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INFINITE MONOCHROMATIC PATTERNS
IN THE INTEGERS

MAURO DI NASSO

ABSTRACT. We show the existence of several infinite monochromatic
patterns in the integers obtained as values of suitable symmetric poly-
nomials; in particular, we obtain extensions of both the additive and
multiplicative versions of Hindman’s theorem. These configurations are
obtained by means of suitable symmetric polynomials that mix the two
operations. The simplest example is the following. For every finite
coloring N = C; U ... U C, there exists an infinite increasing sequence
a < b< c<...such that all elements below are monochromatic:

a,b,c,...,a+b+ab,a+c+ac,b+c+be, ..., a+b+c+ab+ac+be+abe,. ...

The proofs use tools from algebra in the space of ultrafilters 5Z.

1. INTRODUCTION

Many of the classic results in arithmetic Ramsey Theory are about the
existence of monochromatic patterns found in any given finite coloring of the
integers or of the natural numbers. (As usual in Ramsey Theory, “coloring”
means partition, and a set is called “monochromatic” if it is included in
one piece of the partition). A great amount of work has been devoted to
the search for monochromatic finite patterns, the archetype of which are
the (finite) arithmetic progressions. Indeed, a cornerstone in this field of
research is Van der Waerden Theorem, stating that in any finite coloring
of the natural numbers one always finds arbitrarily long monochromatic
arithmetic progressions.

Also infinite patterns have been repeatedly considered by researchers, al-
though for them the variety of relevant examples does not seem to be com-
parable to that of finite configurations. The prototype of infinite monochro-
matic configurations in the natural numbers is the one given by the cele-
brated Hindman Theorem: “For every finite coloring N = C; U... U C}. of
the natural numbers, there exists an injective sequence ()22, such that
all finite sums x,,, +...+x,, where n; < ... < ng are monochromatic.” The
same result holds for the natural numbers with multiplication, and more
generally, for any cancellative semigroup.

2000 Mathematics Subject Classification. Primary 05D10, 11B75; Secondary 03E05.
Key words and phrases. Ramsey Theory, Monochromatic patterns in the integers, Al-
gebra in the Stone-Cech compactification.
This work was supported by the Italian national research project PRIN 2017 “Mathe-
matical logic: models, sets, computability”.
1


http://arxiv.org/abs/2105.09541v2

2 MAURO DI NASSO

Generalizations of Hindman’s Finite Sum Theorem are obtained as corol-
laries of Milliken-Taylor Theorem; for instance, for every choice of coeffi-
cients ay,...,a, € N, there exists an injective sequence (z,)72; such that
all sums a1, o P Tn T am Y e F,, Tn where the nonempty finite sets
Fy < ... < F,, are arranged in increasing order (that is, max F; < min Fj 1),
are monochromatic. In the recent papers [3| [15], within the general frame-
work of semigroups, polynomial extensions of Milliken-Taylor Theorem have
been proved which produce plenty of similar (but much more general) infi-
nite monochromatic patterns.

The goal of this paper is to show that several infinite monochromatic
configurations on the integers and on the natural numbers can be found
where the additive and the multiplicative structure are mixed with the use
of symmetric polynomials. (We pay attention that the considered patterns
be not degenerate, in the sense that they are made of pairwise distinct
elements.) To this end, we consider a class of associative and commutative
operations on the integers originated by affine transformations, and then use
the machinery of algebra on the Stone-Cech compactification.

The following property is probably the simplest corollary of our results
which already provides a significant example of the type of “symmetrical”
monochromatic patterns that can be obtained combining the sum and prod-
uct operations (see Example 2.5 with £ = 1):

e For every finite coloring of the natural numbers there exists an in-
jective sequence ()02, such that all symmetric expressions below
are monochromatic:

T, T2, 3, ... , 1+ Xo+ XT1X2, T1 + T3+ X123, T2 + T3+ T2X3, ... ,
1+ X2 + X3+ T1T2 + T1X3 + Tox3 + T1X2X3, ...

(For the sake of brevity, we listed explicitly only the expressions that involve
the first three elements of the sequence.) Notice that the above pattern is ob-
tained by considering finite iterations of the symmetric polynomial function
P(a,b) = a+b+ab. The key observation for the proof is that such a function
is an associative operation on N, and in fact is the operation inherited from
the multiplicative structure via the affine transformation T : a +— a + 1.

In this regard, it is worth mentioning that monochromatic patterns in
the natural numbers that mix additive and multiplicative structure are of
great interest in the current research in arithmetic Ramsey Theory. For
instance, it was only in 2010 that V. Bergelson [2] and N. Hindman [10]
independently proved that the configuration {a,b,c,d} where a +b =c-d
is monochromatic. In 2017 by J. Moreira [I7] showed that the pattern
{a,a + b,a - b} is monochromatic. In 2019, J.M. Barrett, M. Lupini and
J. Moreira [1], building also on previous work by Luperi Baglini and the
author [7], proved other similar partition regular configurations, including
{a,a+b,a+ b+ a-b}. It is still an open problem whether {a,b,a + b,a - b}
is a monochromatic configuration.
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The paper is organized as follows. In Sections 2 and 3, we present our
results and give several examples. In Section 4 we recall all the notions
required for the proofs, which are given in the following Section 5. The
last Section 6 contains a list of remarks and possible directions for future
reserach.

2. SYMMETRIC POLYNOMIALS AND MONOCHROMATIC CONFIGURATIONS

Throughout the paper, we denote by N = {1,2,...} the set of positive
integers.

The combinatorial configurations we are interested in are symmetric, in
the sense that they originate from suitable symmetric polynomials. Recall
the following

Definition 2.1. For j = 1,...,n, the elementary symmetric polynomial in
n variables is the polynomial:

(X, Xn) = > XXy = > [ X

1<i1<...<i;<n Gel{1,...,n}}d s€G

where we used the notation [ X}/ = {G C X | |G| = j}.

Notice that for all real numbers aq,...,a,, we have
n
H(aj +1) = c+1
j=1
where

c = Zej(al,...,an) = Z Has.
j=1

0£GC{1,....n} s€G
More generally, for £,k # 0, it is easily verified that

(taj + k) = le+k
1

J

n

where
LI , K" —k
c = Zﬁj_lkn_]ej(al,...,an) + 7 =
7=1
k" —k
_ |G|-11.n—|G] |
> (z k [I%)+- T
0AGC{1,...n} s€G

The crucial point here is the fact that there exists a commutative and
associative operation (%), such that a1 X, -+ ®y an = ¢, where c is the
number defined as above. (See $).

Notice that the above number ¢ = ¢(aq,...,a,) belongs to Z for all
ai,...,a, € 7 if and only if ¢ divides k(k — 1). This justifies our atten-
tion on the following class of symmetric polynomials.
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Definition 2.2. For ¢,k € Z with ¢, k # 0, the (¢, k)-symmetric polynomial
in n variables is:

Gur(X1,..., Xy) = Zﬁj—lk”—jej(xl,...,xn)Jrk é_k
j=1
k" —k
_ |Gl-1pn—1G] .
> (e k HX8> +
P£GC{1,...,n} seG

For instance, if £k = 1 and n = 4, then for every ¢ # 0:

Spi(ab,e,d) = a+b+c+d+L(ab+ ac+ ad + be + bd + cd)+
+ 02(abe + abd + acd + bed) + £Pabed.

Recall that for infinite sequences of natural numbers (z,)72, the corre-
sponding set of finite sums is the set:

FS(xp)p2y == {xn, +...+xp, |11 <... <ng}.

A cornerstone result in arithmetic Ramsey Theory shows the existence of
infinite monochromatic patterns of finite sums.

e Hindman Finite Sums Theorem (1974) [9]: For every finite coloring
N = Ci U...UC, there exist a color C; and an injective sequence
(xn)22y such that FS(xy,)o2, C C;. More generally, for every injec-
tive sequence of natural numbers (z,)°2, and for every finite coloring
FS(zp)o2, = C1U...UC, of the corresponding set of finite sums,
there exist an injective sequence (yn)oe, and a color C; such that
FS(ya)3, C C.
The same result is also true if one considers finite products instead of
finite sums.
In analogy with the set of finite sums we give the following

Definition 2.3. Let (x,)52; be an infinite sequence, and let ¢,k € Z with
¢,k # 0. The corresponding (¢, k)-symmetric system is the set:

Gg’k(ajn)%ozl = {Gg’k(l’nl, R ,Jjns) ’ n<...< ns} .

For suitable ¢ and k, (¢, k)-symmetric systems are partition regular on Z
and on N.

Theorem 2.4. Assume that ¢,k # 0 are integers where £ divides k(k — 1).
Then for every finite coloring Z = C1 U ... U C,. there exist an injective
sequence (xp)pe; of integers and a color C; such that Sy (xyn)pe; C C;.

More generally, for every injective sequence of integers (x,)>2, and for
every finite coloring &y (xn)5e; = C1U...UC, of the corresponding (¢, k)-
symmetric system, there exist an injective sequence (yn)o>, of integers and
a color C;j such that Sy i (yn)ney € C;.

Moreover, for positive £ € N, the above partition reqularity properties are
also true if we replace the integers Z with the natural numbers N.
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Here are two of the simplest examples.

Example 2.5. When k& = 1, for every ¢ € N one obtains the following
infinite monochromatic pattern in the natural numbers, where the sequence
(2)52 is injective]

n=1
Z <£G|_1 H ZES> ‘ ) # F C N finite

0£GCF seG
That is, the following elements are monochromatic:

e 1, for all s,
o 1+ xy + Laxgxy for all s < t,
oz + a2 + 2y + (25T + TsTy + Ty) + 2 25740, fOr All s <t < u,
® L5+ Xt + Ty + Xy + K(msazt + Xsy + TsLy + Ty + Ty + azuxv) +
(25w + T4 Ty + TsTyTy + LTy o) + 2 22011, for all s < t <
u < v; and so forth.
Example 2.6. When ¢ = k& = 2, one obtains the following infinite monochro-
matic pattern in the natural numbers, where the sequence (z,,)22 is injec-
tive:

olF|-1 Z H:Es +2lF1I=1 _ 1] 0 4 F C N finite
0£GCF s€G

That is, the following elements are monochromatic:

xg for all s,

2(xs + x¢ + xs2¢) + 1 for all s < ¢,

4(xs+ x4+ Ty + TsTp + TsTy + Ty + Tspxy) + 3 for all s < t < u,
8 (l‘s—I—:Et—I—:Eu—I—:Ev—l-l‘sibt—I—:Esl‘u—l-l‘sl‘v+l‘t$u—|—$tl‘v+l‘u$v—|—$s$t$u—|—
TsTyTy + TsTyTy + TeTy Ty + Ty, ) + 7 for all s < ¢ < u < v; and
so forth.

As already mentioned, a fundamental result in arithmetic Ramsey Theory
is the classic
e Van der Waerden Theorem (1927) [19]: For every finite coloring
N=C1U...UC, and for every L € N there exists a monochromatic
arithmetic progression of length L; that is, there exist a color C; and
elements a,b € N such that a,a +b,a +2b,...,a+ Lb € C;.

The following year 1928, the above Ramsey property was strengthened
by Brauer [5], who proved that one can also have the common difference b
of the same color as the elements of the progression.

A few decades later, as a result of his studies about partition regular-
ity of homogeneous systems of linear Diophantine equations, Deuber [6]

1 Following the common use, for simplicity we will say that: “the pattern (or con-
figuration) &(zn)ne; is monochromatic in X” to mean that: “for every finite partition
X = C1U...UC, there exist a color C; and a sequence (x,)5—; such that §(z,)n=y C C.V
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demonstrated further generalizations; in particular, he showed the partition
regularity of the so-called (m,p, ¢)-sets.

e Deuber Theorem (1974) [6]: For every m,p,c € N and for every fi-
nite coloring N = C1U...UC, there exists a monochromatic (m,p,c)-
set; that is, there exist a color C; and elements ag,aq,...,an € C;
such that a; + Zg;é nsas € Cy for every j € {1,...,m} and for all
no,...,nj—1 € {—p,...,p}.

The following analogue of Deuber Theorem holds in our context.

Theorem 2.7. Let £,k be integers where £ # 0 divides k — 1, let m € N,
and let L € N. Then for every finite coloring Z = C1 U...UC, there exist a
color C; and elements ag,a1,...,a, € C; such that for every j =1,....,m
and for all ng,...,nj—1 € {0,1,...,L}:

1 =
i ((eaj + k) [ [ (Cas + k)" - k:) € C;

s=0

where we can assume that (Ca; + k) # 0,1, =1 for all jE
Moreover, for positive £ € N, the above partition regularity property is
also true if we replace the integers Z. with the natural numbers N.

Example 2.8. In the simple case when £ = k = 1 and m = L = 2 one
obtains the following monochromatic pattern in the natural numbers:
a, b, ¢, a+b+ab, a+c+ac, b+c+bc, a+ b+ c+ ab+ ac+ bec+ abe,
a2b+a2—|—2ab—|—2a+b, a’c+a® + 2ac + 2a + ¢, be+ b2 + 2bc + 2b + ¢,
a’be + a®b + a®c + 2abc + 2ab + 2ac + a* +bc+ 2a+ b+ c,
ab’c + ab® + b’c + 2abc + 2ab + 2bc + b* +ac+a+ 2b+c,
a’b?c+2a>be4-2ab’ c+4abe+a® c+b* c+-2ac+-2bc4-a* b +2ab+2ab* +-4ab+-a® +b* +2a+2b+-c.

As a consequence of Theorem [2.7] the following analogue of Brauer The-
orem is proved, where elements in the monochromatic configuration are all
distinct:

Theorem 2.9. Let £, k be integers where £ # 0 divides k—1. Then for every
finite coloring Z = C1 U...UC, and for every L € N there exist a color C;
and elements a,b such that

o, b, %((€a+k)(€b+k)—k), L N a @R k) €

|

where we can assume the above elements to be pairwise distinct.
Moreover, for positive £ € N, the above partition reqularity property is
also true if we replace the integers Z with the natural numbers N.

2 This condition is needed to get meaningful configurations.
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Example 2.10. In the simplest case when £ = k = 1, for every L € N one
obtains the following monochromatic pattern in the natural numbers, where
all elements are distinct:

a, b, a+b+ab, ab®>+ b* + 2ab+ 2b + a,
ab® + b® + 3ab® + 3b*> +3ab+3b+a, ..., (a+1)(b+1)F —1.

3. SYMMETRIC PATTERNS AND MILLIKEN-TAYLOR THEOREM

Below, we denote by [N]™ the family = {F C N | |F| = m} of all subsets
of N of cardinality m; and for nonempty finite F, G C N we write F' < G to
mean that max I’ < minG.

The following result, that was independently proved by Milliken and Tay-
lor soon after Hindman proved his Finite Sums Theorem, is a common
strengthening of Hindman and Ramsey Theorems.

e Milliken-Taylor Theorem (1975) [16, [I8]: For every finite coloring
[N = C1 U ... UC, there exist an injective sequence ()22, of
natural numbers and a color C; such that

Her, . zp b | Fi<...<Fn} CC
where for F = {ny < ... <ns} C N we denoted xp = xp, +...4+Zn,.

Clearly, when m = 1 one obtains Hindman Theorem; and when all F} are
singletons, one obtains Ramsey Theorem.

Similarly to Hindman Theorem and van der Waerden Theorem, also
Milliken-Taylor Theorem has an analogue with our symmetric patterns.

For convenience, we now extend the definition of (¢, k)-symmetric systems

Sy to cases where £ = 0 or £ = 0, so as to also include the usual finite
products and finite sums.

Definition 3.1. For integers £ # 0 we set:
e Spola,...,an) =a; ®f,0 e @Z,Oan =M lay - a,.
We also set:
[ ] 6071(@17. . ,an) = al @071 e @0’1(171 == al + PRPae + an.
Theorem 3.2. Assume that
(a) (¢5,k;)7Ly is a finite sequence of pairs of integers where for every
j=1,...,m, either {; # 0 divides k;(k; — 1) or ({;,k;) = (0,1);
(b) f:2"™ — Z is any function.
Then for every finite coloring Z, = C1U. . .UC, there exist injective sequences

(xslj));’o:l forj=1,...,m and there exists a color C; with the properties that
()52, = @), whemever (4;,k;) = (€7, ky), and

{F(@8 ) [R< . <m} cc,

1

where for F = {ny; < ... <ns} C N we denoted xg) = &y, &, (xﬁf'l), e ,xﬁfj).



8 MAURO DI NASSO

Moreover, if we also assume that all £; > 0 and if f: N™ — Z satisfies
the condition:
(f) 3 Yny > my Mg Vng > Mg ... A7y, YNy, > Ty one has that
f(ni,nae,...,ny,) €N,
then the above partition regularity property is also true if we replace the
integers 7, with the natural numbers N.

Clearly, every function f : N™ — N trivially satisfies condition (f); how-
ever, we remark that there are more relevant examples, including a large
class of polynomial functions (see below).

Recall that a multi-indez is a tuple a = (aq,...,0y,) € (NU{0})™. If

z = (z1,...,2m) is a vector of variables and o = («, ..., ) is a multi-
index, then we write z* to denote the monomial ", 2. Polynomials in
the variables z1,..., 2y, are written in the form P(z) = ) c,z®, where a

are multi-indexes and where ¢, are the coefficients of monomials z%. The
support of P is the finite set supp(P) = {«a | co # 0}. Now consider the
anti-lexicographic order on the multi-indexes, where for « # [ one sets:

(a1,...,00,) < (B1,...,0m) <= o4 < f; where i = max{j | oj # B;}.

The leading term of a polynomial P = )" c4z® is the monomial ¢,z
where ov = max Supp(P) is the greatest multi-index of P according to the
anti-lexicographic order. The leading coefficient of P is the coefficient ¢, of
its leading term.

Proposition 3.3. Let P € Z|z,...,2y] be a polynomial in several vari-
ables over the integers with positive leading coefficient. Then the polynomial
function P(z1,...,2m) satisfies condition (1) of Theorem [3.2.

Proof. 1t is a straightforward consequence of the following general property
of polynomials, restricted to variables that are natural numbers:
o If P € R[zy,..., 2z, has positive leading coefficient, then:
1% Voy > 7Ty 3% Yoo > Ty ... ITm, VT, > T, one has that
P(zi,x9,...,2m) > 0.

In the base case of a single variable, let P(z) = Z?Zl cjz) where the
leading coefficient ¢4 > 0. Then lim,_, . P(z) = +00, and so there exists
71 such that P(xz1) > 0 for all z; > 7.

At the inductive step, let P =) coz“ € Rlz1,..., Zm, Zm+1], Where the
leading term c,z” has positive coefficient ¢, > 0. If v = (B1,...,Bm,d),
then we can write P = Z;l:o Pj - (2m+1)? for suitable polynomials P; €
Rlz1,...,2m] for j = 0,...,d. Notice that the leading term of P, is cﬁ,zﬁ
where 8 = (B1,...,0m). By the inductive hypothesis applied to P, we
have that 37y Vo1 > 71 372 Voo > Ty ... 3T, VYV, > T,, one has that
Py(x1,x9,...,2p) > 0. Given any 1, ..., x,, as above, consider the polyno-
mial Q(z) := P(z1,...,Tm,2) € R[z]. Notice that Q(z) = Z;l:o a;jz) where
aj := Pj(x1,x2,...,2m). Since the leading term aq = Py(x1,x2,...,Tm)
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is positive, lim, . Q(x) = 400 and so there exists Z,,+1 such that for
every Tpi1 > Tm1 one has that Q(zpy1) = P(z1, ..., Ty Timg1) > 0, as
desired. 0

For the natural numbers N, we can prove a modified version of the previ-
ous theorem where a smaller class of (¢;,%;) is allowed, but where a larger
class of functions f is considered.

Theorem 3.4. Assume that
(a) (45,k; )] 1 5 a finite sequence of pairs of integers where for every
j=1,...,m, either £; >0 and k; € {0,1}, or ({;,k;) = (0,1);
(b) f is an m-variable functwn that satisfies the following property,
where all variables nj, m;, Nj € N:
(i) dn1,N1 Vni1 > nqp dn9,No Yng > Mo ... 370, Ny Y > Ty
one has that f(niNy,noNa, ..., ny,Ny,) € N.
Then for every finite coloring N = C1U...UC, there exist injective sequences
(ng));o 1 forj=1,...,m and and there exists a color C; with the properties

that (x %));’O L= (ng/))‘x’_l whenever ((;,k;) = (L, kjr), and
{f <a;§;11) ,x%?) ‘Fl <. < Fm} - CZ',
where for F = {ny; < ... <ng} C N we denoted xg) = &y, &, (:nﬁfl), .. g;ﬁf}).

The functions that satisfy condition (i) above include a large class of
polynomial functions with rational coefficients.

Proposition 3.5. Let P(z1,...,2m) € Q[z1,...,2m] be a polynomial in sev-
eral variables over the the rational numbers with positive leading coefficient
and no constant term. Then the polynomial function P(z1,..., zy) satisfies
condition (1) of Theorem [3.

Proof. Let P(z) = ), caz® € Qz1,...,2n]). We will prove the following
property:
e IdN € Nsuch that A7 Vny > 7 A1 Vne > 7y ... d7y, Vi, > i
one has that P(n1N,naN,...,n, N) € N.
Since all ¢, € Q we can pick N € N such that N - ¢, € Z for every
a € Supp(P). Then consider the polynomial

P'(z1,...,2m) == P(x1N, ..., 2, N),

that is, P'(z) =), ¢, z® where for every multi-index o = (o, ..., ay), it is
= Nat-+one Slnce P has no constant term, then it is readlly verified
that P’ € Z|z,...,2zy]. Then, by the previous Proposition B.3] applied to
P’, we obtain that:
e d7y Vny > my dng VYng > Mo ... d7,, VN, > Wy, one has that
P'(ny,...,ny) >0, and hence P(n1N,noN, ..., n,N) € N.
U



10 MAURO DI NASSO

Let us now see a few particular cases of Theorems and 3.4l The ex-
amples presented below are not necessarily the most relevant or interesting;
rather, they have been chosen with the only intent of giving the flavor of
the kind of configurations that one can obtain.

Example 3.6 Let f : N3 — Z be the polynomial function f(z1,29,23) =
—321 + 22923. For all (¢1,k1), (€2, k2), (€3, k3) where either ¢; > 0 divides
kj(kj—1) or (¢,k;) = (0,1), TheoremB.2 applies. E.g., let us take (¢1,k1) =
(0,1), (b2,k2) = (1,1), and (¢3,k3) = (¢1,k1) = (0,1). Notice that the
leading term of f, namely 22523, has positive leading coefficient and so,
by Proposition B.3], condition (}) is satisfied. Then we obtain the following
infinite monochromatic pattern in the natural numbers, where the sequences
(xr)0% and (y,)5; are injective:

—3Z$5+2 Z Hyt qu Fy < Fy < F3

sEF 0AGCF> teG ueFs

In particular, if a,b,c,d are the first elements of the sequence (x,)0 4,
d,e, f,g are the first elements of the sequence (y,)52, and we only con-
sider those F} < F < F3 which are nonempty subsets of {1,2,3,4}, then
we obtain the following monochromatic pattern in the natural numbersfl

— 3a + 2ce, —3a + 2de, —3b+ 2df,
—3a — 3b+ 2df, —3a + 2de + 2df + 2def, —3a + 2ce + 2de.

Example 3.7. Let (¢;,k;) = (1,1) for j = 1,...,m, and let f be any
linear function f(z1,...,2m) = Z;nzl c;zj with coefficients ¢; € Q and where
¢m > 0. Then by Theorem [3.4] we have the following infinite monochromatic
pattern in the natural numbers where the sequence ()22 is injective:

m
ZCj Z H$s Fi<...<F,

j=1 0£GCF; s€G

For instance, when m = 3, the following elements are monochromatic:
® C1Ts + comy + c3xy for all s <t < u;
o 1(zs + ot + xswy) + Coxy + 3Ty, 15 + Co(Tp + Ty + T4Ty) + C3Ty,
1xs + coxy + c3(xy + Ty + xywy) for all s <t < u < v;

3 Compare to [3, Thm. 1.13].

4 We can assume without loss of generality that a,b,c, d, e, f, g are pairwise distinct.
The six elements of the pattern correspond to the following six choices of I} < Fy < F3,
respectively:

{1 <{2 < {3} {1} < {2} < {4}, {2} <{3} < {4},
{12} < {3} < {4}, {1} <{2,3} <{4}, {1} <{2} < {3,4}.
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o Ci1(Ts+ Ty + Ty + BTy + Ty + BTy + TsTyTy) + 2Ty + C3Ty,
c1(xs + T + T52t) + c2(Ty + Ty + TyTy) + 3T,
c1(xs + T + T5t) + Coxy + c3(Ty + Ty + TyToy ),
1Ts 4 co(Ty + Ty + Ty + Tpxy + Tpxy + Ty Ty + TpTyTy) + C3Tap,
s + ca(Ty + Ty + Tpxy) + c3(Ty + Ty + TuTw),
C1%s + 2T + 3(Ty + Ty + Ty + TuTy + TuZow + TuTow + TuToTow)
for all s <t < u < v < w; and so forth.

Example 3.8. Let f: N*> — Q be the function

I P
f(217z2723) - 5 z + 3 Z2
Observe that f satisfies condition (f) of Theorem B.4] because, by letting
m=1, Ny =5 ny =1, Ny = 1, i3 = 275n} + 1, and N3 = 3n3, the
following property holds:
e d71,Ny Vny > my dMo,No Vng > Mo d7ng,N3 Vng > T3 one has
f(n1N1,n2N2,n3N3) € N.

Indeed,

11 1 n3-(3n3

f(niN1,maNa,ngNg) = ——(n15)° + < - #

5 3 nj

If we consider (¢1,k1) = (f2,k2) = (1,0) and (¢3,k3) = (1,1) then, by

Theorem B4l we obtain the following infinite monochromatic pattern in the
natural numbers, where the sequences (x,)2%; and (y,)°; are injective:

= —275n% + nz € N,

3
Ui H e+ 1 Y026 L luec Yu
S N 2
56F1 3 (HtEFQ $t)

In particular, if a,b,c,d are the first elements of the sequence ()22,
", " d, e are the first elements of the sequence (y,)5 ;, and we only con-
sider those F} < F, < F3 which are nonempty subsets of {1,2,3,4}, then
we obtain the following monochromatic pattern in the natural numbers

Fy < Fy < F3

11, 1d 114

+ le 11b3 + le
a 5199 a 5199 £ o 99
) 3 b2 ) 3 b2 ) 3 c?
11 4, 11, 1 e 114 ld+e+de
- = b y T T 519 99 o 19  -*
* 59 T3 T30 T3
5 We can assume without loss of generality that a,b, ¢, d, e are pairwise distinct. The

six elements of the pattern correspond to the following six choices of I} < Fy < F3,
respectively:

{1 < {2 <{3) {1} < {2} < {4}, {2} < {3} < {4},
{1,2} < {3} < {4}, {1} <{2,3} < {4}, {1} < {2} <{3,4}.
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Example 3.9. Let (¢1,k1) = (0,1), (l2,k2) = (1,1), let »r € R\ Q be an
irrational number, and let f : N> — Q be the function

L{TZl}ZQJ - 29

1723

where |z | == max{s € Z | s < z} is the integer part, and {z} := x — | x|
is the fractional part. Observe that f satisfies condition (i) of Theorem
B4 with m; = Ny = 1. Indeed, let an arbitrary n; € N be given. Since
r is irrational, {rn;} > 0 and so we can pick T2 such that {rn;}ms > 1.
By letting Ny := 17n§’, the desired condition f(n1N1,n2N2) € N is fulfilled
for every mo > mo. Then we obtain the following infinite monochromatic
pattern in the natural numbers, where the sequences (x,,)22; and (y,)5
are injective:

f(z1,22) =

17- (ZSEFl xs)3

In particular, if a, b are the first two elements of the sequence (z,,)22 ,, V', ¢,d
are the first three elements of the sequence (y,)72, and we only consider
those F} < F, which are nonempty subsets of {1,2,3}, then we obtain the
following monochromatic pattern in the natural numbers

For instance, the following pattern is monochromatic in the natural num-

bers, where F}| = {a < b} < {c < d} = F>:
L{m}ch L{ra}de. L{rb}de'

{ HT EseFl Ts} - Z@#Gng [Ticc ytJ ) Z@#GQFQ [Ticc v

Fi <F2}.

173 °  17a3 7 1763
{r(a+0b)}d]d |{ra}(c+d+cd)|(c+d+ cd)
17(a + 0)3 1743 '

4. THE ASSOCIATIVE OPERATIONS (%), .

In order to prove the results presented in the previous sections, we need
to introduce a suitable class of associative operations on the integers.
For ¢,k € Z with £ # 0, let Ty, : Z — Z be the affine transformation

Tyg :av— la+ k.
An elementary, but crucial observation is the following.
Proposition 4.1. Let ¢,k € Z be integers with £ # 0. Then the set
Ser = range(Tyy) = {la+k|acZ}
is closed under multiplication if and only if ¢ divides k(k —1).

6 We can assume without loss of generality that a, b, ¢, d are pairwise distinct. The six
elements of the pattern correspond to the following five choices of Fi < Fs, respectively:

{1 < {2}, {13 < {3} {2} < {3}, {12} <{3}, {1} <{2,3}.
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Proof. Just notice that Sp, = {m € Z | m = k mod ¢} is closed under
multiplication if and only if k2 = k& mod /.

Equivalently, given a,b € Z, there exists ¢ € Z such that (ba+k)(¢b+k) =
(bc+ k) if and only if

¢ = %((€a+k)(€b+k)—k‘) _ mmmmww

and this happens if and only if % € 7. O

€ Z,

When Sy, is closed under multiplication, the bijection Ty : Z — Sy
induces an operation ®M on Z that makes Tj; an isomorphism of semi-
groups:

Tok: (Zs @) = (Seks)-
Definition 4.2. For ¢,k € Z where ¢ # 0 divides k(k — 1), define:
a®ppb = ¢ = Typ(a) Ty(b) = Tox(c) = (lat+k)(lb+k) = (bctk).
As seen above, the explicit formula is the following:

k(k — 1)

a®ypb = lab+k(a+b) + 7

Notice that when k£ = 0, one has:

a®yob = lab.
Clearly, for iterated ®€7 w-products one has that

(41) a1®ypp - Oppan = ¢ == (lar +k) - (lan + k) = (le+ k).

We now extend the definition of operations (¥, to the case where £ =0
and k£ = 1, so as to also include the usual finite sums:

a®pb=a+b

The (¢, k)-symmetric polynomials &, (X7, ..., X)) of Definitions 2.2 and
B.IThave been introduced because their values are precisely the iterated (), ;-
products.

Proposition 4.3. Let ¢,k € Z be such that either { # 0 divides k(k —1) or
(¢,k) = (0,1). Then for all ay,...,a, € Z:

ai @z,k @e,kan = Gé,k(al,---,an)-

Proof. When (¢,k) = (0,1) the desired equality directly follows from the
definitions. Indeed, operation @071 is the sum, and the (0,1)-symmetric
polynomial &g 1(X7,...,X,) = X1 +...+ X,,. Also when k =0 and ¢ # 0,
one directly uses the definitions, since

a@aob = lab = a1 @m @Zﬂan ="ay1--an = Syplal,...,an).
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Finally, let us now assume that ¢, k # 0 and ¢ divides k(k—1). By equality
@7 lf C = aq ®€7k e ®€7k (079 then

1 - k 1 n G|1.n—|G k
Jj=1 0#£GC{1,...,n} seG
kK" —k
- |G|-11.n—|G| _
> <z k Has> +
0AGC{L,...n} s€G
- : k" — k
= Zﬁ”‘lk”_Jej(al,...,an) + 7 = &ilar,... an).
j=1
O

Before showing the fundamental properties that are satisfied by the op-
erations ®€,k’ we review the basic notions about semigroups (see, e.g., the
monograph [14]).

Recall that a semigroup (S,%) is a set S endowed with an associative
operation x. An element z is a zero if zxa = a*z = z for every a € A; and
an element v is an identity if uxa = a xu = a for every a € S. If a zero
element or an identity element exist, then they are necessarily unique. An
element a is invertible if it has an inverse b, that is axb = bx a = u.

For simplicity, in the following we will write (™ to denote the n-th power
of a with respect to the operation *:

a™ = g% xa
H,—/
n times

An element a has finite order (or infinite order) if the generated sub-
semigroup {a(™ | n € N} is finite (or infinite, respectively); equivalently, a
has finite order if (™ = a(™ for some n # m.

The semigroup (S,*) is left cancellable if every element a is left can-
cellable, that is for all b, ', one has that a xb = a xb = b =1'. The notion
of right cancellable is defined similarly. A semigroup is cancellative if it is
both left and right cancellable. Clearly, for commutative semigroups, the
notions of left cancellativity, right cancellativity, and cancellativity coincide.

Proposition 4.4. Let {,k € Z be such that { # 0 divides k(k — 1). Then

(1) (Z, ®yy) is a commutative semigroup.
(2) (Z, ®yy) contains the zero element z if and only if £ divides k; in

this case, z = —%.
(3) (Z, ®y ) contains the identity element u if and only if £ divides k—1;

in this case, u = —E=1.

l
(4) (Z, ®y ) contains an invertible element u' # u if and only £ divides

k+1; in this case the only such element is u' = —*F and v’ Gy’ =

u. Therefore, (Z, @&k) s not a group.
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(5) The only possible elements of (Z, @M) that have finite order are the

zero element z = —% of order 1, the identity u = —% of order 1,
and u' = —# of order 2, when they are integers.
(6) Z\ {—%} is a cancellative sub-semigroup.
(7) Z\ {—5, —%} is a cancellative sub-semigroup.
(8) Z\ {—%, —%, —%} is a cancellative sub-semigroup.
(9) If¢ >0 then{a €Z|a> —%} is a cancellative sub-semigroup.
(10) If ¢ > 0 and N € N then {a € Z | a > —% + %} is a cancellative

sub-semigroup.

Notice that under the hypothesis that ¢ # 0 divides k(k — 1), if £ divides
k+ 1 then £ also divides k — 1 = (k+1)(k — 1) — k(k — 1), and so (Z, ®), ;)
contains the identity u. The converse does not hold; e.g. if { =3 and k =4
then ¢ divides k — 1, and hence k(k — 1), but ¢ does not divide &k + 1; in this
case, the identity u = —*71 = —1 is the only invertible element in (Z, ®3.4)

Proof. All properties directly follow from the fact that, when ¢ # 0 divides
k(k — 1), the affine transformation Ty : (Z,®); ) — (Sek, -) is an isomor-
phism of semigroups.

(1). The associativity and commutativity properties of multiplication on
Sy are inherited by the operation ®€7 i+ Via the isomorphism T} ;.

(2). z is the zero element of (Z,(®),,) if and only if Ty x(2) =Lz + k=0

is the zero element of Sy, if and only if z = —% e 7.

(3). w is the identity of (Z, ®), ;) if and only if Tp x(u) = fu+k = 1 is the
identity of Sy, if and only if u = —% €.

(4). A product a (), ;b = u if and only if (fa+ k)(¢b+ k) = 1 if and only
if either (da + k) = (¢b+ k) =1 or (ba+ k) = (¢b+ k) = —1. In the former

case a =b=u= —%, and in the latter case a = b = v/ = —# and so

u' (X’ = u.

(5). An element a # z = —% has finite order if and only if fa 4+ k # 0 has
finite order in (S, -). But then it must be either fa + k = 1 and hence
a=u, or fa+ k= —1 and hence a = v’ = —%.

(6). Ifa,b# —% and c = a®, ;b then (be+k) = (La+k)(€b+ k) # 0 and
so ¢ # —%. This proves that Z \ {—%} is a subsemigroup. Let us now show
that every b # —% is cancellative. By definition, a®y b= d' )b if and
only if (ba + k)(¢b+ k) = (¢a’ + k)(¢b + k). Since b # —%, we can conclude
that fa + k = ¢a’ + k, and hence a = a'.

(7) and (8). Notice that Z\ {—1,0} and Z \ {—1,0, 1} are multiplicative
sub-semigroups of Z, and hence Sy, \ {—1,0} and Spx \ {—1,0,1} are sub-
semigroups of (S¢g, - ). Since Ty (u') = —1, Ty p(z) =0, and Ty (u) = 1, it
follows that Z \ {v/, 2} and Z\ {u', 2, u} are sub-semigroups of (Z, ®), )

(9). Since £ > 0, one has that z > —% < (fz + k) > 0. If a,b > —% and
c=a®, ;b then (fc+ k) = (fa + k)(€b+ k) > 0 and so also ¢ > ~k
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(10). Similarly as in the previous point, since ¢ > 0 one has that = >
—t 48 e (r+k)>N. Ifa,b> -4+ Fandc= a®y b then (le+k) =
(a + k)(tb+ k) > N2 > N, and hence also ¢ > —% 4 I,

Finally, notice that the semigroups considered in (7), (8), (9), and (10)
are cancellative as sub-semigroups of Z \ {—% .

O

5. THE PROOFS

In this section we briefly review several general properties of algebra in
the Stone-Cech compactification of semigroups, and then apply them to
the semigroups determined by associative operations (%), ;. The reader is
referred to the fundamental book [12] for a comprehensive presentation of
all notions and results recalled here.

5.1. Algebra in the Stone-Cech compactification. The primary ob-
servation on which the theory is grounded is the fact that any associative
operation x on a discrete set S can be extended to an associative operation
on its Stone-Cech compactification BS = {% | % ultrafilter on S}. Recall
that a base of open and closed sets of the topology on 3S is given by the
family {04 | A C S} where Oy = {% € S| A € }. It is assumed that
S C BS by identifying each element a € S with the principal ultrafilter
U, ={ACS|acA}

For all %,7 € S, the ultrafilter % x 7" is defined by letting for every
ACS:

AcUV < {acS|a'AcV} e

where a='A := {b € S | axb € S}. Notice that the above is an actual exten-
sion of the operation on S, since %, x %y, = % .- The resulting semigroup
(8S,) has the structure of a compact right topological semigroup (see [12,
§4.1]), that is, for every 7” € 3S the “product on the right” py : % — U*TV
is a continuous function.

The most considered examples are (N, @) and (8N, ®), namely the semi-
groups obtained on the Stone-Cech compactification of the natural numbers
from the additive semigroup (N, +) and the multiplicative semigroup (N, ),
respectively. In fact, the study of those ultrafilter semigroups have produced
a remarkable amount of results in arithmetic Ramsey Theory, as evidenced
by the extensive monograph [12]. It is worth noticing that in virtually all
significant examples, including S = (N,+) and S = (N,.), the ultrafilter
semigroup (35, *) is not commutative (see [12, §4.2]).

A fundamental tool in this area of research is provided by

e Ellis’ Lemma [8]: In every compact right topological semigroup there
exist idempotent elements x xx = x

7 This is Theorem 2.5 of [12].
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In consequence, for every semigroup (.5, *) there exist idempotent ultra-
filters % = % = U in (BS,*).

For any sequence (a,)52; of elements in a semigroup (5, *), denote by
FP(a,)s2; the corresponding set of finite products:

FP(ap)pz; = {an, * -+ *an, | n1 <...<mng}.

The relevance of idempotent ultrafilters in Ramsey Theory is based on
the following crucial fact:

e Galvin’s Theorem: Let (S,*) be a semigroup, and let U = U x U be

an idempotent ultrafilter in the Stone-Cech compactification (8S,*).

Then for every A € U there exists a sequence (an)pe; such that the
set of finite products FP(a,)22, C A.

To our purposes, we need the following general property about non-
principal ultrafilters and injective sequences.

Theorem 5.1. Let (S,x) be a semigroup, and assume that there is a left
cancellable subsemigroup (S, %) where S\ S’ is finite. Then a set A C S
includes a set of finite products FP(a,)52, C A for some injective sequence
(an)2q if and only if A € % for some non-principal idempotent ultrafilter
U =2U%U on S.

Proof. This is just a variant of [I2, Thm. 5.12], where one considers non-
principal ultrafilters and injective sequences. However, for completeness, we
outline the proof here.

Notice first that our hypothesis on S guarantees that the non-principal
ultrafilters 55\ S form a sub-semigroup. Indeed let %, 7 € S\ S and let
c € S. By left cancellativity, for every a € S’ the set {b € S’ | axb = ¢}
contains at most one element, and so {b € S | axb = ¢} ¢ 7', because it
is finite. Then {a € S |{be S|axb=c} ¢ 7} € U, since it includes 5,
which is a cofinite subset of S. This means that {c} ¢ 4 *7". Asce S
was arbitrary, we can conclude that % x 7" is non-principal. Now recall that
given any sequence (z,);2q, the intersection X := ({Opp(s,)= . | s € N}
is a closed sub-semigroup of (5S,*) (see [12 Lemma 5.11]). Then also
(X N(BS\S),*) is a closed sub-semigroup of (8S,%). Notice that, since
(r5)52 is injective, the family of sets {FP(x,)5e, | s € NFU{N\ {s} |s €
N} has the finite intersection property and so, by compactness of 35, its
intersection is nonempty:

BS\S)NX = () Orpoe, 0[] Oms # 0
seN seN

Then, by Ellis” Lemma, there exist idempotent elements % € (85 \ S) N X.
Such non-principal ultrafilters % contains FP(x,)>2; € %, and hence A €
U.

For the other direction, it is readily seen that the sequence (z,)02, as
constructed in Glazer’s Theorem (see [12, Thm. 5.8]) can be made injective
by assuming that the idempotent ultrafilter % is non-principal. O
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5.2. Proof of Theorem[2.4l This is similar to the ultrafilter proof of Hind-
man Theorem where the associative operation (), is considered instead of
the sum operation, the only difference being that one has to consider suit-
able subsets of the integers so as to have cancellative sub-semigroups of
(Z7 @Z,k)'

Let (z,,)52; be an injective sequence of integers, and let Sy p(2,)02, =
C1U...UC, be a finite coloring of the corresponding (¢, k)-symmetric system.
By the hypothesis that ¢ # 0 divides k(k — 1), we have that (Z,(®),;,) is
a semigroup; besides, by Proposition 4.3 the set of finite @M—products
FP(z,)52; coincides with the (¢, k)-symmetric system &y (z,)0%,. Since
(Z,®)y,) has Z )\ {~£} as a cancellative sub-semigroup, by Theorem [5.1] we
can pick a non-principal idempotent ultrafilter % = % %) ¢k % on Z such that
S i(xn)p>, € %. Then one color of the partition C; € % and so, again by
Theorem 5.1} &y (yn)52; C C; for a suitable injective sequence (yn)p ;.

Now let us assume that ¢ € N is positive, and let N=C; U ... UC, be a
finite coloring. Pick a natural number N € N with N > —%. By Proposition
[£4) if we consider the subset N' := {a € Z | a > —% + &} C N then
(N, ®M) is a cancellative semigroup, and so we can pick a non-principal
idempotent ultrafilter % = %@ZJQCZZ on . By the property of ultrafilter,
there exists 4 such that C; NN € %, and so, by Theorem [5.1], there exists
an injective sequence (z,)5%; with &y x(zn)oe; € C; NN C C}, as desired.

5.3. Proof of Theorem [2.7. We will use a generalization of Deuber Theo-
rem for commutative semirings that has been recently proved by V. Bergel-
son, J.H. Johnson, and J. Moreira. In particular, we will use the following
result (see [4, Corollary 3.7]):

Theorem 5.2 (Bergelson-Johnson-Moreira). Let (S,%) be a commutative
semigroup, and for j = 1,...,m let §; be a finite set of endomorphisms
f:8 — SH Then for every finite coloring S = C1 U ... U C, there exist
a color C; and elements ag, a1, ...,a, # u different from the identity, such
that ag € C; and f(ao,...,a;—1) *a; € C; for every j = 1,...,m and for
every f € §j.

Notice that when ¢ = 1 the above property actually generalizes Deuber
Theorem. Indeed, given m and p, let (S,%x) = (N,+4), and for j = 1,...,m

let

;i = {f(no,...,nj,l) Ny -+, Mj—1 € {—P, ... ,p}}
where f(no,...,njfl) : N/ — N is the homomorphism of semigroups given by the
linear combinations f,,,...n;_1)(a0,...,aj-1) = Zi;(l] nsas. Then, for every

8 The Cartesian product S’ has the natural structure of semigroup inherited from
(S, ). Precisely, the associative operation %’ on S” is defined coordinatewise:

(8150, 85) % (81,0, 85) = (s1%80,...,8;%s}).
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finite coloring of N, one obtains the existence of elements ag,...,a;, € N
such that ag and a; + Zi;é nsas are monochromatic for every j=1,...,m
and for all ng,...,nj—1 € {-p,...,p}.

Let Z/ := Z\{—@ ——} By the properties in Proposition @4} (Z', 3, ,)
is a cancellative commutative semigroup without zero element and, since ¢
divides k — 1, with identity u = —*71 € 7.

Recall that for a € Z and n € N, we denoted by a(™ (not to be confused
with a") the n-th power of a with respect to the operation ®€,k:

) = a@é,k @é,ka

n times

Extend the above notation to n = 0 by setting a(?) = u, the identity element.

For every j-tuple v = (1g,...,vj—1) € (NU{0})/ of non-negative integers,
let ¢, be the function where
ou: (ag,...,aj-1) n—)ao @M qOM (le.

Since Z' is commutative, ¢, : (Z') — 7' is a semigroup homomorphism.
Now apply the above Theorem (.21 with (S,%) = (Z',(®),;), and with the
followmg sets of homomorphisms for j =1,...,m:

= {cp,,: "y —>Z'|V: V(),...,I/j_l)E{O,l,...,L}j}
Then for every finite coloring Z = C; U. ..U C, there exist a color C; and
elements ag, ay, ..., a, # u different from the identity such that:
e qp € C;N Z/
oaé”o @ g @M a;” @MCL] € C;NZ for every j =1,...,m
and for all vg,...,v;_1 E {0,1,...,L}.

Finally, notice that for every j = 1,...,m and for all non-negative integers
vg,...,Vj_1, one has

= aéVO)®e,k o B aﬁ”_jfl)@e,k a; <~

(fc + k’) = (an + k‘)yo s (Eaj_1 + k‘)yj*l(faj + k’) <

1 = 5
¢ =7 ((eaj+k)-H(ea8+k) —/<;>.

s=0
For every j =0,1,...,m, since a; # u = —% and since a; ¢ {—%, —%},
we have that fa; +k # 0,1, —1, as desired.
Now assume that ¢ € N is positive, and let N = Cy U... U C; be a finite
coloring. By Proposition 4] (N, (®), ;) where N':= {a € Z | a > ~5lisa
cancellative commutative semigroup without zero element and with identity

u = —%. If kK < 0, then N C N, and we can proceed axactly as above.
If & > 0 then consider the finite coloring N = C1 U ... U C, U F, where
F={0,-1,..., —L%j} is finite. Notice that for large enough m and L, the

monochromatic configuration cannot be included in the finite set F, since
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elements fa; + k # 0,1,—1. Then proceeding as done above one finds a
monochromatic configuration in one of the Cj.

5.4. Proof of Theorem Let Z' == Z\ {—%, — %1, By Proposition
44 (z ’®f,k) is a commutative cancellative semigroup with identity u =
—%, where wu is the only invertible element, and where all elements except
w have infinite order. For j = 0,1,...,L + 1 let f; : Z' — Z' be the
endomorphism where f;(b) = b9, By Theorem [5.2] for every finite coloring
7 = C1U...UC, there exist a color C; and elements b, a’ # u different from
the identity such that such that

b, d, d @b, d Dppb@eb, -, d @0 € CinZ.

If we let a := o ®f, 0, we have the following monochromatic pattern
b, CL, a®z7kb, cee a®z7kb(L) E CZQZ,

where elements are pairwise distinct. Indeed, by cancellativity, a’ # v im-
plies that a := a’ @b # u@, ;b = b. If it was a = a@zvkb(s) for some
s > 1 then, by cancellativity, we would have b(®) = u, a contradiction be-
cause b # u has infinite order; and if it was b = a@Z’kb(S) for some s > 1

then, again by cancellativity, we would have a@Mb(s_l) = u, and hence
a = b1 = u, a contradiction. Finally, notice that for every j € N:

¢ = a@g b = (letk) = (la+k)(lb+ k)
— ¢ :%((€a+k)(€b+k)j—k).

Now assume that £ € N. Similarly as done in the proof of the previous
Theorem [2.7] consider the cancellative semigroup N' := {a € Z | a > —%
with identity u = —%, and where all elements except u have infinite
order. If k < 0 then N C N and we can proceed as in the fisrt part of this
proof. If k > 0, consider the finite coloring N=C; U ... UC, U C,11 where
Cri1:={0,—1,...,—|%]}. Without loss of generality we can assume that
L > |Cy41|. By using Theorem [5.2] as already done in the first part of the

proof, we see that there exist a color C; and elements b, a # u such that

b, a, a®€7kb, a/®é7kb®é’kb, cee oy a;,@&kb(l/) 6 CZ

where the above are pairwise different. Clearly ¢ # r+1 because we assumed
|Cr41] > L, and so we obtain the desired result.

5.5. Generalizations of Milliken-Taylor Theorem. Several different
generalizations of Milliken-Taylor Theorem to arbitrary semigroups have
been demonstrated in recent years (see [3, §3] and [I5, Thm. 6.3]). Be-
fore stating the result that we need, let us recall a few more notions about
ultrafilters.
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If % and 7 are ultrafilters on a set I, the tensor product % ® 7 is the
ultrafilter on I x I defined by setting

XeURY? <= {icl|{jel|(i,j))eX}eV7}e¥.

If one identifies — as it is usually done — the Cartesian products (I x I) x I
and I x (I x I), then it is shown that ® is an associative operation, that is
(URV)RQW =U® (7 @W). In consequence, one can consider iterated
tensor products % ® - -+ ® Uy, with no ambiguity.

We will use the following characterization of sets in tensor products of
idempotent ultrafilters, which directly implies a general version of Milliken-
Taylor Theorem. It is a special case of the more general [3, Corollary 3.5],
with the variant that cancellativity is also assumed so as to obtain non-
principal idempotent ultrafilters and injective sequences.

Theorem 5.3 (Bergelson-Hindman-Williams). For j =1,...,m, let @j be
an associative and cancellative operation on the set S. Then for every set
B C 8™ the following properties are equivalent:

(1) BEU®...Q@Un, where Uj = U;();%; is a non-principal idempo-
tent ultrafilter of (5., @]) for every j, and where U; = U whenever
@j = @j’;

(2) Forj=1,...,m there exist injective sequences (xj,)o>, with x;, =
zj n whenever &); = ();, and such that

{(m%),...,m%)) ‘Fl <...<Fm} CB

where for finite FF' = {n1 < ... < ng} and 1 < j < m we denoted
G) ._
J;F] T ':L'jﬂqfl @] U @jxj7ns'

Recall that if # is an ultrafilter on a set X and f : X — Y is any
function, then the image ultrafilter f(#') on Y is defined by setting

f@) = {BCY |f(B)ew}.

Notice that A € W = f(A) € f(#'), but not conversely.

If % is an associative operation on S, and we denote by f, : S xS — S the
corresponding binary function fy : (a,b) — a * b, then it is readily verified
that the extension of * to the Stone-Cech compactification 3S is given by
ultrafilter images of tensor products. Precisely, for all #,7" € 55:

UxT = [(UDT).

For instance, if f : N x N — N is the sum function f(n,m) = n + m, then
the image ultrafilter f(% ® 7°) = % ® 7" is the usual extension of the sum
in the Stone-Cech compactification SN.

We will use the following straightforward consequence of the previous
theorem, that seems never to have been formulated explicitly.
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Corollary 5.4. Let f : S™ — T be any function, and let A CT. Then the
equivalence given by the previous theorem also holds in the modified formu-
lation where in (1) we consider the condition A € f(U1 ® ... R Un), and
where in (2) we consider the condition

{f(a:gl),...,a:g:?)) ‘Fl <... <Fm} CcCA

1

Proof. Given A € f(U1 ® -+ ® Uy,), apply Theorem [£.3] to the preimage
B=f1A)ecU® - QUn. O

If % is an ultrafilter on N and a € N, then the ultrafilter a? is defined by

setting:

Acal < AJa={neN|nac A} €.
We remark that a? is not the same as i, ©® %, where 4, is the principal
ultrafilter generated by a.

Now consider the semigroup (S,*) = (N, +). If we take as f : N — N
the linear function f(z1,...,%n) = a121+. . .+ amxy, where a; € N, then the
corollary above yields an arithmetic formulation of Milliken-Taylor Theorem
that is well-known, namely:

e “Arithmetic” Milliken-Taylor Theorem. Let ay,...,a, € N. Then
the following properties are equivalent for every A C N:
(1) Ac 1% ® - @ ap,% for a suitable non-principal idempotent
ultrafilter % on N.
(2) There exists an injective sequence (x,)02, such that

{a1-2p +...F+an-2p, | 1 <...<Fp,} CA

where for F = {nj < ... < ng} we denoted xp := Tp,+...+Tn,.

Indeed, it is easily verified that for every ultrafilter % on N one has that
the image ultrafilter f(% ® --- @ U) =% ® ... ® an %

5.6. Proofs of Theorems and 3.4l We will use the following general
properties of tensor products of ultrafilters.

Lemma 5.5. Let X C N™,
(1) Assume that: 311 Vng > 7y 37y Vng > Mg ... ATy, Yng, > i

one has (n1,mn2,...,ny) € X. Then for all non-principal ultrafilters
Ui,y.... Uy on N, 1t is X EUL R QUp,.

9 f(z1,...,2m) = @121 + ... + amzm is just one simple example of a function that is
“coherent” with respect to tensor products. Indeed, for every polynomial P(z1,...,2zm)
over N there is a canonical polynomial function P (BN)™ — BN such that the image
ultrafilter P(%1 Q- - - QUm) = 15(‘2[1, e vy Um) for all ultrafilters %1, . .., %m. The definition
of P is obtained from the definition of P by replacing the sum + and the product - on N
with their canonical extensions @ and ® on SN, respectively (see [20]). More generally,
in [3 §3] the class of extended polynomials f(z1,...,2m) is introduced for any given set
of associative operations on a set S in such a way that one can naturally define the
corresponding functions f that satisfy F(U® - @Um) = f(U, ..., %) for all ultrafilters
Uy,...,Un on S.
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(2) Assume that: M, N1 Vni > nq dne, No Vng > T ... 7y, Ny,
VN, > Ty, one has (niNy,noNa, ... ,n,Ny) € X. Then for all
ultrafilters Uy, ..., %y on N such that tN := {tn | n € N} € %; for
every j=1,...,m and for everyt €N, it is X € U1 R -+ Q Up,.

Proof. (1). This proof is obtained from the proof of property (2) below, by
letting N; =1forall j =1,...,m.

(2). We proceed by induction on m. In the base case m = 1, one has
X € % because X is a superset of tN where t := 1 N;. At the inductive
step m + 1, for every a € N consider the set

X(a) = {(ag,...,am,ams+1) € N | (a,a2,...,am,ams+1) € X}.
It is easily seen that for every ny > 7y the set X (n;N7) C N satisfies the
inductive hypothesis, and so X(n1N1) € %o @ -+ @ U @ Upm+1. But then
{aeN|X(a) eU® - QU @ Upn+1} € U1, since it includes the set ¢;N

where t1 := 71 N7. This means that X € %1 ® (%2 ® -+ Q@ Um @ Um+1), as
desired. O

Proof of Theorem[3.4. If £; # 0 divides k(k — 1), then by Proposition 4.4]
(Z, ®£j7 kj) is a semigroup that has Z\{—Iz—j} as a cancellative subsemigroup.
So, by Lemma 5.1l we can pick a non-principal idempotent ultrafilter %; =
%j®€j,kj%j on Z. If (¢;,k;) = (0,1), then (), is the sum operation on
Z. Clearly, Z\ {0} is a cancellative subsemigroup of (Z,+), and also in this
case we can pick a non-principal idempotent ultrafilter %; = %j®071%j =
%; ® Uj on Z. Choose the above idempotent ultrafilters in such a way that
U; = Uj whenever ((;,k;) = ({j,k;j). Now consider the image ultrafilter
W = f(U @ - @ Uny) on Z. Given a finite coloring Z = C1 U ... U C,,
let C; be the color such that C; € #°, and apply Corollary [5.4] where S =
T = Z, and where the considered associative operations are (¥); = @éj,kj
for j=1,...,m. Then for all F} < ... < F},, we have that

{f <x;ﬂ11),,x§;:l)> ‘Fl <. < Fm} C ¢,
where if F; = {n; < ... <ns} CN, we denoted

U _ _ j j
T, = Tim @zj,kj e @ej,ijjvns = Sk (95531)7 e 7‘T£L]s))’
Let us now turn to the case when all £; > 0 and the function f : N™ — Z

satisfies condition (}). Pick M € N such that M > 17% for all j with £; # 0.

Then N := {a € Z | a > M} is a cancellative sub-sejmigroup of (Z, @zj,kj)
for every j. Indeed, if £; = 0 then k; = 1 and ®é,k is the sum operation, and
clearly (N',+) is a subsemigroup. If £; # 0, then notice that M = —]Z—; 12/_;
where N; := ¢;M + kj > 1 is a natural number, and hence (N/7®£j,kj) is
a cancellative sub-semigroup of (Z, %), ;) by Proposition {.4] (10). Then we

can pick non-principal idempotent ultrafilters %; = %j®éj,kj %; on N, in

such a way that %; = % whenever ({;,k;) = ({;/,kj). Now consider the
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tensor product % ® -+ @ Uy, on (N)" and let # = g(%1 @ -+ Q@ U,) be
its image ultrafilter on Z under the restriction g := f|ym : (N')™ — Z.

Without loss of generality, one can assume that in property (f) one has
n; > M for every j = 1,...,m, and so the set

X = g 'N)= {(n1,...,nm) € N)" | g(ny,...,ny) € N} =
{(n1,...,nm) €N |n; > Mforallj=1,...,m and f(ni,...,ny,) € N}

satisfies the hypothesis of Lemma[B.5] (1). Then N € g(%1®--- @ Un) =W,
and given any finite coloring N = Cy U ... U C,, one of the colors C; € #'.
We reach the thesis by applying Corollary 5.4l where S = N, T =Z, A =
C;, and where the considered associative operations are (¥) ;= ®2j,kj for
i=1....,m.

O

For the next proof, we will need the existence of idempotent ultrafilters
with an additional property.

Lemma 5.6. Let ¢ € N and k € {0,1}. Then there exist idempotent ul-
trafilters U = U (), , % in the semigroup (BN, &), ;) such that tN € % for

every t € N.

Proof. Fix any £ € N. Since k € {0,1}, both (N,(®),,) and (N,®),,) are
cancellative semigroups: this is easily checked directly, or can be derived
from the general properties (9) and (10) of Proposition [£.4]

Now consider the nonempty closed subspace X := [,y Oy of SN. Notice
that if a,b € tN then also a (¥, ob = fab € tN and a ®), ;b = lab+a+b € tN.
In consequence, it is easily seen that X is a sub-semigroup of both (8N, (*) 570)
and (SN, @Z’l). Then, by Ellis’ Lemma, there exist idempotent ultrafilters
U =UX), % in (X,®),,), and idempotent ultrafilters 7" = 7'(%),,7 in

(X7 @Z,l)' O

Proof of Theorem[3.4} The proof is entirely similar to the above proof of
Theorem When (¢;,k;) = (0,1), that is, when the operation @éj,kj
is the sum on the integers, pick a non-principal ultrafilter %; = %; © %;
on the natural numbers N. It is a well-known fact that every idempotent
ultrafilter % in (BN, ®) is such that tN € % for every t € N (see e.g. [12]
Lemma 5.19.1]). When ¢; € N and k; € {0,1}, by Lemma [5.6] we can pick
an idempotent ultrafilter %; = %j®ej,kj ?%; on N such that tN € % for every
t € N. Choose the above idempotent ultrafilters in such a way that %; = %/
whenever (¢;,k;) = (¢;:,kj). Then consider the ultrafilter %; ® - - - ® %, on
N™ and let # = f(% & --- ® %) be its image ultrafilter on Z under the
function f. Property (1) says that the set

X = fIN) = {(n1,...,nm) €N | f(n1,...,nm) € N}

satisfies the hypothesis of Lemma [5.5 (2). So, f~}(N) € %1 ® - - - ® %, and
hence N € #'. Then, given any finite coloring N = Cy U ... U C,., one of
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the colors C; € #', and we reach the thesis by applying Corollary [5.4] where
S =T =N, A= C;, and where the considered associative operations are

®j:®éj,kj forj=1,...,m. O

6. FINAL REMARKS

We close this paper with a list of remarks about possible directions for
future research.

(1)

(2)

The associative operations ®€,k that we defined in this paper over
the integers Z also make sense in any commutative ring (R, +,-),
and (part of) our results could be extended to that framework. Are
there meaningful examples that would justify such a generalization?

In Theorems and [3.4] we considered polynomials in several vari-
ables with positive leading coefficient as functions that satisfy con-
dition () or (f). Are there are other meaningful classes of functions
that satisfy those conditions?

The results of this paper are grounded on generalized versions of
Hindman’s, Deuber’s, and Milliken-Taylor’s Theorems in the frame-
work of semigroups. Recently, also several generalizations of the
Central Set Theorem have been demonstrated for semigroups (see
[11] for a historical survey about central sets). Can the study of
central sets in semigroups (ON, ®€,k) lead to meaningful results in
arithmetic Ramsey Theory?

The problem of partition regularity of non-linear Diophantine equa-
tions have been recently investigated, producing interesting results.
(Note that partition regularity of equations corresponds directly to
finite monochromatic patterns.) In 2017, J. Moreira [17] demon-
strated that the configuration {a,a+b,a-b} is monochromatic in the
natural numbers; this year 2021, the existence of similar monochro-
matic patterns, including {a,a +b,a-b+ a+ b}, has been proved by
J.M. Barrett, M. Lupini, and J. Moreira [1]. It seems worth investi-
gating to what extent the results presented in this paper can be used
to address the general problem of partition regularity of non-linear
Diophantine equations.

If (S, *) is any countable semigroup, then every bijection ¢ : N — §
determines an associative operation @<p on the natural numbers by
setting:
a®b=c <= ¢(a)*p(b)=p(c)
%)

Similar arguments to those used in this article may also be applied to
such operations to produce partition regularity results. In particular,
operations on N induced by multiplicative subgroups of the integers
(such as the set of sums of two squares) seem worth investigating.
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(6) A topic of research in arithmetic Ramsey Theory is about the par-
tition regularity of infinite image partition regular matrices. The
known examples are rather limited (see the recent paper [13] and
references therein), and mostly rely on Hindman Theorem. Starting
from the Finite Product Theorem for the operations (x) ¢ > 1t May be
worth investigating whether some new interesting classes of infinite
partition regular matrices could be isolated.
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