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Abstract

We impose the axiom Independence of Irrelevant Alternatives on division
rules for the conflicting claims problem. With the addition of Consistency and
Resource Monotonicity, this characterizes a family of rules which can be de-
scribed in three different but intuitive ways. First, a rule is identified with a
fixed monotone path in the space of awards, and for a given claims vector, the
path of awards for that claims vector is simply the monotone path truncated
by the claims vector. Second, a rule is identified with a set of parametric func-
tions indexed by the claimants, and for a given claims problem, each claimant
receives the value of his parametric function at a common parameter value, but
truncated by his claim. Third, a rule is identified with an additively separable,
strictly concave social welfare function, and for a given claims problem, the
amount awarded is the maximizer of the social welfare function subject to the
constraint of choosing a feasible award. This third way of describing the family
of rules is similar to Lensberg’s (1987) solution for bargaining problems applied
to conflicting claims problems.

1 Introduction

A conflicting claims problem is a situation in which a divisible homogeneous good
must be distributed among a group, each individual in the group having an objective
claim on the good, but where the amount of the good is insufficient to satisfy all the
claims. An example is dividing the liquidated value of a bankrupt firm among its
creditors. How should the good be divided among the claimants? We seek a rule
which chooses, for any problem, a feasible allocation or award. (A feasible award is
one in which every individual receives an amount between 0 and his claim, and which
completely exhausts the good to be divided.)

*I thank Atila Abdulkadiroglu, Bhaskar Dutta, Peter Hammond, and Hervé Moulin for useful
discussions.
"Email: J.StovallQwarwick.ac.uk



1.1 Overview of Results

We impose the axiom Independence of Irrelevant Alternatives (henceforth ITA) on
rules. This axiom states that if the chosen award for a problem is also feasible for
a second problem whose feasible set is a subset of the original problem, then that
award is also chosen for the second problem. This is the same axiom originally used
by Nash (1950) in the domain of bargaining problems. In the context of individual
choice, this axiom is sometimes known as Chernoff’s condition (Chernoff, 1954) or
Sen’s o (Sen, 1969).

We also impose two axioms that are common in the literature: Consistency and
Resource Monotonicity. Consistency states that if a division rule chooses an award
for a group of claimants, then it should not choose to reallocate the awards of any
subgroup when considered as a separate problem. Resource Monotonicity states that
if the amount to be divided increases, then no claimant’s award should decrease.

Theorem 1 shows that ITA, Consistency, and Resource Monotonicity characterize
a family of rules which can be described in three different but intuitive ways:

e Consider a fixed, weakly monotone path in the space of awards. For any group
of claimants and any vector of claims for that group, the path of awards is
simply the fixed path truncated by the claims vector. We refer to all such rules
as monotone path rules.

e Consider a set of parametric functions, one for each individual. Each paramet-
ric function depends only on a single parameter, in which it is weakly increas-
ing. For any problem, each parametric function is truncated by the individual’s
claim, and a common parameter is found so that the sum of the truncated para-
metric functions evaluated at that parameter equals the amount to be divided.
We refer to all such rules as claims independent parametric rules.

e Consider an additively separable, strictly concave social welfare function. For
any problem, the amount awarded is the maximizer of the social welfare function
subject to the constraint of choosing a feasible award. We refer to all such rules
as collectively rational additively separable (henceforth CRAS) rules.

We also consider a property which is dual to ITA. Rather than taking the awards as
what matters to the individuals, as ITA does, this dual property takes the losses (the
difference between an individuals claim and his award) as what matters. Theorem
2 shows that ITA and its dual are effectively incompatible: the queueing rule is the
only rule to satisfy Consistency, Resource Monotonicity, IIA, and the dual of ITA.

If there is no a priori reason to treat the claimants differently, then one would
want the rule to give the same award to individuals with the same claim, a property
known as Symmetry. Theorem 3 shows that the constrained equal awards rule is the
only rule in our family which satisfies Symmetry. Additionally, we consider the case
where each individual has not just a claim on the good to be divided, but also some
endowment which cannot be taken from him. In such a case, it may be reasonable
to treat individuals with the same claim differently because of differing endowments.



We characterize the rule which, when not bound by feasibility constraints, equalizes
the sum of awards and endowments for all individuals.

1.2 Related Literature

To our knowledge, the only other work to consider ITA in the domain of claims
problems are a pair of papers by Kibris (2012, 2013). From these papers, the result
closest to ours (Kibris, 2012, Theorem 3) is one which characterizes the family of rules
that maximize some social welfare function (not necessarily additively separable). The
axioms imposed by Kibris are ITA, Continuity, and an axiom called Others-oriented
Claims Monotonicity. In general, these rules are not Resource Monotonic. Another
way in which this result differs from ours is that the population of claimants is fixed,
and thus Consistency does not apply.

Recently, Stovall (2013) characterized the family of (asymmetric) parametric rules,
of which the claims independent parametric rules are a special case. The family of
symmetric parametric rules (Young, 1987) is also a special case of the family of
parametric rules. The only overlap between the family of symmetric parametric rules
and the family of claims independent parametric rules is the constrained equal awards
rule (see Theorem 3). Additionally, Stovall shows that a parametric rule maximizes
an additively separable and claims dependent social welfare function. This differs
from our result as Theorem 1 characterizes a rule which maximizes a social welfare
function which does not depend on the claims.

Considering other domains, the monotone path rules and the CRAS rules each
have analogues in the literature on the bargaining problem. Monotone path rules are
similar to the solutions given by Thomson and Myerson (1980), though they consider
only strictly monotone paths and a fixed population. CRAS rules are analogous to
the family of rules characterized by Lensberg (1987). Since the domain of bargaining
problems is much richer than the domain of claims problems, it should come as no
surprise that these families of rules are not equivalent in the domain of bargaining
problems. The main axiom imposed by Thomson and Myerson is a strong monotonic-
ity axiom, which would be equivalent to a strict resource monotonicity axiom here.
The main axiom imposed by Lensberg is a consistency axiom similar to the one we
impose. Interestingly, in the domain of bargaining problems and in conjunction with
Lensberg’s other axioms, this implies IIA.

In the literature on fair division under single-peaked preferences, Moulin (1999)
characterizes the family of monotone path rules. The key axioms are a consistency
axiom and resource monotonicity axiom (similar to the ones we impose), and, because
of strategic considerations for an individual reporting his peak, a strategy-proofness
axiom.

This work joins a growing literature studying asymmetric rules for the claims prob-
lem. In addition to the work by Stovall and Kibris discussed above, Moulin (2000),
Naumova (2002), Chambers (2006), and Hokari and Thomson (2003) all consider
rules which are not symmetric.

For a recent survey of the literature on the claims problem, see Thomson (2013).
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Figure 1: Path of awards. The path of awards is the set of all awards as the
endowment varies from zero to the sum of claims.

2 Definitions

We adopt the following notation. Let N denote the set of finite subsets of the natural
numbers, N. Let R, denote the non-negative real numbers, R, , the positive real
numbers, and R the extended real numbers. Let 0 denote a vector of zeros and € a
vector in which all coordinates are +o0o. For z,y € RY, we use the vector inequalities
x2yifx; >y forallie N,z >yifx 2 yand x # y, and x > y if 2; > y; for every
i € N. Also, let x Ay denote the meet of z and y, i.e. Ay = (min{z;, y;})ien. For
N’ C N, let xxs denote the projection of z onto the subspace RY'.

A claims problem is a tuple (N,c, E), where N € N, c € RY,, and E € Ry, all
satisfying > ..y < E. Let X(N,c, E) denote the set of efficient feasible awards
vectors for the problem (N, ¢, E), i.e.

X(N,c,E)E{xE]Rf:O§x§cand Z%—E}

1EN

A division rule is a function S such that for every problem (N, ¢, E), we have
S(N,c,E) € X(N,c, E).

Some well-known rules include the proportional rule, the constrained equal awards
rule, the constrained equal losses rule, the Talmud rule (Aumann and Maschler, 1985),
and the queueing rule. The constrained equal awards and queueing rules are members
of the family which we characterize, while the others are not.

A convenient way of graphically representing a rule is by the path of awards it
generates. For a fixed N € A and ¢ € RY_, the path of awards generated by S is the
set of all awards S(NV, ¢, E) as E varies from 0 to the sum of claims ) ¢;. See Figure
1. Thus a rule can be identified with a collection of paths, one for every N € A/ and
every ¢ € RY, .



3 Main Results

In this section we introduce the axioms imposed and the family of rules which are
characterized by those axioms.

3.1 Axioms

We impose three axioms. The first states that increasing the amount to divide should
not cause any claimant’s award to decrease.

Resource Monotonicity. For every (N,c, E) and E' < E, we have S(N,c, E') <
S(N,c, E).

The next axiom states that how a rule divides between two claimants does not
change if all other claimants are removed from the problem.

Bilateral Consistency. For every (N,c,E) and {i,j} C N, if x = S(N, ¢, E), then

(zi,25) = S({3,7}, (ci, ¢5), Ti + x5).

A more general version of this axiom called Consistency holds for any N C N.

Our final axiom axiom is well-known and has been used in many other contexts.
It states that if the solution to a problem is feasible for a different problem with a
smaller feasible set, then it will be the solution to this second problem.

Independence of Irrelevant Alternatives. For every (N,c,E) and (N',¢,E'),
if X(N',d,E") € X(N,c,E) and S(N,c,E) € X(N',d,E'), then S(N',c,E") =
S(N,c, E).

We abbreviate the name to ITA. Given the structure here, it is easy to more
precisely characterize the conditions of IIA. Given S and (N, ¢, E), the set of all
(N',d, E") such that X(N',d,E') C X(N,c,E) and S(N,¢,E) € X(N',d,E') is
precisely the set of all (N', ¢, E’) such that N' = N, E' = E, and S(N,¢,E) = ¢ < c.
Thus ITA can alternatively be written as:

For every (N, ¢, E) and (N, d, F) satisfying S(N, ¢, E) < ¢ < ¢, we have
S(N,d,E)=S(N,c, E).

ITA is undoubtedly a strong assumption. In essence, it states that the division rule
should assign allocations independently of the claims problem at hand. For example,
suppose (N, ¢, E) and ¢ satisfy the conditions of ITA. Suppose further that ¢; = ¢; for
all j # i and that ¢; < ¢;. IIA says that since the division rule deemed x = S(N, ¢, E)
a just allocation for the problem (N, ¢, E), then it must deem z a just allocation
for (N,d, E). The fact that the claim of individual ¢ decreased does not alter this
assessment since z is still feasible for the problem (N, E).

Note that this argument takes for granted the idea that it is the awards that
matter. Thus IIA would not be as compelling in applications where the award is
actually a bad, e.g. fair taxation. (Taxation problems are formally identical to claims

5
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Figure 2: Monotone Path Rwule. For two claimants, a monotone path p, as well
as the truncated paths for claims ¢ and ¢

problems: c is interpreted as the vector of incomes, F is interpreted as the revenue
that must be raised via taxation, and S(N, ¢, ) is the assignment of taxes.) We will
return to this point in Section 4.

In the context of individual choice, IIA is considered to be a standard rationality
assumption. Thus one can think of ITA as imposing some amount of “rationality” on
the social choice function S. One may then wonder what the implications would be
of assuming the stronger axiom WARP. Given the structure here, it is not difficult to
show that ITA and WARP are in fact equivalent.

3.2 Monotone Path Rules

We describe here a family of rules defined from a monotone path.

For M C N and for z,y € RM, a path from x to y is a continuous function
p:[0,1] — R" such that p(0) = x and p(1) = y. A path is weakly monotone if ¢ > ¢/
implies p(t) = p(t’). Let P denote the family of weakly monotone paths in @Ij from

0 to Q. Call p € P a monotone path.
For a given p € P, N € N and ¢ € RY_, let p° denote the path from 0 to ¢

obtained by taking, for every ¢, the meet of ¢ and the projection of p(t) onto @f, ie.

pe(t) = pn(t) Ae.
See Figure 2.

Note that for any N € A and ¢ € RY,, the function Y, \ p5(t) is continuous,
weakly increasing, and satisfies . pf(0) = 0 and >, (1) = > ..y ¢i- Hence,
for any problem (IV, ¢, ), there exists ¢ € [0, 1] such that ) . .\ pf(t) = E. Moreover,
if t and ¢’ are such that ) .\ pi(t) = >,y P5(t') = E, then p§(t) = p§(t') for every
1 € N. Hence for any p € P, we can define a division rule S? as:

Sp(N> G, E) = pc(t)a

6
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Figure 3: Claims Independent Parametric Rule. The parametric functions for
two claimants.

where ¢ is chosen such that ) .\ pf(t) = E. We say a rule S is a monotone path rule
if there exists p € P such that S = SP.

3.3 Claims Independent Parametric Rules

Let F denote the family of functions f : N x R — R, such that, for any i € N, f(i, )
is continuous, weakly increasing, and satisfies f(i, —o00) = 0 and f(i, +00) = +o0.
From now on we write f(i,-) as f;.

Note that for any N € N and ¢ € RY,, the function Y, min{f;(A), ¢} is
continuous and weakly monotonic in A, and that .., min{f;(—00),¢;} = 0 and
Y ien min{ fi(+00), ¢} = > ..y . Hence, for any claims problem (N,c, E), there
exists A € R such that Y, y min{fi(\),¢;} = E. Furthermore, if A and X are
such that ), ymin{fi(A),¢} = > ,cymin{fi(XN),¢;} = E, then it must be that
min{ f;(A), ¢;} = min{f;(\'), ¢;} for every ¢ € N. Hence for any f € F, we can define
a division rule S7 as:

Sf(Nv ¢, E) = (min{fi()‘)vci})ieN’

where A is chosen such that ).\ min{fi(\),c;} = E. We say a rule S is a claims
independent parametric rule if there exists f € F such that S = S7. See Figure 3.
The claims independent parametric rules are a special case of the (asymmetric)
parametric rules characterized by Stovall (2013). In that paper, a parametric function
was a continuous function g : N x R, x R which was weakly increasing in the third
argument and satisfying g;(c;, —00) = 0, gi(¢;, +00) = ¢;. Thus the more general
parametric functions depend not only on the parameter but also on the individual’s
claim. A division rule could be defined from such a function as was done above. Thus
the parametric function ¢ is a claims independent parametric function if for every

i €N, ¢; >0, and A € R, there exists f € F such that g;(c;, \) = min{f;(\), ¢;}.



As we show later in Theorem 1, monotone path rules and claims independent
parametric rules are in fact the same family of rules. Indeed, this is easy to see now.
For f € F, define the monotone path

p(t) = (fi(9(t))ien

where g is any strictly increasing bijection from [0, 1] to R. Showing the converse is
similar.

3.4 Collectively Rational Additively Separable Rules

A social welfare function (SWF) is a real-valued function of awards vectors. We say a
SWF is additively separable if there exists U : N x R, — R such that for any N € N/
and z € RY, the SWF can be written in the form >, y U(i,z;). Let U denote the
family of functions U : N x R, — R that are continuous and strictly concave. From
now on we write U(i,-) as Uj.

Note that for any U € U, arg max,ex(v,e,g) 2 ey Ui(%i) is single-valued. Hence
for any U € U, we can define a division rule SY as:

SY(N,c, E) = arg maxz Ui(z;).
z€X(c,E) ieN

We say a rule S is a collectively rational additively separable (CRAS) rule if there
exists U € U such that S = SY.

The family of CRAS rules are similar to the family of rules characterized by
Lensberg (1987) for the Nash bargaining problem. Indeed, it is easy to see that any
claims problem is also a Nash bargaining problem. However Lensberg’s result does
not imply ours as the class of Nash bargaining problems is much larger than the class
of claims problems.

3.5 Theorem

Our main theorem states that these three axioms characterize each of these families
of rules, and thus these families are in fact one and the same.

Theorem 1 The following are equivalent:

1. S satisfies Resource Monotonicity, Bilateral Consistency, and Independence of
Irrelevant Alternatives.

2. S is a monotone path rule.

3. S is a claims independent parametric rule.

4. S is a CRAS rule.

!Lensberg requires the SWF to be only strictly quasi-concave. Strict concavity is needed here to
guarantee Resource Monotonicity.



The proof is in the appendix (with all subsequent proofs).

We note a few things concerning this theorem. First, it shows the appeal of this
family of rules as it can be described in three different but intuitive ways. Monotone
path rules are geometrically appealing. Claims independent parametric rules are
easy to relate to the family of parametric rules. CRAS rules are a natural method of
division, one that has been proposed in many other social choice problems.

A second thing to note is that continuity of the rule is not assumed, though it is
implied by the axioms. It is a well-known result that Resource Monotonicity implies
continuity in the endowment, and this fact is used in the proof. The other part of
continuity, that of continuity in the claims vector, is not needed in the proof (though
obviously ITA would play a key role in establishing this property).

The following examples demonstrate that the axioms in Theorem 1 are indepen-
dent.

e Bilateral Consistency. Let p,p’ € P be two different monotone paths. Con-
sider the rule which divides according to S? for all two-person claims problems
and S” for all claims problems with more than two claimants. Such a rule
would satisfy Resource Monotonicity and ITA but not Bilateral Consistency.

e ITA. The proportional rule
E
DN Ci

satisfies Bilateral Consistency and Resource Monotonicity, but not ITA.

P(N,c,E) =

c

e Resource Monotonicity. We sketch an example here, but a complete ex-
ample is given in the appendix. Consider a rule for only two claimants. This
rule divides according to a fixed path, which is not weakly monotone. Specifi-
cally, this path is always increasing in the first claimant’s coordinate, but does
sometimes decrease in the second claimant’s coordinate. However it never has
a slope less than —1, thus guaranteeing that it intersects with any endowment
line only once. Given this fixed path, we now describe the path of awards for a
given claims vector. For (c1,¢9) € Ri +, the path of awards is the intersection
of the the fixed path with the rectangle defined by the origin and (¢, ¢2). If the
fixed path exits and then subsequently re-enters the rectangle, then the path of
awards travels along the border of the rectangle from the point of exit to the
point of entry. Once the fixed path leaves the rectangle permanently, the path
of awards travels along the border of the rectangle from the point of exit to the
point (¢p,¢p). See Figure 4. We have thus described the path of awards for any
claims vector, and thus completely described the rule for two claimants. Such a
rule satisfies ITA but obviously not Resource Monotonicity. In the appendix, we
describe how this rule can be extended to any problem so as to satisfy Bilateral
Consistency.
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Figure 4: Violation of Resource Monotonicity. The path is not monotone, and
so Resource Monotonicity is violated. A path of awards is shown in bold for the claims
vector c.

4 Duality

An alternative way of viewing a claims problem is how to divide up the losses. Since
the losses for the problem (N, c, E) is E — )\ ¢;, we define the dual of (N,c, E) as
the problem (N, ¢,y ¢ — E). Let L(N, ¢, E) denote the set of efficient feasible loss
vectors for the problem (N, ¢, E), i.e.

L(N,CaE)E{xERf:O§x§cand Zmi:ZCi_E}-

ieN iEN
Note that for every (N, c, E), we have X (N, ¢, E) = L(N,c¢, >y ¢ — E), which is to
say that the set of feasible awards for a problem is equal to the set of feasible losses
for the dual of that problem. The dual of the rule S is

SYN,c,E) =c— S(N, C,ZCZ' —F).
iEN
Thus S? allocates losses the same way that S allocates gains, and vice versa. The
dual of the aziom A is the axiom A? such that

S satisfies A if and only if S? satisfies A%.

One can show that the dual of Consistency is Consistency itself. Similarly, the dual
of Resource Monotonicity is itself. This is not true of IIA.

ITA-Dual. For every (N,c¢,E) and (N',c,E"), if L(N',d,E") C L(N,c,E) and
¢c—S(N,c,E) € L(N',d,E"), then d — S(N',d,E') =c— S(N,c, E).

Similar to ITA, we can more precisely characterize the conditions of this axiom.
Namely, the conditions are met if N = N’ Y ¢, — E=> ¢, — FE', and S(N,¢, E) <
d<c

10



Thus ITA-Dual treats losses as what matters, and so would be more normatively
appealing in applications in which the resource to be divided is actually a bad.

It is easy to see the implications of replacing ITA with ITA-Dual in Theorem 1.
Namely, the result would be a rule which divides losses according to the monotone
path rule. However what would be the result if IIA-Dual was added to the axioms in
Theorem 17 Since the intuition behind ITA and ITA-Dual are somewhat incompatible,
the result is a rule which is usually considered to be normatively unappealing.

The queueing rule divides the endowment by lining up the claimants in a queue
and then awarding the first person in the queue his full claim, then the second person
his full claim, and continuing until the endowment is exhausted. Let £ denote the
set of strict linear orders over N. For =€ L, define the rule S~ as:

S>(N,C,E)—(min{ci,maX{O,E— Z q}})
JEN:j>i ieN

We say a rule S is a queueing rule if there exists =€ £ such that S = S~.

Theorem 2 The rule S satisfies Resource Monotonicity, Bilateral Consistency, IIA,
and ITA-Dual if and only if S is a queueing rule.

5 Symmetry

If there is no a priori reason to treat the claimants differently, then one would want
the rule to give the same award to individuals with the same claim. This is captured
in the following axiom.

Symmetry. For every problem (N, ¢, E) and {i,j} € N, ifc; = ¢;, then S;(N, ¢, E) =
Sj(N, C, E)

The constrained equal awards rule is the rule that gives everyone the same award,
unless that award is more than a claimant’s claim in which case that claimant gets
his full claim:

CFEA(N,c, E) = (min{ci7/\})ieN

where A is chosen such that ) CEA;(N,c, E) = E. It should be obvious that
the constrained equal awards rule is a claims independent parametric rule and that
it satisfies Symmetry. In fact it is the only claims independent parametric rule to
satisfy Symmetry.

Theorem 3 The constrained equal awards rule is the only rule to satisfy Resource
Monotonicity, Bilateral Consistency, IIA, and Symmetry.

The proof is straightforward given Theorem 1, and so is omitted. We note that
adding ITA to the set of axioms in Young (1987, Theorem 1) would give the same
result. Thus we could replace Resource Monotonicity with the assumption that S is
continuous in Theorem 3 and the result would still hold.

11



Even if one thought the claimants should be treated equally, it may be the case
that there is other information known about the claimants (other than their claims)
that would cause one not to want to impose Symmetry. For example, suppose that
each claimant had an endowment w; of the good which could not be taken from the
claimant. Then one may want the rule to sometimes allocate less to individuals who
have larger endowments.

We formalize this as follows. A problem is now a tuple (N, ¢,w, E), where N € N,
ceRY,, weRY and E € Ry, all satisfying Y, .y ¢; < E. The variables N, c,
and E are as before, but here w represents the vector of endowments, which doesn’t
put any additional constraint on the problem. Let X(N,c,w, E) denote the set of
efficient awards vectors for the problem (N, ¢, w, E), i.e.

X(N,c,w, E) = {xER£:0§x§cand Z:Q:E}

1EN

A diwvision rule is a function S such that for every problem (N,c,w,FE), we have
S(N,c,w,E) € X(N,c,w, E).

Outcome Symmetry. For every problem (N,c,w,E) and {i,j} € N, if ¢; +
w; = ¢; +w;, w; < w;, and Sj(N,c,w, E) > w; —wj, then S;(N,c,w,E) + w; =
S;j(N,c,w, E) + w;.

Here, we think of the sum S;(V, ¢, w, E') + w; as being the outcome for individual
1. Appropriate modifications of Bilateral Consistency, Resource Monotonicity, and
ITA do not involve w, and are thus omitted.

The constrained equal outcomes rule gives everyone the same outcome, unless that
outcome implies a claimant receives either a negative award or more than his claim,
in which case that claimant receives either zero or his full claim respectively:

CEO(N,c,w, E) = (min{c;, max{0, A — w;}}),cny
where A is chosen such that ) CEO;(N,c,w, E) = E. See Figure 5

Theorem 4 The constrained equal outcome rule is the only rule to satisfy Resource
Monotonicity, Bilateral Consistency, IIA, and Outcome Symmetry.

12
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Figure 5: Constrained Equal Outcome Rule. The paths of awards for the con-
strained equal outcomes rules for two different claims vectors.

Appendix

Throughout the appendix, we shorten notation by writing the problem (N, ¢, E) as
(¢, E), as the group of claimants N is implicit in the claims vector c.

A  Proof of Theorem 1

It is a straightforward exercise to show that each of these families of rules satisfies
the axioms.

So we show that the axioms are sufficient to get each family of rules, i.e. we show
that statement 1 implies 2, 3, and 4. Let S satisfy Bilateral Consistency, Resource
Monotonicity, and ITA. It is straightforward to show that Resource Monotonicity
implies the following continuity axiom.

Resource Continuity. For every (c, E), for every sequence (E*)nen where E¥ — B,
we have S(c, E*) — S(c, E).

We follow the general proof strategy of Kaminski (2000, 2006) and Stovall (2013)
by defining a binary relation over a suitable outcome space. The key step in the proof
is showing that this binary relation has a numerical representation.

For ¢ # j and x;,z; > 0, define:

G(i,xi,j, Q?j) = ll’lf{E X = Si((a:i,xj), E)}

Resource Continuity implies that we can replace inf with min. Note that we always
have G(i,z;, j, z;) < x; + xj. Set

YENXR+
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and define the binary relation R; over Y as follows:
(i,2)R1(j, ;) if i # j and either z; = 0 or G(3, x;, 7, z;) < G(J, 5,1, x;).

Note that if (i, z;)R1(j, ;) and x; = 0, then it must be that x; = 0. Define the binary
relation Ry over Y as follows:

(’i,l’ﬂRQ(j,Ij) if 4 :j and ZT; S Zj.

Set R = R; U R5.

A.1 R Has a Numerical Representation

We show that R is complete, transitive, and that there exists a countable R-dense
subset of Y. Thus, by Cantor’s classic result, R has a numerical representation.

By definition, it is obvious that R is complete. The following series of lemmas
prove the other properties.

Lemma 1 Supposei # j and x;,x; > 0. Then (i,2;)R1(j, z;) if and only if G(j, z;,1,2;) =

T; + T

Proof. Let E' = G(i, z;, j, ;) and EV = G(j, x;,1, ;). Note that S;((x;, z;), E") = x;
and S;((z;,z;), E) = x;. Suppose E* < EJ. Then Resource Monotonicity implies
Si((w;, ), B7) = x;, which implies 2;;+x; = E’. Going the other direction, if E* > F7,
then Resource Monotonicity implies S;((z;, z;), E') = x;. Hence E* = z; + x; > E7.
n

Thus for i # j and x;,x; > 0, (4, 2;)Pi(j, z;) if and only if G(i, x;, j, z;) < x; + ;.

Lemma 2 For every (i,z;), (j,x;), (k,xr) € Y wherei, j, k are distinct and x;, x;, vy, >
0, there exists E such that

S((xiaxﬁxk)a E) = (G(k,xk,l,l’z) - xk,G(k,Ik,j, l’]) - Ilmxk)-

Proof. Set
E =Gk, xp, 1, 2;) + Gk, g, j, ;) — xy,
and
(s, Yjs yi) = S((zi, Ly ), ).

We show that we must have y;+y, = G(k, v, i, z;) and y;+y, = G(k, zx, j, z;). By
way of contradiction, assume without loss of generality that y; + yp < G(k, zg, i, x;).
Then since y; +y;+y, = E it must be that y;+y, > G(k, zy, j, z;). But then Bilateral
Consistency and Resource Monotonicity would imply both y, < z; and yx = .

Since y; + yr = G(k,z,1,z;), Bilateral Consistency implies that yr = ;. This
implies y; = G(k, xy, i, ;) — x). Similarly, we have y; = G(k, x, j, ;) — . ®

Lemma 3 Suppose i # j, x;,x; > 0, and (j,x;)R1(i, z;). Set E* = G(j, xj,1,2;) and
xf = E* —x;. Then for any (¢;, ¢j) > (z},x;), we have S((c;,¢;), E*) = (z}, ;).

14



Proof. First consider the case when (¢;,¢;) > (z;,2;). Then X((z;,7;),E) C
X((ci,¢j), E) for every E < x; + x;. Also note that Lemma 1 implies E* < x; + x;,
which implies z} < x;.

Note that for every £’ < min{z;,z;}, we have X ((z;,z;), E') = X((¢;,¢j), E'),
and so IIA implies S((z;,z;), E') = S((ci,¢;), E'). Thus if E* < min{x;,z;}, then
we are done since S((x;,z;), E*) = (xf,z;). So assume E* > min{x;, z;}. Note
also that for every E” < E*, we have S;((x;,z;), E”) < x; (by definition of E*) and
Si((xs,x5), E") < x; (since (j,2;)R1(¢,2;)). Thus for every £/ < min{z;,z;} < E*,
we have S;((¢;,¢j), E') < z; and S;((¢i, ¢j), E') < ;.

So set E' = min{xz;, z;} and (y},y;) = S((¢i,¢;), E') = S((wi,x;), E'). Thus
y} < x; and yjl < zj.

Set E* = min{E*, E' + min{z; — y;,z; — y;}} and (y7,vy7) = S((ai,¢)), E?).
Resource Monotonicity implies that (y7,v7) > (y;,y;). Since y7 > y}, we have
y; = E* —y? < E? —y}. But by definition, E* < E' 4+ z; — y;, and thus y; <
E' +x; —yj —y'. But since y; +y; = E', this implies y7 < x;. Similarly, we can
show 7 < ;. Thus we have (0,0) < (y7,y7) < (24, ;) and y7 +y; = E?, which means
(,42) € X((z1,5), F?). TIA then mplies (57, 2) = S((cs, ¢5), F2) = S((z:, 25), ).
If E? = E*, then we have proved the result since S((z;, x;), E*) = (x}, ;). So assume
E? < E*. Thus we have y7 < z; and y; < ;.

Similarly, for n = 3,4, ..., set E® = min{E*, E"* + min{z; — ¢y ', z; — y?_l}}
and (y7',y7) = S((ci,¢j), E™). As before, we can show (yi',y}) = S((ci, ¢;), E") =
S((zs,z;), E™). Again, if E" = E* for any n, then we are done. So we assume
E™ < E* for every n. Thus y;' < z; and y} < z;.

Now we show E™ — E*. So suppose not, i.e. E" — E < E*. Then since E" < E*
by assumption, we must have min{z; — y;',z; — yj} — 0. So either y? — =z; or
Yy — x;. If the former, then S((z;,7;), E") = (y7,vy}) — (z;, E — x;). Resource
Continuity implies then that S((z;,2;), E) = (2;, E — ;). But then by definition of
E* and the fact that (j, ;)R (i, z;), we must have £ > E*, which is a contradiction.
Similarly, we get a contradiction if y;' — ;.

Since E™ — E*, Resource Continuity implies S((¢;, ¢j), E™) = S((ci, ¢j), E*) and
S((xi, xj), E™) = S((x;, %), E*) = (2}, ;). But since S((¢;,¢;), E™") = S((x4, x;), E™)
for every n, we must have S((¢;, ¢;), E*) = («}, x;). This proves the result for (¢;, ¢;) >
(.Ti,&?j).

Now take any (c;,¢;) > (of,7;). Set (cj,¢;) = (max{c;,7;},¢;). Then by the
above result, we have S((c, ), E*) = (z},z;). But (zf,2;) € X((¢i,¢;), £*). Hence
ITA implies S((¢;, ¢j), E*) = (x], xj).

Lemma 4 R is transitive.

Proof. Let (i,2;)R(j,z;)R(k, ;). The proof is straightforward if either z;, x;, or xy
is 0. Hence assume x;, x;, > 0.

Case 1: 1, j, k distinct.
By way of contradiction, suppose (k, z))P; (i, x;). Then Lemma 1 implies

G(k,xg,1,2;) < x; + Tg- (1)
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By Lemma 2, there exists E such that
S((xhx%x?))a E) - (G(k,xk,Z,[EZ) — Tk, G(k,$k,j, .T]) - xkaxk)'

For brevity, set v; = G(k,xy,4,2;) — x; and y; = G(k, 2y, j, ;) — 2. Lemma 1
implies G(k, g, j,x;) = x; + x,. Hence y; = z;. Bilateral Consistency implies
S((zi, ), yi + xj) = (yi, x;). However since G(i,x;,7,z;) < G(j,x;,1,2;), Resource
Monotonicity implies y; = z;. Hence G(k, z, i, x;) = x; + x), which contradicts (1).
Case 2: 1 =k # j.

So let x; = x. We need to show that x; < 2. By way of contradiction, suppose
z; > ). Let B! = 2} + z; and E? = z; + x;. Then E' < E% Set E* = G(j, x,i,2}).
By Lemma 1 we have E' = G(i, 2}, j, ;). Hence (j,z;)R1(i,2}) implies E* < E'.
Lemma 1 also implies E* = G(j,z;,4,7;). But Lemma 3 implies S((z;,z;), E*) =
(2}, z;), which means we must have E? < E*. But then E? < E' which is a
contradiction.

Case 3: 1 = j # k.

So let 2} = x;. Then x; < ) by definition of Ry. By way of contradiction, suppose
(k,xr) Py (i, x;). Since (i,2})Ry(k,xy), Case 2 above implies 2, < x;. Hence 2, = x;.
But then we have (k,xy)P;(i,2;) and (i, x;)R1(k, ), a contradiction.

Case 4: i # j = k.

Similar to Case 3.
Case 5: i1 =j =k.

Then z; < a; < 7). ®

Lemma 5 N x Q. s an R-dense subset of Y.

Proof. Let (i,z;)P(j,x;). Then we must have z; > 0. (If z; = 0, then (j, z;)R(i, z;)
which contradicts (¢, z;)P(j, z;).)
Case 1: 1 =j.
Then z; < x;, so the result follows from the fact that Q is dense in R.
Case 2: i # j and z; = 0.

Then for any =, € (0,z;), we must have (i, ;) P(j, )P (j,7;). The result follows
from Case 1 and transitivity.
Case 3: 1 # j and x; > 0.

Set E* = G(i, 7, j, ;) and 2j = E* — x;. Obviously S((z;, ;), £*) = (i, 7).
Lemma 1 implies G(i, x4, j, ¥;) < z;+x;, which implies z; > 7. Choose 7, € (27, ;)N
Q. Then (j, ) P(j, ;) by definition. By way of contradiction, suppose (j, ¥}) P(i, ;).
Set B = G(j,2),1,2;) and x; = E' — 2. Lemma 1 implies G(j, 27,4, z;) < x; + 2,
which implies x; > 2. Lemma 3 implies that S((z;, z;), E') = (2}, «/). But as we al-

17

ready noted above S((z;, z;), £*) = (x;, x}), and since x; > 1}, Resource Monotonicity

implies that ; > x’, which is a contradiction. Hence it must be that (i, z;) R(j, 7). m

Hence R is complete, transitive, and there exists a countable R-dense subset of
Y. Thus there exists r : Y — R such that

(i, z:) R(j, x5) < (i, 2:) < r(Jf, ).
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Note that for every i, r(i,-) is strictly increasing.
Before continuing, we prove the following lemma, which will be useful in what
follows.

Lemma 6 Fiz (¢, E) and set © = S(c,E). Set \* = maxjen{r(i,z;)}. Then for
every 1 € N where x; < ¢;,

r(i,x;) < X< lim r(i,z}).

ﬂ?;iﬂﬁi

Proof. Obviously r(i, z;) < A*. If r(i,z;) = \*, then the result obviously holds since
r(i,-) is strictly increasing. So suppose r(i,z;) < A\* = r(j,z;) for some j € N such
that j # i.

We show that for every x} € (z;, ¢;), we have A\* < r(i,z}). By way of contradiction,
suppose \* = r(j,x;) > r(i,z}). Since r(i,-) is strictly increasing, we can assume
r(j, x;) > r(i, «}) without loss of generality. Note that =} > x; > 0. Thus \* > r(i, 2})
implies that x; > 0. So set E* = G(i, 2, j, z;) and 7 = E* — x{. Lemma 1 implies
E* = x;+x} < 2} +x;, which implies 27 < x;. By Lemma 3, S((¢;, ¢;), E*) = (2}, 7).
However Bilateral Consistency implies S((¢;, ¢;), x; +x;) = (x;, ;). Since z; < z} and
x; > x}, this must violate Resource Monotonicity.

Thus for x; € (2, ¢;), we have \* < r(i, r;). Hence we must have \* < limy | ., 7(7, 7).
u

A.2 Claims Independent Parametric Rule

Here we show that S must be a claims independent parametric rule.
For A € R, define

| _ 0 if A < T(i, 0)
fi) = {sup{xz- cr(i, ) <A} A >r(i,0)

Lemma 7 For every (i,x;) € Y, we have fi(r(i,x;)) = ;.
Proof. Fix (i,z;) € Y. Since r(i,-) is increasing, we have

{ai v, ) < (i )} = {ag s 2) < il
Hence f;(r(i,z;)) = sup{z,: o} < z;} = x;. =
Lemma 8 f={fi}y € F.

Proof. Fixie N.

First we show f; is weakly increasing. Let A, € R be given where A < X. If
A < r(i,0), then f;(\) = 0. Since the definition of f; implies f;(\) > 0, we have
fiA) < fi(N). If X > r(i,0), then observe that § # {z; : 7(i,x;) < A} C {a; :
r(i,z;) < N} Hence fi(\) < fi;(X).
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Next we show f; is continuous. Suppose f; were discontinuous. Then since f; is
weakly increasing, there must exist o € R, such that xy is not in the image of f;.
But this is a contradiction since A = r(i,z9) € R and f;(\) = 2o by Lemma 7.

Finally we show f;(—o0) = 0 and f;(+00) = +00. Note that —oo < r(7,0). Hence
fi(=00) = 0 by definition of f;. Note that +o00 > r(i,x;) for every x; € R,. Hence
fi(+o0) =supRy = +o0. =

Lemma 9 S =57,

Proof. Fix (¢, F) and set x = S(c, E). Set A\* = max;en{r(i,z;)}. Fixi e N.

Note that A* > (i, x;), which means f;(\*) > fi(r(i,2;)) since f; is weakly in-
creasing. Lemma 7 then implies f;(A*) > z;.

If x; = ¢;, then min{ f;(\*), ¢;} = ¢;, which proves the result. So assume z; < ¢;.
By Lemma 6, \* < limg ., r(i,2;). Thus fi(A") < fi(limg |4, 7(i,27)) since f; is
weakly increasing. But then Lemma 7 and continuity of f; imply f;(\*) < z;. We
have thus established that for the case where z; < ¢;, we must have f;(\*) = z;. Thus
min{ f;(\*),¢;} =z;. m

A.3 Monotone Path Rule

Here we show that S must be a monotone path rule.
Set

p(t) = (fi(9(t)));en

where g is any strictly increasing bijection from [0, 1] to R. For example: g(t) = 1— 4
for0§t§%andg(t):ﬁ—lfor%<t§1.

Lemma 10 p € P.

Proof. Since g is a strictly increasing bijection from [0,1] to R, we must have
g(0) = —oo and ¢g(1) = 4o00. Also, Lemma 8 establishes that f;(—oco) = 0 and
fi(+00) = 400 for every ¢ € N. Hence p(0) = 0 and p(1) = Q. Also, p must be
weakly monotone and continuous since ¢ is increasing and continuous and each f; is
weakly increasing and continuous. m

Lemma 11 S = SP.

Proof. Follows from Lemma 9. =

A.4 CRAS Rule

Here we show that S must be a CRAS rule.
Since 7(i,a) is strictly increasing, it is Riemann integrable. Define

Us(o) = —/Ozor(i,a) da.
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Lemma 12 U = {U;}y € U.

Proof. Fix i € N. First we show U; is strictly concave. Fix z,2’ € Ry such that
x<2'. Fixae€(0,1). Set £ = ax + (1 — a)z’. Note that

Ui(z) = Us(x) — /Ir(z’,a) da

and

alUi(z) + (1 — a)Us(2") = Us(z) — (1 — ) /9C r(i,a)da

/

:Ui(x)—/:r(i,a)dam/;r(i,a)da—(1—a)/: r(i, a) da.

Hence, U; is strictly concave if and only if

/

oz/jr(i,a)da—(l—a)/; r(i,a)da < 0.

But since z < & < 2’ and since (i, a) is strictly increasing, we have

/jr(z’,a) da < /jr(z’,j:) da = (1 — a)(@' — 2)r(i, &)

and

/ r(i,a) da > / r(i, &) da = a(z’ — z)r(i, ),

which, inputting into the above equation, gives the result.
The continuity of U; follows from the Fundamental Theorem of Calculus. m

Lemma 13 Suppose i # j, x;,x; > 0 and (j, ;)P (i, z;). Set xf = G(j, x;,1,x;) — ;.
Then for any x; € (xf,x;), we have (j, z;)Pi(i,z}).

Proof. Lemma 1 implies G(j,z;,1,2;) < x; + x; = G(4,2;,7,2;). Thus =} < x; so
(x}, ;) is not empty. Fix «} € (zf,x;). Lemma 3 implies S((«}, z;), G(j,x},1,2;)) =
(xf,x;). Thus G(j,z;,4,2;) < G(j,xj,4,2;). Since x, > xf = G(j, xj,1, ;) — xj, we
have G(j, x;,1,2;) < 2, + ;. Lemma 1 then implies (j, z;)Pi(i,2}). m

Lemma 14 For every ¢ € N and x; € Ry, it is without loss of generality to assume
limgpq, 7(2, 27) = 7(3, 25).

Proof. If x; = 0, then the only sequence in R, below 0 is the sequence of zeros.
Hence lim, 4o 7 (i, 77) = (7, 0).

So assume x; > 0. Since r(i, -) is strictly increasing, we obviously have lim,y,, 7(i, 7}) <
r(i,r;). By way of contradiction, suppose a = limg,, 7(i,7;) < r(i,z;). Note
that without loss of generality, we can assume that there exists (j,z;) € Y where
J # i such that r(j, z;) € (a,7(4,2;)). (If no such (j,z;) existed, then we could “cut
out” the discontinuity at (i, ;) without changing the ordering of r, and thus have
a = r(i,x;).) Then for every z; € (0,;), we have r(i,2}) < r(j,z;) < r(i,z;).
But then (j,z;)Pi(i,z;), so Lemma 13 implies that r(j,z;) < r(i,z]) for every
z, € (G(J, xj,1, ;) — xj,x;), which is a contradiction. m
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Lemma 15 Fiz (¢, E) and set x = SY(c, E). Suppose 0 < E < >\ ci. Then there
exists \* such that for every i € N where x; < ¢;,

r(i, ;) <A< limor(d, 7).

x lax;

Proof. Set C = {y € RY : 0 £ y < ¢}. Note that z is the unique solution to the

problem
ryrgg ‘ —U;(y;) subject to E — Zyl- =0.
ieEN iEN
Also note that there exists y in the interior of C' such that £ = )y y; and Y —Ui(y;)
is finite. Hence (Rockafellar, 1970, Corollary 28.2.2), there exists A* such that z is

the solution to

Z—Ui(yi)—i-)\* (E—Zyz>] =\ E—|— Hl(l)r(l}z] —Ui(y;) — N'yi] -

i€EN 1EN

min
yelC

Thus for every ¢ and y; € [0,¢], we have —U;(y;) — N'y; > —U(x;) — Nz, So if

€ 10,¢), then —U;(y;) — Ay > —U;(x;) — N x; for every y; € R, since —U;(y;) is
strictly convex (by Lemma 12). Thus for every ¢ where x; < ¢;, A* is a subderivative
of —=U;(+) at x;. Thus by Lemma 14 and (Rockafellar, 1970, Theorem 24.2), we have
(i, ;) <N < limg o, (6, 77). =

Lemma 16 S = SY.

Proof. Fix (¢, E) and set z = S(c, F) and 2V = SY(c, E). Obviously if E = 0 then
r=2a"=0. Also, if E =), ¢ then z =2V = ¢. So assume 0 < E < >y ¢. By
Lemma 6, we have (setting A = max;en{r(i, z;)})

r(i, ;) <A< lim (i, )

z lx;
for every i € N where z; < ¢;. By Lemma 15, there exists AU such that

(i, x )<)\U<hmr(zx)

xix

for every i € N where z¥ < ¢;.

By way of contradiction, suppose x # zY. Then there exists i € N such that
v, £ 2Y. If 2V < z; < ¢, then lim ot ov T4 x7) < r(i, ;) since r(i,-) is strictly
increasing. Note that r(i,z;) < A (even if z; = ¢;) by definition of \. Hence AU < \.
But this implies xgj < z; for every j € N, which implies xéj < >y ;. But this
is a contradiction since both equal E. If x; < 2V < ¢;, then by similar reasoning we

get a contradiction. Hence we must have v = V. m
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B Example Violating Resource Monotonicity

Instead of describing the paths of awards for the rule as we did in Section 3, we will
define a function that is almost parametric. This function will be parametric for every
i € N (meaning f; satisfies the conditions of a parametric function) except for i = 2,
which will have fy not weakly increasing.

Let f € F satisty f1(0) = +oo and f;(0) = 0 for all i # 1. Thus f gives priority
to claimant 1 over all the other claimants. Also assume f1 is strictly increasing and
concave on the interval (—oco,0) (i.e. f/(A) >0 and f/'(\) > 0) and that f; is strictly
increasing on the interval (0, +oo) for every ¢ # 1. Define the function f from f as
follows: f; = fz for every i # 2. For i = 2, let

fi(N) A<a
f2(A) = =5 (A —a) + fi(a) a<A<b
fi(A) = fi(b) + fi(a) —e A >D

for some fixed a, b, and € satisfying —oo < a <b < 0,0 < e < fi(a), and ;= < fi(a).
Thus we have the following: fo(—00) = 0, f2(0) = 400, and f; + fg is strictly
increasing on the interval (—oo,0).

For N € N where either 1,2 € N or 2 € N, and for any ¢ € R++, the function

Y ien min{ fi(A), ¢;} is continuous and increasing in A, and that ) _._, min{ fi(—00),¢;} =

0 and ),y min{f;(+00),¢;} = > ;o5 ¢ Hence, for any E satisfying 0 < E < )" ¢,
there exists A € R such that >, , min{fi(\),¢;} = E. Furthermore, if A and X
are such that ) . min{f;(\), c;} = > ,cy min{fi(X'), ¢;} = E, then it must be that
min{ f;(\), ¢;} = min{ f;(\), ¢;} for every i € N.

For N € N where2 € N and 1 ¢ N, and for ¢ € RY, the function >_,_y min{f;(}),

is continuous and satisfies ). mm{fl( 00),¢i} = 0 and ),y min{ fj(+00),¢;} =
Y icn Ci- Hence, for any E satisfying 0 < E < ) ¢;, there exists A € R such that
Y ien min{ fi(A), ¢;} = E. However note that ) ., min{ f;(\), ¢;} may not be increas-
ing. However here it does not matter because individual 2 is given priority over every
individual i # 1. Thus as before, if A and X" are such that ),y min{f;()),c} =
Yieny min{ fi(N),c;} = E, then it must be that min{f;(\), c;} = min{f;(\'),¢;} for
every 1 € N.
So we can define a division rule S/ as:

Sf(N7 ¢, E) = (min{fi(/\)vci}>z’eNa

where A is chosen such that ), min{fi(A),c;} = E.
Obviously S/ does not satisfy Resource Monotonicity.
To see that S/ satisfies Consistency, let (N,c,E) and N’ C N be given. Set
= S(N, ¢, E). Then there exists A such that z; = min{f;(\), ¢;} for every i € N.
But then A also satisfies Y, min{fi(\),¢;} = >\ ;. Thus by the definition of S/,
we have S(N', ey, > a i) = Tav.
To see that S/ satisfies ITA, let (N,c, E) and ¢ satisfy S(N,c, E §

) < e
Thus there exists A such that for every i € N, we have min{f;(\), ¢} < ¢

c =
<. If
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min{ f;(A\), ¢;} = fi(\), then we have f;(\) < .. If min{f;(\),¢;} = ¢;, then we have
¢; = ¢;. In either case, we must have min{ f;(\), ¢;} = min{f;(A), ¢;}. Note then that
Soymin{fi(A), ¢} = > ymin{fi()\),c;} = E. Thus by definition of S/, we must have
S(N,d, E) = (min{ fi(\), ¢;})n, which means S(N,c, E) = S(N,c, E).

C Proof of Theorem 2

Let S satisfy Bilateral Consistency, Resource Monotonicity, ITA, and ITA-Dual.

Define the binary relation > over N as follows: ¢ > j if i # j and there exists
(ciycj) € ]Rizﬁ} such that S;((¢;, ¢j),¢;) = ¢;. The following lemmas demonstrate that
> is a strict linear order over N.

Lemma 17 It is never the case that for N = {i,j} C N, ¢ € R{fﬁ}, and E €
(0,¢; + ¢;), that we have 0 < S(c, E) < c.

Proof. By way of contradiction, suppose there exists N = {i,j} C N, ¢ € Rﬂfﬁ},
and E € (0,¢; + ¢;) such that 0 < S(c¢, E) < c¢. Without loss of generality, assume
¢; < ¢j. There exists € > 0 such that 2e < S;(c, E) < ¢; —2e. Set ¢ = (¢; —€,¢j + ¢€).
Note that for £ < ¢;, we have X (¢, E) C X(c¢, E) and S(c,E) € X(c¢,E). Thus
ITA implies S(c, E) = S(¢, E). Similarly, for £ > ¢;, we have L(¢, E) C L(c, E) and
c—S8(c,E) e L(d, E). Thus IIA implies ¢ — S(c, E) = ¢ — S(¢, E).

Suppose E € [¢;, ¢j]. Then we have S(c, E) = S(¢,E) and ¢ — S(c, E) = ¢ —
S(c, E). But this implies ¢ = ¢/, which is a contradiction.

Suppose E > ¢;. Then we have c—S(c, ) = ¢ —S(¢, E), which implies S(c, E) =
c—d+S(d,E)=5(cd,E)+ (¢, —¢). Thus S(c, F) € X(, E)and S(¢, F) € X(c, E).
Consider the claim ¢’ = (¢;, ¢; +€). Note that X(c, E) C X(¢", F) and X (¢, E) C
X(¢",E) and either S(¢", E) € X(c,E) or S(¢",E) € X(¢,E). If S(¢",F) € X(c, E),
then ITA implies S(¢",E) = S(c,E). But since S(c, F) € X(¢, E), IIA implies
S(d",E) = S(d,FE). Thus S(c, E) = S(¢,E). But then we get ¢ = ¢ which is a
contradiction. Similarly, we get a contradiction if S(¢”, E) € X (¢, E).

Similarly, if £ < ¢;, we get a contradiction. But that exhausts all possible values
of . m

Lemma 18 For every {i,5} C N, eitheri > j or j = i, but not both.

Proof. Fix {i,7} € N. Lemma 17 implies that either i > 7 or j > i. We now show
that both cannot be true. By way of contradiction, suppose both ¢ > j and j > i.
Thus there exists (¢;,¢;) € Rffiﬁ} and (¢}, c}) € Rg_z;f} such that S((¢;, ¢;), ) = (¢;,0)
and S((c}, ¢j), ;) = (0,¢}). But then Lemma 3 implies that both S((c;, ¢}), ¢;) = (¢4, 0)
and S((c;, c)), c;) = (0,¢;), which must contradict Resource Monotonicity. =

Lemma 19 > is transitive.
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Proof. Let i@ = j and j > k. By Lemma 18, for any c;,cj,¢c, > 0, we have
Si((ciyci),¢i) = ¢iand S;((¢j, cx), ¢;) = ¢;. Note then that we must have G(j, ¢;, 4, ¢;) =
¢; +¢; and G(J,¢;, k, ) = ¢;. Lemma 2 implies there exists £ such that

S((Ci,Cj,Ck),E) = (G(]7 Cj7iaci) - Cj,Cj,G(j, Cj,k?,Ck) - C]) - (Ciacjao)'

Bilateral Consistency then implies S((¢;, ck),¢;) = (¢;,0). Thus ¢ > k by definition.
]
We now complete the proof by showing that S must be the queueing rule.

Lemma 20 S = 5".

Proof. Fix (¢, E) and set x = S(c, E). Let {i,5} € N. We show i > j if and only
if z; = ¢; implies z; = ¢;. Bilateral Consistency implies (z;, z;) = S((¢;, ¢;), z; + ;).
Suppose ¢ > j and x; = ¢;. Then Lemmas 17 and 18 imply S((¢;,¢;),¢) = (¢;,0).
Resource Monotonicity then implies z; = ¢;. Going the other direction, suppose that
x; = ¢; implies #; = ¢;. Then it cannot be that S((c;,¢;),¢;) = (0,¢;). Hence j 3 i.
By Lemma 18 we must have ¢ > j. =

D Proof of Theorem 4

Let S satisfy Bilateral Consistency, Resource Monotonicity, IIA, and Outcome Sym-
metry. For ¢ # j and x;,z; > 0, define:

G/(i, X, Ws, j, .I'j, ’LU]') = mf{E Xy = SZ(([IZ'“ iL‘j), (wi, U)j), E)}
Resource Continuity implies that we can replace inf with min.

Lemma 21 Supposei # j, x;,x; > 0, and G(j, z;, w;, i, x;, w;) < G(i, 24, w;, j, x5, w;).
Set E* = G(j,z;,w;,1,z;,w;) and xf = E* — x;. Then for any (¢;,¢;) > (xf,x;), we
have S((c;,¢;), (wi, w;), E*) = (zF, z;).

The proof is similar to the proof for Lemma 3, and so is omitted.

Lemma 22 Supposei # j and x;,x; > 0. Then G(j,x;,w;, i, x;, w;) < G(i, x;,w;, j, x5, w;)
if and only iof v; +w; < x; + w;.

Proof. (=) Set £* = G(j, xj, wj, i, z;,w;) and xf = E* — ;. Note that 2} < z;.
Case 1. w; > w; and z; < w; — w;.

Then z; +w; < w; < w; + ;.
Case 2. w; > w; and x; > w; — w;.

Choose any (¢;,¢;) > (xf,x;) such that ¢; + w; = ¢; + w;. By Lemma 21,
S((ci, ¢5), (wi,wy), E*) = (xf, xj). By Outcome Symmetry, z,;,+w; = xf +w; < x;+w;.
Case 3. w; < w;.

First we show that we must have x} > w; — w;. If 27 < w; — w;, then set 2 =
w;—w;+x; > x}. Then by Lemma 21, we have S((z}, z;), (w;, w;), E*) = (2}, ;). But
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then Outcome Symmetry implies =} + w; = z; + w;. Hence z} = 2}, a contradiction.
Hence z; > w; —w;. So similar to Case 2, we can show using Lemma 21 and Outcome
Symmetry that z; + w; = x} + w; < x; + w;.

(<) We prove the contrapositive. So suppose G(j, z;, w;, i, x;, w;) < G(i, z;, w;, j, xj, w;).
Set E* = G(j,xj,wj,1,z;,w;) and ] = E* — ;. Note that 2} < ;. Following the
three cases above, one can show z; +w; < z; +w;. =

Lemma 23 Fiz (c,w, E) and set x = S(c,w, E). For every i,j € N where 0 < x; <
ci and 0 < x; < ¢j, we have x; +w; = x; + w;.

Proof. Suppose 7,5 € N satisfy 0 < z; < ¢;, 0 < z; < ¢;, and x; +w; < xj +
wj. Then choose 7} € (z;, min{c;,x; + w; — w;}). Thus z} + w; < z; + w; and
0 < 2; < 7, < ¢. Lemma 22 implies G(i, x}, w;, j, xj, w;) < G(j,x;, wj, i, 2, w;).
Set B* = G(i,z},w;, j, zj,w;) and zj = E* — 2}, Note 7 < x;. Then Lemma
21 implies S((c;, ¢;), (wi, w;), B*) = (2}, 7). However Bilateral Consistency implies
S((eis ¢5)s (wiswy), w5 + x5) = (23,25). Since x; < xj and x; > x5, this must violate
Resource Consistency. m
Set

fi(A) = = max{0, A\ — w; }.

Using Lemma 23, it is straightforward to show that S = S7.
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