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Abstract

Let @I be the graph with vertex set {—1,1}" in which two vertices are joined if their
Hamming distance is at most r. The edge-isoperimetric problem for ()7 is that: For every
(n,7, M) such that 1 <r < nand 1 < M < 2" determine the minimum edge-boundary
size of a subset of vertices of ()] with a given size M. In this paper, we apply two different
approaches to prove bounds for this problem. The first approach is a linear programming
approach and the second is a probabilistic approach. Our bound derived by the first approach
generalizes the tight bound for M = 2"~! derived by Kahn, Kalai, and Linial in 1989.
Moreover, our bound is also tight for M = 2772 and r < 5 — 1. Our bounds derived by
the second approach are expressed in terms of the noise stability, and they are shown to be
asymptotically tight as n — oo when 7 = 2|2 | + 1 and M = |a2"] for fixed a, 3 € (0, 1),
and is tight up to a factor 2 when r = 2 LBQ—"J and M = |a2™]. In fact, the edge-isoperimetric
problem is equivalent to a ball-noise stability problem which is a variant of the traditional
(i.i.d.-) noise stability problem. Our results can be interpreted as bounds for the ball-noise
stability problem.

Keywords: Isoperimetric inequalities, noise stability, Fourier analysis, linear programming
bound, probabilistic approach, hypercontractivity

1. Introduction

The isoperimetric problem is one of most classic problems, which is to determine the
minimum possible boundary-size (i.e., perimeter) of a set with a fixed size (i.e., volume).
A famous result for the isoperimetric problem in the n-dimensional Euclidean space states
that an n-ball has the smallest surface area per given volume. In last several decades, an
analogue of the isoperimetric problem was considered in the discrete setting. Let G = (V, E)
be a graph and A C V' a non-empty subset of vertices of G. The edge-boundary 0A of A is
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the set of all edges of GG joining a vertex in A to a vertex in V\A. The edge-isoperimetric
problem for GG asks for the determination of

min{|9A| : A C V,|A| = M}, (1)

for each integer M. When the graph G is set to (the powers of) discrete hypercubes, the
corresponding isoperimetric problem attracts a lot of attentions due to its importance to re-
lated problems in combinatorics, discrete probability, computer science, social choice theory,
and others; see e.g. [15, 7, 5, 3, 1]. For the hypercube? {—1,1}", the Hamming distance
du(x,y) := [{i : x; # y;}| between two vectors x and y in {—1, 1}" is defined as the number
of coordinates in which they differ. For positive integers n and r such that » < n, we let Q)
denote the r-th power of the n-dimensional discrete hypercube graph, i.e., the graph with
vertex-set {—1,1}" in which two vectors are joined if they are Hamming distance at most
r apart. When r» = 1, the hypercube graph @) is denoted as @, for brevity. The edge-
isoperimetric problem for Q" is hence formulated as follows. For every (n,r, M) such that?
r€[l:n]and M € [1:2"], determine the minimum boundary-size of a subset (also termed
a code) of Q! with a given size M. Throughout this paper, we denote the (normalized)
volume as

The edge-isoperimetric problem is also related to the estimate of distance distribution of a
subset in the hypercube @,. For a graph G = (V, E) and a non-empty subset A C V', the
subgraph induced by A is denoted as G[A], which is the graph whose vertex set is A and
whose edge set consists of all of the edges in E that have both endpoints in A. Let ¢(A) denote
the number of edges of G[A]. Indeed, if G is a d-regular graph, then 2e(A) + |0A| = d|A| for
all A C V. Denote B{" := {x:du(x,1) <r} (orshortly B,) as the r-radius ball with center
1={1,1,...,1}. Denote the cardinality of B™ as (<”T) =>0 (7;) Similarly, we denote the
Hamming sphere with the same radius and center as S := {x:du(x,1) =r} (or shortly
S,) and its cardinality as (7). Since Q7 is (([.) — 1)-regular, it holds that for A C {—1,1}"
with size M, 2e(A)+|0A| = [() —1]M. Hence, the edge-isoperimetric problem is equivalent
to determining

max{e(A) : A C {—1,1}",|A] = M.

2Without loss of generality, one can also consider the hypercube as {0,1}", and our results can be easily
converted into this case via a simple bijection x € {0,1} — (—1)*. We choose “{—1,1}"" since the Fourier
transform of a function on this set is easier to present.

3Throughout this paper, we denote [a : b] for a,b € R such that a < b as the set of integers between a
and b (i.e., [a,b] N7Z). .



For a non-empty subset A C {—1,1}", the distance distribution of A is defined as the
following probability mass function?:

PW(j) .= {(x,x) € A% . dy(x,x) = i}|, i € [0: n].

1
[A]?
It is clear that P()(0) = ‘A| S PAGE) =1, and PW(i) > 0 for i € [0 : n]. Further-

more, by definition, if |A| = M then e(A) = MTQ S PA(4). Hence, the edge-isoperimetric
problem is also equivalent to determining

maX{ZP cAC{-1,1}",|A| = M},

i.e., the estimation of the cumulative distribution function of the distance distribution.

A trivial upper bound for the edge-isoperimetric problem is >_;_, P (i) < 1, which is
attained if M is small enough, more precisely, if M < ( Sg‘/z) (i.e., the optimal sets A are
contained in a Hamming ball of radius b/2) [10, 7|. For r = 1 (i.e., for @,), the edge-
isoperimetric problem was solved by Harper [4], Lindsey [13], Bernstein [2| and Hart [6],
who showed that lexicographic subsets are optimal in minimizing the edge-boundary size.
Here, lexicographic subsets are subsets whose elements are given by initial segments of the
lexicographic ordering on {—1,1}". In fact, lexicographic subsets are generalizations of
subcubes, and reduce to subcubes when the sizes of them are 2% for integers k. Furthermore,
for r > 2 and M = 2" !, the edge-isoperimetric problem was solved by Kahn, Kalai, and
Linial [7] in 1989, who showed that subcubes are also optimal for this case. However, the
problem for > 2 and M # 277! has remained open. In this paper, we make progress on
these unsolved cases, more specifically, on the cases of r > 2 and M = 2™ with a € (0, %)
In other words, the case in which M is linear in 2" is considered in this paper. For this
case, we provide two bounds for the edge-isoperimetric problem. In particular, we prove
that subcubes are also optimal for » > 2 and M = 272,

When M is exponential in n, by using an improved hypercontractivity inequality, Kir-
shner and Samorodnitsky [9] recently showed that for M = 2"7() with o € (0,1) and for
i =nA with A < 20(1 — o),

P(A)(Z-) < 2n[aH(%)+(l—a)H(ﬁ)—H(a)} 2)
where H(p) := —plog, p — (1 — p) log,(1 — p) for p € [0, 1] denotes the binary entropy (here,

the convention 0log, 0 = 0 is adopted). By computing the derivative, one can find that
given o, the exponent at the right side of (2) is non-decreasing in A for A < 20(1 — o).

4QOur definition of the distance distribution is slightly different from the classic one (e.g., in [14]), since in
the classic definition, the factor is |flT|, rather than #. Our choice is more convenient when the code size

is large (e.g., linear in 2™).



Hence, the inequality in (2) implies that for M = 2"7(%) with ¢ € (0, ) and for r = nfg with
f<20(1—0),

B B
Z PW(4) < (r + 1)2"7H G ar=e) =], (3)

When r,, = |fn] for a fixed § € (0,1) and let n — oo, it holds that

Tn

1
lim ——log, max ZP

n—oo mo 2 A, |Al<2nH (@) 4

_ {H<a> —oH ()~ (1= 0)H(gily), f<20(l-0) @

0, g >20(l—o0)

Here, the optimal exponent in (4) is attained by a sequence of Hamming balls with radii
(approximately) equal to no. The first clause at the right side of (4) follows from (3), and
the second one follows by the following facts: 1. when f = 20(1 — o), the right side of (4)
vanishes; 2. givenaset A, r— >\, P@(3) is non-decreasing, which implies that the left side
of (4) is non-increasing in f; 3. the left side of (4) is non-negative. It is worth noting that if
we replace Y ;" PU(i) at the left side of (4) with P (r,,), then the asymptotic exponent is
different from the above. Specifically, this new exponent is zero for 20(1—0) < g < % and it
is symmetric with respect to g = %; see details in Remark 29 of |9]. Furthermore, Rashtchian
and Raynaud [17] also derived different bounds for the edge-isoperimetric problem for Q7.
Their bounds are tight up to a factor of exp(9(r)) (i.e., a factor depending only upon r).

1.1. Ball-Noise Stability: Probabilistic Reformulation of the Edge-Isoperimetric Problem

In this subsection, we reformulate the edge-isoperimetric problem in probabilistic lan-
guage. Let X ~ Unif{—1,1}" and Y = X o0Z = (X - Z;)1<i<n where Z € {—1,1}" is
independent of X and o denotes the Hadamard product (element-wise product).

Definition 1. For f: {—1,1}" — R and r € [0 : n], the sphere-noise stability and ball-noise
stability of f at r are respectively

Sstab,[f] = E[/(X)f(Y) = Y M=) (5)

X,yfol(l) n(:)

with X ~ Unif{—1, 1}",Z ~ Unif(S,), and

BStab,[f] .= E[f(X)f(Y)]= Hdu(x,y) <7}

x,yef*l(l) n(SnT)

with X ~ Unif{—1,1}", Z ~ Unif(B,).



Obviously, the joint distribution Pxy is symmetric (i.e., Pxy = Pyx) if X ~ Unif{—1,1}"
and Z ~ Unif(S,) or Z ~ Unif(B,). The edge-isoperimetric problem for Q! is equivalent to
the following question: For every (n,r, M) such that 1 <r <n and 1 < M < 2" determine

(M, r) = tab
s (Myr)=_ max  SStab,[f] (6)
Plf=1]=«
(M, r) = BStab
g (Mor):=  max = BStab,[f] (7)
Plf=1]=«
and their limits as n — oo for fixed a = 2Mn and 8 = =. Here, the Boolean function

f:{-1,1}" — {0,1} in the optimizations can be seen as the indicator of the code A. Our

motivation for studying the case in which M is linear in 2" comes from this probabilistic

formulation of the edge-isoperimetric problem, since in this probabilistic formulation, o = 2£

2n
corresponds to the probability of the code A under the uniform measure. For even and
odd values of r, the limit behaviour is in fact different for the case of interest here. For

o, € (0,1), we define

Fodas(a, f) = lim I{(|a2" j,QL% | +1)
Tovens (@, 8) := limsup 1Y (|a2" ], 2 L% 1)
Lopens (0. 8) 1= linnin 1§ [02°), 2, 2 )). (®)

By replacing sphere noise with ball noise, Loqa,s(@t, 3), Teven,B (v, ), Loyen (e, 3) are defined
similarly. (The limits in the definitions of I'cqqs(c, 8) and Ioaq p(ev, ) exist, which will be
shown in Theorem 2.) We term the optimization problems in (6) and (7) respectively as the
sphere-noise stability and ball-noise stability problems.

The sphere-noise stability and ball-noise stability problems can be seen as variants of
the traditional i.i.d.-noise stability problem. In the traditional noise stability problem,
Z ~ Rad®"(B3). Here Rad®"(8) denotes the m-product of the biased Rademacher distri-
bution Rad(3), 8 € (0, 3) with itself, where the biased Rademacher distribution Rad(3) is a

distribution having the probability mass function
1-8 z=1
Pz(Z) = .
B z=—1
The noise stability of a function f is defined as

du(x,y) (1 _ R\n—du(x.y)
Staby[f] == Ef(x)s(x)) =y U0

(9)

2n 7
xyef~1(1)
where X ~ Unif{—1,1}",Z ~ Rad®"(j3), and again Y = X o Z. Similarly to (6)-(8), define
MG = max Stabslfl and Tup(a,8)i= lim TR (a2'),9). (10
Plf=1]=«a



Obviously, the limit in (10) exists, since F%?I%(LQ2HJ , #) is non-decreasing in n for given «, .

The edge-isoperimetric problem for (! and the ball-noise stability problem in (7) are
equivalent, as shown in the following proposition.

Proposition 1. For A C {—1,1}" with size a2", BStab,[14] = (22; Sy PAG).

Proof.
1{d <
BStab,[1,] =P[X € A, Y € A] = Z { H(jfa )1’1) <r}
X,yEA (<7”)
_ a2omn Z Hdu(x,y) < 7’} «Q 2 P(A
(Snr) X7y6A (a2’ﬂ)2 7” i—0

O

Combining (4) and Proposition 1 yields that when® M, = 2"H@)+en) (je @, =
2ni(o)=1+on(M)) and r,, = | Bn] for some fixed o € (0,3), 5 € (0,1), it holds that

1
lim —— 10g2 (Mnarn)

[D(1-o- 5.2
- 1+ H(min{}, ;

where D(Q||P) =), Q(z )log2 Q(x denotes the relative entropy between two distributions
@ and P.

In the literature, the (i.i.d.) noise stability problem was studied by Benjamini, Kalai,

and Schramm [1]. When a = 1 and n > 1, rin(on=1 g) = L2 This is a consequence of

Witsenhausen’s results on maximal correlation [18]. When o = i and n > 2, Yu and Tan

29 -9l 5.5.5%) #<2(l-0)

, |
}) —2H(o0), B>20(1—-0)’ (1)

[21] showed that F%&(Q””, p) = (#)2 In the literature, hypercontractivity inequalities
were also used to prove asymptotically tight (up to a factor (log 1)* for some k) bounds on
Iip(a, B) as o — 0 for fixed f; see [15, 8, 21]. Kirshner and Samorodnitsky’s improved
hypercontractivity inequality in Theorem 8 of [9] implies that when M, = 2"H(@)+on(1) (j e
o = 2nH@)=1Fon(W)) for some o € (0, 3), the exponent of I\ (M,, B) for 8 € (0, %) is

1 n .
lim ——log, I} (M, ) = QXY:QXLnQIg:(l_U,U)D(@Xynpxy) (12)
. 66 6 BB B 1-
=, ain D((l—0—3,5.5.0 7= D25 550, 1)

where the right side of (12) is termed the minimum relative entropy over couplings of
Qx = Qy = (1 —0,0) [22, 19], and the unique optimal € attaining the minimum in (13) is

*Throughout this paper, we use 0, (1) to denote a term (or sequence) that vanishes as n — co.

6



o = ¥ 1+4(H;1_);(1_0)_1 with k = (%)2 Here, the optimal exponent in (13) is attained by a
sequence of Hamming balls (or Hamming spheres). The result in (12) and (13) was general-
ized to the two set version of noise stability and also generalized to arbitrary distributions
on finite alphabets or Polish spaces in [22, 19]. Furthermore, for ¢ < 3,8 < 20(1 — o), it
holds that 8* < (3, which implies that for this case, the expression in (13) is strictly smaller

than that in (11).

1.2. Main Results

In this paper, we study the discrete edge-isoperimetric problem for )] with » > 1. We
apply two different techniques to derive bounds for this problem. The first one is Fourier
analysis combined with linear programming duality. By such a technique, we prove the
following bound which is called linear programming (LP) bound.

Theorem 1 (Lincar Programming Bounds). 1. For o := 4L < 1
n Wit (1) "
F](B)(M’T)Saz[l_W]+a(1_a)((n))> (14)
<r <r
where Y (o, 1) == [Yp(a, r)]T and
( "(::2> n
odd Keln o (n)en] i 2~V = affl evenrsn/2-1
_ n—2
max %[2(1—1)—1%], oddr <n/2—1
’lZ}n(O(,’l") — ke[n—T(n):n}ﬁZ(7L72)" 1 a 1 o (15)
r+1 1 _in _
» gﬁgﬁlzn}—(%‘”) 2(5 —1) — 2%, even r >mn/2 —1
F(") 1o 1 in
i Igrel[a%)ilm} o) 2(; —1) — =7, oddr>n/2—1
with
1.n n
= (=42—4/=+2 16
()= 202 [0+ (16)
and
1
F::{evenk: kz%}

U{oddk: k:zmax{n;l,rfn__ll_)rr}—l— %} (17)

2. When considering the asymptotic case as n — oo, we have that for fixed 6 > 0,

T (M, 7) < 0(1 = (1= 28)¢n(a,7)) + 0a(1) (18)

SThroughout this paper, [z]* := max{x,0}.



holds for all o := 2 € [6,1 —6],8:=r/n € (0,1 — 0] UL, 1], where 0,(1) is only dependent

on 0 and independent of M,r. Here,

Bo(a) — (£ —1), evenr <n/2—1
Onla,r) = ¢ Bola, f) — (é —1), oddr<n/2-1

0, r>mn/2—1
where
(@) WA <o < 1/4
o) = «
4 1 9 1/4<a<1/2
o fEsRE D - L) 0<a<i/4
<p(6175) - 1
- 1/4<a<1/2

. A 1 .
with 7) := max {m,mm{T, 1—6}}’
For comparison, observe that when a = 27% for a positive integer k, every (n — k)-
dimensional Hamming subcube C,,_, (e.g., {1}*x {—1,1}"%) attains the following ball-noise
stability:

BStab,[1l¢, ,| = a—~. (19)
(Sr)
In particular, for fixed k, as n,r — oo and r/n — 3,
1 —
BStab,[lo, ] — (Tﬁ)’“. (20)

Definition 2. The even part Aeven of aset A C {—1,1}" isdefined as {x € A : du(x,1) is even},
i.e., the intersection of A and the set of vectors x of even Hamming weight dy(x,1). The

odd part of A is defined as Aoqqa = A\ Aeven-

For even r, the same ball-noise stability as in (19) can be also achieved by the even part
(or odd part) of an (n — k + 1)-dimensional subcube, e.g., {x € {1}F71 x {—1, 1}~ :
dy(x,1) is even}.

Comparing Theorem 1 with (19) and (20), we know that the bound in (14) is tight for
a=1/2and n > 1 as well as for « = 1/4, r < n/2 —1, and n > 2. For the former case
(=1/2 and n > 1), ¥;F(1/2,7) = 0, which leads to the tight result

(")
2(2)

This recovers a classic result derived by Kahn, Kalai, and Linial [7]. For the latter case
(o =1/4,r <n/2—1,and n > 2), ¥,(1/4,r) = 2(:‘:?), where the optimal %k attaining

and I'g(1/2,8) = 1-4

@t ) = , B€(0,1).

8



¥n(1/4,7) in (15) for even r < n/2 — 1 is k* = n for odd n, and k* = n — 1 for even n, and
the optimal k attaining 1, (1/4,r) for odd » < n/2 — 1 is k* = n. This leads to that
n—2
r -
( Sn) and 1—‘B(:[/ZJLa ﬁ) = (—ﬁ)27 5 € (Oa 1/2)
4(§7") 2

P](BH) (2n_2a T) -

This result is new.
For fixed o = —n < % and sufficiently large n, Rashtchian and Raynaud’s bound in [17]
reduces to the followmg bound:

n 2c¢ 16en 1.,
CE7(M,7) < (= logs ()
When considering the setting of interest in this paper (i.e., the case of fixed a = 27 6 (0,1
f = =, but n — o), Rashtchian and Raynaud’s bound becomes (2,? ] [120 (n — log2 "5?2
<np

which tends to oo as n — oco. Hence, their bound is trivial for our setting. We next compare
our result with Kirshner and Samorodnitsky’s in (2). We first restate their result in the
language of the sphere-noise stability. Similarly to Proposition 1, for sphere noise, it holds
that SStab,[14] = “(2n2)n P@(r). Substituting the bound in (2) into this formula yields the

following bound: For M = 2™(?) with ¢ € (0,1) and r = nj with 8 < 20(1 — 0),

T (M, ) < —grl-Bloga (75083 (20-5)~(1-0-§) g (2-20-5)] (21)
For fixed 0 < a < l , by solving 2@ = 2" we obtain o = % where ¢ = 2\/%lné +

on( —). On the other hand, for fixed 0 < 8 < 3, Stirling’s formula implies (") = 9nH ()= logs (27m) +On (1)

B — 125 logy 473 log, (27n)+0(1) ; ;
y this formula, the right side of (21) reduces to 2 T-F T2 a T2 , which obviously
also tends to oo as n — oo. In other words, Kirshner and Samorodnitsky’s bound becomes
trivial as well for our setting. However, it should be noted that Kirshner and Samorodnit-
sky’s bound outperforms our bound when « vanishes exponentially as n — oo, since their
bound is exponentially tight in this setting.

The proof of Theorem 1 is given in Section 2. Here we provide the outline of the proof.
In our proof, we first relax the edge-isoperimetric problem to a linear program by employing
Fourier analysis. By duality in linear programming, we then rewrite this program as its
dual. Finally, we find a feasible solution to the dual program which hence provides a lower
bound for the primal program. Such a lower bound also results in a lower bound for the
edge-isoperimetric problem.

We next present our second bound, which is proven by a probabilistic approach.

Theorem 2 (Probabilistic Bounds). For 0 < a,f < 1
Loaas(e, B) = Toaa (e, 8) = T'ip(a, B), (22)
i (@, ), 57020, 6) <Lonens(0:5) < Toens(, ) < (e, 9, (23)
I (@, B) <Levenp (@ B) < Pevenp(a, 8) < 2(1 — B)l'mp(a, 8).  (24)

9



We conjecture that for 0 < a, 5 < %, Lovens(a, B) = feven,s(a,ﬁ) = %FHD@a,ﬁ) and
Lovenpla, B) = Tevens(, ) = Tip(a, B). This is true if Teyens(c, 8) is attained by Hxiz[“’]fn
for some Fourier-weight stable (see Definition 3 in Section 3) sequence of Boolean functions f,
and Fevenvg(a, ) is attained by some Fourier-weight stable sequence of Boolean functions g,,.
For the ball noise case, this conjecture was confirmed positively for a« = 1/2 by combining
Kahn, Kalai, and Linial’s result [7] and Witsenhausen’s result [18], and for o = 1/4 by

combining Yu and Tan’s result [21] and Theorem 1 above.

The proof of Theorem 2 is given in Section 3. As observed in Proposition 1, the edge-
isoperimetric problem for () is equivalent to a ball-noise stability problem. By Fourier
analysis, we show that this ball-noise stability and the sphere-noise stability are bounded by
the traditional i.i.d. noise stability. Hence, we obtain lower bounds for the edge-isoperimetric
problem.

Instead of the noise stability problem, a hypercontractivity inequality for the sphere
noise was recently investigated by Polyanskiy [16]. Polyanskiy’s hypercontractivity inequality
differs from the sphere-noise stability problem here in two aspects: 1. The hypercontractivity
inequality concerns estimations of E[f(X) f(Y)] for all possible real-valued or complex-valued
functions f, while the noise stability problem restricts f to be a Boolean (i.e., binary-valued)
function; 2. the noise model (X,Y) in Polyanskiy’s hypercontractivity inequality is formed
by adding the sphere noise twice to the uniform random variable X, i.e., Y = X 0 Z; 0 Zy
where Z; and Zj are i.i.d. sphere noises, while the noise model (X,Y) in the sphere-noise
stability problem here is formed by adding the sphere noise only once, i.e., Y = X 0 Z where
Z is a sphere noise. Note that for independent Rademacher noises Z; and Z,, the Hadamard
product Z; o Z, is still a Rademacher noise. However, this is not true for sphere noise. Even
so, our strategy to prove Theorem 2 is similar to the one used by Polyanskiy [16], and both of
them exploit the connections between the i.i.d. Rademacher noise and the sphere-noise (or
ball-noise). More precisely, the Rademacher noise Z ~ Rad®" () in fact can be regarded as
a “smoothing” version (weighted sum, or ‘binomial analogue’) of the sphere-noise (compare
the expressions in (5) and (9)), and moreover, the corruption effect by the Rademacher noise
is mainly determined by the component (the sphere-noise) of radius around n/ (which is
well-known in information theory).

The quantity I'ip(«, 5) was widely studied in the literature. Define p := 1 — 25 and
A () as the Gaussian quadrant probability defined by A (o) = P[Zy > t,Z, > t], where
7, Zy are joint standard Gaussians with correlation E[Z; Z5] = p and t is a real number such
that P[Z; > t| = o. The small-set expansion theorem on [15, p. 264] states that

1

FHD(Oé,B) S al-8, (25)

On the other hand, for all 0 < a < %, Hamming balls [15, Exercise 5.32] yield the lower
bound

Iip(a, B) > Ay(a), (26)



and for a = 2% with a positive integer ¥, Hamming subcubes yield the lower bound

I'p(a, B) > (#)k (27)

Combining Theorem 2 with (25)-(27) yields the following theorem.

Theorem 3 (Hypercontractivity Bounds). For 0 < o, 5 < 1,

1

Ay(a) < Toaas(a, B) = Toaas(a, f) < aT7,

1 — 1
§AP(2Q) < Eeven,S(a> B) < Tevens(a, B) < 22775,

1

Ap(Oé) S Eeven,B(au 5) S feven,B(OK, 5) S 2(1 - B)Oém

Moreover, when k = log, é s a positive integer, it also holds that

(ﬂ)k and Eeven,S(a7 5) Z

1 -5 e
] (S e8)

Fodd,S(Oéa 5)7 Eeven,B(a7 5) 2

v
N |

Similarly to the ball-noise case, when o = 27 for a positive integer k, Hamming subcubes

C,_, attain the sphere-noise stability a(”;k) / (Z) However, for even r, the even part (or

odd part) of C,,_x41 attains the sphere-noise stability o[("*) + (“~%)]/("), which is strictly
larger than the one by C,_x. In particular, for fixed k, as n,r — oo and r/n — (3, it holds
that a[(n;k) + (’;:f)]/(f) — %(%)k_l, i.e., the second lower bound in (28). Similarly, for
even r, the lower bound %Ap(2a) is asymptotically achieved by the even part (or odd part)

of a Hamming ball with volume 2a.

In fact, it was shown in [15, Exercise 9.24] that given 3, A,(a) = é(aﬁ) as a — 0.
Hence, the bounds in Theorem 3 are asymptotically tight (up to a factor (log é)k for some k)
as a — 0 for fixed #. By comparing the LP bounds in Theorem 1 and the hypercontractivity
bounds in Theorem 3, it is easy to see that the LP bounds are tighter when « is close to %
and the hypercontractivity bounds are tighter when « is close to 0.

2. Proof of Theorem 1

In this section, we apply Fourier analysis combined with linear programming duality to
prove Theorem 1. We first introduce Fourier analysis and Krawtchouk polynomials, and also
derive new properties of Krawtchouk polynomials. By using Fourier analysis, we then relax
the edge-isoperimetric problem to a linear program. By duality in linear programming, we
then rewrite this program as its dual. Finally, we find a feasible solution to the dual program
which hence provides a lower bound for the primal program. Such a lower bound results in
a lower bound for the edge-isoperimetric problem.

11



2.1. Fourier Analysis and Krawtchouk Polynomials

A subset A is uniquely determined by its characteristics function 14. For this Boolean
function 14, the Fourier expansion and Fourier weights are defined as follows. Consider
the Fourier basis {Xgs}scii:n With xg(x) := [[;cg®i for S € [1 : n]. Then for a function
f:{=1,1}" — R, define its Fourier coefficients as

fs = EXNUnif{—l,l}"[f(X)XS(X)]a S Cl:n].

Then the Fourier expansion of the function f (cf. [15, Equation (1.6)]) is f(x) = > gc(1.,) Foxs(x).
The degree-k Fourier weight of f is defined as Wy[f] := 3 ¢ 5, f2, k € [0 : n]. For
brevity, we denote Wy[f] as Wy. By definition, it is easily seen that for f = 14, Wy =

o? and Y ;_ Wy = «, where a = |A]/2". For a code A C {—1,1}", define the scaled
degree-k Fourier weight of 14 as QW (k) := %Wk If A is a linear code, then QW is the
distance distribution of the dual of code A, and hence is also called the dual distribution of

A. For details, please refer to [14]. By definition,

1

QW(0) =1, ZZ:;Q(A) (i) =—, and QW) >0 forie[0:n). (29)

For each k € [0 : n] and indeterminate x, the Krawtchouk polynomials [14] are defined

as’

- $n()(7)

whose generating function satisfies

S TE (@) = (1—2)"(1+2)" (31)

00
k=0

)

For brevity and if there is no ambiguity, we denote K ]i" as Kj. It is well-known that (see,

w(w—l)--;’(w—ﬂl)
Fi

if 7 > 0; (’;) :=1if j =0; and (j) :=01if j < 0. Obviously, by definition, (7;) > 0 for nonnegative integer n.

In particular, for nonnegative integer n, (7) =0if j < 0or n < j. See more properties on MacWilliams and

Sloane [14, pp. 13-14].

" Here for a real number x and an integer j, the (generalized) binomial coefficients (j) =

12



e.g., [14])

Ko(i) =1, Yi € [0: n];

w0 = (7) mw = (})a-2,
(

K(2) = Z)a - %) VEk € [0 : nl;
Xs(x)xs(x) 2% = (1 = 2)i0xXD (] 4 o)n=dunlbex) Ty x € (1,1}
SC[1:n]
Ki(du(x,x)) = > xs(x)xs(x), Vk € [0:n),x,x" € {~1,1}". (32)
S:|S|=k

Taking expectation for both sides of (32), with respect to (X, X’) ~ Unif®?(A), yields the
following relationship between P and Q“):

QU(k) = 37 POGG) and PY(K) = 13" QU)K (). (33)

These are so-called MacWilliams—Delsarte identities [14].
We now provide the following extremal property of Krawtchouk polynomials. The proof
of Lemma 1 is provided in Appendix A.

Lemma 1. For an integer n > 1, the following hold:

1. For 0 <k,i <n, we have K,g")(()) > |K,gn)(z)|

2. For0<k<122 and1<i<n-—1, wehave K\" (1) > |K{"(i)].

3. For0 <k <7(n) (defined in (16)) and 2 <i <n — 2, we have K,gn)(Q) > |K,gn)(z)|

Note that the upper threshold 7(n) in Statement 3 is not sharp. Numerical simulation
shows that the upper threshold can be sharpened to a value close to n/2. Proving this seems
not easy. However, it can be proven when n is sufficiently large; see the following lemma.
This lemma is just a strengthening of |20, Lemma 3| and the proof is similar to that of |20,

Lemma 3|. Hence we omit the proof of the following lemma.

Lemma 2. Given a non-negative integer i and 6 > 0, for all sufficiently large n,
K™(@) > (K™ ()], Vk € [on - (% _ Sl x € [iyn—il. (34)
Combining Lemmas 1 and 2 yields that given ¢ > 0, for all sufficiently large n,
K(2) > K ()], vk €0 <§ — o)), j € [2,n—2]. (35)

13



2.2. Linear Program and Its Dual
By the MacWilliams-Delsarte identity (33),

T n T

> POE) = -3 QWM Y ). (36)
We define
w =" Ki(i) = KOG - 1) (37)

(for the equality, see [12, Equation (54)|), and for brevity, we also denote wi(r) as w;. Then,

> PO = 52 > QW (33)

Note that, in particular, wy = (S"T) and wy = ("'). From (29), (33), and P (k) > 0, the
following properties of Q™) hold:

QW(i)>0,ie[0:n], QW ZQ(A - (39)
and ZQ(A ) >0, kel0:n] (40)

Substituting (39) into (38), we obtain

ZP mHil—MQWWM+;@WW
1 1 ~ )
= on ~—[wo + ( — Dwr = ) Q@) (w1 — wy)].
=2

We now consider a relaxed version of the minimization of >, Q™ (4)(w; —w;) over the dual
distance distribution QY. Instead of the discrete optimization of Y 1 , Q) (i) (w; —w;) (since
given n, there are only finitely many codes and the corresponding dual distance distributions),
we allow (Q)(0), QW(1),..., Q¥ (n)) to be any nonnegative vector (ug, uy, ..., u,) such that

uy = 1,u; >0, i € [2:n; Zul ZUsz ) >0, ke[0:n].

Then in order to lower bound Y 7, Q™ (i) (w; —w;), we consider the following linear program.

14



Problem 1 (Primal Problem).

n
Ay (a,r) = . ginun Zui(wl — w;)
3in £

subject to the inequalities

u; >0, 1€ [2:n);

S [K(1) — Kii)]us < Ki(0) + Kk(l)(é 1), kelin).

i=2
The dual is the following optimization problem.

Problem 2 (Dual Problem ).

n

Raler) = o, = SR0) + K1, Dl (a1)
subject to the inequalities
x>0, kell:nl
> K1) = Ki(i)]ag > —(wi —wi), i € [2:n]. (42)

k=1

By strong duality in linear programming,® A, (o, r) = A,(a,r). Therefore, the following
holds.

Theorem 4. For any code A of size M, > 7, Q™ (i)(wy — w;) > Ay (a, 7).

2.3. Linear Programming Bounds

We next provide a lower bound for A, (a, 7).

Theorem 5. For any code A of size M, A, (c,r) > 1} (a, ), where ¥ was given in Theorem
1.

The proof of Theorem 5 is provided in Appendix B. In our proof, we constructed different

feasible solutions for different cases. For example, for even r < n/2 — 1 our feasible solution
n n—2

is x* = (0,...,0, 2%, 2,0, ..., 0) with o}, = 2}, = %

k —n

that n — 7(n) < k < n. The feasibility of this solution follows since, on one hand, such a

, where k is an odd number such

8Obviously, in the primal problem, since u; > 0, the primal problem is bounded. On the other hand, the
existence of a code A with size M := a2 ensures that u; = Q) (i) is a feasible solution. Hence the primal
problem has an optimal solution.
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solution guarantees that equality holds in (42) for ¢ = 2,n; and on the other hand, after
substituting x* into (42), it can be found that (42) holds for i € [2 : n] if and only if it holds
for © = 2, n. Hence x* is feasible. It is easy to see that it leads to the bound in Theorem 5
for even r < n/2 — 1. Other cases are proven similarly.

If we focus on sufficiently large n, then we can obtain a better bound, as shown in the
following theorem. The proof of Theorem 6 is almost same as the proof of Theorem 5 except
that Lemma 2 (more preciously, the inequality (35)), instead of Lemma 1, is applied.

Theorem 6. For any code A of size M and any 6 > 0, for sufficiently large n, the set
“In—7(n) : n]” in the first two clauses of ¥,(a,7) in (15) can be replaced with “[(3+0)n : n]”.
In particular, when n — oo, for fived 6 > 0,

() + 0,(1)), even 1 < n(% —0)

@, B) + 0,(1)), oddr <n(3—96)
() + o,(1)), evenr >mn/2—1
(o) + ) oddr>n/2—1

holds for any o := 3L € [6,4], B :=r/n € (0,5 — 6] U [L, 1], where all the terms 0,(1) are

independent of M,r (the ones in first two clauses depend on §).
Theorems 5 and 6 implies the following linear programming bound on >, _, P (k).

Theorem 7 (Linear Programming Bound). 1. For o =31 <1,

T

PO < ool + (- = D — (0,7 (43)

2. When considering the asymptotic case as n — oo, ¥ (a,r) in (43) can be replaced by
fin(t, 7).

In the perspective of ball-noise stability, Theorem 7 can be rewritten as the bounds in
Theorem 1. In particular, for the asymptotic case, it follows by the fact that for fixed § > 0,

((Z)) — % uniformly for all g :=r/n € [4, % — J]; see Lemma 4 in the next section. This
<r
completes the proof of Theorem 1.

3. Proof of Theorem 2

In this section, we apply a probabilistic approach to prove Theorem 2. A similar approach
was also used by Polyanskiy to study the hypercontractivity phenomenon under the sphere
noise [16].

Similar to the i.i.d.-noise stability, the sphere- or ball-noise stability of a function can be
also expressed in terms of Fourier weights of this function. For a random noise Z € {—1,1}",
let T be a noise operator such that for a function f: {—1,1}" — R, [Tf](x) = E[f(x o Z)].
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Then it is easy to verify that Txs = (2P[xs(Z) = 1] — 1)xs. Hence, for any function
f:{-11}" =R,

Tf=T > foxs= Y fsTxs= > (2P[xs(Z) =1] - 1)fsxs, (44)
SCl1:n] SCll:n] SCll:n]
which further implies that

Ef(X)f(Y)] = (£.Tf) = > (2P[xs(Z) =1 - 1)f3

SCl1:n]

where Y = X o Z. In particular, if Z ~ Unif(B,), i.e., T corresponds to the ball-noise

operator B,., then
|S|

Plxs(Z) =1 =P(][ Zz =11 =P[[[ 2 = 1,
i€s i=1

where the last equality follows since the distribution of Z is invariant under the permutation

operation. Hence, for ball-noise operator B,.,

n k

BStab,[f] = (f,B.f) = > (2P[[[ 2 = 1] - )W, (45)

k=0 1=1

For sphere noise operator S,., SStab,[f] admits the same expression above, but in which
Z ~ Unif(S,). We next provide the exact and asymptotic expressions for the coefficients
2P[Hf:1 Z; = 1] — 1 for sphere noise and ball noise.

Lemma 3. 1. For Z ~ Unif(S,),

P([[2=1-1= ) (46)
For fived k and 6 > 0, as n — oo,

k J
oP[|[Zi=1] -1 —= (1 —28)" and oP[| [ Z:=1] - 1| = (1 —2pB)* 47
[H ] (1-28)" and _max | [H -1 = @1-23" (47
uniformly for all §:=1r/n € [56,1/2 —¢].

2. For Z ~ Unif(B,),

k (n—1)
K\ -1
P([[zi=1-1= ,Sk ) (48)
=1 (Sr)
For fived k and 6 > 0, as n — oo,
k J
P[] 2 =1-1— (1-28)" and e |219>[H Zi=1]—1| = (1 —2p)

i=1 i=1

uniformly for all 5 :=1r/n € [6,1/2 —§].
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Proof. We first prove Statement 1. Assume Z ~ Unif(S,). By (32) with x’ < 1 and x < Z,

we have
E[Ki(du(Z,1))] =E[ Y xs(Z)xs(1)]. (49)
S:|S|=k

The right side of (49) is equal to } ¢, g, E[xs(Z)] = (Z)(QIP’[HZ 1 Z; = 1] —1). The left side

of (49) is equal to Ki(r) = %Kr(k‘), since (") Ky (i) = (7)K;i(k) holds for any nonnegative

integers i, k. Hence, we obtain (46).

n—k
Lemma 4. 1. For fized k > i >0, (E )) — BU1 — B)*=% uniformly for all 3 :=r/n € [0,1].

2. For fized 6 > 0, (é’)) — Z;ZO(I )7 uniformly for all B :=r/n € (0,1 —4].

3. For fitedk > i >0 and § > 0, (( k)) — B(1—=B)*" uniformly for all B :=r/n € [6,3—4].

The proof of Lemma 4 is provided in Appendix C.
When Z ~ Unif(S,), by definition, P[Hle Zi=1] =
Lemma 4, for fixed k,

k [k/2] _ k
P[H _) Z ( )ﬁ% 5)16—21' — w (50)

[k/2] n—k
w By Statement 1 of

r

uniformly for all 5 :=r/n € [0, 1]. The equality above follows by the following interpretation
of the middle term in (50). Consider Y*) = Zle X; with i.id. X; ~ Bern(f) (Bernoulli
distribution on {0,1} with 1 having mass 3) and denote p; := P[Y* is even| and ¢ :=
P[Y*) is odd]. Then, the middle term in (50) is just p. Obviously, p, g satisfy the following
recursive relations: py = (1 — f)pr—1 + Bqr—1 and g = (1 — B)qr—1 + Bpr—1, which imply
e — @ = (1 =28)(pr—1 — @u—1) = ... = (1 —2B)*. Combining this with p;, + g = 1 yields the
equality in (50). Obviously, (50) is just restatement of the first convergence result in (47).
That is, we complete the proof of the first convergence result in (47).

The second convergence result in (47) follows from the first one in (47), (46), and Lemma
2. This completes the proof of Statement 1.

Statement 2 follows similarly, and hence the proof is omitted here. O

Substituting (48) into (45), we obtain

BStab,[f] = ! > WK (k- 1),
Similarly,

SStab, | Z W K™ (k (51)



In contrast, note that [15, Theorem 2.49| for i.i.d. noise,
Stabg[f] = Y Wi(1 - 28)". (52)
k=0

By Lemma 3, we obtain several relationships between SStab,[f,], BStab,[f,], and
Stabg|[f,,] for a sequence of functions { f,,}. Before introducing these relationships, we first
introduce a new concept on the tail behavior of Fourier weights.

Definition 3. A sequence of functions { f,, : {—1,1}" — R}°°, is called Fourier-weight stable
if lim,, o ZZ:n_kO W[ fn] = 0,Vky > 0 (or equivalently, limy, o lim,, o Zzzn_ko Wi (fn] =
0).

Theorem 8. 1. Let {f,} be a sequence of nonnegative (not necessarily Boolean) functions
with bounded L*-norm, i.e., limsup,,_,. E[f?(X)] < co. Let 6 > 0. Giwven n, let r € N such
that = r/n € [6,1/2 —68]. Then, for even r,

Stabg|f.] + 0,(1) < SStab,[f,] < 2Stabg[f,] + o.(1), (53)
Stabg(f,] + 0a(1) < BStab,[f,] < 2(1 — 3)Stabg[f,] + o.(1), (54)
and for odd r,
0 < SStab,[f,] < Stabg[f.] + 0.(1), (55)
28Stabgs[f,] + 0,(1) < BStab,[f,] < Stabs[f.] + 0.(1). (56)

Here, the terms 0,(1) in (53)-(56) are independent of r (given n), but dependent of 0.

2. Any sequence of nonnegative functions f, supported on a subset of {x : du(x,1) is even}
(or {x : du(x,1) is odd}) attains the upper bounds in (53) and (54) for even r, and the
lower bounds in (55) and (56) for odd r.

3. Any Fourier-weight stable sequence of nonnegative functions f, (e.g., Hamming subcubes
or Hamming balls) attains the lower bounds in (53) and (54) for even r, and the upper
bounds in (55) and (56) for odd r.

Proof. We first consider the sphere noise case. By Lemma 3, for fixed k,

P[[[ 2= 11— 1= (1-28)" + 0u(1),

i=1

n—k r
21@[1‘[ Zi=1—-1= KT%‘ k) _ (znl)) K. (k) = (=1)"(1 = 2B)* + 0,(1),
and for fixed k),
k

et 1y PEL 2= 10 =10 = (=29 on(1)
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By these equalities, we have that for fixed ko,

SStab,[f,] = Zwk (2P| H = 1] — 1) < a(ko) + (=1)"b(ko) £ c(ko) + 0,(1).

where
ko ko n—ko—1
ko) = Y Wi(1—=28)%, b(ko) = Y W,_x(1—28)* S(Y W28y
h=0 k=0 k=ko+1
(57)
For odd r,

Equation (58) implies (55) since a(ko) < > p_o Wi(1 — 28)" = Stabg[f,] and c(ky) <
limsup,, .. E[f?](1 —28)k*! — 0 as ky — oc.
We now consider even r. For this case,

SStab, [f,] < a(ko) + b(ko) £ c(ko) + 0n(1). (59)

Since Stabg[f,] = > i, Wi(1—28)F < a(ko) + b(ko) + c(ko) and c(ko) — 0 as kg — co. We
have SStab,[f,] > Stabg[f,] + o.(1).
On the other hand, for even r, (58) also implies that for a sequence of functions {f,},

b(ko) < alko) + c(ko) + 0n(1), (60)

where the 5’s in definitions of a, b, ¢ in (57) are reset to (r—1)/n = f—1/n so that the radius
r — 1 is odd. Note that 1/n vanishes as n — oo, and hence, this asymptotically vanishing
term can be merged into o0, (1), which means that (60) still holds if a, b, ¢ remain unchanged
as in (57) (in other words, the 8’s there are r/n). Substituting (60) into (59) yields that for
even r,

SStab, [f.] < 2a(ko) + 2¢(ko) + 0,(1) < 2Stabg[f,] + 2¢(ko) + 0,(1).

Since ko > 0 is arbitrary and c(ko) — 0 as kg — oo, we obtain (53).

For ball noise case, inequalities (54) and (56) can be proven similarly. The proof is
omitted. Furthermore, if f is supported on a subset of {x : du(x,1) is even}, then by
definition, the Fourier coefficients of f satisfy that fs = fsc for any S C [1 : n]. Hence,
Statement 2 can be easily verified. In addition, Statement 3 can be easily verified as well. [

We next turn back to prove Theorem 2.

Proof of Theorem 2. The upper bound in (23) and the upper and lower bounds in (24),

as well as [oaas(e, 8), Toaap(a, 5) < I'ip(a, 5) and FovonS( ,8) > TI'up(a, B) follow di-
rectly from Theorem 8. It remains to prove I'oqas(a, ), loaan(a, ) > Tup(a, 5) and

1—‘even S( B) > FHD(Qa B)
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We first prove [oaas(e, 8) > I'up(a, B). Let A C {—1,1}" be a subset of size M. Now
we construct a new subset B, = A x {—1,1}*. Obviously, By C {—1,1}"™* and |By| = 2¥M.
Next, we prove that for fixed n, A,

lim SStab

k—o00

[15,] > Stabj[14]. (61)

For any x € By, we can write x = (x,X,) where x; € A and x, € {—1,1}*. Then we
have

du(x,y) = du(x1,y1) + du(X2,y2). (62)
(n+k)B

Denote 7y, := 2| 52| + 1. Using (62) we obtain that under sphere noise,

SStabrk[lBk] = ]P)[X € B, Y € Bk]
_ #H(x,y) € B 1 du(x,y) =}
N ontk (n+k)

" 2 . X2,¥2 ZdH X92,¥Y2) =T —1
-3 it < gy — 2 y>2n+k<(n+g)> o= i}
(T’kk—i)

Tk
(7

Tk

— Z#{(xl,yl) € A du(xy,y1) = i}

=0

— Q%Z#{(thl) € A du(x1,y1) =i}8 (1 —p)" " as k — oo (63)
=0

= Stabg[lA],

where (63) follows by Lemma 4. Therefore, (61) holds, which implies I'oga (v, ) > T'up(a, ).
Similarly, one can prove I'ogqqa (v, ) > I'up(a, 5).

We next prove L'y, s(a, 3) > %FHD(2CE, ). We have shown that I'gqq,s(c, 5) = I'up (v, B)
holds. We now claim that I'cqqs(c, 8) is attained by a Fourier-weight stable sequence of
Boolean functions, and moreover, this sequence also attains I'yip(a, ). We now prove it.
For any optimal sequence of Boolean functions {f,} attaining 'oaqs(c, 8), it holds that
Stabg(f,] > a(ko), where a(ky) was defined in (57). Combining this inequality with (58)
yields that

SStab,.[f,] < Stabg|f,] — b(ko) + c(ko) + 0n(1). (64)
Taking limits as n — 0o, we obtain

Fodds(a, 5) S lim inf Stabﬁ [fn] — b(l{io) + C(]{?(]) S FHD(Oé, ﬁ) — lim sup b(]{?(]) -+ (1 — 25)%—1—1'

n—o0 n—o0

Then, taking limits as kg — oo and by using the equality I'vaas(c,5) = Inp(a, 5), we
have that limg, . limsup,,_, . b(ko) = 0, or equivalently, limsup,,_,. b(ky) = 0,Vky > 0,
which implies that lim,,_, Zzzn_ko Wilfa]l = 0,VEke >0, ie., {f,} is Fourier-weight stable.
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Moreover, we also have that liminf,_,. Stabg[f,] is equal to I'np(c, 8). Hence, I'ip (v, 5)
is attained by {f.} as well, i.e., the claim is true.

We also need the following decomposition of a Boolean function. Any Boolean f can be
written as f = foven + foda, where feyen = W fand foqq = w f are Boolean functions
respectively supported on vectors x of even and odd Hamming weights dy(x,1). In fact, if
A is the support of f, then the supports of feen and foqq are respectively the even part and
odd part of A; see Definition 2. For functions feyen, foad, their Fourier coefficients satisfy
that

. 1+ X1 (X)
feven,S = EXNUnif{_l’l}n[f(X>+XS(X>]
X) + xge(X fo 1 Fo
:EXNUnif{—Ll}"[f(X)XS( ) 2XS ( )] _fs 2f5’

and fodd,S = fsfse fS‘ . Define the Fourier weights Weyen 1 := ZS:|S\:k ffvenvs and Woqq =

D s15|=k fo2dd,S' From (44), under sphere noise,

E[feven(X)fodd(Y)] = <.fevena8rfodd Z feven SfoddSK((|;S|>
SC[1:n] r
— Z fovon,Sfodd,SKTEJSD — Z fovon,Sondd,SKTSJSD =0, (65)
S:|S1<n/2 (7“) S:|S|<n/2 (r)

where Y = X 0 Z with Z ~ Unif(S,), and in (65) K,.(]S¢|) = K,(|S]) for even r is applied.

Given («, ), denote {f,} as an optimal Fourier-weight stable sequence of Boolean func-
tions with support size |2a2"| that attains I'jp(2c, 5). For brevity, we omit the subscript
n of f,. Then for r = 22|,

I'ip(2a, B) = Stabg[f] = SStab,[f] + 0,(1)
= E[[feven + foad) (X)[feven + foaa] (Y)] + 0n(1)
= E[feven (X) feven (Y)] 4 E[foaa(X) foaa (Y)] + 0n(1)
< Lovens(@evens B) + Loven s(Qodd, 8) + 04 (1), (67)

where (66) follows by Statement 3 of Theorem 8, and aeyen = E| foven (X)], doaa = E[foaa(X)]-
On the other hand, since f is Fourier-weight stable, we have

VWo+vW, o,

0
5 )—)T,asn—>oo,

(66)

f@ + .]E[l:n]
2

2
Weven,O - ( ) < (
and similarly Woqq,0 — % as n — oo. This means

Qeven — v and aqq — . (68)

Furthermore, we claim that ', s(, 8) is continuous in a. Let 0 < a; < ap < 1. We

now prove this claim. Let 14, be an optimal Boolean function attaining Fén)(LaQQ"j ,2 LB—Q"J )
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where A,, is the support of this optimal Boolean function. Let B,, be an arbitrary subset of
A,, such that P[X € B,,| = a;. Then,

ré"kmgq,n%p —P[X€A4,YcA,]

=PXeB,YeB,|+PXeA\B,Ye€B,
+PXeB,YecA\B,)+PXeA\B,Y < A,\B,]
<PXe€B,Y e B, +3PX € A,\B,]
La22"] — [ 2"]
211

n n n
< T (2], 2 2)) + 3
Taking liminf,, ., we obtain

Eovon,S(ala ﬁ) < Eeven,S(QQa ﬁ) < Eeven,S(ala 5) + 3(0&2 - al)?

which implies the continuity of L', (@, ) in a. (In fact, by the same argument, other
quantities such as p(av, 3), Tevenss (@0, ), Teven, (@, ) ete. are also continuous in )
Finally, combining (67) and (68) and applying the continuity of [, g(a, ) yields

1—‘even S( B) > FHD(Qa B)
]

Appendix A. Proof of Lemma 1

Here we prove Lemma 1 by using the %eneratmg function method.

Statement 1: By the equality Y., K, (:)2" = (1 — 2)"(1 + 2)"~* where ), means the
summation over all integers (in fact, it can be replaced by Y ;_, for this equality), we have
that

S E(0) = KPP ()2 = (14 2)"7[(1+ 2)' — (1 — 2)7] (A1)
k
—=2(1+ z)n—i[z C) 2. (A.2)

Here in fact, the variable j under the summation in (A.2) can be additionally restricted to
belong to [0 : 7]. Similarly, we have

SRS 0) + K (0)F =201+ )Y (;) 1. (A.3)

k even j

Since all coefficients in (A.2) and (A.3) are nonnegative, we have K\"”(0) > |K™ ()],
Statement 2: We first prove Statement 2 for odd i, i.e., the following claim.

Claim 1. K{(1) > |K{”(i)] holds for 0 < k < =1 and odd i such that 1 <i <n— 1.
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Similarly to (A.1)-(A.2), we obtain for 1 <i<n —1,

S - kP01 =20 - a0 (" )E (1))

; ~\ J Ao\
:2(1—z);[0§j (Z:;) (zgl)]zk

=2 E ai,kzk,
k

w2 (G ()

By the formula (T) = (ml_l) + (T__ll), we can rewrite a; = > 14 i (’;1) (bg—j —br—;j—2), where

b = ("_li_l). We next prove a; > 0 for k < % and odd i € [1:n —1].

Observe that for odd 1,
1—1 1—1
Qi J = Z[( . ) — < )]bk_j
odd j J J—2
1—1 1—1 1—1 1—1
odd jo i1 J J—2 i+1— i—1—j

I P el )

odd j<iHt

where

We now require some basic properties of binomial coefficients. For a nonnegative integer
m, the function g : j € Z — (”j) satisfies following properties.

1. g is symmetric with respect to %, i.e., g(j) = g(m — j).

2. g is nondecreasing for j < 4+ and nonincreasing for j > .

3. g(j1) < g(j2) for all integers ji, jo such that j; < j, and j; + 7o < m.
The first two properties follow by definition, and the third one follows by the first two since

9(j1) < g(ja) if jo < 2L and g(j1) < g(m —J2) = 9(j2) if jo > miL '
By the second property above, we have (’;1) > (;:é) since j < % (or equivalently,

j < %) By the last one, we have by_(i11—;) < bp—j, since k — (i +1 —j) < k —j and
k—j+k—(i+1—j) =2k—i—1 <n—i—1. Hence a;; > 0, which implies K™ (1) > K™ (i)
forodd i € [1 : n—1]. Similarly, one can show that K,g")(l) > —K]i") (1) forodd i € [1 : n—1],
just by replacing all the summations above over odd j with the corresponding ones over even
j. Hence, Claim 1 holds.
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We next use Claim 1 to prove Statement 2 for odd n and all i € [1 : n—1]. From Claim 1,
K,gn)(l) > |K,g")(l)| forodd i € [1 : n—1]. On the other hand, K,g")(i) = (—l)kK,gn)(n—i),O <
i,k < n Krasikov |11, (11)]. Hence, K]i")(l) > |K,g")(n — )| forodd i € [1 : n—1]. If
additionally, n is odd, then n — i takes all even numbers in [1 : n — 1]. Hence, for odd n,
K" (1) > | K™ (i)| holds for all i € [1:n — 1].

We lastly prove Statement 2 for even n and all @ € [1 : n — 1]. By the conclusion for
odd n above, K" V(1) > |K" V(3)| holds for 0 < k < 22 and 1 < i < n—2 and
K]Si_ll)( 1) > |Kli"_11 (4)] holds for 1 < k < % and 1 < i < n — 2. By the property that
K,gn)( ) = K(n 1)( )+ K,gnll)( ), 1 <k <n,0 <i<n Levenshtein [12, (47)], we have that
for1<k<22Zand1<i<n-2

n n—1 n—1 n—1),. n—1),.
K1) =KV + K0V > | KSTV6E) + K6

> KV 6) + KU = K G-

ence, 1t remains to veri e case a 5, 0r v =mn — 1rst, note a =
H it ins t ify th that k = 0, %52 ' 1. First, note that ">t

is not an integer, and hence, k£ cannot equal it. We next Verlfy the case that £ = 0 or

i = n — 1. By definition, for k = 0, K () 1, and hence, K ( ) > |K(" ()] holds
obviously. For i = n — 1, by definition, K,g" (1) = ()0 = 2) > 0 for k < n/2, and
K" (n—1)= (—1)’“K,§n)(1). Obviously, K\ (1) = |[K" (n — 1)| holds. Hence, Statement 2
holds for even n. Combining two points above (the cases of odd n and even n), Statement
2 holds for all n > 1.

Statement 3: For 2 <i<n — 2,

n

SIEM @) - KV = (1= 221+ 2" (1 +2) 2 = (1— 272 (A4)

k=0

Observe that (14 2)"% = (1 —2)"2 =3 14 iy (' 2),2] and

(1—2)2(1+2)"" = (1 - z)2[§ (” N ’) 2]

It is easy to verify that (";Z) + (;L__;) — 2(?__11) > 0if 5 < % Vn—it2 [t 1eans that
K" (2) > KM (i) when k < noth2oV=it2 Csince the terms 27 in (A.5) with j > k have no

contribution to the term 2* in the final expansion in (A.4).
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On the other hand,

(1—22(1+2[(1+2) 2= (1—2) ] =201-22 Y <Z P 2) 2]

odd j€[0:i—2] J
1—2 71— 2 11— 2 ,
e )
odd je[o:i-2] \ 7 J—4 J—2

It is easy to verify that (’;2) + (;:i) - 2(;:22) >0if j < % Hence K,g")(2) > K,g") (1)
also holds when k£ < %

Combining the two points above, we have that for 2 < i < n — 2, K(2) > K™ (i)
whenever

n—i+2—yn—1i+2 i+2—+i1+2

2 ’ 2 b
Taking minimization over 2 < ¢ < n—2 to find the worst case, we have that K,g")(Q) > K,g")(i)
holds for 2 < i <n — 2, when

n—i+2—vn—i+2 i+2—-+i+2, 1n \/ﬁ). (A.6)

kE < max{

p=5G+2-

k< min max
— 2<i<n—2 { 2 ’ 2

Similarly, one can show K,g")(Q) > —K]i") (1) if k satisfies (A.6).

Appendix B. Proof of Theorem 5

One can easily observe that x = 0 is a feasible solution to Problem 2, since by Lemma
1, KV0) > K"V —1),¥i € [2:n],¥r € [0: n— 1]. This solution leads to the lower
bound A, (a,7) > 0. In the following, we construct another two kinds of feasible solutions
for different cases: the 1-sparse solution which contains only one non-zero component, and
the 2-sparse solution which contains two non-zero components. By using these feasible
solutions, we will show that A, (c, ) > 1, (a, 7). We partition all the possible cases into four
parts, according to whether r < n/2 — 1 and whether r is even.

e Evenr <n/2-1

For this case, we first construct a 2-sparse feasible solution. Let k£ be an odd number such
that n —7(n) < k <n—1. Consider the vector x* := (0, ..., 0, z}, z;,4,0, ...,0) with the k-th
and (k + 1)-th components (z7, 7 ) satisfying

[K1(2) = Ki(D)]a, + [Kii1 (2) = K (D]ag g + K(1) = K79(0) = 0 (B.1)
[Ki(n) = Ke(D)ag + [Kiea(n) = K (D)o, + K7V (0= 1) = KP7Y(0) = 0. (B.2)

That is, if we define

(i) = [K3n(i) — Ki (D], + [Kpar (6) = Kpaa (D] + K70 (6= 1) = K7D(0),
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then p(2) = p(n) = 0. Solving the equations (B.1) and (B.2), we obtain

n—2
pm g, = o) (B.3)
* (1) (2k —n)
We next prove that x* is a feasible solution to Problem 2. That is, for all i € [2 : n], p(i) <0
By the choice of x*, we have p(2) = ¢(n) = 0. Hence we only need to show (i) < 0 for a ll
i € [3:n —1]. We next prove this.
By the property K (i) = (—1)'K,,_x(i),0 < i,k < n |11, (13)], we have
(i) = [(=1)' Kpr(8) + Knop()]ag + [(=1) Knop-1(8) + Knopm1 (1))@
+ KD —1) — K"D(0).
By Lemma 1, fori € [3:n—2Jand n—7(n) <k <n-—1,
(1) < [|Kn-i(@)] + Komr(D]2g + [ Kmim1 (0)] + Knmpma (D] + K270 (6 = 1) = K79(0)
< [Kon(2) + KD + [Koio1(2) + Kompma (D] + K270 (1) = K9(0)

=¢(2) =0
Hence, it remains to verify that p(n —1) < 0.
By the property K(i) = (=1)*Kj(n —14),0 < i,k <n [11, (11)], we have
pln = 1) = (-1 Kol = 1)+ Ko Ul + (1) Koa(n = 1)+ K pa (Dl
+ K" Y(n —2) — K"1(0)
= ()" Rk (1) + KDk + (1) G (1) + Ko (D]
+KV(1) = KY(0)
= 26K, (D)zj + K" D(1) — K"9(0)

s

Until now, we have shown that x* is a feasible solution to Problem 2. This immediately
yields the following bound on Problem 1:

Rt 2 ()i =29 - vl - (1 )i+ 0= 250G - e

n’« k+1 n

n(179) ol gy ln+l

_Qk—n[(a )= ak+1]

We next construct a 1-sparse feasible solution for odd n. Let &k = n and x* := (0, ..., 0, x%),

where 27, = ("~7) which coincides with (B.3) with k& = n. For this case, all the derivations
above for the 2-sparse feasible solution still hold since K, 41(7) =0 for all 0 < i < n.

In conclusion, for the lower bound in (B.4), k is allowed to be chosen as an odd number

in [n — 7(n) : n]. We maximize this lower bound over all such k’s and obtain the desired
bound.

(B.4)
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e Oddr <n/2—-1
Let k € [n —7(n) : n] N F be an integer where F' is defined in (17). Consider the vector
x* = (0,...,0,27,0,...,0) with the k-th component z} satisfying
[Kr(2) = KD + K"V (1) = K70 (0) = 0.

n(n-1)(77})
(V) k(2k—n—1)

(i) = [Ku(i) = Kp(D)]ag + K"V = 1) = K""Y(0)
= (1) Knk(i) + Kpp (D) + K"V (0 = 1) = K"9(0),

s

That is, 2} = . For this case, we re-define

which satisfies p(2) = 0. We next show (i) <0 for all i € [3 : n].
Similarly to the case of even r < n/2 —1, fori € [3:n —2] and n — 7(n) < k < n, one
can easily verify that ¢(i) < ¢(2) = 0. We next verify that p(n — 1), p(n) < 0.

pn—1)=[(-1)" K, 1(n — 1) + K, (D]} + K" D(n —2) — K"(0)

s

= (=) Koi(1) + Kp(D]ag, — K770 (1) = K79(0).

T

If k is even, then obviously, ¢(n — 1) < 0. Otherwise,
p(n —1) = 2K, 4(1)zp — K" V(1) = K"7V(0)

o (n—2\, 2k n(n—1) n—1
_2(7"—1)[(?_1)1{;(2/@—71—1)_ -t

n+1

which is non-positive if k£ > "= and

2(n—1)+s(n+1)++/(2(n—1) —s(n+1))2+8s(n — 1)
4s

with s = %=1 — 1. By the inequality va®> + b < a+b for a,b > 0, (B.5) is satisfied if

k> (B.5)

n+1 n—1
k > max{ 5 P+ 5%

n+1 n+1 (n—1)r
=m

(n+1)r
ax{ 2 'm—1-—r

2(n—1—r)

b+

Similarly to the case of even r < n/2 — 1, for p(n), we have

p(n) = [(=1)" Kon(n) + Ko (D] + KV (n— 1) = K"79(0)
[(=1)* Kk (0) + Ky (1)), — 2K"7D(0).

If k is odd, then obviously, p(n) < 0. Otherwise,
o(n) = [Kp_r(0) + K,_p(1)]zr — 2K"D(0)

=200 (7"} )
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which is non-positive if k£ >
Therefore, the solution constructed above is feasible if £ € [n — 7(n) : n] N F. This
immediately yields the following bound on Problem 1:

- (n— 1)(?:%) 1 1n
Mnlonr) 2 = =R =D = 7]

n+r+1
— -

Maximizing this lower bound over all k € [n — 7(n) : n] N F' yields the desired lower bound.
e Odd r>n/2—-1

For odd r > n/2 — 1, consider the vector x* := (0, ...,0, 7,0, ...,0) with the k-th component
xy, satisfying

2K, (Dt + K"V (1) — K"V (0) =0,

n—1-—r n—1—r

n(n— n—2
lLe., x} = W)(_Tn_lz), where k& > & + 1 is odd. Re-define

(i) = [K(i) — Kp(D)]ap + K"V - 1) = K"(0)
= (1) Ky (n— ) + Ko (D] + (1)K, (0 —4) — K0 (0),

n—1—r n—1—r

which satisfies ¢(n — 1) = 0. Then for odd £, it holds that for all i € [2: n],
(i) < K1) + Ko + G50, (1) = K557, 0)
=p(n—1)=0.
Hence, the vector x* is feasible and leads to the desired bound for this case.
e Evenr >n/2—-1
For even r > n/2 — 1, by Lemma 1, it holds that K,.1(1) > |K,1(i)| for all i € [2 : n].

This inequality implies that —(wy) — w-(r)) < —(wyﬂ) — w-(TH)) where wi(r) is defined in (37).

7 7

Hence, inequality A, (a,r) > A, (o, 7 + 1) holds, which, combined with the lower bound for
the case “odd r > n/2 — 1”7, implies the desired lower bound for even r > n/2 — 1.
Appendix C. Proof of Lemma 4

Statement 1 is obvious. Statement 3 follows from Statements 1 and 2. Hence it suffices
to prove Statement 2. Next we do this. On one hand,

(2) Yo < ro(r—k+1)

(") N ™ _kz:%(n—rjtk)...(n—r%—l)

— B..(B—EL) ~ B

= (1-B+5..1-8+1) §k20(1—6> ’ (©1)
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On the other hand, for a fixed N and for any r/n € [0, % — 9],

(2) &, B,y B..(8 — 1) B
02T L aana-sen 2015

min{r,N} gk r
> > Gyt - (o) k:mm{%}ﬂ(%)k
Therefore, for fixed N,
liminf  inf Z ¥1 > liminf inf — i (i)k > —7N+1 :
n—00 1/nelo, 1_5] n—c0 Gef0,L—] 1-8" = 1-xv

7‘ k=

1
where v := $— 5 ® < 1. Since N is arbitrary,
2

liminf  inf
n—0o0 r/nE[O,%—é]

- 2o (©2)

r k=0

Combining (C.1) and (C.2) yields that given 6 > 0, % — > O(Lﬁ)k uniformly for all
B=r/nel0,1—d]
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