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Abstract

We give combinatorial descriptions of the terms occurring in continuants of
general continued fractions that diverge to three limits. Equating this combina-
torics with the usual combinatorial description due to Euler induces nontrivial
identities. Special cases and applications to counting sequences are given.
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1. Overview

Research on divergent continued fractions usually occurs in the study of
analytic continued fractions. Meanwhile, combinatorial aspects of continued
fractions are typically studied in in the field of enumerative combinatorics. In
this paper we bring the two subjects together and give a combinatorial descrip-
tion of the continuants of a general class of continued fractions that diverge
to three limits. This class was previously studied from the analytic point of
view by the first author ﬂﬂ] We are able to relate our combinatorially described
polynomials to the classical continuant polynomials going back to Euler. This
yields identities that have a flavor similar to the identities between different
bases of symmetric polynomials in as much as there is considerable cancellation
occurring between the monomials on one side, but not the other.

As usual we write a continued fraction:
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The kth classical numerator Ay, and kth classical denominator By, of the con-
tinued fraction (Il) are the respective numerator and denominator when the
finite continued fraction

Ay a1 az a3 ax

By " bbbyt bk

is simplified in the usual way. The polynomials Ay = Ag(a1,...,ax;bo,...,bk)
are also known as continuants. Since By = Ap_1(asg,...,ax;b1,...,bx), it suf-
fices to consider just the sequence Ag.

1.1. Continuants

A combinatorial description for the terms of polynomials Ay was first given
in 1764 by Euler [§] in the case where a; = 1, for 1 < i < k. The case where
b; =1, for 0 < i < k was considered by Sylvester [18] in 1854. The general case
was finally given by Minding [11] in 1869. See also Chrystal [6] and Muir [12].

This description is simplest in the special case when the indeterminates b;
are set equal to unity. There is really no loss of generality due to the simple
identity

aq as Q.
o+ — = E— by (14
0 by +bo + -+ by O(
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Euler’s combinatorial description [] is sometimes referred to by the terms Fuler
brackets or Euler’s rule; see, for example, Davenport [7] or Roberts [14]. In any
event the resulting theorem is known as the Euler-Minding Theorem.

Theorem 1 (Euler-Minding Theorem, Sylvester’s form). The classical nu-
merators and denominators of

ay Gaz as
1+—= = — 2
+ 1+1+1+4--- @
are given by
Ak =1 + Z Ap,Qpy - 'a’hea (3)
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and
Bk = 1+ g A, Qpy =" Apy, (4)
E>hy>2ho>2 . >2h,>2
0>1

where i >2 j means i and j have minimal difference 2; i > j + 2.
Thus the monomials in A and By, are described by sequences h; of the form
k> hi >2 ha >2"'>2 hy.

We call a sequence satisfying this inequality chain a minimal difference 2 se-
quence.

Note that when & — oo limits for Ay and By, exist in the ring of formal power
series over the monoid generated by the indeterminates a,. As we will soon see,
this does not necessarily hold for other continued fractions with indeterminate
elements.

1.2. Divergent Continued Fractions with Multiple Limits

Apparently, the first theorem on continued fractions that diverge to multiple
limits is that of Stern and Stolz |10, |16, [17]:

Theorem 2 (Stern-Stolz). Let the complex sequence {b;} satisfy > |b;| < oo.

Then
1 1 1

bo+— —  —
© by by byt
diverges. In fact, for p € {0,1}, lim As,y, =Cp, € C, and lim Bspip, =D, €
n—00 n—oo
C.

The proof of the Stern-Stolz Theorem goes over into the formal power series
setting and the conclusion is that limiting formal power series exist for the limits
described in the theorem: inspection of the recurrence Ay = bpAx_1 + Ax_2
shows that it converges for k in the residue classes modulo 2, and the same is
true of the sequence By, since it satisfies the same recurrence. That the limits
are distinct follows from the determinant formula Az By 1 —Ap_1 By = (—1)F+1.

Bowman and McLaughlin |5] established the following result on continued
fractions which diverge to three limits as an example of a more general theorem
on continued fractions which diverge to any finite number of limits.

Let K be defined to be the following general continued fraction

—1—|—a1 —1—|—CL2 —1—|—a3

K :=by+ . 5
T U by 4 14by + T4by oo (5)

Because we will be interested in giving a combinatorial description for the terms
of the continuants of K, we designate its classical numerators and denominators
by P and Qy, respectively, to distinguish them from the corresponding poly-
nomials associated with ([Il). With this notation, the result from [5] of interest
is the following theorem.



Theorem 3 (Example 1i from [5]). Let the complex sequences a; and b; sat-
isfy a; #1 for i > 1, and >_ |a;| + |bi] < 0. Forj =1,2,3,

Jim Ponyj = — lim Ponyjis = Cj # 00, (6)
Jim Qentj = — lim Qenijrs = Dj # 00 (7)

In fact, for j € {1,2,3}, K diverges to three limits given by

: Py
kfj(mg?i 3) k

Our main result, Theorem [I§ which gives a combinatorial description for
the terms of the continuants of (), shows the existence of the limits C; and
D, as formal power series. (This can also be seen directly from (2I)) and (23)
below.)

1.8. Partition Applications
Putting a; = ¢' in Theorem [ gives that the Rogers-Ramanujan integer
partition identities,

The number of partitions of n into parts with minimal difference two
equals the number of partitions of n into parts congruent to 1 or 4
modulo 5.

The number of partitions of n into parts greater than 1 with min-
imal difference two equals the number of partitions of n into parts
congruent to 2 or 3 modulo 5.

are equivalent to the single identity,
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where = indicates that the limiting classical numerator and denominator of
the continued fraction on the left are equal as formal power series in ¢ to the
numerator and denominator on the right.

Thus, a combinatorial description for the terms of the continuants of con-
tinued fraction K, in the case where a; = 0, will give a partition interpretation
to the limiting classical numerator and denominator (in residue classes modulo
6) of Ramanujan’s amazing continued fraction with 3 limits |3, [4]:
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where w = €27/3 j € {0,1,2}, and

ad (1 —w?qP)
U (1 —wqP) '

It follows that when the corresponding products on the right hand have been
given interpretations as partition generating functions, one obtains partition
identities which are equivalent (via the description of terms for K’s continuants)
to Ramanujan’s three-limit continued fraction. This will be attained in a sequel,
and was one of the chief motivations for the present paper.

To state the problem solved in this paper most succinctly, we give a combi-
natorial description for the terms of the polynomials Py, defined recursively in
the non-commutative indeterminates a; and b; by:

Py, = (=14 ar)Pr—2+ (1 +bp)Py_1,
with initial conditions Py = by and Py = —1 4+ by + a1 + b1bg.

1.4. Results

This paper studies a number of new and interrelated sequences of polynomi-
als whose terms are described combinatorially. These sequences of polynomials
are of two types. The first arise from the classical Euler-Minding Theorem; they
exhibit a modulo two or four behavior as a function of their index. The second
arise from the sequence Pj; these exhibit a modulo six behavior. The terms
of P, are characterized by Theorem [I8 which is the main result of this paper.
Equalities are induced between the two types because the continued fraction ()
can be transformed into (@) by making the change of variables a; — —1 4+ a;
and b; — 1+ b;, for ¢ > 1. This results in non-trivial identities, since the sum in
the non-commutative version of the Euler-Minding Theorem (see Section 2.1])
now has intensive sieving occurring, while the polynomials on the other side
are expressed in terms of their monomials. Important special cases arise when
either the variables a; or b; vanish. For the continued fraction K, this results in
the polynomial sequences Cy, Dy, Gg, and Hy introduced in Section Bl Section
[ examines the resulting polynomial identities and also gives applications to
common second order linear recurrence sequences of integers. In a future paper
we will apply Corollary of Theorem to find integer partition identities
equivalent to (g]).

The simplest example of our results is perhaps the following, which comes
from Corollaries 22] and

- 2\—f1 (eFmi/2) = > (-1 =—xalk)+ > (1),

k>XA1>2X2>2->20,=1 AeDy
(9)

where x1(k) is the nonprincipal Dirichlet character modulo 4, and Dy, is the set
of finite integer sequences (depending on k) satisfying,

D1 E>XAM>X> > M >2.



D2 )\ = k(mod 2).
D3 )\j 7_é )\j_l(mod 2)
D4 )\, = 0(mod 2).

The first expression in (@) indicates a six-fold pattern in the integer sequences
given by the sums, although from superficial appearances of the sums, one might
expect a two-fold or four-fold pattern. The interpretation of the first equality
is beautiful and surprising:

Let Cy;, denote the set of increasing sequences of positive integers
of minimal difference two, with first term 1 and largest term less than
or equal to k. Then the number of elements of Cy of even length mi-
nus the number of elements of odd length is given by the six-periodic
integer sequence 0,—1,—1,0,1,1,..., where the first element of the
sequence is indexed by k = 0.

In Section [£.1] we give a simple proof of this result which is independent of
the more general theory developed in this paper.

Finally, when a decreasing sequence )\; satisfies condition D3 above, we say
that it is an alternating parity sequence. Partitions formed from sequences of
such parts have been studied by Andrews [, 2]. It is easy to show that these
kinds of partitions arise naturally from Euler’s combinatorial description of the
continuants of () in the case a; = 1 and b; = ¢*. In Section [ alternating
triality sequences arise, which are similar, except the congruence conditions on
the successive terms are modulo three, instead of two.

2. Preliminaries and Lemmas

2.1. Continued Fractions with Noncommuting indeterminates

The fundamental recurrence formulas for the classical numerators and de-
nominators of continued fractions are used for typical proofs of the Euler-
Minding Theorem and they are used to prove Theorem [I8 These recurrences
state that for k > 1,

Ap = apAp—2 + b Ap_1, (10)

and
By = apBr—2 + by Bi_1, (11)

where A_; = 1 and B_; = 0. Recurrence formulas with left or right multiplica-
tion by noncommuting indeterminates have been considered since at least 1913
[19]. The convention of writing parts of partitions in descending order motivates
us to consider recurrences (I0) and (III) with noncommuting indeterminates. In
this context we speak of the continued fraction (Il as having noncommuting
indeterminates; we define the classical numerators and denominators as the re-
spective sequences of polynomials in noncommutative indeterminates satisfying
equations (I0) and (I, with initial conditions Ay = by, A1 = bibo+a1, By =1,



and By = by. Each classical numerator, Ay, and classical denominator By is
an element of the monoid ring Z[M], where M is the monoid generated by
{aj41,b;};>0 with identity e. The integers are isomorphic to the subring Ze of
Z|M]; we abuse le, as usual, by writing it simply as 1. The product in M is
denoted by concatenation. Definition [l provides terminology and notation for
Z|M] and its elements.

Definition 1. We call the elements P of Z[M] polynomials. We write P in the

form
P=>" cum, (12)
meM

where ¢, € Z and all but finitely many c,, are zero. The support of P, denoted
by supp(P), is the set

supp(P) = {m € M : ¢,,, # 0}.

We write

P= Z CmMm (13)

mesupp(P)

to keep polynomial sums finite. We call the elements of supp(P) the monomials
of P, and for a monomial m of P, we call ¢,,m a term of P. So here, monomials
do not have integer coefficients, while terms do. We call the coeflicient of the
identity € in ([I2)) (not (I3)), since it may be that € ¢ supp(P)) the constant of
P. Thus the constant of P can be zero.

Since the goal is to give combinatorial descriptions for the terms of classical
numerator and denominator polynomials of K, we employ vectors whose com-
ponents are indices of the elements of the support of these polynomials. In the
sequel and throughout, we display the components of an ¢-dimensional vector
X as [A1, A2, ..., \¢]. Definition 2] below defines vectors directly related to the
monomials of a given P € Z[M]. For the definition, we use the noncommutative
product notation inductively defined for n > 1 by

n n—1
[Td=d[] disa,
=1 =1

and the empty product is € as usual.

Definition 2. Let m be a monomial of P € Z[M],

4
m=]]w
j=1

where y; € {ai11,b;}i>0. We denote the degree or length of the monomial m by
£ = {(m); we usually suppress the dependence of £ on m.



(i) The index of m is the vector A(m) = [A1, A2, ..., A¢], where y; = a,, implies
Aj = v and y; = b, implies \; = u.

(ii) The a-index of m is the vector a(m) = [, g, . .., ay], where

u it y; =ay,
o, =
I 0 otherwise.

(iii) The b-index of m is the vector B(m) = [B1, B2, - - ., Be], where

u if oy, = by,
ﬂj—{ v

0 otherwise.

Note that for a monomial m the index of m is the sum of the a-index and
b-index: A(m) = a(m) + B(m).

Ezample 1. The monomial agbsbsboar has index [6,4,3,2,1]. It has a-index
[6,0,0,0,1] and b-index [0,4, 3,2,0]. Monomial bsasbabg has a-index [0, 4,0, 0],
b-index [5,0,2,0], and index [5,4,2,0].

By a formal power series we mean an element of the monoid ring Z[[M]],
that is, an expression of the form

c= E Cmm,

meM

where now we do not require all but finitely many c¢,, to be 0. Addition and
multiplication are defined as usual.

Before studying K we derive the noncommutative description of the terms
of the continuants of the general continued fraction ().

2.2. A Noncommutative Euler-Minding Theroem

Minding [11] seems to have been the first to give the following slightly more
general version of Euler’s result |&]. See also [13].

Theorem 4 (Euler-Minding Theorem). The classical numerators and de-
nominators of the continued fraction

ap a2 ag
bo +

- =2 2 14
O by by + by 4 (14)

in commutative indeterminates {a;j11,b;};>0 are given by

(py@hy ** Qp

)

Ap = bpbr—1---biby |1+ Z

bn,bn, —1bnybhy—1 by b
1<h;<2h;_1<?--<2h <k h19h1—19h50hs—1 h;Ph;—1

(15)



and

GpyQhy ** Apy

By = bpbg—1---b1 {1+
2<hj<2hj¥2---<2h1<k bhy bhy —10nybRy—1 -+ bhbp, -1

(16)

Note that this theorem does not immediately give a description for the terms
for each continunant since the terms are rational, not monomial. But this is
easy to remedy.

Theorem Ml expresses A and By, as rational functions in commuting inde-
terminates. One obtains the noncommutative version by multiplying through
by the b-product in front, canceling, and then ordering the terms so that the
indices from left to right are decreasing; the construction of the terms in the
sum guarantees that the indices are distinct, so no ambiguity between, say a;b;
and b;a; can occur. For the classical numerators, (I0) must be satisfied along
with the initial conditions Ag = by and Ay = b1bg + a1. Induction on ([IQ) gives
that Ay, is a polynomial in the indeterminates {a;41,b;}5_. Since (I0) intro-
duces the new indeterminates aj and by by left multiplication, the indices of the
terms of the classical numerators are in descending order. Therefore, the result
of expanding each summand of (I and putting the indices into descending
order satisfies (0] with noncommuting indeterminates. Thus,

k k—hi1—1 j hy—hyp1—1
Ay = H br—¢+ E H br—¢ ¥ an, H b, —v
t=0 1Sh]‘<2h]‘71<2"'<2hlﬁk t=0 u=1 v=2

jz1
(17)
A summand appearing in the second term of (7)) has the form

bibr—1 - bhi+1 X (@hybny—2bh,—3 - bhyt1)(Ahobho—2 - - - bhgt1)
< (an,bn, 2+ bo).

Observe that the largest index is k£ and the indices are distinct nonnegative
integers. When an a-index is equal to some h;, the next index is h; — 2, since
the next index is either b-index h; — 2 or a-index hj;1 = h; — 2. When the
index is some b-index h; — s, the next index is h; — s — 1, since the next index
is either a-index h;—1 = h; — s — 1 or b-index h; — s — 1. Finally, the last index
is either zero or one. The last index is a b-index zero when h; > 1, and it is the
a-index 1 when h; = 1.

It is now easy to describe the subset of monomials of M occurring in the
noncommutative Euler-Minding Theorem: let Ay be the set of monomials with
a-index a;, b-index 3, and index A = a + 3 satisfying the following properties.

Al k=X > X >---> XA >0.
A2 If Aj :aj,then AjJrl :Aj—2.



A3 If )\j = Bj, then )\j+1 = )\j — 1.
A4 Either /\z:ﬂ[:OOI‘ /\[IO&[:L

It is clear that A1-A4 describe the terms of ({IT]).

For example, Ay = {bo}, and A; = {b1bp,a1}. Indeed, the index of any
element of Ay has A\; = 0 by A1l. The only possible a and b indices are each [0].
These vectors satisfy A1-A4, so Ag = {bp}. Also A; = {b1bo, a1 }; the index of
any element of 4; has A\ =1 by A1l. So, the possible indices are [1,0] and [1].
By A2 the vector [1,0] cannot be an a-index. The monomial byby with a-index
[0,0] and b-index [1,0] satisfies A1-A4. Thus, b1bg is in A;. By A4 the vector
[1] is not a b index. The monomial a; with a-index [1] and b-index [0] satisfies
A1-A4. Thus, a is in Ay, and Ay = {b1bg, a1}.

It is not hard to show that by is a term of Ay if and only if k is even and that
aj is a term of Ay if and only if k is odd. Further it can be shown, although we
don’t take it up here, that limy_, o, Agx and limg_, o, Aogy1 exist and are distinct

in Z[[M]].
Theorem 5 (Noncommutative Euler-Minding Theorem). The classical
numerators of the continued fraction
ap a2 ag
bo+-—  —
O by by + by 4

in noncommutative indeterminates {aj11,b;};>0 for k > 0 are given by

Ae= Y m. (18)

meAyg

Proof. As explained in the paragraph following Theorem [] ordering the result-
ing subscripts in descending order and canceling the b;s in (3] gives (IR).
O

2.8. Lemmas
Let Py(a1,as9,...,ak;b0,b1,be,...,b;) and Qg(az,...,ar;b1,ba,...,b;) be
the kth classical numerators and denominators of the continued fraction

-1 -1 -1
K=byt 10 a2 T
I+b1 + 14+by + 1+b3 +---
where indeterminates {a;;1,b;};>0 are noncommutative. By the fundamental
recurrence formulas ([I0) and (I]), the classical numerators and denominators

of K satisfy

X = (—14ar)Xp—2 + (1 + b)) Xp—1,
with initial conditions Py = by, Qo = 1, P, = —1+bp+b1bp+a1, and Q1 = 1+b;.
The first three classical numerators are:
Py = bo,
Py = —1+bg + b1bg + az,
Py = —1+ asbg + bi1bg + a1 — ba + babg + bab1bg + boay .

10



The following lemma gives a relationship between the kth classical denominator
and k + 1th classical numerator.

Lemma 6.

Qk = —Pk+1(0,a1,a2, .. .,ak;0,0,bl, .. .,bk). (19)

Proof. Let z, denote the right hand side of ([[9). Then zp =1 and 21 = 1+ b5.
Observe that xy satisfies zx = (—1 4 ag)zr—2 + (1 + b )xg—1. This is the same
recurrence and initial conditions satisfied by Q. O

Define the sequence of polynomials Ry, as follows: set R_; = 0 and for & > 0,
let

Ri(ai,a2,...,ax;bo,b1,...,by) = Py — Ri—1(a1, a2, ...,ax—1;b0,b1,...,bk—1),

(20)
so that
P, =Rp+ Rr_1. (21)
The classical recurrence formula for Py,
Py =(-1+ap)Pro+ (14 bx)Pr_1, (22)
and (ZI) give a recurrence formula for Ry,
Ri = —Rp—3 + ar(Ri—2 + Ri—3) + bi(Rr—1 + Ri—2). (23)

For consistency, set ap = 0 and initialize R_3 = 0, R_o = 1, and R_; = 0.
Interpreting this recurrence formula is the key to our proof of Theorem [I8

For future reference the first seven elements in the sequence {R,}52, are
listed:

Ro = by, (24a)
Ry =—1+ a1 + bibg, (24b)
Ro = agbg — by + baay + babybg + baby, (24c¢)
Rs = — by — a3 + azai + asb1bg + azbg + bzasbg — bsbs + bsboaq

+ b3bab1bg + bsbabg — bg + bzay + bsbibg, (24d)

Ry =1—a1 — b1bg + agasbg — agbs + agbsar + asbobibg + asbobg — ay
+ aga1 + agb1bg — bybg — byas + bgazay + bgazbi1bg + baaszby
+ babsasby — babsba + babsbaay + bab3babiby + babzbaby — babs
+ babsar + babsbibo + baasby — babs + babsay + bababibo + babsby, (24e)

11



Rs = — azbo + by — baay — babibg — babg — asbg — asaz + asaza;
+ asasbi1bg + asasbg + asbsasbg — asbsbs + asbsbaa; + asbsbabibg
+ asbzbabo — asbs + asbzar + asbsbibo + asazby — asbe + asbaar
+ asbabibg + asbaby + bs — bsar — bsb1bg + bsagasby — bsasbe
+ bsagboaq + bsasbabiby 4 bsasbabg — bsay + bsagar + bsasbibg
— bsbsbo — bsbaas + bsbyazay + bsbyaszbiby + bsbyazby + bsbabsazbg
— bsbybzba + bsbabszbaar + bsbybzbabiby + bsbyibsbaby — bsbabs
+ bsbabzay + bsbabsbibg + bsbiazby — bsbiba + bsbsbaar + bsbababibg
+ bsbababg — bsbg — bsas + bsazay + bsaszbiby 4 bsasby + bsbsasby
— bsb3ba + bsbzbaar + bsb3babibg + bsbzbaby — bsbs + bsbsay
+ bsbsbybo, (24f)

and

Rg =bg + a3 — asa1 — azbibg — asbg — bzazbg + bsba — b3baar — b3bab1bo
— b3bobg + bz — bza1 — bsb1bg + ag — agar — b1bg + agasasby
— agabo + agagboaq + agasbabibg + agasboby — agas + asaq
+ agaqsbi1bg — agbsby — agbsas + agbyasar + agbsasbiby + agbgasbg
+ agbabzasby — agbsbzba + agbabzbaar + agbsbzbabiby + agbsbzbaby
— agbsbz + agbsbsar + agbsbsbibo + agbiasby — agbsba + agbsbaay
+ agbabab1bg + agbababy — agby — agas + agasai + agasbibg + agasbo
+ agbsazby — agbsba + agbsbaar + asbzbabiby + asbsbaby — asbs
+ agbsay -+ agbsbibo — beaabo + bebs — bebaay — bbabibo — bebabo
— bgasbg — bgasas + bgasazai + bgasazb1bg + bgasazby + bgasbzasby
— bgasbsbs + bgasbsbaai + bgasbsbabibg + bgasbsbaby — bgasbs
+ bgasbsay + bgasbsbi1bg + beasasby — bgasbs + bgasbsar + bgasbabi by
+ beasbabo + bebs — bgbsar — bebsb1bo + bebsasazby — bebsasba
+ bebsasbaar + bebsasbabiby + bebsasbaby — bebsas + bebsasar
+ bebsasbibg — bebsbaby — bsbsbaas + bgbsbiazay
+ bebsbsaszbibg + bebsbyaszbg + bebsbabsasbg — bgbsbabsba
+ bgbsbabsboaq + bgbsbabzbabibg + bgbsbabsbobg — bebsbabs
+ bgbsbabsaq + bgbsbabsbi1bg + bgbsbsasby — bgbsbabs + bgbsbsboaq
+ bgbsbabobibg + bgbsbababy — bgbsby — bgbsas + bgbsazay
+ bgbsasb1bg + bgbsasbg + bgbsbzasby — bgbsbsbs + bgbsbsbaay
+ bgbsb3bab1bg + bgbsbzbaby — bgbsbs + bgbsbsar + bgbsbsb1bg + bg
— bear — bgb1bg + beasazby — beasbs + bgasbaar + bgasbabibg
+ beagbaby — bgay + bgasar + bgasb1bg — bgbabg — bgbaas + bgbiasaq
+ bebaazbibg + bebsazby + bebabzazby — bebsbzba + bgbabzbaay
+ bebab3babibg + bgbabsbaby — bebabs + bebsbzay + bebabsbibg

12



+ bebsazby — bgbaba + bebabaar + bebababibo + bbababy. (24g)

Lemma 7. For k > 2, the polynomials Ry, Rr—1, and Ri_o have pairwise
disjoint supports; there is no cancellation of terms in the sum R+ Rx_1+ Ri—2.

Proof. This follows easily by induction on recurrence formula (23]). O

Corollary 8. For k > 0, let ri count the number of terms of Rx. The sequence
of integers {ri}32, satisfies the recurrence formula

’I”Ozl, T1:3, 7"2:5
Tk = Tk—1+2rg_2 + 21}_3,

and has generating function

ZTxk* 1+2I
T T — 202 — 213
k>0

Proof. This is immediate from Lemma [7 and ([23]). The calculation of the gen-
erating function follows by the usual method. O

Lemma 9. Let T be a term of Ri. For j > 0:

1. The degree of T in each variable ay, as, ..., ag, by, b1, ..., by is at most
one.

2. If a; is a factor of T', then b; is not a factor of T

Proof. By induction these statements are true for the terms of Py by (22). The
result for Ry, then follows from (2. O

Let p(k) be the periodic sequence:

-1 if k =1(mod 6)
pk) =41 if k = 4(mod 6)

0 otherwise

Observe that the constant of Ry equals p(k) for k =0,1,...,5. Further observe
that the coefficient of each term in Ry is +1, for £k =0,1,...,5. More generally
the following lemma holds.

Lemma 10. The constant of each polynomial Ry is p(k). Further, the coeffi-
cient of any term T of Ry, is 1.
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Proof. Let Const(R;) = R;(0,0,...,0;0,0,...,0) be the constant of R;. By
23), Const(Ry) = —Const(Ry—_3). That the constant term of Ry, is p(k) follows
by induction. In (24)), the coefficients of Ry, R1, and Ry are £1. The lemma
now follows by Lemma [0 and (23] O

Proposition[I3] will show the following definition characterizes supp(Ry)\{e}

Definition 3. For k > 0, define Ry, to be the set of monomials whose index A,
a-index a, and b-index 3 satisfy the following properties:

R1E>A>X>...A>0.

R2 )\ = k(mod 3).

R3 If \; = o, then \; # Aj41 + 1(mod 3).
R4 If \; = B, then \; # Aj41(mod 3).

R5 If Ay = ay, then Ay # 2(mod 3).

R6 If \y = Sy, then Ay # 1(mod 3).

Note that property R1 implies that monomials in Ry satisfy the condi-
tions of Lemma Example 2 below shows the sets {bp}, {b1bo,a1}, and
{bgblbo, b2a1, agbo, beo, b2} are Ro, Rl, and RQ, respectively.

Ezample 2. Property R1 implies that all elements of Ry have an index with
A1 = A¢ = 0. Thus, any monomial in Ry has index, a-index, and b-index each
equal to [0]. This index, a-index, and b-index satisfy R1-R6, thus Ry = {bo}.

Properties R1 and R2 imply that all elements of R have an index with
A1 = 1. Possible indices are [1,0] and [1]. When A = [1,0], the a-index [1,0]
and b-index [0,0] do not satisfy R3, so a1by ¢ Ri. However, the monomial
with a-index [0,0] and b-index [1,0] satisfies R1-R6. Thus biby € Ry. The
monomials index [1] with a-index [1] and b-index [0] satisfies R1-R6, thus
a1 € Rq. The monomials index [1] with a-index [0] and b-index [1] does not
satisfy R6, so by ¢ Ry. Thus Ry = {b1bg,a1}.

Properties R1 and R2 imply that all elements of R, have an index with
A1 = 2. Possible monomial indices are [2,1,0], [2,1], [2,0], and [2]. For a
monomial in Ry with index [2,1,0], a1 # 2 and ay # 1 by R3. Thus, a2b1bo,
aga1bg, baarbg ¢ Re. However the monomial with index [2, 1, 0], a-index [0, 0, 0]
and b-index [2,1,0] does satisfy R1-R6. Thus, bab1by € Ro. For a monomial
in Ry with index [2,1], oy # 2, so R3 implies that asbi,asa; ¢ Re. For
a monomial with index [2,1], bo # 1, so R6 implies that bob; ¢ Ro. The
monomial with (e, 3) = ([0,1], [2,0]) satisfies R1-R6. Thus, bsa; € R2. For
index [2,0], the monomials with (e, 3) equal to ([2,0],[0,0]) or ([0,0],[2,0])
satisfy R1-R6. Thus asbg, baby € Rs. For index [2], R5 implies oy # 2. Thus,
as ¢ Ro. The monomial with (e, B) = ([0], [2]) satisfies R1-R6. Thus by € Ro.
Finally, Rg = {bgblbo, bgal, agbo, bgbo, bg}

14



The following remark gives conditions for when monomials a; or by are in
Ri.

Remark 1. For k& > 0, the monomial a; with (e, 3) = ([k],[0]) is an element
of Ry, if and only if k = 0,1(mod 3) by R5. Similarly by R6, the monomial by,
with (e, B8) = ([0], [K]) is an element of Ry, if and only if £ = 0,2(mod 3). Thus
for i > 0, {asit1} = Rait1 N {azit1,b3i+1}, {b3ir2} = Raive N {aziyo,bsiyo},
and {asit3, b33} C Rait3.

Lemma 11. The sequence ri — |p(k)| counts the number of elements in Ry.

Proof. Our proof uses induction on k. From Example 2 the sets Ry, R1, and
Ro have 1, 2, and 5 elements, respectively. We verify ro — |p(0)| =1 -0 =1,
r1—|p(1)]=3—-1=2,and r; — |p(2)| =5 —-0=5.

Make the induction hypothesis that Ri_3, Rr—2, and Ry_1 have rp_s —
lp(k —3)|, r—2 — |p(k —2)|, and r,_1 — |p(k — 1)| elements, respectively. Let R;
be the monomials of R; after substitutions a;y1 ~— @51 and b; — b, for j > 0.
Here the overline denotes a different copy of the indeterminates.

We define a bijection ¢ : Ry 3 URL_3URE_2URr_2URE_1 — Ri\{ax, br}
as follows. v left multiplies elements of Rj_3 U Ry_2 by @z and then removes
all overlines, ¢ left multiplies elements of Ry_o U Rg_1 by b, and v leaves
each element of Ry_3 fixed. 1! is described as follows. When ay, is a factor
of a monomial in Ry\{ag,br}, ¥~! removes the factor a; and overlines the
remaining indeterminate factors. The result of this is in Ri_s or Ry_s due to
property R3. Similarly, when by, is a factor of a monomial in Ry \{ax,br}, !
removes the factor by, and the result is in either Ry_o or Ry_1 by property R4.
Otherwise, 1~! leaves a monomial of Ry \{ax, by} fixed.

Since there is a bijection between Ry \{ar, b} and the pairwise disjoint union
ﬁkfg URE_3 Uﬁkfz URk_2 URk_1, the number of elements in Rk\{ak, bk} is

Pt — ok = 1)] + 2rp s — 20k — 2)| + 2r_ — 2p(k — 3)].
By the recurrence formula for r; in Corollary 8 the above equals
k= |p(k — 1) = 2|p(k — 2)| = 2[p(k — 3)]. (25)
Remark [I] gives that the number of elements in Ry N {ay, by} is one when
k =1,2(mod 3) and two when k = 0(mod 3). Since |p(k)| =1 if k = 1(mod 3)
and is zero otherwise, the total number of elements in Ry N{ag, by} is expressible
as |p(k)] + |p(k— )|+ 2lp(k—2)] or [p(k—3)|+|p(k—1)|+2]p(k—2)|. Adding this

to the number of elements of Ry\{ax, by} found in 23] gives that the number
of monomials in Ry, is r, — |p(k — 3)| = & — |p(k)|. O

Corollary 12. Let s = |Rg|. Then si satisfies the linear recurrence s, =
Sk—1+ 28k_o + 3Sk_3 — Sk—4 — 28k_5 — 28k_g with initial conditions, sg = 1,
s1 =2, 89 =05, s3 =13, s4 = 28, and s5 = 65.

Proof. From the fact that s, and |p(k)| satisfy linear recurrences of order three,
with constant coefficients, it follows that s; can satisfy a similar recurrence of
order at most 9. Standard linear algebra gives the recurrence for sy. O
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Proposition 13. For k > 0, supp(Ry — p(k)) = Rk.

Proof. By Lemmal[lTlsupp(Ri—p(k)) and Ry, have the same number of elements,
ri — |p(k)|. Therefore, it is enough to show that the support of Ry — p(k) is a
subset of Ry. Our proof of this uses induction on k. The support of Ry — p(0)
is {bo}, the support of Ry — p(1) is {a1,b1b0}, and the support of Ry — p(2) is
{azbo, ba, baay, bab1bg, babp}. These sets are identical to the corresponding sets
Ro, R1, and Ry found in Example

Let m be a monomial of Ry with degree ¢, a-index «, b-index B, and index
. Suppose that each monomial m/ in the support of R; is also in R; for i =
1,2,...,k—1. By 23) and Lemmal[fl m is either in the support of —Rj_3—p(k),
apRy_o, apRk_3, bpRk_1, or by Ri_o. We verify that the index, a-index, and
b-index of m satisfy the conditions R1-R6 in each of these cases.

Suppose m is a monomial of —Rj_3 — p(k). Then m is a monomial of
Ry—3 — p(k — 3), since —p(k) = p(k — 3) and the supports of polynomials —P
and P are the same. By the induction hypothesis, m is in Ry_3. From property
R2 for Ry_3, the first component of the index of m satisfies A\; = k — 3(mod 3),
s0 A1 = k(mod 3) and m satisfies R2. The other properties R1, R3-R6 clearly
follow from the respective properties of Ry_3.

Suppose m is a monomial of a; R34, where p =0, 1. If £ = 1, then m = ay,
and p(k — 3+ p) is nonzero. Thus, kK — 3+ p = 1(mod 3) and k = 1,0(mod 3),
and R5 holds. The monomial a; has index A = [k] + [0]. Properties R1 and
R2 of Ry hold for a;. Properties R4 and R6 hold for a; since no A\; = f;.
Property R3 holds since ¢ = 1. Next, if £ > 1, then by the inductive hypothesis
m = apm’, where m’ € Ry_s4,. The index of m is A = [k, &’] + [0, 3’], where
X = o'+ is the index of m’. Clearly m satisfies R1 and R2 for Rj. From R2
for Ri—34p, \j = k—3+p(mod 3), thus \y = a1 = k # k—3+p-+1(mod 3) and
R3 holds for j = 1. Property R3 holds for j > 1 since m’ € Ry_34p. Properties
R4-R6 are satisfied by m from the respective properties of m’ € Ri_3p.

Suppose m is a monomial of by R;_24, where p = 0,1. If £ = 1, then m = b,
and p(k — 2+ p) is nonzero. Thus, kK — 2+ p = 1(mod 3) and k = 0,2(mod 3),
and R6 holds. The monomial b has index A = [0] + [k]. Properties R1 and R2
of Ry, hold for b. Properties R3 and R5 of R, hold for b since no A\; = oy.
Property R4 holds since £ = 1. Next if £ > 1, then by the inductive hypothesis
m = bpm/, where m’ € Ry_21p. The index of m is A = [0, '] + [k, 8], where
XN = o’ + 3 is the index of m’. Clearly m satisfies R1 and R2 for R;. From
R2 for Ry—24p, N =k — 2+ p(mod 3), thus A\ = 81 = k # k — 2+ p(mod 3)
and R4 holds for j = 1. Property R4 holds for j > 1 since m' € Ry_o4p.
Properties R3, R5, and R6 are satisfied by m from the respective properties
of m' € Ri—24p. O

We now turn our attention to the coefficients of Ry. By Lemma [I0] each
monomial m € supp(Ry) has coefficient ¢,, = £1. The determination of the
sign depends on the following definition.
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Definition 4. We call a set of three consecutive integers an adjacent triple. For
a monomial m of Ry with index A, the integers in the set

(=10, .. KN\ Ay, A}

are called the omitted subscripts of m. For a monomial m € Ry with index
A, define the function gi(m) to be the maximum number of pairwise disjoint
adjacent triples whose union is a subset of the omitted subscripts of m.

The coefficient ¢, of m € supp(Ry) is determined by the parity of gi(m).
Specifically, ¢,, = (—=1)(™). We show this in Lemma The coefficients of
three monomials are computed in Example

Ezample 3. First, consider the monomial by in supp(Rs) with index [2]. Mono-
mial bo has omitted subscripts {5,4, 3,1,0, —1}. This set is the union of g5(b2) =
2 disjoint triples: {5,4,3} and {1,0, —1}. Thus, the coefficient of bq is (—1)% = 1.

Second, consider the monomial bgbsas in supp(Rg) with index [6, 4, 3]. It has
omitted subscripts {5,2,1,0, —1}. The omitted subscripts contain two adjacent
triples, {2,1,0} and {1,0,—1}. Since these adjacent triples are not disjoint,
ge(bgbaaz) = 1, and the coefficient of bgbsas is (—1)! = —1.

Third, consider the monomial agbsbabiby in supp(Rg). This monomial has
index [6,4, 2, 1, 0] and has omitted subscripts {5,3, —1}. The omitted subscripts
give gg(agbababiby) = 0 pairwise disjoint adjacent triple subsets. Thus the
coefficient of agbsbabibg is (—1)° = 1.

Observe that the coefficient of b, in Rg should be the opposite of its coefficient
in Rs, since the omitted subscripts in the former case contains an additional
adjacent triple {8,7,6}. More generally, Lemma[[4l describes how the coefficient
of a monomial of Ry, is based upon recurrence formula (23]).

Lemma 14. For each monomial m of Ry — p(k) with index A = a+ 3 € Ry, of
length £ > 1, let m' be the monomial with index X' = o' +8' = [ag, as, ..., ]+
(B2, B3, ..., Be]. Define sgn,(m) to be the coefficient of m (or sign of m) in the
polynomial Ry. Then for k>3 andp=1,2,3,

! ] =kand \y =k — d
san (m) = {sgnk_p(m ) if A\ and Ao p(mod 3),

—sgu_g(m) if M # k.

Proof. Let sgn;(m)m be a term of Ry, —p(k). There are five cases corresponding
to the five summands when the right hand side of ([23]) is expanded. If sgn, (m)m
is a term of byRg_1, then sgn,(m) = sgn,_,(m’). If sgn,(m)m is a term of
apRi—o or byRi_2, then sgn,(m) = sgn,_o(m’). If sgn,(m)m is a term of
arRy_3, then sgng(m) = sgn;,_s(m’). If sgn,(m)m is a term of —Ry_3, then
sgny,(m) = —sgny,_3(m). O
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Lemma 15.

= [EZ5] 221 5 o

Jj=2

the last sum being zero when £ = 1.
Proof. The maximum number of disjoint three adjacent triples strictly between

integers A\j_1 and A; is
)\j,1 — )\j -1
— |

The lemma follows from summing and using the conventions Ao = k£ + 1 and
Aol = —2. O

Lemma 16. For a monomial m of Ry,

sy (m) = (~1)7"),

Proof. We proceed by induction on k. The initial cases are given by (24)). Let
m be in the support of Ry — p(k) with index A = a4+ 3. Suppose that each
monomial m* in the support of R; — p(j) has coefficient sgn;(m*) = (—1)% (m?)
for =0,1,2,...,k — 1. From Lemma [I4] and the induction hypothesis,

(=1)9e=1(m) if Ay = k and Ay = k — 1(mod 3),
(=1)9s-2(m")if \} = k and Ay = k — 2(mod 3), (26)
( )gkfs(m/) if Ay = k and Ay = k — 3(mod 3),
(=1)

—1)Hon-slm) 5 N\ Lk,

where m/ has index X' = [ag, a3, ..., a] + B2, . .., Be]. Each of the cases in (28]
gives (—1)9 (™). Indeed, in each case where A\, = k,

{-1,0,1,2,3, ..., kN{A1, Aay oo, Ae)
={-1,0,1,2,3,....k — 1"\{\2, A3..., A}

So when A1 = k, the maximum number of disjoint adjacent triples of these equal
sets gr(m) and gx_1(m’), respectively, are equal.

We use that gi(m) = gr—1(m’) for the first three cases where A\ = k and
A2 = k—p(mod 3) for p = 1,2,3. Let d be the integer such that Ao = k—p—3d.
By Lemma [I5]

ge-1(m') = w; 1J + V_ 13_ ’\QJ + ; {%J .@n
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Substituting k — p — 3d for Ay in the second summand of (27)) yields,
E—1—-X| |3d+p—1 - 3d| _|k—p—X
3 N 3 13 3 '
Thus we can replace the second summand of (27):
4
)\e+1 k—p—)\Q )\;1—/\‘—1
N o J J _ /
giat) = | 22| 4 | 222 J+J_§Sj AR )

For the last case when A1 # k, property R2 gives that \; £ k, k — 1,k — 2.
Thus, the adjacent triple k, k — 1,k — 2 is in

{-1,0,1,2,3,.. ., k}\{ A1, A2, As .. ., A},
and gx(m) is one more than the number of adjacent triples in
{~1,0,1,2,3, ...,k — 3\ {1, Aou Az .., Ao}

Thus 1 + gx_3(m) = gx(m) and sgn, (m) = (=1)9™) by (28). O

3. Main Results

The following proposition gives a combinatorial description for the terms of
the polynomials Ry.

Proposition 17. For k > 0,

Ri(a1,az,...,ak,b0,b1,...,b5) = p(k) + Z (=1)9:m)py, (28)
MER
Proof. Applying Lemmas [0, I3] and [I6 gives (28])). O

Theorem [I8 below results from piecing together Lemma[6] (21]), and Propo-
sition [[71 Lemmal[@ states Qx = ¢(—Py), where ¢ is the substitution that maps
a1, by, and by to 0, and for j > 1, substitutes a;_; for a;, and substitutes b;_;

for b;. The linearity of ¢ and ZI)) gives Qr = —¢(Ri+1) — ¢(Rk)-
Define o (k) to be

o(k) = 2?\/5 sin <I%T> = 2T\/ghrn (ek”/g) , (29)

and note that o(k) is the six-periodic sequence which begins 0, 1, 1, 0, —1, —1,
..., for k > 0 that satisfies o(k) = —o(k — 3).
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Theorem 18. The kth classical numerator and denominator Py and Qy of

—1+a1 —-14a —-1+4as

bo +
OT 14 by 4+ 14by + 1+bg +---
are
Pe=—o(k)+ Y, (1% Mm4 Y (1), (30)
MERK_1 mER
and

Qe=o0k+1)= Y (~1)*™gm)— Y (—1)*+Mpm).  (31)
MmER MER k41
Ae>1 Ae>1

Proof. First observe that o(k) = —p(k — 1) — p(k). The proof follows imme-
diately from (2I), (28), and ([I9). The condition A¢ > 1 in (BI)) simplifies the
summations by removing all summands with ¢(m) = 0, where ¢(m) is as defined

after the proof of Proposition [I7 O

The next two corollaries are specializations of Theorem[I8 The first of these
is the case when b; = 0 for j > 0. Making this substitution into ([B0U) causes
all monomials whose b index has nonzero components and those elements with
Be = @y = 0 to vanish from the summation in [0). This implies that the index
equals the a index for these monomials. Thus for £ > 1 the support of the
classical numerators is the subset U of Ri whose b index is zero and whose
index satisfies the following properties:

Ul k>N > >... > 1.

U2 A\ = k(mod 3).

U3 \j # \jp1 + 1(mod 3).

U4 N\, # 2(mod 3).

Corollary 19. The kth classical numerator and denominator Cy and Dy of

—1—|—CL1 —1—|—a2 —1—|—a3
I+ 1 + 1 4

are

Cr=—ok)+ Y (=)o m4 Y~ (—1)%mpy, (32)

meU,_1 meUy
and
Dp=o(k+1)= > (=1)*Mgm)— Y (=1)#Mg(m).  (33)

meUy, mEUp41
Ae>1 Ae>1
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The second case of Theorem isbp = 0 and a; = 0 for j > 1. The
monomials whose a index has nonzero components as well as those elements
with 8, = ay = 0 vanish from the summation in (30). Hence for £ > 1 the
support of the classical numerators is the subset Vi of Ry whose a index is zero
and whose index satisfies the following properties:

V91 E>ZM>A>... A >2.
V2 )\ = k(mod 3).

V3 Xj # A\jt1(mod 3).

V4 )\ # 1(mod 3).

Corollary 20. The kth classical numerator and denominator Gy, and Hy of

-1 -1 -1
T+b+1+by4+1+b3+--
are
Gr=—ol)+ 3 (1B mi 3 (chmmm (30
meVyg_1 meVy
and

Hy=o(k+1)= 3 (-1)*™o(m) = > (=)™ Me(m).  (35)
St T

Corollary 20] was first given as Theorem 33 of [15].

We refer to a finite decreasing sequence \; satisfying A\; # A1 + t(mod 3),
for a fixed t € {0,1,2}, as an alternating triality sequence. Only the cases
t = 0,1 occur in this paper.

4. Applications to Polynomial Identities and Integer Sequences

4.1. Relating Theorems[3 and [18

What do Theorems [B] with [[8 imply when taken together?

To relate these theorems, the following change of variables is used. Let
0 @ ZIM] — Z[M)] be the homomorphism induced by §(a;) = —1 + a; and
5(b;) = 1 + b;. When applied to Ay, each monomial of length [ gives rise to 2!
monomials with different signs, since the monomials in A4y are of degree one in
each of their indeterminates. Thus Theorems [B] and [I8] give,

ST dm)=—ok)+ > (D" Mmt Y (—1)=mm (36)

meAyg MERK—1 mMER

Notice the left side of ([36) has intense cancellation, while the right side has
none. This identity becomes more explicit in the special cases corresponding to
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Corollaries M9 and First we provide a corollary of Theorem [B that can be
equated to Corollary [9 Define the set of minimal difference two sequences Cy,
by

Co={N: k>N >2 N >2 . 52\ =1}

It is easy to see that |Cy| equals the kth Fibonacci number, for an element of
Cy is either an element of Cy_1, or is obtained by adjoining the integer k to an
element of Ci_5. The initial values Fy = |Co| = 0 and F} = |Cy| = 1 give the
conclusion.

Corollary 21. The classical numerators of the continued fraction

—14+a; —-14a —-1+4as

37
T+ 1 + 1 +-- (37)
in noncommutative indeterminates {aj11};>0 for k >0 are given by

Ch= > (~1+ax)(-14ar) - (—1+ay,). (38)

A€Cy

Proof. By Theorem @ (with by = 0 and b, = 1, for ¢ > 0), the kth classical

numerator of
a1 a2 as

T+ 1 +1 4

E a>\1a>\2...a>\£

AeCy

equals

after writing subscripts in descending order. Substituting sequence {—1+a;};>1
for {aj}j21 ylelds m [l

Equating Corollaries [I9 and 21] gives Corollary 22] below.

Corollary 22.

4
S II1+an)=—ctk)+ > ()% Mm4 Y (=1)%Mm, (39)

AEC, j=1 meUy_1 mel,,
> (-1 = —o(k), (40)
AeCy

and

—o(k)+ Y (—)# 4 3 (-1 =0 (41)

meU,_1 meUy

Example @] below demonstrates these identities in the k¥ = 5 case. Before the
example we give the simple proof of ([@0) mentioned in Section [[4
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Proof. Let e, and o, denote the number of elements of C,, of even and odd
lengths, respectively. Since every element of C,, is either an element of C,,_1,
or is obtained by adjoining the integer n to an element of C,,_o, it is clear that
Op = Op—1+e€n—2, and e, = e,_1+0,_2. Putting z,, = e, — 0,, and subtracting
the first of the two equations from the second, gives that =, = x,-1 — Tp—2.
Clearly ;-1 = Tp—_2 — Tn_3. Substituting the second of these two equations
into the first gives x,, = —x,_3, which is the same recurrence satisfied by —o (k).
For k = 0,1,2, —o(k) = 0,—1,—1, and the left-hand side of ([@0) also equals
0,—1,—1, since Cy = @) and C} and C5 each contain only the sequence {1}. O

Ezample 4. Let k =5 in 39). It is found that o(5) = —1, Uy = {[4,1], [4], [1]}
and Us = {[5, 3, 1], [5, 3]}, so that right-hand side of ([B9) is:

1 4+ aqa1 — ag — aq + asasa; — asas. (42)

The left-hand side of [B9) for £ = 5 can be computed by summing the contri-
butions from each sequence in Cj; and making several cancellations. First, we
find the contribution due to {5,3,1} € Cs:

(a5—1)(az—1)(a1—1) = asaza1—(asas + asa; + azay)+(as + az +ar)—1. (43)
Similarly, the sequence {5, 1} contributes
(a5 —1)(a1 — 1) =asa; —as —ag + 1. (44)
The sequence {4, 1} contributes
(ag —1)(a1 — 1) = aga; —aqg — a1 + 1. (45)
The sequence {3,1} contributes
aga; —ag —ay + 1. (46)
Finally, the sequence {1} contributes
ar — 1. (47)

Summing [@3)-@T) and canceling terms recovers ([A2).

The sum on the left-hand side of {@Q) in the k = 5 case is over the sequences
{5,3,1}, {5,1}, {4,1}, {3,1} and {1}. The sum can be computed according to
the lengths of these sequences as (—1)3 4+ 3(—1)? + (=1)! = 1, which indeed is
equal to —o(5). Also observe that the substitution a; — 1 in {2) yields zero,

giving ([&I)).

To relate Theorem 5] to Corollary 20, define Dy, to be the set of alternating
parity sequences satisfying:

D1 E>AN>X > > XN >2.
D2 )\; = k(mod 2).
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D3 X\; # Aj_1(mod 2).
D4 )\, = 0(mod 2).
Theorem [l now reduces to:
Corollary 23. The classical numerators of the continued fraction
-1 -1 -1
I+bi+1+ba+1+b3+ -
in noncommautative indeterminates {b;};>0 for k>0 are given by

Gr=—x1k)+ 3 (-1 5 (L +bx,)(L+bx,) - (1+0by,).  (48)
A€ED,

Proof. By Theorem [l the kth classical numerator of
-1 -1 -1
by + by + by o

in commuting variables is

—1)i+1
by by |1+ > (=1

bn,—1bn, bpy_1bp, -+ bp. _1bp,
B<hy<2hyctczp <) V11081 Oha—10h; h;—1bh;

When expanded, the degree of a summand is £ = k—1—2j. So j = &= l L Note
that after cancellation the largest subscript has the same parity as k and the
smallest subscript is even. When k is even, by - - - by is not canceled when dis-
tributed and the constant is zero. When k is odd, the constant is (—1)*+(*=1)/2,
Thus the constant is —x1 (k), the nonprincipal Dirichlet character modulo 4. Re-
arranging subscripts in descending order gives that in noncommuting variables,
the classical numerator is

—alk)+ Y ()

A€Dy

S(1+by,)(1+bxy) - (14by,).

Equating Corollaries 20 and 23] yields the following corollary.
Corollary 24.

4
i)+ Y DT [ b)) = o)+ Y (~1)#
=1

AEDy, meEVi_1
-
meVy
—xak)+ Y (1) = —a(k),
A€eDy,
and
—x1(k) +o(k) = Z (—1)gk-1(m)+ 4 Z Yok (m)+L
meVi_1 meVy
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4.2. Applications to some linear recurrence sequences

Corollaries [[9 and 20 lead to new formulas for Fibonacci and Pell numbers.
In this section, we use notation Py for the kth Pell number, not the kth classical
numerator of K as before. Thus, in this section P, = 2P;_1 + Py_o, with initial
conditions Py = 0 and P; = 1. Despite possible interest, we do not take up the
corresponding results that follow from Corollaries 21l and here, nor do we
investigate the consequences for other or more general integer sequences.

The definition of (k) and the following corollary imply the well-known fact
that the kth Fibonacci number, Fj, is even if and only if £ = 0(mod 3).

Corollary 25.

Fe=—o(k)+ Y (—1Zmafqp 3= (—poimaf (49)

meEUK_1 meUy
Ae>0 Ae>0
and
Fe= > (—nm—mafty 3= (pyoslmighat (50)
meUy 1 meUy,
Ae=1 Ae=1

where Fy, is the kth Fibonacci number.

Proof. The substitution a; = 1, bp = 0, and b; = 1 in (1)) and the recurrence
formulas (I0) and () gives that Ay = Fy and By = Fj41. The same classical
numerators and denominators arise from the substitution a; = 2 in Corollary

Then (B2) and B3) gives [@3J) along with

Frpr=o(k+1)— > (=192l — 3" (—1)genimlaf,

meUy, mEUK 1
Ae>1 Ae>1
Shifting k +— k — 1 in this identity and adding it to [@9) yields (GQ). O

It is also possible to compute Fy, using Corollary20l The classical numerators
of the continued fraction

-1 -1 -1 -1

_— = — — 51
-1+ 1 +-1+1 +-- (51)
are 7(k)F}, where
-1 ifk=1,2 d 4
r(ey= {1 =1 2mod )
1 if k= 3,4(mod 4).
The substitutions by;_1 = —2 and bg; = 0 in the continued fraction in Corollary

give (BI)).
Corollary 26.

T(k)Fe = —o(k) + Y (D)1 0(=2)"+ Y (1% (=2,

meVgdd meypdd

where V244 is the subset of Vi whose monomials have indices which are all odd.
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Note that when k is even, property V2 implies V,‘;dd = (. Since 7(2k — 1) =
(—=1)* and 7(2k) = (—1),

(—1)fFor1 = —ok—1)+ > (=)= (=2),

odd
mevyt,

and
(—1)fFor = —0(2k) + Y (=1)%1M(=2)",
mevg,g‘il
Turning to the Pell numbers, the kth classical numerator of the continued
fraction

1/4 1/4 1/4 1/4
1+ 1 +1+1+4---
is P, /2", Substituting a; = 5/4 into the continued fraction in Corollary 9

yields (&2).

Corollary 27.

P, = _2k+1o_(k)_|_ Z (_1)gk,1(m) 52 2k+172£+ Z (_l)gk(m) 56 2k+1726,

(52)

meU, _1 meUy,
(53)
and
Po= 20 [ —o(k)+ 30 (m1)mr (574 + 3 (<1 54"
meUly 1 meUy,
This gives an interpretation of the fact that Pell number
P, = v(k)(mod 5), (54)

where v(k) is the 12 periodic sequence 0,1,2,0,2,4,0,4,3,0,3,1,... starting
from k = 0. Observe that multiplying both sides of (53) by 2¢~! gives

2k=1p, = —2%5(k) (mod 5),
since in the sums 2k — 2¢ > 0. Because gcd(2F~1,5) =1,
P, = —2815(k) (mod 5).

The periodicity of 2¥(mod 5) and —o(k)(mod 5) now yield (54).
Next, the kth classical numerator of the continued fraction
-1 -1 -1 -1
_— = = — 55
24 2 +-24 2 +--- (55)

is 7(k)Px. We can apply Corollary 201 by making substitutions ber_1 = —3 and
bor = 1.
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Corollary 28.

P(B)PL = —o(k)+ 30 (—1)# 0 (=)t 4 3 (1)) (5,

meEVi_1 meVi
where Loqd(m) counts the odd indices of m.

We conclude with an application of Theorem Let ni and p be the
number of terms of Ry that have negative sign and positive sign, respectively.
From the recurrence formula (23], these sequences satisfy

N = Pr—3 + Nk—3 +2n_2 + Ng_1,

and
Dk = Ng—3 + Dk—3 + 2px—2 + Di—1-

Let Jx4+1 = pr —ng. Then Ji satisfies the recurrence formula Ji = Ji—1 +2J;—2,
with initial conditions J; = Jy = 1; these are the Jacobsthal numbers. One
property of the Jacobosthal numbers is that Jy + Jx—1 = 2k=1 for k > 0. Thus

from (B0),
—o(k)+ > (=1 3 (=1l = 9k, (56)

MERK—_1 mER

5. Tables

The following two figures show the relations between the different polyno-
mials associated with K encountered in this paper.
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Rn(ai,a2,...,an;bo,b1,...,bn)

Support counted by Monomials in R,, counted by
’I“()=1,7”1=3,7”2=57 S()=1751=2752=57
Tn = Thn—1+ 2rn—2 4+ 2rn_3 s3 =13, s4 = 28, s5 = 65,
with generating function $n = Sn—1+ 28n—2 + 3sn—3
14 2x —Sp—4 — 28p—5 — 28n—¢
1—z— 222 — 223" with generating function

1—2 42?428
1—2— 222 — 323 + ot + 225 + 226~

Ry (a1,a2,...,ax;0,0,...,0)

Support counted by Monomials in U,, counted by
{UOZO,U1=2,UQ:0, 5020751:178220,
Un = Un—2 + 2un—3 §3 = 27 S4 = 37 S5 = 27
— with generatinzg function Sn = Sn—2 + 3Sn_3 — Sn—s
s
—_ —28p—6
1= 2% =22 with generating function
x4 z3

1— 22— 323 4 25 + 226

Rn(0,0,...,0;0,b1,...,bn)

Support counted by Monomials in V, counted by
Tribonaccis so=0, s51=0, s2=1,
To=0,T1 =1 T =1, §3 =2, 54 =3, 55 =T,
T .,I'n = Tn71 + Tn72 + T'L73 Sn = Sp—1+ Sn—2 + 25n73
with generating function
xT —Sn—-4 — Sn—-5 — Sn—6
1— 2 — 22 — 23 with generating function
z? + 23

1—2z—a2— 223 + 24 + 25 + a6

Figure 1: Counting sequences related to polynomials R, and their special cases. For Tri-
bonaccis, see [9].
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Pn(al,ag,. . .,an;bo,bl, .. ,bn)

Support counted by Monomials in R, UR,—1 counted by
po=1,p1 =4, p2 =3, so=1, s1 =3, s2 =71,
Pn = Pn-1+ 2Ppn—2 + 2pn—3 s3 =18, sq4 =41, s5 = 93,

with generating function
1+ 3z 4 22°
1—2— 222 — 223"

Sn = 8n—1+28p—2 + 35n—3
—Sn—4 — 2Sp—5 — 25n_6
with generating function
1+ 2z + 222 + 22° + z*
1—2— 222 — 323 4+ 24 + 225 + 226~

P,(a1,a2,...,ar;0,0,...,0)

Support counted by Monomials in U,, UU,,—1 counted by
po=0,p1 =2, pp =2, s0=0, s1=1, s2 =1,
Pn = Pn—2+ 2pn73 83 = 2, Sq4 = 5, S5 = 5,
I with generating function Sn = Sn—2 + 38n_3 — Sn_s

2z + 22

) —28n—6
1—22— 223

with generating function
x4+ 2 +a?
1— a2 — 323 + 25 4 226

P,(0,0,...,0;0,b1,...,bn)
Support counted by Monomials in V,, U V,,—1 counted by
Tribonacci-type sequence

po=0,pp =1 p2=2
— Pn = Pn—1 +pn72 +pn73

:30:07 81:07 8221,

s3 =3, sa =05, s5 = 10,

Sp = Sn—1+t Sn—2 + 257173

with generating function —Sn—4 — Sp—5 — Sn—6
z + z? with generating function
1—x—22—23 2% 4 22° + 2*

1—z—a2%—22% + 2% + 25 + 28

Figure 2: Counting sequences related to classical numerators P, and their special cases. Note

that the generating functions are a product of (1 4+ x) and the generating functions of the
polynomials in the previous figure.
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