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N-DETACHABLE PAIRS IN 3-CONNECTED MATROIDS II:
LIFE IN X

NICK BRETTELL, GEOFF WHITTLE, AND ALAN WILLIAMS

ABSTRACT. Let M be a 3-connected matroid, and let N be a 3-
connected minor of M. A pair {z1,22} C E(M) is N-detachable if
one of the matroids M/z1/x2 or M\z1\z2 is both 3-connected and has
an N-minor. This is the second in a series of three papers where we
describe the structures that arise when it is not possible to find an N-
detachable pair in M. In the first paper in the series, we showed that,
under mild assumptions, either M has an N-detachable pair, M has one
of three particular 3-separators that can appear in a matroid with no
N-detachable pairs, or there is a 3-separating set X with certain strong
structural properties. In this paper, we analyse matroids with such a
structured set X, and prove that they have either an N-detachable pair,
or one of five particular 3-separators that can appear in a matroid with
no N-detachable pairs.

1. INTRODUCTION

Let M be a 3-connected matroid, and let N be a 3-connected minor of M.
We say that a pair {z1, 22} C E(M) is N-detachable if one of the matroids
M /xzq/x9 or M\xz1\x2 is both 3-connected and has an isomorphic copy of N
as a minor. This is the second in a series of three papers where we describe
the structures that arise when it is not possible to find an N-detachable pair
in M.

Our setup is as follows. Let |E(N)| > 4. We say that a triangle or
triad T of M is N-grounded if, for all distinct a,b € T, none of M/a/b,
M/a\b, M\a/b, and M\a\b have an N-minor. In this paper, we assume
that every triangle or triad of M is N-grounded (due to [3, Theorem 3.2]).
By Seymour’s Splitter Theorem [7] and duality, we may assume that there
exists some d € E(M) such that M\d is 3-connected and has an N-minor.
Let d € E(M\d) such that M\d\d has an N-minor. If M\d\d' is 3-
connected, then {d,d'} is an N-detachable pair. So suppose M\d\d' opens
up a non-trivial 2-separation (Y, Z). Since N is 3-connected, any N-minor
lies primarily on one side of the 2-separation, so we may assume, up to
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swapping Y and Z, that [Y' N E(N)| < 1. For now, we also assume that
Y| > 4.

In the first paper of the series [3, Theorem 7.4], we showed that there is a
3-separating subset X of Y with |X| > 4 such that either for every z € X:

(a) M\d\z is 3-connected up to series classes,

(b) M\d/z is 3-connected, and

(¢) M\d\x and M\d/z have N-minors,
or X U {e,d} is one of three particular 3-separators that can appear in a
matroid with no N-detachable pairs for some ¢ € clI*(X Ud). (We defer the
definition of such particular 3-separators to Section [21)

In this paper, we analyse this structured set X further, in the case where
X U{e, d} is not a particular 3-separator. In Section [, we consider when the
set X contains a triad; in this case we show that M has an N-detachable pair.
In Section Bl we consider when X does not contain a triad; in this case, either
M has an N-detachable pair, or XUd is contained in a particular 3-separator
that can appear in a matroid with no N-detachable pairs. Combining these
results, we obtain our main result, Theorem [6.1] in the final section.

Subject to Theorem and the results in [3], it remains to consider the
case when for every d’ € E(M\d) such that M\d\d' has an N-minor, the
pair {d,d'} is contained in a 4-element cocircuit; and to show that when M
has a particular 3-separator P and no N-detachable pairs, there is at most
one element of M that is not in F(IN) U P. We analyse these cases in the
third paper in the series.

We denote {1,2,...,n} by [n].

2. A TAXONOMY OF PARTICULAR 3-SEPARATORS

Let M be a 3-connected matroid with ground set . We say that a
4-element set Q C F is a quad if it is both a circuit and a cocircuit of M.

We now define five 3-separating sets with specific structure, illustrated in
Figure [Il We refer to any one of these as a particular 3-separator.

Definition 2.1. Let P C E be an exactly 3-separating set of M. If there
exists a partition {L1,...,L;} of P with ¢t > 3 such that

(a) |L;| = 2 for each i € [t], and

(b) Ly U L;j is a quad for all distinct 4, j € [t],
then P is a spike-like 3-separator of M.

Definition 2.2. Let P C F be a 6-element exactly 3-separating set of M.
If there exists a labelling {s1, s2,t1,t2, u1,u2} of P such that
(a) {s1,s2,t2,u1}, {s1,t1,t2,u2}, and {sa,t1,us,us} are the circuits of
M contained in P; and
(b) {s1,s9,t1,t2}, {51, S2,u1,us}, and {t1, t2, uy, us} are the cocircuits of
M contained in P;

then P is a skew-whiff 3-separator of M.
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Definition 2.3. Let P C E be a 6-element exactly 3-separating set such
that P = Q U {p1,p2}, and @ is a quad. If there exists a labelling
{a1, 42, 43,44} of Q such that
(a) {p1,p2,91,92}, {P1,P2, 43,44}, and Q are the circuits of M contained
in P, and
(b) {p1,p2, 1,93}, {P1,P2,92,q}, and Q are the cocircuits of M con-
tained in P,

then P is an elongated-quad 3-separator of M.

Definition 2.4. Let P C E be an exactly 3-separating set such that P =
Q1 U Q2 where Q1 and Q9 are disjoint quads of M. If there exist labellings

{p1,p2,p3,pa} of Q1 and {q1,¢2,¢3,q4} of Q2 such that

(a) {p1,p2,q1,q2},{P1,P2, 43,94}, {3, P4, 41, 02}, {P3, P4, 43,94}, Q1, and
(s are the circuits of M contained in P, and

(b) {p17p37 q1, q3}7 {p17p37 q2, Q4}7 {p27p47 q1, q3}7 {p27p47 q2, Q4}7 Qb and
Q2 are the cocircuits of M contained in P,

then P is a double-quad 3-separator with associated partition {Q1,Q2}.

These four particular 3-separators are self-dual in the following sense:
if P is a spike-like 3-separator, elongated-quad 3-separator, double-quad
3-separator, or skew-whiff 3-separator of M, then P is also a spike-like 3-
separator, elongated-quad 3-separator, double-quad 3-separator, or skew-
whiff 3-separator of M™, respectively. The same is not true of the next
particular 3-separator.

Definition 2.5. Let P C FE be an exactly 3-separating set with P =
{p1,p2,q1,92, 51,82}, and let Y = E — P. Suppose that

(a) {p1,p2,s1,s2}, {q1,q2, 51,82}, and {p1,p2,q1,q2} are the circuits of
M contained in P; and

(b) {p1,q1, 81,52}, {p2, @2, 51, 52}, {p1,p2, 41, g2, 51}, and
{p1,p2,q1,q2, s2} are the cocircuits of M contained in P.

Then P is a twisted cube-like 3-separator of M.

Each of these five particular 3-separators can appear in a 3-connected
matroid M with a 3-connected minor N such that E(M)—E(N) C P and M
has no N-detachable pairs. (For a spike-like 3-separator, this is shown in [3],
Section 2]. For an elongated-quad 3-separator, a skew-whiff 3-separator, or a
twisted cube-like 3-separator, see the discussion in [3, Section 5]; the double-
quad 3-separator is similar.) For all except the twisted cube-like 3-separator,
the intrinsic problem is connectivity; that is, for such a 3-separator P in
a matroid M, there is no pair of elements contained in P for which M
remains 3-connected after deleting or contracting the pair. On the other
hand, a twisted cube-like 3-separator P can appear in a matroid with no
N-detachable pairs where P contains a pair whose deletion preserves 3-
connectivity (the deletion of the pair destroys the N-minor).
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FIGURE 1. Particular 3-separators that can appear in a ma-
troid with no N-detachable pairs.

3. PRELIMINARIES

The notation and terminology in the paper follow Oxley [5]. For a set X
and element e, we write X U e instead of X U {e}, and X — e instead of
X — {e}. We say that X meets Y if X NY # ().
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The phrase “by orthogonality” refers to the fact that a circuit and a cocir-
cuit cannot intersect in exactly one element. The following is a straightfor-
ward consequence of orthogonality, which is used freely without reference.

Lemma 3.1. Let e be an element of a matroid M, and let X and Y be
disjoint sets whose union is E(M) —e. Then e € cl(X) if and only if

e¢cl*(Y).
Let M be a matroid with ground set E. The connectivity function of M,
denoted by Ay, is defined as follows, for a subset X of E:

(X)) =r(X)+r(E—-X)—r(M).
The following is easily shown to be equivalent:
A (X) =r(X) +r7(X) — | X].

A subset X or a partition (X,FE — X) of E is k-separating if Ap(X) <
k —1. A k-separating partition (X, F — X) is a k-separation if | X| > k and
|E — X| > k. A k-separating set X, a k-separating partition (X, F — X),
or a k-separation (X,E — X) is exact if \ps(X) = k — 1. The matroid M
is n-connected if, for all k < n, it has no k-separations. When a matroid is
2-connected, we simply say it is connected.

For subsets X and Y in a matroid M, the local connectivity between X
and Y, denoted M(X,Y), is defined as follows:

NX,Y)=rX)+rY)—r(XUY).
We write “by uncrossing” to refer to an application of the next lemma.

Lemma 3.2. Let M be a 3-connected matroid, and let X and Y be 3-
separating subsets of E(M).

(i) If I X NY|>2, then X UY is 3-separating.

(i) If |[E(M) — (X UY)| > 2, then X NY is 3-separating.

The following connectivity lemmas are well known and used freely.

Lemma 3.3. Let (X,Y) be an exactly 3-separating partition of a 3-
connected matroid, and suppose that e € Y. Then X U e is 3-separating
if and only if e € cl(X) or e € cl*(X).

Lemma 3.4. Let (X,Y) be an ezxactly 3-separating partition of a 3-
connected matroid. Suppose |Y| > 3 and e € Y. Then e € cl(Y —e) or
ee€cl*(Y —e).

Lemma 3.5. Let (X,Y) be an ezxactly 3-separating partition of a 3-
connected matroid. Suppose |Y| > 3 and e € Y. Then (X Ue, Y —e)
is exactly 3-separating if and only if e is in one of cl(X) Ncl(Y —e) and
c*(X)Nel* (Y —e).

We also freely use the next three lemmas. The first is a straightforward
consequence of Lemmas [3.1] and 3.4} the second follows immediately from
Lemmas B and B3] to BB and the third is elementary (see [5, Proposi-
tion 8.2.7]).
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Lemma 3.6. Let (X,Y) be an exactly 3-separating partition of a 3-
connected matroid, with |Y| > 3. Then cl(X) Ncl*(X)NY = 0.

Lemma 3.7. Let (X,Y) be an exactly 3-separating partition of a 3-
connected matroid, with |Y| > 3. Ife € cl(X)NY, then e € cl(Y — e)
and (X Ue,Y —e) is exactly 3-separating.

Lemma 3.8. Let M be a matroid and let d € E(M). Suppose that M\d is
3-connected but M is not. Then either d is in a parallel pair of M, or d is
a loop or coloop of M.

The next two lemmas are well known. We refer to the latter as Bixby’s
Lemma.

Lemma 3.9. Let M be a 3-connected matroid and let S be a rank-2 subset
with at least four elements. If s € S, then M\s is 3-connected.

Lemma 3.10 (Bixby’s Lemma [I]). Let e be an element of a 3-connected
matroid M. Then either M /e is 3-connected up to parallel pairs, or M\e is
3-connected up to series pairs.

A k-separation (X, F — X) of a matroid M with ground set F is vertical
if (X) >k and r(E—X) > k. We also say a partition (X,{z},Y) of Fisa
vertical 3-separation when (X U{z},Y) and (X,Y U {z}) are both vertical
3-separations and z € cl(X)Ncl(Y). Note that, given a vertical 3-separation
(X,Y) and some z € Y, if z € cl(X), then (X,{z},Y — z) is a vertical
3-separation, by Lemma [3.7]

A vertical 3-separation in M™* is known as a cyclic 3-separation in M.
More specifically, a 3-separation (X, EF — X) of M is cyclic if r*(X) > 3 and
r*(E — X) > 3; or, equivalently, if X and E — X contain circuits. We also
say that a partition (X,{z},Y) of E is a cyclic 3-separation if (X,{z},Y")
is a vertical 3-separation in M™*.

We say that a partition (X1, Xs,...,X,,) of E is a path of 3-separations
if (X3U---UX;, X401 U---UX,) is a 3-separation for each i € [m — 1].
Observe that a vertical, or cyclic, 3-separation (X, {z},Y) is an instance of
a path of 3-separations.

The next two lemmas are also used freely. A proof of the first is in [9];
the second is a straightforward corollary of Bixby’s Lemma, Lemma [B.11]
and orthogonality.

Lemma 3.11. Let M be a 3-connected matroid and let z € E(M). The
following are equivalent:

(i) M has a vertical 3-separation (X,{z},Y).

(ii) si(M/z) is not 3-connected.
Lemma 3.12. Let (X,{z},Y) be a vertical 3-separation of a 3-connected
matroid M. Then either

(i) M\z is 3-connected, or

(ii) z is in a triad that meets X and Y.
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The following is known as Tutte’s Triangle Lemma.

Lemma 3.13 (Tutte’s Triangle Lemma [8]). Let {a,b,c} be a triangle in a
3-connected matroid M. If neither M\a nor M\b is 3-connected, then M
has a triad which contains a and exactly one element from {b,c}.

When we refer to an application of Tutte’s Triangle Lemma in this paper,
the following equivalent formulation is usually more pertinent. A set X C
E(M) is a 4-element fan if X is the union of a triangle and a triad with
| X| = 4.

Lemma 3.14. Let T be a triad in a 3-connected matroid M. If T is
not contained in a 4-element fan, then, for any pair of distinct elements
a,b € T*, either M/a or M/b is 3-connected.

Proofs of the next two lemmas are in [9] and [2], respectively.

Lemma 3.15. Let C* be a rank-3 cocircuit of a 3-connected matroid M. If
x € C* has the property that cly(C*) — x contains a triangle of M/x, then
si(M/z) is 3-connected.

Lemma 3.16. Let M be a 3-connected matroid with r(M) > 4. Suppose
that C* is a rank-3 cocircuit of M. If there exists some x € C* such that
x € cl(C* — x), then co(M\x) is 3-connected.

A set X in a matroid M is fully closed if it is closed and coclosed; that
is, cl(X) = X = cI"(X). The full closure of a set X, denoted fcl(X), is the
intersection of all fully closed sets that contain X. It is easily seen that the
full closure is a well-defined closure operator, and that one way of obtaining
the full closure of a set X is to take the closure of X, then the coclosure of
the result, and repeat until neither the closure nor coclosure introduces new
elements.

We use the next lemma frequently. The straightforward proof is omitted.

Lemma 3.17. Let (X,Y) be a 2-separation in a connected matroid M where
M contains no series or parallel pairs. Then (fcl(X),Y — fcl(X)) is also a
2-separation of M.

We say that a 2-separation (U, V') is trivial if U or V is a series or parallel
class.

We say that M has an N-minor if M has an isomorphic copy of N as
a minor. For a matroid M with a minor N and e € E(M), we say e is
N -contractible if M /e has an N-minor, we say e is N-deletable if M\e has
an N-minor, and we say e is doubly N-labelled if e is both N-contractible
and N-deletable.

The dual of the following is proved in [2] 4].

Lemma 3.18. Let N be a 3-connected minor of a 3-connected matroid M .
Let (X,{z},Y) be a cyclic 3-separation of M such that M\z has an N -minor
with | X NE(N)| <1. Let X' = X —cl*(Y) and Y = cI*(Y) — z. Then
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(i) each element of X' is N-deletable; and
(ii) at most one element of c1*(X) — z is not N-contractible, and if such
an element x exists, then x € X' Ncl(Y') and z € cI* (X' — x).

Let M be a matroid with d € E(M). Suppose X C E(M\d) is exactly
k-separating in M\d. We say that d blocks X if X is not k-separating in
M. If d blocks X, then it follows that d ¢ cl(E(M\d) — X), so d € cI*(X)
by Lemma BIl We say that d fully blocks X if neither X nor X Ud is
k-separating in M. It is easily shown that d fully blocks X if and only if
d ¢ cl(X)Ucl(E(M\d)— X). Usually, when we use this terminology, we are
considering elements that block a 3-separating set X; for example, when X
is a triad in a 3-connected matroid. On the other hand, if X is a series class
of M\d of size at least two, then we say d blocks X if X is not 2-separating
in M (so X is not a series class in M), and d fully blocks X if neither X
nor X Ud is 2-separating in M.

Recall that we typically work under the assumption that every triangle or
triad of M is N-grounded. In this setting, the following lemma shows that
an N-contractible (or N-deletable) element is not in a triangle (or triad,
respectively).

Lemma 3.19 ([3, Lemma 3.1]). Let M be a 3-connected matroid with a
3-connected minor N where |E(N)| > 4. If T is an N-grounded triangle of
M with x € T, then = is not N -contractible.

4. THE TRIAD CASE
In this section, we prove the following:

Theorem 4.1. Let M be a 3-connected matroid with an element d such
that M\d is 3-connected. Let N be a 3-connected minor of M, where every
triangle or triad of M is N-grounded, and |E(N)| > 4. Suppose that M\d
has a cyclic 3-separation (Y,{d'},Z) with |Y| > 4, where M\d\d' has an
N-minor with |Y N E(N)| < 1. Suppose Y contains a subset X that is
3-separating in M\d, where | X| > 4 and, for each x € X,

(a) co(M\d\x) is 3-connected,

(b) M\d/z is 3-connected, and

(¢c) x is doubly N-labelled in M\d.
Let X be minimal subject to these conditions. If X contains a triad of M\d,
then M has an N -detachable pair.

Some preparatory lemmas. Let M be a 3-connected matroid and let
(Py, Py, P3) be a partition of E(M) where P; is 3-separating for each i € [3].
If M(P;, Pj) = 2 for all distinct 4, j € [3], then we say (P, P, P3) is a paddle.
The following is proved in [6, Lemma 7.2].
Lemma 4.2. Let (P, P, P3) be a paddle in a 3-connected matroid M. Then
cl*(P;) = P; for each i € [3].

We first handle the following case that arises in the proof of Theorem .11
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Lemma 4.3. Let M be a 3-connected matroid with a 3-connected matroid N
as a minor. Suppose that M\d is 3-connected. Let (S,T,Z) be a paddle in
M\d such that
(a) S and T are triads of M\d that are blocked by d,
(b) |Z] > 3, and
(c) for all distinct s,t € SUT such that {s,t} C cl((SUT)—{s,t}), the
matroid M\s\t has an N-minor.

Then M has an N -detachable pair.
Proof. Let M’ = M\d.

4.3.1. For s € S, there is at most one element t' € T such that (S — s) U
(T —t') is a circuit in M.

Subproof. Let T = {t1,t2,t3} and suppose that (S —s)U (T —t') is a circuit
for each t' € {t1,t2}. Then t1,ts € cl((S — s) Uts), so r((S —s)UT) = 3.
But r(SUT) =4, so s € cl"(Z), contradicting Lemma <

Let S = {s,s2,s3} and T = {t,t2,t3}. By L3 we may assume that
{s2,83,t2,t3} is independent. In particular, {s,t} C clpy({s2, s3,t2,t3}).
This implies that M\s\t has an N-minor, by We work towards proving
that {s,t} is an N-detachable pair in M.

4.3.2. M'\s\t is connected.

Subproof. Suppose that (P,Q) is a separation of M'\s\t. As {s3,s3} and
{to,t3} are series pairs in M’\s\t, we may assume that {ss,s3} C P and
{ta,t3} is contained in either P or Q. If {to,t3} C P, then (P,Q) is a
separation in the 3-connected matroid M’, as {s,t} C clpy({s2, s3,t2,t3}); a
contradiction. Therefore, we may assume that {sq, s3} C P and {to,t3} C Q.
Moreover, since r(Z) = r(M') — 2, it follows that [P N Z|,|Q N Z| > 1. Let
A= Apng\e- Since A(P) = A(Q) = 0, by the submodularity of A we have
AMPNZ)+XMQNZ)<ANP)+ANQ)+2\MZ) - ANPUZ)-NQUZ)
—9\(Z) —~ANPUZ) — NQUZ)
=4 — )\({tg,tg}) - )\({82, 83}) = 2.
If either A(PNZ) =0or A(QNZ) =0, then, as {s,t} C clpy({s2,s3,t2,t3}),
the set PN Z or Q N Z is also 1-separating in M’; a contradiction. Thus
AMPNZ)=XNQNZ)=1. As |Z] > 3, we may assume, without loss of

generality, that [P N Z| > 2. But it follows that (PN Z, E(M') — (PN Z))
is a contradictory 2-separation in M’. <

4.3.3. If (P, Q) 1is a 2-separation of M'\s\t, then, up to swapping S and T,
and P and Q, we have {s9,s3} C P and {t2,t3} C cl*(Q).

Subproof. Firstly, observe that if (P, Q) is a 2-separation of M'\s\t where
{89, 83,ta,t3} C P, then, as {s,t} C clyy({s2, s3,t2,t3}), the partition (P U
{s,82},Q) is a 2-separation in M’; a contradiction. Thus we may assume
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that no 2-separation (P, Q) of M'\s\t has {sa, s3,t2,t3} contained in either
Por Q.

Let (P,Q) be a 2-separation of M'\s\t. As |Z| > 3, we may assume that
|PNZ| > 2. Since {s2,s3,t2,t3} € P, by possibly swapping S and T', we
may assume that [QNT| > 1. Suppose that |[QNT| = 1; say PNT = {t'} and
QNT = {t"} where {t',t"} =T —t. Since t’ € clj;,,({t"}), the partition
(P—{t'},QU{t'}) is a 2-separation of M'\s\¢t. Since {s2, s3,t2,t3} € QUT,
we deduce that |Q N S| < 1. Now, similarly, if |Q NS| = {s'}, then (P —
{s,t'},Q U {s',t'}) is a 2-separation of M'\s\t. But then {ss,s3,t2,t3} C
Q U {s,t'}; a contradiction. So @ NS = 0 and {t2,t3} C cl*(Q) when
|QNT| =1. A similar argument gives that QNS =0 when |QNT|=2. <

Since M'\s\t is connected, by 3.2l M\s\t is also connected. Suppose
that (P, Q) is a 2-separation of M'\s\t. By 3.3 we may assume that
{s2,83} C P and {t2,t3} C cI*(Q). Thus (P, Q') = (P — {t2,t3},Q U
{ta,t3}) is also a 2-separation of M'\s\t. As T'Ud is a 4-element cocircuit
in M, we have that {t9,t3,d} is a triad of M\s\t. Hence d € cl}kv[\s\t(Q’) =
clin (@), so d & clpp s\ (P). Likewise, since d € cljp o\, ({52, s3}), we have
d ¢ clyp\¢(Q). We conclude that (PUd, Q) and (P,QUd) are 3-separating
in M\s\t. That is, d fully blocks (P,Q) for each 2-separation (P,Q) of
M'\s\t. Thus M\s\t is 3-connected. O

Lemma 4.4. Let M be a 3-connected matroid with a pair of disjoint triads
S:{Sl, S9, 83} and T:{tl, tg, tg}. If

(i) {s1,82,t1,t2} is a circuit of M, and

(ii) s3 is not in a triangle of M,

then M /ss is 3-connected.

Proof. Note that M(S,7) > 1. Suppose that (X,Y) is a 2-separation in
M/ss with |[X NT| > 2. Note that M/s3 contains no series pairs or parallel
pairs. It follows, by Lemma [B.17] that (fclps s, (X),Y —fclyq, (X)) is also a
2-separation of M/s3; so we may assume that X is fully closed, and thus T' C
X. IfN(S,T) = 2, then {s1,s2} C clyp/q, (T) € X, implying that (X Us3,Y)
is a 2-separation of M; a contradiction. So assume that M(S,7) = 1. If
{s1,82} € X or {s1,52} CY, then (XUs3,Y) or (X,Y Uss), respectively, is
a contradictory 2-separation of M. So, without loss of generality, s; € X and
s9 € Y. But then, due to the circuit {s1, s2,t1,%2}, we have s9 € cl(X) — X,
contradicting the fact that X is fully closed. O

Lemma 4.5. Let M be a 3-connected matroid with distinct elements
ai,az, b17 b27p17p2; such that
(a) co(M\p1\p2) is 3-connected,
(b) {a1,a2,p1,p2} and {b1,be,p1,p2} are distinct cocircuits of M, and
(c) {a1,a2} and {b1,ba} are distinct series classes of M\p1\p2.

Then either
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(1) there exists x € {a1,as,b1,b2} such that M/z is 3-connected, or
(ii) up to labelling, {a1,b1,p1} and {az2,ba,p2} are triangles of M.

Proof. Assume does not hold. Suppose that a; is not in a triangle and
consider M/a;. Observe that any series class S of M\p;\p2 with size at
least two is blocked by p; or pe; in particular, if S # {a1, a2}, then p; ¢
clarja, (E(M/a1) — (S U {p1,p2})) for some i € {1,2}. Since M/a; is not
3-connected, but M\p1\p2/a; is 3-connected up to series classes, there is a
series class S" of M\p;\p2/ai, with |S’| > 2, that is not fully blocked by
both p; and ps. By the foregoing, we may assume that p; € clM/al(S’).
Now pj is in a circuit of M contained in S’ Uay. If S # {b1, b2}, then this
contradicts orthogonality with the cocircuit {by, ba, p1,p2}. So S" = {b1,bs}.
Let {z,7} = {1,2}. Now p; € cljy o\, ({b1,02}), s0 pj ¢ clysya, (E(M/ar) —
{b1,b2,p1,p2}), where {b1,b2} is not fully blocked by p; in M\pi\p2/a.
Hence {p1,p2} C claps({b1,b2,a1}), so rar({b1,b2,p1,p2}) < 3. Since M is
3-connected, ras({b1,b2,p1,p2}) = 3 and hence a1 € cl({b1, b2, p1,p2}).

Suppose also that as is in a triangle. Since a; is not, this triangle meets
{p1,p2}, by orthogonality with the cocircuit {ai,as,p1,p2}. Again by or-
thogonality, either the triangle meets {b1, b2}, or it is {az,p1,p2}. In either
case, r({ay,as,b1,b2}) < 3. But since co(M\p1\p2/ai/b1) is 3-connected,
r({a1,az2,b1,b2}) = 4. We deduce that ag is not in a triangle of M.

Now repeating the argument in the first paragraph with ao in the place
of a1, we deduce that as € cl({b1,b2,p1,p2}), so r({a1,a2,b1,b2}) = 3; a
contradiction. Thus aq; and as are both in triangles of M.

Suppose {ai,as,z} is a triangle for some z € E(M) — {aj,az}. If
x € {p1,p2}, then this triangle intersects the cocircuit {b1, ba, p1,p2} in one
element; so we may assume otherwise. But then M\pj\p2/a; contains a
parallel pair; a contradiction. So the triangles containing a; and ao are dis-
tinct, and each either contains {p1,p2}, or meets both {by,b2} and {p1,p2},
by orthogonality. By symmetry, b; and by are also in triangles of M, and
each either contains {p1,p2}, or meets both {a;,as} and {pi,p2}. It now
follows, by circuit elimination and up to relabelling, that {a;,b;,p;} and
{ag,ba, pa} are triangles of M. O

A key lemma. Next, we work towards proving Lemma 4.8, which we use
not only in the proof of Theorem EIl but also in Section Bl

In the remainder of Section [, we work under the following assumptions.
Let M be a 3-connected matroid with an element d such that M\d is 3-
connected. Let N be a 3-connected minor of M, where every triangle or
triad of M is N-grounded, and |E(N)| > 4. Suppose that M\d has a cyclic
3-separation (Y, {d'}, Z) with |Y| > 4, where M\d\d’ has an N-minor with
|Y N E(N)| < 1. Note in particular that r*(M\d) > 4.

Let X be a subset of Y such that |X| > 4, the set X is 3-separating in
M\d, and, for each z € X,

(a) co(M\d\z) is 3-connected,
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(b) M\d/z is 3-connected, and
(¢) z is doubly N-labelled in M\d.
The following is proved in [3, Lemma 7.1]. A segment in a matroid M is a
subset S of E(M) such that M|S = Uy, for some k > 3, while a cosegment
of M is a segment of M™*.

Lemma 4.6. If Y contains a 4-element cosegment, then M has an N -
detachable pair.

In particular, Lemma implies that if M has no N-detachable pairs,
then X does not contain a 4-element cosegment.

Lemma 4.7. Either each triad of M\d that meets X does so in at least two
elements, or M has an N-detachable pair.

Proof. Assume that M has no N-detachable pairs. Suppose T* is a triad of
M\d with T*N X = {t}. Then t € cI*(E(M\d) — X). Since | X| > 4 and X
does not contain a 4-element cosegment, it follows that (X —¢,{t}, E(M\d)—
X) is a cyclic 3-separation of M\d, so co(M\d\t) is not 3-connected; a
contradiction. So each triad of M\d that meets X does so in at least two
elements. O

The next lemma is used, both in the remainder of this section and in
Section Bl to find N-contractible pairs where each element in the pair is in
a triad of M\d meeting X.

Lemma 4.8. Let S* and T* be distinct triads of M\d meeting X, where
S*UT™* is not a cosegment. Suppose M has no N-detachable pairs.
(i) If s € S* and t € T* where s #t and d' ¢ {s,t}, then M\d/s/t has
an N-minor.
(i) If d' € S* and t € T* — S*, then M\d/d'/t has an N-minor.

Proof. By Lemmal4.7] the triads S* and T™ each have at least two elements
in X. If t € Z, then, since t € clj, ,(Y), it follows that (YUt {d'}, Z—t) is a
cyclic 3-separation of M\d. Either (YUt)NE(N)| < 1lor |(Z—t)NE(N)| <
I, but [YNE(N)| <1and |[E(N) >4, s0|(YUt)NE(N)| < 1. So we
may assume that t € Y. In case we may similarly assume that s € Y.
Moreover, if s € T*, then ¢t ¢ S*, since S* UT™ is not a cosegment. So we
may assume, up to labels, that ¢ ¢ S*, and thus S* C Y —¢. In case
let s = d’. We now consider both cases together. It suffices to prove that
M\d/s/t has an N-minor.

We first claim that ¢ is N-contractible in M\d. By Lemma at
most one element of cl}k\/[\d(Y) — d' is not N-contractible. Suppose that t
is this element that is not N-contractible. Then t € cl(Z') — Z’, where
7' = cljpg(Z) —d'. Now t is in a circuit contained in Z’Ut, so the triad T
meets Z', by orthogonality. Let to € T*NZ'. If ty € X, then co(M\d\t2) is
3-connected, but ¢ € cljy\4(Z) — Z, which implies that co(M\d\t2) is not
3-connected; a contradiction. So ty ¢ X, implying that ¢t € X. But M\d/t is
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not 3-connected since ¢ € cl(Z’) — Z'; a contradiction. So t is N-contractible
in M\d.

Next we claim that M\d/t is 3-connected. This is immediate if ¢ € X,
so we assume that t ¢ X. Let T* = {t,to,t3}; then {to,t3} C X. Since
t € cljp ¢(X) — X, the matroid co(M\d\t) is not 3-connected, so si(M\d/t)
is 3-connected by Bixby’s Lemma. If ¢ is in a triangle of M\d, then, by
orthogonality with T, the triangle also contains either to or t3. But then
either M\d/ts or M\d/ts is not 3-connected; a contradiction.

Now M\d/t is 3-connected and has an N-minor. Note that (Y —¢,{d'}, Z)
is a cyclic 3-separation of M\d/t. First, suppose that s # d’. Let Z' =
c"(Z)—d and Y' = (Y —t)—Z', so that (Y, {d'}, Z') is a cyclic 3-separation
of M\d/t. Observe that cl}‘w\d/t(Y’) = clypap (Y —t). By Lemma
at most one element of c1*(Y —t) — d’ is not N-contractible in M\d/t, and
if 5 is this exceptional element, then s € clyp g/ (Z'). But if s € clyp g/ (Z7),
then s & clyp g, (Y') = clipgu(Y — t), implying that s ¢ clj 4,(57); a
contradiction. So M\d/t/s has an N-minor if s # d'.

Finally, suppose that s = d’. Then d’ is in a triad {d’, so,s3} of M\d/t
where {s2,53} C X. If {s3,s3} C cljpy4(2), then S* C cljp (Y — S*) N
clyna(Z — S), and it follows that co(M\d\s2) is not 3-connected; a contra-
diction. So we may assume {s2, s3} € clypay(Z), and so, by Lemma B.I(0)|
and up to labels, sy is N-deletable in M\d/t. Since {s3,d’} is a series pair
in M\d\s2/t, we deduce that M\d\s2/t/d’ has an N-minor. In particular,
M\d/s/t has an N-minor. O

Towards the proof of Theorem 4.3l We now assume that X is minimal,
and X contains a triad of M\d.

More specifically, let X be a subset of Y such that |X| > 4; the set X is
3-separating in M\d; for each x € X

(a) co(M\d\z) is 3-connected,
(b) M\d/z is 3-connected, and
(¢) z is doubly N-labelled in M\d;

and X is minimal subject to these conditions. Furthermore, X contains a
triad of M\d.

In practice, the following two lemmas are convenient for finding N-
contractible or N-deletable pairs.

Lemma 4.9. Let S and T be distinct triads of M\d that meet X, where
SUT is not a cosegment of M\d. Suppose M has no N-detachable pairs.

(i) If s € S and t € T, and either {s,t} C X, {s,t} C XAS, or
{s,t} C SAT, then M\d/s/t has an N-minor.

(ii)) If s€ S—=T and t € T, and M\d/s/t does not have an N-minor,
then M\d/s'/t' has an N-minor for any distinct s' € 8" and t' € T
where S’ is a triad of M\d that meets X with 8" #T and s # §'.
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(iii) If S and T are disjoint, and X is a corank-3 circuit contained in
SUT, with T C X, then M\d/t/t' has an N-minor for all distinct
t,t'eT.

Proof. Consider |(1)l If {s,t} C X, then M\d/s/t has an N-minor by
Lemmam Suppose {s,t} € XAS. Thense€ S— X andt € X — S.
If s # d' then M\d/s/t has an N-minor by Lemma EL§(i)] On the other
hand, if s = d’, then M\d/s/t has an N-minor by Lemma Finally,
if {s,t} € SAT, then M\d/s/t has an N-minor by Lemma EJ(i)| when
d' ¢ {s,t}, or by Lemma LJ(ii)] when d’ € {s, t}.

Now, for suppose M\d/s/t does not have an N-minor, where s ¢ T.
Then d’' € {s,t} by Lemma L) If &' = ¢, then, as s € S — T, the matroid
M\d/s/t has an N-minor by Lemma [LJ(ii)} a contradiction. So d’ = s, and
thus d' ¢ T. Tt follows, by Lemma hat M\d/s'/t' has an N-minor
for any ' € S’ and ' € T with S" # T and s # s'.

Finally, consider Let X’ = SUT. Since X is a circuit, T is a
triad of M\d, and t € T' C X, we have that t ¢ cl(cl};4(Z)). Hence, by
Lemma M\d/t has an N-minor. Moreover, (Y —¢,{d'},Z) is a
cyclic 3-separation in the 3-connected matroid M\d/t. As 7‘}*\/‘,\ JX =) =
3, we have t' € clj (Y — {t,t'}). Now X —tis a circuit in M\d/t, so
Lemma BI(ii)| implies that M\d/t/t' has an N-minor, as required. O

Lemma 4.10. Let z and x’ be distinct elements in X. If 2’ € cl(X —{z,2'}),
then M\d\x\z' has an N-minor.

Proof. If © € cljp4(Z), then (X — z,{z}, E(M\d) — X) is a cyclic 3-
separation in M\d, implying co(M\d\z) is not 3-connected; a contradic-
tion. So x ¢ cljp4(Z). Now it follows from Lemma BIJ(i)| that z is
N-deletable in M\d. Let S be a set containing all but one element in
each series class of M\d\z, with 2/ ¢ S. Let Y/ = (Y —z) — S and
Z'=7—-8. Now (Y’ . {d'},Z') is a cyclic 3-separation in co(M\d\z). Since
2’ € (X — {z,2'}), we have that 2 ¢ cIf, yna\,)(Z). So 2’ is N-deletable
in co(M\d\z), by LemmaBIJ(i)| In particular, M\d\z\z’ has an N-minor,
as required. O

Lemma 4.11. If there is an element w € clyp 4(X) — X that is N-deletable
in M\d, then M has an N-detachable pair.

Proof. We may assume that 7‘}‘\/[\ 4(X) > 3, otherwise M has an N-detachable
pair by Lemma We work towards showing {d,w} is an N-detachable
pair. As X and X U w are exactly 3-separating in M\d, the matroid
co(M\d\w) is 3-connected, by Lemma [B.I1] and Bixby’s Lemma. So the
lemma holds unless w is in a triad of M\d. Suppose {z,w,y} is such a
triad, and let W = E(M\d) — X. We may assume, by Lemma [3.12] that
v € X andy € W. Thus z € clj,(W). Now X — 2 and X are ex-

actly 3-separating in M\d, so, by Lemma B35 = € cl}kw\d(X — ). But then
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(X —z,{x},W) is a cyclic 3-separation of M\d, so co(M\d\z) is not 3-
connected; a contradiction. We deduce that w is not in a triad of M\d, so
M\d\w is 3-connected and has an N-minor. O

Lemma 4.12. Suppose M has no N-detachable pairs. If S and T are
triads of M\d that meet X, the set SUT is not a cosegment of M\d, and
|SNT| =1, then mpypa(SAT) =4 and SUT is not 3-separating in M\d.

Proof. Let SNT = {u}. We claim that rypq(SAT) = 4. First, suppose
that u € X. If rypng(SAT) = 3, then (SAT, E(M\d\u) — (SAT)) is a 2-
separation of M\d\u. But SAT is not contained in a series class in M\d\u,
contradicting that co(M\d\u) is 3-connected. Now suppose that u ¢ X. If
rand(SAT) = 3, then X' = SAT is a 4-element subset of X (by Lemma 7))
that is 3-separating. Since X contains a triad, X’ ; X, contradicting the
minimality of X. Thus rypq(SAT) = 4.

Suppose that A\ypq(SUT) = 2. If SUT contains a 4-element circuit of
M\d, then, as ryp¢(SAT) = 4, this circuit contains one of S or T'. Without
loss of generality we may assume that the circuit is SUt for t € T'—u. Then
(S, {t}, E(M\d) — (SUt)) is a vertical 3-separation of M\d, so si(M\d/t) is
not 3-connected. This implies that ¢t ¢ X. Let T' = {u,t,t'}; then ¢’ € X, by
Lemma[L7l Moreover, (SUt, {t'}, E(M\d)—(SUT)) is a cyclic 3-separation
of M\d, so co(M\d\t') is not 3-connected; a contradiction. So S UT does
not contain a 4-element circuit of M\d.

By uncrossing, (SUT)NX is 3-separating in M\d. If u ¢ X, then SAT C
X by Lemma A7, so SAT is 3-separating, and hence rypnq(SAT) = 3; a
contradiction. Now, if neither S nor T is contained in X, then [(SUT)NX| =
3,80 (SUT)N X is a triangle or a triad. But this is contradictory, since
S UT is not a cosegment, and no triangle of M\d meets X (since M\d/x
is 3-connected for each z € X). Next, suppose S C X and T = {t,t2,u}
where T'— X = {t2}. Then (SUT)NX = SUt; is exactly 3-separating. As
t1 & clypg(S), we have t1 € clppa(S) by Lemma3.4] so S Uy is a circuit; a
contradiction. So SUT C X. Moreover, SUT is a circuit, since SUT does
not contain a 4-element circuit, and TL\d(S UT) =3, 80 rypg(SUT) = 4.

Let s and t be distinct elements such that s € S and t € T. By
Lemma L9(1)] the matroid M\d/s/t has an N-minor. Without loss of gen-
erality, we may assume that s # wu. Since, in M\d, the set SUT is a
corank-3 circuit, S is a triad, and s is not in a triangle, it follows from the
dual of Lemma that M\d/s is 3-connected. Moreover, (SUT) — s is a
corank-3 circuit in M\d/s, and ¢ € clj 4/ (SUT) —{s,t}), so we can apply
Lemma [3.16] a second time to deduce that si(M\d/s/t) is 3-connected. Now,
either {s,t} is an N-detachable pair, or {s,t} is contained in a 4-element
circuit Cs; of M that could contain d. As SUT does not contain a 4-element
circuit in M\d, the circuit Cs; either contains d or meets E(M\d)— (SUT).
Suppose that d ¢ Cs;, and let w € Cs; — (S UT). Then, by orthogonality
Cst = {s,t,z,w} for x € (SUT) — {s,t}. Since M\d/s/t has an N-minor
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and {x,w} is a parallel pair in this matroid, w is N-deletable in M\d, con-
tradicting Lemma TTl So for all distinct s € S and ¢t € T, there is a
4-element circuit containing {s, ¢, d}.

Let X’ = SUT. Suppose that d fully blocks X’. Since X’ is a circuit, there
are certainly no 4-element circuits of M\d contained in X’. Moreover, there
are no 4-element circuits of M contained in X’ U d, otherwise d € cl(X’),
contradicting that d fully blocks X’. Let S = {s1, s0,t3} and T' = {t1, t2,t3}.
For each i € [3], there are elements v;, w; € cl(X'Ud) — (X’ U d) such that
{s1,ti,d,v;} and {sa,t;,d, w;} are circuits.

Next, we claim that {v1,vs,vs, w;, we, w3} is a G-element rank-3 set,
and if {v1,v9,vs, w1, ws, w3} contains a triangle, then this triangle is ei-
ther {v;,vj, wi} or {v;,w;,wy} for some {i,5,k} = {1,2,3}. If v; = vy for
distinct 4,47’ € [3], then {s1,t;,ty,d} contains a circuit, by the circuit elim-
ination axiom, contradicting the fact that d fully blocks X’. Similarly, the
w; are pairwise distinct for i € [3]. Say v; = w; for some i¢,j € [3]. Then,
again by circuit elimination, there is a circuit contained in {s1, s2,;,t;,v;}.
If v; € cl({s1, s2,t,t;}), then d € cl(X'); a contradiction. So {s1, s2,t;,t;} is
a circuit of M, but this contradicts the fact that X’ is a circuit. Hence the
elements vy, vy, v3, w1, we, w3 are pairwise distinct. Now cl(X'Ud) — (X' Ud)
has rank at most 3. If r({vi,ve,v3}) < 2, then {s1,d,vy,vs,v3} has rank
at most four, but spans the rank-5 set X’ U d; a contradiction. A similar
argument applies if r({wq, we, ws}) < 2, or, for some distinct ,j € [3] either
r({vi,vj,w;}) <2 or r({vi, w;,w;}) < 2. It now follows from [3, Lemma 7.2]
that M has an N-detachable pair; a contradiction.

Now suppose d does not fully block X’. Then d € cl(X’), and, for each
of the 4-element circuits containing {s, ¢, d}, the fourth element is in cl(X’).
Let S = {s1,s9,u} and T = {t1,t2,u}, and let the 4-element circuits be
{817 ti, d, :Ei}v {827 ti, d, wi}v {U, ti, d7pi}7 and {8i7 u,d, ql}7 for i € {17 2} Let
e € {pi, qi,w;,x;} for some i € {1,2}. Since d € cl(X’), we have e €
chana(Y —€), so e & clypy(Z). It follows, by Lemma BIF() that e is
N-deletable in M\d.

Suppose there exists some e € {p;, q;, w;,x;} — X' for i € {1,2}. Then
(Y —e,{e}, ZUd') is a vertical 3-separation, so co(M\d\e) is 3-connected by
Bixby’s Lemma. In the case that {d, e} is not an N-detachable pair, {d, e}
is contained in a 4-element cocircuit C* of M. Since e ¢ clj ,(X'), the
cocircuit contains at most one element of X’. But since X’ is a circuit in M,
any element z € X' is not in clj, ,(E(M\d) — X'). So C* C E(M) — X',
implying d ¢ cl(X’); a contradiction. So {p;, i, w;,z;} C X' for each i €
{1,2}.

Now, for each pair of distinct elements s € S and ¢t € T, the set {d, s, t}
is contained in a 4-element circuit that is contained in X’ U d. Moreover,
any two of these circuits intersect in at most two elements, otherwise, by
circuit elimination, X’ properly contains a circuit; a contradiction. Suppose
{d, s, t,u} is a circuit for some labelling {s,¢,u,v,w} of X’ with s € S and
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t € T. Then, up to relabelling {s,t, u}, there is a circuit {d, u,v,w}. Up to
swapping the labels on v and w, there is also a 4-element circuit containing
{d, s,v}. But any such circuit intersects either {d,s,t,u} or {d,u,v,w} in
three elements; a contradiction. O

We now prove the main result of this section: Theorem (.11

Theorem 4.1. If X contains a triad of M\d, then M has an N -detachable
paiT.

Proof. Let x € X. Since co(M\d\z) is 3-connected and M\d\z has an N-
minor, either {d,z} is an N-detachable pair or z is in a triad of M\d. So
we may assume z is in a triad of M\d for every x € X.

4.1.1. Let R and S be disjoint triads of M\d that meet X. If M has no
N-detachable pairs, then (R, S) = 1, and there exists some r € R such that
S is not contained in a 4-element fan in M\d/r.

Subproof. By Lemmas and 47 M(R, S) # 0. Suppose that M(R, S) = 2.
Then (R, S, E(M\d) — (RUS)) is a paddle. If [ RNX|=2and |[SNX| =2,
then X U R and X U RU S are 3-separating, by uncrossing, and it follows
that (X, {r},{s}, E(M\d) — (X U{r,s})) is a path of 3-separations where
R—X = {r} and S — X = {s}. But then s € cI"(E(M\d) — (RUS)),
contradicting Lemma So, by Lemma [£7] at least one of R and S is
contained in X; in fact, by a similar argument, R U S C X. Now it follows
that M has an N-detachable pair by Lemmas [£3] and 10l So M(R, S) = 1.

Suppose S is contained in a 4-element fan of M\d/r’ for some ' € R.
Since each s € SN X is N-contractible in M\d, it follows from Lemma [4.7]
and orthogonality that s is not contained in an N-grounded triangle. Thus,
there is a 4-element circuit C' of M\d with ' € C and, by orthogonality,
|ICNR|=2and [CNS|=2. Let R—C = {r}. If S is also contained in a
4-element fan of M\d/r, then there is a 4-element circuit C’ with r € C” and
|C' N R| =2 and |C' N S| = 2, implying that M(R,S) = 2; a contradiction.
Thus, the triad S is not contained in a 4-element fan in M\d/r for some
re R. <

We now consider, in LT.2HLT.6l each possible arrangement of three dis-
tinct triads in X, and, in each case, we prove the existence of an IN-
detachable pair. These configurations, as they appear in (M\d)*, are il-
lustrated in Figure 2l Note that the intention is to show how these triads
interact, and the illustrations are not indicative of the rank of these sets in
(M\d)* (in particular, the union may have rank more than three in (M\d)*).

Note also that every triad of M\d that meets X is blocked by d. To see
this, let T" be a triad of M\d that meets X and is not blocked by d. Then I'
is a triad of M, and I' contains an element z € X that is N-deletable. But
this implies that I' is not N-grounded; a contradiction.

4.1.2. Let R, S, and T be distinct triads of M\d that meet X . If these three
triads are pairwise disjoint, then M has an N -detachable pair.
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1 S1 t1 (] S1 t
T2 52 to 2 52 to
T3 53 t3 T3 U
(a) (b) LT3l
1 S1 t Ll 31 &l
79 52 to [ to r to
U r3 o t3 51 > t3
(c) A1 (d) ELE (e) LL0

FIGURE 2. Each configuration of three distinct triads in X
as they appear in (M\d)*, and the claim in which the con-
figuration is considered.

Subproof. Suppose R, S, and T are pairwise disjoint. Let R = {rq,r2,73},
S = {s1,892,83}, and T = {t1,t2,t3} (see Figure Ral). By EIIl we may
assume that the triad S is not contained in a 4-element fan in M\d/ry,
say. Now, by Tutte’s Triangle Lemma, both M\d/ri/s; and M\d/r1/s2
are 3-connected, up to relabelling the elements of S. By Lemma

either M has an N-detachable pair, or there are elements o and S8 such
that {d,r1,s1,a} and {d,r,s9, 8} are circuits of M. Moreover, o, 3 € T,
as otherwise d does not block the triad 7" of M\d. So we may assume
that {d,s1,t1} and {d,ss,t2} are triangles in M/ry, and it follows, by
circuit elimination, that {s1,s2,t1,t2} contains a circuit of M/ry. Since
r1 € cl*({r2,73,d}), this circuit is also a circuit of M. As each element of
S UT is not in a triangle, {s1, s2,t1,t2} is a circuit of M/ry and M.

If {d,t3} is also contained in a triangle of M /ry, then the triangle must
contain an element s in {s1, s2, s3}, by orthogonality. Thus, by circuit elimi-
nation with the triangle {d, s1,t1}, we see that {s, s1,t1,t3} contains a circuit
of M/rq, and r1 ¢ cl({s, s1,t1,t3}), so it follows that {s1, s,t1,t3} is a circuit
of M. But then S is contained in a 4-element fan in M\d/t for each t € T,
which, by E.I.1] implies that M has an N-detachable pair.

Recall that {s1, so,t1,t2} is a circuit of M /ry, and S is not in a 4-element
fan of M\d/ry, so, in particular, s3 is not in a triangle of M\d/ri. Suppose
s3 is in a triangle of M/ry. By orthogonality, and the previous paragraph,
this triangle is {d, s3,t;} for some i € {1,2}. By circuit elimination with the
triangle {d, s;,t;}, we deduce that {ss,t;,s;} contains a circuit in M/ry; a
contradiction. So s3 is not in a triangle of M/ry. By Lemma (4 M/rq/s3
is 3-connected, so M has an N-detachable pair by Lemma m <
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4.1.3. Let R, S, and T be distinct triads of M\d that meet X. If |SNT| =1,
the set SUT is not a cosegment of M\d, and RN (SUT) =0, then M has
an N-detachable pair.

Subproof. Let R = {ry,re,73}, S = {s1,s2,u} and T = {t1,ts,u}, where
the elements 7y,79,73, 51, 82,11, t2,u are pairwise distinct (see Figure [2D]).
Suppose that M has no N-detachable pairs. By I1] S is not contained
in a 4-element fan in M\d/ry, say. By Tutte’s Triangle Lemma, there are
distinct elements s, s’ € {s1, s2,u} such that M\d/r1/s and M\d/r1/s" are
3-connected. Since R and SUT are disjoint, M\d/ry/z has an N-minor for
each x € SUT, by Lemma m

First, suppose that M\d/ri/s; and M\d/r1/se are 3-connected. Since
M/ri/s1 and M/ry /sy have N-minors, either M has an N-detachable pair,
or M/rq has a triangle containing {s1,d} and a triangle containing {ss, d}.
As TUd is a cocircuit of M /ry, each of these triangles meets T'. Suppose these
triangles are {s1,d,t} and {sq,d,t'}, for t,¢' € T. Then {s1, s2,t,t'} contains
a circuit C' of M/ry, by circuit elimination. Since r; € cl};({re,r3,d}), the
circuit C' is also a circuit of M, so C' = {s1,59,t,t'}. Now rypng(SUT) <
4, and TL\d(S UT) = 3, so SUT is 3-separating in M\d, contradicting
Lemma [4.12]

Now suppose that M\d/r1/s1 and M\d/r1/u are 3-connected. In this
case, either M has an N-detachable pair, or M/ry has triangles contain-
ing {d,s1} and {d,u}. By orthogonality, the first of these triangles meets
{t1,t2,u}. Suppose {d, s1,u} is a triangle of M /ry. It follows that S U d is
3-separating, and ({d, s1,u}, {s2}, E(M/r1)—(SUd)) is a cyclic 3-separation
of M/ry, implying that si(M/ry/s2) is 3-connected. Since sy is not in an
N-grounded triangle, and S is not contained in a 4-element fan in M\d/ry,
either {ry, so} is an N-detachable pair, or {d, so} is contained in a triangle
of M/ry that, by orthogonality, meets T'. If this triangle is {d, so,u}, then
{51, s2,u} contains a triangle by circuit elimination; a contradiction. So
{d, s2,t} is a triangle of M /ry for some t € {t1,t2}.

Now we may assume, up to swapping s; and s9, and #; and ty, that
{d, s1,t1} is a triangle of M/ry. If M/ry/s; or M/ry/t; is 3-connected for
some i € {1,2}, then M has a contradictory N-detachable pair, so we
may assume otherwise. Observe that {si,s2} and {t1,t2} are distinct se-
ries classes of M/ri\d\u, otherwise X contains a 4-element cosegment of
M\d, contradicting Lemma Applying Lemma on M/ry, the ele-
ment so is also in a triangle that meets both {d,u} and {t1,t2}. If this
triangle contains wu, then S is contained in a 4-element fan of M/ry; a
contradiction. But otherwise we have that 7/, ({s1,s2,u,t1,t2}) = 4.
Since r; ¢ cl(E(M) — {ra,73,d}), the set {s1,s2,u,t1,t2} also has rank
four in M, implying that S U T is 3-separating in M \d, which contradicts
Lemma [4.12] N
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4.1.4. Let R, S, and T be distinct triads of M\d that meet X, where the
union of any two of these triads is not a cosegment of M\d. If [ RNSNT| =1,
then M has an N -detachable pair.

Subproof. Suppose that R = {ry,ro,u}, S = {s1,s2,u} and T = {t1,t2,u}
(see Figure 2d). Consider M/ti\d\u. Since {t;,t2} is a series pair
in M\d\u, the matroid co(M/t;\d\u) is 3-connected. Observe that
{r1,m2} and {s1, s2} are distinct series classes of M/t;\d\u. Now applying
Lemma [£5] to M /tq, either M has an N-detachable pair by Lemma

or M/t; has triangles {r1,si,u} and {re,s2,d}, up to relabelling. So
{r1,s1,t1,u} and {re,ss,t1,d} are circuits in M. By Lemma [£12] we
may assume that r({ri,r2,%1,%2}) = 4. Since s; € cl*({s2,u,d}), it fol-
lows that r({ri,r2,s1,t1,t2}) = 5. By symmetry, any 5-element subset of
{r1,72, 81, 82,t1,t2} is independent.

Consider now M /ts. Applying Lemmald5] we see that M contains circuits
{ri;sj,ta,u} and {ry,s;, ta,d}, where {i,i'} = {1,2} and {j,j'} = {1,2}.
Suppose j = 1. Then {ry,s1,ta,u} or {re, sy, to,u} is a circuit. In either
of these cases {t1,t2} C cl({ri,re,s1,u}), thus r({ry,re,s1,t1,t2}) < 4; a
contradiction. Similarly, if ¢ = 1, then {t1,t2} C cl({s1, s2,71,u}); a contra-
diction. So {r9, s2,t2,u} and {71, s1,t2,d} are circuits.

Now consider M /ry. Applying Lemma once more, we arrive at the
conclusion that {ry,ss} is an N-detachable pair unless so is in a triangle
with exactly one element from each of {d,u} and {t1,t2}. But the existence
of this triangle implies that s € clys/y, ({51,d,u,t1,t2}), and, due to the
circuits {r1, s1,t1,u} and {ry, s1,t2,d} of M, that ry;/,, ({s1,52,t1,t2}) = 3.
Hence, by Lemma [£12], M has an N-detachable pair. <

4.1.5. Let R, S, and T be distinct triads of M\d that meet X, where the
union of any two of these triads is not a cosegment of M\d. If |SNT| =1,
and |[RN (SAT)| =1, then M has an N-detachable pair.

Subproof. We may assume that TN R = () and |S N R| = 1. Thus, we have
triads R = {ry,ro,r3}, T = {t1,t2,t3} and S = {r3,s,t3} (see Figure 2d)).
We begin by handling the case where X consists of more than these three
triads.

4.1.5.1. If X —(RUSUT) # 0, then M has an N-detachable pair.

Subproof. Suppose that ¢ € X — (RUS UT). Recall that every z € X is
in a triad of M\d, so ¢ is in a triad Q. Suppose @ intersects one of the
triads R, S, or T, in two elements. Then RU S UT U ¢ is the union of three
triads that meet X: two triads that intersect in one element, and a third
triad disjoint from the other two. In this case L1.3] implies that M has an
N-detachable pair. So we may assume that () intersects each of the triads
R, S and T in no more than a single element. By Lemmas and 7] we
may also assume that () is not in a cosegment with R, S, or T, otherwise
M has an N-detachable pair.
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By 1.4 we have that {r3,t3} NQ = 0. T QN(RUSUT) = {s},
or QN (RUSUT) = 0, then @, R and T are disjoint, so M has an N-
detachable pair by .T.2l So we may assume, without loss of generality, that
QN{ty,ta} # 0. Now, if QNR = (), then R is disjoint from QUT, so M has an
N-detachable pair by [£.1.3] Thus we may assume, without loss of generality,
that @ = {q,r2,t2}. If there exists some other ¢/ € X — (RUSUT Uq),
with corresponding triad @', then again we deduce that Q" = {¢,r,t} for
r € {ri,ro} and t € {t1,t2}. Suppose {r,t} = {ro,t2}. Then {q,q',t2} is a
triad, so, by applying 1.3 using the triads R, {q,¢’,t2}, and T, we deduce
that M has an N-detachable pair. So we may assume that {r,t} # {ro,t2}.
But now, due to the disjoint triad S, we obtain an N-detachable pair at the
hands of either or B3l Therefore X C RUSUT Ug.

Next, we claim that, up to a cyclic shift on the labels given to R, S, T,
and @), we may assume that S is not in a 4-element fan in M\d/q. Observe
that R and T are disjoint triads, as are S and Q. By 1.1l we may assume
that M(R,T) = N(S,Q) = 1. If S is in a 4-element fan in M\d/q, then,
by orthogonality, there is a 4-element circuit C = {q, ¢2,5’,s"} in M\d for
g2 € Q —qand s, s" € S. Moreover, s € {s',s"}, for otherwise C' intersects
either R or T in a single element, contradicting orthogonality. Again by
orthogonality, C' contains either {to,t3} or {ra,73}.

Due to symmetry, if R is not in a 4-element fan in M\d/t1, then, after a
cyclic shift on the labels R, S, T, and Q, the claim holds. So, repeating the
argument used on .S and @, but this time for R and 7', we reveal a circuit
containing {r1,t1} and either {rq,to} or {rs,ts3}. Without loss of generality,
we may assume that M\d has circuits {s, q,t2,t3} and {t1,t2,71,72}.

By Lemma we may assume that ryp (QAT) = 4. So 7ppq(Q U
T) < 5, and it follows, due to the existence of the circuits {s,q,t2,t3} and
{t1,t2,71,72}, that rypqe(X’ —r3) < 5 where X' = RUSUT UQ. But
since each element of {s,t1,71,q} is in a triad of M\d where the other
elements are in X’ — {s,t1,71,q}, we have r(E(M\d) — X') < r(M\d) — 4.
Since Ay q(X) = 2, it follows, by uncrossing, that A\ypq(X’) = 2, and we
deduce that (X' — r3,{rs}, E(M\d) — X') is a cyclic 3-separation of M\d.
Thus co(M\d\r3) is not 3-connected, implying that r3 ¢ X. Now, for every
z € X'—r3, we have x € cl(X'—{rs, z})Ncljp o (X' —{r3, 2}), so X' —{r3, }
is not 3-separating. As X is 3-separating, |X| < | X’ —r3) —1 = 6. By
Lemma 7 X = {rq,r,s,ts, t;} for some i € {1,2}. But then X does not
contain a triad; a contradiction. This proves the claim, so henceforth we
assume that S is not in a 4-element fan in M\d/q.

Now we are in a position where we can apply Tutte’s Triangle Lemma
on the 3-connected matroid M\d/q. We have two possible scenarios: either
M\d/q/rs and M\d/q/ts are 3-connected, or M\d/q/s is 3-connected. As-
sume that the first of these possibilities holds. Then M /g contains triangles
{d,r',r3} and {d,t3,t'}, say.
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Suppose that the triangles {d, ', r3} and {d, t3, '} coincide; that is, ' = ¢3
and t' = r3. Now {d,rs,t3} is a triangle and a triad of M/q\s, so it is
2-separating and, by Bixby’s Lemma, M/q/s is 3-connected up to parallel
pairs. However, s is not in a triangle of M /q and thus M/q/s is 3-connected.
Hence, by Lemma m M has an N-detachable pair. Therefore we may
assume that {d,r’,r3} and {d,t3,t'} are distinct.

Now, by the circuit elimination axiom, there is a circuit of M /q contained
in {rs,ts,r’,t'}. By orthogonality with R and T', we deduce that {rs, 3,7/, ¢}
is a circuit of M\d/q where v’ € {ry,ro} and t' € {t1,t2}.

We now switch to the dual: let M’ = M*/d and consider M’\q\s. Since
the triangle S is not in a 4-element fan in M’\g, the matroid M'\¢\s does
not have any series pairs. Suppose that (A, B) is a 2-separation of M'\q\s.
We may assume that r3 € A and t3 € B, for otherwise we would have
s € clyng(A) or s € clyng(B), which would imply that M'\q has a 2-
separation; a contradiction. So |RNA| > 2 and |TNB| > 2, for otherwise r3 €
clyng(B) or t3 € clpng(A) in which case again M'\q has a 2-separation.
By Lemma BI7 (fcl(A),B — fcl(A)) and (A — fcl(B), fcl(B)) are also 2-
separations. Hence we may assume that R C A and T C B.

Let X' = XU (RUSUT), and observe that X’ is 3-separating in M’ by
uncrossing. Let W = E(M'\¢\s) — X'. As |WW| > 3, we may assume that
|AN W] > 2. Denote Ayng\s by A. By the submodularity of \, we have

AMANW) + AAUW) < MA) + A(W) = 3.

So either ANW or AUW is 2-separating in M'\q\s. The first possibility
implies that (X' —{q, s})UB is 2-separating, but since s € cly,(X'—{g, s}),
this implies that ANW is a 2-separation in M’\g; a contradiction. So AUW
is 2-separating in M’\q\s.

Now BNX'is a triangle in M'"\¢\s, implying that 5, (AUW) = r(M')—1.
Note that since X’ — g is 3-separating in the 3-connected matroid M’\gq, and
s € cly (X" — {q,s}), we have that X' — {q, s} is exactly 3-separating in
M'\q\s, otherwise M'\q is not 3-connected. If X' — {q, s} has rank three
in M’, then ry;(RU S) = 3, contradicting Lemma So X' —{q, s} has
rank four, and (W) = r(M’) — 2. Pick r so that {r,r'} = {r1,re}. If
r ¢ X, thenr € cly; (X), sor ¢ cly(W). On the other hand, if r € X, then
r & clpp (W), for otherwise si(M’/r) fails to be 3-connected; a contradiction.
So (W Ur) =r(M')—1. As rg is in the cocircuit {r’,#',r3,t3}, it then
follows that rpp (W U {r,r3}) = r(M’). But this is contradictory, since
ra(AUW) = r(M')—1. We are left to conclude that M'\q\s is 3-connected.

Returning to the application of Tutte’s Triangle Lemma, we now have
that M\d/q/s is 3-connected. So either M/q/s is 3-connected, in which
case M has an N-detachable pair by Lemmam or {d,s,r'} is a triangle
in M/q. But since {d,r1,7r9,73} and {d,t1,te,t3} are cocircuits of M/q,
orthogonality implies that " € RN T'; a contradiction. |
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Let X’ = RUSUT and W' = E(M\d) — X’. With £ T.51] in hand, we
henceforth assume that X C X’. The next step is to show the following:

4.1.5.2. Suppose that M\d/ta/ts has an N-minor. If the triad S is closed
in M\d/ty, then M has an N-detachable pair.

Subproof. Suppose that S is closed in M\d/ty. Clearly M\d/ts is 3-
connected when ty € X. Suppose ty ¢ X. We may assume that T'—ty C X,
by Lemma L7l Then (X, {to}, E(M\d) — (X Uty)) is a cyclic 3-separation
of M\d, so si(M\d/t2) is 3-connected, by Bixby’s Lemma. But t3 is N-
contractible in M\d, so it is not contained in an N-grounded triangle. Since
every triangle of M is N-grounded, we deduce that M\d/ty is 3-connected.

Now, by Tutte’s Triangle Lemma, either

(I) M\d/ta/ts and M\d/ta/s are 3-connected, or
(IT) M\d/ty/rs and M\d/ts/s' are 3-connected, but M\d/ts/s" is not
3-connected, for some {s',s"} = {s,t3}.

We first establish some properties that hold in either case. Observe that
Mty is 3-connected, since M\d/ts is 3-connected and {t2,d} is not con-
tained in a triangle of M. We may assume that r}‘w\d(X) = TM\d(X’), by
Lemma [£7l Hence TL\d(W/) > 3.

Our first claim is that we may assume that d is not in a triangle of
M /ty with two elements from S. Suppose d is in such a triangle U. By
orthogonality, 73 € U. Solet S — U = {s'} and let U = {d,rs3,s"}, where
{s',s"} = {s,ts}. Since E(M/ty) — (S Ud) is a hyperplane of M/ts\s', we
have that (U, E(M/t2\s") — U) is a 2-separation in M /to\s', so co(M /t2\s')
is not 3-connected. By Bixby’s Lemma, si(M/ts/s’) is 3-connected. If
M /ty/s’ is 3-connected, then M has an N-detachable pair as required (us-
ing Lemma EL9(i)| when s’ # t3). Otherwise, if M/ty/s' has a parallel pair
that does not contain d, then, by orthogonality, S is not closed in M\d/ts;
a contradiction. Suppose M/ty/s’ has a parallel pair {d,q}. Then M/to
has triangles U and {s’,d, q}, so, by circuit elimination, S U ¢ contains a
circuit of M /ta. Since S is closed in M\d/ta, the set S contains a circuit of
M /ty. But then S is a triangle and a triad of M\d/ta, so this matroid is
not 3-connected; a contradiction. This proves the first claim.

Let s € {t3,s} such that M\d/ty/s" is 3-connected. Then either
M /ty/s" is 3-connected, in which case M has an N-detachable pair (us-
ing Lemma .9(i)| when s’ = s), or there exists a triangle {s’,d,a} in M/ts.
As d blocks the triad R of M\d, the set RUd is a cocircuit in M /te, and
so, by orthogonality, @ € R. Since d is not in a triangle of M/ty with
{s’,r3} C S, we have that a # r3. Thus {d, s, a} is a triangle of M /ty for
some « € {ry,ra}.

Suppose (I) holds. Since M\d/ty/ts and M\d/ts/s are 3-connected, we

may assume that M /to has triangles {d,t3, o} and {d, s, 5} for some «, 3 €
{r1,r2}. By circuit elimination, {«, 3, s,t3} contains a circuit of M/ty. It
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follows by orthogonality that {«, 3} = {r1,r2}, so we may assume that
{d,t3,r1}, {d,s,ra}, and {r1, 72, s,t3} are circuits in M/ts. As S and R are
triads of M/t2\d, we have that ry;/,\g(W' Ut1) < r(M/t\d) — 2. But now
o, (WU ) < r(M/ta\r3) — 2 and 7y, ({71,772, 5,t3,d}) = 3, so that
)‘M/tz\r3({rlvr27 Svti’nd}) <L

By Bixby’s Lemma, si(M/to/r3) is 3-connected, hence either M /ty/rs is
3-connected, in which case M has an an N-detachable pair by Lemmam
or 73 is contained in some triangle U of M /ts. Since RUd and SUd are both
cocircuits of M /ty containing r3, orthogonality and the fact that S is closed
in M\d/ty implies that U also contains d. The final element of U cannot be
in {s,t3}, and also cannot be in {ry,r2}, otherwise (RUSUd, W' Ut) is a
2-separation of M /ty. So either U contains t1, or U meets W’.

We first consider the latter case. Let U = {d,r3,w} for w € W'
Then {ta,d,r3,w} is a circuit of M, and, by circuit elimination with
{t2,d, s, 2}, we have that {rs,rs,d, s,w} contains a circuit. But d € cl*(T),
so {rs,ra,s,w} is a circuit. Since {w,r3} is a parallel pair in M\d/s/rs,
which has an N-minor by Lemma m w is N-deletable in M\d. As
co(M\d\w) is 3-connected and M has no N-detachable pairs, w is in a
triad of M\d that contains an element y € {s,72,r3} and an element
w e W —w. If y € X, then co(M\d\y) is 3-connected; a contradiction. So
y € {s,r2,73} — X. By orthogonality between the triad {y,w,w’} and the
circuit {rq,rs, s,ts} of M/ty, we deduce that y = r3. Now (RUS)—r3 C X.
If RUT contains a 4-element cosegment, then by orthogonality with the
circuit {rs,rs,s,w}, the cosegment is T'U ry. But then {d,r,ts,t3} is a
cocircuit of M that intersects the triangle {d,s,r2} in a single element; a
contradiction. As X contains a triad, it now follows that T' C X, and hence
X=X r— r3.

Now M /ry/rs has an N-minor by Lemma E(i)l In what follows, we
frequently use the fact that no triangle of M meets X, and r3 ¢ cl(X), for
otherwise A\ypg(X Urz) = 1. Observe that (X —ri,{rs},W’) is a cyclic
3-separation in the 3-connected matroid M\d/r1, so si(M\d/ri/r3) is 3-
connected. If {rq,r3} is contained in a 4-element circuit C' of M, then, by
orthogonality, either d € C, or C' contains an element in {w,w'} and an
element in {s,t3}. If w € C, then by circuit elimination with {re,rs, s, w},
the set R U S contains a circuit, in which case, by orthogonality, RU s is a
circuit; a contradiction. If w' € C, then w’ € cl(X'Uw)Neljp 4(X'Uw), where
X' Uw is 3-separating since w € cl(X'); a contradiction. So d € C. Now
C ={ry,rs,d,t;} forsomei € [3]. If i = 2, then RU{s, t2} contains a circuit,
by circuit elimination with {d, s, r2,t2}, in which case, by orthogonality, this
circuit is RUs; a contradiction. On the other hand, if i = 3, then, by circuit
elimination with {d,ts,r1,t2}, the set {ri,rs, to,t3} is a circuit, which is
again contradictory. So C' = {ry,rs,d,t1}, in which case T'U {r1,r3} is a
circuit, by circuit elimination with {d, t3,r1,t2}. This circuit cannot contain
r3, so T'Ury is a circuit, contradicting orthogonality. We deduce that {ry,rs}
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is not contained in a 4-element circuit of M, so M /ry/rs is 3-connected, and
hence M has an N-detachable pair.

Now we may assume that the triangle U is {d,t1,r3}. Note that W’ and
W'Uty are each exactly 3-separating in M /to, and thus t1 € clpz/y, (RUSUd)N
clarye, (W'). Suppose that M /ts\ry is not 3-connected. Then, as M /t; has no
series pairs, M /to\rs has a non-trivial 2-separation (P, Q). By Lemma 317,
we may assume that the triad {d,r,r3} is contained in P. Likewise, as
{d,ts,r1} is a triangle in M/ts\re, we may assume that t3 € P, and, as
S Ud is a cocircuit, that s € P. But ry € clyzyy, ({s,d}), so (PU72,Q) is a
2-separation in the 3-connected matroid M /ts; a contradiction. So M /to\ro
is 3-connected.

By Bixby’s Lemma, M /t2\r2\t1 is now 3-connected unless ¢; is in a triad I'
of M/ts\ro that meets both W’ and {ry,rs,d, s, t3}. Let TNW’' = {w}. If
d ¢ T, then, as ' U ry is a cocircuit of M/te, orthogonality implies that
this cocircuit intersects the triangles {d, s,r2} and {d,t1,r3} in at least two
elements; a contradiction. So we may assume that I' = {w,d,t;}. But,
recalling that {d,t3,r1} is a triangle of M /to, this also contradicts orthogo-
nality. Therefore M /to\r9\t1 is 3-connected.

Suppose that M\ry\t; is not 3-connected. Then M has a cocircuit C* =
{t1,t2, 79,0} where § € {rq,ts,d}, by orthogonality. Recall that M has the
following cocircuits: Cr =T Ud, Cr = RUd, and Cg = SUd. If § € Cg,
then r; € C*UCsUCr so that W' = E(M) — (C*UCsUCpUCR) is a flat
of rank at most (M) — 4. If § € Cg, then 6 = rq, so that s ¢ C*UCrUCrp,
again implying that W’ is a flat of rank at most r(M) — 4. But W' is
exactly 3-separating in M, and, due to the triangles {d,t3,m1}, {d,s,r2},
and {d, t1,73} of M/ts, we have rj(X’) <5, contradicting the fact that M
is 3-connected. So M\r3\t; is 3-connected.

It remains to show that M\r9\t; has an N-minor. First we show that
X = X'. Recall that {ry,rs,s,t3} is a circuit of M/ty. By orthogonality,
{r1,72,8,t3,t2} is a circuit of M. Recall also that {d,t1,r3} and {d,s,ro}
are triangles of M/te. By circuit elimination, M has a circuit contained
in {t1,ts,s,7r9,r3}. By orthogonality, and since each triangle of M is N-
grounded, {t,t2,5s,72,73} is a circuit of M. So r(X’) < 5. Now

Mna(X') = r(X7) ‘H’L\d(X,) — X7
<B54d—T=2

Hence r(X’) = 5 and r&\d(X’) = 4. Moreover, for each z € X', we have
z € (X' — ) Neljp (X" — ), so X' — =z is not 3-separating. Suppose
X ; X'. Then, by Lemma 7 and since X contains a triad, we may
assume that |X| = 5, and hence r(X) > 4. But r*(X) = r*(X’) = 4, so
And(X) > 3; a contradiction. We deduce that X = X'.

Now 79,t1 € X and 79 € cl(X — {ro,t1}). Hence {ry,t;} is an N-
detachable pair by Lemma LI0l This proves when (I) holds.
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Now suppose (II) holds. Since M\d/to/rs is 3-connected, either M has
an N-detachable pair, or there exists a triangle {d, rs, v} in M /t5. For some
{s',5"} = {s,t3}, the matroid M\d/ty/s" is 3-connected but M\d/ty/s" is
not 3-connected. Since M\d/to/s’ is 3-connected we may assume that M /to
has a triangle {d, s’, a} for some a € {r1,r2}. Without loss of generality let
o =T7T1.

Consider M/ty/s"”. 1f this matroid is 3-connected, then M has an N-
detachable pair (by Lemma m when s” = s). So we may assume that
M /to/s" is not 3-connected. Note that there are no triangles in M /ty that
contain s” but not d, by orthogonality and since S is closed in M\d/ts.
Thus, if M/ty/s” is 3-connected up to parallel classes, then this matroid has
only a single parallel pair, which contains d, so M\d/ts/s” is 3-connected; a
contradiction. So M/ts/s” has a 2-separation (P, Q) where we may assume
that either P or @ is fully closed, by Lemma [BI7 Thus, to begin with,
we may assume that the triangle {d,s’,71} C P and P is fully closed. Now
r3 ¢ P, as otherwise s” € clj, Jt,(P), which would result in a 2-separation
(PUS",Q) in M/ts. Sors € Q and thus {7,723} C @ as well, since {d, r3,v}
is a triangle and R U d is a cocircuit. But now d € clyy, s (Q), and
T € Cl?\/]/tz/s”(Q U d)? so that (Pla Q/) = (P - fClM/tz/s”(Q)7fClM/tz/s”(Q))
is a 2-separation of M/ts/s” in which RU {s',v,d} C Q'. But now s” €
cliy ), (@) and (P',Q" U s") is a 2-separation in the 3-connected matroid
M /ts; a contradiction. This completes the proof of [ |

4.1.5.3. Suppose that M /t1/ts and M /ty/ts have N-minors, and M has no
N-detachable pairs. Then, for each t € {t1,t2}, there exists wy € E(M\d)
such that S U {t,w;} contains a circuit. Moreover, if wy, ¢ X', then

o {s,ta,t3,wy,} is a circuit,

o {y,wy,,w'} is a triad of M\d for some y € {s,ta,t3} — X and w' €
W' — Wty ,

o wy, € X', and

o cither RUty is a cosegment of M\d, or X = X' —y.

Subproof. By and symmetry, there exists w; € E(M\d) — (S U t)
such that S U {w,t} contains a circuit, for each ¢ € {t1,t2}. Suppose that
wy, ¢ X'. Then, by orthogonality, {s,ta,t3,ws,} is a circuit. Note that
M\d/s/ts has an N-minor by Lemma EL9(i)| so wy, is N-deletable in M\d.
Since co(M\d\wy, ) is 3-connected and M has no N-detachable pairs, wy, is
in a triad of M\d that contains an element y € {s,t2,t3} and an element
w' € W —wy,. If y € X, then co(M\d\y) is 3-connected; a contradiction.
Soy € {s,ta,t3} — X.

Suppose that wy, ¢ X’. Then, by symmetry, {s,t1,t3,we, } is a circuit,
and wy, is in a triad {y”, wy, ,w"} for some y” € {s,t1,t3} and w” € W —wy,.
If wy, = wy,, then T"U s contains a circuit, by circuit elimination. By
orthogonality with the triad {y, wy,,w’}, this circuit is a triangle. But this
triangle meets X; a contradiction. So wy, # wy,. If y # y”, then, as
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y,y"” ¢ X and by Lemmal[L7] we may assume that {y,y"} = {s,t2}, soy = to
and y” = s. But then the triad {s,wy,,w”} meets the circuit {s, to, t3, w, },
so wy, = w” by orthogonality. Now wy,,w” € cl(X'). Hence X' U wy, is
3-separating, but then, due to the triad {y”, wy,,w"”}, we have that w” €
(X" Uwy, ) Neljp 4(X Uwy, ). Since M\d is 3-connected, this implies [W'| =
3, but then W' is a triangle, contradicting that r*(W’) > 3. We deduce that
y = y”, and hence y € {s,t3}. Now, by orthogonality between the circuit
{s,t1,t3,wy, } and the triad {y, w,,w’}, we have wy, = w’. As before, since
Wiy, wy, € cl(X') and wy, € cljpg(X" U wy,), this is contradictory. This
proves that w;, € X'.

Recall that TL\d(X) = rj/[\d(X’). Suppose that TL\d(X) > 4. Then
the triad I' contained in X is either R, S, or T. Suppose also that |X| < 5.
Then 7(X) < 3, since Ayp\q(X) = 2. Since X does not contain any triangles,
I"'U x is a circuit for every x € X — I'; but this contradicts orthogonality.
We deduce that | X| = 6, and hence X = X' — y.

Now suppose TL\d(X) = 3. Then {t3,73,71} cospans X’ in M\d, so
{ts,73,7r1,t1} contains a cocircuit. By orthogonality, this cocircuit does not
meet the circuit {s,t9,t3,wy, }, so {r1,rs,t1} is a triad, and hence R Ut is
a cosegment of M\d as required. ]

4.1.5.4. Fither M has an N-detachable pair, or, up to swapping R and T,
for each i € {1,2} there exists wy;, € X' such that S'U {t;,w,} contains a
circust.

Subproof. Suppose that M /t;/ts does not have an N-minor for some i €
{1,2}. Then, by Lemmal.9(ii)] we may assume that M /ry/r3 and M/ro/rs
have N-minors, for otherwise M has an N-detachable pair. So, up to swap-
ping R and T', we may assume that M /ty/ts and M /ty/ts have N-minors.

Now, by . 1.5.2] we may assume that for each i € {1,2} there exists wy,
such that S U {t;,wy,} contains a circuit. If {wy,,w,} € X', then A I54
holds; so assume that wy, ¢ X’. Then, by LI53, w; € X', and either
R C X, or RUt; is a cosegment of M\d. In either case, Lemma
implies that M/r;/rs has an N-minor for each i € {1,2}. By and
symmetry, for each i € {1, 2} there exists w,, such that SU{r;, w,,} contains
a circuit. If {w,,w,,} C X', then LT.5.4] holds, after swapping R and 7.
So we may assume, without loss of generality, that w,, ¢ X'.

We can now apply E.1.5.3] a second time, with R in the role of T". Then
{s,72,73, Wy, } is a circuit and {y”, w,,,w"} is a triad of M\d for some 3" €
{s,r2,73}—X and w” € W' —w,,. By orthogonality, RUt; is not a cosegment
of M\d, so R C X, and hence y” = s. If w,, # wy,, then, as {s, ta,t3, wy, } is
a circuit, w” = wy,, so {s,wy,, wy, } is a triad. Then X’ Uw,, is 3-separating,
and wy, € (X" Uwy,) Ncljp o(X"Uwr,); a contradiction. So wy, = wy,.
Now, by circuit elimination, S U {t3,72} contains a circuit. Since wy, € X',
this completes the proof of L. 1.5.4] |
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4.1.5.5. We may assume that both S U {r1,t1} and S U {rq,t2} contain
circuits of M\d.

Subproof. Suppose that S U t; contains a circuit in M\d/ty. As r3 €
lipase, ({r1,72}), the set {t1,t3,s} is a triangle in M\d/t;. Hence
{t1,t2,t3, s} is a circuit of M\d. But now (T, {s}, E(M\d)—(T'Us)) is a ver-
tical 3-separation, and M\d/s is not 3-connected; so s ¢ X. By Lemma [4.7],
we may assume that S —s C X and |T'N X| > 2. Then, by uncrossing,
X UT is 3-separating. But s € cl(X UT) Nclyp 4(X UT); a contradiction.
By 154 we may assume that, for each i € {1,2}, there exists w;, € X’
such that S U {t;,wy, } contains a circuit. From the previous paragraph, and
symmetry, wy, , wy, € {r1,m2}. Now, up to swapping the labels on r; and ry,
holds unless 71 is in a circuit C; contained in SU{t1, 1} and a circuit
Cy contained in S U {t2,71}. Suppose we are in the exceptional case. Note
that SUr; does not contain a circuit, by orthogonality and since no element
of X is in a triangle. So Cy # (5. By circuit elimination, there is a circuit
contained in S U {t1,t2}; a contradiction. This completes the proof. |

By EI55L {ri,rs,t1,ts} and {re,rs,te,t3} each contain circuits in
M\d/s. In fact, by orthogonality and since no triangles meet X,
{r1,73,t1,t3} and {ro,r3,te,t3} are circuits of M\d/s. If {ry,rs,t1,t3} and
{ra,r3,t2,t3} are circuits of M\d, then R and T are disjoint triads of M\d
with M(R,T) = 2, so M has an N-detachable pair by [L.I.Tl So we may also
assume that s € cl(X' — s).

Observe now that x € cl(X’ — z) for each x € X'. If X # X', then
by Lemma .7 and uncrossing, there exists some element z € X' — X for
which X’ — z is 3-separating. But X’ is 3-separating and = € cl(X’' — x) N
cl}‘w\d(X’ — x) for each x € X'; a contradiction. We deduce that X = X.

4.1.5.6. We may assume that {r,t1,s,d}, {re,ta, s,d} and {rs,ts,s,d} are
circuits of M.

Subproof. Suppose C'is a 4-element circuit of M \d containing s. By orthog-
onality, |[C'N X| > 3. Suppose C' — X = {w}. Then w € clypq(X) — X. By
Lemmam w is N-deletable in M\d, so M has an N-detachable pair by
Lemmal4.1Tl So we may assume that C' C X. If 7' C C, then T is a triangle
and a triad of M\d/s, contradicting that this matroid is 3-connected. So
T ¢ C and, similarly, R ¢ C. But now either [T'NC| =1 or |[RNC| = 1, con-
tradicting orthogonality. Hence, for each x € X — s, the matroid M\d/s/z
has no parallel pairs.

Suppose M\d/s/ts is not 3-connected. Then it has a non-trivial 2-
separation (P, Q). In what follows, Lemma [B.I7 will be used freely. We may
assume that R C P and P is fully closed in M\d/s/ta. Now t3 € @, as other-
wise (PUs, @) is 2-separating in M\d/te. Moreover, t; € Q as {t1,t3,71,7r3}
is a circuit in M\d/s/ta. But now t3 € clypg/s(Q) and (P,Q U ta) is 2-
separating in M\d/s. Therefore M\d/s/ty is 3-connected.
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By symmetry, M\d/s/t;, M\d/s/r1 and M\d/s/ry are 3-connected. A
similar argument also gives that both M\d/s/r3 and M\d/s/t; are 3-
connected. Thus, by Lemma mﬂ and since X = X', the element d is
in some triangle with every element from X — s in the matroid M/s. By
orthogonality, these triangles intersect R and T in a single element each.
As {ry,t1,73,t3} and {rq,ts,73,t3} are circuits in M/s, the only possi-
ble arrangement is that {ri,t;,d}, {ro,t2,d} and {rs,ts,d} are triangles
of M/s. [ |

We now work towards showing that M\t;\rs is an N-detachable pair.
First, suppose that M\t;\ry has a series pair. Then there is a 4-element co-
circuit of M containing {t1,r2}. By orthogonality, either this cocircuit meets
{d, s}, in which case the other two elements are from the circuit {d, s, t3,73},
or the cocircuit is {t1,ta,71,72}. In the latter case, X C cl*M\d({tl,tg,rl}),
SO r}‘w\d(X) = 3. But as r(X) = 5 and |X| = 7, the set X is 2-separating
in M; a contradiction. Similarly, if {¢1,72, 21, 22} is a cocircuit for distinct
21,29 € {s,t3,73}, then again r}‘w\d(X) = 3; a contradiction. So we may
assume that {t1,79,d, 2} is a cocircuit for z € {s,t3,r3}. By orthogonality
with the circuits {ry,rs,t1,t3} and {rq,rs, to,t3}, we see that z # s. Now
{s,r1,t1, 2} © clypg({re, 73, 13}), so TL\d(X) = 3; a contradiction.

Now we may assume that if M\t;\re is not 3-connected, it has a
non-trivial 2-separation (P,@). By Lemma BI7] we may assume that
{ri,r3,d} C P. If t3 € P, then {s,to} C P, and it follows that
(P U{t1,m2},Q) is a 2-separation in M; a contradiction. So t3 € @, and,
similarly, {s,t2} C Q. But now, (Q',P") = (fcl(Q), P — fcl(Q)) is also a
2-separation, where r3 € @', hence r1 € @', so (Q U {t1,r2},P’) is a 2-
separation of M; a contradiction. We deduce that M\t1\rz2 is 3-connected.
By Lemma [LT0l {¢1,79} is an N-detachable pair. This completes the proof
of <

4.1.6. Let R, S, and T be distinct triads of M\d that meet X, where the

union of any two of these triads is not a cosegment of M\d. If |SNT| =1,
and [RN(SUT)| =2, then M has an N-detachable pair.

Subproof. Since the union of any two of R, S, and T is not a cosegment,
IRNS|=|SNT|=|RNT|=1and RNSNT =10. Let S = {s1,52,3},
T = {t1,ta,t3} and R = {s1,t1,7} (see Figure 2¢]).

4.1.6.1. If X — (RUSUT) # 0, then M has an N-detachable pair.
Subproof. Suppose x € X — (RUSUT). As co(M\d\x) is 3-connected, we
may assume z is in a triad I' C X, otherwise {d, z} is an N-detachable pair.
By E1.3l and ET.5] we may assume that I' intersects each of R, S and T. If
I" intersects R, S, or T in two elements, then M has an N-detachable pair

by EI5 Now, I' € {{z,t3,7},{z,s1,t2},{x,t1,s2}}. By £14, M has an
N-detachable pair in each case. |

Now suppose that M has no N-detachable pairs.
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4.1.6.2. Either X = RUSUT or X = (RUSUT)—z for some z € {t1,t3,51}.

Subproof. By ELEI, X C RUSUT. Suppose X G RUSUT, and r ¢ X.
Then X U S UT is 3-separating, by Lemma 7 and uncrossing, but this
3-separating set is just S U T, contradicting Lemma By symmetry,
we deduce {r,s2,t2} € X. Now, if z ¢ X for some z € {t1,t3,s1}, then
X =(RUSUT) — z by Lemma (.7, thus proving <4

Let X' = RUSUT, and observe that Ay 4(X') = 2.

4.1.6.3. For each x € X, if M\d/x contains a triangle that meets X — x,
then this triangle is {x',z,w} where 2’ € X —z, 2 € X' — X, and w ¢ X'.

Subproof. Suppose that for some z € X, there is a triangle U of M\d/z that
meets X —x. Then UUz is a 4-element circuit C' of M\d. By orthogonality
with R, S, and T, we have |C N X'| > 3. Suppose |C N X'| = 3 and
let C — X' ={w}. UCNX C X, then w € cl(X) — X, and w is N-
deletable in M\d by Lemma m contradicting Lemma [4.111 By [4.1.6.2]
CNX' ={2/,z,2} where 2’ € X —z and z € X' — X, as required.

Now suppose that C C X'. If C' ¢ X, then z € C where z € X' — X,
and z € clyng(X) — X. But z € cljy 4(X) — X, contradicting Lemma
So C C X. By orthogonality and Lemma .12, C contains one of R, S,
or T. Let y € X — C. Since \ypq(X') = 2, we have rynq(X’) = 5. So
y ¢ china(X' —y). Asy € cljp (X' —2z)Nelyp  (E(M\d) — X'), we see that
co(M\d\y) is not 3-connected; a contradiction. So C' ¢ X'. [ |

Since TL\d(X) = 3 and A\ppq(X) = 2, the set X contains a circuit of
M\d. Suppose that X properly contains a circuit C. By E1.6.3] |C| > 5, so
|X|=6and |C| =5. Let X —C = {y}. Then y € cI*(C) and y ¢ cl(C), so
(C.{y}, E(M\d) — X) is a cyclic 3-separation of M\d. Hence co(M\d\y) is
not 3-connected; a contradiction. We deduce that X is a corank-3 circuit.

Combining B1.6.3] and two applications of the dual of Lemma [3.16, it
now follows that, for all distinct z,2’ € X, either M\d/x/x" is 3-connected,
or there is a 4-element circuit {z,2’, z,w} of M\d, where z € X’ — X and
w € E(M\d) — X'. By symmetry, we may assume that X = X' — sq,
so z = s1. By orthogonality, {¢1,ts,2,w} is not a circuit of M\d for any
w € E(M\d)— X'. Similarly, neither {¢;,r, z,w} nor {to,r, z,w} is a circuit
of M\d for any w € E(M\d) — X'. Since neither {t1,t2}, {t1,7}, nor {to,r}
is an N-detachable pair, there are distinct 4-element circuits C7, Co, and
C3 of M containing {d,t1,t2}, {d,t1,7}, and {d,t2,7}, respectively. By
orthogonality with the cocircuit {s1, s2,t3,d} of M, the circuits C7, Co, and
C5 each meet {sq,s9,t3}. There exists an element y € {s9,t3} that is in at
most one of these three circuits. By circuit elimination on two circuits not
containing y, the set X’ —y contains a circuit of M\d, so ryp (X' —y) < 4.
As mpypa(X') = 5, it follows that y ¢ clyp (X' —y), soy € cl*M\d(X’ —y) by
Lemma34l Now (X' —y,{y}, E(M\d)—X') is a cyclic 3-separation of M\d.
Hence co(M\d\y) is not 3-connected, where y € X; a contradiction. <
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We now return to the proof of Theorem Il Suppose that M has no
N-detachable pairs. Then every x € X is in a triad of M\d. As |X| > 4,
there are distinct triads S and T that meet X, and SUT is not a cosegment,
by Lemma 4.6l Suppose S and T meet at an element in X. As |SNT| =1,
Lemma implies that Appq(SUT) > 2. By uncrossing and Lemma [4.7]
the set X USUT is 3-separating. Thus, there exists some r € X — (SUT),
where r is in a triad R.

First, suppose that every such r is such that either S Ur or T'U r is
a cosegment. Without loss of generality, let S Ur be a cosegment. Now
SuUr ¢ X, by Lemma L6 so S contains an element z not in X. Since
(S —z)Ur and T are triads that intersect in one element, 77U (S — z) Ur
is not 3-separating by Lemma As the union of this set and X is 3-
separating, by uncrossing, there exists some r’ € X —(SUT'Ur), where either
SUr" or TUr is a cosegment. If SU7’ is a cosegment, then (S —z)U{r,r'} is
a 4-element cosegment contained in X, contradicting Lemma So T Ur’
is a cosegment. Now T U7’ is not contained in X, by Lemma H.6], so there
is an element 2/ € T — X. As (T'—2')Ur’ and (S — z) Ur are triads
that intersect in one element, repeating the argument above we deduce an
element r” € X such that either (T'— 2') U {r',r"} or (S — 2) U {r,r"} is a
4-element cosegment contained in X; a contradiction.

Now we may assume that neither S U r nor T'U r is a cosegment. So
r is in a triad whose intersection with S or T has size at most one. By
413l R intersects S UT; then by 4.1.5, R intersects both S and T. Now
IRNS|=|RNT|=1,s0 |[RN(SUT)| #1bydI4d and |[RN(SUT)| # 2
by This contradiction implies there are no two triads S and T that
meet X, and intersect at a single element in X.

Next, we claim that either X is the disjoint union of two triads, or X is
a b-element subset of the disjoint union of two triads. Certainly X contains
a triad S of M\d, and there is a triad T" that meets X and is disjoint from
S. By Lemma L7, [TNX| > 2. If X — (SUT) =0, then the claim holds.
So suppose that X — (SUT) is non-empty. Then there is a triad R, distinct
from S and T, that meets X. So |[RN X| > 2. If R and T are disjoint,
then M has an N-detachable pair by 1.2} whereas if R intersects T in
one element not in X, then R UT is not a cosegment, by Lemma [Z6] so
M has an N-detachable pair by LT3l Hence [RNT| = 2, and RUT is
a 4-element cosegment. By Lemmas and A7 (RUT)— X| = 1. Let
T"=(RUT)N X. Now 7" and S are disjoint triads contained in X. If
X — (SUT’) is non-empty, then there is another triad R’ that meets X, and
neither R U S nor ' UT’ is a cosegment, by Lemma So if R’ meets
S or T”, it does so at a single element in X; a contradiction. On the other
hand, if this triad is disjoint from S and T”, then this contradicts We
deduce that SUT’ = X, as required.

So we may assume that X is contained in the disjoint union of two triads S
and T, and |X| € {5,6}. By EI1l N(S,7) = 1. Let X' = SUT, let
W' = E(M\d) — X', and observe that A\yp4(X’) =2 and 7(X') = 5.
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4.1.7. For all 2-element subsets S" C S and T" C T such that S # SN X
and T' AT NX,

NS, T) =S, W) =n(T",S) =n(T",W') = 0.

Subproof. Let S — S’ = {s}, and note that s € X. Suppose M(S",T) =1, so
r(TUS") =4. Asr(W'Us) =r(W')+ 1, the set W' U s is 3-separating in
M\d, implying that s € clj, (W), But then co(M\d\s) is not 3-connected;
a contradiction. So M(S’,T) = 0.

Similarly, suppose M(S', W') = 1, so r(W'US’) = r(W')+1. Asr(TUs) =
4 and 7(X') = 5, we have \ypqa(T' U s) = Aypg(X') = 2, implying that
s € cljp 4(T); a contradiction. By symmetry, M(1", S) =N(T",W') =0. <

Now, if |X| = 6, then [£1.7] implies that X is a corank-3 circuit in M\d.
Suppose that | X| = 5. Without loss of generality, let 7' C X and s € S — X.
If X is not a circuit, it contains a 4-element circuit, since no element of X is
in a triangle. It follows that (S —s)U (T —t) is a circuit for some ¢ € T'. But
then ((S —s)U(T —t),{t}, E(M\d) — X) is a cyclic 3-separation of M\d,
implying that co(M\d\t) is not 3-connected; a contradiction. Moreover,
note that s ¢ cl(X) in this case. So, if | X| € {5,6}, then X is the only
circuit contained in X’.

Let S = {s1, 82,83} and let T' = {t1,t2,t3}, where T'C X and S —s9 C X.
Since X is a circuit, T is not contained in a 4-element fan in M\d/s,
for each s € S. By Tutte’s Triangle Lemma, at least two of M\d/s/ty,
M\d/s/ty, and M\d/s/ts are 3-connected, for each s € S. Up to rela-
belling the elements of T', we may assume that M\d/s1/t;, M\d/s1/t2, and
M\d/s2/t; are 3-connected. As each of these matroids also has an N-minor,
by Lemma IZ:@, we see that either M has an N-detachable pair, or there
are 4-element circuits {d, s1,t1,a}, {d, s1,t2, 8}, and {d, s2,t1,7} in M.

By circuit elimination, {t¢1,t2,, 8} contains a circuit of M/sy, so
I_IM/sl({tl,tg},{a,ﬁ}) =1. If {a,ﬂ} C W', then I_IM({tl,tg},{a,B}) =1,
and so M({t1,t2},W’) > 1, contradicting ET.71 On the other hand, if
{a, B} = {s2,s3}, then M(S,{t1,t2}) > 1, which again contradicts EL.I.71
So {a, 8} meets both {sg, s3} and W".

Now, by a similar argument, {si,s2,a,7} contains a circuit of M /¢y,
where {«, v} meets both {to,t3} and W', by A T.7land since SNX # {s1, s2}.
Soa € W', B € {sg,s3} and v € {to,t3}. Again by circuit elimination,
{s1, s2,t1,t2, 3,7} contains a circuit, where 5 € {sq,s3} and v € {to,t3}.
Since the only circuit contained in X’ is X, we deduce that 8 = s3 and
Y= ts.

Now, either M\d/so/te or M\d/sa/t5 is also 3-connected. If M\d/ss/t3 is
3-connected, then, as M has no N-detachable pairs, {d, sq, t3,(} is a circuit,
and, by circuit elimination with {d, sa,t1,t3}, the set {sq,t1,t3,(} contains
a circuit in M. By orthogonality, ¢ € {s1, s3}, but this contradicts L.T.71 So
we may assume that M\d/ss/to is 3-connected.
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As M has no N-detachable pairs, there is a circuit {d, ss,t2,n} in M.
By circuit elimination, and since v = t3, the set {t1,t2,t3,7} contains a
circuit in M/sy. Since X is the only circuit contained in X', we have n €
W’. By orthogonality with S, the set {t1,t2,t3,n} is a circuit of M. But
M\d/t1/t3 has an N-minor, by Lemma EL9(iii)| so n is N-deletable in M\d,
contradicting Lemma 11l This final contradiction completes the proof of
Theorem [£.11 O

5. THE NON-TRIAD CASE

In this section, we prove Theorem (.4l We first prove a lemma that
guarantees either the existence of a detachable pair, or specific structured
outcomes. We then consider these structured outcomes relative to an N-
minor later in the section.

Preserving 3-connectivity.

Lemma 5.1. Let M be a 3-connected matroid with an element d such that
M\d is 3-connected. Let (X,W) be a 3-separation of M\d with |X| > 4,
r(W) >3, r}‘w\d(W) >4, and, for each x € X,

(a) co(M\d\x) is 3-connected,

(b) M\d/z is 3-connected, and

(¢c) x is not contained in a triangle or triad of M.

Suppose X is minimal subject to these conditions, and X does not contain
a triad of M\d. Then either:

(i) M\d\z is 3-connected for some x € X;

(i) M/s/t is 3-connected for distinct s,t € clyy 4(X) such that s € S*
and t € X N (T* — S*) for distinct triads S* and T* of M\d that
meet X ;

(ili) {z,2’,c,w} is a 4-element circuit of M\d where {z,2'} C X, ¢ €
cypa(X) =X, w e W —c, and x and x' are in distinct triads of
M\d contained in X U c; or

(iv) X = {1, 2], x0, 24} is a quad in M\d, there exists an elementc € W
such that {x1, 2}, c} and {x9,2%,c} are triads of M\d, and for each
x € X there is a 4-element circuit of M containing {x,c,d}.

Proof. We assume that does not hold, and show that one of (iv)|

holds. We consider two cases: B.1.3 and 5.1.4l We first prove two claims
that hold in either case.

5.1.1. W s fully closed in M\d.

Subproof. If W is not closed, then there exists some z € X such that M\d/x
fails to be 3-connected; a contradiction. Suppose z € X N cl}kv[\d(W). Since
|X| > 4 and X does not contain a triad, X contains a circuit, but = ¢
clana(X — z), so this circuit does not contain x. Thus (X — z,{z}, W)
is a cyclic 3-separation, implying that co(M\d\x) is not 3-connected; a
contradiction. <
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5.1.2. In M\d, every element of X is in a triad, and every triad that meets
X contains exactly one element of W.

Subproof. 1t is clear that every element of X is in a triad, as otherwise
holds. Let T* be a triad that contains some x € X. Then T* ¢ X. If
{z} =T"NX, then x € clj, (W), which contradicts B.LIl So [T*NX| =2
and |T* N W| =1, as required. <

We now consider two cases. We begin by analysing the situation where
there is some element ¢ € W such that every element of X is in a triad
contained in X U c.

5.1.3. Suppose there exists some ¢ € W such that each element in X is in

a triad contained in X Uc. Then one of holds.

Subproof. Since X does not contain a triad, every element of X is in a triad
with ¢ and exactly one other element of X. The intersection of any two
such triads is {c}, otherwise X Uc contains a 4-element cosegment, implying
that X contains a triad. It follows that |X| is even, and there is a partition
of X into pairs {x;,«,} such that {z;,},c} is a triad, for i € [|X|/2]. The
element d blocks each of these triads, by (c), and so this partition of X
extends to a collection of cocircuits {x;,z},c,d} of M. Moreover, by the
cocircuit elimination axiom and (c), {;, 2}, z;, 2} is a cocircuit in M\d for
any distinct 4,5 € [|X]|/2].

5.1.3.1. Either 01“ holds, or, for each x € X, there is a 4-element
circuit of M containing {z,c,d}.

Subproof. Let x € X. The matroid M\d/z is 3-connected. As |[W| > 3 and
¢ € clyp g/, (X — ), it follows from Lemmas B.4land B.ITl that co(M\d/z\c)
is not 3-connected. By Bixby’s Lemma, si(M\d/z/c) is 3-connected. But if
c¢is in a triangle T of M\d/x, then T meets X and W —c. Let T = {2/, ¢, w}
with 2/ € X and w € W — ¢. As M\d has at least one triad contained in
(X —z)Uc that also meets T, by orthogonality {2/, ¢} is contained in a triad
contained in (X —z)Uc. So holds if ¢ is in a triangle of M\d/z. Thus we
may assume that M\d/x/c is 3-connected. Now, if M/x/c is 3-connected,
then holds. As z was chosen arbitrarily, d is in a triangle with every
element of X in M/c. Since each element of X is not in a triangle, 5.1.3.1]
follows. |

Suppose | X| = 4. Then X is a 3-separating cocircuit in M\d. It follows
that X is also a circuit, so X is a quad of M\d, and holds by B.T.3.11
Thus, in what follows, we may assume that |X| > 6. We also assume that

does not hold.
5.1.3.2. If {a,b} is contained in a 4-element circuit of M\d for a € {x;, z}}

and b € {x;, 2} where i # j, then this circuit is {z;, v, z;, 2’}
Subproof. Suppose a € {x1,2}}, b € {z2,25}, and {a,b} is contained in
a 4-element circuit C' of M\d that is not {1, 2}, xz9,25}. It follows from
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orthogonality that ¢ € C. By orthogonality, C' meets {x3,z%}. But now
c € clynqg(X) N cl}k\/j\d(X), contradicting Lemma [ |

5.1.3.3. If | X| =6, then TL\d(X) =4.

Subproof. Clearly X = {x1,2, 22,25, x3, 25} and 7y /q(X) € {3,4}. As-
sume that 77+ /4(X) = 3. Then, as X is 3-separating in M*/d, and W is
closed, W is a hyperplane and X is a rank-3 cocircuit in M*/d. Take any
a € {x1,2}} and b € {x2,25}. By Lemma[3I0] the matroid co(M*/d\a\b) is
3-connected. Since X is a cocircuit of M*/d, 5.1.3.2 implies that M*/d\a\b
has no series pairs, thus M*/d\a\b is 3-connected. It follows that since
does not hold, there exists a 4-element cocircuit C,, of M* containing
{a,b,d} for each a € {x1,2)} and b € {xq, 2} }.

Consider Cy,4,. This cocircuit meets the circuit {c,d, x3, 2%}, and so, by
orthogonality, Cy,z, C X U{c,d} with Cy, 5, N {z1, 2], z2, 2} = {21, 22}
Similarly, Coclw’z and szl =, are cocircuits contained in X U{c, d}, and of these

. . , . ,
three cocircuits, only C,,; contains zy, and only C/,, contains 7. Now

z2
E(M*) — (Cyyzy U Cm1m’2 U Cﬂc’lxg)
is a flat in M* of rank at most r(M*) — 3, and so
ras (B(M*) — (X U{c,d})) < r(M*) - 3.

But then A(X U {c,d}) < ry=(X U{c,d}) — 3 = 1, contradicting the fact
that M is 3-connected. We conclude that 7‘}‘\/‘,\ J(X) =4 |

5.1.3.4. {1, 2, 2%} is a circuit of M\d.

Subproof. Suppose | X| = 6 and that {z1,2), 22,25} is independent. Now
rana(X) = 4, by B.13.3] and since X is 3-separating in M\d. Then 3 €
chana({w1, 2], 02, 25}). But this contradicts that {x3,25%,c} is a triad in
M\d.

So we may assume that |X| > 8. Again, suppose that {x1, 2}, z9, 25}
is independent in M\d. By BE.I1.32] each element b € {x9,25} is not con-
tained in a triangle of M\d/z1. Thus, the triad {xo,5,c} of M\d/z is
not contained in a 4-element fan. It follows, by Tutte’s Triangle Lemma,
that either M\d/xz1/x2 or M\d/x1 /2% is 3-connected. Assume without loss
of generality that M\d/x1/zo is 3-connected. Now M has a 4-element cir-
cuit Cy = {x1,x9,d,a} for some «, since M/xz1/xs is not 3-connected. As
{c,d,x3,25} and {c,d, x4,2)} are cocircuits of M, we deduce that o = ¢,
by orthogonality. By repeating this argument in M\d/z, we obtain a dis-
tinct circuit Cy of M which is either {c, d, 2}, z2} or {c, d, 2, z,}. By circuit
elimination on Cy and Cy, there is a circuit contained in {x1,x9, 2}, 25, c}.
By orthogonality with {c,d, z3, x5}, and since no element in X is contained
in a triangle of M, the circuit is {x1, 22,2}, 24 }; a contradiction. [ |

It now follows from B1.34 that {z1,z9,x}, x4} is 3-separating in M\d.
But | X| > 6, contradicting the minimality of X. This completes the proof
of 5.1.3l <
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We now turn our attention to the case where, for every ¢ € W, some
element of X is not in a triad of M\d that is contained in X Uc. Recall that
we are under the assumption that (i) does not hold.

5.1.4. Suppose that for each ¢ € W, there is some element x € X such that
z is not in a triad of M\d contained in X Uc. Then either|(ii)| or|(iii)| holds.

Subproof. We start by showing the following:

5.1.4.1. Let c and ¢ be distinct elements in W such that there are two triads
of M\d that meet X, one containing ¢, and the other containing ¢’. Then
either holds, or there is a 4-element circuit of M containing {d,c,c'}.

Subproof. Let T, and T, be the triads containing ¢ and ¢ respectively. By
EI2 T, —c C X, so (X,{c},W —¢) is a cyclic 3-separation of M\d. By
Lemma [B12] either M\d/c is 3-connected, or ¢ is in a triangle that meets
X. But each x € X is not in a triangle, so M\d/c is 3-connected. Now
T is a triad of M\d/c, so, similarly, (X,{c'},W — {¢,'}) is a vertical 3-
separation. By Lemma again, if M\d/c/c is not 3-connected, then
{¢,'} is contained in a 4-element circuit of M\d that meets X and W —
{¢,d}. But this contradicts B.I.1, which says that W is fully closed. So
M\d/c/c is 3-connected. Now, either [(ii)] holds, or there exists some a such
that {d,c,d,a} is a 4-element circuit of M. [ |

5.1.4.2. Either holds, or, for each c € W in a triad T that meets X,
and each v € X —T7, there is a 4-element circuit of M containing {z,c}.

Subproof. Let ¢ be an element in a triad 7™ that meets X, and consider the 3-
connected matroid M\d/z for any x € X —T*. Since T* is a triad in M\d/z,
and T" — ¢ € X by 5.L2 ¢ € clj 4/, (X — ), and hence (X —z, {c}, W —¢)
is a cyclic 3-separation of M\d/x. Thus si(M\d/z/c) is 3-connected, by
Bixby’s Lemma. Suppose there is no 4-element circuit containing {z,c}. If
¢ is in a triangle, then this triangle meets X; a contradiction. Since neither
x nor c is in a triangle, M/x/c is 3-connected. Thus holds. |

We now assume that[(ii)| does not hold. Let W’ = clypg(X)—X. Observe
that, for any ¢ € W', the partition (X U (W' —¢),{c}, W — W’) is a cyclic
3-separation, so ¢ ¢ cl(X U (W’ — ¢)). We use this often in what follows.

5.1.4.3. There are distinct elements c1,co € W such that every element
x € X isin a triad of M\d contained in X U {cy,ca}.

Subproof. Suppose [5.1.4.3] does not hold. Let 77 and T be triads of M\d
that meet X, with ¢; € T} and cp € T for distinct ¢1,co € W, and let
z € X — (TY UTy) where z is in a triad T3 of M\d and there is an element
c3 € Ty N (W —{c1,¢2}). Note that T} — ¢; C X for each i € {1,2,3}, by
We may assume that for distinct i, € {1,2,3}, the set T;" UT}" is not
a cosegment, for otherwise we can let ¢; = ¢;; in particular, |7;" N T]*\ <1
By BI.42] there are 4-element circuits of M containing {z,c¢;} and
{z,c2}. Suppose neither of these circuits contains d. If T} and T3 are



N-DETACHABLE PAIRS II: LIFE IN X 37

disjoint, then, by orthogonality, the 4-element circuit containing {z,c;}
is contained in X U {c1,c3}, so ¢; € cl(X U ¢3); a contradiction. So T
meets 17 and, similarly, T3 meets T5. Since |17 NT5| < 1, observe that
Ty = {x, 2, c3} for some 2/ € X —x such that T NT5NT5 = {z'}. Then, by
orthogonality, the circuit containing {x,c;} is contained in X U {cy,co,c3},
so ¢1 € cl(X U{eca,c3}); a contradiction. So we may assume that M has a
4-element circuit containing {x, ¢, d}.

Now, for some choice of {¢/, "} = {ca, c3}, the matroid M has 4-element
circuits {z,c1,d, 3} and {d,c1,c,a} where 8 # ¢/, by B.ILAIl By circuit
elimination, {z,c1,¢, o, B} contains a circuit. It follows that {o, 8} € X,
otherwise ¢ € cl(XUcy), ¢1 € cl(XUC), or z is in a triangle of M. Moreover,
{a, B} € W, otherwise W is not closed, ¢; ¢ clypa(X), or d ¢ i q(X)-
So {a, B} meets X and W.

By orthogonality, o € X U ¢”. Suppose that o = ¢’. Then 8 € X, and
{z,c1,c, ", B} contains a circuit. Since this circuit meets {c1,c’, "}, we
obtain a contradiction. So o € X. Now X U ¢’ also contains a triad of
M\d, so there is a 4-element circuit {d,c1,c”,v} of M, by B.I.41]l where
v € X Ud, by orthogonality. By circuit elimination with {d,c1,c,a}, we
again obtain a contradictory circuit contained in X U{c;,, ¢’} and meeting
{er,d, "} [ |

Let ¢, € W be distinct elements such that every element of X is in a
triad of M\d contained in X U {c,c'}.

5.1.4.4. If | X| > 4, then|(iii)| holds.

Subproof. Suppose that | X| > 4. Then there are at least three distinct triads
contained in X U{c, '}, and it follows that, up to labels, there are distinct
triads 77 and Ty containing c. Let T} = {x1, 2}, ¢} and Ty = {xq, 2}, c}.
Since X does not contain a triad of M\d, the elements z1,2),z2, 2}, are
distinct. There exists x3 € X — {x1, 2], x2, 25} such that 3 is not in a triad
contained in X U c. It follows that {z3,c'} is contained in a triad Ty.

At least one of T} and T3 does not meet T3, so we may assume that
Ty NT; = 0. By 5142 there is a 4-element circuit containing {z,c}.
If this circuit does not contain d, then, by orthogonality, ¢’ € cl(X U ¢); a
contradiction. So the circuit is {z1, ¢, d, p}, where p € Ty, by orthogonality.
Similarly, there is a circuit {2}, ,d,p'}, where p’ € Ty. By 141l M also
has a 4-element circuit {d, ¢, ¢, a} for some o € E(M) — {d,c,'}.

We consider two cases depending on whether or not 75 NT5 = (). First
consider the case where Ty N T35 = (). Suppose {z1,¢,¢,d} is not a circuit.
Then, by circuit elimination on the circuits {z1,c,d,p} and {d,c, ¢, a},
there is a circuit contained in {z1,p,c,,a}, where p € Ty and «a # d. If
a € X, then either ¢ € cl(X U() or ¢ € cl(X Uc¢); a contradiction. So
a € W. Now, by orthogonality with T3, the circuit does not contain ¢'.
It follows that {z1,p,c,a} is a circuit for p € {2, z5}, so holds. So
we may also assume that {z1,c,¢,d} is a circuit. By the same argument
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with 2 in the role of 21, we deduce that {z,c,,d} is a circuit. But then
{z1,2,¢,'} contains a circuit; a contradiction.

Now we may assume that 75 NT5 = {z2}, so Ty = {x2, x3,c'}. By EI1.42]
M has a 4-element circuit {xs,c, 3,2z}, for some {8,z} C E(M) — {x3,c}.
By orthogonality, {8, z} meets {x1,2],d} and {zo,2},d}. Thus, if d ¢
{B, 2z}, then ¢ € cl(X); a contradiction. So let z = d. Now {d, ¢, 3,x3} and
{d,c,c,a} are circuits, so if {8, 23} # {¢, a}, then, by circuit elimination,
there is a circuit contained in {x3,c¢,d,a, 8}, where d ¢ {«,8}. If this
circuit contains ¢, then, by orthogonality, {a, 8} C {x1, 2], x2,25}. But now
¢ € (X U/d); a contradiction. So either {d,c,d, x5} or {x3,c,, (8} is a
4-element circuit of M.

If {d,c,c,x3} is a circuit, then, by circuit elimination with {z1,,d, p},
the set {x1,z3,p, ¢, ¢} contains a circuit. Since each element in X is not
in a triangle, the circuit has at least four elements. Thus ¢ € cl(X U () or
¢ € cl(X Uc); a contradiction. So o # w3 and {x3,d,«, 3} is a 4-element
circuit of M, where d ¢ {a, 5}.

Observe that {a, 8} meets both X and W, by E.1.T] and since ¢’ ¢ cl(X).
Let {a, B}NX = {z4}. By orthogonality between {z3,, o, 8} and either T}
or Ty, we have x4 ¢ {x1,2), z2, 24 }. Moreover x4 # x3, since x3 ¢ {«, f}.

Now {z4,c} contains a circuit by E.1.4.2] and this circuit contains d, by
orthogonality with T} and T3, and since ¢ ¢ cl(X). By orthogonality with
Ty, either {z4,c,d,c'} or {z4,c¢,d,z;} is a 4-element circuit for j € {2,3}.
Recall that {z1,c,d, p} is a circuit for some p € T. By circuit elimination,
either {z1,p,z4,¢, '} or {z1,p,x;,24,¢,c} contains a circuit, respectively.
In the former case, ¢ € c(X U ) or ¢ € cl(X U ¢); a contradiction. In the
latter case, the only other possibility is that {z1,p,z;, x4} is a 4-element
circuit contained in X. But then this set intersects 7} in a single element,
contradicting orthogonality. [ |

5.1.4.5. |X| # 4.

Subproof. Let X = {x1, 2], x2, 24}, where {z1,x2,c} and {z], 2}, '} are tri-
ads of M\d. Since )\M\d(X) = 2, we have r(X) + r}‘w\d(X) =6,s0 X is a
quad in M\d. By B.I1.4.2] there are 4-element circuits containing {x, '} for
x € {z1,22}, and 4-element circuits containing {2/, ¢} for 2’ € {z],25}. Tt
follows, by orthogonality and since ¢ ¢ cl(X U ') and ¢ ¢ cl(X U ¢), that
any such circuit must contain d.

Suppose that X is a cocircuit of M. Then each of the 4-element circuits
containing {z,c,d} or {z,¢,d} for x € X is contained in X U {¢,d} or
X U{d,d}, by orthogonality. So M has distinct circuits {z1,a, ¢, d} and
{z,d/,¢c,d} for some o,/ € X. Now these two circuits, together with
the circuit X, imply that »(X U {c¢,¢,d}) < 4. But r*(X U {e,d,d}) <
r"(X)+1=4,s0 Ay (X U{c,d,d}) <1; a contradiction, since |W| > 4.

So we may assume that d € cl*(X), and X Ud is a cocircuit of M. By
BETZT], {xo,c,,d} is a circuit for some 2y € X. Recall that each element
in X is in a 4-element circuit containing d and either ¢ or ¢. Suppose one
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of these circuits is contained in X U {¢, ,d}. Then, by circuit elimination,
there is a circuit of M\d contained in X U {¢,¢'}, and containing at most
three elements of X; a contradiction. So, for each x € X, there is a 4-element
circuit containing x, d, either ¢ or ¢/, and an element in W.

Without loss of generality, suppose that {x1,¢,¢,d} is a circuit. Then,
by orthogonality, {z2,c,d,y}, {2}, ¢,d,y|}, and {z},c,d,y)} are circuits for
some y € W and y},y5 € W — c. Note that if ¢ € {y},y5}, then, by circuit
elimination on {x1,¢,c,d} and either {2}, ¢c,d,y}} or {a},¢,d, v}, there is
a circuit contained in {x1, 2,25, ¢,c'}; a contradiction.

Since X Ud and {x, 2%, ,d} are cocircuits of M, there is a cocircuit C*
contained in X U ¢, by cocircuit elimination. Since ¢ ¢ {y},v5}, orthogo-
nality with the circuit {2, ¢, d,y]} implies that 2} ¢ C*, and orthogonality
with the circuit {z},¢,d,y5} implies that o}, ¢ C*. But then {z1,z9,}
contains a cocircuit; a contradiction. |

It now follows from B.1.4.4] and B.1.4.5] that 5.1.4] holds.

With that, the proof of Lemma [B.1] is complete. O

Retaining an N-minor. In this section, we consider specific outcomes
of Lemma [5.1] relative to a cyclic 3-separation (Y,{d'}, Z) for which a 3-
connected N-minor is known to lie primarily in Z, with the goal of finding
an N-detachable pair.

For the entirety of the section we work under the following assumptions.
Let M be a 3-connected matroid with an element d such that M\d is 3-
connected. Let N be a 3-connected minor of M, where every triangle or
triad of M is N-grounded, and |E(N)| > 4. Suppose that M\d has a
cyclic 3-separation (Y, {d'}, Z) with |Y| > 4, where M\d\d' has an N-minor
with [Y N E(N)| < 1. Let X be a 3-separating subset of Y with |X| > 4,
where X does not contain a triad of M\d, and, for each x € X, both
co(M\d\x) and M\d/z are 3-connected, and z is doubly N-labelled in M\d.
Let W = E(M\d) — X, and observe that r}‘w\d(W) > 3.

Since every triangle or triad of M is N-grounded, each element in X is
not in a triangle or triad of M, by Lemma B.I9l In particular, note that
as |X| > 4 and X does not contain any triangles, 7(X) > 3 and therefore
r(M\d) > 4.

We now consider the case where Lemma holds.

Lemma 5.2. Suppose that there are elements c € cl’}w\d(X) NW and w €
W — ¢ such that

(a) {z1,x2,c,w} is a 4-element circuit of M\d where {1,292} C X, and
x1 and x4 are in distinct triads of M\d contained in X U c; and
(b) W —{c,w}| > 2 and W contains a circuit.

Then either
(i) M has an N-detachable pair, or



40 NICK BRETTELL, GEOFF WHITTLE, AND ALAN WILLIAMS

(ii) there exists a set Q@ C W Ud with {c,d} C Q such that X UQ is a
double-quad 3-separator of M with associated partition {X,Q}.

Proof. Note that (X, {c}, W —c) is a cyclic 3-separation of M\d. Let ), €
X be such that {1, 2], ¢} and {x2, 24, ¢} are distinct triads of M\d. Observe
that the elements z1,z], xo, 25 are distinct, since otherwise the union of the
two triads is a cosegment, in which case X contains a contradictory triad.
Moreover, by cocircuit elimination on the triads {z1,z},c} and {x9, 25, ¢} of
M\d, and since X does not contain a triad, {z1, z2, 2,24} is a cocircuit of
M\d. By Lemmald.8 M\d/x;/xe has an N-minor. Since {c, w} is a parallel
pair in this matroid, M\d\w/z1/x2 and M\d\c/x1/x2 have N-minors.

We claim that co(M\d\w) is 3-connected. Since X U ¢ is exactly 3-
separating, Lemma [3.7] implies that X U {c, w} is also exactly 3-separating,
and w € cl(W—{c,w}). fr(W—{c,w}) > 3, then (XUc, {w}, W —{c,w}) is
a vertical 3-separation, and, by Bixby’s Lemma, co(M\d\w) is 3-connected,
as required. On the other hand, if »(W — {c,w}) = 2, then W — ¢ is a
segment. If |W —¢| > 4, then M\d\w is 3-connected by Lemma 3.9l So we
may assume that W — ¢ is a triangle. But W contains a cocircuit of M\d
that contains ¢, and ¢ is not in a triad, as c is N-deletable. So W is a 4-
element cocircuit of M\d. Then co(M\d\w) is 3-connected by Lemma [3.16],
thus proving the claim. Since M\d\w has an N-minor, either {d,w} is an
N-detachable pair and, in particular, holds, or w is in a triad of M\d.

So we may assume that w is in a triad 7™ of M\d. By orthogonality, T™*
meets {x1, 2, c}. Recall that w € cl(W —{c,w}), so that w & cljp 4(X Uc).
If, for some z € X, we have z ¢ cl(X — z), then = € clj (X — z) by
Lemma [3.4] in which case (X — z,{z}, W) is a cyclic 3-separation of M\d.
But then co(M\d\z) is not 3-connected; a contradiction. So each z € X is
in a circuit contained in X. Thus, it follows from orthogonality that if 7™
meets X, then w € cljy, 4(X); a contradiction. So (XU{c, w})NT™ = {c, w}.

Let T* = {c,w,c'}, where ¢ € W — {c,w}. Recall that M\d\c/z1 /2
has an N-minor, and observe that {w, '} is a series pair in this matroid.
Thus each of M/ /z1 and M/c/x9 has an N-minor, and, as ¢ (and w)
are N-contractible, ¢’ is not in a triangle (and neither is w). Thus r(W —
{c,w}) = r(W —¢) > 3. Observe that X U {c, w} is exactly 3-separating
and |W — {c,w}| > 3, so the dual of Lemma [B.7 implies that X U {c, w, '}
is also exactly 3-separating and ¢’ € cljp (W — {c,w,c'}).

5.2.1. M\d/d Jx is 3-connected for all x € {x1,xa, 2}, 25}.

Subproof. Let x € {x1,x2,2),25}. Since ¢’ € cl*M\d(W —{c,w,d}), we have
that r}kv[\d(W —{c,w,d}) = r}kv[\d(W — {c,w}) > 2. First we show that
(.2.1] holds when we have equality. In this case, W — {¢, w} is a cosegment
in M\d/z. It |W — {c,w}| > 4 then M\d/c'/x is 3-connected by the dual
of Lemma [3.9] as required. On the other hand, if W — {c,w} is a triad,
then it follows that W — ¢ is a corank-3 circuit, since w is not in a triangle,
and si(M\d/c /z) is 3-connected by applying the dual of Lemma [B.I6] in
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the matroid M\d/x. Moreover, if {¢/,x} is in a 4-element circuit in M\d,
then, by orthogonality, this circuit meets W —{c, w, ¢} and {¢, w}, implying
x € cl(W). But this contradicts that {x1, 2], ze, 25} is a cocircuit of M\d.
So we may assume that r*(W — {c,w,c'}) > 3. Since M\d/x is 3-
connected, it follows that (X — z) U {c,w},{d},W — {c,w,'}) is a cyclic
3-separation. Hence si(M\d/c'/x) is 3-connected by Bixby’s Lemma. Recall
that ¢ is N-contractible, so it is not in an N-grounded triangle in M. Thus,
if ¢ is in a triangle T in M\d/z, then it is in a 4-element circuit 7'U z in
M\d. As z is in a triad of M\d contained in X U ¢, orthogonality implies
that TN ((X — 2) U ¢) is non-empty. Since ¢’ ¢ clyp /(X —2) U {c,w}),
the triangle T also contains an element in W — {c¢,w,c’}. It then follows
that ¢ ¢ T, as otherwise z € cl(W), contradicting that {z1,2],z2, 25} is
a cocircuit of M\d. So {z,z',c,w'} is a circuit for some 2/ € X — z and
w' € W—{c,w,}. But {c,w, '} is also a triad of M\d, so we obtain a con-
tradiction to orthogonality. We deduce that M\d/c'/x is 3-connected. <

5.2.2. Fither
(I) M\d/c/x} and M\d/c/z!, are 3-connected, or
(IT) {2}, 2%, c,w} is a circuit.

Subproof. Let i € {1,2}. Since M\d/z) is 3-connected, and ¢ € clypa(X) N
clypa(W = ¢), the matroid si(M\d/ ¢/x}) is 3-connected. If ¢ is neither in
a triangle in M\d/z, nor in M\d/z}, then |(I)| holds. So, without loss of
generality, suppose that ¢ is in a triangle 7" in M\d/z}. Then T meets
X and W — ¢. Moreover, as {c,w,c'} is a triad in M\d, the triangle T
contains one of w or ¢. But if ¢ € T, then ¢ € cl(X U ¢), contradicting
that ¢ € cljp (W —{c,w,c'}). So T = {x,c,w} for some z € X. Now
{x},x,c,w} is a circuit in M\d, since x is not in a triangle. As {z1,29,c,w}
is also a circuit, the set {2}, z, 21,2, ¢} contains a circuit. But ¢ ¢ cl(X),
and X does not contain a triangle of M, so {z},x,z1,x2} is a circuit for
some z € X — {x1,x9,2}}. By orthogonality, x = 5. This completes the
proof of <

5.2.3. There is a cocircuit C* of M such that {x1,2],x9,25} C C* C
{1, 2}, 29,2, c}.

Subproof. Observe that {x1,},c,d} and {x2,2%,¢,d} are cocircuits of M
so, by cocircuit elimination, {x1,z],x2,25, ¢} contains a cocircuit C* of
M. Since no element of X is in a triad of M, we have |C*| > 4. Sup-
pose 1 ¢ C*, say. Then r},({z],z2,25,¢c}) = 3. Due to the cocircuits
{z2, x4, c,d} and {z1, 2], ¢, d}, it follows that r}, ({1, 2], x2, 4, ¢, d}) = 3, so
TX/I\ JHz1, 27, 22,25 }) = 2; a contradiction. (.23 follows by symmetry. <

5.2.4. WhenB.221)| holds, M has an N-detachable pair.

Subproof. We are now in the case where M\d/c/x} and M\d/c/x!, are 3-
connected. For each i € {1,2}, the matroid M/c/z; has an N-minor, by
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Lemmal4.8] so we may assume that there are elements aq, ay € E(M)—{c,d}
such that {2}, a1,¢,d} and {z}, a9, c,d} are 4-element circuits of M, for
otherwise M has an N-detachable pair.

Let z € {x1,22}. Recall that M\d/c'/x is 3-connected, by 5.2.1} Suppose
that M/ /z is not 3-connected. Then there is a 4-element circuit of M
containing {d,z,'}. By orthogonality with the cocircuit C* of [.2:3] this
circuit intersects X in two elements. So there exists " € X — x such that
{z, 2", ,d} is a circuit of M. In particular ¢’ € cl(X Ud).

We work towards showing that ¢ € cl(X Ud). Clearly this holds if a; € X
or ag € X, so we assume that oy, g € W — ¢. By circuit elimination, there
is a circuit of M\d contained in {z}, 2%, a1, @, c}. Suppose that {ay,as} N
{w,d} = 0. Then, by orthogonality with the triad {c,w,c} of M\d, and
since neither 2} nor ), is in a triangle, we deduce that {2/, 2}, a1, a2} is a
circuit. But this contradicts orthogonality with the cocircuit {z1, ], ¢, d} of
M. So {ag, s} Nn{w,d} #0.

Suppose that ay = ¢/. Then, by circuit elimination on {z},c, ¢, d} and
{x,2”,c,d}, there is a circuit contained in {z,2},2", ¢, }. If this circuit
contains ¢, then ¢ € cl(X U {c,w}); a contradiction. Since no element of
X is in a triangle, c is in a 4-element circuit contained in X U c. But then
c € cl(X); a contradiction. By symmetry, we deduce that ¢’ ¢ {ay, as}.

Without loss of generality we may now assume that oy = w, so
{z},w,¢c,d} and {x,2”,,d} are circuits of M. By strong circuit elimi-
nation, there is a circuit contained in {z,z},2”,c,w,c'} that contains ¢.
But then ¢’ € cl(X U {¢,w}); a contradiction. We deduce that either a; or
ag is in X, so ¢ € cl(X Ud).

Thus r(X U{c,w,d,d}) = r(X Ud). Due to the cocircuits {c,w, ¢, d} and
{z1,2),¢,d}, we have r(W —{c,w,}) = r(W—w)—2. Since w € cl(W —w),

AMX U{c,w,d,d}) =r(XUd) + (r(W —w) —2) —r(M)
—MXUd) —2<1;

a contradiction.
We conclude that M/ /x is 3-connected for each x € {x1,x2}. Since each
of these matroids has an N-minor, M has an N-detachable pair. <

It remains to consider that is, the case where {2}, 2}, c,w} is
a circuit. Note that the elements z} and zf, are in distinct triads of M\d
contained in X U c. Repeating the earlier argument, since M\d/z /x}, has
an N-minor, it follows that M\d\c/x} /z), has an N-minor, and hence each
of M/ /x| and M/ /2!, has an N-minor.

Let z € {x1,2], 2,25}, Now, it follows from [(.2.1] that either M has an
N-detachable pair, or there is a 4-element circuit of M containing {x,c, d}.
We now consider the fourth element of this circuit. By orthogonality with
the cocircuit C* of (23] for each z € {x1,2),x2,24} there exists some
x' € {xy,x9, 2], 24} — x such that {x,2',,d} is a circuit of M.
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Recall that M\d has circuits {x1,z9,c,w} and {z}, 2}, c,w}. By or-
thogonality, any triad contained in X U ¢ contains an element in {x1, x5}
and an element in {z},24}. Thus |X| = 4. By circuit elimination on
the circuits {z1,22,c,w} and {z},z),c,w}, the sets {x1,x9, 2], 2%, c} and
{1, 22,2}, 25, w} contain circuits. But c¢,w ¢ cl(X), and no element in
{x1,22,2), 24} is in a triangle, so {x1,zo,2), 24} is a 4-element circuit.
Hence X is a quad in M\d.

Let Q = {c,w,c,d}. Observe that since {c,w,c'} is a triad of M and w
is N-deletable in M\d, this triad is blocked by d. So @ is a cocircuit of M.
We will show that X UQ is a double-quad 3-separator of M with associated
partition {X, @}, as illustrated in Figure Bl

FiGUure 3. The double-quad 3-separator X U ), when

Lemma holds.

Since d € cl*(Q — d), it follows that d ¢ cl*(X), as otherwise (X, {d}, W)
is a cyclic 3-separation of M, contradicting that M\d is 3-connected. So
X a cocircuit of M. As {x1,z9,c,w} and {x1,29,¢,d} are circuits of M,
the circuit elimination axiom implies that {x2,c,w,,d} contains a circuit.
But since X is a cocircuit, zo ¢ cl(Q), and it follows that @ is a circuit,
since ¢ and ¢ are N-contractible. Now X and @ are quads of M, and
r(XU@) <5 and r*(X UQ) < 5; it follows that A(X U Q) = 2 and
r(XuQ)=r"(XuQ)=>=5.

Suppose {z1,2],,d} is a circuit. Then cl((Q —w) U z}) = X UQ, so
r(X UQ) < 4; a contradiction. Similarly, {x1, 25, ,d} is not a circuit. We
deduce that {x,x9,c,d} and {2}, 2}, ,d} are circuits of M.

It remains to show that {zi,z,d,w} and {z2,2), ', w} are cocircuits.
Since X and @ are disjoint quads in M, and hence no element in X is in the
coclosure of @, it follows from Lemma [B.16] that co(M\w\z) is 3-connected.
Thus {w, x} is contained in a 4-element cocircuit C; for each € X. These
cocircuits intersect X and () in two elements each, by orthogonality. Suppose
that for some x € X, we have ¢ ¢ C¥. Now

E(M) — (C:U{z1,7),¢,d} UXUQ)
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is a flat of rank at most (M) — 4. But then A(X UQ) < 1; a contradiction.
So ¢ € C for each z € X. A similar argument shows that =} € C;, and
xh € Cy,. Now X UQ is now a double-quad 3-separator with associated
partition {X, @}, as required. O

We now turn to the case where Lemma holds. In the analysis
of this case, a 3-separator similar to a twisted cube-like 3-separator arises.
Although the appearance of this 3-separator does not prevent us from guar-
anteeing the existence of an N-detachable pair, unlike when we encounter a
twisted cube-like 3-separator, it does require special attention.

51 52

=4

q1

FIGURE 4. A Vamos-like 3-separator in M.

Let M be a matroid with a 6-element, rank-4, corank-4, exactly 3-
separating set P = {p1,p2,q1,q2, 51, S2} such that

(a) {p1,p2,s1,s2}, {q1,q2, 51,82}, and {p1,p2,q1,q2} are the circuits of
M contained in P; and

(b) {p1,p2, 51,52}, {q1. 92, 51, 52}, {p1,p2,q1, 92,51} and
{p1,p2,q1,q2, s2} are the cocircuits of M contained in P.
Then we say P is a Vdmos-like 3-separator of M. See Figure @ for an
illustration.

Lemma 5.3. Suppose X = {x1,2},x9,25} is a quad in M\d, there exists
an element ¢ € W such that {x1,2),c} and {xo,xh,c} are triads of M\d,
and for each x € X there is a 4-element circuit of M containing {x,c,d}.
Then either

(i) M has an N-detachable pair,

(il) X U{e,d} is an elongated-quad 3-separator of M,
(iil) X U{c,d} is a spike-like 3-separator of M, or
(iv) X U{c,d} is a twisted cube-like 3-separator of M.

Proof. Note that (X, {c}, W — ¢) is a cyclic 3-separation of M\d. In what
follows, we assume that does not hold, and show that one of the other
cases holds.

5.3.1. There is a circuit {x,x’ c,d} for some distinct z,z’ € X.
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Subproof. For each x € X, the set {z, ¢, d} is contained in a 4-element circuit
of M. Suppose that [5.3.1] does not hold. Then M has circuits {x1,¢,d,y; },
{xllv ¢, d, y/1}7 {$27 ¢, d, y2}7 and {$l27 ¢, d, yé}7 where {yb yi) Y2, yé} CW-—c
If y1 = yo, say, then {x1,x9,c,d} is a circuit, by circuit elimination and since
neither x1 nor z is in a triangle. But then [(£.3.1] holds. So we may assume
that the elements y1, ¥}, y2, and y4 are distinct. Moreover, by orthogonality,
X Ud is a cocircuit of M.

Suppose that {y1,y], y2, v5} is an independent set; then, as ¢ € cl*(X Ud)
and X Ud is a cocircuit of M, the set {y1, v}, y2, y5, ¢, d} is independent, so
r(X U{e,d}) = r(cl(X U {e,d})) > 6; a contradiction. So we may assume,
without loss of generality, that there is a circuit C' of M with {y1,y]} C
C C {1,912, y5}. Also, since {z1,¢,d,y1} and {2, ¢,d,y}} are circuits of
M, {z1,2),¢c,y1,y]} contains a circuit, by circuit elimination. Due to the
cocircuit {zq, 2%, ¢,d}, it follows that {z1,z],y1,y}} is a circuit.

Next, we show that M\zo\y; has an N-minor. By Lemma A8
M\d/x1 /2, has an N-minor, and since {z),z2} is a parallel pair in this
matroid, M\d\z2/x; has an N-minor too. Now {z},c} is a series pair in
this matroid, so M\x2/x1/c has an N-minor. As {d,y;} is a parallel pair in
this matroid, M\z2\y; has an N-minor, as claimed. By a similar argument,
M\x4\y} also has an N-minor.

Now, if M\z2\y; is 3-connected, then holds; so assume otherwise.
Suppose {x2,y1} is not contained in a 4-element cocircuit of M. Since y;
is N-deletable, it is not in an N-grounded triad, so M\z2\y; has no series
pairs or parallel pairs. Thus, if M\z2\y; is not 3-connected, then it has a
2-separation (P, Q) for which P is fully closed, by Lemma[3.17l Without loss
of generality, we may assume that {z},c,d} C P. If 1 € P, then 2} € P,
and (P U {z2,y1},Q) is a 2-separation of M; a contradiction. So z1 € @,
and, similarly, 2} € Q. If | € P, then 2} € P; a contradiction. So y; € Q.
But now, since {z1,z},y1,¥]} is a circuit, (P,Q Uy;) is a 2-separation of
M\x2; a contradiction. We deduce that {x2,y1} is contained in a 4-element
cocircuit of M. By a similar argument, {z}, ]} is contained in a 4-element
cocircuit of M.

Recall that {x1,2], 29,25}, {z2,c,d,y2}, {x1,¢,d,91}, and C are cir-
cuits of M. Thus, by orthogonality, the 4-element cocircuit containing
{x2,y1} is {x1,22,y1,y2}. Similarly, the cocircuit containing {z%,v]} is
{2, zh, v}, v5}.  Since {c,d,x1,21} and {c¢,d,zo,24} are also cocircuits,
we have T‘*(X U {Cv d, yl’y%yivyé}) = 6, so /\(X U {Cv d, ylyy%yivyé}) <
5+6—-10=1.

Now |E(M)| < 11. If (X U {c¢,d}) = 4, then 537 holds unless
(X —z) U {e,d} is a circuit for some z € X. But no such circuit exists,
by orthogonality with either {x1,x2,y1,y2} or {a], 25, v},v5}. So we may
assume r(X U {c,d}) = 5 and |[E(M)| = 11. Let {w} = E(M) — (X U
{e,d,y1,y2, 94, v5}). Since NM(X U {c,d}) = 3 and {y1,y2, ¥}, yh, w} is coin-
dependent, r({y1,y2, ¥}, vh, w}) = 3. By orthogonality with the cocircuits
{x1,22,y1,92} and {2}, 2%, v}, v4}, it follows that {y1,ys, w} and {y],vh, w}
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are triangles. But since M\z2\y; has an N-minor, and {x1,y2} is a series
pair in this matroid, ys is N-contractible. Similarly, y4 is N-contractible. So
{y1,y2, w} and {y}, y5, w} are not N-grounded triangles; a contradiction. <

Observe now that (X U {c,d}) < 4. If r(X U{c,d}) = 3, then \(X U
{¢,d}) < 2; a contradiction. So r(X U{¢,d}) =4 and A(X U{c,d}) =2. In
particular, d ¢ cl(X).

5.3.2. FEither

(I) {z1,z2,¢,d} and {2}, 2%, ¢c,d} are circuits of M, up to swapping the
labels on x9 and xb; or
(IT) {z1,2,¢,d} and {z9,2%,c,d} are circuits of M.

Subproof. By B3], we may assume, up to labels, that either {z1,z2,c,d}
or {x1,2),¢,d} is a circuit.

First, suppose that {x1,x2,¢,d} is a circuit. The elements 2} and
are also in 4-element circuits {«],c,d,y1} and {2}, ¢,d, y2}, respectively. If
y1 € X or y2 € X, then, by circuit elimination with {z1,z9,¢,d}, and
since ¢ ¢ cl(X) and X does not contain a triangle, B:3:2(T) holds. So let
y1,y2 € W — c. Note that y; # yo, otherwise {z,z},¢,d} is a circuit, as
required, by circuit elimination.

We claim that M\ \y2 has an N-minor. By LemmalL8 M\d/z /x5 has
an N-minor, and since {x2, 2 } is a parallel pair in this matroid, M\d\z} /2%
has an N-minor too. Now {z1,c} is a series pair in M\d\z /), so the ma-
troid M\, /2, /c has an N-minor. As {d, y2} is a parallel pair in M\z /24 /c,
the matroid M\z}\y2 has an N-minor as required.

Suppose {z],y2} is contained in a 4-element cocircuit C* of M. By or-
thogonality, C* meets {c,d,y1} and {2}, ¢, d}, so if neither ¢ nor d is in
C*, then C* = {2}, 24, y1,y2}. But then r*(X U{c,d,y1,y2}) = 5, and, as
r(X U{c,d,y1,y2}) = 4, we have A(X U{e,d,y1,y2}) = 1. So |[E(M)| =9,
in which case E(M) — (X U{¢,d}) is a coindependent triangle containing
{y1,y2}. But since M\z/\y2 has an N-minor and {z%, y;} is a series pair in
this matroid, y; is IV-contractible, so it is not in an N-grounded triangle; a
contradiction. So C* contains either ¢ or d.

By orthogonality with {x1, x2, ¢, d}, the cocircuit C* either contains {c, d},
or meets {z1,z2}. Now g2 is in the closure and the coclosure of the 3-
separating set X U {c,d}, so |E(M)| = 8. But then r}‘\/[\d(W) = 2; a contra-
diction. We deduce that {z,y2} is not contained in a 4-element cocircuit of
M. Since ys is N-deletable, it is not in an N-grounded triad, so M\z}\y2
does not have any series pairs.

Now, if M\x)\y2 is not 3-connected, then it has a 2-separation (P, Q)
where we may assume {x1,¢,d} C P, and P is fully closed by Lemma 317
Then x9 € P, due to the circuit {x1,z2,c,d}, and 2, € P, due to the
cocircuit {x9, x5, c,d}. But then z),ys € cl(P), so (P U {z],y2},Q) is a
2-separation of M; a contradiction. Thus M\z}\y2 is 3-connected, so
holds.
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Now we may assume that {x1,2],¢,d} is a circuit, and {z9,¢,d,y} and
{2}, c,d,y'} are circuits for some distinct y,y’ € W — ¢. By circuit elimina-
tion, {z2, 2%, ¢,y,y'} contains a circuit, and, by orthogonality with the triad
{1, 2], c} of M\d, this circuit is {x2, 25, v,y }.

We will show that M\a2)\y' is 3-connected and has an N-minor, using
a similar approach as in the case where {x1,x9,¢,d} is a circuit. Firstly,
observe that M\z}\y' has an N-minor, using a similar argument as in this
other case.

Suppose that {z,y'} is contained in a 4-element cocircuit C* of M.
We claim that C* C X U {c,d,y'}. By orthogonality, C* meets X — 2
and {z1,c¢,d}. Thus if C* € X U {ec,d,y'}, then {z1,2),y} C C*. But
C* also meets {x},c,d}, so C* C X U {c,d,y'} as claimed. In partic-
ular, ¢y € (X U {c,d}). Observe that since r(X U {c,d,y,y'}) = 4
and A\(X U {c¢,d,y,y'}) > 2, we have r*(X U {¢,d,y,y'}) > 6. But
r*(X U{c,d}) = 4, soy ¢ (X U{e,d}); a contradiction. So {z},y'}
is not contained in a 4-element cocircuit C* of M.

Now, if M\z}\y' is not 3-connected, then it has a 2-separation (P,Q)
where we may assume {x1,c¢,d} C P, and P is fully closed. If 2, € P, then
Y’ € clypg, (P), so (PUY, Q) is a 2-separation of M\z/; a contradiction. So
xh € @, and it follows that x5 € @, due to the cocircuit {x9, 2}, ¢,d}, and
y € @, due to the circuit {z2,c,d,y}. Now {x2,25,y} C Q, so y' € cl(Q)
and (P,Q U7v') is a 2-separation of M\xz); a contradiction. Hence M\z}\y
is 3-connected, so holds. <

We consider two cases, depending on whether or not d fully blocks (X, W).
Since d ¢ cl(X), these correspond to either d € cl*(X), or d ¢ cl*(X),
respectively.

5.3.3. Ifd ¢ cI*(X), then|(ii)] or[(iii)] holds.

Subproof. Suppose d ¢ cl*(X). As X is a quad of M\d, it follows that X is
also a quad of M. If 5.3.2(I) holds, then {z1,29,¢,d} and {z, ), ¢, d} are
circuits, up to swapping the labels on x5 and 2, in which case X U {c,d} is
an elongated-quad 3-separator, so holds. On the other hand, if B32(1T)
holds, then X U {¢,d} is a spike-like 3-separator of M, so holds. <

We may now assume that d € cl*(X), so X Ud is a cocircuit of M.
Moreover, as {z1,2),¢,d} and {x2,2%,¢,d} are cocircuits of M, cocircuit
elimination, and the fact that X is not a cocircuit, implies that X Uc is a
cocircuit. Hence, as illustrated in Figure Bl X U{c,d} is a twisted cube-like
3-separator of M when [5.3.2(I) holds, or a Vamos-like 3-separator of M
when [(.3.2(II) holds. In the former case, holds.

So we may now assume that [5.3.2(IT) holds, and X U{e, d} is a Vamos-like
3-separator of M. We will show that M has an N-detachable pair.

5.3.4. There exists some p € {x1,21} and q € {xa, x4} such that M\p\q
has an N-minor.
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1 x1

(a) Twisted cube-like 3-separator of M.  (b) Vamos-like 3-separator of M.

FIGURE 5. The labellings of the twisted cube-like 3-
separator or Vamos-like 3-separator when Lemma [B.3|(iv)
holds.

Subproof. Since M\d has an N-minor with |[X NE(N)| < 1, we may assume,
without loss of generality, that X N E(N) = {z1}. Suppose that 2} is N-
deletable in M\d. If either 5 or x4 is N-deletable in M\d\z, then (.34
holds, so we may assume that zo and 2/, are N-contractible in M\d\z}.
Since {z1,c} is a series pair in M\d\z}, the matroid M\d\z/c/z/, has an
N-minor, as does M\z}/c/zy. As {d,z2} is a parallel pair in the latter
matroid, M\z}\z2 has an N-minor, as required.

So we may assume that z} is N-contractible in M\d. If xp is N-
contractible in M\d/x}, then, as {x1,25} is a parallel pair in M\d/z}/x2,
the matroid M\d/z\z4 has an N-minor. Similarly, if z/, is N-contractible
in M\d/x, then M\d/x)\z2 has an N-minor. So there is some q € {x2, 25}
such that ¢ is N-deletable in M\d/x}. Let {z2,24} —q = {¢'}. Since
M\d\g/x| has an N-minor and {c,¢'} is a series pair in this matroid,
M\g/x) /c has an N-minor. But {d,z1} is a parallel pair in this matroid,
so M\g\z1 has an N-minor, as required. <

5.3.5. If p € {z1,2)} and q € {2, 2,}, then M\p\q is 3-connected.

Subproof. Pick p’ and ¢’ such that {p,p'} = {x1,2)} and {q,¢'} = {x2, 24 }.
First, observe that since {¢,d,q,¢'} is a quad, and ¢ is not in a triad, M\q
is 3-connected by Lemma

Suppose co(M\p\q) is not 3-connected. Then M\p\q has a 2-separation
(P,Q) where we may assume either P or @ is fully closed, by Lemma B.17
Thus, without loss of generality, we may assume that the triad {p’,c,d} is
contained in P. Since {p,p’, c,d} is a circuit, (P U p, Q) is a 2-separation of
M\gq; a contradiction. So co(M\p\q) is 3-connected.

Suppose that M\p\q is not 3-connected. Then M has a 4-element cocir-
cuit C* containing {p, ¢}. Since X Ud and X U ¢ are cocircuits, C* is not
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contained in XUd or XUc. So C* meets W' = E(M)—(XU{¢,d}). Suppose
C*N (X U{c,d}) = {p,q}. Then p € cI*(W' Uq), so p & cl({p’,q', c,d}).
Since (X U {¢,d}) = 4, it follows that {p’,¢’,c,d} is a circuit of M; a
contradiction.

Now we may assume that C* N W' = {w}, in which case w € cl*(X U
{¢,d}) = cI*(X). So X U w contains a cocircuit. Since each z € X
is not contained in an IN-grounded triad, this cocircuit contains at least
three elements of X. Then, by orthogonality, X U w is a cocircuit. Now
(X, {w}, {c},{d}, E(M) — (X U{w,c,d})) is a path of 3-separations where

w,e,d € cI*(X). But then {w,c,d} is a triad in M; a contradiction. <
Now {p,q} is an N-detachable pair by (.34 and (335 thus completing
the proof. O

Putting the results of this section together we have:

Theorem 5.4. Let M be a 3-connected matroid with an element d such
that M\d is 3-connected. Let N be a 3-connected minor of M, where every
triangle or triad of M is N-grounded, and |E(N)| > 4. Suppose that M\d
has a cyclic 3-separation (Y,{d'}, Z) with |Y| > 4, where M\d\d' has an
N-minor with |Y N E(N)| < 1. Let X be a minimal 3-separating subset of
Y such that |X| > 4 and, for each z € X,

(a) co(M\d\z) is 3-connected,

(b) M\d/z is 3-connected, and

(¢) = is doubly N-labelled in M\d.
Suppose X does not contain a triad of M\d. Then, either M has an N -
detachable pair, or there exists some ¢ € cl}kw\d(X) — X such that one of the
following holds:

(i) X U{e,d} is a spike-like 3-separator;
(il) X U{e,d} is an elongated-quad 3-separator;
(iil) X U{c,d} is a twisted cube-like 3-separator of M ; or
(iv) there exists a set Q C E(M) — X with {¢,d} C Q such that X U Q

is a double-quad 3-separator with associated partition {X,Q}.

Proof. 1f there is some element y € clj ,(YUd')NZ, then (Y Uy, {d'}, Z—y)
is a cyclic 3-separation with [(Y Uy) N E(N)| < 1, since |E(N)| > 4, so,
without loss of generality, we may assume that Y U d’ is coclosed in M\d.

First, we remark that »(Z Ud’) > 3. Indeed, if not, then since d’ ¢ cl(Z),
we have r(Z) < 1; a contradiction. Note also that each z € X is not
contained in a triangle or triad of M, since each x € X is N-contractible and
N-deletable in M\d. Let W = E(M\d) — X. Now (X, W) is a 3-separation
of M\d that satisfies the criteria of Lemmal[5.Il So one of Lemma [5.I)(i)H(iv)
holds.

It is clear that if Lemma m holds, then M has an N-detachable pair
by (c). If Lemma holds, then there exist elements s and ¢ such
that M/s/t is 3-connected, and M/s/t has an N-minor by Lemma 4.8} in
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particular, if s = d’, then (ii) of the lemma applies since d' is in a triad
meeting X that does not contain ¢. So, again, M has an N-detachable pair
in this case.

Suppose Lemma [5.1[(iii)| holds. Since ¢ € cl}kv[\d(X ) and Y Ud' is coclosed,
c € YUd. Thus, if w € Z, then w ¢ cI* (Y Ud'), so w € cl(Z — w).
Hence r(W — {c,w}) > r(Z —w) = r(Z) > 2. Also, r;[\d(W —{c,w}) >
ring(Z —w) > 2. Now, by Lemma[.2] either M has an N-detachable pair,
or [(iv)| holds.

Finally, if Lemma [B.J(iv)| holds, then, by Lemma B3] either M has an
N-detachable pair, or |(i)] or holds. O

6. CONCLUSION

Combining the two main results of this paper with the main result of [3],
we have the following:

Theorem 6.1. Let M be a 3-connected matroid and let N be a 3-connected
minor of M where |E(N)| > 4, and every triangle or triad of M is N-
grounded. Suppose, for some d € E(M), that M\d is 3-connected and has a
cyclic 3-separation (Y,{d'}, Z) with |Y'| > 4, where M\d\d' has an N-minor
with |Y N E(N)| < 1. Then either
(i) M has an N-detachable pair; or
(ii) there is a subset X of Y such that for some ¢ € clyp 4(X) — X, one
of the following holds:
(a) X U{c,d} is a skew-whiff 3-separator of M,
(b) X U{e,d} is a spike-like 3-separator of M,
(¢) X U{e,d} is a twisted cube-like 3-separator of M or M*,
(d) X U{e,d} is an elongated-quad 3-separator of M, or
(e) XU{a,b,c,d} is a double-quad 3-separator of M with associated
partition {X,{a,b,c,d}} for some distinct a,b € E(M) — (X U
{c.d}).

Proof. By [3, Theorem 7.4], if neither |(i)| nor holds, then Y contains a
3-separating subset X such that | X| > 4 and for every x € X, the matroids
co(M\d\x) and M\d/z are 3-connected, and z is doubly N-labelled in M\d.
Let X be minimal subject to these properties. If X contains a triad, then
holds by Theorem [£Il On the other hand, if X does not contain a triad,

then, by Theorem [5.4] either |(i)|or holds. O
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