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Abstract

Let G = (V,E) be a simple graph with n vertices and m edges, P(G,k) be the
chromatic polynomial of G, and P(G,L) be the number of L-colorings of G for any
k-assignment L. In this article, we show that when &k > m —1 > 3, P(G,L) — P(G, k)
is bounded below by ((k —m+ 1)k 3 4 W;Jk‘"%) > |L(u) \ L(v)|, where ¢ >

uwveE
7(7”_1)8(7”_3), and in particular, if G is K3-free, then ¢ > (m; 2) +2y/m — 3. Consequently,

P(G,L) > P(G,k) whenever k > m — 1.

Keywords: list-coloring, list-color function, chromatic polynomial, broken-cycle

Mathematics Subject Classification: 05C15, 05C30, 05C31

1 Introduction

For any graph G, let V(G) and E(G) be the vertex set and edge set of G respectively. Let N
be the set of positive integers, and any k € N, let [k] := {1,...,k}. A proper k-coloring of G
is amap f : V(G) — [k] such that f(u) # f(v) for each pair of adjacent vertices v and v in
G. Let P(G,k) denote the number of proper k-colorings of G. Introduced by Birkhoff [I] in
1912, P(G, k) is called the chromatic polynomial of G. More details on P(G, k) can be found
in [IL 2, 3, @, 0, 12, 13].
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The notion of list-coloring was introduced independently by Vizing [15] and by Erdés, Rubin
and Taylor [7]. A map L : V(G) — 2V is called an assignment of G. For any k € N, a
k-assignment of G is an assignment L of G with |L(v)| = k for all v € V(G). Given any
assignment L of G, an L-coloring of G is a map f : V(G) — N with the property that
f(v) € L(v) for each v € V(G) and f(u) # f(v) for each pair of adjacent vertices u and v in
G. Let P(G, L) denote the number of L-colorings of G. For any k € N, let P(G, k) be the
minimum value of P(G, L) among all k-assignments L of G. Introduced by Kostochka and
Sidorenko in 1990s, P,(G, k) is called the list-color function of G. More details on P(G, k) can
be found in [14].

It is known that P(G, k) is a polynomial in k& of degree |V(G)| (see Theorem [). However,
due to Donner [6], P,(G, k) is in general not a polynomial in k. By the definitions of P(G, k)
and P(G,k), P(G,k) < P(G,k) holds for every k € N. Clearly, P(G,k) = P(G, k) does
not hold for some graphs G and some numbers k € N. For example, P(G,2) > 2 holds for
each bipartite graph G, but P(G,2) = 0 as long as G contains K54 as a subgraph. On the
other hand, it is not difficult to verify that P(G, k) = P(G, k) holds for any chordal graph
G and k € N (see [11]). From the big picture, for any simple graph G, Donner [6] showed
that P(G,k) = P/(G,k) holds when k is sufficiently large, answering a problem proposed
by Kostochka and Sidorenko [I1], and Thomassen [I4] proved that P(G, k) = P(G, k) when
k> |V(G)[*. In 2017, Wang, Qian and Yan [16] significantly improved this result by showing

that P(G, k) = P(G, k) holds for any k € N with k > mﬁ%) ~ 1.135(m — 1), where m is

the number of edges in G.

In this article, we will establish a lower bound of P(G,L) — P(G,k) for an arbitrary k-
assignment L with k& > m — 1. Obviously, P(G, L) = P(G, k) holds whenever L(u) = L(v) for
every edge uv in G. This article shows how large the gap between P(G,L) and P(G, k) can
be when L(u) # L(v) for some edge uv in G.

Theorem 1. Let G = (V, E) be a simple graph with n vertices and m (> 4) edges. Then, for
any k-assignment L of G with k > m — 1,

BZmES s ) S jpw)\ L)l (1)

wel

P(G, L) - P(G,k) = ((k‘ —m+1DE"3 4+

where ¢ > w, and particularly, when G is Ks-free, ¢ > (m2_2) +2y/m — 3.

Note that any graph with less than 4 edges is a chordal graph. Thus, the following conclusion
follows from Theorem [ directly.

Corollary 2. For any simple graph G with m edges, P(G, k) = P(G, k) holds for each k € N
with k> m — 1.



Let G = (V,E) be a simple graph with n vertices and m edges and 7 be a fixed bijection
from E to [m]. A broken cycle of G (with respect to n) is a path B = vyvy...v, of G, where
r > 3, such that viv, € E and n(viv,) < n(v;vie) for each i = 1,2, ...,r — 1. Let B(G) be
the collection of edge sets E(B) over all broken cycles B of G, and let A#Z(G) be the set of
subsets A of E that is broken-cycle free with respect to n (i.e., Ey € A for each Ey € A(G)).
Obviously, for each A € A4%B(G), the spanning subgraph (V, A) has no cycles, implying that
0 <|A| <n—1. For each ¢ with 0 < i <n —1, let 4#%,;(G) be the set of A € SB(G) with
|A| = 1.

Forany e € E and 1 <i <n—1, let 4%;(G,e) be the set of A € 42;(G) with e € A. Note
that | A42;(G, e)| depends on 71 although 7 is not included in the notation. For example, if G
is K3, then |4%5(G, e)| is either 1 or 2. Let @Q,(G, e, x) denote the polynomial defined below:

Qy(G.e,x) = > Ww—i— > AB(Ge)|a" (2)

1
1<i<n-—1 2<i<n—1
i odd i even

For any e € E, let G/e denote the simple graph obtained from G by contracting e and deleting
all but one of the multiple edges, if they arise. Thus, |E(G/e)| = m — 1 —t, where ¢ is the
number of 3-cycles in G containing e.

In Section 2] we show that if x > m — 1 and n > 4, then

(x —m + 3)|ANPB(Ge)]
3

a4

Q,(G,e,x) > (. —m+1)2" 2 +

Then, in Section B we find a lower bound of | A4%,(G/e)| in terms of m. In Section @], we
prove that P(G, L) — P(G, k) is bounded below by + > (|L(u)\ L(v)|Qy(G,uv, k)) for any k-

weE
assignment L of G with k& > m —1. Theorem [I] then follows immediately. Finally, in Section [3],

we propose two conjectures studying the relation between P(G, k) and P(G, k).

2 A lower bound of Q),(G,e, )

In this section, we always assume that G = (V| E) is a simple graph with n vertices and m
edges and 7 is a fixed bijection from E to [m|. Due to Whitney [17], the coefficients of P(G, )
can be expressed in terms of the sizes of A4%;(G)’s.

n—1

Theorem 3 ([17]). P(G,z) can be expressed as P(G,z) = > (—1) | AB:(G)|z"".

i=0
In this section, we shall find a lower bound of Q,(G, e, ) for any edge e under the condition
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x > m — 1. By the definition of A4%;(G,e), we first have the following relation between
| NB;(G,e)| and | ANPB;11(G,e)].

Lemma 4. For anye € E and i € [n — 2|, i|/B;11(G,e)| < (m — )| APB;(G,e)|.

Proof. When i > m, the inequality is trivial, as both sides are 0. Now assume that 1 < i <
m — 1. Lemma [4] then follows directly from the following facts:

(i). for each A € 4%, 11(G,e) and € € A\ {e}, A\ {€'} € #/B;(G,e); and
(ii). for each A" € A4%;(G,e), there are at most m —i edges €’ in E'\ A’ such that A’U{e'} €
f/Vf%i—l—l(Gu 6). O
We can now apply Lemma [ to find a lower bound of Q,(G, e, ).

Theorem 5. Assume that n > 3. For any edge e in G and x > 0,

Qn(G,e,x) > Z f(ﬂf—m—‘—i)l’"—i—l. (3)
i
In particular, if n is even, then,
[ A%B:(G e)] N oneic1 | | A PBa1(Ge)|
> —(x — .
Qy(G,e,x) > Z - (x —m+i)x + 1 x (4)

1<i<n—3
i odd

Proof. By Lemma [, for any i € [n — 2], as x > 0,

|‘/V'%Z(G7 e)|xn—i - ‘JV%H-I(G; 6)|,’L’n_i_l Z "/V’%Z(G7 e)‘xn—i - (m - Z)"/V’%Z(G7 e)‘xn—i—l
1 1
— 7"/%%2‘((;’ °) (x —m +i)z" "t (5)
1
By the definition of Q,(G, e, x), the result follows from ({). O

For any edge e in G, let 1| g(c/¢) be the restriction of 7 to the edge set of G//e, and let A4%;(G/e)
be the set of A C E(G/e) with |A| = j such that A is broken-cycle free with respect to n|g(q/e)-
In the following, we will show that |4Z,;(G, e)| is bounded below by | A4%;_1(G/e)|.

Lemma 6. For anye € E and i € [n— 1], | 4%B;(G,e)| > | NVPB;—1(G/e)|.

Proof. 1t suffices to show that AU {e} € 4%,;(G,e) for each A € VB, 1(G]e).
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Suppose that AU {e} &€ A4%B;(G,e). Then, there exists B € Z(G) with B C AU {e}. As
A e NB;_1(G]e), B L A, which implies that e € B and B\ {e} C A. However, B € #(G)
implies that B\ {e} € #(G/e), a contradiction to the assumption that A € 4%, 1(G/e).

Hence Lemma [0 follows. O

Combining Theorem Bl and Lemma [B, we obtain a lower bound of @,(G,e,z) in terms of

| NPB2(G /e)| and .

Corollary 7. For any e € E and real number x with x > m — 1, if n > 4, then

(x —m+ 3)|</V<@2(G/e)|xn_4‘

Qn(G,e,x) > (r —m+ 1):8"_2 + 5

3 Lower bounds of |/ %,(G/e)|

In this section, we still assume that G = (V| F) is a simple graph with |V| = n and |E| = m,
and we shall find a lower bound of |.A#%,(G/e)| in terms of m for an arbitrary edge e in G.

Given any simple graph H, by the definition of | #%y(H )| or Corollary 2.3.1 in [4], | A4 %By(H )|
has the following expression:

) = (1P57) - s, M)

where A(H) is the number of 3-cycles in H.

First consider the special case that G is Ks-free. Let c¢4(G) be the minimum integer r such
that each edge e in G is contained in at most r 4-cycles of G. For any u € V', let Ng(u) denote
the set of vertices in G adjacent to u, and let dg(u) = |Ng(u)|.

Lemma 8. For anye € E, if G is K3-free and m > 3, then

m— 2

NBAGe)| > (m N 1) (G ( : ) covmos ®)

Proof. As G is Ks-free, then G/e has exactly m — 1 edges and at most c4(G) 3-cycles. Thus,
applying () implies that | A%y (G /e)| > (m2—1) — ¢4(G) for any edge e € E.

Note that (";") — (",?) — 2y/m + 3 = (y/m — 1)%. Thus, it remains to show that ¢4(G) <
(vm — 1)2. Tt suffices to show that for each edge ¢ in G, the number of 4-cycles in G
containing €', denoted by c4(€’), is at most (y/m—1)2. Let ¢/ = uv € E, N'(u) := Ng(u)\{v} =

b}



{ui,ug, ..., u,} and N'(v) := Ng(v)\{u} = {v1,v9,...,0,}. AsGis Ks-free, N'(u)NN'(v) = 0.
If p=0orq=0, then ¢4(e’) =0 < (/m — 1)%. Now, assume p > 1 and ¢ > 1. Clearly, c4(€’)
is equal to the size of the edge set Eq(N'(u), N'(v)) := {wv; € E :i € [p],j € [¢]}. Thus,

ca(e') = [Eg(N'(u), N'(v))| <m —1—p—gq, (9)

implying that p+ g < m — 1 — ¢4(¢'), and therefore

ca(€') = [Eg(N'(u), N'(v)] < pg < S (p+¢)* < S (m =1 = ea(€))*. (10)

»-lklr—*
»-lklr—*

Solving the inequality c4(€’) <

ca(e) < (vVm —1)% Hence c4(G

Now we are going to find a lower bound of | A4%,(G/e)| in terms of m for any edge e in G.

— 1 — ¢4(€'))? with the condition c4(e’) < m gives that

(m
1
) = ma]%(al( ¢') < (y/m — 1)%. The result holds. O
e'e

We shall apply the following theorem obtained by Fisher in [§].

Theorem 9 ([8]). For any simple graph H, AN(H) < |E(H)|(\/8|E(H)| +1 - 3).

By applying Theorem [9 we can find an upper bound of A(H) in terms of |E(H)| and ¢, where
t is any number not larger than the maximum degree of H.

Lemma 10. For any simple graph H, if the maximum degree of H is at least t, then

A(H) < % (3+V/BUEE) ) +1). (11)

Proof. Let w be a vertex in H with dy(w) = s > t. Let Hy be the subgraph of H induced by
Ny (w), and let H—w be the subgraph of H induced by V(H)\{w}. Then |E(H,)| < |E(H)|—s
and |E(H —w)| = |E(H)| — s. Then,

A(H) = IE(Ho)|+A(H w)

< |E (H)|—s+ |—s(\/8|E )= s) + 1—3)

_ B = (

= = 3+\/8|E )| s)+1) (12)
where the penultimate expression follows from Theorem Q. As s > ¢, the lemma holds. O

Lemma 11. If m > 4, then for any e € E, | N4%B5(G/e)| > 7("1_1)8(""”_3),

Proof. Let e be any edge in GG and let ¢ be the number of 3-cycles in G containing e. Then



m > 2t+1 and |E(G/e)| =m —t—1. By ({l) and Theorem [ | A4Z2(G/e)| > g(t, m), where

g(t,m): = (m_;_1>—%<\/8(m—t—l)+l—3>

(m—t—12 (m—t—1)
2 6

V8(m —t—1) + 1. (13)

Note that f(z) := 2% — £1/8x + 1 is strictly increasing for z > 1, implying that f(m —1) >

2
f(m —2). Since g(t,m) = f(m — 1 —1t), it is routine to verify that when m > 4,

—2)2 -2
g((),?’n)>g(1,m):(m2 ) _m6 V8m — 15 >

It remains to consider the case ¢t > 2. Note that |E(G/e)| = m —t — 1 and the vertex in G/e
produced after contracting e is of degree at least t. As m > 2t + 1, by (7)) and Lemma [I0]

NBo(C )| > (m_t_1>—w(3+\/8(m—2t—1)+1>

2 6
 (m=-1)(m—=3) m-2t-1
= : + <9m 6t — 27— 4y/8(m — 2t — 1) + 1)
— 1\ m —
. (m=1)(m-3) )
8
Hence Lemma [I] holds. O

By Corollary [ and Lemmas 8 and [T1], the following conclusion holds.

Theorem 12. For any e € E and real number x with v > m —1> 3, Q,(G, e, ) is bounded
below by (x —m + 1)z" 2 + (IL;?’)C:C"“*, where ¢ > w, and in particular, if G is

Ks-free, then ¢ > (m2_2) +2y/m — 3.

4 Proving Theorem (1]

In this section, we always assume that G = (V, E) is a simple graph with n vertices and m
edges, 1 is a fixed bijection from E to [m], and L is a k-assignment of G, where k > 2.

For any integer ¢ with 0 < i <n — 1, let #/%B%;(G) be the set of spanning forests F' = (V, A)
of G with A € A4%,(G). Clearly, each F € 4ZABF;(G) has exactly n — ¢ components. We can
represent F' by the set {11, T, ..., T,,_;}, where T1,T5, ..., T,_; are the components of F.

For any subgraph H of G, define (H) = ‘ N L(v)‘. By applying the inclusion-exclusion
veV(H)
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principle, it can be proved that

n—1 n—i
P(G,L)=) (-1) > [T 5. (16)
=0 {T1,..T_: }eNBTF;(G) j=1

By Theorem Bl and (I6]), we have

PG L -PGH=S(1 Y (ﬂﬂ@)—k"-i). an

i=1 {T1,... Ta_i}eNBF,(G) \j=1

For any edge e = wv in G, let a(e) = |L(u) \ L(v)|. For any F' ={T\,...,T,—;} € N/BZF(G),

a lower bound for ]:[ B(T;) — k™" was obtained in [16], as stated below.
j=1

Lemma 13 ([16]). For anyi € [n— 1] and F = {Ty,...,T,_;} € /BZF(G),

1:[ BT — k" = =k > afe). (18)
J=1 e€E(F)

We are now going to establish an upper bound for ]:[ B(T;) — k"*. We first introduce the
j=1
following result.

Lemma 14. Let dy,ds,...,d, be any non-negative real numbers, and qi1,qs,...,q. be any

positive real numbers, where r > 1. If x > max d;, then
<i<r

xr—l r
(= di)(z—dy)-(x—d) <a" — ———— > gid;. (19)
I R o

Proof. Assume that dy > dy > --- > d,. It is trivial to verify that d; > m > qid;. As
i=1

0<(x—d;) <z forall 2<i<r, the result follows immediately. O
Lemma 15. Fori € [n—1] and F ={Ty,...,T,_;} € SBF;(G),
n—i kn—i—l

[[8T) -k < ———— )" a(e). (20)

7
J=1 eEE(F)




Proof. For each T; with E(T}) # 0, we have

1
) < i < k- <k————- .
BT < min [L(u) 0 Lw)| <k~ max a(e) <k |E(Tj)|e€%;)a<e> (21)

Assume that E(T}) 7é () for each j with 1 < j < s while E(T};) = () for each j with s+1 < j <
n—i. As |E(Ty)|+ -+ |E(Ts)| =i and k > «(e) for each e € E(G), by ([2I)) and Lemma [I4]

S S 1
j]:[lﬂ(Tj) < H(k—E(Tj) Z)a(e))

J=1 e€EB(T,
ks—l
< k-
\E(T1)| + - -+ |E(T})] ;GEZ
ks 1
pr— ks _— .
: Z a(e) (22)
e€E(F)
As 5(T;) = k for each j with s +1 < j <n — i, (20) follows. O

Recall that Q),)(G, e, k) is the function defined in ([2) and A4%;(G, e) is the set of A € N%;(G)
with e € A. We are now going to find a lower bound of P(G,L) — P(G, k) in terms of a(e)
and @, (G, e, k) for all edges e in G.

Lemma 16. P(G,L) — P(G,k) > %Z (a(e)@y(G, e, k)) -
=)
Proof. By (7)) and applying Lemma [[3] for even i’s and Lemma [IH for odd i’s,

P(G,L)— P(G,k)

- Yy Y <5 i )
)

=1 {Tl ----- n Z}EM/Z(G .]:1
k,n—i—l i1
> D X 2 el )k >, 2«
1%1-%351 FeNBF;(G) e€E(F) 2?1‘5;;1 Fe/%7;(G) eeE(F)
kn—i—l i
= Y D a@EG - Y KT ale)l 4G e)
1<i<n—1 ecE 2<i<n—1 eelR
i odd i even
1 NBi(G, i i
= > ale)| Y [ABUG )| i _ > ABI(GLe) kT (23)
k e€E 1<i<n—1 ! 2<i<n—1
1 odd i even
By the definition of @, (G, e, k), the result follows. a
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We are now going to prove Theorem [Il

Proof of Theorem[lt As m >4 and k > m — 1, by Theorem [I2] and Lemma [TG]

PGD) = P(GK) > 73 (ae)Qy(G.e, k)

eclk
[
> ((k: —m+1DE"3 4+ wk"“f’) Z a(e), (24)
3
eclk
where ¢ > W’ and if G is Ks-free, then ¢ > (m2_2) +2y/m — 3. O

5 Concluding remarks

Given any simple graph G, the list-chromatic number of G, denoted by x;(G), is the minimum
integer r with P,(G,r) > 0, and the list-color function threshold of G, denoted by 7(G), is
the smallest integer r > x(G) such that P(G,k) = P(G, k) whenever k > r. Obviously,
7(G) > xi(G) > x(G). By Corollary 2 7(G) < |E(G)| — 1 when |E(G)| > 4. The authors of
this article also found some results on the upper bounds of 7(#) for r-uniform hypergraphs
H with m edges, where r > 3. In [5], they showed that 7(#) is bounded above by min{m —
1,0.6(m —1)+0.5v(H)}, where v(H) = maxccp) | Er—1(e)| and E,_;(e) is the set of edges ¢’
in H with |ene’| = r—1, and in [18], they further showed that if p(H) := min, ccp) le\€'| > 2

and m > p(H)*/2 + 1, then 7(H) < st

Thomassen [14] asked if there exists a universal constant « such that 7(G) — x;(G) < « holds
for every simple graph G. Recently, Kaul et al [10] gave a negative answer to Thomassen’s
question by showing that 7(Kss) — xi(K2s) > C4/s for a constant C' and all s € N with
s > 16.

We end this article with two conjectures.

Conjecture 1. There exists a constant ¢ > 0 such that 7(G) < c¢|V(G)| or 7(G) < cA(G) for
every simple graph G, where A(G) is the mazimum degree of G.

Conjecture 2. For any simple graph G, if L is a k-assignment of G with k > 7(G) and
L(u) # L(v) for some edge uv in G, then P(G,L) > P(G, k).

Clearly, Conjecture [2 holds for all chordal graphs. If this conjecture fails, then there exists a
non-chordal graph G such that P(G,L) = P(G, k) for some k-assignment L, where 7(G) <
k <|E(G)| — 2 and L(u) # L(v) for some edge uv in G.
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