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Abstract

This paper is concerned with the boundedness, exponential stability and
almost sure asymptotic stability of stochastic functional differential equations
(SFDEs) with Markovian switching. The key technique used is the method of
multiple Lyapunov functions. We use two auxiliary functions to dominate the
corresponding different Lyapunov function in different mode while the diffusion
operator in different model is controlled by other multiple auxiliary functions.
Our conditions on the diffusion operator are weaker than those in the related

existing works.
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1 Introduction

Dynamic systems in many branches of science and industry do not only depend on the present
states but also the past states. Stochastic functional differential equations (SFDEs), including
stochastic delay differential equations (SDDEs), are often used to model these systems. The
stability theory of SFDEs has received lots of attentions over past twenty years. A large
number of stability results have been established (e.g. [2], [5], [6], [8], [17], [18]). In particular,
many important works have been developed systematically in book [14]. On the other hand,
these systems may experience abrupt changes in their structure and parameters caused by
phenomena such as component failures or repairs, changing subsystem interconnections, and

abrupt environmental disturbances. Continuous time Markovian chains have been used to
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model these abrupt changes. Consequently, the SFDEs with Markovian switching, including
SDDEs with Markovian switching, have been used to model many complicated systems.

In general, an n-dimensional SDDE with Markovian switching has the form
da(t) = fi(x(t), x(t — 7),t,r(t))dt + g1(x(t), 2(t — 7),t,7(t))dB(1) (1.1)

on t > 0, where 7 > 0, r(¢) is a right-continuous Markovian chain with a finite state space
S = {1,2,...,N} and B(t) is an m-dimensional Brownian motion. In the system, x(t)
stands for the state while r(¢) for the mode. The stability problem of SDDEs with Markovian
switching under different settings has been discussed, for example, in [10]-[13], [20]. Recently,
Hu, Mao and Shen [3] established some new generalized theorems on the asymptotic stability
and boundedness of SDDEs with Markovian switching using different types of Lyapunov
functions (e.g. polynomials with different degrees) for different modes. More precisely, they
assumed that there exist functions V € C*Y(R" x Ry x S; Ry), U, Uy € C(R" x [—7,00); Ry)
such that

liminf  Uj(z,t) = oo,
|| —00,0<t<o0

Ul(xat) < V(l‘,t,l) < U2($7t)7
gv($7y7t7z) < 1 — CZUQ(J:?t) + C3U2(y7t - T) (12)

for all (x,y,t,i) € R" x R™ x Ry x S, where ¢; > 0,7 =1,2,3, with ¢3 > ¢3.

It is noted that the future state of system (1.1) is not only dependent on the present state
x(t) but also the past state x(t—7). However, there are many practical systems whose future
state depends on the state over the whole time interval [t — 7, ¢] rather than at times ¢t — 7 and
t. SFDEs with Markovian switching have therefore been developed to describe such systems.

Generally speaking, an n-dimensional SFDE with Markovian switching has the form
dz(t) = f (@, t,r(t))dt + g, t, r(t)dB(2), (1.3)

ont > 0, where &; = {x(t +u) : v € [-7,0]}. In particular, if define f(x,t,r(t)) =
fi(zx(t),z(t — 7),t,r(t)) and g(x,t,7(t)) = gi(x(t),z(t — 7),t,7(t)), the SFDE (1.3) be-
comes the SDDE (1.1). For SFDEs with Markovian switching (1.3), Mao [9] investigated
the existence, uniqueness and the Razumikhin-type theorem on exponential stability of the
global solution (also see Chapter 8 in book [13]); Peng and Zhang [15] discussed some new
Razumikhin-type theorems on pth moment stability; Hu and Wu [4] examined asymptotic
boundedness of the global solution.

The aims of this paper are to examine the existence and uniqueness of the global solution of
the SFDE (1.3) and to establish more general results on the asymptotic stability and bound-
edness of the solution under much weaker conditions than those imposed in the references

mentioned above. To do so, we will use the idea in [3] to apply different types of Lyapunov



functions for different modes of the underlying SFDE. It is observed that the diffusion oper-
ators (1.2) in all modes, for the SDDE (1.1), are controlled by the values of Us(x(s), s) at
times s =t — 7 and s = t. When dealing with the SEFDE (1.3), it is natural that the diffu-
sion operators in all modes will be influenced by the historical states on the whole interval
[t — 7,t]. In this paper, we will use multiple auxiliary functions to describe this complicated
situation. More precisely speaking, the diffusion operators will be controlled by multiple
auxiliary functions W; (j =1,2,---, L) with constant coefficients a;, 3;(j = 1,2,--- , L) (see
(3.3) in Assumptions 3.2 of Section 3) or time-varying coefficients b;(t)(j = 1,2,---, L)(see
(4.3) in Assumptions 4.1 of Section 4). As far as we know, it is first time that such general
conditions are imposed to study the asymptotic boundedness and stability of SFDEs with
Markovian switching.

This paper does not only present more general results on the boundedness and exponential
stability of SFDEs with Markovian switching using the multiple auxiliary functions with
constant coefficients but also discuss the almost sure asymptotic stability. Our results imply
Theorem 3.1 in [3] and Theorem 8.4 in [13]. This paper also gives some further new results
for SFDEs with Markovian switching using multiple auxiliary functions with time-varying
coefficients.

The rest of this paper is organized as follows. In Section 2, we give some necessary
notations. In Section 3, we discuss the asymptotic stability and boundedness of SFDEs with
Markovian switching. Some further new results for SFDEs with Markovian switching using
multiple auxiliary functions with time-varying coefficients are given in Section 4. We will

finally conclude our paper in Section 5.

2 Preliminaries

Throughout this paper, let (Q,.%,{%}+>0,P) be a complete probability space with a filtra-
tion {.%; }+>0 satisfying the usual conditions (i.e., it is increasing and right continuous while
Zo contains all P-null sets). If A is a matrix or vector, its transpose is denoted by A”,
and the trace norm of matrix A is denoted by |A| = y/trace(ATA). Let B(t) be an m-
dimensional Brownian motion defined on the probability space. Let 7 > 0 and C([—, 0]; R")
denote the family of all continuous R"-valued functions ¢ on [—7,0] with the norm ||p|| =
SUp_,<g<p |(0)|. Let C = C’E}O([—T, 0]; R™) be the family of all bounded, .%j-measurable,
C([—7,0]; R")-valued, .#;—adapted stochastic processes. Let n; be probability measures on
[—7, 0], which satisfy fET dn;(0) =1 (j =1,2,---,L). Let L'(Ry; Ry) be the family of all
Borel measurable functions £ : Ry — Ry such that [;°&(¢)dt < oo, and U(Ry;Ry) the
family of all continuous functions v : Ry — R, such that litlrE> (i)Iolf ftt+€ Y(t)dt > 0, for any
e > 0. A continuous function @ : R"™ — R, is said to be positive definite if Q(x) = 0

iff @ = 0. x(t) is a continuous R-valued stochastic process on t € [—7,00). We assume



x; = {x(t+6) : —7 < 6 < 0} for all £ > 0, which is regarded as a C(|—,0]; R")-valued
stochastic process.

Let r(t),t > 0, be a right-continuous Markovian chain on the probability space taking
values in a finite state space S = {1,2,..., N}, with generator I' = (;;) nxn given by

Vi A +0(A) if 1 #

P S=IrO=0 =20 Ao i ey

where A > 0, 7,5 is the transition rate from i to j, if ¢ # j, while v;; = — > 745.
J#
Assume that Markovian chain r(¢) is independent of Brownian motion B(t). It is well
known that almost every sample path of r(t) is a right-continuous step function.
It is useful to recall that a continuous-time Markovian chain r(¢) with generator I' =

('yij) NxN can be represented as a stochastic integral with respect to a Poisson random measure

dr(t) = /R Rlr(t=), y)v(dt,dy), >0

with initial value r(0) = ip € S, where v(dt,dy) is a Poisson random measure with intensity
dt x m(dy) in which m is the Lebesgue measure on R, while the explicit definition of A :
S x R — R can be found in [1].

Consider an n-dimensional SFDE with Markovian switching of the form
dx(t) = f(a, t,r(t))dt + g(ae, t,7(t))dB(t), (2.1)
on ¢t > 0 with initial data {x(f): —7 <0 <0} =( € C%O([—T, 0]; R™), ig € S, where
f:C([-7,0;R") xRy xS—=R", g:C([-7,0;R") X Ry x S — R™™.

Let C(R™ x [—7,00); Ry) denote the family of all continuous functions from R" x [—7, +00)
to Ry, and C*1(R™ x [~7,4+00) x S; Ry) the family of all continuous nonnegative functions
V(z,t,i) on R™ x [—7,+00) x S which are continuously twice differentiable in = and once
differentiable in ¢t. For each V € C*!(R" x [~7,+00) x S; R, ), denote an operator .ZV from
C([-7,0; R") x Ry x S to R by

N
LV(pti) = S 1Ve(0), 1) + Vil(0), 1) + Val(0),£,1) F (s, 1,7)
j=1

).

1 . . .
+§trace[gT(<p,t,z){/;m(cp(()),t,z)g(cp,t,z)], (22)
where
L OV (x,t,0) L0V (2, t,0) L OV (x,t,0) oV (x,t,i)
‘/t(iv,t,l) — Ta Vxx(matal) — (W)HXTU Vm(mvta l) — ( aflz'l s Ty 83}'71
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For the convenience of readers we cite the generalized Itd’s formula (see [13]): if V €
C?*Y(R"™ x [~T,+00) x S; R}), then for any t > 0,

V(x(t),t,r(t) =V(x( / LV (xs,s,r( dS+/ Va( r(s))g(xs, s, r(s))dB(s)
/ / , 8,00 + h(r(s—),1)) — V(x(s),s,7r(s))u(ds,dl), (2.3)

where p(ds, dl) = v(ds,dl) —m(dl) is a martingale measure. Please note that this martingale
measure is related to the Markov chain but not the Brownian motion (which forms another
independent martingale in the formula above). The key benefit of this formula will allow
us to apply the non-negative semi-martingale convergence theorem (see [7]) cited below as a

lemma.

Lemma 2.1. Let Ai(t) and As(t) be two continuous adapted increasing processes on t > 0
with A1(0) = A2(0) =0 a.s., M(t) a real-valued continuous local martingale with M(0) = 0

s., ¢ a nonnegative Fy-measurable random variable such that E¢ < oo. Define X (t) =
C+ Ai(t) — Aa(t) + M(t) fort > 0. If X(t) is nonnegative, then

{tlggo Ay (t) < o0} C {tlggo X(t) <oo}n {tlgglo As(t) < oo} a.s.,

where C C D a.s. means P(C' N D) = 0. In particular, if tlim Ai(t) < © a.s., then, with
—00
probability one,

lim X (¢) < oo, lim As(t) < oo, —oo0< hm M(t) < co.

t—o00 t—o0 t—o00

For the stability purpose, we furthermore assume that f(0,¢,7) = 0 and g(0,¢,i) = 0 for
allt € Ry, i € S, so that system (2.1) admits a trivial solution x(t) = 0.

3 General Asymptotic Stability and Boundedness of SFDEs

with Markovian switching

In this section, we give the results for the existence and uniqueness, general asymptotic
stability and general boundedness of the global solutions of SFDEs with Markovian switching
using multiple auxiliary functions with constant coefficients.

To get our main results, we firstly put forward the following assumptions.

Assumption 3.1. Both f and g satisfy the local Lipschitz condition. That is, for each
k=1,2,---, there is a ¢ > 0 such that

forallt € Ry, i€ S and @, € C([—7,0]; R™) with ||¢|| V ||[¢|] < k.



Assumption 3.2. There exist functions V€ C*1(R" x [-7,00) x S; R), Wy, W; € C(R" x
[—7,00); Ry) and probability measures n; on [—T,0] satisfying fET dn;(0) = 1, as well as
nonnegative numbers o, o, 5 satisfying a; > Bj(j =1,2,---, L), such that

liminf  Wy(x,t) = oo, (3.1)

|| —00,0<t<00

Wo(z,t) < V(x,t,i) < Wi(z,t), Y(z,t,4) € O(—7,0;R") x Ry x S,  (3.2)

0
LV (i) ao+ Y [ TR s [ W0 A O], 6
j=1 T

for allie S and ¢ € C([-7,0]; R™), t € R4.

Remark 1. Assumption 3.2 is a generalization of Assumption 2.2 of [3] (condition (1.2) in
this paper). The generalization mainly shows in the following two aspects:

1) Assumption 3.2 introduces multiple auxiliary functions W;(j = 0,1,---, L) instead of
two functions in Assumption 2.2 of [3];

2) When the probability measure 7;(6) is a point probability measure at —7, Assumption
3.2 with aj = 8, =0(j =2,3,---, L) reduces to Assumption 2.2 of [3].

Since the coefficients of W;(j = 1,---,L) in (3.3) are constants, it is said to be the case
of multiple auxiliary functions with constant coefficients for convenience. Now, we state our

main results of SFDEs with Markovian switching in this case.

Theorem 3.1. Under Assumptions 3.1 and 3.2, we have the following assertions:
1) For any given initial data ¢ € C and ig € S, there is a unique global solution x(t,¢, o)

of system (2.1) on t > —1, which satisfies the following moment properties

hmsup EWO(m(t7C7/LO)7t) < %7 (34)
t—o0 €0
. [t . o .
limsup — [ EW;(x(s,¢, ), s)ds < , j=1,2--- L (3.5)
tsoo T Jo o — Bj

where €9 = sup {5 >0:e4 1 —a; <0,e < %min{log ‘;3}}
5>2 i

2) Moreover, if ag = 0, the global solution x(t,{, i) has the following moment properties

1
lim sup 2 lOg(EWO(m(t7 C) iO)v t)) < —¢o, (36)
t—o0
/ EW,(w(s,C.ig), s)ds < 00, j=1,2,--- L (3.7)
0
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and the following sample properties

sup  «(t,C,ip) < 00, a.s. (3.8)
—7<t<o0
. 1 .
lim sup n log(Wo(x(t, ¢, i0),t)) < —¢o, a.s. (3.9)
t—00
/ W;(x(s,¢, i), s)ds < oo. as. j=1,2,--- L (3.10)
0

3) In the case ag = 0, and there furthermore exists a continuous positive definite function

Q € C(R"; Ry) such that Q(x) < Zle Wj(z,t) for all (z,t) € R" x [—T,00), then
tliglo x(t,¢,ip) = 0. a.s. (3.11)

Proof. 1) By Assumption 3.1, for any given initial data ¢ € C and iy € S, there is a unique
maximal local solution x(t, {,ip) on t € [—7, 0 ), where 0 is the explosion time. Let kg > 0

be sufficiently large satisfying ||(|| < ko. For each integer k > ko, define the stopping time
T = inf{t € [0,0x) : |2(t)| > k}.

Obviously, 7 is increasing as k — 00. Let 75, = tlim Tk, SO Too < Oso a.8.. If we can obtain
—00
that 7o = oo a.s., then 0, = oo a.s.. For the sake of simplicity, write x(t) = (¢, {, o).

Using the generalized [t0’s formula and then taking the expectation, we have

EV(x(t A1), t A1, r(t A1) = EV(2(0),0,7(0)) + E OtATk LV (xs,s,r(s))ds
tATE 0
< BV (2(0).0.r(0) + 5 | [a0+2 ST e Al
< EV(x(0),0,7(0)) + E/O " [oco + Z[—(aj — B)Wj(z(s),s) + ﬁij]] ds, (3.12)
j=1

where J; = [©_Wj(x(s +6), s + 0)dn; (0) — Wj(x(s),s),j = 1,2,---, L.
By virtue of the fact that

tATE tATE 0
[ s = [ witats 00, 0)n6) - Wiate),s)as

t/\Tk)—i-G tATL
x(s), s)dsdn;(0) — ; W;(x(s), s)ds

Wi( ,s)dsdn;(0) — ; Wj(x(s), s)ds

L
0 tATE tATY
L./
-7
t/\Tk t/\Tk

< 3 W;(x(s),s)ds — ; W;(x(s), s)ds



0

< Wj(x(s), s)ds, (3.13)
for j=1,2,---,L, (3.12) can be rewritten as
L tATY
EV(x(t A7), t AT, m(tATR)) < aoE(tAT,) — Z(aj - Bj)E W;(x(s), s)ds
j=1 0

L 0
+EV (2(0),0,r(0) + Y BiE [ Wj(x(s),s)ds
j=1 -7

L tATY
< co+agt— Y (05— B)E W;(x(s), s)ds, (3.14)
=1 0

where ¢g = EV (2(0),0,7(0)) + 25:1 B;E fET Wj(x(s), s)ds.
From condition (3.2) and o; > 5;(j = 1,2,---, L), we get that

EWy(x(t A1), t A1) < o + aot. (3.15)

Let vy = inf  Wy(x(t),t), for k > ko, then we have that
|z|>k,0<t<oco

EWO(:B(t/\Tk),t/\Tk) > E(WO(Tk)aTk)I{Tkgt}) > I/kP(Tk < t).

Letting £ — oo in the inequality above, we have that

EW, t A tA t
P(1o <t) = lim P(1, <t) < lim o(@(t Ag), t A Tk) ~ i +aot _
R k—o0 Vg k—o0 Vg

0.

Since t > 0 is arbitrary, we must have that 7., = oo a.s.. Hence 0o = o0 a.s., which
implies that the unique maximal local solution z(t) on t € [—7,04) becomes the unique
global solution on ¢ € [—7, 00).

Using the generalized It&’s formula to eV (x(t),t,7(t)),e € (0,g0], and from condition
(3.2), we get that, for any t > 0,

NIV (@ (t A i), t A T, (LA TE))

= V(«(0),0,7(0)) + /0 h e (eV(x(s),s,7(s)) + LV (xs,,7(s)))ds + M(t A7)

tATE 0
< Wi(x(0),0) + /0 e’ {ao — (a1 —e)Wi(x(s),s) + b1 Wi(x(s+0),s+0)dni(0)

L 0 N
+ Z[fajo(sc(s), s) + B Wi(x(s+0),s+ G)dnj(H)]] ds+ M(t A1)

j=2 o

tATE
< Wi(x(0),0) +/0 e’ {Oéo — (01 — & — 1) Wi(x(s),s) + fr]}
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L
©3 [0y — BT Wy(a(s), )+ 51 ]]dS+M(MTk) (3.16)

Jj=2

where M(t A 75) is a local martingale with the initial value M(0) = 0, J; = f_OT W;(x(s +
0),s+6)dn;(0) — e W;(x(s),s),j =1,2,--- L.
By virtue of the fact that

tATE tATE 0
[ s = [ ] Witels 0.+ 0)dn,(0) — Wi as). )l

(t/\’?’k +9 tATE

/ / O, (w(s), 5)dsdny (6) — e / W (@(s), 5)ds

-7 0
tATE tATE

S/ / W (s),s)dsdnj(ﬁ)—e”/ e“*W;(x(s), s)ds
—T 0

t/\Tk t/\Tk
< e”/ e“*Wj(x(s), s)ds — 657/0 e*W;(x(s), s)ds

0
< em Wj(x(s), s)ds, (3.17)

-7

for j=1,2,---,L, (3.16) can be rewritten as
TRV (2t A i), t A Ty r(t AT))

Wi ((0),0) + 22 (=) — 1) — (ay — & — B1e*7) /0 ”eeswl@@),s)ds

€
L tATY
Z — B;e") / e Wi(x ds+ZB] 7 W (x(s),s)ds + M (t A 13)
j:2 0 —T
ap tATE
<c+ ?ee(tm’“) — (1 —¢e— ﬁlew)/ e Wi(z(s), s)ds
0
L t/\Tk
— Z(aj — B;e") / e W;(x(s),s)ds + M(t A 1), (3.18)
=2 0

where ¢; = Wi(2(0),0) + ZJLZI BjeT fET W;(x(s), s)ds.
Letting & — oo and then taking the expectation on both side of (3.18), we get

B Wo(a(t),0) < o+ e, (3.19)
from the definition of £y and condition (3.2). So letting ¢ — £¢, we have the assertion (3.4).

From (3.14), letting k — oo, we get that

L
Z yn) E/ W;( s)ds < co + aot. (3.20)

Jj=1

Letting t — oo and using the Fubini theorem, we have the assertion (3.5).



2) Next, we prove the results in the case of ag = 0. From (3.19) we get that
EWy(x(t),t) < cre™ .

So letting € — ¢, we get the assertion (3.6).

Moreover, (3.20) becomes

L
> (e ﬂJE/W s)ds < co.

7j=1
So letting ¢ — oo, we get the assertion (3.7).
In the same way as (3.16), we get that
e Wo(x(t), t) < e1 + M(2),

where ¢; has been defined above. By virtue of Lemma 2.1, we obtain that

lim sup e Wy ((t), t) < oo. a.s. (3.21)

t—o00

Hence, there exists a finite positive random variable ¢ such that

sup e Wo(x(t),t) < C. a.s. (3.22)

0<t<oo

So as € — €9, we claim the assertion (3.9).

Using the generalized 1t6’s formula to V(x(t),¢,7(t)), we obtain

V(x(t),t,r(t) = V(x(0),0,r( / LV (xs,s,7(s))ds + M'(t)

< W / Z —aiWi(@(s),) + 65 [ Wyla(s +6),5 + 6)dny(6)}ds + M'(1)

+Zﬁj W )s)ds— B]/W s)ds + M'(¢)

where M’(t) is a local martingale with the initial value M’(0) = 0. Due to Lemma 2.1, we
obtain the assertions (3.10) and sup_, ;. Wo((t),t) < 00, a.s.. From the radial unbound-
edness of Wy(x,t) (see (3.1)), we directly get the assertion (3.8).

3) Finally, we prove the result (3.11). Because of the positive definiteness of Q(x), the

assertion (3.11) is equivalent to the following assertion

lim Q(x(t)) = 0. a.s. (3.23)

t—o00

Further, the assertion (3.23) is equivalent to the following assertion

limsup Q(x(t)) = 0. a.s. (3.24)

t—o00

10



Now we claim that the assertion (3.24) holds. If (3.24) is false, we must have that

P{ limsup Q(z(t)) > O} > 0. (3.25)

t—o00

Then there exists a constant ¢ such that P(A) > 39, where A = {w : limsup Q(x(t)) > 25}.
From the assertion (3.8), we can see that there exists a sufficiently 1atrggo positive constant
h = h(d) such that P(A;) > 1—0, where 41 = {w :osup  |x(t)] < h}. So we easily obtain
that P(AN Ap) > 26. e
Define a sequence of stopping times by
w1 =inf{t > 0: Q(z(t)) > 20}
por = inf{t > poy—1 : Q(z(t
por+1 = inf{t > pgy : Q(z(t

Obviously, when w € AN Ay, then y; < 00,1 =1,2,..., i.e.

ANAp C{w<oo,l=1,2,...}.

From Assumptions 3.1, f(0,¢,7) = 0 and g(0,¢,7) = 0, we get that there exists a constant
Hjp, > 0 such that |f(e,t,7)| V|g(e,t,i)| < Hp, forallt € Ry, i€ S and ¢ € C([—7,0]; R™)
with ||¢|| < h. Using Hélder’s inequality and Burkholder-Davis-Gundy inequality, we obtain
that, for any 71 > 0,

por—1+t
E<IAmA1 sup |x(pa—1 +1t) —w(uzm)!z) §2E<IAmA1 sup !/ f(ws,sa?“(S))dSP)
0<t<Ty 0<t<Ty Jpug—1

por—1+t :
iy (uml sup. | (., 5 7(s))AB(s)] )

0<t<T1 Jpg—1

< 2TV HE(T) + 4)

Since Q(x) is continuous in R", it is uniformly continuous in the closed ball B, = {x € R" :
|z] < h}. Hence, we can choose a sufficiently small ¢ = ¢’(4) > 0 such that |Q(x)—Q(y)| < 9,
when |z| V |y| < h and |z —y| < .

By using Chebyshev’s inequality, we get that

P<A NAN { sup |@(po—1 +1t) — x(ugy—_1)| < 5’})

0<t<Ty
2T HE(Ty + 4)

=P(ANA)— E(IAﬂAl sup |x(po—1 +1t) — x(p2—1)| > (5’) > 20 — 572

0<t<Ty

Notingthat{ sup \w(uzz1+t>—w(mll)|s5'}c{ sup Q@ (i1 +8)— Q)] <
0<t<Ty 0<t<Ty

2
5} C {Mgl — g1 > Tl}, we choose a sufficiently small 77 > 0 such that %@H) < 9.

So we compute that P<Aﬁ AN { sup |e(po—1 + 1) — x(pg—1)| < 5/}> S 6.
0<t<T)
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On the other hand, from the assertion (3.7) and the relation of Q(x) and ZJL:1 Wi(x,t),
we easily get that

oo L o0
E/o Q(x(s))ds < ;E/O Wj(x(s, ¢, i), s)ds < oo. (3.26)

For any w € AN A1 N { sup |@(uo—1 +t) — x(ug—1)| < (5’}, we have
0<t<Ty

K2t

E/OOOQ(ac(s))ds > §E<I{m<oo}/ﬂ Q(m(s))ds)

(o]
= 52 E<IA0A10{ sup  [@ (a1 +t)—a(ua 1) <6} (M2t — U2l1))
—1 0<t<T)

201—-1

> 6T1 Z E<IA0A10{ su |m(,u211+t)—m(,u211)|<6’}>
=1

D
0<t<Ty
> 0Ty 6
=1
= OO,
which implies a contradiction with (3.26). So we finish the proof of (3.11). O

Remark 2. 1) The results obtained in Theorem 3.1 are in terms of functions W; (j =
0,1,---,L), that are more general boundedness, general exponential stability and general
H, stability than usual senses. If we impose some simple conditions for these functions, we
can get the usual boundedness, exponential stability and H., stability of the solution. For

example, if conditions
claff < Wo(z,t),  clz|! < Wi(a,t), (3.27)

hold for some positive constants ¢, p, ¢, ¢, then we have

lim sup Ela(t, ¢, io) ! < ., (3.28)
t—o00 CeQ
! 1/tE! (5,C, i0)ds < —— (3.29)
imsup — x(s, ¢, §< ——, .
t—>oop tJo 0 c(ar — B1)
Further, let ap = 0 and (3.27) hold, we obtain
. 1 :
lim sup + log(Ela(t, ¢, i0)[?) < —<o, (3.30)
t—oo t
o
/ Ela(s, ¢,io)|%ds < oo, (3.31)
0
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1
lim sup — log(|x(t, ¢, %0)|) < —E—O, a.s. (3.32)
p

t—o0 t

/ |z (s, ¢, i0)|%ds < . a.s. (3.33)
0

Obviously, assertion (3.28) is the usual pth moment asymptotic boundedness of the solution
(see [13], [14]), assertions (3.30) and (3.32) are the usual pth moment exponential stability and
almost sure exponential stability of the solution respectively (see [13], [14]), and assertions
(3.31) and (3.33) show the usual H, stability of the solution (see [19]).

2) From Remark 1, the results 1) and 2) of Theorem 3.1 imply that of Theorem 3.1 in
[3], and the analysis methods are similar. The main differences are that we have to deal
with the terms of fET Wi(e(0),t + 0)dn;(0) (j = 1,2,---,L) in our case. We mainly use
integral inequalities (3.13) and (3.17). We also prove the almost sure asymptotic stability of
the solution, which did not be studied for SDDEs case in [3].

3) When Wy(z,t) = clz|P, Wi(z,t) = ¢lz|P,a; = B = 0,5 = 2,3,--+, L, the result 1) of

Theorem 3.1 in this paper becomes that of Theorem 8.4 on asymptotic boundedness in [13].

Hu, Mao and Shen [3] introduce two auxiliary functions Uy, Uy to dominate different Lya-
punov functions for different modes, and assume that the diffusion operators in all modes
are controlled by function Us. When considering different Lyapunov functions for different
modes of SFDEs with Markovian switching, we may design two auxiliary functions Wy, Wy
to dominate all Lyapunov functions, and we relax one function Wj to the multiple auxiliary
functions W;(j =1,2,---, L) to dominate the diffusion operators in all modes.

Next, we give an example to illustrate our theorem.

Example 3.1. Let us consider a scalar SFDE with Markovian switching
dz(t) = f(@, t,r(t))dt + g, t, r(t)dB(2), (3.34)

where B(t) is a scalar Brownian motion, r(¢) is a right-continuous Markovian chain on the

state space S = {1,2} with generator
= : (3.35)

and
Flont1) = —A(@(t) + 31 + 2°(1),  Fl@nt,2) = %m(t) T

0 0 0
gt ) = [ fa(t+0)an0)+ [ [at+OPan®). gt =3 [ ot +0)ano)

where 7 is a probability measure on [—1, 0], which satisfies ffl dn(9) = 1.

13



As to system (3.34), take different Lyapunov functions for the two modes

z2, 1=1
Vx,t,i) = ) (3.36)

2(z% + 29), i=2

for all (z,t) € R x [-7,+00), and we compute that

2
D%V(xt,t, 1) = 2.’13Tf(113t,t, 1) + g2<$t,t, 1) + Z’Yljv(w(t)ataj)
j=1
0

< —6($2+x6)+2/ (2t + O) + |w(t + 0)[%)d(6) —8x4+2/0 (t + 0)|*dy(0),
1

—1
2
1
LV (24,t,2) = 2(2x + 62°)T f(x4,t,2) + §gT($t, t,2)(4 4 60zh)g(m,£,2) + Y vo;V(®(), 1, 5)
j=1
5 0
< —4(@®+a%) + 3 / (|lz(t + 0)% + |=(t + 6)[¢)dn () — 4a* — 1225,
—1
That is, for ¢ = 1, 2,

0 0

(2t + O) + |m(t + 0)[¢)dy(6) — 4z + 2 /_1 (t + 0)|*d(0).

LV (x4, t,1) < —4(2* 4 2%) + g/

-1

Define Wy(z,t) = 2%, Wi(z,t) = 2(z% + 2%) and Wa(z,t) = 2%, then
Wo(.T,t) < V(xata 7’) < Wl(ﬂ?,t),
5 0
LV (@it i) < —2Wi (1) + 4/ Wit +0), ¢ + 0)dn(8) — AWs(x, )
-1
0
+2/ Walm(t + 0), ¢ + 0)dy(0),
-1
for all x, 2 € R,t > —1 and 7 € S. So we get the parameters in Assumption 3.2 as follows:
)
a=0m=20="0=40%k=2

And we compute that 9 = sup{e > 0 : e+ %es —2 < 0,e < log2} = 0.3047. Hence, set
positive definite function Q(x) = &> < Wi (=, t)+ Wa(x,t), by Theorem 3.1 we get that there
is a unique global solution x(t) of system (3.34), and that the global solution @ (¢) has the

following moment properties

lim sup M < —0.3047, (3.37)
o 2 > 4 > 6
/O E(2(t))dt < oo, /0 B (t))dt < oo, /0 B(28())dt < oo, (3.38)

14



and the following sample properties

(Iw( )

lim sup < —0.1524, a.s. (3.39)
t—o00
/ t)dt < oo, / t)dt < oo, / t)dt < oo, a.s. (3.40)
0
tllglo x(t) =0. a.s. (3.41)
o 2 4 s 5w

Figure 1: Simulation of the trajectory of the solution x(t) of system (3.34) on [0,10].

For system (3.34), take probability measure n(f) = 6_1 and initial data ¢ = {#+2: -1 <
6 <0}, 99 = 1. Based on the Euler-Maruyama scheme with step size 1073, we give a sequence
of computer simulations for system (3.34) as follows. Figure 1 illustrates the assertion (3.41)
by the simulation of the trajectory of the solution x(t) of System (3. 34) Figure 2 illustrates
the assertions (3.37) and (3.38) by the simulations of log(Ea (1) Ew fo ))dt, fo 4(t))dt
and fo 6(¢))dt for the solution z(t) of system (3.34). Flgure 3 111ustrates the assertions
(3. 39) and (3 40) by the simulations of the trajectories of w, fot x=(t)dt, fo t)dt and

fo t)dt for the solution x(t) of system (3.34).

4  Further Results

Assumption 3.2 in Section 3 requires that oo, o, 5;(j = 1,2,---, L) be constants. However,

many SFDEs with Markovian switching do not satisfy these conditions. Let us see an example

dx(t) = f(a, t,r(t))dt + g(ae, t,7(t))dB(t), (4.1)

15
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where B(t), r(t) are the same as defined in system (3.34), and the coefficients are time-varying
as follows:

Flant,1) = =401+ ) wl) + 250 +a50), Fnt,2) = (- a0 - 120,

0 1 0 i
gont.1) = | 15 [ et Olan0)+ [ et +0) an(o))
g(xs,t,2) = ‘/1+ /_ x(t + 0)|dn(0),

where 7 is a probability measure on [—7, 0], which satisfies fBT dn(9) = 1.
We easily see that all existing results and Theorem 3.1 in Section 3 can not be directly
used to system (4.1) for the existence of time-varying coefficients.

As to system (4.1), using the same definition of V' (z,t,7) as (3.36), we compute that

2
LV (@, t,1) =227 fxy,t, 1) + g%, t, 1) + Y 1,V ((t),t, )
j=1
<8 @2 13 [l O + et + 6)F)dn(0) — 8— it 4 3¢~
- 14t 1+t /), 1+t ’
2
1
LV (@, 1,2) = 220+ 62°) " f (0, 1,2) + S8 (w0, £,2)(4 + 60 )g(@e, 1,2) + Y95V (x(8), £,.5)
j=1

<—4L(x2+x )+§L (ym(t+9)\2+\a:(t+0)y )dn(0) x

= 21+t 7 1+1 1+
That is, for ¢ = 1,2,

: L 2, 6 1 0 2 6 4 —4t
< — .

LV (2, t,1) < 41 +t(az +2°%) 4+ 31 i _T(|:L'(t+ 0)|° + |x(t +6)°)dn(6) 41 v + 3e
Hence, define Wy(x,t) = 22, Wy (x,t) = 2(22 + 2°) and Wa(z,t) = 2*, then

W()(l’,t) < V(:Uat,i) < Wl($7t)a

1
LV (my,t,1) < 3e 4 — QTVVl(fU’t) —|— 5111 / Wi(x(t+0),t+ 6)dn(0)
1 0

-7
for all x, 2 € R,t > —7 and i € S.

Then it is natural to ask the following questions: Is there a unique global solution if a SFDE
with Markovian switching obeys some conditions similar to (4.2)7 If yes, whether the SFDE
with Markovian switching has the properties of the asymptotic stability and boundedness?
So, another aim of this paper is to answer these questions above. To do these, we extend
the idea of the diffusion operators dominated by multiple auxiliary functions with constant
coefficients in Theorem 3.1 to that in the case of time-varying coefficients.

Motivated by system (4.1) discussed above, we propose another new assumption.
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Assumption 4.1. Let by(t),b;(t)(j = 1,2,---, L) be continuous functions from [—7,00) to
Ry satisfying the following conditions: [;° bo(t)dt < oo, [~ bi(t)dt = oo, functions b;(t)(j =
1,2,---, L) are monotonically non-increasing and bounded by 1. And let all conditions in

Assumption 3.2 hold except (3.3) is replaced by

L 0
LV(pti) <o) + 3 [ — b (OW;((0). 1) + Bibi(1) [ Wiep(0).1 -+ 0)dnj (0)], (4.3)
j=1

forallie S and ¢ € C([-7,0);R"), t € R,.

Remark 3. Note Assumption 4.1 is different from Assumption 3.2. The difference looks
”small”, but it’s significant in the two following aspects:

1) Because of the existence of b;(t)(j = 0,1,---,L), Assumption 4.1 is more adapt to
non-autonomous systems;

2) The requirement of ag in Assumption 3.2 is different from that of by(¢) in Assumption
4.1. Of course, Assumption 4.1 with by(¢) = 0 and b;(t) = 1(j = 1,2,--- , L), reduces to the
case of Assumption 3.2 with g = 0, namely, Assumption 3.2 with ag = 0 is only a special

case of Assumption 4.1.

Since the coefficients of W;(j = 1,---, L) in (4.3) are time-varying, it is said to be the case
of multiple auxiliary functions with time-varying coefficients for convenience. Next, we state

our main results of SFDEs with Markovian switching in this case.

Theorem 4.1. Under Assumptions 8.1 and 4.1, we have the following assertions:
1) For any given initial data ¢ € C and ig € S, there is a unique global solution x(t,¢, o)

of system (2.1) on t > —1, which satisfies the following moment properties

sup EWy(x(t,,ip),t) < oo, (4.4)
—7<t<0
/ bi(s)EWj(x(s,¢, i), s)ds < oo, j=1,2,---,L (4.5)
0
t t t
EWo(x(t, ¢, ig), t) < cpec0Jo brll)dn +/ ee0Js idhp, 6y ds, (4.6)
0
tli>m EW()(J:(t, C,io),t) =0. (4.7)
and the following sample properties
sup  x(t,(,ip) < o0, a.s. (4.8)
—7<t<o0o
/ bi(s)W;(x(s,¢,i0),s)ds < oo, as. j=1,2,--- L (4.9)
0
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where co 1s a finite positive constant, ¢ is the same as defined in Theorem 3.1.

2) Moreover, if by(t) = 0, the global solution x(t,(,iy) has the following moment property

t
1 bi(h)dh
limsup — log(EWy(x(t, ¢, i0),t)) < —ep lim inf M, (4.10)
tosoo b t—00 t
and the following sample property
t
bi1(h)dh

lim sup flog(Wo( (t,¢,10),t)) < —eo litrginffoli). a.s. (4.11)
t—o00 00

3) If furthermore there exists a continuous positive definite function G € C(R"; Ry) and
a continuous function () € W(R4;Ry) such that ¥(t)G(x) < Z bi(t)W;(x,t) for all
(z,t) € R" X [-T,00), then

tliglo x(t,¢,ip) = 0. a.s. (4.12)

Proof. 1) The proof of the existence and uniqueness of the global solution x(t, ¢, i) of system
(2.1) is essentially similar to that of Theorem 3.1, so we omit it. For the sake of simplicity,
write x(t) = x(t,{, 7). Using the generalized It6’s formula to e* I buhdhy/ (g (t), t,7(t)), € €
[0, 0], and from condition (3.2), we get that, for any ¢ > 0,

e Jo r ARy (. (4) ¢ (1))

= V(x(0),0,7(0)) + /Ot e Jo tiMdh (e ($)V (2 (), 5,7(5)) + LV (x5, 5,7(5)))ds + M (t)

< Wi(2(0),0) + /0 t e¢ Jo br()dh [bo(s) — (a1 — )by (s)W1i(x(s), s)

0 L
+ B1ba(s) [ Wala(s +6), s+ 0)dn(9) + Y [~a;bi(s)W;(@(s), )
- g
0
+Bibi(s) [ Wj(z(s+0),s+ e)dnj(e)]} ds + M;(t)

—T

< Wi(2(0),0) + / t ¢& Jo r(h)dh [bo(s) — (a1 — & — B1e")by(s) Wy ((s), s) + Bibi(s)]]

L
+ DT (a = B (). + 83,5 as + o), (4.13)

Jj=2

where M (?) is a local martingale with the initial value M;(0) =0, J; = fET Wi(x(s+6),s+
0)dn;(0) — e Wj(2(s), s),j = 1,2, -- L.

By virtue of the fact that

t S
/ e Jo bl(h)dhbj(s)J]'-ds

0
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0 gt N t s
< / / e Jo Gbl(h)dhbj(r — O)Wj((r), r)drdn;(0) — e”/ e Jo bl(h)dhbj(s)Wj(:c(s),s)ds

0

t
/ / (g b+ [T oAy (W (), ) drdi; (6) _687/ e Jo 1Mk (YW (a(s), 5)ds

0
< e / = I3 WAy, ()11 ((5), 5)dls, (4.14)
for j =1,2,--- L, (4.13) can be rewritten as
e Jo ARy ((t), 1, (1))

< Wi(x(0),0) + /Ot o ba(h (Mdhpo(s)ds — (g — e — B1€°T) /t e Jo bu(h (dhp, ()W (x(s), s)ds

0

L
= (05— Ben) / ¢ Jo AR, ()T ((s), 5)ds

2

<.
=

0
+) BeT / e Jo i dhy (YW, (2 (s), s)ds + M, (t)

7=1

t ¢
<cy —i—/ e Jo bi(h)dhpo(s)ds — (ay — & — 516”)/ e Jo bu(h)dhy (YW ((s), s)ds
0

0

L t )
= Dy = Bye) [ e (W, (s), s + 2110, (115)

j=2

.

where co = Wi(x(0),0) —I—Zle Bjes” fET e Jo buP)dhy ()W (2(s), s)ds. Take the expectation
on both side of (4.15), and let € — ¢, we get the assertion (4.6)

t
EWo(a(t),t) < cpe0 Jo br(mdh / gm0 biWdhp () g, (4.16)
0

from the definition of €y and condition (3.2).

From condition fooo b1 (t)dt = oo, it is obvious that, as t — oo,
e—c0 Jo bi(h)dh _y

On the other hand, we have that

t T ¢
/ es0 [ihdhy (s = / e=e0 Ji bihdhy (o) 4 / g0 Jo i My ()ds
0 0 T

< oo i bihydn / bo(s)ds + / bo(s)ds
0 T

For fixed T, e~ €0 Jrbu(mdh holds, as t — oo. Then letting T' — oo, we have [ by(s)ds —
0. So

t
/ e J; br(h)dhp, (s)ds — 0 (4.17)
0
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holds, as t — oco. Therefore, we get the result (4.7)

lim EWy(x(t),t) = 0.

t—o0
Letting € — 0 in (4.15), taking the expectation and then using Fubini theorem, we have

t L t
EWo(z(t),1) < ¢ +/ bo(s)ds — Y (a; — 5;‘)/0 bj(s)EWj(x(s), s)ds, (4.18)
j=1
where ¢, = EW;(x(0),0) + Zle B; E fET bi(s)Wj((s), s)ds. From condition [ bo(¢)dt <
0o, we get the assertions (4.4) and (4.5)
sup EWy(x(t),t) < ch+ /OO bo(s)ds < oo,
0

—7<t<oo

o0 . > bo(s)d
/ b](S)EW](m(S),S)dSS 62+f0 O(S) i .] = 1727"' 7L
0 —Bj
Letting € — 0, (4.15) becomes
L
V@)t r(t) <63+/bo s — 3 (o @/b $)ds + Ma(),  (4.19)

Jj=1

where ¢z = W1 (x(0), 0)+Z]-L:1 Bj fET bi(s)Wj(x(s),s)ds, Ma(t) is a local martingale with the
initial value M5(0) = 0. From Lemma 2.1, we obtain the assertions (4.9) and sup_, <, o, Wo(x(t),t) <
00, a.s.. From the radial unboundedness of Wy(z,t) (see (3.1)), we directly get the assertion
(4.8).
2) Next, we prove the results in the case of by(t) = 0. (4.15) becomes

e o WY (1) 1 r(t)) < 2 + My(D), (4.20)
where co has been defined above. Taking the expectation on both side of (4.20), we have
e o 1WA By (20(8), £, 7(1)) < co. (4.21)
So as € — €9, we get the result (4.10)

lim sup log(EWy(x(t),t))

t—o00 t

fo bl

< —¢gp hm mf

Applying Lemma 2.1 to (4.20), we obtain that

lim sup e° Jo LMAhY ((t), 1) < oo. a.s. (4.22)

t—o00

Hence, there exists a finite positive random variable ¢ such that

sup e° Jo bLMdh Y (a(t), 1) < C. a.s. (4.23)

0<t<o0
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So as € — €9, we get the result (4.11)

log(Wo((t), 1)) Jo bi(h)dh
t

0

lim sup < —gg litm inf — a.s.
—00

t—ro0
3) Finally, we prove the result (4.12). Similar to the proof of (3.11), the assertion (4.12)

is equivalent to the assertion

limsup G(z(t)) =0. a.s.

t—o0
If this is false, then there exists a constant §; such that P(B) > 3d;, where B = {w :

lim sup G(z(t)) > 251}. From the assertion (4.8), we can see that there exists a sufficiently

t—o0

large positive constant h = h(d1) such that P(D) > 1 — 61, where D = {w : osup  |x(t)] <
—7<t<o0

h}. So we easily obtain that P(B N D) > 24;.

For any fixed 6 > 0, define a sequence of stopping times by

o1 =inf{t > 0: G(z(t)) > 201}, oa=inf{t > 01 :G(x(t)) <1},
ogy1 = inf{t > o9+ 0 : G(z(t)) > 261}, 1=1,2,...
09142 = inf{t > 09141 ¢ G(x(t)) < (51} [=1,2,...

Similarly, we obtain BN D C {o; < oc0,l = 1,2,...} and that, for any 75 > 0,

E(IBQD sup |:B(UQZ_1 + t) — :1:(0'21_1)|2> < QTQHE(TQ + 4),
0<t<Th

and that there exists a sufficiently small d2 = d2(d1) > 0 such that |G(x) — G(y)| < §1, when
lz| V]y| < h and | —y| < 2.

Noting that § sup |@(og-1+t)—x(02-1)| < 52} - { sup |G(x(02-1+1))—G(x(02-1))| <
0<t<T» 0<t<T»

(51} - {021 — o911 > Tg}, we similarly choose a sufficiently small 75 > 0 such that

P<B NnNDN { sup \w(agl_l + t) — .’13(021_1)‘ < (52}) > 1.
0<t<Ts

Since ¥(t) € U(R4; R+), then for the chosen Ty > 0 there exist constants p = p(T»), T3 =
T5(p, T>) such that ftt+T2 ¥(s)ds > p, when t > T3. From the definition of o, there exists a
positive integer Q1 = [T3/0] + 2 such that, for any w € BN D, 091 > T3, when [ > Q1.
Hence, for any w € BN D, we have f;;l:ﬁn P(s)ds > p,l > Q.

On the other hand, from the assertion (4.5) and the relation of ¢(¢)G(x) and Zle bi(t)W;(x,t),
we easily get that

oo L oo
E/o P(s)G(x(s))ds < ;E/O bi(s)Wj(x(s,¢, ), s)ds < oo. (4.24)
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For any w € BN DN { sup |x(og_1+t) —x(o9-1)| < 52}, we have
0<t<T>

021

E/ P(s (s))ds > E(ZI{01<OO}

g21
> 51E< Z IBADA{ sup |@(ooi—1+t)—@(00_1)|<62} T,Z)(s)ds>

w<s>G<w<s>>ds)

0211

[ 0<t<Ty o1
og1—1+712
>&E(§zfﬂwmsw (0211 +) @ (021-1)| <52} ¢@M%
=01 0<t<Ty o911
> 01p Z o1
1=Q1
= 007
which implies a contradiction with (4.24). So we get the assertion (4.12). O

Remark 4. The results of Theorem 4.1 look similar to that of Theorem 3.1, but they are
in fact significantly different. The contribution of Theorem 4.1 is significant in at least the
following three aspects:

1) When the system is non-autonomous, it is natural to resort to Theorem 4.1 rather than
Theorem 3.1;

2) Since ¥(R4; R+) contains many functions (see [6]), the results of Theorem 4.1 can be
used to much greater fields than that of Theorem 3.1 with ag = 0;

3) Because of the properties of U(R; Ry), the techniques used in Theorem 3.1 can not be
used to Theorem 4.1 directly. So we introduce some new techniques to cope with the function
in ¥(Ry; Ry).

Proposition 4.1. Let Assumptions 3.1, 4.1 hold except (4.3) is replaced by

L 0
LV (p, 1) < bo(t) + ) [ — a;bi(O)W;((0), 1) + Bb5(t) [ Wile(6),t + 0)dn; (),

i=1 T

bi(t) > bi(t), Wi(e,t) > Wie,t), j=1,2,---,L

foralli € S and ¢ € C([-7,0; R"), t € Ry, where V)(t) € C([-7,00), Ry), W] € C(R" x
[—7,00); Ry). Then all results of Theorem 4.1 hold.

Finally, we give the following example to illustrate our theorem.

Example 4.1. Let us continue to use the notations of system (4. 1) Further we set 7 = 0.2.
By (4.2) and Wy(z,t) = 22, Wi(z,t) = 2(2? + 25), Wa(x,t) = 2%, we note that Wy(z,1)

satisfies (3.1), and get the parameters in Assumption 4.1 as follows:

_ 3
bo(t) = 3e™ M, by (t) = ba(t) = ap =2,01 = 3002 = 4,09 = 1.

14+¢
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And we compute that eg = sup{e > 0 : ¢+ %60'26 —2 < 0,e < 10log2} = 0.3812. Hence,
from Theorem 4.1 there is a unique global solution x(t) of system (4.1). And we get that the

global solution @(t) of system (4.1) has the following moment properties

sup  F(z*(t)) < oo,
—0.2<t<0c0

/000 E(a? dt<oo/ dt<oo/ 6(1))dt < oo,  (4.25)

t
B(z*(t) < cpe—0-3812108(1+1) +360.381210g(1+t)/ e0-381210g(145) 25

lim E(z2(t)) =0, (4.26)

t—o00

and the following sample properties

sup [x(t)] < oo,
—0.2<t<oo

8. (4.2
/0 7% t)dt < oo, / T1:% t)dt < oo, / 7% t)dt < oo, a.s. (4.27)

where ¢, is a finite positive constant.

Set positive definite function G(x) = 2 and ¥(t) = 1+t € UV(R4; Ry), then ¥(t)G(x) <
bi(t)Wi(x,t) + ba(t)Wa(x,t), and from Theorem 4.1 we get that
tlim x(t,¢, 1) = 0. a.s. (4.28)

0 _e—02

For system (4.1), take probability measure 7(f)) = §=%5> and initial data ¢ = {6 + 2 :
—0.2 < 6 < 0}, ip = 1. Based on the Euler-Maruyama scheme with step size 1072, we give
a sequence of computer simulations for system (4.1) as follows. Figure 4 illustrates the as-
sertions (4.25) and (4.26) by the simulations of E(x?(t)), fg ﬁE(mQ(t))dt, fg %HE(w‘l(t))dt
and ft 1—1|—tE x8(t))dt for the solution x(t) of system (4.1). Figure 5 illustrates the assertions

(4. 27) and (4 28) by the simulations of the trajectories of the solution x(¢) of system (4.1),

t
0 1+t t)dt, fo T t)dt and fo T x(t)dt.

5 Conclusions

Motivated by Hu, Mao and Shen [3], we have used the method of multiple Lyapunov functions
to study the asymptotic boundedness and stability of the SFDE with Markovian switching.
Different type of Lyapunov functions for different mode has been used to deal with the
structure difference of the underlying SFDE in different mode. It is in this way that our
results on the boundedness and stability are more general than the existing results in this

area. Several examples and computer simulations have been used to illustrate our new results.
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Figure 4: Simulations of E(x2(t)), [y 15 E(x2(t))dt, [y 2 E(x!(t))dt, [y T E(=5(t))dt for
the solution «(t) of system (4.1) on [0, 10] and sample size 200.
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Figure 5: Simulations of the trajectories of the solution x(t) of system (4.1), f(f %HazQ(t)dt,
fg = 2(t)dt and fg 28(t)dt on [0, 10].
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