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Abstract

The orbital diameter of a primitive permutation group is the maximal diameter of its
orbital graphs. There has been a lot of interest in bounds for the orbital diameter. In this
paper we provide explicit bounds on the diameters of groups of simple diagonal type. As a
consequence we obtain a classification of simple diagonal groups with orbital diameter less
than or equal to 4. As part of this, we classify all finite simple groups with covering number
and conjugacy width at most 3. We also prove some general bounds on the covering number
and conjugacy width of groups of Lie type.

1 Introduction

Let G be a group acting transitively on a finite set 2. Then G acts on €2 X £ componentwise.
Define the orbitals to be the orbits of G on Q x Q. The diagonal orbital is the orbital of the
form A = {(a, @)|a € 2}. The number or orbitals is called the rank of G. Let us denote this by
rank(G,Q). Let T be a non-diagonal orbital. Define the corresponding orbital graph to be the
undirected graph with vertex set 2 and edge set {«, 8} for (o, 8) € I'. Note that G acts transitively
on the edges and the vertices of I' so it is an edge-transitive and vertex-transitive graph.

By [, Thm 3.2A] the orbital graphs are all connected if and only if the action of G
is primitive. The orbital diameter of a primitive permutation group G is the supremum of the
diameters of its orbital graphs, see [21]. Let us denote this by orbdiam(G).

The O’Nan-Scott theorem classifies the primitive permutation groups to be one of the
following five types; affine, almost simple, simple diagonal actions, product actions and twisted
wreath actions, see [B]. We call an infinite class C' of primitive permutation groups bounded if
there exists ¢t € N such that orbdiam(G) <t for all G € C. The paper [2I] describes the O’Nan-
Scott classes which are bounded. The description is somewhat qualitative and does not contain
explicit diameter bounds. Some explicit bounds were obtained in [26] for some almost simple
groups. In this paper we study the orbital diameters of the class of simple diagonal type primitive
permutation groups and provide bounds for these quantities. Further work along these lines by
the author is under way for the other O’Nan-Scott classes.

Let us now describe primitive groups of simple diagonal type, following [22]. Let T be
a non-abelian simple group, I' = {1,...,k} and W = TwrrS;, with base group T%. Now let
D = {(a,...,a)la € T} be a diagonal subgroup and let Q be the set of right cosets of D in T*.
Then T* acts on € by right multiplication, Sy acts on by permuting the components of the coset
representatives, and a € Aut(T) acts on Q by D(hi,...,hi)* = D(hY,...,hY) for hy € T. The
groups T%, S;, and Aut(T) generate a group N = T*.(Out(T) x Si) and this is the normalizer of
T* in Sym(Q). We say G < Sym(2) is a primitive permutation group of simple diagonal type if
T* < G < N and G acts primitively on Q, see [22]. Note G = T*.X where X < Out(T) x Sj.
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Write
D(k,T) = N < Sym(Q).

The result in [21, Lemma 5.1] states that the class of simple diagonal groups G = T*. X <
D(k,T) is bounded only if k£ and the rank of T are both bounded. However no explicit bounds are
obtained.

Before we list our results, we need a few definitions. Notice that if T" is simple and ¢ € T\ 1,
the conjugacy class 7 generates T. For a subset S of T and r € N we write S™ = {s1,...,5.|s; € S}.

Definition 1.1. Let T be a non-abelian simple group, and S a generating set of T. Define the
width of T with respect to S, denoted wg(T), to be the minimal k € N such that any element of T
can be expressed as a product of at most k elements of S.

1. Lett € T\ 1 and C = tT" and put ¢(T,t) := wc(T). Define the conjugacy width of T to be
¢(T) = max (T, t).

teT\1

2. Fort € T\ 1let C =T =T U (t™HT and put c¢;(T,t) := wc(T) Define the inverse
conjugacy width of T to be

a(T) = trél%iicl ci(T,t).

3. Let X be such that T <X < Aut(T), let C = t*X = {t**|a € X} and put cx(T,t) := wc(T)
Define the X-conjugacy width of T to be

ex(T) = trél%iicl ex (T,1).

When X = Aut(T) write co(T) = ex(T).

These are related to the concept of covering numbers introduced in [I]. The covering
number is the lowest number r € N such that C™ = T for all conjugacy classes C. This is denoted
en(T). Denote the lowest such number for a specific conjugacy class by c¢n(T, C). Note that this is
an upper bound for the conjugacy width. We also note that

ca(T) <ex(T) < ¢i(T) < e(T) < en(T).

Note also that the number ¢;(T") was introduced and studied in [I9], where it was called the
conjugacy diameter of 7.

We now state our results. Let G = T*. X < D(k,T) where X < Out(T) x Si. We know
from [22] that

Dk, T)={(r1,...,m). 7|7 € Aut(T) ,m € Sp, and all 7; lie in the same Inn(T") — coset}.

Let W = {(a,...,a).w|a € Aut(T), © € Sy} and put D4 = WNG,s0 Dy = D.X. Since G = DAT*
the action of G on {2 is equivalent to the action of G on (G : D4).

For a € T write (a*) = (a,...,a) € T*. For t € T'\ 1 define the orbital graph
b = {Da, Da(1574, 1)},

The following theorem gives lower and upper bounds on the diameter of T'j. In the statement we
abuse notation and denote cx, () by cx(T), where X is defined as follows. Let G = T*.X with
X < Out(T) x Sk. Let p be the projection of X onto Out(T) and let m be the canonical map
Aut(T) — Out(T). Define Xo = 7~ (p(X)) < Aut(T).



Theorem [BIB2). Let G = T*.X as above. The diameter of T satisfies the bounds

%(k ~Dex(T, ) + 1 < diam(Th) < (k — 1)ei(T).

Note that from this it follows that orbdiam(G) > $(k — 1)ex (T) + 1.

Using these bounds, we provide the following classification of simple diagonal groups of
small orbital diameter.

Theorem (5.1). Let G be a primitive group of simple diagonal type of the form T*.X < D(k,T) .
1. If orbdiam(G) = 2, then k =2 and cA(T) = 2.
2. If orbdiam(G) = 3, then k =2 and ca(T) < 3.
3. If orbdiam(G) = 4, then one of the following holds:
(a) k=2 and ca(T) < 4
(b) k=3 and cs(T) = 2.
The following result gives a partial converse to parts 1, 2 and 3(a).
Lemma @B3). 1. If G =T? then orbdiam(G) = ¢;(T).
2. If G=D(2,T) then orbdiam(G) = ca(T).

We have not determined whether there are examples of groups in case 3(b) of Theorem [5.1]
with orbital diameter 4. In view of Lemmal[B3.3land Theorem[5.1] to classify all diagonal type groups
with orbital diameters 2 and 3 we need to classify all non-abelian simple groups with X-conjugacy
width 2, 3 for various X.

First we prove a general result on conjugacy widths and covering numbers of simple groups
of Lie type. The upper bound in the following result was proved in [7]. By Lie rank we mean the
rank of the corresponding simple algebraic group.

Theorem ([@I)). There is a constant d such that
r—3<ca(T) <en(T) < dr
for all simple groups T of Lie type of Lie rank r.

It was proved in [3] that the only finite simple group with covering number 2 is the
sporadic group J;. It turns out that J; is also the only finite simple group with (inverse) conjugacy
width 2 (Proposition .3)). However, there are infinitely many simple groups T with c4(T") = 2.

Theorem (L4). Let T be a finite simple group. Then ca(T) = 2 if and only if T = Jy or
T = PSLy(q) with q=1 mod 4 or g = 2?™.

We also classify simple groups with any of the numbers en(T), ¢(T), ¢;(T) or ca(T) equal
to 3.

Theorem ([@H). Let T be a finite simple group.
1. ¢(T) =3 if and only if T is isomorphic to one of the following:

o PSLsy(q) with ¢ > 2



e PSL3(q)
o PSUs(q) with 3lg+1, ¢>2
e 2By(q) with ¢ > 2
e 2Gy(q) with ¢ >3
e G2(3™) with n > 2
o A5, Ag, Az
o Mi1, Mas, Moz, May, Js, Js, Mcl, Ru, Ly, O'N, Fisy, Th, M.
2. en(T) =3 if and only if ¢(T) = 3.
3. ¢i(T) =3 if and only if ¢(T) = 3.
4. If ca(T) = 3 then one of the following holds:
(a) ¢(T) =3 and T # PSLa(q) with ¢ =1 (mod4) or ¢ = 2°™.
(b) T = Fy(2").
Remark For part 3(b) we have not been able to determine whether c4(F4(2")) = 3.

The result in [21] Lemma 5.1] on simple diagonal actions states that for a class of primitive
groups T%.X with bounded orbital diameter the Lie rank of T and k are bounded. Conversely, if T'
has bounded Lie rank, k is bounded and a few more criteria are met, then one obtains a bounded
class. The proof of this result is model theoretic and includes no explicit bounds on the orbital
diameter. The following result provides an explicit upper bound, giving rise to many bounded
families of primitive groups of simple diagonal type. For simplicity we restrict to the class of
simple diagonal groups of the form T*.Sy < D(k,T).

Theorem (G.1)). Let k > 3 and let T be a simple group. Then

orbdiam(T*.Sy,) < 24(k — 1)¢;(T)?.

2 Preliminary Results
In this section we include some background material that we use in the proof of our theorems.

We begin with a well-known a character theoretic result which gives us a method to find
conjugacy widths.

Lemma 2.1. [2, Lemma 10.1] Let C1,...,Cyq be conjugacy classes of a finite group G with rep-
resentatives ci,...,cq. For z € G, the number of solutions (x1,...,xq4) € C1 X -+ X Cq to the
equation Ty ...xq = 2 18

[11C] 3 x(er) - x(ea)x(z71)

d—1
| x€lrr(G) X( )

Note the immediate corollary of this result.



Corollary 2.2. Let C and D be conjugacy classes of G with representatives c,d. If

<1,

Z x(e)*x(d™)
k—1
x€Irr(G)\1g X(l)
then D C C*.
We include another result that we use in our classification of groups with small conjugacy

widths, namely the classification of strongly real groups. A group is strongly real if and only if any
of its elements can be expressed as a product of at most two involutions.

Theorem 2.3 ([8] 10, 12} 13} 17} 23, 25| 27, 28]). Let G be a non-abelian finite simple group. Then
G is strongly real if and only if it is isomorphic to one of

o PSpsn(q) where g # 3 (mod4) and n > 1

o PQoyi1(q) where ¢ =1 (mod4) andn > 3

PQg(q) where g = 3 (mod4)
e PQf (q) where g # 3 (mod4) and n > 3

o PQ, (q) wheren > 2

PQY (q) or 3Da(q)

As, As, Aro, Ara, J1, J.
The following result is on alternating groups from [4, Thm 2].

Theorem 2.4. [ Let n > 5, 1 odd and Il < n. Then every permutation in the alternating group
Ay is a product of three | — cycles if and only if either 5 <1 orn =7 and | = 3.

We conclude by listing some existing results on the covering numbers of some finite simple
groups.

Theorem 2.5 ([3,[6, 20, 19]). 1. Ifn > 3, then en(PSL,(q)) = n for ¢ > 4. Also for ¢ > 3,
en(PSLs(q)) = 3.

2. en(Ap) = | 5] forn > 6, and cn(As) = 3.

3. en((Ba(q)) = 3 for q > 2.

4. en(®?Ga(q)) = 3 for ¢ > 3.

Note that the covering numbers in Theorem are upper bounds for the X-conjugacy

widths, which we will be using later on.
3 The orbital diameter of a simple diagonal group
We begin with some notation. Let T be simple, ¥ > 2 and G = T*.X < D(k,T) in a primitive
simple diagonal action, where X < Out(T) x S as in Section 1. Let I" be an orbital graph of G.

Define dr(a,b) to be the distance between two vertices, a and b in I'. Denote a path of length at

most m between a and b in I' by
m

b.

a

Denote the element (¢, ...,t) € T* as (t*).



Let t € T\ 1 and T be the orbital graph {D4, Da(1¥71,¢}¢. Recall Xo = 7~ ((p(X))
where 7 is the canonical map Aut(T') — Out(T) and p is the projection of X to Out(T). Forg € T
we define the length of g with respect to ¢ to be

+aq

1X(g) = min{a : g =t .. . tT for some o, € Xo}.

Recall we write an element of G as (hy,...,hg)on, where h; € Aut(T), o, € Sk, and identify T
with Inn(T) when convenient.

The first result in this section is a lower bound for the diameter.

Theorem 3.1. Let ¢ = cx(T,t). The diameter of T satisfies diam(Th) > M where

M= {%(k —1e+1 kodd
%kc k even
Proof. Note that G = D4TF so every right coset of D4 has a coset representative in T%.
Claim 1 Every coset at distance m away from D4 is of the form
Da(t1, ..., tk)
where t; € T are such that Ele IX(t:) <m.

Proof of Claim 1 We prove Claim 1 by induction on m. We start with the base case
m = 1. Suppose Da(g1,...,9k) is a neighbour of D4 where g; € T. Then there exists h =
(h1,...,ht)on € G such that

{Da,Ds(1* 1 )}h = {Da,Dalgs,---,g1)}-
Hence either h € D or Do(1¥71 t)h = D4. If h € D4 then h = (a*)op,, with a € Aut(T). Now
Da(g1,...,gx) = Da(1F "1 t)h = DALY (1F7 t)h = Do(1F 7L, 1)on
as required. If D4 (1= t)h = D4, then
Da(g1,-..,9x) = Dah = Db (1% 71 7 h = D (171 ¢ he)on,
Hence Claim 1 holds for m = 1.

Now let m > 2. Let D ah be a coset at distance m from D 4. Then D 4h is a neighbour of
a coset at distance m — 1 and by the induction hypothesis this coset has form

DA(Il,...,CCk)

where z; € T and Zle I (x;) < m—1. There is an edge between D (x1,...,zx) and Dsh. Hence
there is f € G such that

{DA, DA(1F 1tV f = {Da(zy ..., x1), Dah}

with f = (f1,..., fr)m where f; € Aut(T) and © € Sg. Again either Daf = Da(x1,...,x) or
Do(1F1 4709 f = Da(w1,...,21). If Daf = Da(z1,...,21) then fﬂ:{l = fjx;1 for all 4, j, so

Dah=D(1* 1 4597 f = Da(wy,...,2p) f T AP 159 f = Da(an, ..., @) (181 gF0k)om

and Claim 1 follows. When D4 (171 t*9)7 f = Dy(x1,...,7;) we obtain the conclusion in a
similar way.



Claim 2 There exist hi,...,h; € T such that dFB(DA,DA(hl, ...y hg)) > M, where M
is as in the statement of the Theorem.

Proof of Claim 2 By Claim 1 it suffices to find h1, ..., h; € T such that Hél%l > le 1% (ghi) >
g
M. Let h,h' € T with h # b’ and [;*(h) = [;*(h’) = c. Define

(1,h,1,h,...,1,h) k even

By hy) = '
( ' k) {(h,l,h,l,...,h,l,h/) kodd

Then
LX(hy he) = X (hy ' hs) = -+ = ;X (b, ' 1 hi) = ¢ and I} (b ' hy) > 1.

Note that [;X (zy) < IX(2) + ;X (y) = X (x71) + ;X (y) for all 2,3 € T, so it follows that for all i > 1
andany g€ T
¢ =1 (hi " his1)) < ¥ (ghi) +1¥ (ghis)

and
1< (hy T he) < 15 (gha) + X (gha).-

Summing these up gives
k k—1
2 1 (gha) 2 Y 5 (hi  higa) + (A g) = (k= 1)e+ 1.
i=1 i=1

The result now follows for k odd, and for k even we have ;¥ (h] *hi) = ¢, so we get %c as a lower
bound.

O

The following result is an upper bound.

Lemma 3.2. We have diam(T}) < (k — 1)ci(T).

Proof. Claim 1 There exist a; € Aut(T) such that D4((1'1, (t*)** 1¥7%) is adjacent to D4 for
allaeT and all 1 <73 <k.

Proof of Claim 1 This is clear for £ = 2 so we can assume k& > 3. We have

Dy

1
DA(lk_lv t)

by definition of T'g. Apply (a¥) € T* to this to get

1
Dy

DA(lk_l , ta).

As G is primitive, X acts transitively on the symbols 1,...,k, so for 1 < i < k there is an element
(aiy...,a;).0; € Dy such that

DA(lk_l,t)(ai, e Q)0 = DA(li_l, te, lk_i).

Applying (a*) gives
Dy

DA(1i717 (tai)aa 1k71)

Furthermore, applying (171, (%)%, 1¥=%) to this gives

- 1
DA(lz_l, (tai)_a, 1k—z) DA



and as a was arbitrary Claim 1 follows.

Claim 2 Let h; € T (1 < ¢ < k) and let @ € T. Then D4(hq,...,hs) is adjacent to
DA(hl, ey hil, (tai)iahi,hi+1 .. ,hk) for1 <i<k.

Proof of Claim 2 Apply (hq,...,hx) to
1

DA DA(liilv(tai)iaalkii)'

Claim 3 Let ¢ = ¢;(T). For any h;,...,ht € T and 1 <i < k,

c

Daha,. .. hi1, 1, higr, - ) Da(ha,... k).

Proof of Claim 3 We know by definition of ¢ that h; can be expressed as a product of at
most ¢ conjugates of (t%)*! so

hi _ (tai)ial . (tai)iac
for some a; € T. Hence by repeatedly applying Claim 2

c

DA(h,l, .. .,hifl, 17hi+17 Ce hk) DA(hl, ey hifl, (tai)ial Ce (tai)iac, hi+1, e hk)

so Claim 3 follows.

Using Claim 3 repeatedly we have the following path

c c

Da Da(1,ho, 1F-2) =5 D4 (1, ho, by, 1¥73) .. Da(1, hay ..., hy).

As (1, ha, ..., hi) represents an arbitrary coset, the result follows.

O

We have an exact result for the orbital diameter for the case when G = T2 or G = D(2,T).
Lemma 3.3. 1. If G = T? then orbdiam(G) = ¢;(T).

2. If G=D(2,T) then orbdiam(G) = ca(T).

Proof. 1. We first notice that in the case of k = 2 all orbital graphs are of the form T'y. If G = T*?
then Xo = T, so ¢x(T) = ¢;(T). Hence the bounds from Theorem B.I] and Lemma coincide,
and the result follows.

2. Consider G = D(2,T) = T%.(Out(T) x S3). In this case Xo & Aut(T) and also
D = Aut(T) x Sa. Now Theorem BTl gives orbdiam(G) > c4(T). We will show the other direction
of this inequality. Let t € T'\ 1. Consider the orbital graph T' = {Da, D4(1,)}“. Now

DA_DA(lvtil)

are edges in the graph. For all a € Aut(T) apply (a,a) € G to these to get
DA—DA(l, tia).

here h = tFa1 | tFae

Now we can construct a path between D 4 and any arbitrary coset D4(1,h) w
(G) < ca(T) and the result

with ¢ = c4(T) such that Da—<D (1, h). This shows that orbdiam
now follows.

O



4 Conjugacy Widths of Finite Simple Groups

4.1 Bounds on the Conjugacy Width and the Covering Number

In this section we prove bounds on the conjugacy widths ¢(T'), ¢;(T") and c4(T) for simple groups
as stated in the Introduction. We start with a result on conjugacy widths for simple groups of Lie
type. In the following result, the upper bound is proved in [7].

Theorem 4.1. There is a constant d such that
r—3<ca(T) <en(T) < dr

for all simple groups T of Lie type of Lie rank r. More precisely, ca(T) > Cp where Cr is as in
Table[1l

T Cr
PSLn(q) | (n,q) #(2,2)0r (2,3) | n
PSU,(q) >3 n
PSpu(q) | n>4, (n,q) #(4,2) | n
PSp4(2) 3
PO (q) n>7 13]
*Bs(q) q>2 3
2G4 (q) q>3 3
G2(3™) 3
Ga(q) 31q 4
3D4(q) 4
Fy(2™) 3
Fy(q) 21q 4
*Fy(q) q>2 4
21, (2) 4
E§(q) 4
Ex(q) 4
Es(q) 5

Table 1: Lower bounds

Note that the inequality c4(T) < ¢;(T) < ¢(T) < en(T) is immediate from the definitions.
Hence establishing a lower bound for c4(T") immediately gives a lower bound for ¢;(T), ¢(T") and
en(T).
4.1.1 The proof of the lower bound in Theorem [4.1]
Let V =V, (q). For x € PGL(V) let T € GL(V) be a preimage of « and define

v(z) =n-— &rgﬁ( dimCy (A\T),

the minimal codimension of an Fg-eigenspace of z. For a subset S € PGL(V') define

v(S) = maxv(s).

ses

Proposition 4.2. Let T < PGL(V) = PGL,(q) be a simple group and let X be a group such that
InnT < X < AutT. Let Sy be a non-empty X -invariant subset of T '\ 1 such that v(s) = v(s') for
all s,s' € Sy, and let S = Sy U 50—1_ Then

Cx (T)

Y



Proof. Note that S is a union of X-conjugacy classes. Choose s € S and ¢t € T such that v(s) =

v(S) and v(t) = v(T). Put C = sX. By hypothesis, v(y) = v(S) for all y € C. Let k =n —v(9)

and r =n —v(T) so that k = max dimCy (AS) and r = max dimCly (At). Let s1,...,s; € C. Using
€F; ey

elementary linear algebra we see that

max dimCy (M\181,...,N8) >k — (1 —1n.

JEF;

Suppose that w € N is minimal such that ¢ can be expressed as the product of w elements of C, so
w < ex(T). Hence
r > wk — (w—1)n.

Rearranging gives

Now we prove the theorem.

Proof of Theorem[{.1] Case 1, Classical Groups

Let T be a classical simple group with natural module V' = V,,(¢q). Define S to be the set
of long root elements in 7" and let X = Aut(T). Then S is X-invariant, provided T # PSp4(2).

Suppose first that T is PSL,(q), PSp,(q) or PSU,(¢*/?) and T # PSp4(2?). Then the
long root elements of T' are transvections, which have fixed space on V of dimenstion n — 1, so
v(S) = 1. We claim that

v(T) =n.

This can be seen as follows. Provided T # PSU,, (¢'/?) with n even, by [14] T has a Singer element
y (i.e. an element such that (y) is irreducible on V') and clearly v(y) = n. And if T = PSU,(¢"/?)
with n = 2d > 4, then SU,,(¢'/?) has a subgroup SL4(q), and a Singer element of this also satisfies
v(y) = n. Hence by Proposition 2]

Next consider T = PSp,(2%) with a > 1. Let S be the set of all long or short root elements
of T. Then S in invariant under Aut(T). The generic character table of T' is in the computer package
Chevie [I1]. This also contains a function, called ClassMult, which calculates the sum in Lemma
211 Using this it can be checked that S3USPUSU1 # T. Hence cA(T) > 4, as required.

Finally suppose T' = PQ¢(q). For n < 6, T is isomorphic to one of the groups we have
already covered, so assume n > 7. The long root elements of T" have fixed point space of dimension
n—2on V,sov(S)=2.1f nis even, then T has an element y such that v(y) = n : for e = — take
y to be a Singer element of . (¢) [14]; and for e = 4, take y to be a Singer element of a subgroup
SLx(q) of @} (q). If n is odd, then T has an element y such that v(y) = n —1: for example choose

a Singer element in a subgroup 2., (q). We conclude that

(T) > n neven
v
T In—1 nodd

Now the conclusion follows from Proposition [4.2]

10



Case 2, Exceptional Groups There are only two families of exceptional groups whose
covering number is known; the Suzuki groups, 2Bz(q) and the small Ree groups 2G2(q) both have
covering number 3 by Theorem By Theorem they are not strongly real, so in fact

ca(®Bz2(q)) = ca(*G2(q)) = ci(*B2(q)) = ci(*G2(q)) = c(*B2(q)) = c(*G2(q)) = 3.

Now consider T' = Es(q), E7(q) or E§(q). Let V = V,,(¢) be the adjoint module for T,
of dimension 248, 133 or 78, respectively, and let S be the set of long root elements of T. Then
S is invariant under Aut(T"). From Tables 9, 8 and 6 of [I8], we see that v(S) is as in the table:

T | Es(q) FEx(q) Eglg)
v(S) | 58 34 2

Also T has regular unipotent elements y, and these have fixed point spaces of dimension 8, 7 or 6,
respectively. Hence v(T") > 240, 126 or 72, and the bound c4(T) > % gives the conclusion of

the theorem.

Next consider T' = Fy(q), ¢ odd. Again let S be the set of long root elements, which
is invariant under Aut(T'), and consider the action on the 26-dimensional module V' = Vag(q), as
given in [I8] Table 3]. We see that v(S) = 6 while regular unipotent elements show that v(T') > 24.
Hence c4(T) > 4.

Next we claim that c4(T') > 4 for T = 3Dy(q), 2Fu(q) (g > 2), 2F4(2)’ or Ga(q) (g # 3%).
The character tables of these are available in Chevie and GAP. Using Lemma [2.I] we can compute
that for a root element, r, ca(T,r) > 4.

The last groups remaining to consider are T' = F4(2%) and G2(3%). These groups are not
strongly real by Theorem [Z3] so c4(T) > 3 for these.

This completes the proof of Theorem [4.11 O

4.2 Conjugacy Width 2

There has been some interest around classifying groups with a small covering numbers. In [3, Thm
2.1] it is proven that the only finite simple group with covering number 2 is J; . It turns out that
the same is true for the (inverse) conjugacy width.

Proposition 4.3. For a simple group T the following are equivalent;
(i) en(T) =2
(ii) ei(T) =2

(i11) c(T) =2

(Z’U) T Jl.

Proof. Clearly (i) = (i) = (#i¢) and (iv) = (4) so it remains to prove (iii) = (iv). So suppose
¢(T) = 2. By Theorems and 1] we get that T = PSLs(q), ¢ Z 3 mod 4, Ao, A4, J1 Or
Ja. The proof of [3, Thm 4.2 (a)] shows that there is a conjugacy class C' C PSLs(q) such that
PSLy(q) # C*UC U1, so ¢(PSLz(q)) > 3. Similarly, products of at most two 3-cycles cannot
express all elements in A9 and Ai4, so their conjugacy width is greater than 3, and using GAP
we can find an element r in Jo such that ¢(T,r) > 3. Hence T' = J; and the result follows. O
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However, the next result shows that there is an infinite family of finite simple groups,
such that the conjugacy width is not 2 but the automorphism conjugacy width is 2.

Theorem 4.4. Let T be a finite simple group. Then ca(T) = 2 if and only if either T = Jy or
T = PSLy(q) with =1 mod 4 or ¢ = 2°™.

Proof. We begin by finding c4(PSL2(q)) for all ¢ > 5. We know by PropositionZ5lthat ¢(PSLa(q)) =
3.If ¢ = 3 mod 4, then Theorem 2.3 implies that the involution class has conjugacy width greater
than 2, hence c4(PSLy(q)) = 3. If g is a power of 2, then by [3, Thm 4.2 (a)] the only conjugacy
classes with conjugacy width 3 are those denoted by R; in [3]; these have class representatives
(bY) where b is an element of order ¢ + 1 and 1 < j < %. In fact, [3, Thm 4.2 (a)] gives that
Rf = G\ Cy where Cy are the root elements. For ¢ = 22™+1 the class R% is fixed by all outer

automorphisms, so ¢4 (PSLy(22™+1) = 3. For ¢ = 22™, there is no class of type R; which is fixed
by all outer automorphisms. Using Lemma 2] and Chevie[II] we can show that Cy C R;R;, where
I=2jif2j <fandl=q+1-2jif 2j > 1, s0 ca(PSLy(2%™)) = 2. For PSLy(q) with ¢ = 1
mod 4 we know from [3] that the only classes with conjugacy width equal to 3 are the two classes of
root elements, and PSLz(q) has an outer automorphism that interchanges these two classes. Using
Lemma 2.1l we can show that every element can be expressed as a product of two root elements,
hence cA(PSLa(q)) = 2. This proves the right to left implication of the theorem.

For the converse, suppose c4(T) = 2. Then any element of T can be expressed as a
product of at most two involutions, so T is strongly real, hence is given by Theorem If T is
a simple group of Lie type, then by Theorems 1] and 23] we have that T = PSLy(q) with ¢ £ 3
mod 4. We proved above that ca(PSLz(q)) = 3 for ¢ = 22" so ¢g=1 mod 4 or ¢ = 22" If T is
not of Lie type then by Theorem 23] T = Ay, A14, J1 or Jo. All automorphisms of A9 and A1y
fix the class of 3-cycles, so their automorphism conjugacy width is not 2. Looking at the character
table of J and using Lemma [Z1] we conclude that ¢(J2) = ca(J2) > 3. Hence T = J;. O

4.3 Conjugacy Width and Covering Number 3

The next result gives a similar classification of groups with conjugacy width 3.
Theorem 4.5. Let T be a finite simple group.
1. ¢(T) = 3 if and only if T is isomorphic to one of the following:
o PSLsy(q) with ¢ > 2
e PSL3(q)
e PSUs(q) with 3lg+1,q>2

(
e 2By(q) with ¢ >2

[ ] Mll; MQQ, M23, M24, Jg, J4, MCZ, Ru, Ly, O/N, F’i24/, Th, M.
2. en(T) =3 if and only if ¢(T) = 3.

3. ¢;(T) =3 if and only if ¢(T) = 3.

12



4. If cA(T) = 3 then one of the following holds:
(a) ¢(T) =3 and T # PSLs(q) with ¢ =1 (mod4) or g = 2%™.

(b) T = Fy(2n).

Proof. Case 1, Alternating Groups

By Theorem the only alternating groups with covering number 3 are As, Ag and Az.
Also by Theorem 24 c4(A,) > 4 for n > 8. Finally ¢(A,) = ¢;(A,) = 3 for n =5, 6 and 7 while
ca(Ay) = 2,2, 3 respectively.

Case 2, Groups of Lie type

If T is a group of Lie type such that c4(T) < 3 then by Theorem [4.1] T is isomorphic to
one of the following:

PSL?(Q)? PSL3(Q)7 PSU3(Q)7 PQ7(Q)7 232((1)7 2G2(Q)7 G2(3a)7 F4(2a)'

By Theorem 28] cn(T) = 3 for T = PSLa(q), PSLs(q) with ¢ > 4, 2B2(q) and 2Ga(q); by
Proposition 3] for these groups ¢(T') = ¢;(T) = 3; and by Theorem 4], c4(T") = 3 apart from
PSLy(q) with ¢ = 1(mod4) or ¢ = 22™. For T = PSL3(2) or PSL3(3) we can show using GAP
that en(T) = ¢(T) = ¢;(T) = ca(T) = 3.

By [24, Cor 1.9] for T = PSUs(q) (¢ > 2)

en(r) = {3 3g+1
4 3fqg+1

Hence if 3|¢ + 1 then also ¢(T) = ¢;(T) = ca(T) = 3. For 31 ¢+ 1 it is shown in [24] Table 2] that
for a transvection t € T, ¢(T,t) = 4 and hence ca(T) = 4 and ¢;(T) = 4.

Next consider T' = PQ7(q), ¢ odd. We claim that c¢4(T) > 4. To prove this let V' be the
8-dimensional spin representation of Spinz(q). Let S be the set of long root elements of T', which
is invariant under Awt(T'). Using triality we can show that the long root elements of Spins(q)
act on V as long root elements of Qf (¢), hence they fix a 6-dimensional subspace of V pointwise,
and so v(S) = 2. We know that Sping (q) = SL4(q) embeds into Spinz(q). Put V; as the natural
module of SLy(q). Then by [16, 2.2.8] SL4(q) acts on V as on V4 @ V. Take R to be a Singer
cycle in SL4(g). Now R on V" is also Singer cycle, and hence v(R) = 8. Now by Proposition 2]
caA (T) > 4.

Consider T = G2(3%). In the case of a = 1, the character table is in GAP, so using
Lemma 2] we find that c4(G2(3)) = ¢;(G2(3)) = ¢(G2(3)) = 4. For a > 2, even though the
generic character table is available in Chevie, solving this problem is not possible using only
Chevie. This is due to the fact that when running the ClassMult function, Chevie outputs values
for the character sum in Lemma [Z]] together with a set of many ”possible exceptions” which give
conditions under which this value might not hold. For some classes it is possible to deal with these
exceptions, and for others it is not, so we used another method of solution. For the classes that
are possible to handle with Chevie we used Chevie, for the rest we used Corollary 2.2l To describe
this, we use the notation for conjugacy classes and characters of T given in [9]. We partition
the non-trivial irreducible characters into sets Ay, where the degree of the characters in Ay is a
polynomial in ¢ of degree k. We see from [9] that Irr(T)\ 1r = AsUA5UAg and we get |Ay] =1,
|As| = 2¢g — 7 and |As] = ¢ + 13. For y € Ay we have x(1) > ¢* + ¢* + 1, for x € A5 we have
x(1) > 2q(q —1)%(¢> — ¢+ 1) and for x € Ag we have x(1) > q(¢> — ¢+ 1)(¢*> — 1). In Table
we give upper bounds for |x(z)| for all non-identity conjugacy classes x. The first column lists the
class representatives in the notation of [9]. The other three columns give upper bounds for |x(z)]
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Ay As Ag
Ay |41 (g+D(@+1) [ (a+D(¢°+q+1)
Ay [ @+1 ] @+D)@+D) | @+ +q+1)
Ayo 1 %q(q—f—l) 2¢+1
A51 1 %q 1
As2 1 34 1
A53 1 %q 1
B 1+2¢ | ¢*+3q+2 3(q+1)>?
Bs 1+4¢ 2g+2 3(g+1)
Bs 1+gq 2q + 2 3(g+1)
By 1 2q+2 3
Bs 1 2q +2 3
C11 24+¢q 29+ 2 3(q+1)
Ci2 2 2 3
Coy 24+¢q 29 +2 3(q+1)
Coa 2 2 3
D11 24+¢q 29+ 2 3(q+1)
Diq 2 2 3
Doy 24+¢q 29+ 2 3(q+1)
Doy 2 2 3
E1(4,5) 3 4 6
Es (i) 1 4 4
E5(i) 1 4 4
Ey(i,j) 3 4 6
E5(i) 0 4 6
Es(7) 0 4 6

Table 2: Bounds on character values

for x € A4, As and Ag, respectively. We use these bounds to bound the sum in Corollary
with & = 3. We find that this sum is less than 1 for all pairs of conjugacy classes (C, D) with the
following exceptions;

C | As| Asi | Asp | An| Asn | Bi | Asi| Aso| Aso | Bs| Bo| Cii(i) | Cou(i) | Da(i) | Daa(d)
1

| D ranges over all conj. classes| D is or As or Aszg

For these exceptions we can show D C C3 using Chevie and Lemma 21 with the exception of
showing EQ(Z) g B%, Eg(l) g B?, 1 g Cll(i)g, 1 g CQl(i)g, 1 g Dll(i)g, and 1 g D21(i)3. For
these exceptions we obtained more precise bounds for the character values than those in Table
2 and used Corollary 22 again. Hence we proved that cn(T) = 3. It follows by Theorem 1]
e(T) = ¢;(T) = ca(T) = 3 as well.

Finally we need to consider Fy(2"). We can use the argument given for Fy(g), ¢ odd in
the proof of Theorem ATl to conclude that ¢;(T") > 4. We have not been able to determine whether
the automorphism conjugacy width of Fy(2") is 3.

Case 3, Sporadic Groups

Zisser[29] and Karni[I5] showed that the only sporadic simple groups with covering num-
ber 3 are the ones listed in Theorem Using character tables in GAP and Lemma 2.1] we
computed ¢(T), ¢;(T) and c4(T) for all sporadic groups and obtained the same list.

O
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5 Simple diagonal groups with small orbital diameter

In this section we prove the following result, which classifies the primitive permutation groups of
simple diagonal type with orbital diameter at most 4. Adopt the notation of the introduction:
T is simple, £ > 2, G = TF.X < D(k,T) with X < Out(T) x Sx and G acts primitively on
Q= (G: Dy).

Theorem 5.1. Let G be a primitive group of simple diagonal type of the form T*.X < D(k,T) .
1. If orbdiam(G) = 2, then k =2 and cA(T) = 2.
2. If orbdiam(G) = 3, then k =2 and ca(T) < 3.
3. If orbdiam(G) = 4, then one of the following holds:
(a) k=2 and ca(T) <4
(b) k=3 and cs(T) = 2.

Remark Note that Lemma [3.3] is a partial converse of this result, as it shows that there are some
families of groups of simple diagonal type with k = 2 such that orbdiam(G) = ca(T), namely
G =D(2,T).

For the proof of this theorem need some preliminary lemmas.

Note that it follows from Theorem [3.1] that k& is a lower bound for the orbital diameter.
In fact, for c4(T) = 2 it is a strict lower bound;

Lemma 5.2. Let cA(T) =2, k>3 and G = T*.X < D(k,T). Then orbdiam(G) > k + 1.

Proof. Recall our definition of the length of an element of T" with respect to t € T'\ 1: for g € T,
1}(g) = min{a: g = tF .. 7% o, € Aut(T)}.
Since ca(T) = 2, we have I{*(g) < 2 and I{*(g) = 1 if and only if g € t+4“*T) Also by Proposition
EA T = J;, or PSLy(q) with ¢ =1 (mod4) or g = 22™.
Let t be an involution in 7" and define T'g = {D4, DA (1¥~1,¢)}¢.

Claim 1 We can choose x,y, 2z € T such that
(@) =1 y) = 1 (a7 y) = 1} (t"2) =2 Ya € T

and
(2) =l (e t2) = Gy t2) = 2.
Proof of Claim 1 For T' = J; and PSLy(4) this can be verified in GAP. Now let T' =
PSLy(q), with ¢ > 8 and ¢ = 1 (mod4) or ¢ = 2°™. Let Z = Z(SL2(q)). Define z,y,z € T to be
w 0 w? 0 0 1 . "
<O w‘l) Z, (O w‘2> Z and (1 w> Z, respectively, where w € Fy has order ¢ — 1. To see
that these elements satisfy Claim 1 consider the product of an involution in PSLs(q) with x or y.

An involution in PSLy(q) is of the form (Z _ba> Z, and

E G ) L)
c —a 0 w c —aw

which is not an involution. The other assertions in Claim 1 are easily verified.
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Claim 2 There is a coset D4(my, ..., my) such that dp,(Da, Da(ma,...,mg)) > k+ 1.

Proof of Claim 2 Assume first that k& is odd and let and let z,y,z € T be as in Claim 1.

Set
(my,....,mg) = (y,1,2,1,2,1,...,1,z).

Suppose that dr,(Da, Da(mi,...,mg)) < k. Then by Claim 1 in the proof of Theorem B.I] there

exists g € T such that
k

> 1 gmi) < k. (1)

i=1

By Claim 1,
k—1

2k =Y 1 (m; tmig) + 1 (my )
i=1
and recall that
M my mag) <3 gmag) + 1 (gma).

Putting these together we get

k—1 k
_ _ k—1 k—1
2k = 31 (my i)+ ) <231 (gma) = 2 (zz“<gy> -l o) + Tzﬂg)) < 2,

=1 =1

where the last inequality follows from (). This tells us that Zle IAMgmi) = k. If 12 (gmy) = 1
for all 4, then I{(g9) = I{(gx) = I{*(gy) = 1 which is a contradiction by Claim 1. Hence there
exist j such that {{*(gm;) = 0 and so g = 1,27 or y~L. If g = 2! then %11 (g) = k — 1 and
IMxy) =2, 50 Zle I (gm;) > k+1.1f g = y~! then £211(g) = k—1 and 21 (y o) = k-1,
S0 Zle [ (gm;) > 2k —2 > k+ 1. And if g = 1 then *71A(z) = k— 1 and [}(y) = 2, so
Ele I#(gm;) > k + 1. These contradictions prove Claim 2 for the case where k is odd.

Now assume k is even. In this case let (mq,...,my) = (y,2,2,1,2,1,...,1). Suppose
that dr,(Da, Da(ma,...,mg)) < k. As before, we deduce that there exists g € T such that
Ele 1 (gm;) = k and we reach a contradiction in the same way. These contradictions establish
Claim 2 and so the orbital diameter of G is bounded below by k + 1.

O

Now we include another result regarding simple groups with conjugacy width 3.
Lemma 5.3. Let T be a simple group and let X be a group such that InnT < X < Aut(T) and
cx (T) = 3. Then there exist g,x,y € T such that cx (T, g) = 3 and 1) (x) = X (y) = ;X (" 'y) = 3.

Proof. By Theorem [L.3] either en(T) = 3 or T = Fy(2%). Assume first that en(T) = 3 and choose
any g € T such that cx(T,g) = 3. Let C := ¢*X and let ¢ € T be such that I (f) = 3 and let
D =t*X,

First suppose that cn(T) = 3. Assume D? C C2UC U {1} = E. Then
T=DCEDCT

and so
ED=T = {giagibtic,gibtic,tic | a,b,c e X}.

However since [ (t) = 3 we have 1 ¢ ED, a contradiction. Hence D> ¢ C? UC U {1} and so there
exist x,y € D satisfying the statement of the lemma.
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Finally assume T = F4(2%). Let g € T be an involution. As Fy(2%) is not strongly real, we
have that cx (T, g) > 3. Recall that an element is real if it is conjugate to its inverse. We shall show
the existence of elements z,y € T such that none of z,y,z "1y is real. The proof of [27, Cor 4.5]
shows the existence of a non-real order 12 element in Fy4(2%). By construction, this has a conjugate
in F4(2). From the character table in GAP, Fy(2) has precisely two non-real classes, C,C~1 of
elements of order 12. A computation shows that we can find z,y € C such that 2=y € C. Hence
by the previous observation, z,y, 2~y are also non-real in T' = F4(2%). O

Lemma 5.4. Let G =T3.X < D(3,T) with cx(T) = 3. Choose g,x,y € T as in the statement of
Lemmal53 and let Tg = {Da, Da(1,1,9)}¢. Then diam(I'y) > 4.

Proof. Let x,y € T be as in Lemma 53 The for all ¢t € T we have

X(@)+15(y) + 152 y) 9
L\ (b) 1 () + 1 (ty) = 2ot =5 >4

Hence dr,(Da,Da(x,1,y)) > 4. The conclusion follows. O

Proof of Theorem[51l Let T be simple and G = T*.X < D(k, T).
1. If orbdiam(G) = 2 then by Theorem B]it follows that k = 2 and ca(T) = 2.

2. Suppose orbdiam(G) = 3. Then k < 3 by Theorem Bl If & = 2 then Theorem [B] shows
ca(T) < 3 as required. If k = 3, then by Theorem Bl c4(T) = 2, but then Lemma
implies that orbdiam(G) > 3, a contradiction.

3. Assume that orbdiam(G) = 4. By Theorem [B] one of the following occurs:
I k=2andca(T) <4

IT k=3 and ca(T

)
) =2
IIT k=3 and ca(T) =3
IV k=4 and c4(T) =2
In Cases I and II, conclusions (a) and (b) of Theorem [B.1] hold.
In Cases ITI and IV, Lemmas[B2and B4limply that orbdiam(G) > 5, which is a contradiction.

O

6 Upper bound on the orbital diameter

In this section we obtain a general upper bound for the orbital diameter of a primitive simple
diagonal group. To keep things as simple as possible we restrict attention to groups of the form

G =Tk.S, < D(k,T).
Theorem 6.1. Let T be a simple group and let G = T*.S, < D(k,T) be a primitive simple

diagonal group. Then
orbdiam(G) < 24(k — 1)e;(T)?.

We first need a preliminary lemma.
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Lemma 6.2. Let T' be an simple group and u € T an involution. Then there exists v € T such
that uwu® = [u, x| has order greater than 2.

Proof. Suppose that uu”® has order less than or equal to 2 for all x € T. Then u commutes with
all of its conjugates, hence it commutes with (u’) = T, as T is simple, and so u € Z(T'). This is a
contradiction. O

Proof of Theorem[61l For k = 2 conclusion follows from Lemma so assume k > 3. Let T" be
an orbital graph of G.

As we already covered the case of 'l in Lemmal3.2] we may assume that T' = {Da, Da(1%,t;11, ...

where i <k —2and t; € T\ 1forj>i+ 1.

Suppose there is a path of length at most m from D4 to Da(myq,...,my) where m; € T.
Recall our notation for this:

DA—DA(ml,...,mk) (2)
Applying (my?, ... ,mlzl) we get
m _ _
Dp———Da(mit,...,mp ). (3)

If we apply (a*) to @) or @) for any a € T, we get
Da— DamE,. mE). (4)

Claim 1 There exists t € T'\ 1 and a path in I' of the following form;

2
Di——= DR 271 1),

Proof of Claim 1

Suppose first that there exist [,j > ¢ 4+ 1 such that ¢; # ¢;. Apply the permutation (I j)
and (1%,t;11,...,tx) to the edge DAiDA(li,t;rll, . ,t,:l) to get a path

DA*DA(li,ti_H, R ,tk)iDA(llflj tj_ltla 1j*lfl7tl—1tj, 1k7j)'

Putting v = t;ltl and applying a suitable permutation yields Claim 1 in this case. Now assume
tiy1 =--- =1t =t. Apply (1k) and (1%,t*7%) to the edge D4 —————D4 (1%, (t71)*7%) to get

Dy———— D (1t ) ——————— D (71,1772 1),
Claim 1 again follows.

Claim 2 There exists ¢ € T\ 1 and a path in T’

24
Di——=C  paatLY)

where ¢ = ¢;(T).

Proof of Claim 2 We know from Claim 1 that for some ¢ € T'\ 1 there is a path

2
Dyj——= DR 2471 1),
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Let ¢, < ¢ such that w = tT% ... t*%u is an involution in 7 where a; € T. We can construct a
path in a similar way as in the proof of Claim 3 of Lemma [3.2] to get that

2
Da——C D a(1F2 e pFee gFo | gFen) = Dy (182 ).

If there exist by, by € T such that u®*ub? = 1 and w/™*u/*? # 1 then

4
DA—C DA(lk_l,ulblulbz)#DA.
If no such by, by exist then for b € T, uu® = 1 implies v'u’® = 1. Hence v/ is also an invo-
lution and Cg(u) = Cg(u'). So assume now that this is the case. Applying (172 v/ u) to
Da———2 D412 u,u’), we see that here is a path
4
DA—CDA(lk_zuwuw)u

where w # 1 and either w = v = ' or w = ww’. Note that if ¥ = 3, then the claim follows, so
assume k > 4.

We know that w is an involution, as v and v’ commute. By Lemma there is x € T
such that ww”® has order strictly greater than 2. Now

4
Da——C  DA(1R2 w0, w®).
Apply (1*72 w,w) to get
4 4
DA—CDA(lk_2,w,w) ¢ D (152 w®w, w*w).
Similarly,
8¢ k—2 T T
Dp————— D172 ww®, ww®).
Let h = ww®. Then h~! = w®w, so we have
8¢ k=2 p—1 3 —1
Dp————DA(1" %, ", h7).
Apply (1*73,h,h, 1) to get
k3 8¢ k-3 ~1
DA(1%73 h,h, 1) Da(1"7°, by 1,07,
i 16
Di—C DA 3 k1,07,
Apply (1*72,h=1,1,h71) to get
k=3 7 -1 -1 16¢ k-3 -2
DA(l ,h ,1,h ) DA(l 71717h )7
SO 94
DA—CDA(lkiga 17 15 h*?),

where h=2 # 1. Hence Claim 2 follows.

At this point we can apply Lemma[3.2] to deduce that the diameter of I' is bounded above
by 24(k — 1)c?, completing the proof. [l
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