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RECONSTRUCTING YOUNG TABLEAUX

ALAN J. CAIN AND ERKKO LEHTONEN

ABSTRACT. This paper completely characterizes the standard Young
tableaux that can be reconstructed from their sets or multisets of 1-
minors. In particular, any standard Young tableau with at least 5 entries
can be reconstructed from its set of 1-minors.

1. INTRODUCTION

Reconstruction problems are a very general class of problems that ask
whether a mathematical object is uniquely determined by a collection of
pieces of partial information about the object. A classical example of such
a problem, posed by Kelly [Kel57] and Ulam [Ula60], is present in a fa-
mous unsolved question in graph theory, the graph reconstruction conjec-
ture, which concerns whether every finite simple graph with at least two
vertices is uniquely determined, up to isomorphism, by the collection of its
one-vertex-deleted induced subgraphs. Analogous reconstruction problems
have been defined and studied for many kinds of mathematical objects, such
as relations, posets, matrices, matroids, and permutations.

A reconstruction problem for integer partitions was first formulated by
Mnukhin [Mnu93] and Cameron [Cam96] and can be stated as follows: Is a
partition of n uniquely determined by its set of k-minors? Here, a k-minor
of a partition A of n is a partition of n — k whose Young diagram fits inside
that of A. The problem of determining the values of n and k for which any
partition of n can be reconstructed from its set of k-minors has been studied
by several authors, and bounds for feasible values of n and k were obtained,
e.g., by Pretzel and Siemons [PS05] and Vatter [Vat08]. The exact solution
to the partition reconstruction problem was provided by Monks [Mon09].

Monks proposed the analogous question for standard Young tableaux,
asking which n and k have the property that any standard Young tableau
with n entries can be reconstructed from its set of k-minors [Mon09, Sub-
section 4.3]. A k-minor of a standard Young tableau with n elements is a
standard Young tableau with n — k entries obtained in natural way by delet-
ing entries using jeu de taquin [Ful97, Subsection 1.2] and renumbering.

This paper takes the first steps towards answering Monks’s question, by
completely characterizing the standard Young tableaux that can be recon-
structed from their sets or multisets of 1-minors. In particular, for n > 5,
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any standard Young tableau with n entries can be reconstructed from its
set (and thus from its multiset) of 1-minors (see [Theorem 3.7). This bound
is the best possible, since there are tableaux with 4 entries that are not
reconstructible from their sets (or multisets) of 1-minors (see [Section 4).

2. PRELIMINARIES

Let n € N. A partition X\ of n is a non-increasing finite sequence (Mg, ...,
Am) whose terms are in N and sum to n.

The Young diagram of shape A\, where A is a partition of n, is a left-aligned
array of cells, with A\j boxes in the h-th row (counting from the top). For
example, the Young diagram of shape (4,3,1,1) is

A standard Young tableau of shape A, where \ is a partition of n, is a
Young diagram of shape X\ in which every cell contains one of the natural
numbers 1,2,...,n, each appearing exactly once, such that the entries in
each row are increasing from left to right, and the entries in each column
are increasing from top to bottom. For example, a standard Young tableau
of shape (4,3,1,1) is

(2.1)

‘Om‘»& W | =

The set of all standard Young tableaux with n entries is denoted YT(n).
For brevity, this paper uses tableau to mean a standard Young tableau. An
outer corner of a tableau is a cell that has no cell immediately below or to
the right of it; in (21, the entries 6, 8, and 9 occupy outer corners.

There is a natural way of deleting entries from a tableau using what is
known as ‘jeu de taquin’. Let T € YT(n) and m < n. To delete m from
T, first remove the cell containing m from T, leaving a space. Iterate the
following process until it terminates: Consider the cell R to the right of the
space (if such a cell exists) and the cell B below the space (if such a cell
exists). If the entry in R is smaller than that in B or B does not exist,
slide R into the space, leaving a new space where R was; if the entry in B is
smaller than that in R or R does not exist, slide B into the space, leaving a
new space where B was; if neither exists, the space is where an outer corner
was previously and the process terminates. Now renumber each entry p > m
to p — 1. This yields a new tableau in YT(n — 1), which is denoted 7" — m.
The term jeu de taquin specifically refers to the iterative sliding process.

For a tableau T' € YT(n) and k < n, a k-minor can be formed by itera-
tively deleting k entries from T'. The set of k-minors of T' is denoted M (T);
the multiset of k-minors of 7" is denoted mMy/(7T').
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3. RECONSTRUCTION FROM THE SET OF 1-MINORS

This section is devoted to proving that any tableau with at least 5 entries
can be reconstructed from its set of 1-minors. The key idea of the proof is
that the set of 1-minors determines (a) the location of the largest entry in
the tableau and (b) the set of 1-minors of the tableau obtained by deleting
the largest entry. This allows a proof by induction on the number of entries.

We begin with the observation that the shape of any tableau with at least
3 entries can be reconstructed from the set of 1-minors of the tableau. This
follows immediately from the results of Monks [Mon09, Theorem 2.1}, but
for the sake of self-containment, we provide a simple proof of this fact.

Lemma 3.1. The set of 1-minors of a tableau in YT(n) for n > 3 deter-
mines the shape of the tableau.

Proof. Let T € YT(n) where n > 3.

Suppose first that every tableau in M;(7T) has the same shape. Then
all jeu de taquin processes in 1" must end at the same outer corner. Thus
T has only one outer corner, which implies that 7T is rectangular, in the
sense of having shape (¢, ¢,...,¢) for some ¢, and the tableaux in M;(T") will
have shape (¢,¢,...,¢,0 — 1). If there are at least two rows and columns in
this shape, then the shape of T' can be obtained by taking the shape of the
tableaux in M;(7") and adding 1 to the last part. Otherwise the shape of
the 1-minors has only one row or only one column (but not both since there
are at least 3 entries in T" and so at least 2 entries in every 1-minor), and
the shape of T is obtained by extending the row or column by 1, since this
is the only way to add a cell and leave only one outer corner.

Suppose that M;(7") contains tableaux of at least two different shapes.
Then T must have at least two outer corners, and so the shape of T can be
obtained by taking the union of all shapes of tableaux in M;(7'), since an
outer corner of T absent from one shape will be present in another. O

Lemma 3.2. The set of 1-minors of a tableau in YT(n) for n > 4 deter-
mines the location of the largest entry in that tableau.

Proof. Let T € YT(n). By [Lemma 3.1l the shape of T' can be determined
from M; (7).

If T has only one outer corner, this must be the location of n.

For the purposes of this proof, an outer corner of a tableau in My (7") that
corresponds to an outer corner in T is called a surviving outer corner. If
T has more than one outer corner, then since at least one jeu de taquin
process terminates at each outer corner, each outer corner of T' corresponds
to a surviving outer corner in at least one tableau in M; (7).

Consider how the symbol n — 1 can appear in a minor in My (7). It is
the largest symbol in such a minor, so it must be in an outer corner. It
either arises from the entry n being renumbered to n — 1 (when the minor
is formed by deleting any entry in {1,...,n — 1}) or else it corresponds to
the entry n — 1 in 7' (when the minor is formed by deleting n and no entries
are renumbered).

Suppose that T has multiple outer corners. Each of these outer corners
corresponds to a surviving outer corner in some tableau in M;(7"). In par-
ticular, the cell containing n in 71" corresponds to a surviving outer corner
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containing n — 1 in any minor arising from a jeu de taquin process that ends
at a different outer corner. On the other hand, n — 1 can appear in some
other surviving outer corner at most once, in the minor arising from the
deletion of n (which only happens when n — 1 is in a different outer corner
of T).

If there are at least three outer corners in 7', there are at least two minors
where n — 1 appears in the surviving outer corner corresponding to the cell
containing n in 7', so in this case the location of n in T" is determined.

The case that remains is when T has exactly two outer corners; assume
this case. Then there are at least two distinct minors. If n — 1 appears
more than once in the same surviving outer corner in at least two different
minors, the corresponding outer corner of T contains n. If an outer corner
of T corresponds to a surviving outer corner of a minor containing some
symbol k < n — 1, then this outer corner of T' cannot contain n, for this k
is either unchanged from T or arises via renumbering from k£ + 1 < n, and
so the other outer corner of T' contains n.

Suppose the jeu de taquin process that arises in deleting k < n ends at the
outer corner containing n. Then there would be a minor in which the other
surviving outer corner contains n — 2, as a result of renumbering n — 1. By
the previous paragraph, this determines the location of n in 7. So assume
there is only one jeu de taquin process ending at n in T'. Since T has only
two outer corners, n must be either the bottom row or the rightmost column
in T, and every jeu de taquin path starting in this row or column must end
at n. Thus n is the only entry in this row or column. This means T is a
rectangle with a single cell at one side or below (that is, shape (¢+1,¢,...,¢)
or (¢,4,...,0,1)), and this single cell contains n. Since there are at least 4
entries, T" does not have shape (2,1) and so the single cell containing n is
determined. O

Lemma 3.3. Let T € YT (n). Then the 1-minors of T —n can be obtained
by deleting the entry n — 1 from each of the 1-minors of T'.

Proof. Note that n — 1 must be in an outer corner of each of the 1-minors
of T and in particular in 1" — n; thus deleting n — 1 from any of these does
not result in any sliding or renumbering.

Let m < n — 1 and consider deleting m from 7" and from T — n, giving
1-minors T'— m and (T — n) — m respectively.

Suppose first that the jeu de taquin process in T" ends at some entry other
than n. Then the entry n — 1 in T — m is obtained by renumbering n, which
was not moved from its original location. The same jeu de taquin process
occurs in T'— n and ends at the same entry. Hence T'—m and (T'—n) —m
differ only in the presence of n — 1 in some outer corner of T'— m, and so
(T—m)—(n—1)=(T—-n)—m.

Suppose now that the jeu de taquin process in T ends at n. Then the
last move of the jeu de taquin process in T is sliding the cell containing n
either vertically or horizontally; it is then renumbered to n — 1. The jeu de
taquin process in T — n arising from deleting m is the same except that it
does not include this last move. Hence again T'— m and (7' — n) — m differ
only in the presence of n — 1 in some outer corner of " — m, and so again

(T—m)—(n—1)=(T—-n)—m.
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Thus the 1-minor of T — n formed by deleting m equals the result of
deleting n — 1 from T'—m. (Note in particular that (T'— (n—1))—(n—1) =
(T —n) — (n — 1) by taking m = n — 1; hence this 1-minor of 7' — n arises
by deleting n — 1 from two different 1-minors of 7', namely 7' — (n — 1) and
T —n.) O

At this point, the results necessary for the induction step have been
proved. It is now necessary to establish that all tableaux with 5 entries
can be reconstructed from their sets of 1-minors. It would be possible to
do this by an exhaustive calculation, but the following lemmata reduce the
amount of calculation needed.

First, the following lemma is a consequence of [Lemma 3.1] and the fact
that there is exactly one tableau with a single row or single column and a
given number of entries.

Lemma 3.4. A tableau in YT(n) for n > 3 with a single row (that is, shape
(n)) or a single column (that is, shape (1,1,...,1)) is reconstructible from
its set of 1-minors.

Lemma 3.5. A tableau in YT(n) for n > 4 with two rows (respectively,
columns), the second containing exactly one entry (that is, shape (n—1,1);
respectively (2,1,1,...,1)) is reconstructible from its set of 1-minors.

Proof. The set of 1-minors determines the shape of the tableau by [Lemma 3.1l
Consider the case where the shape is (n — 1,1); the other case is symmet-
rical. Note that it suffices to determine the entry in the single cell in the
second row. By [Lemma 3.2] the location of the entry n is determined by the
1-minors. If it is the entry in the second row, the tableau is determined. So
suppose it is not the entry in the second row; it must be at the right-hand
end of the first row. Any deletion must affect the entry in the second row
in one of three possible ways: the cell in the second row is either slid out
of position, renumbered, or left untouched. And the last possibility arises
at least once, when n is deleted. Thus the entry in the second row will be
the maximum entry that occurs in the second row of a 1-minor. Hence the
tableau is determined. O

The proof of the following lemma is the only piece of manual calculation
necessary to establish the basis of the induction.

Lemma 3.6. Any tableau with shape (3,2) or (2,2,1) can be reconstructed
from its set of 1-minors.

Proof. The set of 1-minors determines the shape of the tableau by [Lemma 3.1

There are five tableaux with shape (3,2), and their sets of 1-minors are dis-

tinct:

M123\_12 1/2]3]

"\l4]5 T 13l4 4 ’
M124\_13 12]3] 1]2] [1]2]4]
"\'3]5 T )24 4 [3]4][3] ’
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NNIESE 4\ fii]203] 13 1]3]4]
1 25 _i ’24’l )
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"\l2]4 13 2] n2lal(

Thus a tableau of shape (3,2) can be reconstructed from its set of 1-minors.
The case where the shape is (2,2,1) is symmetrical. O

Theorem 3.7. Any tableau with at least 5 entries can be reconstructed from
its set of 1-minors.

Proof. Let T € YT(n). First, the shape of the tableau T' can be recon-
structed from its set of 1-minors by [Lemma 3.1

Consider the following eight shapes: (5), (4,1), (3,2), (2,2,1), (2,1,1,1),
(1,1,1,1,1) (all shapes of tableaux with 5 entries except for (3,1,1)), and
(3,1), (2,1,1) (which are shapes of tableaux with 4 entries). In each of these
cases, the tableau can reconstructed from its set of 1-minors by [Lemmata 3.4,
B8l or

Now suppose that n > 5 or that 7" has shape (3,1,1). The shape of
the tableau T' can be reconstructed from its set of 1-minors by [Lemma 3.1l
The location of the entry n in T is determined by the set of 1-minors by
[Lemma 3.2 By [Lemma 3.3l the set of 1-minors of T determines the set of
1-minors of T'— n. Therefore if T'— n is determined by its set of 1-minors,
then so is T', since the location of the entry n is determined.

If T has shape (3,1,1) then T'— n has shape (2,1,1) or (3,1) and so
is determined by its set of 1-minors by Combining this with
the other shapes considered, one sees that any tableau with 5 entries is
determined by its set of 1-minors.

If n > 5, then by induction starting from n = 5, the tableau T" — n is
indeed determined, and hence T is also determined since the location of n
is determined. O

4. RECONSTRUCTION FROM THE MULTISET OF 1-MINORS

The following corollary is immediate from [Theorem 3.7t

Corollary 4.1. Any tableau with at least 5 entries is reconstructible from
its multiset of 1-minors.

Among tableaux with 4 entries, those of shapes (4), (3,1), (2,1,1) and
(1,1,1,1) are reconstructible from their sets of 1-minors by
and and so also reconstructible from their multisets of 1-minors. The
two tableaux of shape (2,2) are not reconstructible from their multisets of
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wu(515) = (5 A
(1) = (5 )

Among tableaux with 3 entries, those of shapes (3) and (1,1,1) are re-
constructible from their sets of 1-minors by [Lemma 3.4l and so also recon-
structible from their multisets of 1-minors. The two tableaux of shape (2, 1)
are reconstructible from their multisets of 1-minors but not reconstructible
from their sets of 1-minors, since

12 11
li <3 ) = <77>7

(52)(3)-f)

Not even the shape of a tableau with 2 entries is determined by the set
or multiset of its 1-minors.
There is only one tableau with 1 entry, so its reconstruction is trivial.

1-minors:

and so

5. OPEN PROBLEMS

The arguments above seem very specialized to the case of reconstruction
from sets or multisets of 1-minors. The most immediate open problem is
the following:

Open Problem 5.1. For k > 2, for which n is every tableau in YT(n)
reconstructible from its set or multiset of k-minors?

Reconstructibility of a tableau T' means that the multiset of its k-minors
contains a sufficient amount of information for uniquely determining 7.
Some of the information might be redundant; 7" might be determined by
just a few of its k-minors. This raises the question what the minimum
number of cards that guarantee reconstructibility is.

Open Problem 5.2. Let Hi(n) be the smallest number m so that every
tableau in YT(n) is uniquely determined by any submultiset of mMjy(T') of
cardinality at least m, provided that YT(n) is reconstructible. What are
the numbers Hy(n)?

A first step towards answering this question is the following result:
Proposition 5.3. Hi(n) > |n/2| + 2.

Proof. 1t is sufficient to exhibit, for each n, two different tableaux of size n
with [n/2] + 1 common 1-minors. There are two cases, depending on the
parity of n.
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For n = 2k, let
po 2] [klk+2[krs] (2
1 — k‘—i—l )
- ]1€ 2] [k—1lk+1lk+2] (2K

The multisets of 1-minors of 77 and T each contain k = |n/2] copies of

1[2] k—1lk+1]k+2] 261
k )

resulting from the deletion of 1,2,... &k from 7} and of k£ + 1,...,2k from

T5, and 1 copy of B

resulting from the deletion of k£ 4+ 1 from 77 and k from 75. Hence 77 and
Ty are different tableaux of size n with at least |[n/2] 4+ 1 common 1-minors.

For n =2k +1, let
12| [klk+2lk+3] |2k
T3=|k+1 ,
2k + 1
1 2] k—t1lk+1][k+2] |24
Th=| k
2k +1

The multisets of 1-minors of T3 and Ty each contain k = |n/2] copies

1[2] (k—1lk+1lk+2] k-1
L 5|
2
resulting from the deletion of 1,2,... &k from 75 and of k£ + 1,...,2k from
Ty, and 1 copy of

2] i
o )
resulting from the deletion of k + 1 from T3 and of k from T;. Hence T3

and T, are different tableaux of size n with at least |n/2] + 1 common
1-minors. U
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