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Abstract

Hedetniemi conjectured in 1966 that x(G x H) = min{x(G),x(H)} for all
graphs G and H. Here G x H is the graph with vertex set V(G)xV (H) defined by
putting (z,y) and (2',y") adjacent if and only if 22" € E(G) and yy' € E(H). This
conjecture received a lot of attention in the past half century. Recently, Shitov
refuted this conjecture. Let p be the minimum number of vertices in a graph of
odd girth 7 and fractional chromatic number greater than 3 +4/(p —1). Shitov’s
proof shows that Hedetniemi’s conjecture fails for some graphs with chromatic
number about p33” and with about (10331”)7”43])_1 vertices. In this paper, we show
that the conjecture fails already for some graphs G and H with chromatic number
3[7%1] and with p[(p - 1)/2] and 3[1%1](]9 + 1) — p vertices, respectively. The
currently known upper bound for p is 83. Thus Hedetniemi’s conjecture fails for
some graphs G and H with chromatic number 126, and with 3,403 and 10,501
vertices, respectively.

1 Introduction

The product G x H of graphs G and H has vertex set V(G) x V(H) and has (x,y)
adjacent to (2/,y') if and only if zz’ € E(G) and yy’ € E(H). Many names for this
product are used in the literature, including the categorical product, the tensor product
and the direct product. 1t is the most important product in this note. We just call it the
product. We may write z ~y (in G) to denote zy € E(G).

A proper colouring ¢ of G induces a proper colouring ® of G'x H defined as ®(x,y) =
o(x). So x(G x H) < x(G). Symmetrically, we also have x(G x H) < x(H). Therefore
X(G x H) < min{x(G),x(H)}. In 1966, Hedetniemi conjectured in [§] that equality
always holds in the above inequality.
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Conjecture 1 (Hedetniemi’s conjecture) For any positive integer ¢, if G x H is c-
colourable, then at least one of G and H is c-colourable.

This conjecture received a lot of attention in the past half century (see [I}, 9, [12] [14]
22, 23]). Some special cases are confirmed. In particular, it was proved by El-Zahar and
Sauer [1] that Hedetniemi’s conjecture holds for ¢ = 3 (where for ¢ < 2, the conjecture
holds trivially). Also, it was proved in [23] that a fractional version of Hedetniemi’s
conjecture is true, i.e., for any graphs G and H, x7(G x H) = min{x(G), xs(H)}.

Recently, Shitov refuted Hedetniemi’s conjecture [13]. He proved that Hedetniemi’s
conjecture fails for sufficiently large c¢. Let p be the minimum number of vertices in
a graph G of odd girth 7 and fractional chromatic number greater than 3 +4/(p - 1).
Shitov’s proof shows that Hedetniemi’s conjecture fails for some ¢ about 37p? and for
graphs with about 2" vertices. The current known upper bound for p is 83 [17].
Thus Shitov’s result shows that Hedetniemi’s conjecture fails for some ¢ that is about
3% and for graphs with about (39)3” vertices.

On the other hand, we do not know if Hedetniemi’s conjecture holds for any integer
¢ > 4. A natural question is whether Hedetniemi’s conjecture fails for relatively small c.

This paper shows that Hedetniemi’s conjecture fails for some graphs G' and H with
chromatic number 3[(p +1)/2] and with p[(p-1)/2] and

Using the upper bound p < 83, we conclude that Hedetniemi’s conjecture fails for
¢ = 125 (and hence G and H can be assumed to have chromatic number 126). The
number of vertices in G and H are 3,403 and 10,501, respectively.

2 Exponential graph

One of the standard tools used in the study of Hedetniemi’s conjecture is the concept
of exponential graphs. Let ¢ be a positive integer. We denote by [c] the set {1,2,...,c},
and for integers c < d, let [¢,d] = {¢,c+1,...,d}. For a graph G, the exponential graph
K& has vertex set

{f: f is a mapping from V(G) to [c]},

with fg e E(K&) if and only if for any edge xy € E(G), f(z) # g(y). In particular, f ~ f
is a loop in K& if and only if f is a proper c-colouring of G. So if x(G) > ¢, then K¢
has no loop.

For two graphs G and H, a homomorphism from G to H is a mapping ¢ : V(G) -
V(H) that preserves edges, i.e., for every edge zy of G, ¢(x)d(y) is an edge of H. We
say G is homomorphic to H, and write G — H, if there is a homomorphism from G to
H. The “homomorphic” relation “-” is a quasi-order. It is reflexive and transitive: if
G - H and H - @ then G — (). The composition ¥ o ¢ of a homomorphism ¢ from G
to H and a homomorphism ¢ from H to @ is a homomorphism from G to Q.

Note that a homomorphism from a graph G to K. is equivalent to a proper c-colouring
of G. Thus if G - H, then x(G) < x(H). The following result was proved in [I]. For
the completeness of this paper, we include a short proof.
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Lemma 2 ([I]) For any graph H, x(G x H) < ¢ if and only if H is homomorphic to
K&.

Proof. The maps ¥ : V(G)xV(H) — [¢] naturally correspond to the maps f: V(H) —
V(KS) via f(u)(v) = ¥(v,u). This is a 1-1 correspondence where proper colorings
correspond to exactly the homomorphisms, i.e., ¥ is a proper colouring if and only if f
is a homomorphism from F' to K&. W

So K¢ is the largest graph H in the order of homomorphism with the property that
X(G x H) < ¢. Thus Conjecture 1] is equivalent to the following statement:

(*) For any positive integer c, if x(G) > ¢, then x(K&) < c.

3 Construction of a counterexample

The lexicographic product G[H] of two graphs G and H is the graph obtained from G
by replacing each vertex of G by a copy of H. Thus the graph G[K,] has vertex set
{(z,i) : x € V(G),i € [q]}, where (z,i) and (y,j) are adjacent if and only if either
zy € E(G) or x =y and i # j. The fractional chromatic number x s(G) of G is defined as

x7(G) =inf{x(G[K,])/q:q=1,2,...}.

The odd girth of G is the length of a shortest odd cycle in G.

Let p be the minimum order of a graph of odd girth 7 and with fractional chromatic
number greater than 3+ ;z%' Let F" be such a graph. The existence of F'is guaranteed by
a classical result of Erdds [2] that there are graphs F with girth(F') > g and x¢(F') > r for
any g, (usually it is stated as x(F") > r, but the proof actually shows that x;(£") > 7). In
Section [4] we shall discuss more on the order p of F. We assume V(F') = {vy,vq,...,0,}.

Let ¢ > (p—1)/2 be an integer and ¢ = 3¢+ 2. Let G = F[K,]. Let H be the graph
that consists of

(1) vertices g; for i € [¢] forming a clique;
(2) a vertex ¢ adjacent to g; for i > p;

(3) for each i € [p], for each t € [¢ + 2,3¢q + 2], a vertex pu;,;, where for each i € [p],
the set {p;::te[q+2,3¢+2]} u{g;} forms a clique, and the vertex p,; is further
adjacent to g; with j>2¢+1,j #1;

(4) for each 7 € [p] and ¢ € [2g + 2,3¢ + 2], a vertex 0;; adjacent to ¢ and p;; and to
each g; with j ¢ {i,t}.

Theorem 3 x(G),x(H) >c and x(Gx H) <c.
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Figure 1: The graph H, where each shaded rectangle is a clique

Proof. It follows from the definition of fractional chromatic number that

X(G) = x(F[IK,]) 2 qxs(F) >3q+2=c.

Next we show that x(H) > c¢. Assume to the contrary that y(H) < ¢ and V¥ is a
c-colouring of H. We may assume that ¥(g;) = i.

As ¢ is adjacent to g; for j > p, we conclude that W (¢) =i* for some i* < p.

As the set {pps : t € [¢+2,3¢+2]} u{g} forms a clique of 2¢ + 2 vertices and
U(g;+) =1* <2q+1, there exists t* € [2¢ + 2,3¢ + 2] such that V(g ) >2¢+2. AS i ¢+
is adjacent to all g; with j € [2¢+2,3¢+2] - {t*}, we conclude that W(u; ) =t* > 2q+2.

The vertex 6, 4+ is adjacent to each g; with j ¢ {i*,t*}. Hence W (6, 4+) € {¢*,*}. But
0;+ 1~ is adjacent to ¢, which is coloured by 7*, and adjacent to p;+ 4+, which is coloured
by t*. This is a contradiction, and thus y(H) > c.

It remains to show that x(G x H) < ¢. By Lemma |2] it suffices to show that H is
homomorphic to K&. We shall prove that H is actually a subgraph of K&. For this
purpose, we simply define each vertex y of H as a mapping y : V(G) - [¢] and show
that if yy’ € E(H), then yy’ € E(KS), i.e., for any edge zz’' € E(G), y(x) # y'(z'). (This
is equivalent to say that the mapping ®: V(G x H) — [c] defined as ®(z,y) = y(z) is a
proper c-colouring of G x H).

Each vertex of G is of the form (vs,j), s €[p] and j € [q].

For y e V(H), let y: V(G) — [c] be defined as follows:

1. For i€ [c] and (vs,7) € V(G), gi(vs,7) =1.
2. For (vs,7) e V(G), ¢(vs,j) = s.



3. Forie([p], te[qg+2,3¢+2] and (vs,7) € V(G),

j+ 5]'21'7 if dF(Us;Ui) =0or 2 s
it (Vs; ) =g+ 7 +0gujzis i dp(vg,vi) =1,
t_5i2t7 if dF(Usan) 237

where
1, ifj>i
5jzz‘ = .
0, otherwise.
4. Forie[p], t€[2q+2,3qg+2] and (v, 7) € V(G),

i, if dp(vs,v) > 2,
t, if dF(US,Ui) <1

9i7t(vsaj) = {

Now we show that if yy’ € E(H), then yy’ € E(K&). For ye V(H), let

Im(y) ={y(z) :x e V(G)}.

Recall that yy’ € E(KS) if and only if for every edge xa’ € E(G), y(z) # y'(x'). So we
have the following easy observation.

Observation 4 If Im(y) nIm(y') = @, then yy' € E(K&).
Observation 5 Forie[p], te€[q+2,3q+2], the following hold:
o Ifdp(vs,v;) =0 or 2, then p;(vs,j) <i when j <i and p;(vs,j) > when j > i.
o Ifdp(vs,v;) =1, then pit(vs,7) <i when q+j <i and p;+(vs,7) >4 when ¢+ j > i.
o Ifdp(vs,v;) >3, then pi(vs,7) <i when t <i and p;(vs,j) > when t > .
So i ¢ Im(p;+) and hence
Ty = ([20+ 110 (1))~ {3},

Moreover,
Im(¢) = [p], Im(0:.) = {i,t}.
In the construction of H, the vertices and edges of H are added in four steps. Now
we show that yy’ € E(H) implies that yy’ € E(KS) according to these four steps.
(1) For any i # 5, Im(g;) nIm(g;) = {i} n{j} =@. So {g; : i € [c]} induces a clique.
(2) For j > p, Im(¢) nIm(g;) =2. So ¢ ~g; in K&.



(3) Fori e [p] and t € [¢+2,3¢+2], for j € {i}u([2¢+2,3q+2]-{t}), Im(pi+)nIm(g;) =
@. So i~ g; in KS.

Now we show that if ¢ # ¢/, then p;; ~ p;» in K&. Assume to the contrary that p;; 4
piy in K&, Then there exists (vs,7)(vy, ') € E(G) such that p;(vs,7) = piy(ve,5").
Let a = Mi,t(vsaj) = :ui,t’(vs’aj,)‘ Then

@ €{j+0j5i,q+ 7+ 0gujzist = Oise } 0 {J + 6jrsi, g+ 7"+ Ogujrsit' = dinwr }-

For a € {t,t'} and b e {j,j'}, since a > ¢+ 2 and b < g, we have ;54 + dp»; < 1. Hence
b+ 0psi < a—disq-

We consider two cases.
Case 1j+].

In this case, j+0;s ¢ {J + 0jrsis @+ 7"+ Ogujrsi,t' = Oispr } and J' + 0jrs; € {7 + 0jsi,q+ J +
5q+jzz‘7 l- 5izt}~ So

ae{q+J+0gsjsist =it} N{q+ 7"+ 0grjrsi,t' = Oisyr }-

Ast—0;51 # ' =0i5p and g+ j+ 0445 # @+ +0g4jr5i, We may assume that o = g+ +0g4ji =
t'=d;5¢. This implies that dp(v;,vs) = 1 and dp(vy,v;) > 3, in contrary to the assumption
that (vs,7)(vs,j") € E(G).

Case 2 j =7

As (vs,j) # (vy, ), we have vy # vy, VsVy € E(F), and « € {j + 0j5;,q + J + Ogujoif. If
a = j+ 0,5, then dp(vs,v;),dp(vy,v;) € {0,2}. As vyvy € E(F'), this implies that F' has
a 3-cycle or a 5-cycle, contrary to the assumption that F' has odd girth 7.

Assume « = ¢+ j +044j;- 1t is possible that o € {t =0z, ' = dinpr }. AS t—inp £ ' — iy,
by symmetry, we assume that g + j + 0445 # ¢ — 0ise. Then p;4(vs, j) is defined by the
second line of the definition of y; ;. Hence dp(vs,v;) =1. As vsvy € E(F), we conclude
that dp(vy,v;) < 2. This implies that u;;(vy,7) is not defined by the third line of the
definition of 4,4, even though p;+(vy,j) possibly equals ¢’ — d;5p. So p;¢(vy,j) is also
defined by the second line of the definition of y;,. Hence dp(vy,v;) = 1. Then F has a
3-cycle, again a contradiction.

(4) For i e [p] and t € [2¢+2,3¢q +2], as Im(0;,) = {i,t}, we know that 6;; ~ g; in K&
for j ¢ {i,t}. It remains to show that 6;; ~ p1;; and 6;, ~ ¢ in KC.

If 0,; ¢ piy in K¢, then there exists (vs,7)(vy,j’) € E(G) such that 0;:(vs,j) =
wit(vs,3") € Im(0;4) n Im(piy) = {t}. But 0;+(vs,j) = t implies that dp(vs,v;) < 1,
and f;1(vy,j’) = t implies that dp(vy,v;) > 3 (note that as i < p < 2g+1 and ¢ >

2q+2, pit(ve,j') =t —0is =t when dp(vy,v;) > 3), in contrary to the assumption that

(s, ) (vs, ") € E(G).

If 0;; 4+ ¢ in K&, then there exists (vs,j)(vy,j') € E(G) such that 6;,(vs,j) =
d(ve,j") € Im(6;1) nIm(¢) = {i}. But 0;+(vs,7) = @ implies that dp(vs,v;) > 2, and
¢(vg,7') =i implies that s’ = 7, again in contrary to the assumption that (vs,7)(vy,j’) €
E(G).

This completes the proof of Theorem [3 W



4 Some remarks and Questions

(1) As observed in Section 3, the existence of a graph F' of odd girth 7, order p and
fractional chromatic number greater than 3+4/(p—1) is guaranteed by a classical result
of Erdés [2]. Let p be the minimum order of an odd girth 7 graph F' with x¢(F) >
3+4/(p—-1). The probabilistic proof in [2] can be used to derive an upper bound
on p. However, that bound is very big. The first relatively small upper bound on
p, which I learned from Anna Gujgiczer and Gébor Simonyi [4], is obtained by using
the generalized Mycielski construction (cf. [5l, [16]). Let P. be obtained from the path
vov1 - .. v, by adding a loop at vertex vg. The generalized Mycielski graph M,.(G) of G is
obtained from G x P, by identifying all the vertices whose second coordinate is v,. So
M;(G) is obtained from G by adding a universal vertex, and M,(G) is the Mycielski
graph of G. Tardif [I6] showed that for any graph G and any positive integer r,

1
Yito (xs(G) - 1)

For an integer vector 7 = (ry,rq,...,7q), let Mz(G) = M, (M,,...(M,,(G)...)). Let
G = M3333)(C7). Then G has 607 vertices, odd girth 7, and x;(G) > 3.09 according to
the above formula.

After the preliminary version of this paper, I learned from Geoffrey Exoo and Jan
Goedgebeur [3] that they found an odd girth 7 graph G on 49 vertices with independence
number 17, through a computer search. Then M;3(G) is an odd girth 7 graph on 148
vertices with fractional chromatic number greater than 3.03. Later, Geoffrey Exoo found
an odd girth 7 graph G on 83 vertices and with independence number 27. This implies
that xs(G) > 3.074. So p < 83. The exact value of p remains an open problem.

Xr(M(G)) = xs(G) +

Question 6 What is the minimum order p of a graph F' of odd girth 7 and with x ¢(F') >
3+4/(p-1)? In general, what is the minimum order ng: of a graph with odd girth at
least k and fractional chromatic number at least t?

With ¢ =3¢ +2 and ¢ = [%2], the number of vertices in H is
p+1
3g+2+1+p(2¢+1)+p(q+1) :S[T](p+1)—p.

The graph G = F[K,] has pq vertices. For p = 83, we have ¢ =41 and ¢ = 125. The two
graphs G and H in Theorem |3 have 3,403 and 10,501 vertices, respectively.

Exoo also found an odd girth 7 graph G on 84 vertices and with independence number
27. Then x;(G) > 3+1/9. In the proof of Theorem [, ¢ can be any integer at least
(p—1)/2. Also instead of ¢ = 3¢ +2, we may choose ¢ = 3¢ +3 or 3¢ +4, provided that we
can guarantee that x(G) > xs(F")q > c. By choosing ¢ and ¢ appropriately, we can show
that Hedetniemi’s conjecture fails for all ¢ > 125, except that for ¢ = 127 (if we choose
p=383,q=41,c=3q+4, then we cannot guarantee that x(G) > ¢).
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(2) The Poljak-Rédl function is defined in [11]:

f(n) =min{x(G x H) : x(G), x(H) >n}.

Hedetniemi’s conjecture is equivalent to saying that f(n) =n for all positive integer n.
Shitov’s Theorem says that for sufficiently large n, f(n) <n—1. Using Shitov’s result,
Tardif and Zhu [20] proved that f(n) <n - (logn)/**™" for sufficiently large n. Tardif
and Zhu asked in [20] if there is a positive constant e such that f(n) < (1 —¢)n for
sufficiently large n. This question was answered in affirmative by He and Wigderson [7]
with € » 1079, Recently, Zhu [24] proved that limsup,,_, . @ < %

On the other hand, the only known lower bound for f(n) is that f(n) >4 for n > 4.
An intriguing question is whether f(n) goes to infinity with n.

Question 7 ([11]) Is f(n) bounded by a constant or lim,,_ f(n) =o00?

It was proved in [I1] that if f(n) is bounded by a constant, then the smallest such
constant is at most 16. This result is further improved in [I0] (see also [22]) that the
smallest such constant is at most 9. To gain insight to this problem, it is still interesting
to study Hedetniemi’s conjecture for small integers c.

The fractional version of Hedetniemi’s conjecture was proved in [23]: For any two
graphs G and H, x (G x H) = min{x/(G), xs(H)}. Thus if f(n) is bounded by 9, and
G and H are n-chromatic graphs with y(G x H) <9, then at least one of G and H has
fractional chromatic number at most 9.

In [23], the following Poljak-Rodl type function was defined:

¢(n) =min{x(G x H) : x¢(G), x(H) 2 n}.

It follows from the definition that f(n) < (n). This author proposed a weaker version
of Hedetniemi’s conjecture in [23], which is equivalent to the statement that ¢(n) = n
for all positive integer n. However, Shitov’s proof actually refutes this weaker version of
Hedetniemi’s conjecture. The same is true for the result in this paper, as the graph G
used in the proof of Theorem [3| has large fractional chromatic number.

The proof in [24] actually shows that

A natural question is the following:

Question 8 Is ¥(n) bounded by a constant? If 1(n) is bounded by a constant, what
could be the smallest such constant?

(3) The result of El-Zahar and Sauer that Hedetniemi’s conjecture holds for ¢ = 3
is still the best result in the positive direction of Hedetniemi’s conjecture. On the
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other hand, there are nice strengthenings of this result, in the setting of multiplicative
graphs. We say a graph @ is multiplicative if for any two graphs G, H, G + @ and
H + @ implies that G x H 4 ). Hedetniemi’s conjecture is equiavelnt to the statement
that K. is multiplicative for any positive integer c. El-Zahar and Sauer proved that
K3 is multiplicative. Haggkvist, Hell, Miller and Neumann Lara [6] proved that odd
cycles are multiplicative and Tardif [15] proved that circular cliques Ky 4 for k/d < 4 are
multiplicative, where Kj/4 has vertex set [k] with ¢ ~ j if and only if d < |i - j| <k - d.
(So Kyp = K, and Kopye = Coker ). In 2017, Wrochna [21] extended greatly the
family of known multiplicative graphs by showing that any graph without 4-cycles is
multiplicative. This result is further improved in [19] where it is shown that graphs in
which each edge lies in at most one 4-cycle are multiplicative, and also that third powers
of graphs with girth at least 13 are multiplicative.
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