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Abstract

We extend Cass and Stiglitz’s analysis of preference-based mutual fund sepa-
ration. We provide a complete characterization of the general K-fund separation.
We show that some instances of high-degree separation can be constructed by
adding inverse marginal utility functions exhibiting lower degrees of separation.
We also show that there is money separation (in which we can choose the riskless
asset as one of the funds) if and only if there is a fund (which may or may not
be the riskless asset) with a constant allocation as wealth changes. In general,
we do not know how to write the separating utility functions in closed form, but
we can do so in the special case of SAHARA utility defined by Chen et al. and
for a new class of GOBI preferences introduced here.

1 Introduction

Mutual fund separation is an important concept in portfolio selection. It means that
all investors’ optimal portfolio choices can be constructed as the linear combination
of a set of mutual funds regardless of the initial wealth level, where a mutual fund
can be any portfolio of tradable assets in the market. In other words, under mutual
fund separation investors should be able to achieve the same level of utility from
the individual assets as if they were only offered a set of mutual funds. The term
“separation” comes from the fact that every investor can “separate” his portfolio
choice into two steps. First, the investor chooses a small set of funds that spans
optimal portfolios of all wealth levels. Second, the investor determines the optimal
mixture of the separating funds based on his current wealth level.

The first results of mutual fund separation are developed under the mean-variance
framework. Tobin (1958) finds that when investors only care about the mean and
variance of the return distribution and in the presence of a riskless asset, optimal con-

sumptions can be spanned by a risky portfolio and the riskless asset. He also shows
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that the mean-variance assumption is consistent with von Neumann-Morgenstern
preferences with quadratic utility functions. Black (1972) proves that under mean-
variance preferences, even in the absence of the riskless asset, similar two-fund sepa-
ration results still hold with both separating funds being risky portfolios.

When agents do not have mean-variance preferences, some alternative assumption
is needed to support mutual fund separation. Such conditions can be roughly classi-
fied into two types: those in terms of investor preferences and those in terms of the
distributions of asset returns. Among research examining preference-based separa-
tion, Pye (1967) and Hakansson (1969) find that the hyperbolic absolute risk aversion
(HARA) class exhibits two-fund separation with one of the separating funds being
the riskless asset. Cass and Stiglitz (1970) further characterize the class of preferences
that permits mutual fund separation, regardless of the distributions of asset returns.
On the return distribution side, efforts have been made to delineate the class of sto-
chastic processes that supports separation for all utility functions. Samuelson (1967)
shows that if asset payoffs are independent and identically distributed, all risk-averse
agents will choose the equally-weighted portfolio, and more generally Ross (1978)
derives necessary and sufficient conditions on the stochastic structure of asset re-
turns such that mutual fund separation can be sustained, independent of investor
preferences.

In this paper, we extend Cass and Stiglitz’s analysis of preference-based mu-
tual fund separation. While Cass and Stiglitz mostly focus on one- and two-fund

1 We provide a complete

separation, we emphasize the general K-fund separation.
characterization of the general K-fund separation in terms of the inverse marginal
utility function. We show that high-degree separation can be constructed by adding
low-degree separating preferences in the inverse marginal utility function. However,
this method does not allow us to find all utility functions satisfying fund separation.
We also study money separation in which we can choose the riskless asset as one of
the separating funds. We show that money separation holds if and only if there is a
fund (the riskless asset or a risky portfolio) whose optimal allocation is constant and

does not depend on initial wealth. While it is generally hard, if not impossible, to

! Cass and Stiglitz (1970) do have a result on high-degree separation, their confusing Theorem 7.1,
which is presented without proof. Unfortunately, this is a weak point in a great paper, and seems
to be incorrect if only because the trigonometric terms are missing. Given the Remark after the
statement of the theorem and the discussion in footnote 1 in Appendix II, it seems to be assumed
that the trigonometric terms are ruled out in general by concavity, like they are for one- and two-fund
separation.



write the utility function of a separating preference in closed form, we show that this
can be achieved for two special classes of preferences, both of which exhibit three-fund
separation. We also make a minor contribution to the theory of one- and two-fund
separation. Mirror CRRA preferences have a functional form like constant relative
risk aversion (CRRA) preferences, but are defined on negative wealth. We also con-
sider two-fund separating preferences constructed from mirror CRRA preferences,
perhaps in combination with CRRA preferences.

The study of mutual fund separation has important implications. If we have
reasons to believe that K-fund separation holds, where K is a relatively small number,
then a money manager could set up a relatively small set of commingled portfolios,
active or passive according to the manager’s style, to serve all clients at all levels
of wealth. The optimal combination of these commingled portfolios would deliver
the same payoff and therefore the same level of utility as individualized portfolios
constructed optimally from the individual assets for each client. In other words, we
could set up the K separating funds as index funds in a fund family, and these funds
are all that an investor would ever need to trade.

It is also useful to study mutual fund separation because it helps to motivate new
tractable functional forms of utility functions. In many important finance problems
such as portfolio selection and asset pricing, fund separation often simplifies the
analysis. While most existing work focuses on one- and two-fund separation, we
show that higher degrees of separation are rich and interesting but still tractable.

We consider a one-period setting: investors with von Neumann-Morgenstern pref-
erences invest at the beginning of the period and consume at the end. Given complete
markets with a unique stochastic discount factor, the optimal consumption portfolio
is determined by the first order condition, which says that the marginal utility at
optimum is proportional to the stochastic discount factor. Strict concavity then en-
ables us to invert the marginal utility function and express the optimal portfolio as
the inverse marginal utility evaluated at the stochastic discount factor multiplied by
the shadow price which depends on the initial wealth level. This approach allows us
to prove a general characterization of preference-based K-fund separation in terms
of the inverse marginal utility, which includes K-fund separating preferences that
can be generated by combining one-fund separating preferences, as well as some that
cannot. Various examples allow us to explore how this works.

Following Cass and Stiglitz (1970), we say there is money separation if there is



separation and one of the funds can be chosen to be the riskless asset. We show that
money separation holds if and only if we can choose a separating fund whose optimal
investment weight is constant and independent of the initial wealth level. Interest-
ingly, the constant weight can be assigned to either the riskless asset (e.g., quadratic
utility) or a risky fund (e.g., constant absolute risk aversion (CARA) utility). In
addition, we also show that money separation is closely related to shifts in the utility
function. A non-money separating utility function can be converted into a money
separating utility function by adding a constant to the inverse marginal utility, or
equivalently through a translation of consumption, as when we go from CRRA utility
to HARA utility with the same exponent.

The characterization of separating utility functions gives the inverse marginal util-
ity in closed form. From this, we can derive the utility function itself by first inverting
the inverse marginal utility to obtain the marginal utility, and then integrating the
marginal utility to obtain the utility function. This is easy numerically, but unfor-
tunately does not yield a closed-form expression except in a few special cases. Aside
from the one- and two-fund separating cases already in the literature, we discuss two
cases with closed-form expressions for the utility function. One is the symmetric as-
ymptotic hyperbolic absolute risk aversion (SAHARA) preferences proposed by Chen,
Pelsser and Vellekoop (2011), and another is the GOBI preferences to be introduced
in this paper. Both classes exhibit three-fund separation, and they have not only a
simple form in the inverse marginal utility, but a closed-form expression in the utility
function itself.

Concavity imposes additional constraints on our characterization of separation.
A separating utility function is strictly concave if and only if the inverse marginal
utility is monotonically decreasing everywhere.? It is hard to derive necessary and
sufficient conditions for strict concavity in terms of the parameter values, something
similar to finding conditions for a polynomial to be positive everywhere. Nonetheless,
we analyze specific examples and we give sufficient conditions to be inconsistent with
any strictly concave utility function.

Finally, we extend our analyses from the von Neumann-Morgenstern expected
utility to a broader set of Machina preferences. According to Machina (1982), when

the utility function is smooth enough, these preferences can be locally modeled as

2This is not true for all potential utility functions, for example one with a kink, but separating
utility functions are in a restricted class.



expected utility. We show that if the local utility function satisfies fund separation
everywhere with the same set of separating funds, this is sufficient but not necessary
for global fund separation. We illustrate this using examples.

In this paper, we follow Cass and Stiglitz (1970) and consider complete markets
only. In general, separation need not hold under conditions of the theorems when
markets are incomplete, with some known exceptions in the literature. Hakansson
(1969) shows that one-fund separation still holds for logarithm and power utility even
if markets are incomplete, and in the presence of a riskless asset, the HARA class
exhibits two-fund separation even if markets are incomplete. Black (1972) shows that
quadratic utility satisfies two-fund separation under incomplete markets even without
a riskless asset. Beyond this short list of known examples, the sufficient conditions
provided in this paper are no longer sufficient if markets are incomplete, and we
can construct numerical examples where two-fund separation fails when markets are
incomplete.?

The rest of the paper proceeds as follows. Section 2 defines mutual fund sepa-
ration and characterizes the class of separating preferences in terms of the inverse
marginal utility function. We also demonstrate how low-degree separation can be
used to construct high-degree separating preferences. Section 3 studies money sepa-
ration. Section 4 derives the utility functions for the SAHARA and GOBI preferences,
both of which exhibit three-fund separation. Section 5 examines conditions for strict
concavity and discusses how they can be used to refine the separating class. Section
6 discusses sufficient conditions for fund separation for Machina preferences. Section
7 concludes the paper. Some intuitive proofs are included in the main text, while

other proofs are relegated to the Appendix.

2 Mutual Fund Separation

In this section, we study necessary and sufficient conditions for preference-based K-

fund separation.

2.1 Setup

Following Cass and Stiglitz (1970), we consider a one-period model, in which investors

invest at the beginning of the period and consume at the end. Assume that markets

3 As in Dybvig and Ross (1982), the minimal example has three assets and four states, for similar
reasons.



are complete and there exists a unique stochastic discount factor p > 0 that takes
all positive values with E (p) < co. We also use p to represent realizations of the
random stochastic discount factor. Assume that each investor has a von Neumann-
Morgenstern utility function u (-) defined on any open interval D C R, which is
twice differentiable with v’ > 0 and «” < 0. We allow for both positive and negative
consumption levels.* We denote the set of utility functions of all investors by U.
Then, an investor with utility function w € U and initial wealth wg € R solves the

following utility maximization problem.
Problem 1 Choose consumption x to

mng [u ()]

subject to the budget constraint

E (zp) < wy.

We denote the set of solutions to Problem 1 by S (u,wp) . By strict concavity of
u, S (u,wp) is either an empty set or a singleton. Assume that for all utility functions
under consideration, there exists an open interval for the initial wealth such that an
optimum to Problem 1 exists, i.e., S (u,wg) # &. Now we define K-fund separation
if there are no fewer than K mutual funds whose random payoffs span the optimal
consumptions of all investors whenever an optimum exists, regardless of the initial

wealth level.

Definition 1 We have K-fund separation if K is the smallest positive integer such
that there exist K mutual funds {fi (p)}3=1, . rc» which satisfy that for all u € U
and wo € R, if S(u,wo) # @, then we can find {ay (u,wo)}y_y g such that

K
Z ag (u, wo) fr (p) € S (u, wo).
k=1

Several comments are worth pointing out. First, the optimal consumptions and
the separating funds are both identified in terms of payoff, whereas the associated
portfolio compositions may not be uniquely determined in the presence of redundant
assets. Second, whenever K-fund separation holds for K > 2, the set of separat-

ing funds is not unique. Indeed, having one set of separating funds, we can easily

While negative consumption may seem absurd on its face, what we call consumption might be
the net trade or it can be justified by a promise to do work to cover any negative amount. Also,
even if consumption is not literally negative, it can be a useful modelling device.



construct another by taking linear combinations of the original set of funds, and the
resulting investment weights are also linear combinations of the original weights. Fi-
nally, while K-fund separation is defined for a set of utility functions, we are often
interested in K-fund separation for a single utility function as a special case, which
is obtained when U contains one utility function only.

One special form of mutual fund separation obtains when we can choose the
riskless asset as one of the separating funds. We follow Cass and Stiglitz (1970) and
refer to this special case as money separation. In other words, money separation holds
as long as the riskless asset is in the linear span of the separating funds. Formally,

we have the following definition.

Definition 2 We have K-fund money separation if K-fund separation holds and we

can choose f1(p) = 1.°

To characterize utility functions exhibiting mutual fund separation, we solve Prob-
lem 1. Suppose a solution exists, then the first order condition implies that the

optimal consumption portfolio is given by
2 =1(\p), 1)

where I = (v )71 is the inverse marginal utility function, and A > 0 is the shadow price
whose value depends on the initial wealth level wg. Since v < 0, it is apparent that I
exists and is unique. Preferences are unchanged by an increasing affine transformation
of the utility function u or equivalently by the rescaling of the argument of the inverse
marginal utility function 7. We will not distinguish different utility functions or inverse
marginal utility functions that represent the same preferences.

If the utility function u satisfies K-fund separation, then the optimal consumption
(1) can be written as the weighted sum of K mutual funds, with the associated weights

depending on the initial wealth wgy and thus on the shadow price A, i.e.,

K
I(Ap) = ar(\) fe(p)- (2)
k=1

Notice that to ensure non-degeneracy, we must have that the separating funds f (p)

are linearly independent, and that the associated investment weights ay (A) are also

®The payoff to the riskless asset can take any constant value. Without loss of generality, we
normalize it to be equal to 1.



linearly independent. Otherwise, the degree of separation can always be reduced
by combining two or more funds to form a larger separating fund. In addition, for

tractability, we only consider cases in which ay, (\) are analytic functions.

2.2 Some Examples

Before we formally characterize the set of separating preferences, let us first look at
a few examples. Some of the following examples involve very well-known preferences,
while others are less so. One might wonder how we come up with the more obscure
examples. In fact, these examples are motivated by the general characterization of

separating preferences to be introduced in the next section.

Example 1 (CRRA utility) Consider the CRRA utility function

1-R
u(zr) = h’ R>0and R#1
logz, R=1

defined on all x € (0,+00), where R is the coefficient of relative risk aversion. The

tmverse marginal utility function is given by

Since
I(\p) = (Ap) # =X Rp

we know from (2) that the CRRA utility function exhibits one-fund separation with

separating fund

Hence, an investor with CRRA utility would always find it optimal to invest his entire

wealth into a single mutual fund p_%, regardless of the initial wealth level.
Example 2 (Quadratic utility) Consider the quadratic utility function

u(x) = —x? + 2bz,

A function f (-) is said to be analytic if for any zo in the interior of its domain, the Taylor series
of f around xo converges to f (xo) on an interval of positive radius centered at xo.



where x < b. The inverse marginal utility function is given by
1
1) =b- 3¢

Since
1

the quadratic utility function exhibits two-fund money separation with separating

funds

bit (P) = 1
P (p) = P
and corresponding investment weights
(05) ()\) = b,
1

Hence, an investor with quadratic utility would optimally invest a fixed amount b into

the riskless asset and take a wealth-dependent short position in the risky portfolio p.

Example 3 (SAHARA utility) The SAHARA preferences are introduced in Chen,
Pelsser and Vellekoop (2011). They show that for a SAHARA utility function with
scale parameter b > 0 and risk aversion parameter a > 0, the inverse marginal utility

18 given by

Since
_1

1 1 1 1 11
10w) =5 ()7 =B ()% ) = S07%ps = S8Aepe,

the SAHARA utility function exhibits two-fund separation with separating funds

fl (p) = p a,
1
f2 (p) = pe,
and corresponding investment weights
1,1
a1 ()\) = 5)\ a,
1
as(\) = —§b2A%.

Hence, an investor with SAHARA utility would always find it optimal to take a long

position in fund p_% and a short position in fund p%.



A common feature of the above three examples is that their inverse marginal
utility functions can all be viewed as linear combinations of power terms £7. In the
CRRA case, there is only one power term & _%; in the quadratic case, there are two
power terms 1 and & corresponding to v = 0, 1; in the SAHARA case, there are again
two power terms & « and ¢ ~a. While one may suspect that the power terms are the
only functional form permitted by separability, the following example demonstrates

that the logarithm term log & can also show up.

Example 4 (CARA utility) Consider the CARA utility function

with the coefficient of absolute risk aversion A > 0. The inverse marginal utility
function is given by

1(€) = = (log A —log¢).

| =

Since
1 1 1
I(Ap) = - (log A —log (Ap)) = — (log A —log A) — — log p,

the CARA utility function exhibits two-fund money separation with separating funds

fl(p) = 17
f2(p) = logp,

and corresponding investment weights

(V) = (logA—log)),
1

Hence, an investor with CARA utility would always find it optimal to invest a wealth-
dependent amount into the riskless asset and take a constant short position in the risky

portfolio log p.

In all four examples above, whenever a power term &7 shows up in the inverse
marginal utility function, v always takes real values. However, this does not have to
be the case. When we have a pair of complex power values v + bi, £ can be trans-
formed into cos (blog&)&” and sin (blog&) . The following example demonstrates

that these terms can also appear in a separating preference.
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Example 5 Consider a utility function u, whose inverse marginal utility is given by

I(€) = [cos (log &) + sin (log &) + 2] 2.
It can be verified that I' (§) < 0 (corresponding to concavity of utility) and
I(Ap) = [cos(log (Ap)) + sin (log (Ap)) + 2] (Ap) ™
= [cos (log \) + sin (log A\)] A2 cos (log p) p~2
+ [cos (log ) — sin (log A)] A2 sin (log p) p~2 + 2A"2p~2.

Hence, we have three-fund separation with separating funds

fi(p) = cos(logp)p~?,
fa(p) = sin(logp)p~?,

f3 (P) = p_27
and corresponding investment weights
a1 () = [cos(log\) +sin (log \)] A2,
as (A) = [cos(log\) — sin (log \)] A72,

as(\) = 2272
2.3 General Characterization of K-Fund Separation

In this section, we provide a general characterization of preference-based K-fund sepa-
ration. Our characterization is stated in terms of the inverse marginal utility function

1. We show that the inverse marginal utility of a separating preference can only have

the following terms: C' (constant), &7, (logg)l, &7 (logﬁ)l, cos (blog¢), sin (blogé),

€7 cos (blog ), £ sin (blog &), (log €)' cos (blog€), (log &)’ sin (blog ), &7 (log &)’ cos (blog ),
and &7 (log €)' sin (blog €) . Indeed, we have already seen many of these terms in the
examples above.

The following theorem provides the necessary and sufficient conditions for K-fund
separation, where K > 1 can be any positive integer. This characterization is similar
to Theorem 7.1 in Cass and Stiglitz (1970), although their result is stated without
proof and seems to be incorrect if only because the trigonometric terms are missing.
Their result also seems to contain terms that should not be there. However, the
remark to the theorem describes an additional restriction which rules out at least

some of the extra terms.
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Theorem 1 A utility function u (with v’ > 0 and u” < 0) exhibits K-fund separation

if and only if the inverse marginal utility function I = (u’)_1 can be expressed as

J J

1(€)=> &Py (log€)cos (brlog &) + Y | &7 Py g (log &) sin (b logé),  (3)

k=1 k=1
where
(1) The ordered pairs (7, bx) are distinct for each k with by, > 0;
(2) For i = 1,2, P; (log&) is a polynomial function of log& of degree dy; > 0,
i.e. Py;(logé) = Z;li(’) Ch.i,j (log f)J , where the leading coefficient Cy; q, , # 0;
(3) If by, = 0 (the sin terms disappear, but the cos terms do not), then di o = 0;

and
J

(4) Z(dk +1) (1 + 1y, 20) = K, where dj, = max;—12(dp;), and 1y, is an
k=1
indicator function that takes a value of 1 when by, # 0 and 0 otherwise.

The separating funds can be chosen as follows: Yk =1,2,--- ,J and¥l =0,1,--- ,dg,

fri (p) = p7* (log p)', (4)
when by, = 0, and
Foni(p) = p7cos (b log p) (log p)', (5)
Feni(p) = p"sin(blogp) (log p)', (6)
when by, # 0.
The associated investment weights are given by
di,1 j '
g (A) = AT Z;Ck’l’j < ! ) (log AY ™, (7)
]:
when by =0, and
di,1 . A
., N\ = i<y, , A7 cos (by log A) ch,l,j < ‘Z ) (log )\)]_l (8)
j=l

di2 .
+11<d, , A7 sin (by log A) Z Cr2.,; < g ) (log \)',
=l

dg,2 )
ez (V) = 1l§dk,2)‘%COS(bklOg)\)ZCk,Z,J’(g >(1ogA)”" (9)

i=l

dp,1 )
—1j<g;, , A7* sin (bg log \) Z Cr,1,j < ‘Z > (log Ay,
j=1

12



when by, # 0.

Proof of Theorem 1 (sketch): Here is a sketch of the proof, which focuses on the
necessity of (3). The complete formal proof is relegated to the Appendix.

Since the utility function w exhibits K-fund separation, we must have that (2)
holds whenever a solution to Problem 1 exists. Taking derivatives of (2) with respect
to A yields

pI® (Ap) f1(p)
: = Mo (A) : ;
pRIT) (Ap) fx (p)

where 1) (.) denotes the k*" derivative of I (-), and Mg ()) is defined as

ot (V) % (V)
Mo (A) = SR . (10)
o™ ) el

Assume for now that My () is non-singular for some A, i.e., I such that (M (X)) ™

exists. We show in the appendix that a simple trick allows us to tackle the singularity

case for which similar results obtain. When M () is not singular, we have

f1(p) pIM (\p)
L =060 : (11)
Jx (p) pE 1) (\p)
Plugging (11) back into (2) gives
ar (V) )" pIM (Ap)
I(Ap) = : (Mo (W)~ : (12)
ax (A) P I (Ap)

Without loss of generality, assume that (Mg ()~ " exists when A = 1. Evaluating

(12) at A = 1 and rearranging yield a differential equation of the form
AT (€8 + -+ MW (€ +1(8) =0, (13)

where A1, Ay, -+, Ax are constants. To ensure non-degenerate K-fund separation,
we must have Ax # 0. Then, (13) is a K*"-order homogeneous Euler differential

equation.

13



To solve this differential equation, we conjecture I (§) = ¢% and plug this into

(13). This gives us the following K*"-order polynomial equation
Agd(0—-1)--- (6 —K+1)+--4+A4200-1)+A415+1=0, (14)

with K roots. Some of these K roots may be repeated, thus reducing to J < K
distinct roots {7, + bki}gzl, each of which can be either real (by = 0) or complex
(b # 0). If a real root ~,, is repeated for dj + 1 times (dy = 0 means that the root
is not repeated), it gives rise to dj + 1 terms {5% (log §)l}jj0 in I (§), which can be
combined as £7¢ Py 1 (log &) . If a pair of complex roots 7, £ byi is repeated for dj + 1
times, it then generates £7% Py, 1 (log &) cos (b log &) and {7+ Py, 2 (log &) sin (b, log §) in

I(&). To ensure that the total number of roots is equal to K, we must have

K

J
D (die+1) (14 Lyz0) -
k=1

Combining all the above terms, we have that I (£) takes the form of (3). m

While (3) seems complicated, it is indeed a concise way to incorporate all possible
terms in I listed at the beginning of the section. The following table summarizes

different possible terms in I and the corresponding parameter values.

Possible terms in 1 Y. bp
C' (constant) 0 0 0
3 vy 0 0
(log €)' 0 0 >0
¢ (log €)' vy 0 >0
cos (blog&), sin (blog ) 0 b 0
&7 cos (blog&), & sin (blog¢) v b 0
(log f)l cos (blog¢), (log f)l sin (blog &) 0O b >0
¢ (log €)' cos (blog) &7 (log€)'sin (blog&) v b >0

The characterization of K-fund separation for a class of preferences U follows
almost immediately from Theorem 1. The inverse marginal utility of each u € U
must be the sum of terms as in (3), and the leading coefficient on each of these terms
must be non-zero for some utility function @ € U to ensure non-degeneracy. Formally,

we have the following corollary.

Corollary 1 A class of preferences U exhibits K -fund separation if and only if there

exist J distinct ordered pairs {(’yk,bk)}gzl with by > 0 and non-negative integers

14



J
{Dk}izl that satisfy Z (Dr+1) (1 +1,20) = K such that Yu € U, the inverse

k=1
marginal utility function I = (u')”

(1) Fori = 1,2, Py, (log(§)) is a polynomial function of log (&) of degree dj,; >

L can be expressed as (8), where

—1. When dy; = —1, Py, (log (£)) is an empty sum, which we take to be uniformly
equal to zero;
(2) If by, = 0 (the sin terms disappear, but the cos terms do not), then dy 2 = —1;
(3)Vk=1,2,---,J, max;—12dy; < Dy;
(4) Yk =1,2,---,J, 30 € U such that max;—1 ci;m = Dy.

Mutual fund separation for a class of preferences is very similar to that for a single
utility function. Hence, we focus on fund separation for a single utility function in

the analyses below.

2.4 From Low-Degree to High-Degree Separation

Theorem 1 provides a simple way of constructing higher-degree separating preferences

from those with lower degrees. We now state it below.

Theorem 2 Consider N wutility functions {un}nj\;1 with corresponding inverse mar-
ginal utility given by {In}flv:l. Suppose that each uy, exhibits K,-fund separation.

Define another utility function u, whose inverse marginal utility is given by

N
n=1

for some non-zero constants ti,ta,--- ,tn. Then, u satisfies K-fund separation with

where the equality holds if the separating funds of all u, are linearly independent.

Proof of Theorem 2: For each n, since u,, exhibits K,-fund separation, there must
exist {fnx (-)}, and {an (-)}, such that

Ky
I, (\p) = Zan,k (A) fak (p) -
k=1

15



By (15), we thus have

N N K,
I (Ap) = Z tnln (Ap) = Z Ztnan,k (A) fak (p) -
n=1 n=1k=1

This implies that u satisfies fund separation.

If all {fnk (p)}n’ . are linearly independent, then Theorem 1 implies that all
{on ke (M)}, are also linearly independent. Hence, {fyk (p)},,; serve as a set of sep-
arating funds for u with the associated investment weights given by {t,cu, i (/\)}nk; )
and the degree of separation is K = 2521 K. I {for (p)}nk are linearly dependent,
then multiple funds can be combined, which reduces the degree of separation, i.e.,

K<YN K, =

Theorem 2 implies that one can generate high-degree separating preferences by
taking linear combinations of lower-degree ones in the inverse marginal utility func-
tion. One would wonder if this allows us to find the entire set of separating utility
based on one-fund separation only. Unfortunately, this is not true, due to the ex-
istence of repeated and complex roots of (14), which correspond to logarithm and
trigonometric terms in the characterization (3). To illustrate this, it is useful to

review one- and two-fund separation here.

2.4.1 One-Fund Separation

It is immediate from Theorem (1) that a utility function u exhibits one-fund sepa-
ration if and only (14) has a single real root «, in which case the inverse marginal
utility can be written as

1(¢)=C¢ VR, (16)

for some constant C' and R = —1/v. Note that changing the sign of C changes
preferences, while changing the magnitude without changing the sign only changes
the scaling of the utility function and does not change preferences. Conditions for
strict concavity are at least implicit in the literature (except perhaps for the mirror
CRRA case discussed below), but we repeat them for completeness. Strict concavity

requires I’ (§) = —%ﬁflfl/R <0, ie.,

C
— > 0.
7>
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One can verify that the utility function for the one-fund separating preferences is

u(x):{lfR(g RO R#0or1 an

where the domain of consumption is z € (0,4+00) when R > 0 and the domain is
x € (—00,0) when R < 0. Notice that when R > 0 and C > 0, this corresponds
to the CRRA utility function, which is defined on positive consumption levels, as in
Example 1. When R < 0 and C < 0, we refer to this utility function as mirror CRRA

preferences, since it has the same form as CRRA but is defined on negative wealth.

2.4.2 Two-Fund Separation

If a utility function w exhibits two-fund separation, then Theorem (1) implies that
there are potentially four different types of cases, only three of which are consistent
with concavity, and only one of which can be constructed by combining one-fund

separating preferences.

Case 1: When (14) has two non-zero distinct real roots, 7; and 74, (3) is equivalent
to

I(§) =Crg MRy Cog Ve, (18)

where Ry = —1/7, # Ry = —1/74, and C; and Cy are arbitrary constants such that
Cy1/Ry; > 0 and Cy/Ry > 0 for concavity. An example of this case is the SAHARA
utility function obtained when R; = a and Ry = —a (Example 3). For all preferences
characterized by (18), the two-fund separating utility function can be obtained as in
Theorem 2 from the one-fund separating utility functions with relative risk aversion
R; and Rs.

Case 2: When (14) has two distinct real roots, 0 and =, (3) is equivalent to
1(¢) =C1+C¢ VR, (19)

where R = —1/7, and Cy and Cy are arbitrary constants such that C; # 0 and
C3/R > 0. This can be viewed as the limit of Case 1 when one of the risk aversion
levels goes to infinity. An example of this is quadratic utility (Example 2), obtained
by adding a constant to a mirror CRRA preference in the inverse marginal utility.

All utility functions of this form are in the HARA class and have money separation
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(see Section 3). These preferences cannot be derived by combining preferences with

one-fund separation, except as a limiting case.

Case 3: When (14) has two repeated real roots, (3) is equivalent to
I(§) = C1&" + Ca€7 log €,

for some constants C7 and Cj. Strict concavity implies v = 0 (see Proposition 2 of

Section 5), so we must have
I(¢§) =C1+ Calogé,

which is CARA utility u () = —e~4% with A = —1/Cy > 0 (see Example 4). This
case cannot be derived by combining preferences with one-fund separation, because

the logarithm term never shows up in one-fund separation.

Case 4: When (14) has a pair of complex roots, (3) is equivalent to
I (&) = C1&7 cos (blog&) + Ca¢7 sin (blogé) ,

with constants b # 0, C; and Cs. We will show in Proposition 2 of Section 5 that this
form cannot exist under strict concavity.
While the trigonometric terms cannot appear in one- or two-fund separation, they

can appear in higher-degree separation, as in Example 5.

3 Money Separation

Money separation is a special case of mutual fund separation, which obtains when
we can choose the riskless asset as one of the separating funds. Examples of money
separation we have encountered so far include quadratic (Example 2) and CARA (Ex-
ample 4) preferences. In this section, we discuss money separation and its properties

in greater depth.

3.1 Money Separation and Constant Investment Weight

An interesting observation is that for the quadratic and CARA preferences, both
of which exhibit money separation, the optimal investment strategy always involves
assigning a constant weight (dollar amount) to one of the separating funds, regardless

of the initial wealth level. In particular, for the quadratic case, the constant weight is
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assigned to the riskless asset, whereas a CARA investor optimally assigns a constant
weight to a risky fund. A natural question is whether this is merely a coincidence or
it actually reveals a property of money separation. The following theorem answers

this question.

Theorem 3 A separating utility function exhibits money separation if and only if
the optimal investment portfolio can be constructed by assigning a constant amount

to one separating fund, regardless of the initial wealth.

Proof of Theorem 3: It is our task to show that having the riskless asset in the
span of the separating funds is equivalent to being able to choose a separating fund
with a constant investment. We will show that both are equivalent to having a root
of equation (14) with (v, bx) = (0,0).

By Theorem 1, if a utility function u exhibits mutual fund separation, then the

separating funds can be chosen as

fr1(p) = p (log p)’ (20)

when b, = 0, or
fori(p) = pYkcos(bylogp) (log p)', (21)
fean(p) = pYksin(bylogp) (logp)'. (22)

when by, # 0 for all (k,1). Therefore, u satisfies money separation if and only if (20),
(21), (22), or any of their linear combinations equals a constant. Since any finite
set of terms for different (k,[) is linearly independent, money separation holds if and
only if (20) is a constant for some (k, ), which happens if and only if (v, bx) = (0,0)
with [ = 0.

For a separating preference, the investment weights associated with separating

funds (20), (21) and (22) are given by

di1 .
ot (V) = A G ( ’ ) (log )7 (23)

J=l
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when b, = 0, and

di,1 .
.., (A) = TLy<g, A% cos (b log M) ZC’“LJ < ‘Z > (log \)7 7 (24)
j=l

di.2 .
+11<g, , A7* sin (by log A) Z Cra,j < ‘Z > (log Ay,
j=I

di.2 .
Aoy (A) = Licg A cos (brlog\) >~ Chaj <«Z >(log A (25)
7=l

dpg,1 )
—1j<gy, , A7k sin (bg log M) Z Crij < ‘g ) (log A~

j=l
when by # 0. Therefore, one separating fund receives a constant weight if and only if
(23), (24), (25) or any of their linear combinations equals a constant. Since any finite
set of terms for different (k, 1) is linearly independent, a constant weight obtains if and
only if (23) is a constant for some (k, ), which happens if and only if (v, bx) = (0,0)
with [ = dj 1.

Hence, the theorem is proven. m

According to Theorem 3, for a money separating preference, the optimal invest-
ment strategy can be constructed by assigning a constant amount to one of the
separating funds. Interestingly, the fund with the constant weight can be either the
riskless asset or a risky fund. As shown in the above proof, the riskless asset cor-
responds to (y,bx) = (0,0) and [ = 0, whereas the constant investment weight is
assigned to the separating fund with (vy4,b;) = (0,0) and [ = dj 1. Therefore, the
riskless asset receives a constant weight if and only if (v, br) = (0,0) and dy; = 0,
i.e., (14) has a non-repeated zero root, as in the case of quadratic utility. When the
zero root is repeated, as for CARA utility, then the riskless asset receives a wealth-

dependent investment weight, and the constant weight is assigned to a risky fund.

3.2 Money Separation and Shifts in Utility

In this section, we show that money separation is closely related to shifts in the utility
function. Indeed, we can construct money separating preferences from non-money
separation by introducing a shift in the utility function. This is formalized in the

following theorem.
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Theorem 4 Suppose that a utility function u exhibits K -fund non-money separation.
Define 4. (x) = u (x — Cy) for an arbitrary constant Cy # 0. Then, G satisfies (K + 1)-

fund money separation.

Proof of Theorem 4: Since
U (z) =u(x— Cph),

one can verify that the associated inverse marginal utility satisfies

1(§) = 1(§) + Co. (26)

Thus, introducing a shift to the utility function is equivalent to adding a constant
term in the inverse marginal utility.

If u exhibits K-fund non-money separation, then there exist oy (A) and f, (p) for
k=1,2,---, K such that

K
I(Ap) = ar(\) f(p), (27)
k=1

where none of f (p) or any of their linear combination equals a constant, and none
of ay (A) or any of their linear combination equals a constant.

From (26) and (27), we have
I()\p)—f Ap) + Co = Zak p) + Co.

Hence, @ exhibits (K + 1)-fund money separation with the K + 1 separating funds
given by {fi (p)}, and 1, and the associated investment weights given by {oy (A)},
and Cy. m

To demonstrate how Theorem 4 works, it is useful to consider the one-fund sep-

arating preferences

_ —(5)1 R, R#0or1
U(JT)—{ é’ljc%)g(cw), R=1 )

whose inverse marginal utility function is given by
1(g)=ce VR,
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By introducing a shift to the utility function, we obtain the HARA class

i (z) = 1gR(xECO)1_Ra R#0or1
C'log (250 -
og (=),  R=1

i

with inverse marginal utility function
1(6)=Ce VR 40,

We have seen in Section 2.4.2 that these preferences satisfy two-fund money sepa-
ration when Cy # 0. Hence, we obtain two-fund money separating preferences by
introducing a non-zero shift to the one-fund separating utility function.

It is worth mentioning that money separation obtained this way always assigns
a constant weight to the riskless asset. As discussed in Section 3.1, this is only one
of the two possible cases of money separation. The other case in which the constant

weight is assigned to a risky fund cannot be obtained using this approach.

4 Closed-Form Utility Functions

We have characterized the set of separating preferences in terms of the inverse mar-
ginal utility function. We then ask whether we are able to derive the associated
utility function. A natural way to do this is by first inverting I to obtain ', and then
integrating u’ to obtain u. Unfortunately, however, this does not yield a closed-form
expression except in a few special cases, with those already in the literature limited
to one- and two-fund separation (e.g., CRRA, CARA and quadratic utility, etc.).
In this section, we discuss two classes of three-fund money separating preferences,
SAHARA and GOBI utility, for which closed-form expressions of the utility function

exist.

4.1 SAHARA Utility

The SAHARA preferences are proposed by Chen, Pelsser and Vellekoop (2011). The
standard SAHARA utility is defined on the entire real line R and has an inverse

marginal utility function of the form
L1 501
1) = (e+ -ver), (28)

with a,b > 0. As shown in Example 3, these preferences exhibit two-fund non-money

separation.
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More generally, we allow for a shift in the SAHARA utility function, which is

equivalent to adding a constant term to the inverse marginal utility, i.e.,
Ly 1 1
1) =3 (£+ - %) + Co. (29)
The constant Cj is referred to as the default point in Chen, Pelsser and Vellekoop
(2011), and the standard form obtains by setting Cyp = 0. We know from Theorem 4
that when Cy # 0, the shifted SAHARA utility exhibits three-fund money separation.

The separating funds can be chosen as

filp) = p7a,
f2(p) = pr,
fslp) = 1,
with the corresponding investment weights given by
1
M) = A
() = gtk
az(A) = Cp.

One nice property of the SAHARA utility is that the two power terms in the
inverse marginal utility, f_% and & %, are reciprocals of each other. We can thus
rewrite (29) as a quadratic equation of & 5, which further allows us to invert I to
recover the underlying utility function. Specifically, multiplying & « on both sides of
(29) and setting I (§) = = and § = v’ (z) yield

b (o ()¢ +2(x — Co) (u/ ()7 —1 =0, (30)

1
which can be viewed as a quadratic equation of (v (x))« . Since u' () > 0, we focus
on positive solutions to (30). Using the properties of quadratic equations, we can

verify that (30) has a unique positive solution given by

G +02—G@)\
o () = \/ (G () (z) |

b2

where G () = = — Cy. Integrating v’ (x) then gives us the utility function

11< GC@)P+ 1B +C) <“ <G<w>>2+b2+G<$)>’ !

;%<(G@W+W+G@)+§$((G@N+W—G@0,a:1

u(zx) =
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4.2 GOBI Utility

Define the class of GOBI preferences, whose inverse marginal utility function takes
the form
1(§) = Ci&" + Co™ + Co, (31)

where v,y and Cs are non-zero constants such that Cyy < 0 and Csy < 0 for
concavity. As for the SAHARA class, we include a constant Cj in the inverse marginal
utility to capture potential shifts in the utility function. As opposed to the SAHARA
utility, which is defined on the entire real line, the GOBI utility is defined on a half
real line. In particular, the domain is z € (Cp, +00) when v < 0, and the domain is
x € (—o0,Cp) when v > 0.

It is easy to verify that when Cy # 0, the GOBI preferences have three-fund

money separation. The separating funds can be chosen as

filp) = p7,
falp) = p*,
fa(p) = 1,

with the corresponding investment weights given by

aq ()\) = Cl)ﬂ’
(6] ()\) = 02)\27,
as ()\) = Co.

When Cjy = 0, this reduces to two-fund non-money separation.
As for the SAHARA class, (31) can be viewed as a quadratic equation of £7.
Setting I (§) = z and £ = v/ (), we can rewrite (31) as

Cy (u/ ()2 + C1 (v ()" = (z — Cp) = 0. (32)

Since u' (z) > 0, we focus on positive solutions to (32). Using the properties of

quadratic equations, we can verify that (32) has a unique positive solution given by

v = (CO-0)
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where G (z) = /C} + 4Cs (x — Cp). Integrating ' (x) then gives us the utility func-

tion
(2'y+1)(20 )1+1/w (G (z) - Cl)HlM (G (z) + 7Hcl) , YF —%, —lor0
u(z) = 1 (72) — Y2 (G (z) +2Cy), y=-1
G(m)—i—C’llog( (z) — Cy), N =—1

5 Strict Concavity

We have so far assumed that all utility functions under consideration are strictly
concave, i.e., u” < 0. This condition allows us to characterize the set of separating
preferences by (3) in terms of the inverse marginal utility. However, not all functions
satisfying (3) are strictly concave for all parameter values. In this section, we study
strict concavity of separating preferences and how it can be used to narrow down our
separating class.

Strict concavity is equivalent to I’ () < 0 on the relevant range. Given the
functional form of our separating class (3), the zeros of I’ (§) can only be isolated.
While the necessary and sufficient condition for strict concavity turns out to be
straightforward for one- and two-fund separation, it can become very complicated,
if not impossible, when higher-degree separation is taken into account. To see this,
consider as an example a K-fund separating preference whose inverse marginal utility

takes the form

K
§) = Cpd™, (33)
k=1

with non-zero Cj. A sufficient condition for concavity is that Civy, < 0 for all &,
but this condition is not necessary. In (33), I(§) is like a polynomial (and is a
polynomial if all v, are integer multiples of the same number). For a polynomial,
the utility function is concave if I’ (£) is negative somewhere and all positive roots of
I’ (¢) have even order. Even finding the roots is a hard problem for which there is
no simple characterization. Other cases combining power terms with trigonometric
functions and/or logarithms are even harder. Therefore, it seems impossible to come
close to a complete characterization of concavity.

Despite the intrinsic challenge in providing a necessary and sufficient characteri-
zation, below we seek to identify some necessary conditions on the parameter values

that are needed to induce strict concavity. While these conditions are not sufficient,
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they allow us to narrow down the class of separating preferences by ruling out para-
meter values and forms of the inverse marginal utility that are not permitted.
The next proposition deals with the special case of fund separation, in which the

inverse marginal utility is given by the sum of power terms only.

Proposition 1 Consider a separating preference, whose inverse marginal utility is

given by
K
I(€) =) Cpt™ +Cy, (34)
k=1
with non-zero C1,Ca, - -+ ,Cx and non-zero vy,Yq, - -+ , Vi Such that v; < vy9 < -+ <

Y- Then, strict concavity implies C1y; < 0 and Cryg < 0.

The following proposition further rules out forms of the inverse marginal utility

that violate strict concavity.

Proposition 2 If a separating utility function is strictly concave, then its inverse

marginal utility I cannot take the following forms.

1. I(&) = P (log&), where the polynomial function P (-) is of an even degree;

2. I(§)=¢"P(log&), where v # 0 and the polynomial function P (-) is of an odd
degree;
J J
3. I1(&) = &Py (log&)cos (brlog€) + > &M Py (log &) sin (bg log &), where

k=1 k=1
b # 0 for all k.

While preferences with an inverse marginal utility function of the forms listed in
Proposition 2 violate strict concavity, more complex I (§) including these terms can
be concave. In fact, we have seen in Example 5 that the trigonometric terms can
be consistent with strict concavity when additional terms are present. We further
illustrate how to construct functional forms and choose parameter values to meet

strict concavity using the following examples.

Example 6 Consider a three-fund separating preference, whose inverse marginal

utility function is given by

1(§) = (C1+ Calog + s (1og€)?)

26



with non-zero v and C3. Differentiating I yields
1'(€) = €71 (101 + Ca) + (4C2 + 2C3) log € +1C; (10g €)?)
Since €71 > 0, in order to have I' (€) < 0 we only need V€ > 0,
(YCy + C2) + (yC2 + 2C3) log € +7C3 (log €)* < 0.

Notice that the left-hand side can be viewed as a quadratic function of log&. As a
result, this inequality holds if and only if

’)/Cg < 0,

and

(’)/Cg + 203)2 — 4’}/03 (’)/Cl + CQ) <0.
Therefore, any set of parameter values satisfying the above two conditions (e.g., v =
-1, Cy =3, Cy =2, C3 = 1) would give rise to a strictly concave separating utility

function.

Example 7 Consider a three-fund separating preference, whose inverse marginal

utility function is given by
1(§) =& (C1+ Calogé) + C3872,
with non-zero vy, vq, Ca, C3 and v, # 7y. Differentiating I yields

I'(€) = €71 (1,01 + C2) +710210g €) + Cyp72 71
= 2 (1,01 + Ca) €172 44, o1 72 log € + Cas ] -

Since €271 > 0, the sign of I' (€) depends on that of (y,Cy+ Ca) &2 4
v1C26"1 2 1log & + Csyy. We will show that (i) when v, < 74, 71C1 + Co < 0,
and v,Cy > 0 (e.g., 71 = —1, 79 = 1, C1 = 1,Cy = —1), or (i) when v; > 7,
71C1+ Cy <0, and v,Co < 0 (e.g., v1 =1, 75 = =1, C1 = —1,Cy = —1), we can
always set Csyq low enough such that I' (€) < 0 holds for all & > 0. We will show
part (1) in detail only. The analysis for part (ii) is parallel.

Under (i), since v,C1 + Cy < 0, we have (7,C1 + C2) 71772 < 0 for all £ > 0.
Since v,Co > 0, we have v;C2&" "2 log& < 0 for all £ <1 and v,C&" "2 1logé > 0
for all € > 1. Given v < 74, we know

lim ~,;Ce8"1 72log & = 0. (35)
R
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Since v,C2&"1 772 log £ is continuous, (35) implies that v, C2&"17 72 log & must be bounded
above. Then, setting Csyy equal to or lower than the negative value of this upper bound
is enough to guarantee I' (€) < 0 for all £ > 0, giving rise to a strictly concave utility

function.

6 Machina Preferences

Our analyses so far have focused on von Neumann-Morgenstern preferences, i.e., in-
vestors have expected utility. Machina (1982) shows that the von Neumann-Morgenstern
preferences can actually be viewed as a special case of a larger class of preferences,
which we call “Machina preferences”. Assume that investors’ utility is a function of
consumption distribution only and is smooth in the sense of Fréchet differentiability.”
Machina proves that such utility functions are locally consistent with expected util-
ity. In this section, we ask whether our fund separation results derived for expected
utility can be extended to the Machina preferences.

Consider a Fréchet differentiable utility function V' (-) defined over the distribution
of consumption. Let x and xz* denote two random consumption portfolios with the
corresponding cumulative distribution functions given by F' and F*. Suppose that F

and F™* lie very close to each other. Machina (1982) shows
VF) -V (F) ~ [U(F) (dF - dF) = B[U (5 ")) - BIU («" F*).
or equivalently,
V(F)~V(F)+E[U (z; F")] - E[U («"; F7)], (36)

where U (z; F) is the local utility function over consumption level z evaluated at

distribution F. Assume that U (-; F') is strictly concave for all F. It can be learned

from (36) that the Machina preferences can be modeled locally as expected utility.
With Machina preferences, investors face the following utility maximization prob-

lem.

"Fréchet differentiability is an infinite-dimensional version of differentiability. The idea is that
the utility function changes smoothly with the distribution of consumption. We are being informal
about the topology used to define the Fréchet derivative if consumption is not bounded. In Machina’s
original work (as in many derivations of von Neumann-Morgenstern preferences), it is assumed that
consumption is bounded. To formalized what we are doing for unbounded consumptions, we would
have to specify the topology over distribution functions to define the sense of approximation.
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Problem 2 Choose consumption x to

max V (F)

T

subject to the budget constraint

E (zp) < wy.

Suppose that z* solves Problem 2. Then, it must maximize (36) with local utility
function U (-; F*) evaluated at F*. Fixing F*, both V (F*) and E[U (z*; F*)] are
constants. Therefore, z* maximizes E [U (z; F*)] . Given strict concavity of U (; F),

«* must be unique, and it also solves the following problem.

Problem 3 Choose consumption x to

max E [U (z; F*)]

xT

subject to the budget constraint

E (zp) < wy.

It seems that we are faced with a similar problem as in the case of von Neumann-
Morgenstern preferences. Apparently, if all local utility functions U (-; F') at all F
satisfy fund separation with the same separation funds, then V' () exhibits fund sepa-
ration globally. In fact, this condition is stronger than needed. The only thing we need
is for all optimal consumption portfolios corresponding to all possible initial wealth
levels to be spanned by the same set of separating funds. Since each optimal con-
sumption portfolio corresponds to a different local utility function, we only need fund
separation for each local utility function U (-; F) at the particular wealth level sup-
porting F' as the optimal consumption portfolio. Formally, let Up = {U (-; F) ,VF'}
denote the set of local utility functions U (-; F') evaluated at all possible F. Then,
we have the following sufficient but not necessary condition for fund separation for

Machina preferences.

Theorem 5 Consider a Machina utility function V (-), with the associated set of
local utility functions at all consumption distributions given by Urp. If Ur satisfies
mutual fund separation (characterized by Corollary 1), then V (-) satisfies mutual

fund separation.
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To illustrate fund separation for Machina preferences, we now provide two exam-
ples, one of which meets the sufficient condition of Theorem 5 and the other of which
does not. However, we will see that both examples satisfy two-fund separation. The
first example is the mean-variance preferences, which have originally been shown to

satisfy two-fund money separation in Tobin (1958).
Example 8 Consider the mean-variance preferences
a a
V(F)=E ()~ E|(@-E@)’| =E(@@) - 5 |E(s?) - (E@)*].

with a > 0. This can equivalently be rewritten as

V(F)z/:io (x;m2)dF+g(/:oo a:dF)2.

=—0Q =—0Q

Differentiating V' with respect to F gives the local utility function

U(x;F) = (x—gﬁ) +az </x

Fizing any F, E (x) is a constant, and thus (37) is a quadratic function. This implies

400 a
mdF> = —§$2 +[1 4 aE(z)] . (37)

=—0

that the local utility functions at all F are quadratic. We already know from Exam-
ple 2 that all quadratic utility funtions satisfy two-fund money separation with the
same separating funds. It is then immediate from Theorem & that the mean-variance

preferences exhibit two-fund money separation.

The mean-variance preferences assume that the only risk that investors are averse
to is the variance of consumptions. As a second example, we incorporate an additional
dimension of risk into the utility function, which is the downside risk defined as
E [([m —-E (m)]f)ﬂ, where [-]7 = min (0, ). Downside risk is originally introduced
in Bawa and Lindenberg (1977). Kadan, Liu and Liu (2016) show that when the
risk measure is the sum of variance and downside risk, then the resulting mean-risk

preferences satisfy two-fund money separation.

Example 9 Consider the mean-risk preferences

V(F)=E(x) - $E | -E(@)’] - gE (2 =E@))?], (38)

where risk has a variance component and a downside risk component with a,b > 0.

This can equivalently be rewritten as

V(F)_/:OO <x_ggg2) dF+g </;OO :ch>2—g/:(F) [z — p(F))* dF,

=—00 =—0
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where p (F) = f;:ofoo xdF is the expected consumption given distribution function F.

Differentiating V' with respect to F' gives the local utility function

a (F)
U(x; F) :—2x2+[1+aE(:c)]x—b[x—,u(F)]le<u(F)+bx/u [ — u(F)]dF,

2
(39)

where 1,y is an indicator function that takes a value of 1 if x < p(F) and 0

r=—00

otherwise. Apparently, (37) does not belong to the class of separating utility functions
characterized by (3). Hence, in this case the local utility function does not satisfy fund
separation.

While the sufficient condition in Theorem (5) fails, fund separation still holds in
this case. To see this, taking the first order condition of (38) with respect to x subject
to the budget constraint yields

l—az*=E(@")]—=blz" —E(z")] = Ap. (40)

Solving for the optimal consumption gives

1—Xp 1—=2X
x* :E(a:*)—l—max( p) p>‘
a a+b

It can be verified that fixing the distribution of p, \ is a constant, whereas E (x*)
depends on the initial wealth wo. Therefore, V (F') satisfies two-fund money separation

with separating funds

filp) = 1,
1—=Xp 1= Xp
f2(p) - max( @ 7a+b)'
The corresponding investment weights are given by
ap (wo) = E(z%),
(65) (’ll)o) = 1.

7 Conclusion

This paper extends Cass and Stiglitz (1970) and studies the general preference-based
K-fund separation. We provide a complete characterization of separating preferences
in terms of the inverse marginal utility function and demonstrate our results using

various examples. We show how a subset of high-degree separating preferences can
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be constructed by adding low-degree separation in the inverse marginal utility. We
use one- and two-fund separation to illustrate cases that can be constucted this way
and cases that cannot.

We also study money separation, for which we can choose the riskless asset as one
of the separating funds. We show that money separation holds if and only if we can
choose a separating fund whose optimal investment amount is constant and does not
depend on the initial wealth. Somewhat surprisingly, the constant investment can be
assigned to either the riskless asset or a risky fund. We show that money separation is
closely related to shifts in the utility function. Starting with a non-money separating
preference, one can construct money separation by introducing a non-zero shift in
the utility function.

Our characterization provides us with a rich set of preferences satisfying fund sep-
aration and helps motivate new functional forms of utility functions that are tractable
and have interesting properties. In particular, we provide two classes of three-fund
separating preferences, SAHARA and GOBI, for which closed-form expressions of the
utility function can be derived. These preference can be very useful for theoretical

modeling and empirical tests in future research.

Appendix

As preparation for the formal proof of Theorem 1, we now review the concept of
Wronkian, which is first introduced by Jézef Hoene-Wronski (1812) and named by
Thomas Muir (1882).

Let ®(A\) = (¢1(N), 09 (M), ,0x (A)) denote a vector of functions with all
¢5, (A) defined over a real interval A C R with at least K — 1 finite continuous
derivatives. Then the Wronskian of ® at A is defined as

GO o)
—— ¢1:<A> ¢K:<A>
) - s

It is apparent that if ® (A) is linearly dependent on A, we have W [®](A) = 0 for
all A € A. Somewhat surprisingly, however, the reverse does not hold true generally.
That is, the identical vanishing of the Wronskian does not necessarily imply linear

dependence of ® (). Nevertheless, Bocher (1900) shows that this is indeed true when
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all ¢, (\) are analytic functions.

Proposition 3 If all ¢, (\) are analytic functions on A, then W [®](\) = 0 for all
A € A if and only if ® (N) is linearly dependent on A.

Proof of Theorem 1: (K-fund separation implies (3)) The sketch of the proof in the
text shows that when Mj (A) given by (10) is invertible at some A, a utility function
exhibiting K-fund separation must satisfy (3). To prove that (3) is necessary, we only
need to show that (3) is obtained even when Mj () is not invertible at any .

Suppose Mg ()\) is not invertible at any A. Consider multiplying (2) by M for
j=01,---.K,ie.,

K
MT (\p) = Z)\jak (A) fx (p),
k=1

where j = 0 corresponds to the baseline case explored in the sketch of the proof.

Taking derivatives with respect to A yields

[N I(Mp)]

2 fi(p)
: = M;(A) : ;
OE[VIO) fr (p)
oNE
where A .
oNar (V)]  9Nax()]
o o
M;(N) = : - I
oK [Mai(V)] K [Mag (M)
—— - o

If M; (X) is invertible at some A for some j, we can follow the same procedure
as in the sketch of the proof. Specifically, we solve for fi (p) as functions of I (Ap)
and its derivatives, and plug them back into (2). Rearranging terms and evaluating
at A =1 (or at any positive value of A where (M; (A)) ! exists) give us a differential
equation of the form (13). Then, solving (13) for I (£) again leads to (3).

Now suppose M (A) is not invertible at any A for any j = 0,1,--- K, ie,

|M; (X)| = 0for all Aand j. Notice that [M; (A\)| is the Wronskian of <8[/\Jg;(>\)] R a[AJgf(/\)]) .
Since ay, () are analytic functions, so are 8[)‘];‘7;(“ By Proposition 3, <8[/\]g;(>\)] A 6[”3;{()\)])
is linearly dependent for each j. In other words, for each j there exist t{, té, e ,tjll(
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not all equal to zero such that
K .

k a)\ :0.

k=1

Integrating with respect to A and dividing by M yield

K ‘ tj
>t () = 5. (41)
k=1

for some constant té. This gives us K + 1 equations corresponding to 5 =0,1,--- , K.

Since for each of these K + 1 equations, we have the same set of {ay (\)}1_, on the

left-hand side, there must exist p°, p',- -, p’ not all equal to zero such that

K K
> > Har (V) =0.
j=0 k=1
By (41), this implies
K »té
> V=0
=0

1 L are linearly independent, their linear combination vanishes only if

s T AE
all coefficients are equal to zero, i.e., p/ ) = 0 for all j. Since p’ are not all equal to

Since 1

zero, there must be some j' so that tf; = 0. We will show that this cannot happen.

If tél =0, by (41) we have

K
Dt ar(A) =0. (42)
k=1

Since t{/,tél, e ,t]I'; are not all equal to zero, take any k' € {1,2,--- , K} such that

t{ﬂl, # 0, and we can rewrite (42) as

'
() =3 a0,

k#k! th

Plugging this into (2) produces

.
10w = YWk -3 ;'zak ) fiv (o)

kAR e
]-/
k#k/ k:,



Thus, we have (no more than) (K — 1)-fund separation, with the separating funds

J
being fx (p) — ;i, fr (p) for k # K'. This contradicts K-fund separation.
k/

Hence, we must have t% # 0 for all j = 0,1,--- , K. This in turn implies that
there exists some j such that M; (\) is invertible at some A > 0. Consequently (3)
can be obtained as the necessary condition for K-fund separation.

((3) implies K-fund separation) To establish sufficiency, we need to show that
any utility function satisfying (3) indeed exhibits K-fund separation. To this end,

the optimal consumption porfolio can be written as

~
>~

p)

J
(Ap) T Py (log (Ap)) cos (b log (Ap)) + Y (Ap)™ Pr2 (log (Ap)) sin (bg log (Ap))

J
k=1 k=1
J di,1 J dp,2 '
= Z (Ap)7* cos (by log (Ap)) ZC’k 15 (log (\p))? + Z Ap) 7k sin (bg, log (Ap)) ZOkQJ log (\p))’
k=1 =0 k=1 j=0
4 cos (b, log \) cos (b, log p) & i j
_ Tk k k l ) j—l
= kzzzl ()\ﬁ) |: —sin (bk 10g A) sin (bk lOg p) :| a (log P) jz::l Ck,l,] < l > (log )\)
4 sin (by log A\) cos (by log p) w2 G2 j
Yk k k l ) j—1
+; (Ap) [ + cos (by log A) sin (b, log p) } Z; (log p) ;Ck’2’] < l > (log A)
Y S+ X 3 o O o () 0, ) o 0.
{k:bp=0} 1=0 {k:byp£0} 1=0

where fr1(p), fe11(p), fozy (p) and ag g (N), o, (N), ., (M) are given by (4)—
(6) and (7)-(9). Since fri(p), fr,1.1(p) and f, ,, (p) are linearly independent, and

Akl (A, Q.

J

with K =) " (dg +1) (1+ 1y, %) . m
k=1

1+ (A), a,,, (A) are also linearly independent, K-fund separation holds

Proof of Proposition 1: Differentiating (34) yields

K
(&) =D O (43)

k=1
Strict concavity implies I’ (§) < 0 for all £ > 0.
To show ~v,Cy < 0, it is useful to rewrite (43) as

K
') =Y 4G,
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Since £7171 > 0, strict concavity requires V& > 0,

K
Z 7 Crp€F 71 < 0.
k=1

Given v < 779 < -+ < 7k, we have that for all £k =2,3,--- | K|,

1i Te—™71 = (),
¢

This implies
K
li ChrLé7e™ "N = q.
égg%i%ﬁk S 7C1

Hence, to ensure I’ (§) < 0 when & approaches zero, we must have v,Cy < 0.

To show 7 Ck < 0, it is useful to rewrite (43) as

K
I'(€) =x1y oy Cree k.
k=1

Since &7x~1 > 0, strict concavity requires V€ > 0,
y

K
Z e CR€ETRTE <0,
k=1

Given vy < 779 < --- < 7k, we have that for all K =1,2,--- K — 1,

lim 777K = (.
[———

This implies

K
lim CréT7TK = Ck.
§—>+oo;% % Yk CK

Hence, to ensure I’ (§) < 0 when & approaches infinity, we must have v, Cg < 0. m

Proof of Proposition 2: Our goal is to show that in each case we can find £ > 0
such that I’ (¢) > 0.

Case 1: When P (-) is of degree 0, then I (&) is a constant, which clearly cannot
happen.

When P (-) is of an even degree d > 2, we can rewrite I (§) as

d

I(§) =) Cylog)",

k=0
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with Cy # 0. Differentiating I yields

d k-1
ro = Yoko e

k

d—2 d
(IOg 5) Z k?Ck (log é—)k*dJrl )
k=1

d—
Since d > 2 is even, we have % > 0 for all £ # 1. Thus, the sign of I’ (£)
d
depends on that of Z kCj, (log €)*~9*1 Tt can be verified that
k=1

d
hmE:M%hg@k“4_+m

when C; < 0, and
d

lim kCy, (log €)F 9 = 400,
£—>+ookzzl k (log )

when Cy > 0. This implies that we can always find £ small or large enough such that
d

Z kCy (log §)k_d+1 > 0 and hence I’ (§) > 0, violating concavity.
k=1

Case 2: When P () is of an odd degree d > 1, we can rewrite I (£) as

d
=Y Ci& (log&)*,

k=0
with v # 0 and Cy # 0. Differentiating I yields

0

d-1
re = ot (Z (Cry + Cipa (k+ 1)) (log &) + Cary (logﬁ)d>

d—1
= &' (log&)" (Z Oy + Crgr (k + ))(log@k‘d“wmlogs).
k=0

Since d > 1 is odd, we have &771 (logf)d_l > 0 for all £ # 1. Thus, the sign of
d—1

I’ (¢) depends on that of Z (Cry + Crpr (k+ 1)) (log €)= + Cyylog€. Tt can be

k=0
verified that

d—1
lim > (Ciey+ Cra (k +1) (log &) + Cylog € = +oo,
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when Cyy < 0, and

d—1
Jim > (G + G (k1) (log ) + Caylog € = +o0,
k=0

when Cyy > 0. This implies that we can always find & small or large enough such that
d—1

Z (Cry + Cryt (k4 1)) (log )F 4 4 Cyylog€ > 0 and hence I' (€) > 0, violating

k=0
concavity.

Case 3: In this case, we can rewrite I (§) as

J dg

I(€) =" [Chu,cos(bplog&) + Cia;sin (bylog €)] €7+ (log €)

k=1 j=0

where b, # 0, and at least one of C}, 1 4, and Cj 2 4, is non-zero for each k. Without

loss of generality, assume v; < 5 < --- < ;. Differentiating I yields

J
I &) = Zg’)’k—l
k=1
di—1 :
. [ (Crajvk + Cr2,ibk + Cro1,j4+1 (J + 1)) cos (b log &) ] (log €)!
= |- (Cr1,50k — Ch2,57% — Cr2,j+1 (4 + 1)) sin (bg log §)

n [ (Cr.1,d, 7k + Ck2,4, br) cos (b log §)

; log €)%
— (Cr,1,d, bk — Cr2,4,7k) sin (b log §) } (log )

J
= ¢t Z €777 (log €)%

k=1

dp—1 ,

kz [ (Ck1,j7k + Cr2,5bk + Cr1,j41 (4 + 1)) cos (by log §) ] (log €)%
— (Cr1,bk — Cr2,7% — Cr2,j41 (J + 1)) sin (b log &)

n [ (Cr,di Yk + Cr.2,4,br) cos (by log &) ]
— (Ck1,d,06 — Cr.2.4,75) sin (by, log §)

J=0

It can be verified that

i ; - C +C by)cos (bylogé)
lim I'(&) = 1 Y51 dJ[ (Crrd, v J:2,d;0.7) CO8 ’
gi?oo © 5}3005 (log¢) —(Cj1,d,b5 —Cj2.4,7v7)sin (bylogé)

which does not converge but instead switches between positive and negative values
due to the cyclicality of the trigonometric terms. This implies that we can always

find £ such that I’ (£) > 0, violating concavity. m
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