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ABSTRACT. The paper provides a continuous-time version of the discrete-time
Mitra-Wan model of optimal forest management, where trees are harvested to max-
imize the utility of timber flow over an infinite time horizon. The available trees
and the other parameters of the problem vary continuously with respect to both
time and age of the trees, so that the system is ruled by a partial differential equa-
tion. The behavior of optimal or maximal couples is classified in the cases of linear,
concave or strictly concave utility, and positive or null discount rate. All sets of
data share the common feature that optimal controls need to be more general than
functions, i.e. positive measures. Formulas are provided for golden-rule configura-
tions (uniform density functions with cutting at the ages that solve a Faustmann
problem) and for Faustmann policies, and their optimality /maximality is discussed.

The results do not always confirm the corresponding ones in discrete time.
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1. INTRODUCTION

Although forest economics has a centuries-long history (see, e.g. Samuelson, 1995),
the first complete formulation of the forest management problem as a Ramsey-like
optimal control model in discrete time is contained in two papers by Mitra and Wan

(1985, 1986) of the early eighties. The authors there discuss the structure of the
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cutting/replanting strategy that maximizes, over an infinite horizon, the sum of util-
ities of timber flows obtained by harvesting the trees of a forest. Trees have different
ages up to a maximum age, and are grown on a unit piece of land that cannot be
transferred to other uses; a productivity function gives the amount of wood obtained
harvesting trees of a given age; cutting and replanting costs are zero; new saplings
are immediately replanted on the cleared land. The main results are that: 1) the
Faustmann policy (i.e., cutting trees that reach an age maximizing the present value
of bare land subject to an infinite sequence of planting cycles) is optimal when the
utility function is linear, and it generates a cycle in the configuration of the forest,
2) optimal paths converge to the golden rule configuration (the uniform forest with
maximal sustainable yield) when the utility function is strictly concave and the dis-
count factor is equal to 1, and 3) cycles of the optimal path reappear when the future
utility is discounted, even when the utility function is strictly concave. Following this
lead, almost the entire theory of optimal forest management has been developed in
terms of discrete time (see Tahvonen, 2004, and Khan and Piazza, 2012, for recent
lists of the extensions of the model) while, to our knowledge, a consistent continuous
time version has never entered the literature.

The technical complexity of continuous time models explains the lack of contribu-
tions in optimal forest management. Indeed: 1) the ages of capital goods (i.e., trees)
vary continuously, so that the system evolution in time is ruled by a partial differ-
ential equation; 2) the control appears also in the boundary condition; 3) unlike in
other vintage capital models, optimal controls are not functions but measures (Dirac’s
Deltas). Then the equation itself cannot be interpreted (pointwise) in R, and calls
for an extended formulation to make sense. Moreover, continuous time models are
not a straightforward multi-sectoral generalization of the Ramsey model (for a similar
conclusion see Khan and Piazza, 2011). Briefly after Samuelson’s 1976 survey of the
forestry literature (Samuelson, 1995), Kemp and Moore (1979) attacked the problem
but concluded that (p.142) “The asymptotic behavior of cutting and planting on in-

dividual one-tree plots and of the age configuration of the entire forest [...] remain
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open questions”. For example, Tahvonen and Salo (1999) (see also Tahvonen et al.,
2001) studied a model in which time is continuous but trees are indivisible. This im-
plies that harvesting does not provide a continuous flow of timber but a sequence of
mass points in connection with the jumps in the state variables. Salo and Tahvonen
(2003), on the other hand, maintained the discrete time structure, but let the length
of the period go to zero. Finally, Salant (2013) analyzed equilibrium price paths of
different vintages of trees in a simple model in which the forest land can be used al-
ternatively, but deforestation is irreversible: that allows to study optimal continuous
paths avoiding the complexities of distributed state variables. Independently, Heaps
(see Heaps and Neher, 1979; Heaps, 1984, 2014) tried to establish an appropriate
maximum principle for a Faustmann model in continuous time. In Heaps (1984), for
example, it is assumed that harvesting occurs only for trees of the oldest ages, and a
pre-theoretical argument is added to suggest that, in a model where cutting is feasible
at all ages, it is not optimal to cut trees of an age s* leaving trees older than s* stand-
ing (Proposition 1 of Heaps, 1984). Heaps there proves that optimality conditions
take the form of a delay differential equation. The same “old-first principle” emerged
as a theorem in some specific cases: in Salant (2013), for example, it holds in a strong
form (i.e., older trees are harvested strictly before younger trees) while it is found in
a weak form in the discrete-time two-age-classes Mitra-Wan model where, depending
on the initial configuration, it is optimal either to cut only the old trees or the old
and part of the young trees (see for example Tahvonen, 2004). In general, however, it
seems to require strong assumptions on the productivity function (Heaps always as-
sumes older trees are more productive, concavity of the productivity function in the
undiscounted case, and some weakened concavity in the discounted case), satisfied
neither in the original Mitra-Wan formulation (a fortiori, under weaker assumptions
as in Khan and Piazza (2012)) nor in the model discussed in this paper.

The new approach used here is reformulating the control problem for the partial
differential equation as an equivalent problem for an evolution equation in an infinite

dimensional space, and developing ad hoc techniques for its analysis. In this setting,
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we need neither to reduce the dimensionality of the problem (as in Tahvonen and Salo,
1999, or Salant, 2013), nor to constrain the controls (as in Heaps, 1984). We allow
strategies to be measures rather than functions, with the consequence that instanta-
neous cutting for forests of any given age is possible (the golden rule configuration is
of such type), although we require the associated trajectories to be functions, so to
avoid mass points. To this extent, it is enough to allow initial configurations of the
forest which are square integrable functions and prove that property is preserved by
the whole trajectory. We show that:

a) the analogue of golden-rule and modified golden-rule configurations is available for
the continuous-time model,;

b) modified golden rules are optimal stationary solutions for the discounted model,
with both optimal cutting age and timber stationary consumption level monoton-
ically not increasing in the rate of discount while, in the undiscounted case, the
golden rule is maximal when the utility function is linear, and optimal when the
utility is strictly concave, provided it is unique;

c) if the golden-rule configuration is unique, then undiscounted maximal (or optimal)
paths exist from any given initial configuration and, for a strictly concave utility,
converge in time to the golden rule;

d) the Faustmann policy is optimal when the utility is linear and the discount positive,
is maximal (and not optimal) when the utility is linear and the discount null, it
is not optimal when the utility is strictly concave and the discount positive, for
initial data in any neighborhood of the optimal steady state. In particular this
result contradicts the analogue in discrete time.

We show for the undiscounted case (see (¢) and (d)) that the conclusions by Brock

(1970) on the existence and “average” convergence of maximal paths hold also in

our framework, and that the results can be strengthened to existence and asymptotic

convergence of optimal paths as in Gale (1967) if the utility function is strictly concave

(Mitra and Wan, 1986, and Khan and Piazza, 2010a, have already shown that the

same holds in discrete time). In addition, we refine the above results by providing



ON THE MITRA-WAN FOREST MANAGEMENT PROBLEM IN CONTINUOUS TIME 5

an example in the style of Brock (1970) and Peleg (1973) (see also Khan and Piazza
(2010b) for a related example in the case of the Robinson-Solow-Srinivasan model),
which proves that optimal paths do not exist in the linear case. On the other hand, the
comparative statics results under (b) are specific to the continuous-time setting (hints
may be found in Samuelson, 1995, see Figure 2 at p. 133 and the first paragraph at
p. 134) and have no counterpart in discrete time forestry literature.! It is interesting
to note that monotonicity of the modified golden rule consumption may not hold in
models with several capital goods like ours, while it holds in the one sector Ramsey
discounted model (see for example Mas-Colell et al., 1995, pages 758-9). Regarding
the Faustmann Policy in (d) we show that, similarly to what occurs in discrete time
(see Mitra and Wan, 1985), discounting does not affect the structure of optimal
policies when the utility is linear. However, for a strictly concave utility we show
that the periodic solution is not optimal, contrary to what is distinguishing of the
discounted discrete-time model (Mitra and Wan, 1985, p. 265; Salo and Tahvonen,
2003, Proposition 1). This fact confirms the intuitions of Salo and Tahvonen (2003),
who prove that in discrete-time optimal cycles tend to disappear as the length of the
period approaches zero and, arguing that optimality of cycles in discrete time is due
to the discrepancy between the discrete measure of time and the continuous measure
of space, expect that optimal cycles do not exist in continuous time.

We recall that the technique of rephrasing the problem in a space of functions is
well known in functional analysis (see Bensoussan et al., 2007). First introduced in
the economic literature by Barucci and Gozzi (1998, 2001), it was later studied in
various works, mainly on problems with vintage capitals: under the point of view of
theoretical Dynamic Programming (Faggian, 2005, 2008, with finite horizon; Faggian
and Gozzi, 2010, with infinite horizon) and that of applications (Faggian and Gozzi,
2004; Barucci and Gozzi, 1999; Faggian and Grosset, 2013). Nevertheless, in none

of these works the control space need be a space of measures.

TAs pointed out to us by a referee, a monotonicy results for the Faustmann cutting age in discrete

time is reported in a forthcoming paper (see Piazza and Pagnoncelli, 2014).
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In Section 2 we describe the model in continuous time, in Section 3 we build
modified golden rules and Faustmann policies, in Section 4, we classify as optimal or
maximal Golden Rules and Faustmann policies, in the cases when the utility is linear,
concave, or strictly concave, and the discount rate is positive or null. In Section 5
we draw the conclusions and suggest future development of theory and applications.
The Appendix contains the formulation of the abstract model, the proofs of the many

theorems and all auxiliary results.

2. THE CONTINUOUS TIME MODEL

2.1. Notation. We denote by [a] and {a} respectively the integer and the fractional
part of the real number a. If X is a Banach space and X' its dual space, we denote
by (-,-)xx or by (-,-) the duality pairing. If —oo < 07 < 09 < 00, we denote by
LP(0y,09; X) (or by LP(0y1,05) when X = R) the space of function with integrable
p-norm, from [oy, 03| (or [01, +00), when oy = +00) to X. We write H' (0, 03) for the
space of functions of L?(oy, 05) with (weak) derivative in L?(oy, 09). We also denote by
L} (01,09; X) the set of X-valued functions from [o}, 03] which are square integrable
on every compact interval contained in [07, 03], and with L*(oq, 09; X) the set of X-
valued functions with bounded essential supremum in [0y, 09]. If £ € NU {00}, then
Ck([o1,02]; X) (C*([o1,02]) when X = R) is the space of functions of class C* from
[01,09]) to X. For S > 0 (chosen in the following section), R is the set of (positive)
Radon measures on [0, 5], endowed with the norm |c|z (the finite measure of [0, 5]
with respect to ¢), for all ¢ € R. The support of any measure g is denoted by supp(g).
Finally we define the cut-off function ¢ € C*°([0, S];R") such that for fixed 3, s1, $2,

with 0 <5< s1<$2<S,¢¥=1o0n|0,s1], ¥ =0 on [sq9,5], ¢ decreasing on [sy, $o].

2.2. From discrete to continuous time. The discrete time model in Mitra and
Wan (1985, 1986) may be formulated equivalently (see also Salo and Tahvonen, 2003
p. 1414-1415) as follows. Denoted by z; s the land area occupied by trees of age s at
the period t and by ¢, the land area with trees of age s harvested at period ¢ (being

t and s any natural numbers with s smaller than some maximal age S), the dynamics
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of the discrete time model is described by
(1) xt+1,8+1 = xt,s - Ct,57 s € {07 () S}; t e N7

saying that trees x;4 can only grow into @i 541 or being cut (¢;s). The equation is

coupled with the following replanting rule (for normalized land area)

S 5
(2) Ter10=1— g i1 = E Cti
=0 =0

saying that all the harvested area is immediately replanted.
The supplementary condition cg; = xg; implies no tree older than S exists, so that
the system can be described as a point on the (S+1)-simplex. In continuous time the
evolution of the forest is observed at any instant, considering not only the “cohort
year” of the trees but their exact age. The forest composition is then described by a
density function z(¢, s) (representing the part of the forest covered at time ¢ by trees
of age s) so that, at time t, z(t,s)ds is the area on which trees of age between s
and s + ds are standing. Similarly, c(t, s) denotes the density of the cutting rate, so
that c¢(t, s) ds dt is the area with trees of age in [s, s + ds] cleared in the time interval
[t,t + dt]. Chosen dt = ds = dh, using (1) with period dh rather than 1, and
dividing by (dh)?, we get

z(t+ dh,s + dh) — z(t, s)

i = —c(t, s)
that, letting dh — 0T, gives
Oz(t,s)  Ox(t,s)
3 = —c(t
) o) O3 ),
meaning that the variation of density ‘g—f(t, s) is due to aging of trees —%(t, s), and

to harvesting —c(t, s). On the other hand, recalling that ds = dh = dt, (2) becomes

S/ dh
2(t+ dh,0)dh =Y c(t,idh)dhdh

=1

that, dividing by dh and letting dh — 07, gives the boundary condition

(@) 2(£,0) = /0 o(t,5) ds,
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meaning that the quantity z(¢,0) of saplings of age zero at time ¢ coincides with the
total amount of trees (of different ages) cut at time ¢. Hence (3) and (4), with the

assignation of an initial density
(5) z(s,0) = xo(s), s€][0,9]

give the continuous version of the Mitra-Wan model. In addition, the strategy-

trajectory couples (¢, x) are required to satisfy the constraints
(6) c(t,s) >0, and z(t,s) >0, ¥t >0, 0<s< S

(only non-negative quantities are cut, and remainders are non-negative at all ages
and times). The state equation has a solution which can be written easily by means

of the characteristic method, as long as the control is an integrable function:

™) o(t.5) = (s —t) fo — 71,8 —T1)dT s>t
fo ct—s,r)dr— [Je(t—7,s—7)dr 0<s <t

Note that z(t,s) does not represent a spatial density. As a consequence, it may

be imagined that trees grow far from one another, and not reciprocally interfering.

Moreover, since the size of the forest is normalized to 1 at the initial time, that is

fOS o(s)ds =1, f@ (t,s)ds may be interpreted as the fraction of the forest which is

covered at time t by trees of age between o1 and g5. As a consequence of the boundary

condition, the surface of the forest is covered in time by the constant amount 1 of

trees of different ages (see Proposition A.3), that is

S s
/ x(t,s)ds = / zo(s)ds =1, Vit >0.
0 0

Now let f(s) represent the productivity of a tree of age s. We assume
(8) feHY0,8), f>0, and supp(f) C (0,9)

implying in particular that f(s) = 0 both in some incubation interval [0, A], for a
A > 0, and for s big enough, say s > s for some s € (0,.5) (old trees are considered
unproductive). Moreover, f in H! implies f more regular than continuous but less

than continuously differentiable.
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Remark 2.1 The assumption of an initially null f is used also in discrete time, e.g.
by Mitra and Wan (1985, 1986), as well as by Heaps (2014) in his continuous time
model. The condition f(s) = 0 for any s big enough (i.e., s > 3) is the counterpart
of the assumption of a finite number of possible vintages in discrete models, and here
reduces the complexity of the problem allowing only densities with support in [0, 5].
The H'-regularity assumption is linked to the continuous time setting (in discrete time
there is no need of continuity). For example, in Heaps (1984), f is C%. Besides that,
we have no assumption on the behavior of f, conversely Mitra and Wan (1985, 1986)
assume f increasing until a certain age and then decreasing (and concave for some
results) and Salo and Tahvonen (2002, 2003) and Tahvonen (2004) use an increasing
f. Concavity is used also in Heaps (1984, 2014). In discrete time, Khan and Piazza
(2010a, 2012) are the first making no assumption on f, and any f: N — R is fit. O

Summing all wood f(s)c(t, s)ds of different ages s harvested at time ¢, we obtain the
total wood harvested at time ¢, that is w(c(t)) = fOS f(s)e(t, s)ds. The instantaneous

utility function is defined as a function wu satisfying
(9) u € C*(RT,R") and concave,
while the overall utility Uy at a finite horizon T, with 0 < T < 400, is

Un(c) = /0 P (wc(t))) dt,  with U(c) = Us(c).

The problem is maximizing in a suitable sense the overall utility U(c) with infinite
horizon, over a set of admissible strategies, with or without discount (p > 0 or p = 0,
respectively). Note that when p > 0 the concavity of v implies the finiteness of U(c),
while when p = 0, U(c) may be infinite valued. We say that a control strategy ¢

catches up to a control strategy c if
(10) lim inf (Ur(c*) — Ur(c)) > 0.
T—o0

For a given initial stock xg, an admissible control strategy c* is optimal at xq if
it catches up to every control strategy ¢ admissible at the same initial stock xzg.

If the utility function is not strictly concave, then optimality proves a too strong
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requirement (in some cases no control matching the definition is available), so that a
weaker property is taken into account. We say that an admissible control strategy c*
is maximal at xq if, given any other control ¢ admissible at zy, one has
(11) limsup (Ur(c*) — Ur(c)) > 0.
T—o0

Optimality implies maximality, but the viceversa is false in general. 2

A last definition completes the continuous framework, that of a stationary program.
When the control is a function, a stationary program is defined as a time-independent
couple (z, ¢) satisfying (7) with a null time derivative of z, that is z(s) = z (s — t) —

[, c(r)dr (for all t) when s > ¢, and fSS c¢(r)dr when 0 < s < ¢, uniquely satisfied by

S
(12) 2(s) = / o(r)dr.

Remark 2.2 Formulas (7) and (12) are defined only when controls are functions
of s (for instance in L?) but, unfortunately, we show that optimal controls are not
functions but Dirac’s Deltas, so that (7) and (12) need be interpreted in more general
sense. This fact has an economic interpretation, as it is profit maximization and
competitive arbitrage that lead, at least in the long-run, to concentrate harvesting on
a finite set of ages, so that controls that act on single points of the tree configuration

have to be allowed (details are in Section 3.1).

2.3. Admissible controls and initial data. We denote a trajectory starting at
xo and driven by a control ¢ by z(-;x¢,¢) or by z(t), and make two simplifying
assumptions: a) initial densities xq are in L?(0,S) rather than in R, ruling out mass
concentrated at certain ages; b) ¢ is compactly supported in [0, §], where § is the age
at which trees become unproductive (see (8) and comments below). Accordingly, we
assume admissible controls are positive measures in R, null for s > 5 and engendering

2Note that the terminology is not consistent across different papers: we follow McKenzie (1986, p.
1286) and recall that our notion of optimal (catching up) controls was formalized by Von Weizsécker
(1965) in continuous time, and by Gale (1967) and McKenzie (2009) in discrete time. Maximality

of controls in the above sense was introduced by Brock (1970), while Halkin (1974) adapted the

concept to continuous time.
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trajectories which are null for s > 5. We make use also of the space D’ containing R,
defined in Appendix A.1. Such requirements are formally expressed as follows.

Initial data. Initial densities xy are chosen in the set

(13) I:= {x € L*(0,5) : x>0, supp(x) C [0, 3], /Osx(s) ds = 1} .

Admissible control strategies. The set U,, of control strategies admissible at xg is

supp(c(t)), supp(x(t)) € [0,5] Vt > 0

(14) Uy =<K ce L} (0,+00; D) :
c(t) and z(t; zo, c) lie in R, Vt > 0

loc

Note that the condition “c(t) and z(t;xo,c) lie in R” in (14) translates the non-
negativity constraints (6) in terms of measures. Moreover from (8) optimal controls

¢* in U,, are expected to satisfy supp(c*(t)) C [A, §] for almost all ¢ > 0, for a A > 0.

Proposition 2.3 Consider an initial datum xy in II and a control ¢ € Uy,. Then
there erists a unique solution z(-;xg,c) of (31) and it belongs to C°([0,+oc); D').
Moreover, for any t € [0, +00), z(t; o, c) belongs to L*(0,S) (hence it is a function).

In some cases we consider a restricted class of admissible controls. If A > 0, set

s w0 Loe ooty ) € Sl supp(a(a) € (0.5

c(t), z(t;xo,c) € R, V>0
in particular, controls in Z/{?O in addition need be bounded in the R-—norm. The set

supp(c(t)) € [A, 8], supp(x(t)) € [0, 5]

(16) U™ =< ce L™(0,400;R) :
c(t),z(t;xo,c) € R, |c(t)|r < K, Vt>0

may also be considered (with R-norms of controls bounded by the same constant K).

3. THE FAUSTMANN PROBLEM AND CANDIDATE OPTIMAL PROGRAMS

In this section we describe candidate optimal and maximal programs consistently
with Mitra and Wan (1985, 1986), only in continuous time. All candidates are charac-
terized by a cutting age obtained solving the Faustmann problem, that is identifying
critical ages which maximize “the present discounted value of all net cash receipts

[...] calculated over the infinite chain of cycles of planting on the given acre of land
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from now until Kingdom Come” (Samuelson, 1995, p. 122). The rule “cutting any
tree that reaches the critical age” is called a Faustmann Policy, and candidates gener-
ated by that policy are cyclical. Stationary candidates are also prices supported, and
are called here golden rules or modified golden rules, depending on the fact that the
discount rate is zero or positive. In continuous time and for p > 0, the Faustmann
problem is finding maximizers of

f(s)
ers — 1

gpls) =Y e f(s) =

that is, the value of an infinite sequence of planting cycles with harvesting at
age s. Since when p > 0 maximizers of g,(s) and of g,(s)(1 —e™*) coincide and

lim, o+ g,(s)(1 — e ?) = f(s)/s, the Faustmann problem becomes identifying

A, = argmax{G,(s) : s € [0,5]}, ¥p >0,

where G,(s) = 4= f(s), when p > 0 and Gp(s) = f(s)/s. Maximizers enjoy some

ers—1

interesting properties, stated below.

Proposition 3.1 Assume f satisfies (8). Then A, C (0,5], and A, # 0, for all

p > 0. Moreover, if 0 < pg < pa, then:

(i) There exists s € (0,S] such that A,, C (0,5] and A,, C [s,S]. Moreover, A,,
and A,, may be non-disjoint only if f is not differentiable at s.

(it) For any chosen M, € A,, the selections p — M, and p — f(TMp”) are nonincreasing.
Moreover A, is not a singleton for at most countable set of values of p.

(¢13) For every selection M, of A,, there exists lim, o+ M, = my = min Aj.

3.1. The Golden Rule. A modified golden rule (z,,c,) (or golden rule, when p = 0)
is a couple in IT x R so defined (see Figure 1):

1

(17) %(5) = EX[O,M,,](S)a

where M, € A,, meaning that all ages in the range [0, M| are uniformly distributed

and equal to 1/M,, while those in the range [M,, S] are null;

1
(18) Cp(t, 8) = E&MP,
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where 0y, is the Dirac’s Delta at point M, that is, ¢, is cutting exactly trees reaching
age M,. Note that z, is a function in IT and that ¢, is not a function of s but a positive
measure. By definition of Dirac’s deltas, through the control ¢, the following quantity

of wood is harvested

1

(19) w(cp) = (¢, f) = 7 (0m,, f) =

i (M)

1
!
p
It is not difficult to guess that any golden rule is a stationary couple, as the amount of

trees cut at age M, is instantaneously replanted at age 0, preserving the configuration

among different ages unaltered, as stated next.

Proposition 3.2 Let p > 0, and f and u satisfying (8) "W’k 70) woomon timolo Thop

X,
(z,,¢,) is a stationary couple, in the sense of Definition ¢

Define now 8, = (c, f) = f(M,)/M, n, = 1
f(M,)/(e’Mr — 1) and p,: [0,S] — RT as

]

(20) Pols) = 1 (e = 1) (s), p> 07 pols) = o)

M, §
Note that po(s) = lim,_,o+ p,(s) and that, for any p > 0, FIGURE 1. The
P, is twice differentiable with p,(S) = p,’(S) = 0. golden rule

Remark 3.3 The dual variables in (20) have a direct interpretation as stationary
competitive prices associated with a golden rule path (see Cass and Shell, 1976).
Indeed, if we interpret p,(s) as the (infinite dimensional) vector of the prices of capital
goods (i.e, the prices of the different vintages s of trees) and set R = pn), the rent rate
of the land on which the trees are planted (when p = 0, define R = lim,_,o+ p1, = By),
then by definition (20), one has f(s) < p,(s), when s isin [0, 5], and f(M,) = p,(M,).
The first inequality means that no cutting process yields a positive profit, while the
equality says that the only cutting processes that do not generate losses are those
operating at the Faustmann ages. Thus, golden rule policies maximize short run
profits. In addition, since for all s € [0,5], p,(s) = pp,(s) + R for M, > s > 0 and
p,(s) < ppp(s) + R for s > M,, then the asset-market-clearing conditions holding

under competitive arbitrage are satisfied. Clearly, the arbitrage condition in a golden
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rule takes the form of a “modified Hotelling rule” because a piece of land needs to
be rented in order to hold a tree of a given age in situ. Since the Faustmann age
(when unique) is the only age in (0, 5] generating no loss, the importance of including

measures among admissible controls is confirmed.

3.1.1. Modified golden rules. In the following sections we will classify the behavior of
candidate optimal or maximal programs, assuming either a positive or null discount,
a linear or strictly concave utility function, a singleton or multivalued A,, although

when p > 0, optimality of the golden rule is a general property, as stated below.

Theorem 3.4 Assume p >0, M, € A,, and f and u satisfying (8) (9) respectively.
Then c, is optimal at x,. Moreover, if A, = {M,}, then the unique optimal stationary
couple is (x,,c,).

Remark 3.5 It is easy to show (see the Appendix for a formal proof) that the same
property holds for any convex linear combination of golden rules, that is, if A, =
{M;, ., M7}, and (:1:2, cé) is the golden rule associated to Mé, then = Y"1 | )\Z-xz,
¢ =" Nic,, where \; > 0,377 | A; = 1, is also an optimal stationary program. [J
Remark 3.6 Note that by (19) it is Ur(c,) = p~ (1 — e *T)u(B,), when p > 0 the

golden rule is optimal when starting at z,, with maximal overall utility given by

max U(c) = U(c,) = Tl_iffoo Ur(c,) = u(By)p~".

CEZ/{IP

The proofs of Theorem 3.4 and of other theorems in the following sections rely on

the construction of the value-loss function, studied in Corollary A.9:

(21)  Bp(c,2) = u(By) —ul{e, £)) + ' (By) [plo — 20, 1) — (&, A'pp) + (e 1)) |-

The value 6,(c(t), z(t)), which gives the value-loss of any admissible couple at the
steady state competitive prices, is the analogue of the value-loss function commonly
used for finite dimensional optimal growth problem (see McKenzie, 1986, for the
discrete time case and Magill, 1977, for continuous time). The only aspect that
is specific to our infinite dimensional setting is that the unit rental costs function

contains an element accounting for the aging process of capital goods.
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x(t,5) X(t+ At,s) }

At

FI1GURE 2. The Faustmann Solution.

3.2. The Faustmann solution. Besides the golden rule, other controls are candi-
dates to be optimal or maximal when starting at a general initial datum xq. (Indeed,
the golden rule may even be non-admissible at xy.) Given an initial datum z, € II,
if M, represents a preferable cutting age providing a maximal harvesting, one may

attempt to use the feedback strategy (z,¢), where
(22) c(t) = 2(t, M,)énr,, V>0,

that is, ¢ cuts existing trees reaching age M,. Such trees vary in time depending on
the initial density xo. We remark that a trajectory of the system starting from an
initial datum in IT is defined for almost every s, so that &(¢, M,) and ¢ may not be

well defined. However, in the following lemma we give meaning to both.

Lemma 3.7 Let xg € 11, supp(zo) C [0, M,], o(t) = {Mlp}, M,=t— [MLJ M,, and

(23)  Z(t,s) = T(X)(s) = ols = o (1)) X(o(r).01,)(8) + Zo (s + Mp = o (8)) X(0,0(17)(5)-

Then 2(t + M,) = Z(t), for all t > 0, the control ¢(t) = (t, M,)on, is admissible at

xo and & solves (in mild sense, see (31)) the closed loop equation
(24) a'(t) = Ax(t) + Bx(t, M,) drr,, x(0) = 0.

Then the Faustmann solution or Faustmann Policy (z,¢) generates M ,-periodic

trajectories Z (Figure 2). The golden rule is the Faustmann solution starting at x,,.



16 G. FABBRI, S. FAGGIAN, AND G. FRENI
Lemma 3.8 Assume supp(xzg) C [0,M,], ¢ the Faustmann policy, T > 0, and

Ul .= OM” e’Tu (f(M,)xo(r)) dr, UY(T) := f]\%”_g(T) e’ u (f(M,)xo(T))dr. Then

1—e—PnMp P —p(n+1)M,77P

a7 X, AT Uy + €77 PUYT), p>0
(25) Ur(@) ={ &1 e i :(T)

nU + UY(T), p=0

Remark 3.9 Note that when p > 0 the overall utility is finite

U(¢) = lim Up(é) = UL (ePMe —1)71,

T—o00

contrary to the case p = 0. The formula is consistent with Remark 3.6 when xy = z,.

3.3. Null discounts and Good Controls. Assume p =0, M € Ay and denote by

(z,¢) the associated golden rule, that is

1 1
(26) T = 77 XM c= M(SM-

The case p = 0 appears immediately more complicated than the case p > 0. Indeed
the utility over a finite horizon T" associated to the golden rule is Ur(¢) = T u(fy),
diverging when 7' tends to infinity. A useful notion is that of good controls, already

introduced in discrete time by Gale (1967).

Definition 3.10 Assume p = 0. A control c € U,, is good if there exists § € R s.t.

inf (Ur(c) — Ur()) > —0.

T>0

Note that a control is defined “good” in comparison to the golden rule, even when
¢ is not admissible at xy. Note also that a control ¢ is good if and only if there exists
0 € R such that, for all T' > 0, one has Ur(c) > Ur(¢) — 6, meaning that the utility
(over an arbitrary finite horizon T') achieved by means of a good control is dominated
by the utility at ¢ by at most a finite quantity 6. The following result implies that

search of optimal or maximal programs can be restricted to good controls.

Proposition 3.11  If ¢* € U, is mazimal (or optimal) then it is good.
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4. CLASSIFICATION OF OPTIMAL PROGRAMS

4.1. Linear utility, positive discount. In Theorem 3.4 we already established
that, when p > 0, the modified golden rules are optimal in all sets of assumptions.
In particular that holds true for w linear. In the following theorem we see that, in
the particular case of p > 0 and u linear, the Faustmann solution (, ¢) given by (23)
(22) is optimal regardless the initial density x¢, as long as zy does not contain trees
older than M,. The result is consistent with Theorem 3.4, as (Z, ¢) coincides with the

golden rule when the initial datum is z,.

Theorem 4.1 Assume p >0, (8), and u(r) = ar+b,r >0 (a, b inR). Let zo € 11,
with supp(xo) C [0, M,]. The Faustmann Solution (&, ¢) is optimal at .

Then a modified golden rule is an equilibrium, but not an asymptotic equilibrium
(convergence is driven by second order differences, hence to strict concavity of the

value function, which in this case is linear).

Remark 4.2 The assumption supp(zo) C [0, M,] (used in Theorems 4.1 and 4.3) is
technical and related to the continuous time setting. In discrete time Mitra and Wan
prove that, with a linear utility function, there are cases in which the optimal policy
is cutting at time 0 all trees with age at least M, and subsequently those reaching age
M, (see Theorem 4.2 in Mitra and Wan, 1985, and Theorem 5.2 in Mitra and Wan,
1986). A corresponding continuous time policy, demanding at time ¢t = 0 to cut all
trees of age M, and older, would engender a mass of trees of age zero (a Dirac’s Delta)
immediately after time ¢t = 0 by effect of replanting, and the density x(¢) would be no

longer in L2. Hence in our framework the described policy would not be admissible.

4.2. Linear utility, null discount. In this section we establish that, with null
discount and linear u, the Faustmann solution is maximal but not optimal. We show

also that optimal programs do not exist. We require
(27) Ay is singleton, Ay = {M}.

Although the case of multivalued Ay is not considered here, multiplicity of maxima

is a fragile phenomenon that vanishes under small perturbations of f.
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Theorem 4.3 Let (27) be satisfied, p = 0, u(r) = ar +b (a,b € R), r > 0, and
xo € IT with supp(xy) C [0, M]. Then the Faustmann Solution (Z,¢) is maximal, but
not optimal. Indeed no optimal control exists in this set of data.

The fact applies to the particular case of the golden rule.

Corollary 4.4 In the assumptions of Theorem 4.3, the golden rule (T, ¢) is maximal,
but not optimal, at T. Moreover no admissible control at T may be optimal.

As a direct proof of the assertion that neither ¢ is optimal, nor an optimal control
exists, one may build the following example (proof of Theorem 4.3 is based on a
similar construction), where the control ¢ is not catching up to ¢; defined by means
of (28), admissible at Z. The control ¢; behaves on average like ¢ but delayed of some
initial time interval: the difference in utilities yielded by ¢ and ¢; coincide repeatedly

with their difference in the initial time interval, precisely because p = 0 and w is linear.

Example 4.5 Let N be a natural number greater 50.5) | N
than 1. Define s; := jM/N, for j = 1,..,N and

consider a control ¢; and associated trajectory x L

so defined: when t < M/N, ¢; cuts the quantity !

x1(t, sj) of available trees of age s;, subsequently Mo oo

when ¢t > M/N, ¢; cuts the quantity z;(¢t, M) of FIGURE 3. The

trees reaching age M, that is trajectory x, for
N = 3, at time 0

Z;'V:1 r1(t, Sj)dsj’ 0<t< and at time M/3.

xl(taM)5M7 tz%

=S

(28) c(t) =

It is easy to check that ¢; is admissible at any z¢ with supp(zo) C [0, M]. In particular

for g = & the associated trajectory z(t, s;c1,Z) = x1(t, s) is given by

21(t,8) = (N/M)xp.(s) + (1/M) ZX[SJ-_IH,SJ-}(S)
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when ¢ € [O, %] ,8 > 0. From t = M/N on, z4(t,s) is M-periodic, coincides with
(29) in all intervals of type [T}, Tj11] where T; = M/N +iM, i € N, namely

N
(29)  @y(t,s) = X2 () te [X2 ]

AN R i)

In such intervals, ¢; cuts an amount N/M for a time length M /N, while ¢ cuts the
amount 1/M for a time length M (in Figure 3 is represented the case N = 3). Then,
except on [0, M/N], the utilities yielded by ¢ and ¢; on a period length interval are
both equal to f(M), and the difference between such utilities is periodically equal to
the difference yielded on [0, M/N], that is Z;V:_ll f(s;) > 0 (provided f is not null
everywhere). Then the control ¢ does not catch up to ¢;. By means of a similar idea
one may contradict also the existence of an optimal control. For details we refer the

reader to the proof of the general case, Theorem 4.3 in the Appendix. [J

4.3. Strictly concave utility, null discount. Also in this subsection we assume
that (27) is satisfied. Moreover we consider, rather than Uy, U, or UX* defined in

(15) (16) as the set of admissible strategies.

Theorem 4.6 Let p = 0, and let (8)(9)(27) be satisfied, with u strictly concave.
Let g € 11, and c € Llu,?o, with ¢ good. Then the trajectory x(t;c,zo) converges to the

golden rule T in L*(0,S)-norm.

Theorem 4.7 Assume p =0, and that (8) (9) (27) hold. Assume moreover that u
is strictly concave. Then the golden rule (Z,¢) is an optimal stationary couple.

As a consequence of Theorem 4.6, the Faustmann solutions (maximal for linear u)
are not maximal anymore for strictly concave u, as they are definitely caught up by

the convergent solution.

Corollary 4.8 In the assumptions of Theorem 4.6, the Faustmann solution is nei-

ther optimal nor maximal, except for the particular case of the Golden Rule.
Theorem 4.9 Let zo € I, p =0, and assume (27) is satisfied. Let UL be defined
by (16), for a K > 0 such that US> £ 0 . Then:

(i) if u is strictly concave, then there exists an optimal control in Ugfg’/\;
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(1) if u is concave, then there ezists a mazximal control in Z/Iég”\.

4.4. Strictly concave utility, positive discount. As observed in Corollary 4.8 the
Faustmann Policy is not optimal for the case of a strictly concave utility function and
null discount. However, that does not preclude the possibility that the Faustmann
policy turns out optimal for the discounted model. Indeed, in discrete time and with a
strictly concave utility and discounted future utilities, Mitra and Wan (1985) provided
examples in which the Faustmann Policy was optimal, and Wan (1994), Salo and
Tahvonen (2002, 2003) took the issue further (see also Mitra et al., 1991, for similar
results in a different vintage capital model) by showing that optimal Faustmann cycles
persist at a neighborhood of the (modified) golden rule when the discount factor
approaches unity. In particular, Proposition 1 in Salo and Tahvonen (2003) states
that, for discount factors less than one, the Faustmann Policy is optimal for all initial
forests sufficiently close to the steady state. On the contrary, for the strictly concave
continuous-time discounted model, optimality of cyclical Faustmann solutions is still
an open question: neither is a convergence result available, nor a case in which the
Faustmann Policy is optimal. However, we establish a partial result by proving that
Proposition 1 in Salo and Tahvonen (2003) does not carry over to our continuous-time
formulation and, hence, that our model behaves differently from that in discrete-time.
Indeed we consider the following simple example. Assume that M, = 1 is the unique
Faustmann maturity age, and that f(1) = 1. Consider, for 0 < a < %, the initial

density depicted in Figure 4 (note that for a = 0 one has the golden rule forest)

Tq(S) = X[,1-24)(5) + (L + a)Xj1-2a,1-0) + (1 — @) X[1—a,1]-

We intend to show that, for any a in a right neighborhood of 0, the Faust-
mann Policy is not optimal starting at z,(s). As a consequence, the analogue
of Proposition 1 in Salo and Tahvonen (2003) does not hold in continuous time.

The cycle induced by the Faustmann Policy é,(t) =

—

Z4(t, 1) comprises an initial phase of length a during %)

I+a

l-a

which 1 — @ units of timber are harvested, a phase of

<>

Y

Fiaurre A
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length a during which the harvest is raised to 1+ a, and
a final phase of length 1 — 2a with a constant harvest
at the golden rule level. On the first cycle, that is for
t € [0, 1], one has

<éa<t>7 f> = f(l)xa(t7 1) = xa(ta 1) = (1 - a) X[0,q] (t) + (1 + (l) Xla,2a] (t) + X[2a,1] (t),

so that the utility at horizon T' =1 is given by

a a 1—-2a
Ui(Ca) = / u(l —a)e Pds + e_pa/ u(l+a)e Pds + 6_2"“/ u(l)e " ds
0 0 0
= (u(l—a)+u(l+a)e ) (1—e)p 't +u(l)(e ™ —e")p_1.

Next we note that, starting from any forest z,(s), a feasible Most Rapid Approach
Path to the steady state, namely cpq(t) = [(1 — a)d1 + ad1—a)] X[0,0(t) + 61X [a,00) (1)
reaches the golden rule after a units of time by continuously clearing the 1 — a units
of land on which mature trees are planted and the a units of land in excess on which

trees of age 1 — a are grown. The associated utility at horizon T" = 1 is then

Ui(Cmra) = /Oau (1—a)+af(l—a))eds+ ep“/oau(l)epsds + e2p“/0 7;(1)e’psds
=u(l—a+af(l—a)(1—e)p ' +ul)(e —e")p "

Instead, when 7' = n > 2, one has

n

Unéa) = 3 €00y (6) = Ur(ea) + Un (0)

=0

As a consequence, lim,,_, (U, (¢a) — Un(Cmra)) =

e {u(l —a)—u(l)  u(l+a)—u(l)
p 1—e>» 1—e>r

The sign of the sum in the square brackets, null at a = 0, for @ > 0 in a neighborhood

e —u(l—a+af(l—a))+u(l)

of 0 is given by the sign of the lowest non-zero derivative order evaluated at 0. Simple
calculations show that the first derivative is null, while the second is given by 2(u”(1)—

pu' (1)) + 2f' (1) (1)(1 — e~*), which is strictly negative, as f'(1)(1 — e™?) = p by
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definition of M, = 1. Hence the Faustmann Policy is not optimal starting at z,(s) in

a complete neighborhood of the steady state.

5. CONCLUSIONS

In this paper we developed and analyzed a continuous time version of the Mitra
and Wan (1985) model of optimal forest management. One of our main purposes was
to isolate the set of phenomena that are independent of the way time is modeled.
Table 1 gives an overview of the results we have established in continuous-time. It
turned out that many of the results in discrete time carry over to continuous time,

with an important exception: cyclical optimal solutions, proper of the discounted

strictly-concave discrete model, disappear in continuous time. Unlike in discrete
p=0 p>0
2| e If Ap is singleton, GR maximal, but not optimal | ¢ Any MGR is optimal
g o If A is singleton, F'S maximal at any admissi- | e FS is optimal at any admissible zo satisfying
i ble zo with supp(zo) C [0, M) supp(zo) C [0, M,]

e There do not exist optimal controls

S | If Ao singleton:
S} e Any MGR i timal
© | e GR is the unique optimal stationary couple n‘y 1= opb m}a . . .
> . . e It is not true (as in discrete time) that FS is
= | @ There exists an optimal control . N
-2 . . optimal for all initial forests close to the MGR.
Sl Any optimal trajectory converges to the GR
S
g If Ao singleton:
. . . . e Any MGR is optimal
3 | ® GR is the unique maximal stationary couple Y P
3 | e There exists a maximal (admissible) control

TABLE 1. Results at one glance: FS stands for Faustmann Solution,

GR for Golden Rule, MGR for modified golden rule.

time, modeling timber production in continuous time required a quantum leap from
the received vintage capital theory. Indeed, in the typical vintage capital model in
continuous time, (e.g. for optimal investment Feichtinger et al., 2003, 2006) optimal
investments are spread over a continuum of ages, so that controls are functions.
In forest management in continuous time, however, timber production cannot be

modeled this way, because the Faustmann condition implies that generically it is
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optimal to fell down only trees of a single age. Therefore, we had to develop an
entirely new class of vintage models in which measure-valued controls are allowed.
Since this is the first attempt to formulate the Mitra-Wan model in continuous time,
we have been concentrating on the basic features of the model, without attempting to
use minimal assumptions and without taking into account recent refinements of the
theory (Khan and Piazza, 2012). We expect that our results and methods of analysis
will find useful applications in studying other models with non-homogeneous natural
resources, as age distributed fisheries (see Tahvonen, 2009) or the so called orchard
model (Mitra et al., 1991), vintage capital models, as the continuous-time Ramsey
version of the clay-clay vintage capital model of Solow et al. (1966) developed by
Boucekkine et al. (1997) (see also Boucekkine et al., 1998), and more in general, all

kind of models comprising age distributed state variables (e.g., demographic models).

REFERENCES

R.B. Ash. Probability and measure theory. Harcourt/Academic Press, 2000.

E. Barucci and F. Gozzi. Optimal investment in a vintage capital model. Res. Econ.,
52:159-188, 1998.

E. Barucci and F. Gozzi. Optimal advertising with a continuum of goods. Ann. Oper.
Res., 88:15-29, 1999.

E. Barucci and F. Gozzi. Technology adoption and accumulation in a vintage-capital
model. J. Econ., 74(1):1-38, 2001.

A. Bensoussan, G. Da Prato, M. C. Delfour, and S. K. Mitter. Representation and
control of infinite dimensional systems. Birkhauser, 2007.

R. Boucekkine, M. Germain, and O. Licandro. Replacement echoes in the vintage
capital growth model. J. Econ. Theory, 74(2):333-348, 1997.

R. Boucekkine, M. Germain, O. Licandro, and A. Magnus. Creative destruction,
investment volatility, and the average age of capital. J. Econ. Growth, 3(4):361—
384, 1998.



24 G. FABBRI, S. FAGGIAN, AND G. FRENI

W.A. Brock. On existence of weakly maximal programmes in a multi-sector economy.
Rev. Econ. Stud., 37(2):275-280., 1970.

D. Cass and K. Shell. Introduction to Hamiltonian dynamics in economics. J. Econ.
Theory, 12(1):1-10, 1976.

K.J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations.
Springer, 1999.

S. Faggian. Regular solutions of first-order Hamilton-Jacobi equations for boundary
control problems and applications to economics. Appl. Math. Opt., 51(2):123-162,
2005.

S. Faggian. Hamilton-Jacobi equations arising from boundary control problems with
state constraints. SIAM J. Control Optim., 47(4):2157-2178, 2008.

S. Faggian and F. Gozzi. On the dynamic programming approach for optimal control
problems of PDE’s with age structure. Math. Popul. Stud., 11(3-4):233-270, 2004.

S. Faggian and F. Gozzi. Optimal investment models with vintage capital: dynamic
programming approach. J. Math. Econ., 46(4):416-437, 2010.

S. Faggian and L. Grosset. Optimal advertising strategies with age-structured good-
will: segment vs. single medium scenario. Ann. Oper. Res., 2013. to appear.

G. Feichtinger, G. Tragler, and V.M. Veliov. Optimality conditions for age-structured
control systems. J. Math. Anal. Appl., 288(1):47-68, 2003.

G. Feichtinger, R.F. Hartl, P.M. Kort, and V.M. Veliov. Anticipation effects of tech-
nological progress on capital accumulation: a vintage capital approach. J. Econ.
Theory, 126(1):143-164, 2006.

D. Gale. On optimal development in a multi-sector economy. Rev. Econ. Stud., 34
(1):1-18, 1967.

H. Halkin. Necessary conditions for optimal control problems with infinite horizons.
Econometrica, 42(2):267-272, 1974.

T. Heaps. The forestry maximum principle. J. Econ. Dyn. Control, 7(2):131-151,
1984.



ON THE MITRA-WAN FOREST MANAGEMENT PROBLEM IN CONTINUOUS TIME 25

T. Heaps. Convergence of optimal harvesting polices to a normal forest. working
paper, 2014.

T. Heaps and P.A. Neher. The economics of forestry when the rate of harvest is
constrained. J. Environ. Econ. Manag., 6(4):297-319, 1979.

F. Hirsch and G. Lacombe. FElements of functional analysis. Springer, 1999.

M.C. Kemp and E.J. Moore. Biological capital theory: a question and a conjecture.
Econ. Lett., 4(2):141-144, 1979.

M. A. Khan and A. Piazza. An overview of turnpike theory: towards the discounted
deterministic case. Adv. Math. Econ., 4(1):39-67, 2011.

M.A. Khan and A. Piazza. On uniform convergence of undiscounted optimal programs
in the Mitra-Wan forestry model: the strictly concave case. Int. J. Econ. Theory,
6(1):57-76, 2010a.

M.A. Khan and A. Piazza. On the non-existence of optimal programs in the robinson—
solow—srinivasan (rss) model. Econ. Lett., 109(2):94-98, 2010b.

M.A. Khan and A. Piazza. On the Mitra-Wan forestry model: a unified analysis. J.
Econ. Theory, 147(1):230-260, 2012.

M.J.P. Magill. Some new results on the local stability of the process of capital accu-
mulation. J. Econ. Theory, 15(1):174-210, 1977.

A. Mas-Colell, M.D. Whinston, and J.R. Green. Microeconomic theory. Oxford
university press, 1995.

L.W. McKenzie. Optimal economic growth, turnpike theorems and comparative dy-
namics. In Handbook of mathematical economics 3, pages 1281-1355. Elsevier,
1986.

L.W. McKenzie. Accumulation programs of maximum utility and the Von Neumann
facet. In T. Mitra and K. Nishimura, editors, Fquilibrium, trade, and growth:
selected papers of Lionel W. McKenzie, pages 345-376. MIT Press, 2009.

T. Mitra and H.Y. Wan. Some theoretical results on the economics of forestry. Rev.

Econ. Stud., 52(2):263-282, 1985.



26 G. FABBRI, S. FAGGIAN, AND G. FRENI

T. Mitra and H.Y. Wan. On the Faustmann solution to the forest management
problem. J. Econ. Theory, 40(2):229-249, 1986.

T. Mitra, D. Ray, and R. Roy. The economics of orchards: an exercise in point-input,
flow-output capital theory. J. Econ. Theory, 53(1):12-50, 1991.

A. Pazy. Semigroups of linear operators and applications to partial differential equa-
tions. Springer, 1983.

B. Peleg. A weakly maximal golden-rule program for a multi-sector economy. Int.
Econ. Rev., 14(3):574-579, 1973.

A. Piazza and B.K. Pagnoncelli. The stochastic mitra—wan forestry model: risk
neutral and risk averse cases. J. Econ., 2014. to appear.

S.W. Salant. The equilibrium price path of timber in the absence of replanting: does
Hotelling rule the forests too? Resour. Enerqy Econ., 35(4):572-581, 2013.

S. Salo and O. Tahvonen. On equilibrium cycles and normal forests in optimal har-
vesting of tree vintages. J. Environ. Econ. Manag., 44(1):1-22, 2002.

S. Salo and O. Tahvonen. On the economics of forest vintages. J. FEcon. Dyn. Control,
27(8):1411-1435, 2003.

P.A. Samuelson. Economics of forestry in an evolving society. J. Forest Econ., 1(1):
115-150, 1995. (reprinted from Econ. Inq. 14, 466-492, 1976).

R.M. Solow, J. Tobin, C.C. von Weizsacker, and M. Yaari. Neoclassical growth with
fixed factor proportions. Rev. Econ. Stud., 33(2):79-115, 1966.

O. Tahvonen. Optimal harvesting of forest age classes: a survey of some recent results.
Math. Popul. Stud., 11(3-4):205-232, 2004.

O. Tahvonen. Economics of harvesting age-structured fish populations. J. Environ.
Econ. Manag., 58(3):281-299, 2009.

O. Tahvonen and S. Salo. Optimal forest rotation with in situ preferences. J. Environ.
Econ. Manag., 37(1):106-128, 1999.

O. Tahvonen, S. Salo, and J. Kuuluvainen. Optimal forest rotation and land values

under a borrowing constraint. J. Econ. Dyn. Control, 25(10):1595-1627, 2001.



ON THE MITRA-WAN FOREST MANAGEMENT PROBLEM IN CONTINUOUS TIME 27

C.C. Von Weizsacker. Existence of optimal programs of accumulation for an infinite
time horizon. Rev. Econ. Stud., 32(2):85-104, 1965.

H.Y. Wan. Revisiting the Mitra-Wan tree farm. Int. Fcon. Rev., 35(1):193-198, 1994.

A.L. Zaslavski. Turnpike properties in the calculus of variations and optimal control.

Springer, 2006.

APPENDIX A. THE ABSTRACT PROBLEM AND PROOFS

We advise that a full understanding of the content of the Appendix requires a good
knowledge of functional analysis. We refer the reader to Engel and Nagel (1999) or
Pazy (1983) for the general theory of strongly continuous semigroups and evolution

equations, to Bensoussan et al. (2007) for control in infinite dimension.

A.1. The extended framework. We start by formulating an intermediate abstract
problem in L%(0,S), using the translation semigroup {7T'(¢)};>o on L*(0,S), namely
the linear operators T'(t) : L*(0,S) — L*(0,S) such that [T'(¢)f](s) = f (s —t),if s €
[t,S], and [T'(t) f](s) = 0 otherwise. The generator of T'(¢) is the operator A : D(A) —
L?(0,5) where D(A) = {f € H'(0,S) : f(0) =0}, given by [Af](s) = —df(s)/0s.
The adjoint of A is then A* : D(A*) — L?*(0,5) with D(A*) = {f € H'(0,9)

f(S) = 0} defined by [A*f](s) = 0f(s)/0s, generating itself a translation semigroup
T*(t) : L*0,5) — L?(0,5) given by T*(t)f(s) = f(s+1t), if s € [0,S — t], and
T*(t)f(s) = 0 otherwise. Then we generalize of all previous notions to a wider space.
We set D = D(A*), and D' = D(A*), and assume D’ is both the control space and
the state space of the abstract problem. Indeed by standard arguments, in particular
by replacing the scalar product in L? with the duality pairing (¢, 1) pr.p With ¢ € D',
¥ € D (coinciding with the scalar product in L? when ¢ € L? — we use the notation
(-,-) in both cases, unless it is ambiguous); the semigroup {7'(¢)};>¢ can be extended
to a strongly continuous semigroup on D', while T*(¢) can be restricted to a strongly
continuous semigroup on D); their generators are respectively an extension and a

restriction of those in L?(0,S).> For simplicity we keep denoting such operators by

3For details we refer the reader to Faggian (2005) and Faggian and Gozzi (2010).
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T(t), T*(t), A, and A*. The role of L*(0,S) is that of pivot space between D and D',
namely D C L? C D', with continuous inclusions. It is very important to say that such
formulation enables the possibility of choosing controls which are positive measures
rather than functions. More precisely, we use the subset R C D’ (with continuous
inclusion) containing all Dirac’s measures d5,, with sy € [0,5]. The cut-off function
1 defined in Section 2.1 is in D* = D([A*]?) = {g € H*(0,9) : g(S) = ¢'(S) = 0},
namely, the domain of the generator of the adjoint semigroup 7*(t) restricted to D.
When ¢ has support in [0, 5], by means of the linear bounded functional D’ — R,
¢ — (c,1) we write the boundary condition as x(t,0) = (c(t),%), and enclose it
in the definition of the control operator B: D' — D’ with Bec := —c + (¢, 1),
where dg is the Dirac’s Delta at 0 (see Barucci and Gozzi (2001), pp. 25-26 for a

4

detailed explanation).® The adjoint operator of B is given by B*: D — D, with

B*v := —v + (dg,v) . Then (3)(4)(5) become the state equation

o' (t) = Ax(t) + Be(t), t>0

(30)
x(0) = xg

and rewritten in mild form (see e.g. Bensoussan et al., 2007 Section 3.I1.1) as
t
(31) x(t) =T(t)zo + / T(t —7)Be(r)dr.
0

The total wood harvested at ¢ may be written as w(c(t)) = (c(t), f), coinciding with
fos f(s)c(t, s)ds when c(t) is in L*(0,S). Then the objective functional is written as

T
(32) Ur(c) = / e Pu({ct), f))dt, 0<T < +oo.

0
When ¢ € R, (12) may be interpreted in the following abstract way.

4The lift of the boundary condition in the state equation can be understood as follows: as the
abstract equation aggregates quantities with respect to s, it accounts for both the distributed control
—c (cutting) and the boundary control (c, 1)dy (replanting), the latter with effect concentrating (by
means of §g) on the subdomain {0} x [0, +0c0) of trees of age 0. It is a case of unbounded boundary

control operators (Bensoussan et al., 2007, Sections I1-2-1.1.2 page 177 and 11-2-2.1 page 188).
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Definition A.1  We say that (z,¢) € I1 X R is a stationary couple if, for all t > 0,
t
(33) =TT+ / T(t — s)Béds.
0
A stationary couple (Z,¢) is optimal if ¢(t) = ¢ is optimal at T.

A.2. Proofs for Section 2.3.

Proposition A.2 For any T > 0, the operator S: D' x L*(0,T; D") — C([0,T]; D’)
defined by S(xo,c)(t) :=T(t)xo + fot e'=94Bc(s) ds is continuous. In particular, for
any xo € D', and for any ¢ € Uy,, the function [0,T] — D', t — S(xo,c)(t) is also

continuous.
Proof. See e.g. Bensoussan et al. (2007) Section II.1.3. O

Proof of Proposition 2.3. The first statement follows from Proposition A.2. To
prove the second, note that (31) implies

(34) z(t) =T(t)zo + /0 (c(T), ) T(t —T)dgdT — /0 T(t—7)c(r)dr.

It is enough to show that the right hand side defines a measure with null singular
part. Indeed, by definition, the first two addenda are both positive functions in
L?(0,S); in particular, the second lies in L?(0,.5) as a consequence of Proposition 3.1
in Bensoussan et al. (2007) p. 212, as Hypothesis 3.1 there contained holds true: if
By: D' — D', Byp := (¢,1) 0y then Bf: D — D is given by Bih := (¢, h)1, and
|BiT*(m)hlp < [h(T)lr [¢[p, so that

T S
/0 BT (M)A dr < [l / ()R dr = [0f3 ks 0.5

In addition, the term —fot T(t — 7)c(s)dr is a negative distribution in D', it is a
negative measure on [0, S| by Proposition 2.3 page 270 of Hirsch and Lacombe (1999),
and then the sum of an absolutely continuous and a singular part (w.r.t. the Lebesgue
measure on [0,S5]), both negative. Hence the singular part of right side of (34) is
negative, whereas that on the left hand side is positive, hence the singular part on

both is null. n
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Proposition A.3 Assume xy € II. Then the trajectory x = x(-;x¢,c) of (31)
satisfies (x(t), V) = (xo, ) for allt >0, and for all ¢ € Uy, .

Proof. Let first ¢ € L} (0, 400; L*(0,5)), so that (7) implies

(x(t),v) = (xo, ¥ / / ct—7,s—7 des+/ / (t —s,7)drds.

By a change of variables, the second and the third addenda are opposites, so that
(x(t),v) = (x0,7) . The claim for a general ¢ in U,, follows by density and by conti-
nuity of the operator S defined in Proposition A.2. O

Proposition A.4 Let x be the solution to (31) when xy € 11, ¢ € Uy,. Let also
T >0 and p in D?. Then x(t) is a weak solution (31), that is

i (@), p) = (x(t), A"p) — (c(t), p) + (S0, p) (¥, c(t)) . Vit € (0,T]
(2(0),p) = (0, p) = 1.
Proof. As suggested at p.204 in Bensoussan et al., 2007 Section I1.3.1, it is enough
to repeat the construction of the weak solution at p. 203, with k& € D?. O

Remark A.5 The function p, defined in (20) is in D2

A.3. Proofs for Section 3. For a selection M, in A,, we define the support function
(35)  hyls) = g (M) = 1), when p>0, hos) = F(M) My~

Note that since h,(s) > f(s), for all s in (0, S] and h,(M,) = f(M,), one has

(36) Ap={s €(0,5]: hyls) = f(s)}.

Proof of Proposition 3.1. Note that g,(-) continuous with compact support in
[\, 5] implies A, # (), while (8) implies 0 ¢ A, for any p > 0. Now let M, € A,, and
M,, € A,,. A simple analysis shows that pp < ps implies h,,definitively greater
than h,,, and there exists s € (0, +00) such that h,,(s) = h,,(5), h,,(s) < hpB(s)
for all s € (0,5), and h,,(s) > h,,(s) for all s € (s,+00). Indeed (0,3] > M,,, a

g, maximal at M,, implies h,,(M,,) < h,,(M,,). Moreover, by maximality of g,,
at M,,, one derives h,,(M,,) > h,,(M,,), which implies § < S and M,, € [s, 5],

and the first assertion in (i) is proved. If in addition f is differentiable at s and,
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by contradiction, A,, N A,, = {5}, then (36) implies f(5) = h,,(5) = h,,(5), and
h,, . (8) > h) _(5), against the fact that the graph of f lies underneath the graph of
both support functions.

Next we prove (i7). The selection p — M, is nonincreasing as a direct consequence
of (i). From M,, < M,, and the convexity of h,,(s) it follows h,,(M,,)/M,, >
hop(M,,)/M,,. Then (36) implies f(M,,) = h,z(M,,) and hyp(M,,) = f(M,,),
and then f(M,,)/M,, > f(M,,)/M,,. The last claim in (i7) is a consequence of
(1) and of countability of the discontinuities of a decreasing function. The limit mg
in (i49) exists and is in [0, S], as any selection M, in A, is nonincreasing and there
contained. By continuity of f any .4, has a positive minimum, and A, N A, contains
at most one element, which implies mg < min . 4y. Suppose by contradiction that
mo < min Ay, then ho(s) — f(s) is always strictly positive on [\, mg]. Moreover,
if we define k,(s) = f(minAp)(e”* — 1)/(e?™A — 1), we may observe that: (i)
h,(s) > k,(s), and (ii) k,(s) — ho(s) converges uniformly to 0 on [\, me], when p — 0.
Hence there exists p small enough such that, h;(s) > k;(s) > f(s), forany s € [X, mg].

This implies A; C (mg, min Ay, a contradiction. O

Lemma A.6 Leta,be[0,5], a<b. Then

t
(37) T(t)X(ah) = Xjatt,b+t)as); and / T(7)0p AT = X[, (b+)15]-
0

Proof. The first assertion follows from

T(t)X[a,b]<5) = X[a,b](S - t)X[t,S](S) = X[a+t,b+t}(5)X[t,S}(3) = X[a+t,(b+t)/\5](8)'

For the second, note that, if ¢ is any test function in D, one has (0, T*(7)¢) = ¢(b+7)

if b4+7 < S, and 0 otherwise, then by changing the variable in the integral one derives

t t (b+t)AS
< / T<T>5bd7,¢> _ / (60, T (7)) dr = / 6(0)do = (Xpsoms, ). O
0 0 b

Lemma A.7 Let g€ L2 (0,4+00;R), and a € [0, S).

loc

(38) </0 g(T)T(t — 1), dT) (5) = Xlajt+a)(5)9(t+a—s), Vt €[0,5—a], Vs €0, 5].
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Proof. The proof is follow by Lemma A.6 and by density of step-functions approxi-
mating ¢ and satisfying (38). O

Lemma A.8 Assume (8) (9), and let p > 0, and z,, ¢, p, be defined by means of
(17) (18) (20). Let g € 11, ¢ € Uy,, and z(t) = x(t; zo, ¢) a solution of (30). Then

(39)  Aelt) = o [ =p) < p{a(t) = @p,pp) = (2(t) =2, APp) , ¥t 20

Proof. Proposition 3.1 implies there exists M, € A, # 0, with f(s) < p,(s) for all
s € [0,5], and f(M,) = p,(M,). This implies (f,c) < (p,,c) for all positive c € D,
with equality holding at ¢ = dy,, with any v > 0. In particular, for v = 1, one has

(4()) <C(t)7f _pp> S 0= <Cp7f _pp>7 vt Z 0

By means of Proposition 2.3, z(¢) lies in L*(0, S) and A*p, = p,’ so that

(41) ~p (a(0)5) + (o(0), Ap) = = [ po(Sha(t.s)ds [ p(s)a(t.5)ds = AGo)

If p > 0, then supp(z(t)) C [0, 5], p,/(s) = pn,e”® on [0, 5]. Proposition A.3 gives

(42) A(p) = pn, /Osw(t, s)ds = pn, /O o(s) ds = pn,

that is, the quantity on the left of (41) hand side is constant for all admissible tra-
jectories, and in particular for x = x,. Then (40), (41) and (42) imply the claim.
Similarly for p = 0, p{(s) = By on [0, 5], so that

20 = [ att.s)ds = o [ s = o

which leads to the same conclusion. O

Corollary A.9 In the assumption of Lemma A.8, set B, := f(M,)/M,, and o, :=
u' (8,). The value-loss function (21) satisfies 0,(c(t), z(t)) > 0, for all t > 0.

Proof For all cin D', set h: D" — R, h(c) := u({c, f)), so that h(c,) = u({(c,, f)) =
u(B,); h is differentiable with h/'(c) = «'({c, f))f € D, h'(c,) = W' (5,)f = a,f. Since
h is concave, u({(c, f)) — u(B,) < o, (c —c,, f), for all c € D', and Lemma A.8 gives

u({c(t), ) < u(B,) + 0‘0[ (c(t) = cpypp) + p(x(t) — 2p,pp) — (@(t) — 2), A'D)p) ]
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To complete the proof, we need to show that — (c,, p,) + (x,, A*p,) = 0. For p >0

M,
x Mo (oM, PMp " ps
(cpypp) + (x,, Ap,) = (epp—l)—l—— e’ ds =0,
prep r p M, M, Jq

while, for p = 0 and with Z, ¢ given by (26), one has
(43) (T, A"po) = Bo = (G, po)- 0

Remark A.10 The previous results remain true when c,, is replaced by any positive
multiple 7dy;, of the Dirac’s Delta at M,. If moreover p = 0, (39) holds true for a
general initial datum x, in place of x,, as (z, A*py) = fy for all € II. We summarize

these facts in the following generalized version of Lemma A.8 for the case p = 0. [J

Corollary A.11 Let p =0, and z(t) = z(t; xo, ¢), with xg € 11, ¢ € Uy,. Then
(c(t) = ¥0mo, | — po) < — ((t) — xo, A'po) , V¢ =0, Vy > 0.

Corollary A.12 In the assumption of Corollary A.9

(44) Ur(c,) — Ur(c) > a, ((x, — w0, pp) — e N, — 2(T),p,)) ,

Proof. From Corollary A.9 u(5,) — u({c(t), f)) is greater than

[ o = 2(0), ) = (cl0), ) + (2(0), A, ] = -2 (2(0) = 7).

which promptly implies the thesis. U

Lemma A.13 Let p >0, x,,p, defined by (17) (20), x(t) = x(t;z,,c), with c € Uy, .

Then

T
| d ]
TETOO/O & [zo =) e'p)] dt =0,

Proof. Note that

[ o= a0.e79)] @t = (g, — (D).,

Since x(T") and z, are supported in [0, 5], and Proposition A.3 holds

S
|7 (2, — (1), pp)| < ™" / [2,(5) — (T, 9)||py(s)]ds < 2¢"T, (€5 — 1)
0

The last expression converges to 0 as 7" — 400 and then we get the claim. O
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Proof of Proposition 3.2. By definition of B one has

1 1 1
Be,=——0 —0 o= — (00— 0
C,D Mp M, + <Mp Mp7¢> 0 Mp ( 0 Mp)
so that, by making use of (37) one obtains
! 1 1
T(t)%"‘ T(t_T)BCp dr = T X[t (t+M)AS] T T (X[o,t/\S] - X[Mp,(Mp+t)AS]) =Zp
0 M, M,
which implies that (c,, z,) satisfies Definition A.1. O

Proof of Theorem 3.4. Let c € U,,, x(t) = x(t;x,,c), and Ur be given by (32).

(45) Ur(ep) = Ur(e) w0y | [(an = (0, p)] at =

2/0 e " [u(Bp) —u ({e(t), )+, (p (z, — 2(t),p,) — (x(t), A'pp) +(c(t), p,) )] dt.

where the last equality follows from Proposition A.4 with p = p, and from (p,, dp) = 0.
By means of Corollary A.9 the right hand side is positive, so that Lemma A.13 implies

lim inf (Ur(c,) — Ur(c)) > 0.

T—+oco

Now we assume A, singleton and (Z, ¢) optimal stationary couple, and we show that it
necessarily coincides with (z,,c,). First we show that supp(é) = {M,}, by separately
proving supp(¢) N[0, M,) = 0 and supp(¢) N (M,,s] = 0. Assume by contradiction
that supp(¢) N[0, M,) # 0 and define, for € > 0, the control ¢, admissible at z, as
M,
(46) ce(t) = (1 = €)Xjo,m,) €+ X(M,,5 €+ €5Mp/ ¢(s)ds
(M, —t)V0
coinciding with ¢ when e = 0°. If we show that U(c,) is strictly increasing at ¢ = 0,

then U(c.) > U(¢) for a small €, and ¢ is not optimal. Then

d / ~ 1 ~ oo —pt MP ~

—U(c.) =u (¢, )| - <—CX[0,MP], f> + f(M,) e ¢(s)dsdt

de 0 p 0 (M,—t)VO

% Recall that 7 is decreasing, then ¢ = —0x a positive Radon measure. Then those in (46) need be

interpreted as Lebesgue-Stieltjes integrals (see e.g. Ash, 2000 Section 1.5 page 35), more precisely
fOM” é(s)ds = f]\]\/i’]_t 0%(s) and fot é(M, —s)ds = fOM” 0% (s).



ON THE MITRA-WAN FOREST MANAGEMENT PROBLEM IN CONTINUOUS TIME 35

— o (@ f)) (— (frexioan) + F(Mp)e s / Y esis) ds)

= p ' (& 1)) ((po — fr EXo0,0) + €M (Exto.01,) F (M) = D)) -
where the first equality is obtained by separately integrating over [0,A/,) and
[M,,+00) in t and exchanging the order of integration, while the second by observing
that e”* = (p,(s)/n,+1) on [0, M,] and (20) holds. The last expression is strictly posi-
tive, in fact v’ > 0, the first addendum in brackets is positive as p, > f, and the second
is strictly positive as p,(s) < f(M,)y for all s € [0, M,) and supp(¢) N[0, M,) # 0. By
a similar argument one may prove that, if supp(¢) N (M,, 5] # 0, then (Z, ¢) cannot be
optimal as well, so that necessarily supp(¢) = {M,}. Since the only measures whose
support is {M,} are of type ¢ = vdyy,, for some real v > 0, then € II if and only if
v=1/M,. Then ¢ = ¢, and T = x,,. O
Proof of Remark 3.5. By linearity, T satisfies Definition A.1 and hence is a sta-
tionary program. What is left to show is that (¢, ) is optimal. Let ¢ € Uz and let
z(t) = x(t; T; ¢). Then by optimality of ¢/, equation (45), and concavity of Ur
lim inf (Ur(é) — Ur(c)) > Ai lim inf (U(cﬁ)) —Ur(c)) > 0.

T—+o00 - T— 400

Proof of Lemma 3.7. It is straightforward from definition that & is M,-periodic.

Then it is enough to show that & solves (24) for ¢t € (0, M,), more precisely
t

(47) (Z(t) — T(t)xo, p) = </ T(t —1)Bz(1, M,) dp,dr, go> , Yo e D.
0

Note that (T'(t)xq, p) = fs

t

xo(s — t)¢(s) ds while

s M ¢
(Z(t), ) = /0 z(t,s) p(s)ds :/t zo(s —t)p(s)ds +/0 zo(s+ M —t)p(s)ds

so that the left hand side in (47) may be rewritten as follows

S

(18)  (@(t) — T(H)mo, ) = — / £o(s — t)p(s) ds + / ro(M — )p(t — ) dr

M
On the other hand Z(¢, M) = zo(M —t), é(t) = xo(M —t)dp,, and (6ur,, 1) = (M) =
1 so that B.%(T, Mp) 6Mp = QAZ'(’T, Mp) 5Mp+ <3A3(7', Mp) 6Mp7w> 50 = $0(M—t)(50 — 6Mp)’
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and the right hand side in (47) is
/0 ( B(1,M,) o, T"(t — 7)) dT = /0 wo(M — 1) {(do = Oag,), T"(t = 7)p) d7
_ / wo(M — 1) ([T*(t = 7)) (0) = [T*(t — 7)¢] (M,)) dr

:/OtxO(M—T)gp(t—T)dT—/J\;+t-sxo(M—T)gp(t—T+M)dT

which is equal, by means of a change of variables, to the right hand side in (48). O
Proof of Lemma 3.8. Since, by Lemma 3.7, ¥ is M,periodic with Z(t, M,) =
xo(M, — o(t)), then (c(t), f) = f(M,)xo(M, — o(t)). Hence

M,

Ur(c) = Z e_piMp/O e Pu(f(M,)zg(M, —t)) di+

o T—nMpt 1— e—anp Ny
e [T R oM, = )t = S UL e YUY
where n = [T'/M,]. When p = 0, similarly, Ur(c) is given by
n—1 M, T—nM,
Z/O u(f(Mp):cg(Mp—t))dt—i—/O u (f(My)xo(M, —t))dt = nU> + e PMeUY(T)
i=0
U

A.3.1. Optimality and good controls. In order to prove Proposition 3.11, we need some

preliminary results, contained in the following lemmata.

Lemma A.14 Assume (8) and (9). Let T > 0. Then there exists a constant By > 0
(independent of ¢ and xy), such that Ur,(c) < Br, for all Ty < T, xo € I, ¢ € Uy,.

Proof. We prove the assertion for p = 0, as for p > 0 it holds a fortiori. Let z¢ € 11,
¢ € Uy, and x(t) = z(t;xp,c). Set € := min{\, S — s1}, where s; is that in the
definition of cut-off function (see Subsection 2.1), and consider ¢ € C'([0, S]; R) such
that ¢(s) = 1 for all s € [0,¢/2], ¢(s) = 0 for all s € [¢, 5], and ¢'(s) < 0 for all
s €[0,5]. Now ¢ > ¢ and ¢ € D, so that Proposition A.3 and (31) imply

c/2

(49) <T(€/2)xo,¢>+/ (e(r), BT (e/2 = 7)) d = (x(e/2),¢) < (2(¢/2),4) = 1.

0
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One defines ¢-(s) = [T%(¢/2 — 7)9](s) = ¢(s + €/2 — T)X[0,5—(c/2-7)(s) for all T €

0,/2), 50 that B'T*(£/2 = 7)¢ = —r + (89, 6:) = —, + 1, which implies
(c(r), B'T*(e/2 = 7)¢) = {c(7), ¥ = §r) > (c(7), ¥ — @), VT <¢e/2.

Since (T'(e/2)xo, ¢) > 0, the latter and (49) give fOE/Z (c(1),¥ — ¢) dT < 1. Now the

argument is iterated. A consequence of (31) is

x(t) =Tt —r)x(r)+ /tT(t —7)Be(r)dr, 0<r <7

which yields

(n+1)e/2
[ e —gar <

€/2

when applied with ¢ =r + 5, r = n§ and n € {0,1, .., [2T /¢]}, so that

(2T /] (n+1)€ oT
> / S elr), xpg) dr < —+1

£
2

(50) ‘A<dmw—¢wﬂg

n=0

Since u is concave, there exist a and b in R such that u(q) < a + bq for all ¢ € RT.

Moreover chosen by > max,ep 5 f(s), on has by (¢ — ¢) > f and
u((c(t), f)) < a+blct), f) < a+bib(c(t), v — ¢)
and hence by (50) there exists By > 0 independent of (xg, ¢) such that
g 2T
Ur(c) = / u({c(t), f))dt < aT + byb (1 + ?) =: Br.
0

Since (9) implies Ur(c) increasing in 7', one has Ur,(¢) < Ur(c) < Br. O
Remark A.15 Note that for p = 0 the value-loss function (21) satisfies
(51) 0(c) = bo(c, ) = u (o) —u((c, f)) + a0 (¢ =& po) -

The concavity of u implies 6(c) > 0, with 6(¢) = 0. Although evaluated in (21) along

the trajectories of the system, 6 is a well defined real function on D’. [J
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Remark A.16 We say that the continuous function w: RT x RT — R* is a local
modulus if for all b > 0, lim, .o+ w(a;b) = 0. Throughout this section we denote
by w(-;-) any local modulus, or by w(:), if there is no explicit dependence from a

parameter b. Since (43) and z € II, imply ag (x, A*po) = apfp, then (51) implies

(52) 0(c(t)) = u(Bo) —u({c(t), f)) + ao {c(t), po) — o (x(t), Apo) -

for o € Il and ¢ € U,,, and z(t) the associated trajectory. It is also straightforward

that 6: D’ — R is a continuous function, indeed

16(c) = 6(c)] < Julle, ) —u({er, 1)) | + aole = el prlpolp < wolle = el pr)

for some modulus wy, and for ¢,¢; € D' (u is a uniformly continuous function). O

Lemma A.17 Given a good control c(-) € Uy, then it exists and is finite the limit
T
L.:= lim 0(c(t))dt € [0,400).

T—o0 0

Proof. As 0 > 0 implies T — Ap := fOTG(c(t)) dt positive and increasing, then L,
exists in [0, +00]. Now & [(z(t), po)] = (c(t),po) — (x(t), A*po), Proposition A.4 and
(52) imply Ar = Ur(¢) —Ur(c) —ap (x(T") — zo,po). As c is good, there exists n € R
such that Ur(c) — Ur(c) < n for all T . Moreover, z(T') — zo is in L?(0,S), and, since
po lies in L>(0,.5) with |pg|r~ < 5oS, Holder inequality implies | (x(T") — zo, po) | <

Dol oo (|2 ()| 12 + |@o|Lr) = 2|po|Lee, so that Ar < 1+ 2a00,S. O

Remark A.18 As a consequence Lemma A.17, for any fixed A € (0, +00), we have

/ O(c(1))dr < w(1/t)
t—A

for a suitable modulus w, that is, the integral is infinitesimal as t tends to +o00. [

Lemma A.19 For any given xy and x; in II, there exists a control ¢(-) =

¢+ w0, 1, §) in Uy,, driving the system from xqy to x1 in a time length at most s.

Proof. We define d*(s) := (zo(s) — x1(s)) V 0, and d~(s) := (x1(s) — zo(s)) V 0, for
s € [0,5], so that d*(s) (respectively, d~(s)) is strictly positive at points where x is
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strictly more (respectively, less) than z;. Since fOS zo(s)ds = fOS z1(s)ds = 1, then

J = /Osd+(s)ds:/Osd_(s)ds:/0§d+(s)ds:/ogd_(s)ds.

If J =0, then xyg = x; and there is nothing to prove. Now assume J > 0. We define

(53) e (1) := /S d (r)dr, te€]0,s].
5—t
Note that e~ is increasing, with e~ (0) =0, e~ (5) = J. Set also
(54) DF(t,s) :==d" (s — t)xps(s) +d" (s =t + 8 (s), tel0,5],s€][0,5]
We show that the claim of the lemma is satisfied by the control ¢ in a time length s

o) = (:1:0(5— LG _Jt)e_(t)) 5o+ d (5 — t)D+§t’ ) e,

Note that xg, 1 € L*(0,S5) imply d*,d~ € L*(0,S), D*(t) € L?(0,S) for any t €
[0,5], and ¢t — D(T) belongs to C(0,5; L*(0,S5)). Moreover e~ € C(0,35), implies
¢ € L*0,5 D"). Set #(t) = #(t; xo, ¢) we need to show (5, s) = zy(s) for all s:

#(t) = L(t) + Io(t) + L(t) = [T(t):cg T /0 Tt — ) Baolt — 7)o dT]

_ % Uot 4 (5 — T)e~ (1T (t — 7)BSs df} + % Uot 4 (5 — 7)T(t — ) BD*(7) df} |
From (23), one has I,(5) = wo. Regarding y(t), note that

T(t — 7)BD* (r) = T(t — 7) (D*(r), ) 6y — T(t — 7)D*(v) = J6 — T(t — 7)D*(7)
o that I(t) = L () + Inp(t) with

In(t,s) = /0 d=(5—7)T(t — 7)dodr = d~ (5 — t + 5)X[0.(5)

where the last equality is derived by means of (38), while

T(t) = — /0 05— I)T(t — )2 T](T) dr.
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Now note that T'(t—7)D*(7)(s) = D" (7)(s—t+7) if s—t+7 > 0 and 0 if s—t+7 < 0,
so that the last expression, evaluated at s, gives
1 t 1 t/\(§+t—s)
1 / A (5—7)D* (7) (s—t4r) dr — — / 4~ (5—7)D* (7)(s—t+r) dr.
J Jit—spvo J Jit—svo
By means of (53) (54) respectively, the latter is explicited and we find the following

expression of I35(t)(s)

LN A (5—T)dt(s—t+35)dr=—Ldt(s—t+5) (e (t) —e (t—s)),s€[0,t)

J Jt—s J
—L[id (5 —7)d" (s — t)dr = —Ld* (s — t)e (1), s € (t,3]
—3 [)(§+t_s)d_(§—7')d+(8—t)d7':—%d*(s—t)e‘(E—l—t—s), 5> 5

Regarding I5(t), since —Bds; = 05 — dp, we may apply again (38) and derive

Lt,s)=J " [d" (s —t)e (t+5— 8)Xsrn(s) —dT(5+ s —t)e (t — 5)x.(s)] -

As a whole
zo(s)+d (5—t+s)—d (s—t+s)e (t)J ' if se€l0,t)
E(t,s) = zo(s) —dT (s —t)e (t)J* if selt 3
0 if s> 5.
so that at all ¢ > 0 one has supp(z(t)) € [0, 5]. Moreover e~ (5) = J at t = § implies
©(5,5) = [wo(s) +d(s) = d*(s)] x[,5(5) = z1(5). O

Proof of Proposition 3.11 Assume by contradiction that the maximal control ¢*
is not good, and denote by x* the associated trajectory. Then, for any 6 € R, there
exists Ty > 0 with Uy, (¢*) — Ug,(¢) < —0. Next we show that T may be chosen
arbitrarily large, for instance Ty > 23, if 6 is chosen sufficiently large. Indeed by
means of Lemma A.14 one has sup;c(g o5 |Ui(c*) — U(€)| < Bas so that for § > By, we
have Ur(c*) — Ur(¢) < —0 only for values of 7" which are greater than 2s. We select
0 > 2B; > Bys; and Ty > 25 and define, with the notation of the previous lemma,
c1(t) = c(t; xo, ) and co(t) = c(t; T, x*(T}y)), stirring respectively the system from x

to Z and from z to *(T") in time S, moreover

&(t) = c1(t)xp,5)(8) + eX.1y—5) (S) + c2(t)X[ry—5.15) () + € (1) X[1),+00) (5)
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We show that ¢ catches up to ¢*, so that ¢* cannot be maximal, yielding a contradic-

tion. To do so it is enough to observe that, for any 7" > Ty

Ur, (€) = Ur, (¢") = Us(é)—Us(C)+UT9(C)—UTg(C*)+/ [u((e(t), £)) —u((e, f))] d

T-5

> Ug(é) = Us(c) + 0+ Us(é(-+T —5)) —Us({c, f)) >0 —2B; > 0. O
A 4. Proofs for Section 4.

A.4.1. Linear utility, positive discount. Proof of Theorem 4.1. Assume u(r) = r
(the proof may be easily adapted to the case u(r) = ar 4+ b). Note that ¢(t) coincides
with ¢, when xy = z,, so that (25) applies also with (z,,c,) in place of (z*,¢).
If n=[T/M,], o(T) ={T/M,}M,, then Ur(c) — Ur(c,) =

M, M,
= np(l—ep"MP)/O e’ (zo(1) —1/M,) dr—4e Pt DM, /Mp_a(ﬁ)’” (o(T) —1/M,) dr.

Hence when T'— 400, and once set ¢(t) = e?*, we derive

(55) U(c) = Ul(c,) = lim (UT(E) — UT(cp)) = np(T0 — Ty, ¢) = (X0 — T, Dp)-

T—+o00
Now let ¢ € U,,, with z(t) = z(t;c,x0). Let T > 0, and note that Corollary A.12
implies (o, = 1 for u(r) =r) Ur(c,) — Ur(c) > —e " (x, — x(T), p,) + (x, — T0, D,)-
Coupling the previous relation with (55) we derive Ur(¢)—Ur(c) > w(T') for a suitable

function w, w(7) — 0 as T — 400, which implies the thesis. O

A.4.2. Linear Utility, Null discount. Average of a trajectory. Assume z, € II and

¢ € Uy,. The average x*(t) of the trajectory z(s; xo, c) over a time interval [0, ] is

(56) i (t) = 1/0 x(s; xg, ) ds.

t
Lemma A.20 Let p=0, ¢ € U,, N L>®(0,+00; D) a good control, xy € II. Then

(57) (z(t),h) = (z,h), as t — +o0 for all h € D.

Proof. Apply Theorem 9.1.3 in Zaslavski (2006) to the modified objective functional
> T
Ur(c) = [y w((c(®), f)) —ul{c,, f)) dt. O
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Proof of Theorem 4.3. We divide the long proof into several steps.
Claim 1: ¢ is a mazimal control. Let & = x(-;x¢,¢), and let T > 0. The control ¢ is

good, indeed by Lemma 3.8 with p = 0 and u(r) = r applied both to ¢ and ¢ one has

Ur(@) - Ur(®) = (M) / (wo(r) — 1/M)dr > —f(M).

M—o(T)

By contradiction, if ¢ is not maximal there exists ¢ in U,, and T, a > 0 such that
(58) Up(é) — Up(é) < —a, VT >T.

Now we assume R > 67", integrate on [0, R] and divide by R, obtaining

& | Wro=vn@) ar+ 5 [ wae)~vntey ar

and the first addendum converges to 0 for R — oo while, for R large enough, the

second is smaller than —2a as (58) holds. Then for R big enough one has

(59) }% /0 (Ur(6) — Up(?)) dT < —ga.

On the other hand, if #(t) = z(t; xo, ¢), and 74(¢) its average, Corollary A.12 implies

d

60 U@ =Ur0)> [ (@) = a(0).m) dt = (5(T) = #(T). 1)

Integrating on [0, R] and dividing by R one gets, for a sufficiently large R,
L[ A ~ ~ A LA 1
= [ (Unle) = Ur(@)) 4T > (#(R) ~ 34 (R), po) > 3
0

as (24(R) — 2*(R),po) — 0, as R — +o0, in view of (57): a contradiction.
Claim 2: the control ¢ is not optimal. Assume c¢; defined in (28), and z1(t,s) =
x1(t, s;¢1,x0). Since f is continuous and f(M) > 0, we may choose N big enough so

that f(sy_1) > 0. Assume also zg € II satisfies

(61) / T o(r)dr > 0.

SN—-2



ON THE MITRA-WAN FOREST MANAGEMENT PROBLEM IN CONTINUOUS TIME 43

To prove ¢ not optimal, it is sufficient to show that there exists a > 0 such that

Ur,(¢) = Ur,(c1) = —a, VT,, = M/N + nM, with n € N. Note that for ¢ in [0, M /N]

N

N
xl(tv S) = Z IO(Sj +s— t)X[O,t](S) + x()(S - t) Z X[Sj,sg'-i-t}(s)

=0 j=1

while for ¢ > M /N the solution becomes M-periodic and repeatedly equal to

N
X[t,%,t](s) Zj:l o(sj-1+ 5+ % —t) te [%’ M]

+X[t—%,M](S) Zjvzl To(sjo1+s+ 5% —t) te[M M+ ]

(the general formula is obtained by replacing ¢t with {(t) = t—[M/N] M — M /N in the
right hand side). Since ¢ € [0, M/N]implies x1(t, s;) = xo(s;—t), and (ds,, f) = f(s;),

N M N

Uyl = Y0 50s9) [ anlsy =0yt =3 s [ o

j=1 j=1 i

Moreover, the facts that 1 M-periodic for t > M /N, z1(t, M) = 0for M/N <t < M,
and z1(t, M) = Zjvzl zo(sjo1+ M+ —t) for M <t <M+ M/N imply

Un,(er) = Ug(e) = f0) [ anlr)ar = g (1),

j—

Hence if ¢ is the Faustmann policy

Sj—1

(62) Ur,(¢) — Ur,(c1) Zf / (r)dr =: —

Note that (61) implies @ > 0. As a consequence, ¢ is not optimal. The proof for the
case when (61) is not satisfied is easily obtained by applying a control ¢ in place of
¢1 shaped as follows: if m :=max{j:1<j<N-1, f o(r)dr > 0} (a maximum
exists as the forest has positive density and extension 1), and 7:= ¥ (N—-1-m), then
ca(t) := € Xjo,r(t) +c1(t — T)X[r400)(t), that is, co coincides with ¢ until the associated

trajectory xs yields a positive integral on [sy_2, sy—1], and with ¢; afterwards.
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Claim 3: an optimal control does not exist. We assume by contradiction that ¢é(t) in
U,, is optimal. Then in particular, given any ¢ > 0, there exists 7. such that

(63) Ur(@) — Up(@) > —¢ and Up(@) — Up(e)) > — VT > To.

On the other hand (62) implies , for a sufficiently small v € [0, M] not depending on
n, that Up(c1) — Up(¢) > § for all T € [T,,, T}, + v] from which, if n. € N is such that

T, > T, for all n > n., we derive also

(64) Ur(@) — Up(@) > & — e, VT e[, Ty +v], Yn > n..

l\DI@

We show first that

(65) lim inf

n—+oo Tn + v

/ " Ur(@) — Up(@)) T > =

Se thner (Ur(¢) = Ur(¢))dT = A+ B, + C,,, where A = fons (Ur(e) — Ur(€)) dT,

EZ/T;H —Ur(¢))dT > —cv(n—n.)

in view of (63), while (64) implies

Cn:Z/TJrV Ur(é ())dT>(§—€>l/(n—n€+1)

so that (recall that T,, = nM + M/N), if w(1/n) is infinitesimal as n — oo, we have
! /nwa&@%Jh@»ﬂuyi(ﬁ—%)+wumy
T, +v /) M \2
Choosing € < a(2 — M/2), and passing to limits we obtain (65). On the other hand,
Lemma A.11 with v = Z(¢t, M), Proposition A.4, and Remark A.10 imply

(e(t) —c(t), f) < {e(t) = e(t), po) — (2(t) — w0, A"po) = :é(f(t) — Z(t), po)

Then, for all T, integrating on [0, 7] one derives

Ur(¢) — Ur(c) < —/0 % (x(t) = 2(t), po) dt = (&(T) = Z(T), po)

If 24(t) is defined by (56), we integrate in [0, S] both sides and divide by S obtaining

(66) %A(wm Ur(@)dT < (F4(S) — FA(S), po) 22 0
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as ¢ and ¢ are good and Lemma A.20 holds. That and (66), contradict (65). O

A.4.3. Strictly concave utility, null discount.

Proof of Theorem 4.6. Set H := L?*(0,S), so that D — H (with continuous
inclusion). Since ¢(t) € L*>°(0,400; R) we have that K := sup |z(t)|r < +oo. Let
e > 0 be fixed. We have to prove that there exists t(¢) > 0, such that

(67) i(t) = |z(t) — 2|y <e, forallt>te).

Any ¢ € R may be decomposed as ¢ = ¢, + ¢f, with ¢,, ¢y defined as follows. Since
M maximum of f(s)/s implies po(s) — f(s) > 0 for all s € [0, S] with equality holding
at s = 0 and s = M, and f continuous, then for a sufficiently small & > 0, there
exists a smallest ((£) > 0, with A\ < M — ((§), such that |s — M| > ((§) implies
p(s) — f(s) > & Note that ((¢) 20 . Then, since ¢ is a positive measure with
supp(c) C [\, S], one may set ¢, = cve and ¢y = ¢(1 — v¢), where 1¢ is a [0, 1]-valued
smooth cut-off function with v¢(s) = 1 for |s — M| < ((£)/2 and ve(s) = 0 when
|s — M| > ((&). Now, we may assume t > S. Hence, in (31) we have T'(t)zo(s) = 0

for all s € [0, 5], and T'(t — 7)Be(r) = 0 for all 7 < ¢ — S, so that in (67)
68)  a(t)—7= / T(t—7)B(c(r) —¢) dT = L(t,€) + L(t,€) + I3(t, §),
t—5

where [1(t,&) = ft sT T)Bey(T)dr, Ih(t,§) = j;jt—S T(t—71)B(cp(T) —
|en(T)| R0 ) A7, and I3(t 5 ft ¢ T(t — 7)B(|en(7)|r0x — €)d7. We estimate H-
norms of I;, Iy and I5.

Step 1: A preliminary estimate. We first estimate |cs|p. Given x € I, and ¢ € R,
we use Remark A.16, and u({(c, f)) — u({c, f)) > —ap {(c — ¢, f) to derive

0(c) = 0(c) —0(¢) = an {c — ¢, po — f) = ao (¢, po — f) = wleylr,

as c is positive and (¢,py — f) = 0. Observe that D — C°([0,.5]) with continuous

inclusion so that R — D', in particular |c¢s|p < Cles|r for a constant C' > 0. Then

(69) lerlpr < Cleflr < %9(0), Vo € II, Ve e R.
0
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Step 2: Estimate on I,(t,§). Note that || T'(t)||py < 1, so that (69) implies

C|| B
apé

RSl < 1Bl [ el < | pear <atiyng)

for a modulus w; (see Remark A.18).

Step 3: Estimate on I,. Given ¢ € D one has
M+<(£)

max y¢(s)—¢(M)|g/ s)[ds < /2¢(&) |¢'|a < V/2¢(€) |@]p-

ls—M|<((€) M—C(€)

Then for ¢ € R one has | (¢ — |c|rdn, @) | < 1/2¢(§) |c|r|¢|p which implies

(70)  len(m) = len(T)|rOulpr < V/20(E) len(T)Ir < V20(E) K, 7€ [t — 5,1

and then [c,(+) — |en ()0 p2¢_g 001y < V'S1/2((€) K. By means of Proposition 3.1
p. 212 in Bensoussan et al. (2007), there exists C' > 0 independent from ¢ such that

|12t )l < Clea(r) = lea()|rOn| aesin < CV/2((E) VSK < wa(€)

for a modulus ws, with wy(§) —— §—>0

Step 4: Estimate on I3(t,£). Since u is strictly concave and differentiable, u’ is
strictly decreasing, ag = v/({¢, po)), Bo = (¢, po), one defines 5, = (1+n)(¢, po) = (1+
n)Bo. Then there exist v > 0 and 0 < n < 1 such that v = u(fy) —u(5,) + anbo > 0,
and A = —[u/(8,) — ag] < 0. Note that v as a function of 7 is strictly increasing and
attains the value zero at n = 0, so that its inverse n(7y) is well defined and enjoys the
same property, in particular 7(~) 2% 0. Asa consequence, A may itself be regarded
as a function of 7, with A(y) 2% 0. We set Is = Ig) + I39 + I35 + I3, with

I3 (t,€) = /t—S (]cn(T)]R - % —n— W) T(t —7)Boy dr

In(t, €) = /t . 9(|C"(T>|R5X) ~0T) 14— 1) Bsy

A
To estimate I34(t,&) it suffices to observe that for every fixed ~,

Iss(t, €) = /t . YT pi— 1\ Boyy dr, (€)= 1 /t | T(t=7)Boy dr

(71) [Lsa(t, )| < || BIl[0ar| S =2 waa(7; €)
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where wsy is a local modulus. Next, Remark A.18 implies

A

(72) [t Ol < 1Bl | dr < wss(1/17,6)

for some local modulus ws3. Then, Remark A.16 implies

10(c(7)) = 0(ca(7))] < wollerlpr) < wp ((CFog)0(c(T))) -
Thus, by Remark Remark A.18

/t 16(c(7)) — O(cn(7))]
-8 A

dr <w(1/t;7,¢)
for some local modulus @. Moreover, in view of (70), one has

|0(len(T)[ROn) — 0(cn(T))] < wolllen(T) RO — cn(T)]Dr) < wo(v/2C(6) L)

so that
t J—
J G B PR
t—S A
for some modulus w. Hence, once set wss = || B|||dar|pr (& + @), one derives
(73) I3p(t, &) < waa(1/t;7,6).

Next we estimate [3;. By definition of 6(c) and concavity of u

—0(c) + ag (¢ — ¢, po) + v — aon (¢, po) = u(Bo) —u(B,) <u'(B,) (c— (1+n), f).

Recalling that (¢, po) = (¢, f) = Bo, that implies

0(c) > v+ ag (c,po) — aofo — aognBo — ' (By) (f,c) +u'(By) (L +n)bo

and then 6(c) > v — nayA + (¢ — ¢, aop — W' (5,) f) . Then for ¢ = |c,(t)|rm

1 fea(®lron)

Mo A <0

(1) = lea(t)lr =

Now note that, as a consequence of (68), step 2 and step 3, (71) (72) (73), Holder
inequality and the fact that (x(t) — Z,¢) = 0, one has [(z(t) — T — I31(¢,£), )| =

/ 590<7') (T'(t — 7)Boar, ) ds|+[(I1 + Iy + Iso + I33 + 34, V)| < ws1(1/t;7,6),
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with ws; = V/S(wy + Wy + wsy + w3 + wsy). Now since
(T'(t = 7)Bbn, ) = (0o — 0, T"(t = T)p) = U(t = 7) —(t — 7+ M)
the previous estimate may be rewritten as

/tSsO(T)(@/)(t — 1) =t — 7+ M))dr| < wi(1/t;7,E)

for a modulus wy. By definition of ¢ we have 0 < ¢(t —7) —¢(t — 74+ M) < 1, and
©(7) < 0, so that the integrand of the last equation is negative. Since by definition
of ¢ one may show there exists [¢1,t2] C [0, S] such that Y(t —7) —(t—7+ M) > ¢
for a suitable ¢ > 0, then
to t2
(74) C/ p(t —0)] do < / o(t = o) [(¥(o) = ¥(o + M))| do < wa(1/t;7,£).
t1 t1

Since (74) is true for all ¢, we iterate the argument [S/(to — t1)] + 1 times to obtain

[ et =) do < L1/ =7,

Thus [I31(t,&)|x < ||B|||dam|pwa(1/t;7,£). To draw the conclusion, one uses (68),
steps 2, 3 and 4, and chooses in order, &, v sufficiently small and ¢(e) sufficiently
large, so to derive that t > t(¢) implies i(t) < e. O

Proof of Theorem 4.7. For any good control ¢, and for x(t) = z(¢; z, ¢)

T
: d ' )
Tgr}rloo o dt [(Z — x(t), cwopo)] dt = TEI}:OO (z —2(T), aopo) = 0.

as a consequence of Theorem 4.6, so that Corollary A.9 implies
’ d
liminf (Ur(¢) — Ur(c)) = liminf (Ur(€) — Ur(c) + - (Z — 2a.(t), aopo)] ) dt

T—o0 T—o0 0

= liminf /O [u (<f7 E)) —u (<fa C(t)>) — Qo <$(t), A*p0> + <C(t),p0>] udt >0

T—o00
Then the proof is complete in view of Proposition 3.11. 0J
Proof of Theorem 4.9 We build the candidate optimal control ¢ as limit of a

suitable sequence. Set

S= sup (lim sup [Ur(c)—Ur(¢)]), (S possibly equatto +00).

CGUZIBQ\ T—4o0
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Let {c,} be a maximizing sequence in YX*, and let 6 be defined by (51). Then we

can express Ur(c,) — Up(c) as

1) = [ (8ea) + aaton(tlm) Jat =~ [ 00 (0t = aulen (1) = .

for all T > 0. Since [polec < +oo and |z,(t)[;r = |zolzr = 1, then
lag (@, (t) — o, o) | < 2a0|po|oo, sO that, being 0(c,(t)) positive for all ¢, it may hap-
pen either (a) limy, ;o (Ur(c,) — Ur(¢)) = —oo, ruled out as {c,} is a maximizing
sequence, or (b) liminfr_, o (Ur(c,) — Ur(¢)) > —oo, the latter implying ¢, is a good
control. From (75) and the positivity of 8 follows also Ur(c,) — Ur(¢) < 2a0|polso,
implying S < +00. Hence with no loss of generality, we may assume that ¢, are good
controls. For any good control ¢ € Mg’A, Lemma A.17 and Theorem 4.6 imply the

following exists and is finite

TEIPOO(UT(C) —Ur(e)) = Tgr}rloo - <9(c(t)) + %Ozo <x(t),po>) dt = — L.—ao(Z—9, po),

so that S = lim lim [Ur(e,)— Ur(c)]. Now, set h > 0 and L3 ([0, +o0); D’)

n—o0 T'—+o00

the Hilbert space of all functions ¢: [0,+00) — D’ such that the norm

[T e7htg(t)|2, dt < +oo. It may be shown UK is a sequentially weakly com-

pact subset of LZ([0,+00); D'), then {c,(-)} has a subsequence weakly converging to
some ¢(-) € L3 ([0, 400); D) and ¢(-) € US>, Since

(76) liminf (Ur(¢) — Ur(c)) > liminf [Ur(¢) — Ur(c)] — S.

T—400 T—4o00

¢ is optimal if the right hand side in (76) is positive (or null). We first prove that

limsup [Ur(¢) — Ur(¢)] = S. Indeed by definition of S, the inequality > holds, while
T—+oo

the reverse is obtained by observing that ¢ +— lim sup [Ur(c) — Urp(¢)] is a concave
T—+o0

functional on the convex subset U5 of L7 ([0, +00); D'), so that passing to limits one
obtains lim, limr_, ;o [Ur(c,) — Ur(¢)] < S. Now note that {c,} maximizing for the
limsup, implies {¢,} is maximizing also for the liminf, more precisely

sup |lim inf (UT(C)—UT(E))] = sup {limsup (Ur(c) — Ur(e))| = S.

7=
ceUpy™ +oo cetgg* L T—too
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Arguing as before about concavity of ¢ — liminfr_,[Ur(c) — Ur(c)], one derives
T—+o0
Next we prove (). Let ¢ € UL be good, x(t) = x(t, zo,c), and R > 0. Then

—/ (Ur(c :—/ / 0(c —a0< (£), po) dtdT
:—/ / dth+—/ T) — Z,po) — (xo — T, po)] dT.

On one hand, Lemma A.17 implies the first addendum converges to L. when R — oo,

on the other hand, as a consequence of Theorem 9.1.3 p. 260 in Zaslavski (2006)

1 (B I
E/ (x(T) — z,poy AT = <E/ x(T)dT—x,po> —0, R— cc.
0 0

Hence limp_, o0 & fOR (Ur(c) — Ur(¢)) AT = L. + a9 (T — xo,po), so that the limit
exists and is finite. Now, given ¢ in UE*, there exists ¢ maximizing, in U,

limsupg_, o & fOR (Ur(c) — Ur(¢)) dT so that, arguing as in (7)

R

1
limsup — UT Ur(c)) dT > limsup — (Ur(¢) — Ur(c)) dT+
R~>+oo R—+o00 R 0
1 /R
— limsup — (Ur(c) — Ur(c)) dT > 0
R—+o0 0

which implies limsup;_,, (Ur(¢) — Ur(c)) > 0, for all ¢ in U5, and the thesis. O

Remark A.21 The control computed above as maximal is the one minimizing

limr e fy O(c(t))dt. O
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