€&Fm. (4.16)

If f(u) =0 for some u # 0, then (A, B,C) = (0, u, g(u)) satisfies (LI5) and C? —4AB = g(u)?
is a square. This contradicts our assumption, so the map u — f(u) is a bijection.

By the planarity of Q(z), g(u)* — 4uf(u) is a nonsquare for all u € F}., so S(—g,—f) =
(F,2m,+,0) as defined in Theorem 21 with ¢ = ( is a RTCS. Recall that for z,y € F_2m and
(A, B,C) = V(x,y), we have

roy=(=g(B)+C)( - f(B)+ A

Let M be the the F -linear map such that M(z( + 2z1) = Y(z1, 20) for zp,21 € Fym. It is
nondegenerate, and with (A, B, C') = ¥(z,y) we have

M(zoy) = T(=f(B) + A, ~g(B) + ©) = ~X(f(B),4(B)) + Y(4,C)
= BB = ¢ B+ T(4,0) = 3(QUr +1) - Q) — Q).

Therefore, the semifield S defined by @ is isotopic to S(—g, —f).

Under the conditions in the theorem, S(—g, — f) is isotopic to either a finite field or a Dickson
semifield by Theorem 2221 By [15, Example 2|, S(—g, —f) is isotopic to a finite field if and
only if g(u) = cu and f(u) = du, where ¢ — 4d is a nonsquare. In this case, ([EI6) becomes
(d+ Be+ B2)u = w(d+ Ce+ 27w It holds for all u, so d+ Ce+ (2 =0 and d+ fe+ 5% = 0.
Since ¢? € Fym, we deduce that ¢ = 0, d = —¢? and 8 = +(. It follows from a + b = 1 and
a—b= ¢! that (a,b) = (1,0) or (0,1).

From now on, assume that S(—g, —f) is not isotopic to a finite field but is isotopic to a
Dickson semifield S(0, \z?) = (F,2m,+, ') as defined in Theorem Rl with ¢ = ¢, where ) is a
nonsquare in Fgm and 6 € Aut(F,2n). By Lemma 1] the semifield Sp and so S(—g,—f) has

nucleus F,. It follows that ¥ = 24" for some 1 < ¢ < m — 1 such that ged(l,m) = 1, cf. 26
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Theorem 10.16]. By [16, Theorem 2.6], there exist nondegenerate linear maps L, N : Fzm —
Fg2m and o € Fy. such that
L(zoy)= N(x)o (aN(y)). (4.17)
There exist linear maps L; : Fym +— Fym, 1 < i < 4, such that N(z) = (L1(xo) + La(x1))( +
Ls(0) + Ly(xy) for & = xo¢ + x1. Write Ly(X) = 37" ¢, X7 and Ly(X) = S0 b, X7,
with a;,b; € F,m. We consider (£.I7) in three cases.
(1) In the case 1 =y, = 0, it shows that L(—g(xoy0)¢ — f(zoyo)) is equal to

A Ly (w0)7 L1 (yo)? + aLa(0) La(yo) + (L (x0) La(yo) + La(o) L1 (y0))C.

The coordinates with respect to the basis {1,(} in the above expression are polyno-
mials in zgyy. By comparing coefficients we get )\aqeagzajl + abiyebjrea = 0, and
Qivetbjrer + @jreibiver = 0 for @ # j. The subscripts are read modulo em here. We
observe that —a;a;b;;ebjte is @ nonsquare and —a;1¢1@jterbivebjre is a square, yield-
ing that @;a;+ea;a,4¢ is a nonsquare in the case ¢ # j and the terms involved are
nonzero. Assume that a,a, # 0 for 0 < u < v < em — 1. We claim that none of the
elements in {ayirel, bprser : 0 < ;s < m — 1} is zero. It follows from the first equa-
tion with (7,7) = (u,v) that byyebyie # 0, and follows from the second equation with
(7,7) = (u —el,u) and (i,7) = (v — el,v) that none of a,ie;, @yrer, by, by is zero. The
claim then follows by induction. For 0 <i < j < m — 1, exactly one of @y qiei@ut(i+1)el
and @y4jer@ut(j+1)er 1S @ square and the other is a nonsquare by our previous observation.
This is impossible when m > 3. We conclude that L; is a monomial, and similarly L3
is a monomial. Write L;(xq) = clzzgl and L3(zg) = 035581 for some 7 and constants ¢, cs3.
Since N is nondegenerate, (c1,c3) # (0,0). In this case, ([LI7) reduces to

— L{g(u)¢ + f(u)) = 20cie5u?' ¢ + acu?' + )\aqlc%qluqui, VueFym. (4.18)
2) In the case x1 = yo =0, gives that L(xoy,() is equal to
(
i i 0 i .0
axh (e1La(yr) + csLo(yn))C + acsah La(yr) + Aot ¢ af @ Lo(y1)?.

As in the previous case, we know that ac;),:zgi Ly(1n) +)\aqlc‘fex8iqlL2(y1)ql is a polynomial
in zoy;. This is possible if and only if there exists constants ¢y, ¢4 such that Ly(z) = cox?

and Ly(z) = c4:cpi for the same i. The nondegeneracy of N requires that c;cy —coc3 # 0.
In this case, ({I7) takes the form

L(u¢) = acieq + czcg)upic + ozcgc4upi + Aaqlc‘{zcgzuqll’i, Vu e Fm. (4.19)
(3) In the case zo = yo = 0, ([AI7) gives that
L(u) = 20cse4uP ¢ + acu?' + )\aqzcgqlu”iql, Vu € Fpm. (4.20)

We compute L(g(u)C) + L(f(u)) using (£19) and (£20) and add it to (ZI8]) to cancel out the
left hand side. The coordinate of { on the right hand side gives that

2CQC4f(U>pi + (0104 + 0203)g(u)pi + 20103Upi =0. (421)

We claim that none of ¢y, co, 3, ¢4 is zero. If cocy = 0, then c¢icq + cocg # 0 and ([@21)) gives
that g(u) = csu for some constant c¢s. The equation (A.I0) now takes the form

Flu) = wf ()™ = (8% + Bes)u + (W +w¢? el
We obtain another equation by raising both sides to the ¢"-th power, and then deduce that
both f(u) and f(u)?" are linear combinations of u and u¢". Since ged(m, k) = 1, this is possible
only if f has degree 1. However, S(—g,—f) is then isotopic to a finite field: a contradiction.
Hence cocq # 0. If ¢1c3 = 0, then with the role of z = f(u) and u interchanged and g considered
as a function of z, we derive the same contradiction. This proves the claim.
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From ([@2]), we see that f(u) = dyg(u) + dyu for some constants dy, dy € Fym with dy # 0.
Canceling f from (AI0) by substitution, we get

(B + dy)g(u) — w(d + )" g(w)” = —(dy + B2)u + w(dy + )7 u". (4.22)

k
We claim that w(cgﬁ?q € ;... Otherwise, raising both sides of [22) to the ¢™-th power, we
get another equation that is linear independent with (£.22). We then deduce that both g(u)

and g(u)?" are linear combinations of u, u?". This is possible only if g(u) = csu for a constant
g, but then f(u) has degree 1: a contradiction. This proves the claim.

After dividing both sides of ([AL.22)) by 5+ d;, the left hand side is in Fym[u], so should be the
right hand side. This gives that both ijltr%z and ‘221145 are in Fm. Since dy + ¢? is in Fym but
dy + ¢ is not, we must have dy = —(?. We have dy + 3% # 0, since otherwise % = (% and S, is
isotopic to a finite field as we have shown. Now set z := g(u). The equation ([£.22)) gives that
= hiz + hyz?" for some constants hi,hy € F.n. In particular, this shows that u — 2 = g(u)

is a bijection. It follows that f(u) = hyz — (2hyz¢" with hg = dy — (%hy, and we have
g(u)? —4uf(u) = 2* — (hiz + hgzqk)(hgz — Cthzqk)
= 22(hs + hez? 1 + C2h§z2(qk_1)),
where h5 =1- h1h3, hﬁ = <2h1h2 — h2h3.
2 212p 12

Set H(X) := hs + heX9 " 4+ (?h3X?=1). We have H(X) = <Ch2Xq_1 + 2?22> + %'
We directly compute that 4¢*h3hs — h§ = (4¢* — d})h # 0, so H(X) is not a square in Fym [X]
by the same argument in the proof of Lemma [£.4] where F;~ is the algebraic closure of Fym.
The same exponential sum bound there establishes the existence of z such that hs + hﬁzqk_l +

C2h222¢" 1) is a square. If we take u such that z = g(u), then g(u)? — 4uf(u) is a nonsquare.
This contradiction completes the proof. ]

In the proof of Theorem [4.5], we do not directly consider the planarity of ). Instead, we show
that the semifield Sg is a RTCS and make use of the classification results of such semifields
obtained in [I4},83]. This is in the same spirit as in Section 3] where we make use of Menichetti’s
classification of generalized twisted fields. Coulter and Henderson have used this approach to
characterize planar functions of certain form over F,s, cf. [I7]. The list of known commutative
semifields is short [12] 34, 49], and Minami and Nakagawa [39] have determined the polynomial
forms of certain commutative semifields. It may be of some interest to examine the known
commutative semifields one by one to check whether their isotopes will yield planar functions
of the form L(X)? —wX?, but the answer is most probably negative. We need new techniques
to prove or disprove the planarity of the functions of interest.

5. LOW-DIMENSIONAL C-PLANES OF EVEN ORDER

In this section, we consider type C spreads of even order. Let ¢ be even. Recall that g is an
element of order (¢" 4+ 1)(¢ — 1) in F2n, and ©(5) € I'L(1, ¢*") is defined by O(8)(x) = fz. A
type C spread S of order ¢" with kernel F,, is isomorphic to the orbit of W = {L(z) +dz : x €
Fn} under the group (©(f8)), where L(X) is a monic reduced g-polynomial and 6 € F2n \ Fyn.
By Lemma B2, Q(X) = (L(X) + 0X)(L(X) 4 67" X) € F;n[X] is a permutation polynomial of
Fg». For each y € Fyn, we define the quadratic form Q,(z) := Trp,./r, ((6 +67")'yQ()), ie.,

Qy(x) := Trg,./m, ((6 + 67 ) tyL(z)® + (67 + 67ty + yaL(x)) . (5.1)
By Lemma 2.8 @, has odd rank for any y # 0. Its associated bilinear form is

B, (,0) = Tre,. e, (yuL(v) + yoL(w) = Trs,. i, ((L(yu) + yL(w))o)
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where L is the adjoint polynomial of L. The radical rad(Q,) = {u € Fyn : L(yu) 4+ yL(u) = 0}.
By Theorem 2.6, Q,(rad(Qy,)) # {0} for each y # 0. We will fix these notation throughout this
section. We first examine two special cases in the following examples.

Example 5.1. Assume that n is even, and L(z) = 29" with ged(n, k) = 1. In this case, the
adjoint polynomial L(X) = X", Take y to be a primitive element. Since ged(q" % — ¢k, q" —
1) = ¢> =1 and ged(1 — ¢" %, ¢" — 1) = ¢ — 1, we have rad(Q,) = {u € Fpn : ud" =0 =
yl_qnfk} = {0}. Hence, Q) has rank n and Q(X) is not a permutation polynomial of Fn.

Example 5.2. Assume that n is even, and L(r) = Trg_, /r, (). In this case, L(X) = L(X).
Set A = (6714 0679")"". Take y € Fpo such that y +y? = A if A € F;, and take y = A~
otherwise. Theny & ¥y and rad(Q,) = {u : Trg_, /v, (yu) = Trg , v, (u) = 0}. Foru € rad(Q,),
we have Qy(u) = Trg ., /v, (AY - u?). It is clear that Ay € F, +TF, - y* for the chosen y, so Q,
is constantly zero on rad(Qy,). It follows that Q(X) is not a permutation polynomial of Fyn.

The main objective of this section is to characterize the case n = 3 and n = 4 completely.
The case n = 2 can be reduced to either of the above examples with a proper choice of 4. In
the case n = 3, there is the construction by Kantor in [27]. We start with the case n = 4. The
strategy is to show that there is a trivial rad((),) except the cases where it can be reduced to
the second example above.

Theorem 5.3. If q is even, then there is no type C spread with ambient space (F,s,4) and
kernel IF,,.

Proof. We continue with the arguments in the beginning of this section. We only deal with the
case deg(L) = ¢° and the other cases can be handled similarly. If L(X) = X @ 4 ax? +bal + cx,
then by replacing § with d+c we assume that ¢ = 0. In this case, L(X) = b’ X9 o XT 4 X1
and L(yu) + L(u)y = (07 y” +y)u? + (ay? + ay)u? + (y? + by)u?. The associated matrix of
this g-polynomial as in (2.2) has determinant f(y)?, where
fly) = yl—irqc1 + y1+q262 + yq-quzctf + yq3+1ctf3 + yq+q3cf21 + yq2+q36‘f2’
with ¢ = b9 + a9, ¢y = 1 4 b1+,
(1) If at least one of ¢y, ¢y is not zero, then f(Y') is a nonzero polynomial with degree less
than ¢*. For y € F such that f(y) # 0, rad(Q,) = {0} and @, has rank 4.
(2) If ¢; = ¢, = 0, then b7 =1 and b? = a9, It follows that a(t9(+*) =1 je. ais a
(¢ — 1)-st power in F?,. Since ged(¢® —1,¢" — 1) = g — 1, there exists u € F, such that
a = u?"'. Then b = a9 = 42"~ and so L(z) = u g, g, (uiz) + uf™tz. With
2 =wiz and &' = 1+ du'~9, we have
L(z) + 0x = u_l(TrFq4/Fq(x') +d'2")

This reduces to the case in Example
In either case, Q(X) is not a permutation polynomial of F,4. This completes the proof. O
The rest of this section is devoted to the classification of the case n = 3.
Lemma 5.4. For 0 € Fyo \ Fs, the map z — Q(z) = (Trp 45, (x) + 62) 7 s a permutation
of Fys if and only if 6~ + D= Fy.

Proof. Set r:=1+0"", h:= (07" + 6 )", and set Tr := Trg , /v, throughout this proof. By
Lemma and Theorem [2.6] Q(X) is a permutation polynomial of Fs if and only if @), is not
constantly zero on rad((Q),) for each y # 0, where @), is as defined in (5]). In this case,

Qy(z) = Tr((6 + 5‘13)_13/) - Tr(2?) + Tr(hyz?) + Tr(yz) - Tr(z).
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If y € F}, then rad(Q,) = Fgs and Q, () = yTr(ca®), with ¢ = h+1 +Tr((646)1). Ify ¢ F,
then rad(Q,) = {u: Tr(u) = Tr(yu) = 0} = F, - (y? 4 y*), and

Quly" +y") =y Ty (h(yq“’2 + ng“’)) :

If h ¢ F;, then Q(h? + he*) = 0 and Q,(rad(Qy)) = {0}. Hence we must have h € [F7 in order
for () to be a permutation polynomial, and this proves the necessity part.

Now assume that h € Fj. In this case, it is straightforward to show that ¢ = Tr(r' )R
and the minimal polynomial of rh over Fp is X2 + X + PR = (. By [35, Theorem
2.25], TrFq3/F2(h2r1+q3) = 1, which in particular implies that Tr(h2r'*%") = he # 0. Hence
Qy(x) = yTr(ca?®) is not constantly zero on rad(Q,) = Fgs if y € F;. For each y ¢ F,, the
F,-linear subspace {z € Fgs : Tr((y? ¢ + y?9)z) = 0} is spanned by y and y~'. It can
not contain [F,, since otherwise y would lie in a degree two extension of F,. It follows that
Tr(y? 9" +y7=9) # 0, so Q,(rad(Q,)) # {0} for all y ¢ F,. This proves the sufficiency part.

O

Remark 5.5. Take § € Fu \ Fps such that 61 + o7 e Fy, and take the decomposition
Fop =To ®Fy as in [32], where Ty = {x € Fe : Trp ,/m,(x) = 0} Let W be the image of Fys
under the map x — Trp , /v, (x)+6x. Then W = Ty-6@F,-(1+6), and {B°W 0 <i< ¢} forms
a spread S of type C, where 3 is an element of order (¢* 4+ 1)(q —1). Moreover, the spread S is
symplectic with respect to the nondegenerate alternating form A(x,y) = Trqe/q((5+5q3)_1xyq3).

Lemma 5.6. Let L(X) € F;3[X] be a monic reduced q-polynomial and 6 € Fys \ F,s. The map
x> Q(x) = (L(x)+06x)t7 is a permutation of Fs if and only if L(x)+0x = u ™ Trgs g, (ulx) +
' for some &' € Fys and u € Fyy such that §L 4§ e gyl .

Proof. If L(z) + éx = u 'Trgpp, (uiz) + 0'z, then with y = wiz we have L(z) 4+ dx =
u™t (Trgs/m, (y) + 0'u'~9y), and the sufficient part of the theorem follows from Lemma [5.41
Therefore, we only need to prove the necessary part.

Assume that x — Q(x) is a a permutation, and we need to prove that L(x) + dx is of
the desired form. If L(x) = 2 + az? + bz, then by replacing 6 with 6 + b we assume that
b= 0. If a is a nonzero (¢ — 1)-st power, then a = u?” "t for some u € F}s and L(z) + 0z =
u‘lTrFq3 /r, () + (ui™! +6)x. Similar to the first paragraph of this proof, we can deduce that
L(z) + 0x is of the desired form by Lemma [5:4] There are two remaining cases.

(1) In the case a is not a nonzero (¢ — 1)-st power, y — u = yq2 + afy? is a permutation

of Fus and L(u) + ud = (1 4 a%0)'+9°(y¢* + §'y?)'*+¢* where &' = 5;;:?. Therefore,

z — Q(x) is a permutation if and only if the map z — (27 + 0'z)'+¢ is.
(2) In the case a = 0, 29° + 6z = 0 - (y? + 0~ 'y) for y = 2¢°. Therefore, z — Q(z) is a
permutation if and only if the map z — (29 + 6~ '2)'+¢ is.

We now show that = — Q(z) = (27 4+ 6x)'*% is not a permutation of Fe for any § ¢ Fs,
which will exclude these two cases and conclude the proof. In this case, we have Q(X) =
(X7+6X)(X?+ 69 X). By Hermite’s criterion for permutation polynomials (cf. [35, Theorem
74]), Q(X)”~! (mod X — X) has degree at most ¢° — 2. The polynomial Q(X)?~! has
degree at most 2¢(¢® — 1) < 2(¢> — 1), so its coefficient of X¢*~! should be zero. Since g2 —1 =
(g —1)g + (g — 1), we can rewrite Q(X)? ! as

X202, (X 2Ae°a) 4 g9 x0"0 4 tq>q_1 (X2 X )

where s = § + 69" and t = 67", The second term in the product contributes monomials that
are powers of X9~ and the third term contributes monomials that are powers of X4~1. If
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@ —1=2(¢*—1)+qlg—1)i+ (¢ —1)j with 0 < i, < 2(q¢ — 1), then we necessarily have
j=q—1andi=q—2 Thus the coefficient of X%~1 in Q(X)?~' is the product of the
coefficient of X77! in (X% + sX +¢)77! and that of X972 in (X? + s7X +19)77! i.e.,

q/2 q— 1 q/2-1 q— 1

_ ) ety . N $a(a—2-2) 4q(j+1) 5.9
;<Z>q_1_22al) ]2:% (]aq_2_2]7]+1) ( )
Here, the numbers (f;}c)’s are trinomial coefficients. A straightforward analysis using Lucas’
theorem shows that: (qzl) is odd for all 0 <i < ¢q—2; (222) is odd if and only if ¢ = 0; (23;71) is
odd if and only if. j = 2¢ — 1 for some nonnegative integer £. Since (Lq_‘]l__l%’i) = (*)(%,") and
(30 ) = () (&), the quantity in (52) is equal to

J:q—2—27,j+1 J 2j+1
e—1 e—1
g0, Z s1(a=21 2% _ P +a-1 Z(t5—2)2lq’
=0 =0
where e is such that ¢ = 2°. Recall that this quantity is zero. Since s # 0, we have

Co(ts™2)% =0 and thus Try /v, (ts™) = 0. By [35, Theorem 2.25], there exists u € Fys such

that ts~2 = u? 4+ u. Set z = 1. We have z ¢ Fs and ts~2 = (2 + 2~ 1)~ by direct check.
The minimal polynomial of z over Fys is (X — 2)(X — z71) = X? + (u* + u) "' X + 1, but the
latter has 25 € Fs as aroot: a contradiction. This completes the proof. 0J

As an immediate corollary, we get the following characterization result.

Theorem 5.7. Let q be even. The type C spreads with ambient space (Fy6,+) and kernel F,
are isomorphic to those described in Remark[2.1.

We end this section with some remarks on the higher dimensional case. Theorem supports
the conjecture that there is no C-plane of even order and even dimension. The simple nature
of the proof in the case n = 4 suggests that the method may be applicable to larger values of
even n, and of course new ingredients are needed to prove the conjecture. In the case where n
is odd, there are the constructions in [32], making a characterization in this case a challenging
problem. It may be more practical to classify the C-planes of order 2P with p an odd prime,
where no such non-Desargeusian planes are known. The approach in this section provides the
first step towards a complete characterization of C-planes of even order.
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