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Abstract

We present a new procedure to determine the growth function of a homogeneous Garside monoid,
with respect to the finite generating set formed by the atoms. In particular, we present a formula for
the growth function of each Artin—Tits monoid of spherical type (hence of each braid monoid) with
respect to the standard generators, as the inverse of the determinant of a very simple matrix.

Using this approach, we show that the exponential growth rates of the Artin—Tits monoids of type
A, (positive braid monoids) tend to 3.233636 ... as n tends to infinity. This number is well-known,
as it is the growth rate of the coefficients of the only solution zo(y) = —(1+y+2y? +4y> +9y* +---)
to the classical partial theta function.

We also describe the sequence 1,1,2,4,9, ... formed by the coefficients of —zo(y), by showing that
its kth term (the coefficient of y*) is equal to the number of braids of length k, in the positive braid
monoid A on an infinite number of strands, whose maximal lexicographic representative starts with
the first generator a;. This is an unexpected connection between the partial theta function and the
theory of braids.

1 Introduction

A Garside monoid is a cancellative monoid where greatest common divisors and least common multiples
exist and some finiteness conditions are satisfied. The initial properties of Garside monoids were discov-
ered by F. Garside in his famous paper [15], which was concentrated in the particular case of braids.
Garside theory was definitely established in the work of Paris and Dehornoy [12, 11], where in particular
the notion of Garside group was defined as the group of fractions of a Garside monoid. Since then, Gar-
side theory has become a remarkable topic in Combinatorial Group Theory, as very important families of
groups and monoids are Garside (Artin—Tits groups of spherical type, torus link groups, groups related
to solutions of quantum Yang-Baxter equations), and some well-known conjectures have been established
with the help of Garside theory, like the K (m, 1) conjecture for finite complex reflection arrangements [6].
We recall the basics we need of Garside theory at the beginning of Section 2.

The main objects of study of this paper are the growth functions in Garside monoids, particularly in
Artin—Tits monoids of spherical type, with respect to the generating set formed by the atoms. Our initial
goal was to give a new procedure to compute the growth function of a homogeneous Garside monoid of
finite type, which should yield a simple formula in well-known particular cases.

It was already shown by Deligne [13] that the growth function gas(t) of a monoid M is the inverse of
a polynomial (called the Mdbius polynomial of M) if M is an Artin—Tits monoid of spherical type, and
his proof can be generalized to other Garside monoids (Corollary 2.2). Building on this, we develope in
Section 3 a new and quite straightforward way of counting the number of elements of given length in a
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Garside monoid of finite type, or in other words, the coefficients of the growth function of the monoid,
relative to the atoms.

A major consequence of this new way of counting is the following statement, which includes precise
descriptions of the growth functions for all the Artin—Tits monoids of spherical type; these descriptions
appear in the text of the paper as Theorem 4.4, Theorem 5.4 and Theorem 5.12, and we present them

here in a unified way. Observe that, throughout the paper, we will assume that the number (’;) = @
makes sense for every integer k > 0.

Theorem. Let M an Artin—Tits monoid of spherical type. Then there exists a square matrix M such
that

gu(t) = M|~

Moreover:

e If M is of type A,,, M is denoted M, has order n+ 1, and its entry (4, j) equals C72"") whenever
j—1i4+12>0, and 0 otherwise.

e If M is of type B, M is denoted M5, has order n + 1, its entry (i,n + 1) equals =i+ for all
i, and its entry (i,7) for j < n equals 12" whenever j — i+ 1 > 0, and 0 otherwise.

e If M is of type D, M is denoted M7, has order n, its entry (i,n) equals 2t("2") _pn—itD)(n—d)
for all ¢, and its entry (i,5) for j < n equals t(kéﬂ) whenever 7 —¢+ 1 > 0, and 0 otherwise.

The following are concrete examples of the above result, for n =4 or n = 5:

1t 3 ¢6 o 7! 1t 3 6 4o 7!
11 t 3 8 11 t 3 9
ga,t)=10 1 1 ¢t ¢ ge,)=10 1 1 ¢
0 0 1 1 t 00 1 1 t
0O 0 0 1 1 00 0 1 1
1t 3 6 2410 420 |7}
1 1 ¢t 3 216 —¢12
gp;(H)=10 1 1 ¢t 2t3—1¢°
00 1 1 2t—1¢2
0 0 0 1 1
In [8], Bronfman gave a recursive formula to compute (in an efficient way) the Mdbius polynomial of M,

when M = A,,. Using the previous information, we are able to express the same M&bius polynomial as
the determinant of a matrix, recovering in particular (Theorem 4.5) Bronfman’s recursive formula as the
expansion of this determinant along the first row.

Once we obtained these explicit formulae for the growth functions of the Artin—Tits monoids, we drove
our attention to a more ambitious goal. Recall that given a monoid M, if we denote by My the set of
elements in M of length k, the exponential growth rate of M is defined as follows

PM = lim Y |Mk|
k—o0

In the case of an Artin—Tits monoid M of spherical type, since gas(t) is the inverse of a polynomial, the
number pjs is inverse of the smallest root of the Mobius polynomial, which is unique, real and positive,

as shown by Jugé [19]. It is also known that, in the case of Artin—Tits monoids of type A, (the braid
monoids), the limit of their growth rates as n tends to infinity exists, and lies between 2.5 and 4 (see [35,
Theorem 8] and [19, Proposition 7.98]). However, the precise description of this limit remained elusive for

years, so we intended to compute it taking account of the information previously obtained in the article.



The strategy to obtain the limit implies the construction of a new bridge between (combinatorial) Monoid
Theory and Real Analysis. Surprisingly, the coefficients of the leading root of the partial theta function
(see Section 6.1.1), which is defined in a pure analytical framework, can be computed counting braids.
Consider the braid monoid A, on an infinite number of strands, which is the direct limit of the braid
monoids Ay C As C A3 C --- with the natural inclusions. We order the standard generators in the natural
way (a1 < as < az < ---), and we consider the words in these generators ordered lexicographically. Every
element in A, has a unique representative which is maximal with respect to this order. We will show
the following:

o0
Theorem 6.8. Let x¢(y) be the only solution to the classical partial theta function Zy(g)xk, and let
k=0
Eoly) = —zo(y) = 1+y+2y% +49° +9y* +--- For every k > 0, the coefficient of y* in the series &y(y) is
equal to the number of braids of length k, in the monoid Ay, whose maximal lexicographic representative
starts with ay.

Then we use the fact that the growth rate of the coefficients 1,1,2,4,9,... of &(y) is known [33] and,
building on some results from [14], we show the following:

Theorem 6.17. Let p = lim pa,. Then p = 3.23363... is the growth rate of the coefficients of &o(y).
n—oo
That is, p is equal to the KLV-constant ¢eo-

It is overwhelming that this constant, that has a prominent role in different branches of Analysis (see
Section 6.1.2), appears here as a purely monoid-theoretic invariant associated to the braid monoid A,,
a fact that opens interesting perspectives of research. Moreover, we should remark that the constant
can be determined with arbitrary precision, using for example the results of [20]. The reader interested
in this relation between growth of braid monoids and the partial theta function can read Section 2 and
Section 3, and jump directly to Section 6.

Acknowledgements: The second author thanks Yohei Komori for pointing out that the matrices de-
termining the Mobius polynomials could be simplified by taking all signs positive.

2 Growth functions of homogeneous Garside monoids of finite
type

In this section we recall some basic facts of Garside theory and we discuss the growth of homogeneous
Garside monoids of finite type.

In a Garside monoid M, which is cancellative, its elements form a lattice with respect to the prefix order,
defined by z < y if xz = y for some z € M. The lattice property means that for every a,b € M, there exist
unique elements a A b and a V b, which are the greatest common divisor and the least common multiple,
respectively, with respect to <. It is important to notice that < is invariant under left multiplication
and under left cancellation, that is, < y if and only if cx < cy for every ¢, x,y € M. This implies that
caAchb=c(aNb)and caV cb=c(aVb) for every a,b,c € M.

For every element in a Garside monoid M, the number of nontrivial factors that can be used to decompose
it as a product of elements in M is bounded above. The maximal number of factors for a given a € M
is denoted ||a||. Tt follows that every Garside monoid admits a special set of generators, called atoms,
which are those elements that cannot be decomposed as a product of two nontrivial elements: Every
element a € M can be written as a product of ||a|| atoms. A Garside monoid is said to be of finite type
if the set of atoms is finite.

Let us fix a Garside monoid M, and its set of atoms A as a set of generators. Given a € M, its length
la| is defined to be the length of the shortest word (in the atoms) representing a. If all relations in M
(written in terms of A) are homogeneous, then |a| = ||a|| is the word-length of any representative of a as



a word in the atoms. In this paper we shall only consider homogeneous Garside monoids of finite type,
which include Artin—Tits monoids of spherical type.

For every integer k, let M}, be the set of elements in M of length &, and let o = |My| be its cardinal.
Notice that cg = 1, that ap = 0 for k < 0, and that «y is a positive integer for k > 0, as we chose a
finite set of generators. Let ¢ be an indeterminate. The growth function (or growth series, or spherical
growth series) of M is defined to be:

gu(t) = at”

k>0

It would be more precise to denote this function by gas, 4(t), as it depends on the generating set A, but
in this paper we shall only consider the set of atoms as generating set for M.

There are some well known results concerning the growth function of braid monoids, Artin—Tits monoids
of spherical type, and more generally homogeneous Garside monoids of finite type. The first one is that
gnm (t) is the inverse of a polynomial (its Mobius polynomial). This was shown by Deligne [13] for Artin—
Tits monoids of spherical type with their classical Garside structure. It was rediscovered by Bronfman [3],
generalizing it to a wider class of monoids, including homogeneous Garside monoids of finite type, and

also rediscovered by Saito [32]. We will show here a simple proof, in the spirit of Bronfman. Given a
finite subset S = {s1,...,8.} C M,let VS =51V ---Vs.. f S=0, weset VS =1¢€ M.
Theorem 2.1 ([13, 8, 32]). Let M be a homogeneous Garside monoid of finite type. Let A be its set of

atoms, and let o; = |M;| be the number of elements of length i, written as a product of atoms. (Notice
that c; = 0 if i <0). Then, for every k > 0, one has:

Z (1)l jjvs =0

SCA

Proof. Given a € M, let (aM), = {b € M; ||b]| = k and a < b}, the set of elements of length k& which
admit a as a prefix. Let A = {a1,...,amn}. Every nontrivial element in M must admit some atom as
prefix, hence My = (a1 M) U--- U (@, M)j. By the inclusion-exclusion principle, it follows that

Q= Z (—1)‘5‘_1

P#SCA

() (aid)s

a; €S

As M is cancellative and has homogeneous relations, one has
(M), = a My_)jq = {ac € M; |[|c[| = k — ||a][},

for every a € M. It follows that counting the elements in (aM )y is the same as counting the number of
elements in M of length k — [|a||. That is, |(aM)x| = ag—||q]-

Notice that given S = {z1,...,2,} C A, the common multiples of x1,...,x, are precisely the multiples
of z1 V---V z,. Hence

(1 M)g NN (z, M) = (21 V- Va) M) = (VS)M),

hence [(z1 M)y M-+ N (2.M)g| = aj_|vs)- Replacing this in the above expresion for az, one gets:

ap = Z (=D g vs)s

0#SCA
which is precisely what we wanted to show, as ax = ax—o0 = ag_|vg- O
Corollary 2.2 ([13, 8, 32]). If M is a homogeneous Garside monoid of finite type, the growth function

of M is the inverse of a polynomial. Namely, if A C M is the set of atoms,

-1
gm(t) = <Z (—1)!s! tV5||>

SCcA



Proof. Let N = || V Al|. Notice that, for every k > 0, the formula in Theorem 2.1 is a sum of terms of
the form +ag_; for some i < N. Collecting the terms with the same value of ¢, one obtains:

N
0= Z (_1)|S|O‘k—||\/SH = Zciak,i. (1)
SCA 1=0

It is important to notice that the coefficient ¢; does not depend on k: it only depends on the number and
size of subsets S C A such that || vV S|| = i. Since ¢p = 1, we have a recurrence relation which determines
the sequence {ay }x>o0:

N
o = — E CiOk—g, (2)
i=1
Each «ay is thus a linear combination of ag_1,...,ar— N, where the coefficients —cy,--- , —cy are fixed

(they depend only on the monoid M).

It is easy to check that the coefficients of a power series (in this case gas(t)) satisfy such a recurrence
relation if and only if the power series is the inverse of a polynomial, namely:

N -1
gu(t) = (Z ¢ ti> .
=0

Notice that the polynomial in the above formula is the one obtained from the right hand side of (1) when
replacing ay—,; with ¢* for ¢ =0,..., N. Therefore, by the second equality in (1), we obtain:

3 (—1)lstglvii — iciti'
=0

SCA
Hence
-1
() = (Z(—l)lsltvs”> '
SCA
(]
We can then write gy (t) = ﬁ(t)’ where Hp(t) = Y gc4(—1)ISI¢IVSI the Mébius polynomial of M,

has degree || V Al|. In the case of the braid monoid on n strands, this degree is (3).

We remark that the recurrence relation (2) gives a very fast way to obtain «y, for any given k > 0, starting
from oy = 1 and o; = 0 for ¢ < 0, provided that the coefficients ¢; are known. But in order to obtain
this recurrence relation (2) explicitly, using the formula in Theorem 2.1, one needs to collect all terms
involving each ay_;. This means to run through all subsets of A. Therefore, computing the recurrence
relation (2) using Theorem 2.1 has exponential complexity with respect to the number of atoms.

Nevertheless, when the number of atoms is small, one can compute the growth function without much
problem using the formula in Corollary 2.2. For instance, we include here the (already known) growth
functions of all Artin—Tits groups of spherical type which are not of type A, D, E.

1— 6t +10¢2 — 1084 + 565 — 4¢0 + 367+ \
QEG( ) = 44410 _9p11 | 412 415 9420 4 436

1— 7t + 1562 — 513 — 1644 + 125 — 3¢5 + 87 — 365 — 3194\
9m, (t) = L610 _ 5pll o412 3415 4 416 9420 4 9421 4 430 | 436 _ 463

1— 8+ 2142 — 143 — 214 4+ 2815 — 746 + 1267 — 85 — 1069+ \ '

grs(t) = +10t10 — 1241 7412 4 2413 — 414 3415 4 2416 _ 24204
+6t21 _ t22 _ t23 _ t28 4 t30 4 t36 _ t37 _ t42 _ t63 + tlQO



—1

gr, (t) = (1 — 4t + 3% + 26% — t* — 2% + 1)

(1=t + 2+ 85 45— %)

9H3 t)
) = (1 — 4t +3t2 + 263 — t* + 15 — 2t — ¢15 4 ¢50)
-1

9H, (t

gl2(p)(t) = (1 — 2t + tp)
The last case is valid for p > 3 (even for p = 2, which does not yield an irreducible monoid), although it
is usual to denote I3(3) = Az and Iz(4) = Bs.

Concerning the remaining types, Bronfman [3] gave a procedure to compute the recurrence relation (2), or
equivalently the M&bius polynomial Hjy(t), in the case of braid monoids (Artin-Tits monoids of type A).
Namely, he gave a recurrence relation expressing the polynomial H 4, (t) in terms of Ha, (t), Ha,(t),. ..,
Ha, ,(t). Using Bronfman’s formula, one has a polynomial time algorithm (with respect to n) to compute
the growth function of A,,.

In Theorem 4.5 we will recover Bronfman’s recurrence relation as an immediate consequence of our
formula for g4, (t). And we will also obtain new recurrence relations involving Artin—Tits monoids of
types B and D. This will be done in the next section.

3 Counting elements in a homogeneous Garside monoid

We will now present a more straightforward way to count the number of elements of given length in
the monoid M, that is, the coefficients of the growth function gas(t), without using the formula in
Theorem 2.1.

Recall that M is a homogeneous Garside monoid of finite type, and that Mj is the set of elements of
length k (as words in the atoms). Let A = {ay,...,a,} be the set of atoms. We will study the elements
in M}, by choosing a suitable word representing each element. Namely, we define the lex-representative
of an element of M, as its biggest representative in lexicographical order with a1 < as < --- < a,. Notice
that the number of lex-representatives of length k is precisely ay.

It is clear that My = {1}. For k£ > 0, we will be able to count the number of elements in M}, using a
stratification of these sets by suitable subsets.

Definition 3.1. For £ > 0 and ¢ = 1,...,n, we define L;ﬂi) to be the set of elements in M} whose
lex-representative starts with a;. That is,

Ly ={be My; ai<b, aip1,....an A b}

It is then clear that, for £k > 0, My = L,(cl) U L,(f) u---u L,(cn).
The number of elements in each L;ﬂi) is not easy to compute directly. But we can define some related
subsets of My, which will allow us to perform the computation:

Definition 3.2. Given £k >0 and 1 <i<j<n, let

Ulgl’J):{beMk, ai,...,ajﬁb, a/j+27-'-7an7{b}

Notice that if k > 0, every b € U,gw ) admits all atoms aj, .. .,a; as prefixes, which is equivalent to
a;V---Vaj <b Asa; < b, the lex-representative of b starts either with a; or with an atom of bigger
index. But b does not admit a; as prefix for ¢ > j + 2. Hence, the lex-representative of b starts with
either a; or a;j41.

Therefore, b € U ) if and only if it has length k, its lex-representative starts with either a; or a;11, and
a;V---Vaj b



Lemma 3.3. For every k>0 andi=1,...,n one has:

g

(w)‘
k

N

Proof. The case k = 0 is trivial, as all sets are empty. We will then assume that k£ > 0.

For every element b € Uy, (i.9) , its lex-representative starts with either a; or a;41. This depends on whether
j)

aj+1 < b or not. We can then split U( 7 into two disjoint subsets, if j < n:

=

Ulgixj) = {be My, a;...,a; b, aj41,...,a, b}
Ll {beMy; ai...,a501<b, ajya,...,a, X b}.

If j = n we just have:
U(ln) {be My; a,...,an < b}.

It is important to notice that if j; and jo are not consecutive, the sets U,gi’jl) and U,Ei’h) are disjoint.
Hence, we can consider the disjoint union U]g”) L U,E“Jr?) U U,gz’l+4) -
U]gz,z—i-l) L U]Ez,z-i—S) L U]gz,z+5) .

-, and also the disjoint union

Suppose first that n — i is odd. In this case:

U uut Lo = | e My a0 by agen,. . an A b
Jj=t
And also:
U uuttI Lot = | {be My ai,... a5 b ajgn,...,an A b
j=i+1

Therefore, the former disjoint union contains the latter, and we have:
(Ulgm) L U]Ei,i+2) UL U}gi,nq)) \ (Uéi,iJrl) L U]gi,i+3) UL U]gi,n))

:{beMka a’i%b; ai+17"'7a’n%b}:L§j)7
which implies the formula in the statement.

If n — i is even, the argument is analogous. We have:

vl uultt g uultt = |_|{beMk, Qoo oy < b, jyrs. .. an £ ).

] =1

And also:

Ul gt gl < |_|{beMk, Qoo oy < b, g1, .. an £ ).
Jj=i+1

Hence, removing the latter union from the former yields L( ) , and the formula in the statement also holds
in this case. (]

We are mainly interested in Artin—Tits monoids of type A, B and D (also called Artin—Tits monoids of

type A, B, and D,,). In those cases, we will be able to describe the sizes of each L,(f) and each U,Ei’j) in
terms of the sizes of the following sets:



Definition 3.4. For k > 0andi=0,...,n+ 1, let

M;ii) ={b€ My; ait1,...,an X b}.

Notice that Méi) = {1} for every i. On the other hand, if k¥ > 0, the condition a;11,...,a, # b just
means that the lex-representative of b starts with an atom from {as,...,a;}. Hence, if k > 0:

MO =M@y oL,
Notice that M,EO) = () and that M,Enﬂ) = M,g") = M;.

i—1)

It is clear, by definition, that M ,g is a subset of M ,gi), and that

50 = M\ i,

Hence: 0 0 (i)

i i i—1

22| = M| = |afD).
In order to avoid cumbersome notation in the following formulae, we will denote my ; = ’M,gi) and
Uk,ij = ‘Uéi’j)‘. Then we have:
Proposition 3.5. Fork>0andi=1,...,n+ 1, one has:
ME; = Mpi—1 + Z (—1) " up,i
j=i

Proof. If ¢+ < n, this is just Lemma 3.3, as my; — mg,i—1 = ’L,(:)’. If i = n+ 1, the formula reads
Mk,nt+1 = Mk,n, which is true since Mlgnﬂ) = M,g"). O

If the monoid M is an Artin—Tits monoid of type A,, B, or D,,, we will be able to describe each number
Ug,i,; in terms of some my ¢, with | < k. Replacing this in the formula of Proposition 3.5, we will obtain
a recurrence relation for the numbers my ;, which is precisely what we need to compute the number

A = Mkn = Mk nt1-

We will then compute a table of the form

mo,a1 | Mo2 | --- Mo, | Mon+1
mia1 | Mi2 | ... Min | Mintl
ma1 ma2 ce man | M2 n+1
m3i1 | M32 | ... m3mn | M3 n41
mg1 | Mk,2 ce Mign | Mkn+1

The last two columns of this table will be identical, and they will contain the numbers my, , = mg p41 =
ag, that is, the number of elements in Mj.

We will be able to compute each number in the above table, as a (signed) sum of at most n of the previous
elements. The method for computing each my, ; will produce the new formulae for the M&bius polynomial
of the monoid, and a better understanding of its growth rate, in the cases in which M is an Artin—Tits
monoid of type A,, B, or D,.



4 Artin—Tits monoid of type A

4.1 Counting elements in the monoid (type A)

Let A, be an Artin—Tits monoid of type A with n standard generators. That is, the positive braid monoid
with n + 1 strands. Its standard presentation is the following:

An: Ai,...,0n @i = ajdi, |l_]|>1
aaja; = ajaa;, i—jl=1
It is well-known [20] that if 1 <4 < j < n, the submonoid of A,, generated by {a;,...,a;} is again an
Artin-Tits monoid of type A;_;4+1. Therefore, the least common multiple of the standard generators (in
both the submonoid and the monoid) is [27, Lemma 3.1]:

a; V.-V aj = ai(aiJrlCLi)(CLiJrQCLiJrlai) e (CLjaj,1 s ai).

it 2
v eevasli= (17572,

Also, for t > j + 2, the atom a; commutes with a;,...,a;, hence it commutes with the whole element
a; V ---V aj. Therefore:

Hence:

(@ V---Vaj)Va,=(a; V- Vaj)a.
Because of these two properties, we can explicitly determine the numbers uy ; ; as follows.
Lemma 4.1. Let M be the Artin—Tits monoid of type A,,, and let 1 <i < j <n. One has
Uk,i,j = mk—(j7;+2);j+1
Proof. We have

Ulgi’j) = {be My ai...,a; b, ajt2,...,an &b}
= {beMy; a;V---Va; b, ajio,...,an A b}
= {(a;V---Vaj)c€ Myg; ajyo,...,an % (a; V---Vaj)c}

Notice that for every ¢ > j+2, one has a; < (a; V- --Va;)cif and only if (a; V---Va;)Vas < (a; V- -Vaj)e,
that is (a; V---Vaj) ar < (a; V- - V aj)c, which is equivalent to a; < c. Hence

Uki’j) ={(a; V---Vaj)c€ My; ajt2,...,an % c}.

As M is cancellative and homogeneous, the set of elements (a; V- - -V a;)c having length £ is in bijection
with set of elements ¢ having length k — [[a; V -+ V ;|| = k — (75?). Therefore

’ U}gm‘)

— |Gt
. ‘Mk_ :

j—;’+2)

{C S Mki(j—;’+2); Aj42,...,0n 7\4 C}

Corollary 4.2. In the Artin—Tits monoid A,, for k>0 andi=1,...,n+ 1, one has:
s = i1+ 3 (i
j=i

Proof. This is a direct consequence of Proposition 3.5 and Lemma 4.1. O



The above recurrence relation allows us to compute, in a very efficient way, a table whose entries are my, ;
fori=1,...,n+1and k > 0, for the monoid A,,. We start the table with the first row:

mo,1 = Me,2 = -+ = Mo p+1 = 1

The second row can then be computed, from left to right, using the recurrence relation of Corollary 4.2.
That is, we compute mi; = m10+ mo2 = 04+ 1 =1, then m12 = mi1 +mp3 =1+ 1 = 2, then
m1,3 = 2+1 = 3and so on, up to my ,, = (n—1)+1 = n and mq ,4+1 = n. In the same way, we can compute
each new row from the previous ones, starting from the leftmost entry, using the recurrence relation of
Corollary 4.2. For instance, we can see in Figure 1 the first seven rows of the table corresponding to the
monoid As. Notice for instance that mg 1 = mg,0 + ms2 —ma3 + moa = 0+ 51 — 19+ 1 = 33, or that
Me,2 = Me,1 + M3 — M3 4 =33+ 94 — 19 = 108.

16 | 51 94 | 94
33 | 108 | 202 | 202

k

0 1 1 1 1
1 1 2 3 3
2 2 ) 8 8
3 4 11 19 19
4 8 | 24 | 43 | 43
)

6

Figure 1: A table containing my, ; for the Artin—Tits monoid Az, for k < 6.

Now recall that the rightmost column (and also the adjacent column, which is identical) contains precisely
the coeflicients of the growth function ga, (t), as mgpt1 = Mipn = ‘Mén)‘ = |My| = ay. For instance,

the table in Figure 1 tells us that there are 202 elements of length 6 in the monoid A3. In other words,
there are 202 positive braids of length 6 with 4 strands.

4.2 A new formula for the growth function (type A)

From the recurrence relation given in Corollary 4.2 to compute the table of my ;’s, we will be able to
provide a new formula for the growth function of the Artin—Tits monoid A,. We will also do the same
for types B, and D,, in Section 5.

Notice that every new entry of the table is obtained from the previous ones by a linear combination with
coefficients 0 or £1. Moreover, in order to compute the kth row of the table, one just needs to use values

from the previous (";rl) TOWS.

More precisely, for £ > 1 let vi_1 be a column vector whose entries correspond to the entries of rows

k—1tok— (";l)in the table (we consider m;; = 0 if ¢ < 0). Namely

t
Vi—1 = (mk—l,l I R R S L LU (e R 'mk_(ngl)mﬂ)

For instance, if M = Ajz, we can check from the table in Figure 1 that:
V0=(1111|0000|0000|0000|0000|0000)t

vi=(1233[1111/0000/0000[0000|0000)"
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vy =(2588[1233[1111[0000/0000]0000)°

And so on. Just to give an example with nonzero entries, we have:

v =(33108202202 | 16519494 | 8244343 41119192588 (123 3)

From the above arguments, every entry of vy is a linear combination of the entries of vi_1, for every
k > 0. And the coeflicients of the linear combination do not depend on k. Hence, we have:

n+1

Lemma 4.3. There is a square matriz A with ( 5

that for every k > 1

)(n+1) rows, whose entries belong to {0,1,—1} such
Avi_1 = vg

Proof. Just to give an idea of how the matrix A looks like, here is A when n = 3:

0100 0000 0 0-10 00 0O 0000 0001
0110 0000 0 0-1-1 00 0O 0000 0001
0111 0000 0 0-1-1 00 0O 0000 0001
0111 0000 0 0-1-1 00 0O 0000 0001

T @) 0 o 4] 4]

A= 4] T 4] 4] 4] 4]

@) @) T @) 0 0

4] 4] 0 T 0 0

O 4] @) 4] T @)

Here I is the 4 x 4 identity matrix, and O is the 4 X 4 zero matrix.

In general, the matrix A can be defined as follows. Let L be the (n+ 1) x (n+ 1) lower triangular matrix
whose entries are ¢; ; = 1 if i < j and 0 otherwise. We will shift the columns of L in the following way:
Given a matrix P, define sh(P) to be the matrix obtained from P by removing its rightmost column and
adjoining a zero-column to the left. In other words, sh(P) is obtained from P by shifting its columns one
position to the right and inserting zeroes in the first column. When n = 3 we can repeatedly shift the

matrix L to obtain:
) - Gi5) w7 - i)

Then A is defined as a matrix made of blocks of size (n + 1) x (n + 1). The block in position (i, j) with
1<i,j< (") is

0
0
1
1

(g
HRRO
~ooo
cooo
S
HRRO
== 0 0
cooo
cooo

1
1
1
1

RO
cococo
cocoo
cooco
[Ty

(=1)tsht=1(L) ifi=1and j = (}) for some ¢.
Iij =9 Int1yxn+) ifi=j+1
O(n+1) x (n+1) otherwise.

Let us show that Avy_1 = vi for every £ > 1. First, it is clear from the definition of A that the
(n+ 1+ j)th entry of Avy_; equals the jth entry of vi_1, which is precisely the (n + 1 4 j)th entry of
vi. Hence we just need to prove the equality for the first n + 1 entries of Avi_; and vy.

We will first see that the first entry of Avy_; is my,1. Notice that the nonzero entries of the first row of
A form an alternate sequence of 1’s and —1’s placed at columns

K§>_1](n+1)+2’ [(§>_1}(”+1)+37 [(n;—l)—l](n—i-l)—f—(n—i—l).
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The entries occupying these positions in the vector vi_; are precisely

mk_(2)72, mk_@))?), N mk_(n;d))n_i_l.

This implies that the first entry of Avy_; is E (—1)j*1mk7(j+1) ;11 which by Corollary 4.2 (as mg,0 = 0)
5,
=1
is precisely equal to my 1.

Now suppose, by induction, that 2 < ¢ < n and that the (i — 1)st entry of Avy_; is my;—1. We will show
that the ith entry of Avy_; is my; and this will finish the proof.

Notice that the ith row of A is the sum of the (¢ — 1)st row plus a vector whose nonzero entries form an
alternate sequence of 1’s and —1’s placed at columns

[(3)‘1}(714—1)4—(2'4—1), {<g)—1](n+1)+(i+2), [("‘;+2>—1](n+1)+(n+1),

(In the case i = n + 1 all entries of this vector are zero, as the rows n and n + 1 of A are equal.)

The entries occupying these positions in vi_; are

M (2)irr M- (3) v 0 M (") np1e

Therefore the ith entry of Avy_1 equals

((’L — 1)St row of .A) Vi—1 + Z (—1)j_imk_(j7;+2)

j=i

J+1
which by induction hypothesis and by Corollary 4.2 equals
n . .
MEi-1 + Z (—1)7’ka7(]~,;+2)7j+1 =My,
j=i

as we wanted to show. O

We can now prove our new formula for the growth function of A,, in a similar way in which growth
functions of automatic groups are computed from transition matrices of finite state automata.

Theorem 4.4. Let M be the Artin—Tits monoid of type A,, that is the positive braid monoid on n + 1
j—i+1
strands. Let M3} be the square matriz of order n+1 whose entry (i, j) equals t(J 27) whenever j—i+1 > 0,

and 0 otherwise. Then
gar(t) = M7

Proof. Tt follows immediately from Lemma 4.3 that AFvy = vy, for all k£ > 0. Now notice that the
(n+1)st entry of vy, is precisely my n+1 = . Hence, if we define the row vector v= (0---010------ 0),
where the number 1 occupies the (n + 1)st position, we obtain

ar = vAFv

for k > 0. Therefore

ga, (t) = Zaktk = Z (vA Vo)t = v ZAktk vo=v (I —At) v

k>0 k>0 k>0

12



A/

Let A’ be the adjugate matrix of I — At. We know that (I — At)™! = T—Al S0

vA'v

We will now show that v A'vy = 1. To achieve this goal, notice that both v A'vy and |I — At| are
polynomials in Z[t]. We will show that |I — At| has degree (”;rl), and it follows directly from Corollary 2.2
that ga, (t) is the inverse of a polynomial of degree (";‘1) Hence v A'vg is a constant. From g4, (0) =

ap = 1 it follows that the constant is 1. Therefore:

1
ga,(t) = = A

Now let us apply column operations to the matrix I — At which preserve its determinant. It is easier to
explain these operations in terms of blocks. Keep in mind the case n = 3 as a clarifying example:

I—sh(L)t O sh?*(L)t O O —sh3(L)t
It I 0 o0 o0 0
% I 0 0 0
[ — At = 0 o - I 0 0
0 o 0 - I 0
0 o o o - I

If we add to each (block) column the column on its right multiplied by ¢, starting from the right hand
side, we obtain

I —sh(L)t+sh?(L)t3 —sh3(L)t° x x % % *

@) I O 0 0 O

@ o 1 0 0 0

= A = 0 001 0 o0
@ 0O 0o o0 I O

@ O 0 0 0 I

The symbol * stands for an entry whose value is not important for us, as it does not affect the determinant.
Hence

1 —t t3 —8
0 1—t¢ —t 43 13 — 6

_ 7 _ 2 3 _ .13 6| _
T = At = I = sh(L)t +sh* (D) —sh® (L)) = | o~ 1 | 0w sy
0 —t —t+t3 1—t+t3—1t8

Now we substract to each row the previous one, starting from the bottom, and we obtain

1 —t 3 —t8
-1 1 -t 3
[ - At] = 0 -1 1 —t

0 0 -1 1

Finally we point out the alternating signs, all of which can be turned positive by changing the sign of the
even rows and then changing the sign of the even columns. As the number of sign changes is even, the
final result is

1t 3 8
11 ¢t A
0 0 1
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In the case of arbitrary n, exactly the same operations lead to the matrix ./\/lﬁ defined in the statement.

It remains to show that |I — At| is a polynomial of degree (";‘1) To achieve this, one just needs to
expand the determinant |M;}| along the first row:

M| = 1ML | = M|+ M| — -4 (=) ) Mgt 4+ (-1,
By induction in n, the ith summand (i < n) has degree (;) + ("_5"’1), which is smaller than ("‘2"1), hence
the last summand contains the leading term. O

The expansion of the determinant of M along the first row yields precisely the previously known result
by Bronfman [8], relating the Mobius polynomials of Artin—Tits monoids of type A,, for distinct values
of n:

Theorem 4.5. [3] If the growth function of the Artin—Tits monoid of type A, is

and we denote H_1(t) = Ho(t) = 1, then for n > 1 one has:

n+1

Ha(t) = (~1) G H, (1)

=1

Proof. By Theorem 4.4 one has H,(t) = |[M:| for all n > 1. The formula in the statement is just the
expansion of | M| along the first row. O

To finish the section, we exhibit some examples of the matrices and the growth functions, for small values
of n.

Examples:
Lo 1t 7!
ga,(t) = ‘ 11 , gan,t) =1 1 t ,
01 1
Lt B s |t 1ot 8 48 g0 |7
11 ¢+ 11 t ¢ ¢
gas(t) = . oga®=l0 1 1 t ¢
01 1 ¢
00 1 1 00 1 1 ¢
00 0 1 1
In other words,
1 1 1
t) = —— ty= —— t) =
gA1() 1_¢ gAz() 1_2t+t37 gAg() 1—3t+t2+2t3—t67

1
1 — 4t + 3t2 + 3t3 — 2¢* — 26 + ¢10°

gAa, (t) =

5 Artin—Tits monoids of type B and D

In the previous section we treated the case of Artin—Tits monoids of type A. In this section we will see
that the same techniques can be applied to Artin—Tits monoids of type B and D. As the proofs are almost
identical, we shall basically provide just the parts in which they differ.

14



5.1 Counting elements in the monoid (type B)

Let B, be the Artin—Tits monoid of type B with n standard generators. Its standard presentation is the
following;:

a;a; = a;a;, |Z —j| >1
Bn_<a1,...,an a;aja; = a;a;a;, li—jl=1, i,j#n >
Up—10n0n—-10n = GpQnp—10n0n—1
In this case (see [20]), for 0 < i < j < n, the consecutive generators a;, ..., a; either generate an Artin—
Tits group of type A;_; 11 (if j < n), or generate an Artin-Tits group of type Bj_;11 (if j = n). In the
latter case, the least common multiple of the generators is [27, Lemma 4.1]:

a; V- Van = (0 Qp-10pan-1--0;)(Git1 - Cn-10pGn_1 - Qit1) - (An-10nAn_1)0n.

(i) if j<n
lla; V-V a]| =

m—i+1)2 if j=n

Therefore, one has

Also, as it happened in A,, if t > j + 2 the atom a; commutes with a;,...,a;, so one has
(@i V---Vaj)Var=(a; V---Vaj)a.
Therefore we obtain the following result.

Lemma 5.1. Let M be the Artin—Tits monoid of type By,. For 1 <i < j <n one has

My (3=5%2) 441 if j<n,
Uk,i,j =
Me—(n—it1)2nt1 o J =N

Proof. Same proof as Lemma 4.1. O

Corollary 5.2. In the Artin—Tits monoid B,,, for k>0 andi=1,...,n+ 1, one has:

n—1
Me,i = Mi—1 + Z(_l)J_Zm’f—(j’?z),jJrl + ()" M (i 1)2 1
j=i
Proof. This is a direct consequence of Proposition 3.5 and Lemma 5.1. o

Using this recurrence relation we can also compute, in the case of B, a table containing the numbers
my,;, where each row is computed from left to right, using the data in the previous ones. In Figure 2
we can see the first seven rows of the table corresponding to Bs. We recall that the rightmost column
contains the number of elements of length k in Bj.

5.2 A new formula for the growth function (type B)

We keep proceeding as in the case of Artin—Tits monoids of type A, although this time the defined vectors
have length n?(n + 1). Namely, we define for k > 1, the column vector

t
V-1 = (mk—l,l M1 n41 ME—21 " MEg—2n41 " " MEg_p21"" 'mkfn2,n+1)

where the m; ;’s are defined for the Artin—Tits monoid B,.
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|| 1 2 3 4
k
0 1 1 1 1
1 1 2 3 3
2 2 5 8 8
3 4 12 | 20 | 20
4 9 | 28 | 48 | 48
5 20 | 65 | 113 | 113
6 45 | 150 | 263 | 263

Figure 2: A table containing my, ; for the Artin—Tits monoid Bs, for k < 6.

Lemma 5.3. There is a square matriz B with n?(n + 1) rows, whose entries belong to {0,1,—1} such

that for every k > 1

Bvi_1 =V

Proof. As in the previous section, we can indicate how the matrix B looks like, by showing it explicitly

when n = 3. As in the case of type A, let us denote (for n = 3):

> sh?(L) =

cocoo
[
[
=k

sh(L) = (

cooco
cooco

(

o

o

> sh3(L) = (

cooco

cooo

cooo

)

o e

This time the last column of these matrices behaves differently, so given a matrix T', we will denote T’ the
matrix obtained from T by replacing its last column by a column of zeroes, and 7" the matrix obtained
from T by keeping its last column and replacing all other entries by zeroes. Of course, T/ +T" =T.

As an example, we have:

cooo
cooco

1
1
1
1

RO

sh?(L) = (

then the matrix B is the following block matrix:

—sh?(L)" —sh*(L)"

~

s
|
=
ICRCRCRCRCRCRCE
ICRCRCRCRCRC R RCRG
ICRCRCRCRCERCRE
ISRCRCRCELECRCRE

where I is the 4 x 4 identity matrix and O is the 4 x 4 zero matrix.

) sh?(L) =

(

cocoo
cooo

ICRCRCILECHRCECRCRE

o

cooo

) -

ISRCILECRCRCRCRCRE

cocoo

ISELRCRCRCRCRCRCRE

cooo

cooo

RO

EACECRCRCRCRCRCRE)

®
>
w
—~
~
—

ISECRCRCRCRCRCRE

For every n > 2, the (n+ 1) x (n+ 1) blocks of the matrix B are defined in the following way. The block

in position (4,7) with 1 <4,j < n? is

Bij=T1+T2+7T3,
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where
(—1)tsh!=Y(L) ifi=1and j= () for some2<t<n

Iy =

O(n+1)x (n+1) otherwise.

(=1)tsht=Y(L)" ifi=1and j=1t?for some2<t<n
Ty =

O(n+1)x (n+1) otherwise.

Iy yxmey  Hi=j+1
Iy =

O(n-l—l) x (n+1) otherwise.

The proof which shows that Bvy_; = v, for every k > 1 is analogous to that of type A, this time using
the formula in Corollary 5.2. O

Theorem 5.4. Let M be the Artin—Tits monoid of type By,. Let M5 be the square matriz of order n+1

whose entry (i,n+ 1) equals #(n—i+1)® for all i, and whose entry (i,7) for j < n equals t(rgﬂ) whenever
j—1i4+12>0, and 0 otherwise. Then
gu(t) = Mz~

Proof. Using the same arguments as in the proof of Theorem 4.4, one has:

vB'v
9.0 = Ty

Later we will see that |I — Bt| is a polynomial of degree n?, and gp, (t) is the inverse of a polynomial of
degree n? by Corollary 2.2. Hence vB'vy is a constant, namely 1 (as gp, (0) = ag = 1).

Therefore: 1

95. (1) = T8y

In the case n = 3 we have:

I —sh(L)t o sh*(L)'t sh*(L)"t o 0 0 0 —sh3(L)"t

—It I o ] ] ] ] ] ]

o —It I ] ] ] ] ] ]

o o It I o o o o o

|I-Bt| = ] ] ] —It I ] ] ] ]
] ] ] ] It I ] ] ]

o ] o o o It I o o

] ] ] ] ] ] —It I o

] ] ] ] ] ] o —It I

As we did for type A, if we add to each (block) column the column on its right multiplied by ¢, starting
from the right hand side, we obtain

I —Bt| =

ICRCRCECRCRCRCRC L
ICRCRCECRCRCRCR
ICRCRCRCRCRC R RCR
ICRCRCRCRCE RCRCR,
ICRCRCRCIL RCRCRCR
ICRCRCELECRCRCRCR,
ICRCELECRCRCRCRCR,
S~QCCCCTCH*
EACRCRCRCECROROR

[y
EN |



where
T =1+ (—sh(L)t+ sh®>(L)'t*) + (—sh(L)"t + sh®(L)"t* — sh®(L)"t")

Hence

1 —t t3 —t9

T 1 R A th—1°

[ = Bt| = |T| = 0 —t 1—t+13 —t4+tt—t9
0 —t —t+t3 1—t+4t*—1¢°

Notice that the exponents in the last column are of the form k2, while the exponents on the other columns

are of the form (g)

Substracting to each row the previous one, starting from the bottom, we obtain

1 -t 3 -t I A

-1 1 -t t* 11 ¢t t4 B

I=Bil= 6 1 1 4|01 1 ¢ |~ Ml
0 0 -1 1 00 1 1

In the case of arbitrary n, exactly the same operations lead to the matrix M5B defined in the statement
of Theorem 5.4. Hence |I — Bt| = |M5|.

Notice that MPZ equals M except for the last column. Hence, if we expand the determinant of M5B
along the last column, we see that we can express |M2E| in terms of | M7| for ¢ < n. Namely:

—14(n—1)2 nyn?
IME] = LM | = M o] + M) = - 4+ (1) M+ (1)

As |M7Y] is a polynomial of degree (%), it follows that M5 is a polynomial of degree n. This finishes
the proof. O

The above expansion of the determinant of MZ along the last column, yields a formula relating the
Moébious polynomials of B,, to the M&bius polynomials of A,, for m < n.

Corollary 5.5. If the growth functions of the Artin—Tits monoids of types A, and B, are

and we denote H_1(t) = Ho(t) = 1, then for n > 1 one has:

n

Fo(t) =Y (= 1)1t Hyoyi(t)

=0

Proof. By Theorem 5.4 one has F,(t) = |[M5B] for all n > 1. The formula in the statement is just the
expansion of |M?5B| along the last column. O

But we can also expand the determinant |M?5| along the first row, yielding a formula relating the growth
function of B,, to the growth functions of B,, for m < n.
Corollary 5.6. If the growth functions of the Artin—Tits monoid of type By, is
1
TR

and we denote F_;(t) = Fy(t) = 1, then for n > 1 one has:

F,(t) = <zn:(_1)i1t(é> Fni(t)> + (=1

=1
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Proof. By Theorem 5.4 one has F,(t) = |[M5B| for all n > 1. Now expand this determinant along the first
row. O

As we did with the monoid of type A, we finish the section with some examples.

Examples:
Lo 1t ¢!
gBl(t)_‘ 1 1 ) ng(t)_ 11 ¢ )
0 1 1
3 46 416 |1
1 ¢ 3 49 -1 1 t t t3 tg
1 1 t 4 1 1 ¢t t t
9B, (t) = . g (=01 1 t ¢
01 1 ¢
00 1 1 0 0 1 1 ¢
0O 0 0 1 1
In other words,
1 1 1
t) = —— = — — t) =
gBl() 1_t7 932() 1_2t+t4a ng() 1_3t+t2+t3+t4—t9,
1

f) = .
98:) = T3 o8 5 0 @ e

5.3 Counting elements in the monoid (type D)

The standard presentation of the Artin—Tits monoid of type D with n > 4 generators is the following:

a;aj = aja;, li—g]>1, {i,5} #{n—2,n}
D,=1{a a aaja; = aja;aj, li—jl=1, {i,j} #{n—1,n}
n 1s:-+50Qn Ap—20n0p—2 = ApQp—205n
Ap—10p = AGpQp—1

In this monoid (see [20]), the submonoid generated by the consecutive standard generators a;, ..., a; is
an Artin-Tits monoid of type D if j = n and i < n — 3, it is Z2 if j = n and i = n — 1, and it is an
Artin—Tits monoid of type A otherwise. In the first case, the least common multiple of the generators
is [27, Lemma 5.1]:

n—1

a;V--NVa, = H (@jaj41 - an—2)(@n_1an)(an—2an_3- - a;).

Jj=t
This word has length (n—i41)(n—i). We remark that if i = n—2 and j = n, the least common multiple
of ap—_2,an—1,a, (which generate a group of type As) is an element of length 6, and this number is also
equal to (n —i+1)(n —4). And if i = n — 1 and j = n, the generators a,_; and a, commute, so their
least common multiple is a,—1a, which has length 2, that is, equal to (n — i+ 1)(n — 7). Therefore:

(n—i+1)(n—i) if j=nandi<n

||ai\/"'\/aj||={

(j 7;*2) otherwise.
On the other hand, if t > j 4 2, the atom a; commutes with a;,...,a;, except when t =n and j =n — 2.
In this latter case, the generators a;,a;11,...,an—2,a, behave as consecutive generators in a monoid of
type A. Hence, when t > j + 2:
(a; V---Vaj)a it j<n-—2

(ai\/"'vaj)vat:{ (@; V---Vaj)arajaj—1---a; if j=mn—2 (hence t =n)
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Therefore, in D,, the situation is the following.

Lemma 5.7. Let M be the Artin—Tits monoid of type D,, (n >4). For 1 <i < j <mn one has

Mk (n—it1)(n—i),n+1 if j=nandi<n
Ukyij = mki(n;i)yn — mki(nf2i+1)1n+1 if j=n-2,
My (3-5+2) 11 otherwise.

Proof. If j =n and i < n we have
Ukyij = H{b€ My;  a;V---Van b} = [My_(n—it1)(n—i)| = Mr—(n—i+1)(n—i),nt1-

Suppose now that j = n — 2. In this case:

U]E'L’Jl*Q) = {b € Mk, a; VeV Ap—2 .\< b7 an % b}

= {(a;V---Vap—2)c€ Myg; an#Z(a;V--Va,_1)c}

But a, < (a;V---Vap_2)cifand only if (a;V---Van—2)Va, < (a; V- --Van_2)c, which occurs if and only
if (a; V- Van—2)anan_2an_3---a; < (a;V--+V a,_2)c, which is equivalent to anan_2an_3---a; < c.
Hence ‘

U,gl’"_m ={(a; V- Vap_2)c € My; anan_oan_3---a; £ c}.

Therefore

i,n—2
Uk, in—2 = ’U,E )’ =

{C S Mki(n;i); ApQp—2Qp—3 - Q; % C}’ .
Hence, we must remove from the elements in M (" those having a,,a,_2a,_3 - - - a; as prefix. As D,, is

elements to remove. Therefore

a cancellative monoid, there are exactly ‘Mk_(nﬂ-)_(n_i) = ’Mk_(nﬂ-ﬂ)
2 2

Uk,in—2 = ‘Mk_(n—i) — ‘Mk_(n}iﬂ)

; = mk_(n;i))n — mk_(n—iJrl))n_’_l

2

as we wanted to show. The reason of using either n or n + 1 as second subindex will become clear later.

Finally, in all the remaining cases (either i = j =n or j ¢ {n — 2,n}), we have:

U;gi’j) :{bGMk; a; V---Va; < b, Aj42y .-, 0n %b}:mkf(j7;+2),j+l

in the same way as in Lemma 4.1. O
Corollary 5.8. In the Artin—Tits monoid D,, (n >4), for k>0 andi=1,...,n — 2, one has:

n—3

m =m0

j=i

+ (= (mkf(nfi),n = 2My_ (i) g mk—(n—i+1><n—i>,n+1) )

2

and also:
Mg n-1=Mkpn-2+Mg_1n— Mk_2nt1
Mg = Mk n-1 + ME—1,n+1,
Mk nt1 = Min-
Proof. This is a direct consequence of Proposition 3.5 and Lemma 5.7. O
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The first formula in Corollary 5.8 has an interesting property: It involves no expression of the form my ,, 1
for any t. Hence, the formulae can be simplified if we remove the column corresponding to i« = n — 1 from

the table containing the my ;’s. For that purpose, we define:

Definition 5.9. Let M be the Artin—Tits monoid of type D,,. For k > 0 we define:

g = 4 T if ie{l,...,n—2},
ki = Mmgi+t1 i ie{n—1,n}.

We have then defined the numbers dg 1, ...,dkn, such that dg,—1 = dgn = |Mg| = ar. With this
definition, the recurrence relation in Corollary 5.8 can be rewritten as follows:

Corollary 5.10. In the Artin-Tits monoid Dy, for k >0 andi=1,...,n one has:

n—1
j—i n—i—1
i = diia+ | 31 T gy i | + (21 (dk-("a;‘*l),n - dk—(n—i+1><n—i>,n)
Jj=t
Proof. For i =1,...,n — 2, this is a direct consequence of Corollary 5.8.

For i = n — 1, we have (using Corollary 5.8 and the fact that my_1, = Mg_1,n+41):

dk.,nfl =Mkn = Mkn-1 + Mg—1n+1
= (Mkn—2+ Mk_1,n — Mk—2n+1) + Mk—1n+1
= Mpgnp—2+2Mg_1,n+1 — Mk—2,n+1
= dk,n72 +2 dkfl,n - dk72,n

which satisfies the statement.
Finally, if i = n:
dk,n = Mg ny1 = Men = dk,nfl = dk.,nfl - (dk,n - dkn)

so the result also holds in this case. O

Thanks to Corollary 5.10 we can compute a table containing the numbers dj, ; for £ > 0and i =1,...,n.
Notice that the rightmost column contains the numbers dj ,, for kK > 0, which correspond to the number

of elements of length k, with respect to the standard generators of D,,.

29 | 108 | 280 | 280
72| 277 | 732 | 732

k

0 1 1 1 1

1 1 2 4

2 2 6 13 13
3 ) 16 | 38 | 38
4 12 | 42 | 105 | 105
5

6

Figure 3: A table containing the numbers dj. ; for the Artin—Tits monoid Dy, for k < 6.
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5.4 A new formula for the growth function (type D)

The linear recurrence obtained in the case of Artin—Tits monoids of type D forces us to define vectors
with n?(n — 1) entries. Namely, we define for k > 1 the column vector

Vie1 = (dr—11 - di—1,n dk—2,1 -~ dj—2n -+ dk—n(n—1)1 - 'dkfn(nfl),n)t

Lemma 5.11. There is a square matriz D with n?(n — 1) rows, whose entries belong to {0,1,—1} such
that for every k > 1
Dvi_1 =V

Proof. This proof is analogous to those of type A and B. One can see the matrix D as a squared block
matrix, with n(n — 1) rows, each block made of n x n matrices. In the case n = 4, the first row of blocks
is the following:

0100/000O0|00-10{0000/0000|/0O002/0000|0O000(0O0O00O0O0(0O0O0O0O0|(00O0O0|000O0-1
0110/0000|00-1-2/0000/0000/0O0O03|0000|0O0O0O0O0(0O0O0O0O0(0O0OO0O0O(0O0O0O0O0|0O0O0-1
0112|000-1/00-1-2/{0 00 0/{0000|/0O0O03|/0000|0O0O0O0O00O0O0O0O0O(0O0OO0O0O(0O0O0O0O0|0O0O0-1
0112]000-1/00-1-2{0 0 0 0{0 0 00|00 O03]0000J0O00O00O00O0(0O0O0O0O0I00O0O0|0O0O0-1

And the remaining rows are made of identity and zero matrices, with the identities placed at the subdi-
agonal.

Recall the definition of sh*(L) for k > 0. As for type B, the last column of these matrices behaves
differently than in the case of type A, so given a matrix T', we denote T’ the matrix obtained from T by
replacing its last column by a column of zeroes, and T" the matrix obtained from T by keeping its last
column and replacing all other entries by zeroes. Then, for every n > 2, the n x n blocks of the matrix
D are defined in the following way.

The block in position (z,7) with 1 <i,57 <n(n—1) is

Di;=T1+T2+T3+T4

where
(=1)!sh!=Y(L) ifi=1and j= (}) for some 2 <t <n
r, =
Onxcn otherwise.
(-1t 2sh!=1(L)” ifi=1andj= (}) forsome2<t<n
Iy =
Onxn otherwise.
(=)=t spt=Y(L)” ifi=1and j=t(t—1) for some2<t<n
I's =
Onxn otherwise.
Lixn ifi=j+1
ry=
O, xn otherwise.
This description follows directly from the formula in Corollary 5.10. O

Theorem 5.12. Let M be the Artin-Tits monoid of type Dy, forn > 4. Let MP be the square matriz
of order n whose entry (i,n) equals 2t("3") _ =it D) (n=i) for all i, and whose entry (i,j) for j <n
equals 12") whenever j —i+ 1 >0, and 0 otherwise. Then

gu(t) = MP|™
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Proof. Following the lines of Theorem 4.4 and Theorem 5.4, one has:

/
vD'vg

9o, (1) = 1T—Di

Later we will see that |I —Dt| is a polynomial of degree n(n—1), and gp, (¢) is the inverse of a polynomial
of degree n(n — 1) by Corollary 2.2. Hence vD’vy is a constant, namely 1.

Therefore: )

9o, (1) = 7—Di|

As we did for types A and B, if we add to each (block) column the column on its right multiplied by ¢,
starting from the right hand side, we obtain a matrix which for n = 4 looks like the following;:

[ - Dt| =

ICRCRCHCRCRCRCRCRCRO RO
ICECRCHCRCRCRCRCRCRO R
ICECRCHCRCRCRCRCRCR RO
ICRCRCHCRCRCRCRCILRCRCR -
ICRCRCHCRCRCRC I ECRC RO R -
ICECRCRCRCRC R RCRCRCRC R -
ICRCRCHCRCEL RCRCRCROROR S
ISRCRCRCIL RCRCRCRCRORCR -
ICRCRCELRCRCRCRCRCRCRC R -
SRR ECRCRCRCRCRCRCRC R
SERCHECRCRCRCRCRECROROR -
EECRCRCECECRCRCRCRCORCR

Hence
—t 13 —2¢6 4 ¢12
1—t¢ —t+t3 213 — 3¢6 4 ¢12
1—t+13 —2t + 12 4+ 23 — 36 - ¢12
—t —t+t3 1—2t+t242t3 - 3t6 +¢12

[ —Dt| = |T| =

S O O
|
~

Substracting to each row the previous one, starting from the bottom, we obtain

1 —t 3 —26 4412 1t 3 2t —¢12
-1 1 =t 2t3 — 6 1 1 ¢t 2t3—1¢6 B
[ —Dt| = 0 -1 1 —=2t4+¢| |0 1 1 2t—¢2 = IM7|
0 0 -1 1 00 1 1

In the case of arbitrary n, exactly the same operations lead to the matrix MP defined in the statement
of Theorem 5.12. Hence |I — Dt| = |MP].

Notice that, as for type B, the matrix MP equals M:! ; except for the last column. Hence, if we expand
the determinant of MP along the last column, we see that we can express |[MP| in terms of |[Mj}| for
t <n — 1. Namely:

MR ] = 1ML | = 2t =) Mg+ -+ (1) 2602 — D02 gl (1) (263) - g,

As [M#] is a polynomial of degree (%), it follows that |MZ] is a polynomial of degree n(n — 1). This
finishes the proof. O

From this formula it is easy to relate the growth functions of the monoid D,, with the growth functions
of monoids of type A,.
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Corollary 5.13. If the growth functions of the Artin—Tits monoids of types A, and D, are

and we denote H_1(t) = Ho(t) =1, then for n > 1 one has:

n

Gu(t) = > (=1) (266) — D) H i (t)

=1

Proof. By Theorem 5.12 one has G, (t) = |[MP] for all n > 1. The formula in the statement is just the
expansion of |MP| along the last column. (]

But we can also expand the determinant |MP| along the first row, yielding a formula relating the growth
function of D, to the growth functions of D, for m < n. To simplify the statement, although the monoid
D,, is defined for n > 4, we will naturally assume that Do = Z X Z and D3 = Ajs.

Corollary 5.14. If the growth functions of the Artin—Tits monoid of type D,, for n > 2, is

1
gD, = Gn (t)

and we denote G1(t) = 1, then for n > 2 one has:

Gn(t) = <§(_1)i—1t(é>am(t)> 4 (1)t (zt(z) _ tn(n—n)

=1

Proof. By Theorem 5.12 one has G,,(t) = |MP] for all n > 4. Now expand this determinant along the
first row. O

As in the previous cases, here are some examples to illustrate the computations.

Examples:
- 1t 23— ¢6 |7
1 2t—¢2 7!
gDz(t):‘l 1 ) gp, () =11 1 2t—¢2 ,
0 1 1
3 46 10 _ 420 |1
1 + 3 946 _ 412 1 1 ¢t t t3 2t6 tu
L1 1 o 11 ¢ 8 25—t
gp,(t) = 5 . ogp.()=]0 1 1 ¢ 23—¢8
0 1 1 2t —t ‘ 5
00 1 1 0 0 1 1 2t —t
00 0 1 1
In other words,
1 1 1
90:(0) =755 =T g e WS T e s
1
gD5(t):

1 Bt + G2 + 263 — 4t% 1 5 — 446 1 7 + 2410 1 {12 _ 420
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6 Growth rates

One of the big advantages of the way we use for counting the number of elements in a monoid, is that
one can easily extract some conclusions on its growth rate. We recall that the exponential growth rate
of a monoid, with respect of a given set of generators is equal to

PM = lim Y |Mk|
k—o0

In the case of Artin—Tits monoids of type A, B, and D,,, this growth rate has been extensively studied
by several authors [32, 35, 19]. In [19], it is shown that the M&bius polynomial for M has a unique root
of smallest modulus, which is a real number. Its inverse is precisely pj.

If one considers the family of monoids {A,},>1, it is a natural question, posed by several authors, to
find the limit:
p= lim pga,.
n—oo

It was shown in [35, Theorem 8] that 2 < p4, < 4 for all n, so we have 2 < p < 4. This was improved
in [19, Proposition 7.98], where it is shown that the sequence p4, is non-decreasing, and that its limit p
satisfies 2.5 < p < 4.

We will now see that we can determine p with arbitrary precision. For this sake, we will first describe
two concepts of analytical nature: the partial theta function and the KLV-constant go.

6.1 Topics from Real Analysis
6.1.1 The partial theta function

We start by recalling the formal power series:

Flay) =Y yl)at.

k=0

In Sokal’s paper [33] this series is called the partial theta function, a name that comes from the relation
with the classical Jacobi theta function. It is noteworthy that this name is sometimes also used for the
more general series

oo
2
fla,y) =y HBraH,

k=0

corresponding the previous case to A =1/2, B = —1/2. We will follow here Sokal’s nomenclature.

Having already appeared in Ramanujan’s work [2], the partial theta function is an instance of a more
general family of series which also contains the deformed exponential function (see for example [25]). It
is also a particular example of the three-variable Rogers-Ramanujan function [31], and should not be
confused with the different -but related- “false theta functions” defined by Rogers in [30]. The study of
the partial theta function has become a fruitful field of research, as relations have been discovered with
the so-called section-hyperbolic polynomials [24], Dirichlet series via asymptotic expansions [5], Garrett-
Ismail-Stanton type identities [36, 16] or ¢-hypergeometric series, particularly mock modular forms [7]; a
good guide for the theory is the year-long work of Vladimir Kostov (see for example [21, 22, 23]).

To our knowledge, however, no relationship had been found so far between partial theta functions and
algebraic invariants, in particular coming for Group/Monoid Theory. To describe such a relation, we need
to introduce the concept of leading root. Following Sokal, given a formal series f(x,y) with coefficients
in a commutative unital ring R, there is a unique formal series z¢(y) in R[y] such that f(zo(y),y) = 0.
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This series is called the leading root of f(x,y), and in the case of the partial theta function defined above,
it has the shape:

zo(y) = —(1+y+2y° +4° +9y* + )
The sequence of coefficients of —z¢(y), which is

1,1,2,4,9,21,52,133,. ..

is proved to be an increasing sequence of positive integers [33], and its first 7,000 terms were computed
by the author.

In Proposition 6.6 below we will state that this sequence is in particular, and very surprisingly, a com-
binatorial invariant of Artin—Tits monoids. A different combinatorial (non-algebraic) approach to these
coefficients, based on stack polyominos, can be found in unpublished work of Prellberg [29].

6.1.2 The KLV-constant ¢

In the last section of Sokal’s paper [33] the exponential growth of the previous sequence of coefficients
is also established, as a consequence of Pringhseim theorem. This number is the inverse of the first real
singularity of the leading root of the partial theta function, and turns to be a constant whose value is
3.2336366652 ... As this number was first effectively computed by Katkova-Lobova-Vishnyakova in [20]
and seems not to have a standard name, we will call it here the KLV-constant and denote it by ¢eo, as
these authors did.

The KLV-constant appeared in the context of a long-standing problem, very easy to formulate. Consider

the series
© Kk
z
ga(z) - E k2
a
k=0

for @ > 1. The goal is to find the smallest a such that g,(z) has only real roots. This problem was
first undertaken by Hardy [15], who proved that a? > 9 was a sufficient condition. Afterwards, different
authors attacked the problem and lowered this bound, as for example Pélya-Szegé [28] or Craven-Csordas
[10], who reached a bound of 3.42. The final solution finally appeared in 2003 in [20, Theorem 4], as the
mentioned authors proved that a? > g, is a necessary and sufficient condition for the series Jga(2) to
have only real roots. Moreover, their computation provided a way of approximating g., with arbitrary
precision.

We will show in the next section that ¢.. = p. This result permits in particular a completely unexpected
description of the KLV-constant in terms of growths of monoids.

6.2 Growth rates of braid monoids and the partial theta function

Recall from Corollary 4.2 that, for the Artin-Tits monoid of type A,, the numbers my; satisfy the
following recurrence relation:

n
Mk,i = Mk,i—1 T Z(_l)j_imk—(j7§+2),j+1v
j=i

where mg 1 = 1.

Using this recurrence relation, we compute the table containing the numbers my ; for £ > 0 and ¢ =
1,...,n+1, as in Figure 1.
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51| 190 | 478 | 952 | 1488 | 1488
126 | 484 [1254|2555| 4043 | 4043
317(1241|3279|6786|10829 | 10829

132] 517 [1393|3068| 5726 | 8700 | 8700
343 (1373|3794 855716268 | 24968 | 24968

k k

0 1 1 1 1 1 1 0 1 1 1 1 1 1 1

1 1| 2 3 4 5 5 1 1 2 3 4 5 6 6
2 2| 5 9 |14 | 19 19 2 2| 5 9 |14 | 20 26 26
3 4 |12 | 25 | 43 62 62 3 4 | 12| 25 | 44 | 69 95 95
4 9 | 30 | 68 | 125 | 187 | 187 4 9|30 | 69 |132| 221 | 316 | 316
5 21| 75 | 181 | 349 | 536 | 536 5 21| 76 | 188 | 383 | 673 | 989 | 989
6 6 52| 197 | 512 (1091 | 1985 | 2974 | 2974
7 7

8 8

Figure 4: Tables containing my, ; for the Artin-Tits monoids A5 and Ag, for k < 8.

We will now compare the tables corresponding to distinct values of n. To give an example, in Figure 4
we can see the first 9 rows of the tables corresponding to As and Ag.

In Figure 4 we have boldfaced the elements my ; such that k +¢ < n 4+ 1. We will call them stabilized
entries. From the recurrence relation in Corollary 4.2, it is easy to see that each stabilized entry in the
table for A, is computed using exactly the same values as the corresponding element in the table for
Apy1. Hence, if my; is a stabilized entry for some A,,, the value my; will be the same in the table
corresponding to A,,, for every ny > n. In other words, the table stabilizes when n tends to infinity:
The value of each my ; will become constant. By abuse of notation, we will denote my, ; the value of my ;
for n > k + ¢ — 1, that is, when its value has stabilized.

The value of the stabilized my,; can be computed as follows:
i = i+ 3 1 @
j=i

Notice that this sum is always finite, as the value k — (j_;”) must be non-negative in order to produce

a nonzero summand.
There is a nice way to understand the limit table, which contains the numbers which are already stabilized.

Notice that if n; < ng, there is a natural inclusion A4,,, C A,,. The direct limit of the monoids { A, }n>1
with respect to these natural inclusions is known as As, the braid monoid on an infinite number of
strands. It has the same presentation as the usual braid monoid A,, but with an infinite number of

generators:
a;a; = a;a;, |Z —]| > 1
ajaja; = ajaia;, |i—j[=1

Aoo = <a1,a2,...

If M = A, we can define, for £ > 0 and 7 > 1, the number m}m = ’M,gi)‘ as the number of elements in
M having length k, whose lex-representative starts with a letter from {ai,...,a;}. Notice that My, is an

infinite set, so we need to show that m;m- is well defined.

Proposition 6.1. For k > 0 and @ > 1, the number m;m is well defined, and it coincides with the
stabilized entry my,; in the table for A,, for everyn > k+1i— 1.

Proof. Let M = Ay, and let b € M,gi). The lex-representative of b starts with a letter from {aq,...,a;}.
We will show that a word representing b cannot contain the letter a; for ¢ > k + 1.
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Recall that all words representing b have length k, as the relations in A., are homogeneous. Also, all
words representing b involve the same set of letters, as this set cannot be modified by applying a relation
(no new letter can appear, and no letter can dissapear).

Suppose that some word w representing b contains the letter a;, for some ¢ > k + i. We know that

some letter from {aq,...,a;} appears in w, as it appears in the lex-representative of b. But w has length
k, and one of its letters already belongs to {ai,...,a;}, so w cannot involve all letters from the set
{ait1,...,aitr}. Hence, there is some a; € {a;41,. .., ai+x} which does not appear in w.

Let I = {a1,...,a;-1} and J = {aj41,a;41,...}. We know that the letters in w belong to I U J, and
that w has letters from both sets. But every element in I commutes with every element in J. This means
that we can obtain, from w, a word representing b having the form wjwy, where w; only involves letters
from J, and w; only involves letters form I. By hypothesis, w; is a nonempty word, so b admits some

element from J as a prefix, and this contradicts that b € M ,gi).

Therefore, every word representing b € M, ,Ei) involves only letters from {ai,...,ar+i—1}. Hence, the
lex-representatives of b in A, and A,, coincide, for every n > k+ ¢ — 1. O

We remark that, although the growth rate in A, does not make sense, as it is not a finitely generated
monoid (the number of elements of length one is already infinite), the numbers m, ; in the limit table are
all well defined. As mj, ; = my;, we will denote these numbers by my ;, from now on.

Now we will find a new way to describe each stabilized number my, ;, depending only on the elements
my, for t =0,...,k — 1. For that purpose, we need some results from braid theory.

Proposition 6.2. Let b € A,, be a positive braid. For every j < 1, there is a unique mazimal braid ;
such that v; < b and v; involves only the generators a;, ..., an.

Proof. Let Ajj ) =a;V---Va, € Ay,. It is well-known that a positive braid v € A, can be expressed as
a word in the generators {a;,...,a,} if and only if it is a prefix of (A )™ for some m > 0. Actually,
if v has length ¢, then 7 can be expressed as a word in the generators {a;,...,a,} if and only if it is a
prefix of (A )"

Let k£ be the length of the positive braid b. By the above arguments, a prefix v < b can be written as
a word in {aj,...,an} if and only if v < (A[;))". Therefore, the set of prefixes of b which involve only
the generators aj,...,a, is the set of common prefixes of b and (A[jﬁn])k. Since A,, is a lattice with
respect to the prefix order, it follows that this set has a maximal element (with respect to <), namely
Y = bA (A[jm])k.

Notice that «; is also maximal in terms of length: it is the biggest prefix of b which involves only the
generators a;, ..., Q. O

Proposition 6.3. Let b € A, be a positive braid. There is a unique decomposition b = b,b,_1---b1, so
that byby,—1---b; is the biggest prefix of a which involves the generators aj,...an,.

Proof. This is clear form the previous result. We just define 7,41 = 1 and v; = b A (A[jyn])k for
j=1,...,n, where k is the length of b. Then

1:’7n+1'\<'7n'\<'\<'71:b
We must define each b; so that b, ---b; = ;. Hence b; is the only element such that v;11b; = ;. O

Proposition 6.4. Let b € A, be a positive braid, and let b = b,by,_1 by be the unique decomposition
described in Proposition 6.8. For every j =1,...,n, the element b; involves generators from {a;,...,an}
and, if b; # 1, its lex-representative starts with a;.
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Proof. Let k be the length of b. By construction, b; is the only element such that v;;1b; = ~;, where

v = b/\Af“j n] for every j = 1,...,n. Since b; is a suffix of v;, it only involves generators from {a;, ..., an}.

Suppose that b; # 1. From the above paragraph, the lex-representative of b; can only start with a
generator from {a;,...,a,}. We must then show that b; only admits the generator a; as prefix. Suppose
this is not the case. Then a; < b; for some ¢ > j. But then 7;;1a; is a prefix of b which only involves
generators from {a;jt1,...,an}, contradicting the maximality of ;1. O

We can finally give a new interpretation of the numbers my ; corresponding to the monoid M = A.
Recall that M, ]gt) is the set of elements of length k in A, whose lex-representative starts with a;, for

some j € {1,...,t}. On the other hand, let P,Et) be the set of t-uples (ct,...,¢1) € (Ax)? such that
lei| 4+ <-4 |et] =k and, for i = 1,...,t, either ¢; = 1 or the lex-representative of ¢; starts with a;.

Proposition 6.5. Given k > 0 and t > 1, the sets M,Et) and P,Et) have the same size.

Proof. If b € M,Et), then b € Ay for some big N (actually, we can take N =t + k — 1).

By Proposition 6.3, there is a unique decomposition b = bybyx_1---b1, so that by ---b; is the biggest
prefix of b which involves the generators a;, ..., an. Now, since the lex representative of b starts with a;
for some ¢ < ¢, it follows that there cannot be a nontrivial prefix of b involving the generators asy1,...,an.
Therefore b; = 1 for j > ¢, and we just have b = bsby_1 - - 1.

Let f: A — Ao be the shifting homomorphism which sends a; to a;41 for every i > 1. Notice that
f preserves the length of every element and, if the lex-representative of an element b starts with a;, the
lex-representative of f!(b) starts with as;.

It is clear that f=7(c) is defined if ¢ € A, involves only generators a; for i > j. By Proposition 6.4,
f177(b;) is well defined and, if it is nontrivial, its lex-representative starts with a;.

We can then define the following map:

o: MY — pY
b — (cty..y01),

where ¢; = f179(b;) for j = 1,...,t. We see that ¢ is well defined from the above arguments, and also
because |ci| + -+ |e1| = |be] + -+ |[b1] = |b] = k.

Now let us define the following map:

t t
v: PO = MY
(Ctv"'vcl) — b:bt"'bla

where b; = fi71(c;) for j = 1,...,t. See Figure 5 for an example. We will show that ¢ is well defined,
and it is the inverse of ¢, so both maps are bijections.

It is clear that b is a well-defined positive braid, of length [by| + - -+ |b1| = |ee] + -« - + |c1| = k. Also, for
every j =0,...,¢t —1, the element b; - --b;1; involves only generators a; for i > j.

Let us show that for j = 1,...,¢, the braid b; - - - b; cannot start with a; for ¢ > j. If j = 1 this is clear, as
b1 = c; either is trivial or its lex-representative starts with a;. Suppose that 7 > 1 and the claim is true
for smaller values of j. If a; < b --- by for some ¢ > j, then a; Vb; < b;---b1. By construction, b; cannot
start with a;, hence a; V b; = b;d for some nontrivial positive braid d. Since a; and b; involve generators
of index at least j, the braid d also involves generators of index at least j. But we have b;d < b;--- b1,
hence d < bj_1 - - - by, which implies that b;_1 - -- by can start with a generator of index at least j, a fact
that contradicts the induction hypothesis. The claim is then shown.

It follows that b;---b;4;1 is the biggest prefix of b involving generators a; for ¢ > j. This has two

consequences. Firstly, the lex-representative of by - - - by starts with a; for ¢ < ¢, hence b € M, ,Et), and 1 is
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Figure 5: A braid b = bybszbeb; = (1)(asasasas)(azsazazasas)(aiasasasagar) € M]g4), and its correspond-
o _ (4)
ing 4-tuple ¢(b) = (1, a1aza2a1, aiaia2a3a3, aiasasazasay) € Py

well defined. Secondly, b; - - - by is precisely the unique decomposition of b described in Proposition 6.3,

which is used to define ¢. So (¥ ((ct,...,c1))) = @(b) = (f1=4(by), f2 71 (be—-1),. .., fO(b1)) = (cty ..., c1).
As ¢ o ¢ is clearly equal to the identity map, it follows that 1 is the inverse of ¢, as we wanted to
show. O

From Proposition 6.5, we can describe the number my ¢ directly from the numbers m; ; for | < k. This
will give us the desired connection of these numbers with the partial theta function f(z,y).

Recall that we denote my ; = ‘M,gt)‘. Now let

Soly) = ka,lyk =14+y+2y* +49° +9y* +219° + - --
k=0

The coefficients of £)(y) are the numbers in the first column of the limit table containing the numbers
my, ;. Let us show that the series determined by the other columns of the table are, precisely, the powers
of the series determined by the first column.

Proposition 6.6. For every t > 0, one has (§(y ka k.
Proof. The k-th coefficient of (£y(y))" is equal to:

E My, 1 s My 1,

Y, By Proposition 6.5, this is also the number of elements
in M ,gt), so the result follows. o

which is precisely the number of elements in P,§

We now denote z(y) = —&p(y), and we have the following:

Proposition 6.7. Let f(x,y) Z y\2)z"™. Then f(xo(y),y) = 0.

Proof. The expression f(zo(y),y) is a power series in the variable y. We need to show that all coefficients
are zero.
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The coefficient of 4° in f(z0(y),y) comes from the values n = 0 and n = 1, and it is 1 — 1 = 0, as desired.

Let k > 0. By Proposition 6.6, the coefficient of y* in f(xo(y),y) is
—ME1 +Me—12 — My (2),3 + My ()0~

where there are summands as long as the first subindex of m, () is non-negative. This sum equals
5)s

zero by (3) for ¢ = 1, and the result follows. O

The following result follows immediately:

o0
Theorem 6.8. Let x¢(y) be the only solution to the classical partial theta function Zy(g)xk, and let
k=0
Eo(y) = —zo(y) = 1+y+2y% +49> +9y* +--- For every k > 0, the coefficient of y* in the series &y(y) is
equal to the number of braids of length k, in the monoid Ay, whose maximal lexicographic representative
starts with a.

6.3 Limit of growth rates of braid monoids

k
y(2)xk, whose only nontrivial root is the series

NE

We are considering the partial theta function f(z,y) =

=

=0
xo(y). The coefficients of the series &y(y) = —z0(y) = 1 +y + 2y* + 43> + 9y* + - - - form the sequence

(Lp)k>o = (1,1,2,4,9,21,52,...).

The growth rate of this sequence is known to be the KLV-constant ¢ [33], which can be computed with
arbitrary precision:

Theorem 6.9. [33] Let (Li)k>0 be the sequence of coefficients of &o(y). Then its growth rate is:

L
lim {/Ly = lim z* L = g = 3.233636. ..

k— o0 k—o0 k

Notice that the above result states that (Ly)r>0 grows like (goo)¥. In other words:

0 < lim
k—o0 (QOO)

P < o0 (4)

We want to relate the constant g, to the growth rate of the monoids A,, for n > 1. Recall that we
are counting the elements in A,, by considering their lex-representatives (their maximal lexicographic
representatives with a1 < as < -+ < a,). The following is an important property of this set of words:

Theorem 6.10. [17] For every n > 1, the set of lex-representatives of the braid monoid A,, is a regular
language.
In [17], an automaton accepting this regular language is defined, having the minimal possible number of
states. Moreover, in [14], the automaton is described in detail for every n > 1, and the following result
is shown:
Theorem 6.11. [14, Corollary 5.5] For every n > 1, the proportion of lex-representatives of length k, in

the braid monoid A, finishing at the same state as a1, tends to a limit p > é when k tends to infinity.
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The above result can be described as follows. Let M, be the incidence matrix of the automaton accepting
the regular language of lex-representatives of A,,. Each row (resp. column) of M,, corresponds to a state
of the automaton. We can assume that the first row (and also the first column) corresponds to the state
determined by the word a;.

By Perron-Frobenius theory, there is a unique left eigenvector vy, of M,,, all of whose coordinates are
non-negative and such that the sum of these coordinates is equal to 1. The ith coordinate of vy is
precisely the limit, as k& tends to infinity, of the proportion of lex-representatives of length k finishing at
the ith state (see [11]). Theorem 6.11 states that the first coordinate of vy is greater than o, for all
n > 1.

Now let us fix some n > 1. We will denote by my ;(Ay) the numbers appearing in Corollary 4.2, which
are also the numbers appearing in Figure 4 for n = 5 and n = 6. We know that the growth rate of the
column n + 1 is precisely p,, the growth rate of the monoid A4,,. Let us show that all the columns of the
table corresponding to A,, have the same growth rate.

Proposition 6.12. Letn > 1. For everyi=1,...,n+ 1, we have:

Miy1,i(An)

= pPn.-

i
koo i (An)

Proof. The result is trivial if 4 = n + 1 or if i = n, as these columns contain precisely the number of
braids of given length.

By definition, the number my, ;(A,,) is the number of lex-representatives in A4,, starting with a generator

from {ay,...,a;}. If we consider the incidence matrix M, and assume that the rows 1,2, ..., n correspond
to the states of the lex-representatives a1, as, . .., a, respectively, then my, ;(A,) is the sum of the entries
of the rows 1,2,...,i in the matrix (M, )"t

By Perron-Frobenius theory, all rows of (M,,)* have the same growth rate as k tends to infinity, which is
precisely the Perron-Frobenius eigenvalue. In this case, this eigenvalue is precisely p,, (the growth rate
of the sum of the first n rows). Therefore, all sequences (mg ;(A,))r>0 grow like (p,)*, as we wanted to
show. O

Now we will relate the numbers p,, to the constant ¢... Recall from [19] that p,, is an increasing sequence
of real numbers, whose limit we denote p:

lim p, = p.
n—oo

We need the following:

S k
n 1
Definition 6.13. Given a real number p > p, let ¢(n, p) = Z (p_) = o = H
o\ u L= p—=pn
Lemma 6.14. Given p > p, one has lim c¢(n, u) = oo if and only if u = p.
n—oo
Proof. Tt follows trivially from Definition 6.13. O

Now let us denote by e the (column) vector (of any desired length) which consists only of 1’s. Hence,
from the definition of the Perron-Frobenius eigenvector vy, we have v, - e = 1.

Lemma 6.15. For every p > p and every n > 2, we have:

e(n, ) = vall — =" M,) e
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Proof. We know [14, Lemma 5.2] that
(I = p " M)t =T+ (7 M) + (' Mo)® + (07" M) -

If we multiply any summand by vy, from the left, and by e from the right, we obtain

k
vn(ufan)ke = % (vanf) e= ik (pﬁvn) e= <p_n> .

Therefore
M. Pn Pn ? Pn 3
O

Now recall that the number my 1(4,) is equal to the sum of the entries of the first row of (M,,)F~1.

That is, mg1(A,) is the first entry of the column vector (M,)* te. Recall also that the sequence
{mn,1(An) }n>0 is equal to {mn 1(Acc) tn>0 = {Ln}tn>0 = {1,1,2,4,9,...}. By Theorem 6.9, the growth
rate of {m, 1(An)}n>0 is equal to the constant ¢oo.

Notice that, for every n > 1 and every k > 0, we have my 1(A,) < mg1(Ax). Hence, the sequence
{mi1(An)}k>0 is dominated by the sequence {mg 1(As)}r>0. It follows that the growth rate of the
former sequence cannot be bigger than the growth rate of the latter. In other words: p, < goo for every
n > 1. Therefore,

p = lim pp < goo,
n—oo
and we can consider the numbers ¢(n, ¢ ).

Proposition 6.16. We have:

lim ¢(n, goo) = o0
n—oo

Proof. We know from Lemma 6.15 that
c(n, QOO) =vnple+ vy (qgoan>e + Vn(qgoan)Qe + Vn (qgoan)Be T
That is,
vaM,e vpMZ2e vpM3e
(oo a3 a3

We now recall from Theorem 6.11 that the first coordinate of v, is greater than % Therefore, if we
denote e; the first row of the identity matrix, we have, for every k > 0:

c(n, QOO) =1+

Mi+1,1(An)

1
vnM,’fe > — (elMﬁe) = 39

32
The above inequality holds since all the coordinates of vectors and matrices involved are nonnegative.

Recall also that m; 1(4,) =1,s01 > 3% = mlé(zAn)'

Finally, we obtain:

mi,1(A4,) n ma.1(An) n ma1(An)  mai1(4,)
32 32 g 32 g2 32 ¢,

c(n, goo) > +ee

Now recall that for every k < n, we have my 1(A,) = mr1(Ax). Also, ¢ > 3, so we can divide the
above expression by ¢~ and truncate at the nth term, to obtain:

mi1,1(A1)  mai1(A2)  ms1(As) ”+mn,1(An)

y» Yoo > :
i) > = T TaaE T sk 3242

33



The right hand side is the truncation at n of the infinite sum:

Since the numerators correspond to the sequence {Lyj}r>0 whose growth rate is g0, it follows that the
fractions tends to a positive real number, so the above infinite sum does not converge. In other words,
its truncations tend to infinity, and this implies that ¢(n, ¢ ) also tends to infinity, as n grows. O

We can finally show the main result of this section.

Theorem 6.17. Let p = lim pa, . Then p = 3.23363... is the growth rate of the coefficients of &o(y).
n—r oo

That is, p is equal to the KLV-constant eo-

Proof. By Proposition 6.16, we have that lim,_, ¢(n, ¢s) = 00. By Lemma 6.14, this can only happen
if goo = p- O

We finish this paper with a question concerning the remaining Artin—Tits monoids:
Question: Is it true that p(A,) = p(Bn) = p(Dn) = ¢oo ?

Using injective maps A, — Bpy1 and A, — D,y1, which send a; to a;, it is easy to prove that
p(Br) < goo; however, our methods are unable to state the opposite inequalities.

References

[1] M. Albenque and P. Nadeau. Growth function for a class of monoids, FPSAC 2009, Hagenberg,
Austria. DMTCS proc. AK (2009) 25-38.

[2] G. Andrews and B. Berndt. Ramanujans lost notebook Part II, Springer, NY, 2009.
[3] E. Artin. Theory of braids, Ann. of Math. 48 (1947), no. 2, 101-126.

[4] R. Ashraf, B. Berceanu, A. Riasat. Fibonacci numbers and positive braids, Ars Comb. 122 (2015)
299-306.

[5] B. Berndt and B. Kim. Asymptotic expansions of certain partial theta functions, Proc. Amer. Math.
Soc. 139 (2011), 3779-3788.

[6] D. Bessis. Finite complex reflection arrangements are K(m,1). Annals of Math. 181 (2015), no. 3,
809-904.

[7] K. Bringmann, A. Folsom and R. Rhoades. Partial theta functions and mock modular forms as
g-hypergeometric series, Ramanujan J. 29 (2012), 295-310.

[8] A. Bronfman. Growth functions of a class of monoids, Preprint 2001.

[9] J. Cannon, D. Epstein, D. Holt, S. Levy, M. Paterson and W. Thurston. Word processing in groups,
Jones and Bartlett Publishers, Boston, MA, 1992.

[10] T. Craven and G. Csordas. Karlin’s conjecture and a question of Pélya, The Rocky Mountain Journal
of Mathematics 35 (2005), 61-82.

[11] P. Dehornoy. Groupes de Garside, Ann .Sci. Ecole Norm. Sup. 35 (2002) 267-306.

34



[12] P. Dehornoy and L. Paris. Garside groups, a generalization of Artin groups, Proc. London Math.
Soc. 79 (1999) 569-604.

[13] P. Deligne. Les immeubles des groupes de tresses généralisés, Invent. Math. 17 (1972) 273-302.

[14] R. Flores and J. Gonzdlez-Meneses. On lexicographic representatives in braid monoids,
arXiv:1808.02755

[15] F. Garside. The braid group and other groups, Q. J. Math., Oxf. II. Ser. 20 (1969), 235-254.

[16] K. Garrett, M. Ismail and D. Stanton. Variants of the Rogers-Ramanujan identities, Adv. in Appl.
Math. 23 (1999), 274-299.

[17] V. Gebhardt, J. Gonzalez-Meneses. Generating random braids. J. Comb. Th. A 120 (1), 2013, 111-
128.

[18] G.H. Hardy. On the zeros of a class of integral functions, Messenger of Math. 34 (1904), 97-101.
97101.

[19] V. Jugé. Combinatorics of braids, PhD Thesis, 2016.
http://www-igm.univ-mlv.fr/~juge/papers/PhD-Thesis.pdf

[20] O. Katkova. T. Lobova and A. Vishnyakova. On power series having sections with only real zeros,
Computational Methods and Function Theory 3 (2003), 425-441.

[21] V. Kostov. On the zeros of a partial theta function, Bull. Sci. Math. 137 (2013), 1018-1030.

[22] V. Kostov. Stabilization of the asymptotic expansions of the zeros of a partial theta function, C. R.
Acad. Bulgare Sci. 68 (2015) 1217-1222.

[23] V. Kostov. On a partial theta function and its spectrum, Proc. Roy. Soc. Edinburgh Sect. A 146
(2016) 609-623.

[24] V. Kostov and B. Shapiro. Hardy-Petrovitch-Hutchinson’s problem and partial theta function, Duke
Math. J. 162 (2013), 825-861.

[25] Y. Liu. On some conjectures by Morris et al. about zeros of an entire function, J. Math. Anal. Appl.
226, (1998) 1-5.

[26] L. Paris. Parabolic subgroups of Artin groups, J. Algebra 196 (1997), no. 2, 369—399.

[27] L. Paris. Centralizers of parabolic subgroups of Artin groups of type A;, B; and Dy, J. Algebra 196
(1997), no. 2, 400-435.

[28] G. Pélya and G. Szegd. Problems and Theorems in Analysis, Vol. 2, Springer, Heidelberg, 1976.
[29] T. Prellberg. The combinatorics of the leading root of the partial theta function, Preprint 2012.

[30] . L. Rogers. On two theorems of combinatory analysis and some allied identities, Proc. London Math.
Soci (2), 16 (1917), 315-336.

[31] L. Rogers and S. Ramanujan. Proof of certain identities in combinatory analysis, Cambr. Phil. Soc.
Proc., 19 (1919) 211-216.

[32] K. Saito. Growth functions for Artin monoids, Proc. Japan Acad. 85, Ser. A (2009), 84-88.
[33] A. Sokal. The leading root of the partial theta function, Adv. Math. 229 (2012), No. 5, 2603-2621.

[34] E. Stanley. On the number of reduced decompositions of elements of Coxeter groups, Europ. J. of
Combinatorics 5 (1984), 359-372.

35



[35] A. Vershik, S. Nechaev and R. Bikbov. Statistical properties of locally free groups with applications
to braid groups and growth of random heaps, Comm. Math. Phys. 212 (2000), 469-501.

[36] O. Warnaar. Partial theta functions. I. Beyond the lost notebook, Proc. London Math. Soc. (3) 87
(2003), 363-395.

Ramén Flores.

ramonjflores@Qus.es

Depto. de Geometria y Topologia. Instituto de Matematicas (IMUS).
Universidad de Sevilla. Av. Reina Mercedes s/n, 41012 Sevilla (Spain).

Juan Gonzalez-Meneses.

menesesQus.es

Depto. de Algebra. Instituto de Mateméticas (IMUS).

Universidad de Sevilla. Av. Reina Mercedes s/n, 41012 Sevilla (Spain).

36



	1 Introduction
	2 Growth functions of homogeneous Garside monoids of finite type
	3 Counting elements in a homogeneous Garside monoid
	4 Artin–Tits monoid of type A
	4.1 Counting elements in the monoid (type A)
	4.2 A new formula for the growth function (type A)

	5 Artin–Tits monoids of type B and D
	5.1 Counting elements in the monoid (type B)
	5.2 A new formula for the growth function (type B)
	5.3 Counting elements in the monoid (type D)
	5.4 A new formula for the growth function (type D)

	6 Growth rates
	6.1 Topics from Real Analysis
	6.1.1 The partial theta function
	6.1.2 The KLV-constant q

	6.2 Growth rates of braid monoids and the partial theta function
	6.3 Limit of growth rates of braid monoids


