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Abstract

The canonical double cover B(X) of a graph X is the direct product of X and K. If
Aut(B(X)) = Aut(X) X Zy then X is called stable; otherwise X is called unstable. An
unstable graph is nontrivially unstable if it is connected, non-bipartite and distinct vertices
have different neighborhoods. Circulant is a Cayley graph on a cyclic group. Qin et al.
conjectured in [J. Combin. Theory Ser. B 136 (2019), 154-169] that there are no nontrivialy
unstable circulants of odd order. In this paper we prove this conjecture.
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1 Introduction

All groups considered in this paper are finite and all graphs are finite, simple and undirected.
For a graph X, we denote by V(X), E(X) and Aut(X) the vertex set, the edge set and the
automorphism group of X, respectively. The canonical double cover (also called the bipartite
double cover or the Kronecker cover) of a graph X, denoted by B(X), is the direct product X x Ko
(where K5 denotes the complete graph on two vertices). This means that V(B(X)) = V(X) x Zq
and E(B(X)) = {{(z,0),(y,1)} | {z,y} € E(X)}. Canonical double covers have been studied by
several authors, see for example [3| [10] 16, 25, 27]. It is well-known that B(X) is connected if
and only if X is connected and non-bipartite, see [5]. It can also be easily seen that Aut(B(X))
contains a subgroup isomorphic to Aut(X) x Zy. However, determining the full automorphism
group of B(X) is not as trivial. Hammack and Imrich [4] investigated vertex-transitivity of direct
product of graphs, and proved that for a non-bipartite graph X and a bipartite graph Y, direct
product X X Y is vertex-transitive if and only if both B(X) and Y are vertex-transitive. Hence,
the problem of vertex-transitivity of direct product of graphs reduces to the problem of vertex-
transitivity of canonical double covers. If Aut(B(X)) is isomorphic to Aut(X) x Zy then the
graph X is called stable, otherwise it is called unstable. This concept was first defined by Marusic¢
et al. [I4] and studied later most notably by Surowski [22, 23], Wilson [26], Lauri et al. [I1]
and Qin et al. [I9]. A graph is said to be irreducible (or vertez-determining) if distinct vertices
have different neighbours, and reducible otherwise. It is easy to see that the following graphs
are all unstable: disconnected graphs, bipartite graphs with non-trivial automorphism group,
and reducible graphs. An unstable graph is said to be nontrivialy unstable if it is non-bipartite,
connected, and irreducible.

For a group G and an inverse closed subset S C G\ {1¢}, the Cayley graph Cay(G,S) on
G with connection set S is defined as the graph with vertex set G, with two vertices =,y € G
being adjacent if and only if 27 'y € S. A Cayley graph on a cyclic group is called circulant.
Sabidussi [21] proved that a graph X is a Cayley graph on a group G if and only if Aut(X) has
a regular subgroup isomorphic to G. It is easy to see that if X is a Cayley graph on a group G,


http://arxiv.org/abs/2006.12826v1

then its canonical double cover B(X) is a Cayley graph on G x Zy. The converse is not true in
general, that is B(X) can be a Cayley graph even if the graph X is not Cayley. The problem
of characterizing graphs with Cayley canonical double covers was studied by Marusi¢, Scapellato
and Zagaglia Salvi [I5], who introduced the class of generalized Cayley graphs (see also [7, 8]) and
proved that if the canonical double cover of a generalized Cayley graph X is a stable graph, then
X is a Cayley graph. The characterization of graphs whose canonical double covers are Cayley
graphs was given by the second author in [6].

The problem of characterization of vertex-transitive unstable graphs was posed in [2, Problem
5.7]. However, the problem is difficult even when restricted to the class of circulant graphs. The
problem of classification of nontrivially unstable circulants was posed in [19, Problem 1.2]. Qin et
al proved that every circulant of odd prime order is stable (see [19, Theorem 1.4], and posed the
following conjecture.

Conjecture 1.1. [19, Conjecture 1.3] There is no nontrivially unstable circulant of odd order.
In this paper we prove Conjecture [[T] that is we prove the following theorem.

Theorem 1.2. Let X be a connected irreducible circulant of odd order and let B(X) be its canon-
ical double cover. Then Aut(B(X)) = Aut(X) x Zs.

Remark 1.3. Using Theorem [L.3, the automorphism group of a canonical double cover of any
circulant X of odd order can be determined in terms of the autormorphism group of X. Namely,
if X is a connected reducible circulant, then there exist a positive integer d > 1 and a connected
irreducible circulant Y, such that X =Y { Kq. It is now easy to see that B(X) = (B(Y) 1 Ky).
Using the result of Sabidussi [20)] on the automorphism group of wreath product of graphs, we
obtain Aut(B(X)) = Aut(B(Y) 1S4 = (Aut(Y') X Za) 1 S4.

2 Preliminaries

Following [I8], an automorphism ~ of a bipartite graph Y is called a strongly switching involution
if v is an involution that swaps the two colour classes and fixes no edge. For a graph X and a
partition P of V(X), the quotient graph of X with respect to P is the graph whose vertex set
is P with B, Bo € P being adjacent if and only if there exist x € By and y € By such that
{z,y} € E(X). The following result is proved in [I8, Proposition 2.4].

Lemma 2.1. A bipartite graph Y is isomorphic to the canonical double cover of a graph X if
and only if Aut(Y') contains a strongly switching involution ~y such that X is isomorphic to the
quotient graph of Y with respect to the orbits of (7).

The following lemma gives a necessary and sufficient condition for the stability of a graph,
and it has been proved in [0, Corollary 2.5]. However, we give the proof here for the sake of
completeness.

Lemma 2.2. Let X be a connected non-bipartite graph, and let B(X) be its canonical double
cover. Let T be the automorphism of B(X) defined by 7(x,i) = (x,i+1). Then X is stable if and
only if T is central in Aut(B(X).

Proof. Suppose first that X is stable. Then Aut(B(X)) = Aut(X) x (1), hence 7 is central in
Aut(B(X)). Suppose now that 7 is central in Aut(B(X)). Let o € Aut(B(X)) be arbitrary.



Suppose first that « fixes the color classes of B(X). Let g be the permutation of V' (X) such that
a(z,0) = (g(x),0). Since 7 commutes with « it follows that a(x,1) = a(r(z,0)) = 7(a(z,0)) =
(9(x),1). Let {z,y} € E(X). Then {(x,0),(y,1)} € E(B(X)), and since a € Aut(B(X)) it follows
that {(¢(x),0),(9(y),1)} € E(B(X)). By definition of the canonical double cover, it follows that
{9(z),9(y)} € E(X). It follows that g € Aut(X). Hence, a is induced by the automorphism
of X, that is @ € Aut(X) x Zy. If a permutes the color classes of B(X), then we apply the
above arguments for ar which fixes the color classes, and conclude that ar € Aut(X) x Zy, hence
a € Aut(X) x Zg. This finishes the proof. O

Suppose that X = Cay(Zy,S) is a circulant of odd order k. Then it is straightforward to
verify that B(X) is a Cayley graph on Zj X Zo, with connection set S x {1}. Since the map
« : Ly X Ly — Loy defined by «a(x,i) = 2x + ki is an isomorphism, it follows that B(X) =
Cay(Zag, k + 2S) (where elements of S are now considered as elements of Zyy), hence B(X) is a
circulant graph of order 2k. Observe that the mapping ky, : Zog — Zoy defined by kr(x) = x+k is
the automorphism of B(X) that corresponds to the map 7 from Lemmal[Z2 Hence, for circulants
of odd order we have the following result.

Lemma 2.3. Let X = Cay(Zg,S) be a connected circulant of odd order k. Then X is stable if
and only if the permutation ky, is central in the automorphism group of Cay(Zoy, k+2S) = B(X).

We will now give another characterization of stable vertex-transitive graphs.

Lemma 2.4. Let X be a connected non-bipartite vertex-transitive graph. Let B(X) be the canon-
ical double cover of X, and let A = Aut(B(X)). Then X is stable if and only if A, 0) = A1)
for some v € V(X).

Proof. Suppose first that X is stable. Then by Lemma it follows that the map 7 is central
in A. If ¢ € A, ) then we have p(v,1) = ¢(7(v,0)) = 7(¢(v,0)) = (v,1). This shows that
Awo)y < Ay Since B(X) is vertex-transitive, all stabilizers are of the same order, hence
Awo = Aw)-

Suppose now that A, o) = A1) for some v € V(X). Let w € V(X) be arbitrary, let g be
an automorphism of X that maps v into w, and let 5 be the automorphism of B(X) defined by
B(x,i) = (g(x),i). Then Ag, ) = BAw0L " = BAwHB™" = Aw,)-

Let o be an automorphism of B(X). We will prove that o and 7 commute. Without loss of
generality, we may assume that « fixes the color classes of B(X). Suppose that a(w,0) = (u,0),
for some u € V(X). Let h be an automorphism of X that maps u to w, and let v be the
automorphism of B(X) defined by v(x,i) = (h(x),i). Observe that vy € Ay 0) = A(w,1), hence
y(a(w,1)) = (w,1). Tt follows that a(w,1) = vy Y(w,1) = (u,1). It is now straightforward
to conclude that a7r(w,0) = T7a(w,0). Since w € V(X) was arbitrary, it follows that o and 7
commute. We conclude that 7 is central in Aut(B(X)). By Lemma it follows that X is
stable. O

For circulants, the above lemma implies the following.

Lemma 2.5. Let X be a connected circulant of odd order k, let B(X) be its canonical double
cover and A = Aut(B(X)). Then X is stable if and only if Ag = Ag.

A Cayley graph I' = Cay(G, S) is said to be normal if G, is a normal subgroup of Aut(I"), or
equivalently if Aut(I')g = Aut(G, S), where Aut(G, S) = {p € Aut(G) | (S) = S}.



Lemma 2.6. Let G be an abelian group of odd order, and let X = Cay(G,S) be a connected
Cayley graph on G. If B(X) = Cay(G X Zy,S’) is a normal Cayley graph then X is stable.

Proof. Since B(X) is normal Cayley graph, it follows that each element of Aut(B(X)) is a compo-
sition of some element of (G x Zs2) 1, with some element of Aut(G x Zsa). Let 7 be the automorphism
of B(X) defined by 7(x,7) = (z,i+1). Let t be the unique element of order 2 in G X Zg. Observe
that 7 = t. Since G is abelian, it follows that each element of (G x Zy);, commutes with 7. Let
¢ € Aut(G X Zg). Then ¢(t) = t, since group automorphisms preserve the order of elements, and
t is the unique element of order 2 in G x Zs. It follows that (¢tr)(x) = (tx) = te(x) = (tre)(x).
This shows that 7 = ¢; commutes with every element of Aut(G). The result now follows by
Lemma O

The following lemma tells that a normal circulant of even order not divisible by four has a
unique regular cyclic subgroup.

Lemma 2.7. [Z], Theorem 5.2.2] Let k be an odd positive integer, and let X = Cay(Zoy, S). Let
A = Aut(X) admitting a normal cyclic reqular subgroup H. Then H is the unique reqular cyclic
subgroup contained in A.

The wreath (lexicographic) product ¥ T of a graph I' by a graph 3 is the graph with vertex
set V(X) x V(I') such that {(u1,us), (vi,v2)} is an edge if and only if either {u;,v;} € E(X), or
up = vy and {ug,v2} € E(T'). Observe that X T is the graph obtained by substituting a copy of
I" for each vertex of T'.

The deleted wreath (deleted lexicographic) product of a graph ¥ and Ky, denoted by ¥y Ky, is
the graph with vertex set V(X) x Zg4, such that {(ui,7), (v1,7)} is an edge if and only if {u1,v;} €
E(X) and i # j. Observe that ¥y K4 can be obtained from ¥ K4 by removing d disjoint copies
of ¥. Observe that the canonical double cover of a graph X is isomorphic to X g Ko (see [19]
Example 2.1]). The following result gives a characterization of all arc-transitive circulants.

Lemma 2.8. [0, [12] Let T be a connected arc-transitive circulant of order n. Then one of the
following holds:

(i) ' = Ky;
(ii)) T = ¥ K4, where n = md, m,d > 1 and ¥ is a connected arc-transitive circulant of order
m;

(iii) T = ¥y Kgq where n = md, d > 3, ged(d,m) = 1 and ¥ is a connected arc-transitive circulant
of order m;

(iv) T is a normal circulant.
The following result is a direct consequence of [2, Theorem 5.3].

Lemma 2.9. Let d > 3 be an integer, let 3 be an irreducible vertex-transitive graph whose order
is mot divisible by d, and let T = X1y K4. Then Aut(l') & Aut(X) x Sy.

Proof. Since ¥ is vertex-transitive, and Aut(I") contains a subgroup isomorphic to Aut(3) x Sy,
it follows that I' is vertex-transitive. Since ¥ is reducible, by [2, Theorem 5.3] it follows that
Aut(T) 2 Aut(X) x Sy if and only if the conditions (i) — (éi7) of [2l Theorem 5.3] hold. However,
since |V(X)| is not divisible by d, it follows that condition (i7) of |2 Theorem 5.3] doesn’t hold.
We conclude that Aut(T') = Aut(X) x Sg. O



Lemma 2.10. [19, Lemma 2.3] The canonical double cover B(X) of a graph X is reducible if
and only if X is reducible.

The following result can be extracted from the proof of [I7, Proposition 2.1]. However, as
the statement of [I7, Proposition 2.1] is a bit weaker, we include the proof here for the sake of
completeness.

Lemma 2.11. Let X = Cay(G,S), A = Aut(X) and let K C S such that o(K) = K for every
w € A1. Then p((K)) = (K) for every ¢ € Ay. Moreover, if K is inverse closed, then ¢ induces
an automorphism of Cay((K), K).

Proof. Let x € G and w € A, be arbitrary, and let M be any subset of G such that p(M) = M
for every ¢ € Aj. Observe that (x L)*lwx 1 € A;. By the assumption on A; and M it follows that
(vr) twzp (M) = M. Therefore, w(xM) = xM for every x € G and every w € A,.

We claim that p(K') = K for every positive integer t. The proof is by induction on ¢. If
t = 1, the claim follows from the hypothesis. Suppose that p(K!) = K!. Let ¢ € A; and let
k1 € K be arbitrary. Observe that (klkr;l)Lgp € Ag,. Applying the first part of the proof with
M = K' and = = ky, it follows that (k1ky ') ro(k1K') = k K*. This implies that p(kiK*) =
koK' = (k1) K* C K*1. Since this is true for every k; € K, it follows that p(K*!) = K+,

Since (K) = K UK?U...UK?! for some positive integer ¢, it follows that p((K)) = (K).
Moreover, let e be an arbitrary edge of Cay((K), K). Then e = {k1, k1ka} for some ki, ks € K. As
we proved that (k1 K') = (k1) K" for every positive integer ¢, it follows that ¢ (k1K) = (k1)K
Since p(kika) € (k1K) = (k1)K we conclude that ¢(kiks) = ¢(k1)k for some k € K. This
shows that ¢(e) is an edge of Cay((K), K), hence ¢ induces an automorphism of Cay((K), K). O

3 Main result

The following lemma gives a partial generalization of [19, Theorem 1.6], where it is proved that
there is no arc-transitive nontrivally unstable circulant. It is easy to see that B(X) is arc-transitive
if X is arc-transitive.

Lemma 3.1. Let X be a nontrivialy unstable circulant of odd order m. Then B(X) is not arc-
transitive.

Proof. Suppose that B(X) is an arc-transitive circulant. Since B(X) is also a connected circulant,
by Lemma 2.8 it follows that B(X) is a complete graph, normal circulant, wreath product or a
deleted wreath product. If B(X) is a complete graph, then it must be isomorphic to Kj or Ko,
since they are the only bipartite complete graphs. However, it is easy to see that none of them is a
canonical double cover of some graph. Lemma 2.6l implies that B(X) is not a normal circulant. If
B(X) is a wreath product, then B(X) is reducible, hence by Lemma 2T0lit follows that X is also
reducible, contrary to the assumption that X is nontrvialy unstable. Therefore, we may assume
that B(X) is the deleted wreath product. Suppose that B(X) = ¥y K4, where 2m = td, d > 3,
gcd(d,t) = 1 and X is a connected arc-transitive circulant of order t. Since B(X) is bipartite and
d > 3 it follows that 3 is also bipartite, hence order of ¥ is even.

If ¥ is reducible, then ¥ = Y1 K4, where ¥ is an irreducible circulant. Then by [2,
Proposition 4.5, it follows that B(X) = ¥ yg Kg = (X1 g Kg) ! Kg,, implying that B(X) is
reducible. By Lemma [2.10] it follows that X is also reducible, a contradiction.

Suppose now that 3 is irreducible. Then by Lemma 29it follows that Aut(B(X)) = Aut(X) x
Sg. Recall that X is a connected arc-transitive bipartite circulant of even order. If ¥ is a wreath



product, then again B(X) is a wreath product, hence B(X) is reducible, and consequently also
X is reducible, contrary to the assumption that X is nontrivialy unstable. We conclude that ¥ is
a normal circulant, or ¥ & ¥y }g Kg,, where X1 is an arc-transitive circulant. Applying the same
arguments for X1, we conclude that ¥ is a normal circulant, or a deleted wreath product. As I'
is finite, this process has to terminate, so eventually we will get B(X) = (X4 3 Kg,) 4 - - - W Ka,
where ¥; is a normal circulant of even order and Aut(B(X)) = Aut(X;) x Sg, X ... X Sg.
Observe that Sy, X ... xSy is a normal subgroup of Aut(B(X)), hence its orbits form a system
of imprimitivity for Aut(B(X)). Let P denote the set of orbits of Sy, x ... x Sz on V(B(X)).
Observe that the quotient graph of B(X) with respect to P is isomorphic to ¥;. The group
(Zam) 1, projects into cyclic regular subgroup of Aut(X;). For g € Aut(B(X)), let g/p denote the
permutation induced by the action of g on P. Since ¥; is a normal circulant, by Lemma 7] it
follows that (Zay,)r/p is a normal cyclic regular subgroup of Aut(%;), hence my, /p is central in
Aut(X;). If follows that my is central in Aut(3;) x Sg, X ... x Sg. The result now follows by
Lemma O

In the following lemma, we consider graphs that can be realised as a canonical double cover
of some connected arc-transitive circulant of odd order, and derive certain important properties
of their automorphism groups.

Lemma 3.2. Let m be an odd positive integer, and let I' be a connected bipartite arc-transitive
circulant of order 2m and even valency, and let A = Aut(I"). Then one of the following holds:

(i) Ag = A, or

(ii) T =2 Ty \ Kq where T'1 is an irreducible arc-transitive circulant of even order 2m, and

Aut(F1)0 = Aut(l“l)ml .

Proof. Since I' is a circulant of order 2m and has even valency, it follows that I' = Cay(Zay,, S)
where S does not contain element m. This implies that the automorphism my, : x — m + z is a
strongly switching involution of I'. By Lemma 2.1}, it follows that I" is the canonical double cover
of the graph X obtained as the quotient graph of I' with respect to the orbits of my. Observe
that X is a connected and non-bipartite circulant of order m, since I' is a connected circulant of
order 2m.

If X is a stable graph, then by Lemma it follows that I' satisfies condition (i), and we
are done. As T' is arc-transitive, by Lemma B1] it follows that X is not nontrivialy unstable.
Therefore, X is trivially unstable, and since it is connected and non-bipartite, it follows that X
is reducible. We conclude that X = ¥ K, where ¥ is a connected irreducible circulant of order
m1, with m; being odd.

Observe that I' &2 X x Ko = (X1 Ky) x Ko = (¥ x K3) 1 K4, Let I'y = ¥ x Ky. Since T'is
an arc-transitive circulant, it follows that I'; is an arc-transitive circulant (see [I3, Remark 1.2]).
Since I'1 is a canonical double cover of ¥, by Lemma [3.1] it follows that ¥ is not non-trivially
unstable. Recall that X is irreducible, connected and non-bipartite. We conclude that 3 is stable,
hence by Lemma 28] it follows that Aut(I'1)g = Aut(I'y)m, - O

We are now ready to prove the main result of this paper. We will show that there is no
non-trivially unstable circulant of odd order.

Theorem (restated). Let X be a connected irreducible circulant of odd order and let B(X)
be its canonical double cover. Then Aut(B(X)) = Aut(X) x Zs.



Proof. Let X = Cay(Zy,,S) be a connected irreducible circulant of odd order m. If X is stable,
the result follows by the definition. It is clear that X is non-bipartite, as it is of odd order.
Hence, we may assume that X is a nontrivially unstable. We have that B(X) = Cay(Zam,S")
is a circulant of order 2m, where S’ = m + 2S. Let A = Aut(B(X)). If Ap is transitive on S’,
then B(X) is arc-transitive, and the result follows by Lemma Bl Let Si,..., Sk be the orbits of
Ap on S’. Observe that S; = —S; (since mapping i : © — —x is contained in Agy), and m & S;,
for every i € {1,...,k}. Let I'; = Cay((S;),S;). Observe that (S;) is a subgroup of Zsa,, of even
order, hence it contains the element of order 2, that is m € (S;) for every i € {1,...,k}. By
Lemma 2.I7] every element of Ay fixes T';, hence it follows that every element of Ag induces an
automorphism of I';. As Ag acts transitively on 5; it follows that I'; is arc-transitive. Therefore,
I'; is an arc-transitive circulant of even order (not divisible by 4) and even valency. Hence we can
apply Lemma to each of the graphs I';. If for some ¢ we have that I'; satisfies condition 1
of Lemma [3.2] it follows that every automorphism of B(X) that fixes 0, must also fix m, hence
Ag = A,, and by Lemma [2.5] it follows that X is stable, a contradiction.

We can now assume that I'; =& 3; ZK—di, where Y, is an irreducible arc-transitive circulant of
even order satisfying condition (i) from Lemma[32] Let R be the equivalence relation of “having
the same neighbourhood” defined on V(T';). The equivalence classes of this relation are all of size
d;, and form a system of imprimitivity for Aut(I;). Let H; be the kernel of the action of (S;),
(which is a regular cyclic subgroup of Aut(I';)) on the partition induced by R. The permutation
group (S;)1./H; induced by the action of (S;), on the classes of R is a cyclic regular group. Since
H; is semiregular on V(I';), it follows that the equivalence classes of R coincide with the orbits of
H;. Tt follows that \S; is a union of cosets of the subgroup H; of (S;). Observe that the element of
order 2 in the quotient group (S;)/H; is m + H;.

Recall that 3; has the property that the stabilizer of the identity and the element of order
2 in the cyclic regular subgroup of Aut(X;) are equal, which implies that every automorphism
of I'; that fixes 0, fixes setwise coset m + H;. As every automorphism of I' that fixes 0 induces
automorphism of I';, it follows that every automorphism of I' that fixes 0 fixes setwise m + H;. If
GCD(dy,...,dx) =d > 1, then H = H;N...N Hy has order d. It follows that S’ is a union of
cosets of H, hence B(X) is a wreath product with K 4. This shows that B(X) is reducible, and by
Lemma it follows that X is also reducible, contrary to the assumption that X is nontrivially
unstable circulant.

If GCD(dy,...,dy) = 1, then it follows that Hy N ... N Hx = {0}. As observed above, every

automorphism of T" fixes setwise each of the sets m + H;, for i € {1,...,k}, hence it also fixes
their intersection. Since (m + Hi) N...N (m + Hy) = {m}, by Lemma 25 it follows that X is
stable, a contradiction. This finishes the proof. O

For further research, we propose the following problem.

Problem 3.3. Does there exist a nontrivially unstable Cayley graph on an Abelian group of odd
order.
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