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Abstract

Recent results in mechanism design show that as long as agents have correlated private
information and are sufficiently risk neutral, it is possible to design mechanisms that leave
agents with arbitrarily small information rents. We show that these full-rent-extraction results
hinge on the implicit assumption that the agents’ beliefs uniquely determine their preferences.
We present an example of the voluntary provision of a public good in which this assumption is
relaxed, and consequently, even in highly correlated environments, if agents’ beliefs do not
uniquely determine their preferences, then the extraction of the agents’ entire information
rents is impossible.
© 2003 Elsevier Inc. All rights reserved.

JEL classification: D44; D82; H41

Keywords: Surplus extraction; Information rents; Mechanism design; Private information; Correlated
information; Public goods

1. Introduction

Casual observation as well as economic intuition suggest that possession of
relevant private information confers a positive rent. This basic insight is at odds with
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a number of recent results in mechanism design literature." These results show that
for sufficiently risk neutral agents, as long as each agent’s private information (type)
is not entirely uninformative about other agents’ private information, then in every
mechanism design environment of interest, including auctions, optimal taxation,
regulation, monopolistic price discrimination, trade, or bargaining under asymmetric
information, and public good provision, it is possible to design mechanisms that
leave agents with arbitrarily small information rents. In a Bayesian context, this
implies that if sufficiently risk neutral agents have correlated private information
(types), then their information rents can be almost fully extracted.

These full rent extraction results imply that, at least as far as normative economic
analysis is concerned, the agents’ private information is irrelevant because it is
possible to implement any outcome as if the agents’ private information were
commonly known. This implication has made several economists uncomfortable.
McAfee and Reny [14, p. 400], for example, write that these results “‘cast doubt on
the value of the current mechanism design paradigm as a model of institutional
design.”

Perhaps in response to these concerns, several authors have argued that the
conditions that are imposed in order to obtain these full rent extraction results, while
standard in many applications, are nevertheless very strong. Crémer and McLean [7]
suggested that full rent extraction is not robust to the introduction of risk aversion or
limited liability constraints, and emphasized the dependence of these results on the
common prior assumption. Following their suggestion, Robert [21] showed that for
any given auction mechanism, when agents are risk averse or face limited liability
constraints, the function that relates the common prior to the seller’s profit and to
total surplus (and hence also to the sum of information rents captured by the agents)
is continuous in the prior. Since it is known that agents do obtain positive
information rents in independent environments, Robert concluded that full
information rent extraction also fails in “nearly independent” environments with
risk averse agents or agents that face limited liability constraints. More recently,
Laffont and Martimort [12] have established the continuity of the mechanism’s
outcome function also for environments with risk-neutral agents who are not
constrained by limited liability, but who may form collusive coalitions. Intuitively,
the reason that full rent extraction fails under these circumstances is that the auction
mechanisms that extract the full buyers’ rent rely on lotteries whose variance
increases to infinity at independence. Thus, in nearly independent environments,
mechanisms that rely on such lotteries violate the buyers’ limited liability or
participation constraints. Because these lotteries also prescribe payments to and
from agents that strongly depend on the actions of other agents, mechanisms that
rely on such lotteries are highly susceptible to collusion among the agents, and fail in
nearly independent environments where these payments are large.

In this paper we offer a different explanation for the apparent inconsistency
between full rent extraction results and the intuition about the value of exclusive

!'See [6,7,10,14,8, Section 7.6.1], and the references therein. For a general formulation of this result,
which allows for a continuum of multidimensional, mutually payoff relevant, agents’ types, see [11].
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private information. We show that full rent extraction hinges on an implicit
assumption about the nature of the relationship between agents’ beliefs and agents’
preferences, or more specifically, on the assumption that the agents’ beliefs uniquely
“determine” their preferences. More specifically, full rent extraction implicitly hinges
on the assumption that the (common) prior assigns probability zero to the possibility
that two different types of the same agent hold identical beliefs but two different
preferences (for simplicity, we focus our attention on the “private values” case). We
show that if this assumption fails to be satisfied, then a subtle channel opens up
through which some independence among preferences and beliefs creeps into models
with otherwise correlated types. Consequently, when this assumption is relaxed, risk-
neutral agents who are not subject to limited liability constraints and who do not
collude, do in fact obtain positive information rents when they have exclusive access
to relevant private information, even though their information may be correlated.”

In order to appreciate more fully the claim that is made in this paper, it is useful to
briefly describe the general context in which it is made. Most applications of the
mechanism design paradigm include the assumption that each agent’s private
information is independent of the private information of other agents. This
assumption implies that different types of the same agent necessarily hold the same
identical belief about the state of the world, or in other words, that agents’ beliefs are
fixed and therefore also commonly known.® As mentioned above, it can be shown
that if agents’ types are independent, then they can generally obtain a positive
information rent.

An important insight of Crémer and McLean [6,7] is that it is much more plausible
to assume that agents’ private information is informative about other agents’ private
information and that agents with different privately known preferences are likely to
hold different privately known beliefs, and vice versa. For example, in the context of
public good provision, it is likely that agents with high willingness to pay for the
public good would be inclined to believe that other agents are likely to have high
willingness to pay too. In the model studied by Crémer and McLean [7], for example,
it is assumed that agents’ ‘“‘characteristics” are generated from some commonly
known prior, agents’ willingness to pay are a function of their respective
characteristics, and agents’ beliefs are obtained by conditioning the common prior

>The impossibility (of full rent extraction) result in this paper is thus different in nature from the
impossibility result in [9] who assumed that agents’ private information is independent. See also [16].

3 Intuitively, if we denote the prior by Pr, the random variables that describe i’s and j’s types by 7' and
i/, and their realizations by # and ¢/, respectively, then independence implies that

Pr(i' =4,/ =t/) =Pr(i’" = £)Pr(i/ = t/).
Type #’s beliefs about j’s type are therefore given by
Pr(f'=¢,#/ = t))
Pr(7i = 1)

=Pr(f/ = t/),

which is independent of i’s type.

Pr(i/ =t/|i' =1) =
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on the agents’ own characteristics. Consequently, in their model (as well as in all the
other models where full rent extraction is possible; see footnote 1), agents with
different willingness to pay ‘“‘generically”” hold different beliefs and agents’ beliefs
generically uniquely “determine” their willingness to pay. It thus appears that when
the less plausible assumption that agents’ types are independent is replaced with the
more plausible assumption that agents’ types are correlated, it becomes generically
possible to extract the agents’ almost entire information rents.*

Note however that whereas to a third party the uncertainty about an agent’s type
is in fact “two dimensional”’—including both uncertainty about the agent’s
willingness to pay and uncertainty about the agent’s belief—models in which beliefs
uniquely determine willingness to pay and consequently full information rent
extraction is generically possible, only allow for “one-dimensional” uncertainty. In
contrast, in this paper we take the position that while it is certainly plausible that a
certain belief of agent i would make a certain willingness to pay, say v*, more likely, it
is conceivable that i could possibly have a different willingness to pay v”’ #v', too. As
we show, this implies that agents do retain positive information rents.

Although the ideas presented here apply to any mechanism design problem, for
simplicity we consider the example of the voluntary provision of a public good.” We
show that even in highly correlated environments, if agents’ beliefs do not determine
their preferences, then the extraction of the agents’ entire informational rents is
impossible. Free-riding cannot be prevented and as a consequence the final outcome
may be inefficient regardless of the number of agents involved. Furthermore, as the
number of agents involved increases, the probability that the public good can be
voluntarily provided decreases (inefficiently) to zero.

The rest of the paper proceeds as follows. In Section 2 we describe a simple public
goods example with two agents which illustrates the differences between the
assumptions made and the results obtained in the full rent extraction literature, in
the rest of mechanism design literature, and in this paper. A more general model is
presented in Section 3 where we show that the impossibility of extracting the full rent
implies that the probability of providing the public good decreases to zero as the
number of agents involved increases. Section 4 concludes. All proofs are relegated to
the appendix.

2. Example

Consider the following situation. Two risk-neutral agents need to decide about the
probability of providing a certain indivisible public good. The cost of providing the

“4The first to suggest that the presence of correlation among agents’ types may facilitate the extraction of
the agents’ entire information rents was Myerson [19].

3 Auriol and Laffont [3] consider another example with correlated types where full information rents
cannot be extracted. Their model is the only other example we are familiar with where beliefs do not
determine preferences.
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public good is C>0. If the public good is provided with probability p, then the
agents must pay together an expected sum of pC, or else the good cannot
be provided.® We also require the decision about providing the public good to be
voluntary. That is, each agent retains the right to withhold its contribution (with the
understanding that doing so may decrease the probability of provision). In
the context of this example, full extraction of the agents’ information rents implies
that the public good should be provided if and only if it is efficient to do so, and the
agents should be made to pay the full value they obtain from the provision of
the public good. In particular, each agent should be prevented from free-riding on
the other agent’s contribution.

Suppose that each of the two agents is equally likely to be either one of the
following two types: low (L) with willingness to pay v(L) = 0 for the public good
and high (H) with willingness to pay v(H) = 1. The payoff to agent i, ie{l,2}, of
type e {L, H} when it pays x’' and the public good is provided with probability p, is
given by p-v(f') — x'. Agents know their own types and seek to maximize their
expected payoff given their beliefs, and everything above is commonly known among
the agents.

It can be shown that if agents’ types are independent, which in this simple example
implies that they must both believe that the other agent is equally likely to be of
either type, and the cost C of providing the public good is between % and 1, then it is
impossible to provide the public good with probability one whenever it is efficient to
do so.” Intuitively, this result, which holds whenever agents’ types are independent
and costs are neither too high nor too low, is a consequence of the fact that if the
public good is provided whenever it is efficient to do so, or whenever at least one
agent indicates it has a high willingness to pay for it, then agents cannot be prevented
from free-riding on each other’s contribution.

However, if agents’ types are correlated, then ex-post efficiency may be attained in
a dominant-strategy equilibrium. Suppose that C<1 and that each agent believes
that the other agent is of the same type as itself with probability % and of the other

°This (ex-ante) budget balance constraint is weaker than the requirement that agents’ pay the sum C
whenever the public good is provided, or ex-post budget balance. It is the appropriate constraint for
situations in which the two agents have access to a well-functioning credit market where they can insure
themselves against not having sufficient funds to pay for the public good in some cases in return for the
surplus they collect in other cases. In any case, because we obtain an impossibility result, requiring ex-ante
budget balance only strengthens it.

"For %< C<1 the optimal mechanism assumes the following form: both agents report their types; the
probability of providing the public good as a function of the agents’ reports is given by p(L,L) =0,
p(H,H) =1, and p(L,H) = p(H,L) = p<1; an agent who reports L pays nothing, and an agent who
reports H pays % if the other agent reports H, and pC if the other agent reports L. The parameter p is set
such that the incentive compatibility constraint for type H is binding.

For C <% the cost is so low that free-riding on the other agent’s contribution is not worth the reduction
in the probability of provision from 1 to % the optimal mechanism is ex-post efficient in this case. For
C>1, the public good should be provided if and only if both agents have a high valuation for it. This
makes both agents pivotal, which implies that efficient provision is possible.
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type with probability %.8 We call this environment environment 1. Consider the
following Clarke—Groves mechanism. Agents are required to report their types.
Their reports are denoted 7! and 72, respectively. The probability of provision and
agents’ payments are given by

P 7 1 _C  fi_7j

0, i'=1*=1, iy U'=U=1L

Al F2 2 1 fi fJ —
pitiy = =R = gy STy =R =
I, i'=H,i*=1L, st¥, f=H =L,

1, Z‘AlztAzzH’ %TC_%, fl:f]:H.

It can be easily verified that this mechanism is ex-post efficient, ex-ante budget
balanced, and induces truthful reporting as a dominant strategy. The only problem
with this mechanism is that it violates the voluntary participation constraint of type
L. While it gives type H a positive expected payoff of % — %C, the expected payoff it
gives to type L is —%. However, the fact that the two types have different beliefs
implies that this problem can be easily fixed by simply adding to each agent’s
payment the following lottery: if the other agent reports L, then the agent receives an
3_2C

amount of 5 — ==, but if the other agent reports H, then the agent has to pay an

additional amount of % — %. Because the outcome of this lottery depends only on
the other agent’s report, adding this lottery to agents’ payments does not change
their incentives — truthfully reporting their type is still a dominant strategy. But
because

L H

21 3 2C 1

33| 273 || e
J11 2| 5 4c 7 2C

33/\2 3 6 3

the expected payoff from participating in the mechanism becomes zero for both
agents’ types.

The intuition for what makes full rent extraction possible in this example is that
the fact that different types have different beliefs facilitates the making of targeted
monetary transfers to specific agents’ types. A perhaps more straightforward way in
which this could be seen is the following. It is always possible to construct
participation fees that induce risk-neutral agents to reveal their beliefs at zero cost to
the agents themselves. In the example above, this can be simply done by asking
agents to choose one of the two lotteries L; and Ly, and then report their types,
paying one agent according to the other agent’s report. The lotteries should be

8The common prior that describes the joint distribution of agents’ types that induces these beliefs is
Pr(L,L) =Pr(H,H) =4 and Pr(L,H) = Pr(H,L) = }. Note that the two agents’ two types are equally
likely.
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designed so that they solve the following equation:

2 1
|3 3| (L) LuL) :(o ;,)
w |l 2 )\ Lu(H) Lu(H) 40
33

for some large A>0. It can be readily verified that if an agent of either type chooses
the lottery designed for its type, its expected payment is zero, but if it chooses the
other lottery, then its expected payment is 4>0. What makes full rent extraction
possible is that the agents’ beliefs determine their willingness to pay. So, after the
agents have been costlessly induced to reveal their beliefs/willingness to pay, it is
possible to implement the ex-post efficient decision and simply ask the agents to pay
their expected gains when this decision is made.’

Obviously, neither this mechanism nor the one above can work if agents’ beliefs do
not uniquely determine their willingness to pay. To see that consider environment 2
below. Environment 2 is constructed so that it is similar to environment 1 except that
instead of two possible agents’ types, there are three: L, H and LH. An agent of type
LH has the same low willingness to pay as an agent of type L but the same belief as
an agent of type H. Specifically, v(L) = v(LH) = 0 and v(H) = 1; the belief of an
agent of type L is that the other agent is of type L, LH, and H with probabilities

b(L) = (575,5%,512), respectively; and the belief of agents of types H and LH is that

the other agent is of type L, LH, and H with probabilities b(H) = b(LH) =

(3357 7% 552), respectively. The parameter a, which is assumed to be nonnegative,
affects both the agents’ beliefs and the relative likelihood of type LH with respect to
type H (LH is a as likely as H). The smaller a is, the closer environment 2 is to
environment 1; when « =0, environment 2 coincides with environment 1.'°
Environment 2 is an environment where agents’ beliefs do not determine their
willingness to pay for the public good. An agent who holds the belief 5(L) must have
willingness to pay zero, but an agent who holds the belief 5(H) could have
willingness to pay one (with probability llﬂ) or willingness to pay zero (with
probability t¢).

There is an optimal mechanism for environment 2 that is similar to the second
optimal mechanism described for environment 1.'" It also requires agents to choose
one of two lotteries whose payments depend on the other agent’s choice. As before,

°This mechanism is simpler than the one described above, but because choosing the “right” lottery is
not a dominant strategy, it is also more susceptible to collusion.
9The common prior that describes the joint distribution of agents’ types is Pr(L, L)=Pr(H,H) =

cre2om Pr(L,H) = Pr(H,L) = =, Pr(LH,H) = Pr(H,LH) = 2~ Pr(LH,L) = Pr(L, LH) =

6+6a+2a>’
242
6+6u+2u2 and PI‘(LH LH) 6+6a+2a2"

]t is possible to establish the optimality of this mechanism by formulating the problem as a linear
programming problem of maximizing the expected sum of agents’ payments subject to incentive
compatibility and individual rationality constraints.



62 Z. Neeman | Journal of Economic Theory 117 (2004) 55-77

the lotteries are constructed so that they costlessly induce the agents to reveal their
beliefs. However, in environment 2 knowing an agent’s belief is not sufficient to
extract the agent’s full information rent. If both agents reveal they hold the belief
b(L), then the public good is not provided and no payments are made. No rents can
be extracted in this case anyway, and ex-post efficiency is easily achieved. If the
agents reveal that they hold the beliefs (L) and b(H), respectively, then the agent
who reported the belief 5(H) is asked to supply the public good on its own. The fact
that there is exactly one such agent ensures that it would make the ex-post efficient
decision. However, when both agents reveal that they hold the belief »(H), then
because conditional on this revelation, each agent’s willingness to pay is independent
of the other’s (each is equal to 1 with probability ﬁ and to 0 with probability 1),
free-riding cannot be prevented, and ex-post efficiency cannot be achieved.'? It is
possible to show that the implied inefficiency decreases to zero with «, that is, as
environment 2 approaches environment | where beliefs do “determine’ willingness
to pay. But only when ¢ = 0, when environment 2 coincides with environment 1, is it
possible to extract the entire surplus from the agents and implement the ex-post
efficient decision.

3. Voluntary public good provision

Consider an economy with a private and a public good and n agents. Each agent i
is characterized by its (nonnegative) willingness to pay for the public good, and by
its beliefs about other agents’ willingness to pay for the public good, other agents’
beliefs about other agents’ willingness to pay for the public good, other
agents’ beliefs about other agents’ beliefs, and so on. The agents’ infinite hierarchy
of beliefs about beliefs about beliefs ... about the relevant variables in the economy
may be encoded in an interactive belief system (Aumann and Brandenburger,
[2]) which we adapt for our purposes.'*> Such an interactive belief system
consists of:

® for each agent i, a set T" of agent 7’s types;
and for each type ¢ of i

® a probability distribution »(#') € B' on the set T~/ of (n — 1)-tuples of types of the
other agents (¢’s belief),'* and
® a willingness to pay v'(#)e V=R, (s willingness to pay for the public good).

12The optimal mechanism in this case is similar to the one described in footnote 7 for the case of
independent agents’ types.

13 Any such hierarchy that satisfies minimal coherency requirements may be encoded in this way [15] (see
also [5]).

!4 Aumann and Brandenburger [2] call b'(¢), s theory.
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An interactive belief system contains an explicit description of the agents’ beliefs.
It encompasses within it the “traditional model” employed in mechanism design
literature (see, e.g., [6,7,19]) in which each agent is characterized by its willingness to
pay v e V', and where a common prior describes the joint distribution of the agents’
willingness to pay. In this “traditional model,” each agent is assumed to know its
own willingness to pay and to obtain its beliefs about the other agents’ types by
conditioning the common prior on its own willingness to pay, using Bayes’ rule.
Because in the traditional model, the agents’ beliefs can be obtained in a
straightforward way from the common prior, their explicit description is redundant
and consequently not usually specified in the description of the information
structure.

For simplicity, we assume that the type spaces 7" and hence also the belief and
willingness to pay spaces B’ and V7, are finite. Each set V' is assumed to include the
number zero, and to be uniformly bounded. That is, we assume the existence of some
< oo such that every v’ <o. We also assume that different agent’s types are indeed
different. That is, if 7, 7' € T' are different, then either v*(¢) #v'(¢") or bi(¢') #b'(¢").
In other words, each type determines a belief and a willingness to pay, and each
belief and willingness to pay determine a (possibly null) type.

Let T=T" x --- x T". The members ¢ = (¢!, ..., ") of T are called states of the
world. An event is a subset £ of T. Agent i is said to know an event E at ¢ =
(¢', ..., ") if b(¢) assigns probability one to the set {r 'e T~ : (#, ') E}."> Thus in
every state of the world ¢, each agent knows its own type #, its beliefs about other
agents’ types b'(#'), and its willingness to pay for the public good v'(#').

Each type #’s belief, b'(#), has domain T~7; define an extension p(-; ') of 1”’s belief
to T as follows. If E is an event, then p(E; ) is defined as the probability that #’s
belief assigns to the set {t e T : (¢, ") eE}.

A probability distribution Pr on T is called a common prior if for every agent i
and agent #’s type ¢, the conditional distribution of Pr given # is p(-; ). We assume
that a common prior exists for this economy.'®

The interactive belief system for this economy may be embedded in a probability
space (T,27,Pr). Consequently, functions defined on 7 may be viewed as random
variables in probability theory. In particular, agent i’s type may be viewed as the
random variable 7' : T — T" that projects the set T into the set 77, and agent i’s
willingness to pay and belief may be viewed as random variables ¢/ = v’(¢) : T— V!
and ' = bi(r) : T— B', respectively.

Note that agents’ private information (types) may be informative about or
correlated with other agents’ private information in the following two senses: (1)
every agent’s willingness to pay ¢/ may be correlated with the agent’s own belief 5.

1> More generally, individual i can be said to p-believe an event E at ¢ if b'(') assigns probability at least
ptotheset {reT:(F ek} [17]

'Without a common prior, agents may assign zero probability to the true state of the world and other
pathological phenomena may occur [15]. For this reason, the existence of a common prior is assumed in
much of applied game theory.
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In other words, it may be likely that an agent with a certain willingness to pay v* will
also hold a certain belief " and vice versa; and (2) the prior Pr that describes the joint
distribution of agents’ types may exhibit correlation among different agents’ types.
However, as the next lemma demonstrates, certain independence among the agents’
willingness to pay and beliefs must remain.'’

Lemma 1. The agents’ willingness to pay for the public good are independent
conditional on the profile of agents’ beliefs. That is, for every two profiles of willingness
to pay ve V! x - x V" and beliefs be B' x --- x B",

Pr(' =o', ..., 0" = "p' =B, ..., 0" ="

= H Pr(¢’ = U"|b~1 =p', .. 0= b")
i=1

whenever these two expressions are well defined.

Note that because for every two events 4 and B, Pr(4, B|4) = Pr(B|A) whenever
the two are well defined, the lemma implies that the agents’ types are independent
conditional on the agents’ beliefs.

The next assumption simplifies the proof of the main theorem below.

Assumption A. There exists some ¢>0 such that

Pr(b' =b)>e

and

Pr(¢' =v'|b' = b)=e
for every agent i and agent i’s belief #' € B’ and willingness to pay v'e V",

Assumption A ensures that agents’ beliefs do not uniquely determine their
willingness to pay which we formally define as follows.'s

Definition. For every agent i and agent i’s belief b’ € B', we say that agent i’s belief b’
uniquely determines its willingness to pay if

Pr(¢' = v/|b" = b')>0 for some v'e V' = Pr(¢' =0v"'|b" =b') =0

for every v/ #v'.

17 This lemma is trivially satisfied in [6,7,14] because in these models, conditional on the profile of agents’
beliefs, each agent’s willingness to pay is a constant random variable.

18 Assumption A could be replaced with the weaker assumption that agents’ beliefs do not determine
their willingness to pay provided it is assumed, in addition, that the cost of providing the public good is
uniformly larger than the expected sum of the agents’ lowest possible willingness to pay that is consistent
with any profile of beliefs.
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If every agent 7’s belief b’ uniquely determines its willingness to pay, then we say that
agent i’s beliefs determine its willingness to pay.

Remark 1. If agent i’s own beliefs do not determine its willingness to pay, then the
entire profile of agents’ beliefs cannot determine it either. The fact that agent 7’s beliefs
do not determine its willingness to pay implies that there exist two different types of
agent i, £ and ¢, that hold the same belief but two different willingness to pay. If it was
commonly known that the profile of agents’ beliefs determined agent i’s willingnesses
to pay, then the two types # and #’ would have had to hold different beliefs about the
beliefs of other agents, contradicting the assumption that they hold the same belief.

Remark 2. Assumption A, and more generally, the property that beliefs do not
determine willingness to pay, fails to be satisfied in the entire literature that describes
the possibility of full rent extraction (see footnote 1). This failure is generic in finite
versions of the “‘traditional model” mentioned above [6,7], but whether or not beliefs
generically determine preferences in infinite interactive belief systems remains an
open question. For additional discussion of this issue, see the concluding section.

Agents are assumed to have von Neumann—Morgenstern utility functions that are
given by p - v'(#') — x', respectively, where x’ denotes agent i’s payment and p denotes
the probability that the public good is provided.'” The cost of providing the public
good is denoted by C(n). We assume that C(n)>c - n for some ¢>0.

We study the probability with which the public good can be provided in large
economies such as those described above by voluntary and budget-balanced
mechanisms. According to the revelation principle (e.g., [20]), no loss of generality
is entailed by assuming that agents rely on voluntary and budget-balanced incentive
compatible direct revelation mechanisms to provide the public good. A direct
revelation mechanism, {p,x), is composed of a decision rule p: T'—[0, 1] that
describes the probability that the public good is provided as a function of agents’
reports of their types, and of payments x = (x!, ..., x") where for every i, x' : T— R,
describes agent i’s payment as a function of agents’ reports of their types.

Definition. A direct revelation mechanism <{p,x) is incentive compatible if it
induces an equilibrium in which all the agents truthfully report their types. Namely,
it is a best response for each agent to truthfully report its type provided everyone else
does, or,

Y @) - X0 =)

tieT—i
> Y [WEOp( ) =X BT =)

for every agent i and agent i’s types ¢, ' e T'.

" The probability p can also be interpreted as the quantity of the public good provided.
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A mechanism for providing the public good is voluntary or individually rational if
agents cannot be coerced to contribute to the public good. We interpret this
requirement as implying that the mechanism must make agents weakly better off
relative to the situation in which they do not contribute anything and the public
good is not provided.

Definition. A direct revelation mechanism <p,x)» is voluntary or individually
rational if

Y [Wp) =X ({7 =120

et

for every agent i and agent i’s type £ e T".

We also require that the mechanism be budget-balanced. The sum of agents’
payments for the public good must be sufficient to cover the costs of providing it.
We impose a weak version of this constraint that only requires the expected sum
of agents’ payments to be larger than or equal to the cost of providing the public
good.

Definition. A direct revelation mechanism {p,x) is (ex-ante) budget-balanced if
n

Ep(T)]C(n)< Y E[X'(i)).

i=1

We obtain the following main result.

Theorem. The probability that the public good is provided by any individually rational
and budget-balanced mechanism tends to zero as the number of agents, n, increases.

In fact, we prove a somewhat stronger result. As we show in the appendix, the rate
at which the probability of providing the public good converges to zero is

asymptotically proportional to nfﬁ. The proof of the theorem builds on the proof
that appears in the appendix of Mailath and Postlewaite [13].%° It is based on the
observation that a random variable such as the decision about whether or not to
provide the public good, viewed as a point in a linear space, cannot have a high
correlation with many members of an orthogonal basis for this space. Because by
Lemma 1, the agents’ types are independent conditional on their beliefs, it follows
that for every possible profile of agents’ beliefs b= (b, ...,b"), the expected
probability that the public good is provided cannot be highly correlated with the
expectations of many agents. This implies that when the number of agents is large,

2"Mailath and Postlewaite [13] considered a similar model but assumed that agents’ types are
independent. In their model, the probability with which the public good is provided decreases to zero at

1
the asymptotic rate n~ 4. Recently, Al-Najjar and Smorodinsky [1] showed that the rate of convergence for

1
the case of independent types is in fact proportional to n 2.
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then for most agents, telling the truth about their willingness to pay for the public
good has a negligibly small effect on the probability the public good is provided.
Incentive compatibility, individual rationality, and the fact that agents’ beliefs do not
determine their willingness to pay, then imply that most agents can ensure they will
not pay anything for the public good by pretending that their willingness to pay is
zero, without causing any significant change in the probability the public good is
provided. In other words, when 7 is large, most agents are not pivotal and therefore
have an incentive to free-ride on other agents’ contributions. Consequently, the
group of agents is not capable of raising enough contributions to finance the public
good, and the probability that the public good is provided decreases to zero.

The impossibility of constructing an effective mechanism for curbing agents’
opportunistic behavior is obviously harmful for the group of agents. It implies that
when the number of agents # is large, the public good cannot be provided even when
it is extremely inefficient not to do so. If, for example, all agents are ex-ante identical,
C(n) = cn, and the expected willingness to pay of each agent is much larger than the
cost per agent of providing the public good, ¢, then the ex-ante (expected)
inefficiency per agent from not providing the public good tends to E[v'(77)] — ¢ >0 as
the number of agents in the economy increases.

4. Conclusion

By demonstrating the importance of the relationship between beliefs and
willingness to pay, or preferences, our observations raise the question of how
“likely”” are beliefs to determine preferences in a “‘general” model of incomplete
information. For the case of the universal type space with consistent beliefs [15], this
question remains open. Recently, Bergemann and Morris [4] have showed that
models in which beliefs do not determine preferences are dense in the universal type
space. Their argument is quite simple. Fix a model in which beliefs do determine
preferences. From each type ' of each agent i create | V| new types in the following
way: with probability 1 — ¢ (for some small ¢>0), suppose that ¢ retains its original
preferences or willingness to pay; and with probability ¢>0, suppose that ¢ has a
different willingness to pay that is chosen randomly (and independently) from the set
Vi, Update all the agents’ types’ beliefs to take account of this change.?! Obviously,
after the change, all the new types that are constructed from any type # hold the
same beliefs, but have different preferences, and hence, the agents’ beliefs do not
determine their preferences in the new model. And, by choosing ¢ sufficiently small,
the new model can be made arbitrarily close to the original model (for additional
discussion of these issues, see also [18]).

Issues of generality notwithstanding, preferences and beliefs have traditionally
been considered to be independent of one another in both economic and decision
theory. This tradition presumably reflects the idea that the processes that generate

2! Note that in the example presented in Section 2, types LH and H in environment 2 were created from
type H in environment 1 in this way.
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utilities and beliefs are cognitively distinct and causally “independent,” or at least
should be treated as such.
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Appendix. Proofs

Proof of Lemma 1. The definition of p(-;#') implies that for every event ES T,
p(F;t) = b (f')(E) where F = {teT :t'eE}, for every type ¢ of agent i. The
existence of a common prior implies that for every two events EST~ and F =
{teT : t7'eE}, if two different non-null types # and ¢’ of agent i hold the same
beliefs b'(#') = b'(#"), then
Pr(F|i' = 1) = p(F;1') = b'(¢)(E) = b'(¢")(E) = p(F; ") = Pr(F|i" = ").

Let T'(b(')) = {t"eT": b'(¢") = b(¢')} denote the set of types of agent i who hold
the same belief as 7. Because {f'eT : ' =t} <{/eT : b'(i') = b'(f')}, Pr(F|i' =
1 b7 = bi()) = Pr(F|f' = ") for every event F< T of the form F = T" x E, where

EcT™, and i’s type "€ T'(b'(¢')). Thus, for every non-null type # and event F =
T x E such that ES T,

Pr(FIb'=b(r))= Y Pr(F|i'=1"b"=b()Pr(i' = 1"|b = (1))

1" Ti(bi(11))

= ) PRl =MPr(i = 4bT = (1)

,ilGT[(b[([[))

=Pr(F|i'=17) Y Pr(i =1 = (1)
e TH(bi(11))

=Pr(F|i' = 1).

In particular, for every non-null type # and vectors of beliefs and willingness to pay
of agents different from i, b'e B~ and v="e V', respectively,

Pr(b = b0 = v i = ) =P = b 0 = v B = (1)
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or
Pr(ii=¢b"=b"i""=v") Pr(b'=b(r),b"=b"i""=v")
Pr(7i = 1)) B Pr(bi = bi(#)) '

Similarly, for every non-null type # and vector of beliefs 5~'e B,
Pr(i'=¢,b"=b"") Pr(b'=bi(t),b=b")
Pr(fi = 1) Pr(hi = bi(r})) '

It follows that for every non-null type ¢ € T' and vectors of beliefs and willingness to
pay b"eB~, and v'e V', respectively,

Pr(o = v iliT = {4,671 = b7

CPe(iT=r b =b 0 =) Pr(i'=1¢

- Pr(7i = i) Pr(ii = £, b1 = b
CPr(bi=bi(), b = b7 = 07) Pr(h’ = bi(r)

- Pr(hi = bi(1)) Pr(bi = bi(r),b-i = bi)

=Pr(i =07 b = b(),b = b7,
whenever these expressions are well defined, or, recalling that an agent’s belief and
\Yi_llingpess to pay determine its type (namely, 7' = ¢ if and only if ' = v'(#') and
F' = bi(1)).
Pr(i~ = o7 = o (d), b = bi(F), b = b7
=Pr(67 = 0o )b = b'(¢),b = b7).
Now, for every profile ve V' and be B,
Pr(d=0b=>b)=Pr(s =v7|5" =v',b = b)Pr(5' = v'|b=b)
=Pr(i~ = v7'|b = b)Pr(5' = v'|b = b),

whenever these expressions are well defined and the argument can be repeated for
every k+#i to obtain

Pr(i~ = v7|b=b) =Pr(67 = v¥|h = b)Pr( &/ = v/|b = b)

=[] Pr(d* =fp=b). O

k#i

Proof of the Theorem. Recall that for every ne N, the economy consisting of # agents

may be embedded in a probability space (7! x --- x T”,ZTIX“'XTn,Pr). The sets of
agents’ types, the common prior, and everything else in the economy may generally
depend on the number of agents in the economy, 7, but in order to simplify the
notation, this dependence is not reflected in the notation below. Direct revelation
mechanisms for providing the public good in the economy that consists of n agents
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may thus be viewed as random variables p: 7' x --- x T"—[0,1] and X=
(&, .. X T x - x TR

Let pp: {teT' x --- x T" : h(t) = b} —[0,1] denote the restriction of j to the
event where agents’ beliefs are given by b, and let E[py|d']: {teT' x --- x T":

b(t) = b} — 10, 1] denote the random variable that describes the expected probability
the public good is provided as perceived by agent i with willingness to pay ¢’ under
the assumption that the profile of agents’ beliefs is given by b. Similarly, let p,; :
{teT" x --- x T" : b'(f) = b'} - [0, 1] denote the restriction of j to the event where
agent i’s belief is given by ', and let E[fy|67] : {teT" x --- x T" : b(t) = b'} = [0, 1]
denote the random variable that describes the expected probability the public good is
provided as perceived by agent i with willingness to pay &’ and belief 4’ e B'. Notice
that because agents’ types are characterized by their willingness to pay and beliefs,
Epyii |6 = v'(f')] = E[p|i’ = ¢'] for every t'e V",

E[pylo') = Pr(b=blb" = b")E[p|0] (A1)

beB

and

E[E[pyi|6']] = Elpy]
=Y Pr(b=>blb" = b)E[p). (A2)

beB

The random variables %}, and E[X},|7'] are similarly defined.

The random variable E[p,|7] is a projection of pj into the space of random
variables that are defined on {reT' x --- x T": b(t) = b} and measurable with
respect to #'. We therefore have the following lemma.

Lemma A.1. For every neN, ie{l,...,n}, and be B,
cov(py, Elpp|67]) = cov(E[py|6'], E[pp|6"]) = Var(E[py|57]).
Proof. For every two random variables X and Y, E[E[X|Y]] = E[X]. Thus, for
every two bounded random variables X and Y,
cov(X, E[X|Y]) = E[(X — E[X])(E[X|Y] — E[E[X|Y]))]
= E[(X — E[X])(E[X|Y] - E[X])]
= E[XE[X|Y] + E[X)> — E[X|E[X|Y] — XE[X]]
— E[XE[X|Y]] — E[X]*.
The fact that E[X|Y] is measurable with respect to Y implies that

EIXE[X|Y]] - E[X® = E[EIXE[X| Y| Y]] - E[X]
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— E[E[X|Y]E[X|Y]] - E[x]’
— E[E[X|Y]"] - EIE[X|Y]]
=Var(E[X|Y]). U

The next lemma relies on Lemma 1 and on the fact, mentioned in [13] appendix,
that a random variable pj, viewed as a point in a linear space, cannot have a
high correlation with many members of an orthogonal basis {E[ps|6']}., for
this space.

Lemma A.2. For every neN and be B,

i Var(E[py|6']) < 1.

Proof. Fix a profile of beliefs he B. By Lemma 1, conditional on b = b, {#7}"_, are
independent random variables. Since functions of independent random variables are
independent random variables, { E[p,|0']};_, are independent random variables and
cov(E[ps|8'], E[pp|67]) = 0 for every i#j. It follows that

0< Var (ﬁb -3 E%W])
i=1
=Var(py) + > _ Var(E[ps|6]) =2 cov(ps, E[pp|5"]).
i=1 i=1
Upon rearranging,
23 " cov(py, E[psl']) = Y Var(E[py|6']) < Var(p) <1
i=1 i=1
and by Lemma A.1l,

i Var(E[py|6']) < 1. 0
P

The next lemma relies on the previous one to show that for most agents and most
belief profiles be B, Var(E[p,|6']) is small. Define the set

. . 1
B = {beB : Var(EUSb|ﬁ’])<—5}.
ns
Lemma A.3. For every neN, there exists a set ]\72{1, ...,n} that includes at least

3 " .
n — n4 agents, such that for every agent ie N, Pr(#')>1 — ll
ng
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Proof. We prove a more general result. For every x>0, for at least n — x agents,
5
. 2 3
Pr(#)>1— % The lemma follows upon plugging x = n4.
For ie{l,...,n} and be B, let

4 Pr(b) if Var(E[p|57]) >,
Q'(b) = 8

0 otherwise.

5 .
By the previous lemma, for every be B, there can be at most #8 agents for which

. : 5 5
Var(E[py|6']) >, therefore, Dobenicil,. qy @ B)<m8 32, g Pr(b)<ms. It follows

.....

n8
that the set B\#', or the set of ’s for which Var(E[p|6']) >, can have probability
. 2 ng
Pr(B\#')>" for at most x agents. Otherwise, Svepictt.. m Q(b)>

= ‘E)Olkh

3 e
XY pepa Pr(b)=x- n8, contradiction. Therefore, for at least n — x agents,
5

Var(E[py|67]) < for every be ' where Pr(#')>1 — é O
n8

The next lemma demonstrates that for most agents, the effect that an agent can
have on the level of public good through its willingness to pay is negligible when # is
large. That is, when 7 is large, for most agents Var(E[p,:|07]) is small. Intuitively, the
fact that Lemma A.3 shows that for most agents and most belief profiles b,
conditional on b, the variance of the decision to provide the public good as a
function of agent ’s willingness to pay ¢ is small, implies that this should also be the
case when, given a specific b/, we average agent i’s influence on the probability the
public good is provided over b~".

Lemma A.4. For every neN, there exists a set N*<{1,...,n} that includes at least

3 . .
n — n4 agents, such that for every agent ie N*,

o 9
Var(Elpy[0']) <—

e2nd
for every b'e B
Proof. For every ie{l,...,n} and b'e B, we may write,
Var(Epy o) = 3 (B8] — ELEp[6°])Pr(e’ = v} = b)
vieVi X
S (Z(Emm — E[p))Pr(h = b = bl‘))
vieVi \beB

x Pr(s' = v|b" = b,
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where the first equality follows from the definition of variance and the second from
(A.1) and (A.2). By Chebyshev’s inequality, for every be B,

. 1 1 .
Pr (|E[ﬁb|ﬁ’} - Ew/,]|>—l> <n2 Var(E[py|5']).
n4
Therefore, for ie N* = N and be %',

n4

Pr <|E[[5h|lﬂ - E[ﬁb”>ll> <ll
ns

and

1
n4

|Epp|6"] — Elps]| < Pr(lEWblﬁi] —E[ﬂb]>i> -1

. 1 1
+Pr<|E[ﬁb|l7’} —E[ﬁb]l<l> T
nd) na
1 1)1
sTH{-7)7
nd ns /) n4
2
ST
ns
And for b¢ B,
[Elps|6'] — Elpp]|<1.
So, for ie N*,
Var(E[p,|77])
= > | D (Elplo’) - E[ps)Pr(b = b6’ = b')
vieVi \ {bes'}

2
+ > (Elp|8'] — E[py))Pr(b = bl = b’)) Pr(i’ = v'|p = b')

{b¢#')

2 Pr(b=b""b' =0
<Z(IZ 4 Pr~i:bi) )

vieVi \n4 (pezi}
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21 ~ o .
DI ESD IR
vievi \n4 {be#'}
2

1 .. Lo~ . . o~ .
_ P 7l:b*l bI:bl P ~l: lbl:bl
+o > P i) | Pr(e’ =157 = b)

2
2 1 S
<§:<—TFT>PNW:U%’:H)

vievi \end  ¢n8

9
<—. O
&2nd

3 .. .-
That is, no more than n4 agents may have a significant effect on the probability of

providing the public good. Most agents, or more precisely, n — n4 agents, are likely
to be of a type whose influence on the level of provision is small, or for which

Var(E[p,|§']) <-27. We denote this set of agents by
82}11

9 o
—— for every b’eB’}.

I= {ie{l, oo,n} : Var(E[p,|6']) < I
e’nd

For every belief b'e B’ of agent i, define the set of states of the world where
agent i with belief ' has a significant impact on the probability the public good is

provided by

G = {teT bi(f) = b and v'(¢) is such that |E[p,|67 = v'(£)] — Ewbi}|>%}.
nl2

For every ie{l,...,n} and b'e B,

Var(E|py0°])

= E[(Elpylo"] — Elpy])’]
> > (Elpyle’ = o' ()] — Elpy])*

{1eTbi(s)=bi and (Ewbi\ﬁi:vf(tf)]—EL:ibi])z>%}
né

x Pr(f=1t]b" = b’
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9
>1 2
M8 {re Tbi(ai)=b' and (E[jy |6 i=vi(#)]~Elpy])* >}
nb
y Pr(7~" = and ¢ is such that 5 = b')
Pr(hi = b')
9Pr(Cj,)

1
&noé

1
and therefore Pr(Cl’;,-)<%Var(E[ﬁbf|v~i]). For an agent iel with belief »'e B’ the
probability that agent i’s willingness to pay has a significant impact on the level of
1
production is Pr(Cj,) <% Var(E[p, |5]) <-r-.
enl2
By Assumption A, for any b'e B' the event D}, = {h" =b" and 7' = 0} in which
agent i holds the belief 5" and willingness to pay zero has probability at least &> 0.
Therefore, for all n large enough and iel, Pr (D,\C;;)>0. That is, for iel,
|E[p)i|67 = 0] — E[p,i]| S% for all n sufficiently large. In other words, for an agent
nl2
iel, having willingness to pay zero for the public good does not affect the

mechanism’s decision by much. The fact that such an agent i can always report that
its willingness to pay is zero, pay zero, and not decrease by much the probability that
the public good is provided, implies that i’s payment cannot be very large.”> We
make this argument precise by using the incentive compatibility and individual
rationality constraints to bound E[%];] from above.

Individual rationality implies that the expected payment of an agent with
willingness to pay zero should be nonpositive, or

E[%),[6" = 0]<0
for every ie{l,...,n} and b'e B'. Together with incentive compatibility this implies
EW#W = V| <vi(E[py|0" = v] — Elpy|d" = 0])

for every ie{l,...,n}, b'e B', and v'e V" If in addition il and v'¢ C,;, the triangle

inequality implies that |E[py|0" = v;] — E[p,|¢' = 0]|<-%, and
nﬁ

22This is where we rely on the fact that agents’ beliefs do not determine their willingness to pay for the
public good. If they did, then an agent with belief ' would not have been able to claim that its willingness
to pay is zero when it is in fact positive.
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for every iel, b'e B', and v ¢ C;;. In case v' e C};, because v' <7, i can never be made

to pay more than 7 for the public good. Thus, we have that for every iel,

E[£]= Y E[£[s =Pr()

f=(vi bl)eT!

< ST ElE[8T= vIPr(s" = v[b" = b') + Pr(CL)5| Pr(h = b)
bleB | vi¢C

< S0 S B[ = dPe(et = o]b = b)Pr(hl = b) + —1
beB vigCl, eniz

60 ~i i [

< | P =b) +—
bieB \ni2 enl2
75

ST 1
enl2

If i¢ 1, E[X)<®b. Thus,

Zn:E[f'K > 7—11+ G
i=1

iel gnl2 i¢l

Z—+vn4

1_
8on12

&

.\)I

<
Finally, budget balance implies

o i E[®]
Elp|lg &= 271
] 0

11
8on12
ecn

o
N0 O

ecni2

<
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