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Abstract

This paper considers the problem of testing an expert who makes probabilistic fore-
casts about the outcomes of a stochastic process. I show that, as long as uninformed
experts do not learn the correct forecasts too quickly, a likelihood test can distinguish
informed from uninformed experts with high prior probability. The test rejects in-
formed experts on some data-generating processes; however, the set of such processes
is topologically small. These results contrast sharply with many negative results in the

literature.

1 Introduction

In settings ranging from economics and politics to meteorology, ostensible experts offer
probabilistic forecasts of a sequence of events. Testing the reliability of these forecasts can
be problematic since probabilistic forecasts of individual events are not generally falsifiable.
It is tempting to think that this problem should disappear with the collection of enough

data, that is, that an appropriately designed test could reliably distinguish true experts
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from charlatans by comparing a long sequence of forecasts to the realized sequence of events.
However, recent work has shown that under very general conditions, no such test exists
(see Olszewski and Sandroni (2008) and Shmaya (2008)). Any test that passes experts who
know the true data-generating process can also be passed on any realized data by experts
who know nothing, but who choose their forecasts appropriately.

Negative results of this type are typically based on the assumption that the tester is
non-Bayesian and completely agnostic about the data-generating process. These results do
not carry over to the Bayesian setting: if the tester forms beliefs about the true process,
then effective testing is generally possible. In this paper, I construct a test that delivers
the correct verdict with high prior probability as long as uninformed experts, by updating
the tester’s prior, are unlikely to quickly learn the correct forecasts. In addition, the
test is robust in the sense that informed experts fail only on a topologically small set of
data-generating processes.

Consider a tester who believes that there is some true distribution P generating the
data, but who faces uncertainty about P captured by some distribution u. The distinction
between the distributions p and P can be understood in terms of the standard distinction
between epistemic and aleatory uncertainty. Epistemic uncertainty results from a lack of
knowledge of a physical process that could in principle be eliminated. Aleatory uncertainty
is inherent to the environment. In this terminology, the distribution P captures the aleatory
uncertainty whereas the prior distribution p captures the tester’s epistemic uncertainty.

Two natural requirements arise for a tester who forms beliefs i over the data-generating
process. First, true experts should pass the test with high probability relative to these
beliefs. More precisely, if the data are generated by a distribution P, an expert forecasting
according to P should pass the test on a set of outcomes with large P-probability, except

perhaps for a set of distributions P having small p-probability. Second, an expert who



does not know the true process—but does know the tester’s prior—should not be able to
pass the test. That is, no matter what mixed forecasting strategy o a false expert uses, she
should fail the test with high (o, P)-probability for a set of distributions P having large
u-probability.

Designing a test with both of these properties is not possible for every prior u. For
instance, if p assigns probability 1/2 to each of two distributions P; and P, then a true
expert must pass with high probability on both distributions, in which case a false expert
can also pass with probability close to 1/2 simply by forecasting according to either one of
P, or P.

I show below that there exists a likelihood ratio test satisfying both desiderata whenever
forecasts derived from the tester’s prior do not converge to the true probabilities quickly,
or do so only with small g-probability. The test is based on a comparison of the likelihood
assigned to the realized data by the expert’s forecasts to that assigned by the tester’s
forecasts (obtained through Bayesian updating of p given the realized data to date). The
expert passes the test if two conditions are satisfied: (i) the likelihood associated with the
expert’s forecasts is eventually higher than that associated with the tester’s, and (ii) the
expert’s forecasts do not converge to those of the tester too quickly.! For a true expert,
condition (i) is almost surely satisfied whenever condition (ii) holds. Thus a true expert
fails the test only when the tester learns the true probabilities independently of the expert’s
forecasts (in which case the tester may have no need for the expert). A false expert, on
the other hand, cannot manipulate this test. Regardless of the false expert’s forecasting
strategy, she fails the test with probability 1 with respect to the tester’s prior and her
own randomization. Intuitively, condition (ii) forces the false expert to make forecasts

that are very unlikely to outperform the tester’s own when the data-generating process is

'More precisely, the sum of the squared differences between the two forecasts diverges.



distributed according to the tester’s beliefs.

One might worry that allowing true experts to fail with small probability with respect
to a fixed prior nonetheless allows them to fail on a large set of distributions, and thus
fails to be robust to incorrect priors.? It turns out that, regardless of the prior u, a true
expert fails the likelihood ratio test with positive probability only on a topologically small
set of distributions (in the sense of Baire category). Therefore, the test also has desirable
properties from the perspective of a non-Bayesian tester who wants to avoid manipulation
by false experts without failing true experts on a large set of distributions.® Such a tester
can use the test corresponding to a prior p chosen so that, under this prior, the tester does
not learn the true probabilities too quickly. The set of distributions on which true experts
fail the test is then small in both a topological and a measure-theoretic sense.

For certain simple priors, constructing tests that are effective with respect to those
priors is easy. For example, if the prior is non-atomic and assigns probability 1 to a set
of i.i.d. processes, then the tester only needs to check whether the frequency of outcomes
converges to the expert’s first-period forecast. The results of this paper go beyond this
observation in two significant ways. First, I show that designing such a test is possible
for any prior provided that the uninformed expert is truly uninformed (in the sense that
she cannot learn the correct forecasts quickly with positive prior probability). Second,
tests such as that described above for i.i.d. distributions typically rely heavily on the prior
insofar as true experts fail the test on a topologically large set of distributions—albeit a
set to which the prior assigns small probability. The test proposed here does not suffer

from this deficiency; a true expert passes the test for “most” distributions.

2T use the phrase “robust to incorrect priors” informally to mean that true experts fail only on a small
set of distributions. Such a property may be desirable from the perspective of a third-party who does not
share the tester’s prior but would like the test to produce a correct verdict.

3In a non-Bayesian setting, Olszewski and Sandroni (2009b) also propose a nonmanipulable test that
fails true experts on a topologically small set of distributions, albeit in a weaker sense than that employed
here.



2 Related literature

Previous literature has identified an important distinction for tests that are required to pass
true experts on every data-generating process. Dekel and Feinberg (2006) and Olszewski
and Sandroni (2009a) have obtained strong positive results if the tester can ask the expert
to report the entire distribution P over infinite sequences of data. In many real-world
settings, however, the tester can observe only the single-period forecasts made by the
expert along the realized data sequence. In this case, Olszewski and Sandroni (2008) and
Shmaya (2008) have shown that every test that passes true experts can be manipulated by
false experts.* Thus any non-manipulable test that passes true experts necessarily violates
the prequential principle (Dawid (1984)), which states that tests of forecasts should be
based only on the forecast probabilities along the realized path of data, not on forecasts
following hypothetical events that did not occur. In this paper, I restrict attention to this
sequential setting to highlight the contrast with these negative results.

Like the present paper, Olszewski and Sandroni (2009b) consider the probability of
manipulation with respect to some prior belief. Proposition 3 of their paper shows that,
even in the setting of Dekel and Feinberg (2006) and Olszewski and Sandroni (2009a) where
effective testing is generally possible, a false expert can nevertheless pass a test with high
prior probability whenever that test does not reject true experts on any data-generating
process. The main result of the present paper shows that, under mild conditions on the
prior, Olszewski and Sandroni’s result can be reversed simply by allowing true experts to
fail on a set of distributions having small prior probability.

Olszewski and Sandroni (2009b) were the first to consider tests that fail true experts

on some distributions, referring to the set on which they pass as a paradigm. They prove

4These results represent the culmination of a line of research considering various classes of tests, be-
ginning with Foster and Vohra (1998). See also Lehrer (2001), Olszewski and Sandroni (2009b), Sandroni
(2003), Sandroni et al. (2003), and Vovk and Shafer (2005).



negative results when the paradigm is closed and convex, and identify a nonmanipulable
test that fails true experts only if the single-period probabilities are close to 50% too often.
Al-Najjar, Sandroni, Smorodinsky, and Weinstein (2010) propose an alternative paradigm
in which effective testing is possible. Fortnow and Vohra (2009) take a different approach,
obtaining positive results by restricting the class of strategies available to the false expert.

The paper most closely related to the present one is Al-Najjar and Weinstein (2008),
which proposes a likelihood ratio test for comparing the knowledge of two (or more) poten-
tial experts. When one expert is informed and the other uninformed, they show that their
test selects the true expert with high prior probability (under mild conditions on the prior).
The power of their test is derived from likelihood ratio properties that are similar to those

> However, there is a significant difference between the non-manipulation

employed here.
results in the two settings. In the present setting, the uninformed expert knows the tester’s
prior, and hence can predict the tester’s forecasts, but is prevented from following these
forecasts by the definition of the test. In Al-Najjar and Weinstein’s setting, the uninformed
expert fails to manipulate the test because she is unable to predict the forecasts that the
informed expert will make and can only pass by making forecasts close to those of the in-

formed expert. Section 7 below elaborates on the relationship between the present setting

and tests of multiple experts.

3 The test

An outcome is realized in each period t = 1,2,.... For simplicity, the set of possible
outcomes in each period is taken to be {0,1}. Let Q = {0, 1}" denote the set of realizations

endowed with the product topology, where N = {1,2,...}. I denote by w = (w;){2; a

5Indeed, one could use the results in Section 5 of their paper to prove a weaker version of Proposition 1
below.



generic element of 2. The realization w is generated according to a probability distribution
P € A(Q), where A(X) denotes the set of probability distributions defined on the Borel
subsets of a set X. The tester forms a prior belief about the distribution P according to
some ;1 € AA(Q), where A(Q) is endowed with the weak™ topology. Given any @) € A(Q)
and any finite history w! = (w1, . ..,w;) € {0,1}" of outcomes, I will write Q (w') € A{0,1}
for the probability distribution over w;;1 conditional on w! having occurred. If Q assigns
probability 0 to w’, then Q(w') may be chosen arbitrarily.

In each period t = 1,2,. .., the expert reports a forecast (or prediction) p+1 € A{0,1},
interpreted as the probability distribution over wy41 given the realized outcomes so far.
Before reporting p;+ 1, the expert perfectly observes the history w! = (w1, ..., w;) of realized
outcomes to date; thus each forecast p;y1 should be interpreted as a statement about
probabilities for outcomes in period t + 1 conditional on the history of previous outcomes.
The tester also observes each realized outcome wy.

There are two kinds of expert: true (or informed) and false (or uninformed). True
experts observe the distribution P before choosing their forecasts and simply report the
true one-step-ahead probabilities given the history of realized outcomes to date. That
is, following each finite history of realizations w’, true experts report the forecast p;11 =
P(w!).%7 False experts know only the tester’s prior u and may choose their forecasts
according to any mixed strategy. Fixing p, a (behavioral) strategy for the false expert is

therefore a collection o = {0}}7°; of functions

op: He—1 — AA{0, 1},

SNote that, in order to employ this strategy, true experts need not know the full distribution P. It is
enough for them to know only the one-step-ahead conditional probabilities along the realized outcome path.

“In light of this definition, the distribution P captures exactly the knowledge that an informed expert
has about the data-generating process. For instance, if a clairvoyant true expert can foresee the outcome
of each toss of a fair coin, then P must assign probability 1 to the actual sequence of outcomes, not equal
probabilities to the two outcomes in each period.



where H; 1 = {0, 1}t x (A{0,1})*~! is the set of histories (w'™!, (p1,...,ps_1)) of realized
outcomes and forecasts up to period ¢ — 1. Thus the false expert’s forecast in each period
may depend on both the realized outcomes to date and the realizations of her own previous
randomized choices of forecasts.

Note that, by the Kolmogorov Extension Theorem, distributions P € A(Q2) are in
direct correspondence (up to sets of measure zero) with complete families of one-step-
ahead forecasts P(w') € A({0,1}), one for each finite history w’ of outcomes. Thus a
distribution P € A(Q) corresponds to a pure forecasting strategy for a false expert.

The present paper focuses on a likelihood ratio test that, given the tester’s prior u,
passes or fails the expert depending only on the realized outcome w € €2 and the sequence
(p1,p2,...) of forecasts reported by the expert. The test compares the likelihood the
expert’s predictions assign to the realized data to that of the tester’s predictions (given
by expectations based on the tester’s posterior beliefs in each period). The expert passes
the test only if her predictions assign a higher likelihood to the data and are sufficiently
different from the tester’s forecasts. Formally, given u, define the mean distribution P =
i) AQ) Pdu(P). The test score following any finite history h* € H; of outcomes and expert

forecasts is defined to be

N pr(wr) - - pewy)
S = B @ B

where ps(ws) denotes the probability that the expert’s forecast for period s assigned to the
realized outcome wg, and Py(ws) = P(w* !)(ws) denotes the one-step-ahead conditional
probability assigned to the realized outcome ws by the mean distribution conditional on
the realized history w®™! to date. Note that the event that p, (w;) = 0 for some t occurs
with p-probability 0; in that case, the expert passes the test. Otherwise, the expert passes

the test if

1. liminf; o S(AY) > 1, and



2. (pe(1) = p,(1))? diverges.

This test fails true experts if the tester’s forecasts converge to the correct probabilities
sufficiently quickly. If the tester uses the forecasts to choose an action in some decision
problem in each period, then when this convergence occurs, the additional value of the
expert’s forecasts becomes small even when they are correct, so failing to pass a true
expert causes little harm to the tester (see Echenique and Shmaya (2008), who show that,
as a tester becomes patient, using an incorrect theory is harmful only if the likelihood ratio
is unbounded).

If the test was based only on the likelihood ratio without the additional condition
that forecasts differ from those of the tester, then the test could be easily manipulated
with positive probability simply by choosing forecasts different from the tester’s until the
likelihood ratio exceeds 1, then choosing forecasts identical to the tester’s forever after.
Some such strategy succeeds with positive probability as long as the tester does not assign
probability 1 to some Dirac measure.

Note that, while the test has properties that are desirable from the perspective of a
Bayesian tester, the test itself is not Bayesian insofar as it is not based on updating the
tester’s belief about the expert’s knowledge. An alternative approach would be for the
tester simply to update the probability that the expert knows the true distribution based
on the forecasts and the realized data. In order to do so, however, the tester must form
a belief about the false expert’s forecasting strategy. Whether a false expert is able to
maintain a high belief that she is informed clearly depends on the tester’s belief about her
strategy. In contrast, the likelihood ratio test proposed here is independent of this belief
and exhibits the desired properties for every strategy a false expert might use (and hence

with respect to any belief the tester might form about the false expert’s strategy).



3.1 The tester’s decision problem

The typical requirement in the literature that true experts must pass with high probability
for every true distribution, while offering a useful idealized benchmark, is difficult to justify
if the tester is viewed as an agent facing a decision problem. For natural payoffs, this
requirement arises only if the tester has an extreme form of ambiguity aversion. To see
this, consider a tester whose preferences are represented by the maxmin expected utility
of Gilboa and Schmeidler (1989). For simplicity, suppose that the tester’s belief about the
type of the expert is unique and assigns positive probability to each of the two types. The
tester forms a set S of priors over the set A(Q2) of possible true distributions. Suppose
moreover that the tester receives a positive payoff for passing a true expert, a positive
payoff for failing a false expert, and a payoff of 0 for failing a true expert or passing a false
expert.

Consider a test T" with no type I error that requires the expert to report a full distri-
bution P € A(Q) (as opposed to a sequence of one-step-ahead forecasts). For any fixed
distribution @Q, let Ty be the test that delivers the same verdict as T" whenever the expert
forecasts a distribution other than @ but fails the expert if she forecasts @ (regardless of
the realized data). In order for the tester to strictly prefer T" to Tp, @ must be an atom of
some prior in S. The requirement that there be no type I error therefore corresponds to
this setting if for every @ € A(2), there exists some prior in S having @ as an atom. This
property assumes that the tester has a strong form of ambiguity aversion.

In this paper, I (implicitly) consider a tester who is a classical expected utility maxi-
mizer. As above, the tester’s payoff depends only on the type of the expert and whether the
expert passes or fails the test. I assume that the tester prefers to pass the true expert and
fail the false expert. The tester has a prior belief over the set of possible distributions and

a fixed prior belief over the type of the expert that is independent of the true distribution.
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In this setting, the tester’s goal is to pass true experts and fail false experts, both with

high probability with respect to her prior.

4 Properties of the test

A Bayesian tester with prior p should desire the following properties of a test:

1. A true expert should pass the test with high P-probability for a set of distributions

P having large p-probability.

2. No matter what strategy o she uses, a false expert should fail the test with high

(P, o)-probability for a set of distributions P having large u-probability.

As noted above, for some priors u it is not possible to satisfy both of these criteria si-
multaneously. The following result indicates that these properties can be satisfied under
a general condition on p, namely that the p-probability that the tester learns the true
probabilities sufficiently quickly is small. Under this condition, the second property holds
in a strong form: the false expert almost surely fails to manipulate the test.

Let ¢ = Pr, (Et (pe(1) — pp(1))? converges), where p; = P(w'™!) denotes the true
probability density in period ¢ conditional on w!~!. The following proposition shows that,
when ¢ is small, the likelihood ratio test from Section 3 satisfies both of the above desider-

ata.®

Proposition 1. For the likelihood ratio test described above, (i) a true expert passes the
test with p-probability 1 — e, and (ii) for any forecasting strategy o, the false expert passes

the test with (u, o)-probability 0 (regardless of the value of €).

8For many priors € = 0, in which case Proposition 1 implies that the test almost surely gives a correct
verdict on whether or not the expert is informed. Section 6 provides a natural example of a prior for which
€ = 0 even though the tester learns the true probabilities in the limit as ¢ — oo.
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Proof. The proof begins by extending one direction of Kakutani’s Theorem for Product
Martingales (see, e.g., Williams (1991)) to allow for dependence among the factors of the
product martingale. First consider the case of a false expert using a pure forecasting
strategy. Given any sequence of forecasts ¢, the single-period ratio Y; = q; (w¢) /Py (wy)
satisfies F,, (Y3|Y1,...,Y;—1) = 1 for all t. The product X; = Hkgt Y} is a non-negative
martingale with respect to P, and hence, by the martingale convergence theorem (see,
e.g., Corollary 3 on page 509 of Shiryaev (1996)), (X¢);2, converges almost surely to some
random variable X .

Let a¢ (Yi,...,Yi—1) = E, (VYiY1,...,Yi—1) and let

Then Z; is a nonnegative martingale. Moreover, by inductively applying the law of iterated
expectations, one sees that E,(Z;) = 1 for all t. In particular, (Z;){°, is bounded in L1,
and hence converges almost surely to some Z, by the martingale convergence theorem. It
follows that if [T, a¢(Y1,...,Y;—1) = 0 then [, v/Y; = 0 almost surely, and hence [],¥; = 0
almost surely. Therefore, X; almost surely converges to zero whenever [[, a;(Y1,...,Y:—1)
converges to zero.

Tt remains to show that [, a¢(Yi,...,Yi_1) = 0 whenever 3, (q:(1) — p,(1))? diverges.

Note that

a (Vi Yir) = By (VVIYi, o Vi ) = (1)

VP (Da(L) + V(1 =5(1)) (1 - a(1)).
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Letting 6; = q:(1) — p,(1), we have

ar (Y1,...,Yeo1) = V(1) + 65y (1) + \/(1 —p(D)* = &1 - Bi(1)).

For fixed ¢, the function

f) = VP2 +op++/ (1 —-p?2-0(1-p)

is maximized when p = 1%5, with maximum value v/1 — §2. Hence we have

[[a:n..... i) <] /1 - 6%,
t t

so it suffices to show that [, /1 — 62 = 0 whenever 3, (g:(1) — p,(1))* = 3, 67 diverges.
Note that [, v/1 — 67 = 0 if and only if >_,log (1 — 67) diverges. Since

the limit comparison test implies that ), log (1 — (5?) converges if and only if Y, 67 does,
as needed.

We have shown that for any pure forecasting strategy, a false expert p-almost surely
fails the test whenever », (¢:(1) — p,(1))? diverges. Since the test always fails the expert
if this sum converges, it follows that the expert almost surely fails the test for every pure
forecasting strategy. Therefore, for any mixed strategy, taking expectations with respect
to the mixing distribution implies that the expert almost surely fails the test.

The same argument with the roles of the numerator and denominator reversed shows
that, conditional on ), (p:(1) — 7:(1))? diverging, a true expert passes the test P-almost

surely. O
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Proposition 1 shows that there exists a test that effectively distinguishes between true
and false experts as long as ¢ is small. Moreover, the test perfectly satisfies the desired
criteria when ¢ = 0. In order for € to be positive, the tester must possess considerable
knowledge of the data-generating process: not only must the tester’s forecasts approach
the true probabilities (with positive probability), they must do so quickly.

The proof of Proposition 1 first shows that every pure strategy for a false expert almost
surely fails the test and then deduces that every mixed strategy must also fail the test.
In contrast, in the non-Bayesian setting typically considered in the literature, mixing is
generally necessary for a false expert to manipulate a test. Under the usual assumptions,
for each possible distribution, the false expert has a pure strategy that allows her to pass the
test on that distribution. By mixing, the false expert may be able to pass the test almost
surely on every distribution. In the present Bayesian setting, since mixing cannot raise the
probability of passing above the maximal probability across pure strategies, mixing offers
no benefit (relative to the tester’s prior).

As an alternative to the decision problem described in Section 3.1, in which the tester
simply wants to know whether or not the expert is informed, Echenique and Shmaya (2008)
and Olszewski and Peski (2010) consider a tester who is directly interested in predicting
outcomes in each period. In their settings, in each period ¢, the tester chooses an action a;
before observing the realized outcome wy and receives a flow payoff depending on the pair
(at,w). Accurate forecasts may help the tester to choose actions generating higher payoffs.
One can show that if >, (p(1) — p,(1))? converges, then the payoff loss to the tester from
following her own predictions instead of those of a true expert vanish as the tester becomes
very patient. Proposition 1 thus offers a counterpoint to the “you won’t harm me if you
fool me” result of Echenique and Shmaya (2008), which shows the existence of a test that

passes true experts and for which a false expert’s forecasts create little loss for a patient

14



tester whenever the false expert passes. Here true experts may fail, but again there is little

loss for the tester.

5 Robustness

The tester’s prior places more structure on the testing problem than is the norm in the
literature. In particular, every prior assigns probability 1 to some topologically small set
(in the sense of Baire category). One might worry, then, that the test rejects true experts
on many distributions. However, this is not the case; the set of distributions on which true
experts fail the test is topologically small. In order to prove this, I begin with a general
result on merging of opinions. This result may be of independent interest in light of the
central role played by merging in the literature on learning and reputation in repeated
games (see, e.g., Kalai and Lehrer (1993) and Sorin (1999)).

Given distributions P, @ € A(Q2), we say that @ weakly merges with P at w if for every

0 > 0 there exists some T such that

Ipe(1) — qu(1)| < 6 for all t > T,

where p; and ¢; denote the one-step-ahead distributions along w associated with P and @

respectively. The distribution @) is said to weakly merge with P with probability 7 if

P ({w | Q weakly merges with P at w}) = 7.

Most work on merging has focused on global concepts that require merging to occur with
probability one.” The notion of weak merging introduced by Kalai and Lehrer (1994)

corresponds to almost sure weak merging in the present terminology.

Lehrer and Smorodinsky (2000) is an exception. They study a weaker notion of pointwise merging.
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Proposition 2. For any distribution Q € A(QY), the set of distributions P such that Q

weakly merges with P with positive probability is category 1.

Proof. The proof follows an approach similar to that of Feinberg and Stewart (2008),
Proposition 2. Choose any 6 € (0,1/4). For each finite history h and ¢ € (0,1), let
S(h,e) C A(€2) be the set of distributions P such that P(h) > ¢ and

Prp (|pe(1) — (1) <o for all t > 7 | h) > €, (1)

where 7 is the length of h and p; and ¢; denote one-step-ahead distributions as above. The
set of distributions to which ) weakly merges with positive probability is contained in the

countable union

U JS(n,em,

finite histories b n
so it suffices to show that each S(h,e) is nowhere dense.
First we will prove that S(h,¢) is closed by showing that its complement is open. Con-
sider P ¢ S(h,¢e). Either P(h) < ¢ or (1) fails. If P(h) < &, then the set {P' | P'(h) < &}
contains P, is open in A(2), and is disjoint from S(h,e). If (1) fails, then there exists

some 1" > 7 such that
Prp (Ip:(1) — ()| < dforallt=7,...,T | h) =€ <e.
The set
{P"||P'(E) — P(E)| <& —¢ for all events E determined by time T'}

contains P, is open, and is disjoint from S(h,¢).

All that remains is to show that S(h, ) has empty interior. Again let 7 denote the length

16



of h. Fixing P € S(h,e), we want to construct a sequence of distributions P,, ¢ S(h,¢)
converging to P. Choosing P, so that the one-step-ahead forecasts agree with P in every
period t < 7+ n and differ from P by at least 2§ following every history of length 7+ n
does the job. O

Corollary 1. The set of distributions P € A(Q) for which a true expert fails the test with

positive P-probability is category I.

Proof. Suppose that a true expert fails with positive P-probability when the distribution
is P. Then the sum ), (p:(1) — 7,(1))? converges with positive P-probability. Since this
sum converges along a realization w only if P weakly merges with P at w, it follows that
P weakly merges with P with positive probability. Applying Proposition 2 with Q = P

gives the result. O

Proposition 2 improves upon the infinite horizon analogue of the test studied by Ol-
szewski and Sandroni (2009b) that rejects experts who forecast close to 50% too often.
Their test cannot be manipulated but rejects true experts on a set of distributions that is

topologically small in a weaker sense than category I.

6 Example

The following example illustrates the power of the test even when the tester learns the true
probabilities (but not too quickly). Suppose that the tester’s prior x4 can be parameterized
by a uniform distribution over = € [0,1] such that for each = the true process is i.i.d.
and assigns probability m to the outcome being 1 in any given period. In this case, one
can eagsily devise non-manipulable tests that pass true experts with p-probability 1. One
example is the test that passes the expert if and only if the empirical frequency converges to

her first-period forecast p;. However, this test is not robust to incorrect priors in the sense
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of Proposition 2; true experts almost surely fail the test on a large set of distributions. The
likelihood ratio test proposed above is robust in this sense and passes true experts with
pi-probability equal to the probability with which the sum Y, (5, — m) diverges. Even
though the tester almost surely asymptotically learns the true probabilities in this setting
(see, e.g., Doob (1949)), it turns out that this learning occurs sufficiently slowly for the test
to be effective. The following claim, together with Proposition 1, shows that the test passes
true experts with P-probability 1 for p-almost every P, and false experts with probability
0.

Claim. For each m € (0,1), the sum ), (p; — m)? diverges with probability 1.

Proof. Following any finite history w® = (w1, ...,w;), let ny = >.'_; w;. Conditional on wt,

the posterior density assigned to any m is given by

(1 — )t

) g (1 — g)t—medg

—(t+1) (;) A (1 — )i

Taking the expectation of w with respect to this distribution gives

P (W) = (t+1) <7jt> /01 (1 — )" dr

(t+1)(1)
(t+2)(,5h)
ng +1

Accordingly, consider
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By the limit comparison test, this sum converges if and only if

does.

Define the density of a sequence (x;) € {0,1}" to be lim sup # For ¢ > 0, define
a random variable x§ by
1 ift(%—w)2 > e

i =
0 otherwise.

Note that since Y, (% — 7r)2 =5t (e - 7r)2 and >, 1 diverges, the sum ), (% — 7'(‘)2
diverges whenever the sequence (z7); has positive density for some € > 0. Thus it suffices
to show that, as £ vanishes, the probability that the sequence (zf); has positive density
tends to 1.

Let Ef denote the event that x; = 0. For each £ and 7', we have

T
Pr (Z(l — af) > k:) < %ZPr(Ef)

since the left-hand side is the probability that E; occurs at least k£ times up to time 7', and
whenever Ef occurs k times, the right-hand side counts (upper bounds on) the associated
probabilities at least k times. Note that, by the Central Limit Theorem, given § > 0, there
exist 7" large enough and € > 0 small enough so that Pr(Ef) < §/2 for all ¢ > T". Thus in

the limit as T' — oo, we have
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for n € (0,1). In particular, for n > 1/2, we have

T
Pr (Z x5 < (1— n)T) <6 (2)
t=1

as T tends to oo.

I claim that (2) implies that (z}); has density at least 1 — n with probability at least
1 — 4. Since the choice of § was arbitrary, this claim completes the proof. To prove the
claim, suppose that it does not hold. Then there exists a set of sequences (xf); with
probability greater than § each with density less than 1 — n. Hence there must exist some
T" such that for a subset of these sequences (z§); of measure greater than ¢, the frequency

of ones in (z5); up to time 7T is less than 1 — 7 for all T > T", violating (2). O

7 Discussion

The test studied here may be thought of as a test of two experts in which one of the experts
forecasts according to the tester’s prior u. The test adds to a simple likelihood ratio test
a condition that the expert passes only if her forecasts are sufficiently different from the
tester’s. More generally, one could consider modifying any test of two experts so as to
make the experts fail if their forecasts converge sufficiently quickly. The positive results
above rely on the property of the original likelihood ratio test (without this modification)
that a Bayesian who reports truthfully expects to pass the test against any fixed strategy
of the other forecaster—in other words, against any false expert—unless the forecasts of
the two experts converge sufficiently quickly. In the present setting, once the closeness
condition is added, this property ensures that a true expert passes unless the tester’s
forecasts converge quickly to the true probabilities. This property also ensures that, for

distributions generated by the tester’s prior, a false expert cannot outperform the tester in
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terms of the likelihood ratio unless her forecasts converge quickly to those of the tester, in
which case she fails the modified test.

Al-Najjar and Weinstein (2008) and Feinberg and Stewart (2008) propose multiple
expert tests that cannot be manipulated. Both tests derive their power from properties
similar to those described above. More precisely, true experts pass both tests, and in the
presence of a true expert, a false expert can pass only if her forecasts are eventually close
to those of the true expert. By modifying these tests to reject experts whose forecasts
become close, and treating the tester as one of the two forecasters, positive results similar
to Proposition 1 and Corollary 1 above could be obtained beginning from either test,
although the precise closeness condition that must be added may differ.

It may seem counterintuitive that the proposed test encounters problems when the
tester learns the truth; after all, a tester who knows the true probabilities can very easily
check the validity of the expert’s forecasts. The reason is that in this case the false expert
also learns the truth since she knows the tester’s prior. If the false expert makes forecasts
that converge rapidly to the tester’s forecasts then the data cannot reliably distinguish
which of the two is closer to the truth.

To gain a partial intuition for the contrast between the positive results presented
here and the negative results in the literature, consider the problem of designing a non-
manipulable test with no type I error. The negative results can be understood by reformu-
lating this testing problem as a zero-sum game between a forecaster who wants to choose
forecasts to pass a given test and malevolent Nature who wants to choose the realization to
make the forecaster fail. If the Minmax Theorem holds in this setting, then the worst-case
expected payoffs for true and false experts must be equal. It follows that if a true expert
passes almost surely for any distribution chosen by Nature, then a false expert must also

pass almost surely. For the above likelihood ratio test, given any prior for the tester, true
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experts fail on some distributions. This feature makes the worst-case payoff for a true
expert equal to that of failure, which suffices to prevent manipulation by a false expert

even if the set of distributions on which a true expert fails has small prior probability.
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