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Abstract

In this paper we first define a new kind of potential games, called coset weighted potential game, which is a generalized form

of weighted potential game. Using semi-tensor product of matrices, an algebraic method is provided to verify whether a finite

game is a coset weighted potential game, and a simple formula is obtained to calculate the corresponding potential function.

Then some properties of coset weighted potential games are revealed. Finally, by resorting to the vector space structure of

finite games, a new orthogonal decomposition based on coset weights is proposed, the corresponding geometric and algebraic

expressions of all the subspaces are given by providing their bases.
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1 Preliminaries

A finite normal game can be described by G = (N, S, C),
where N = {1,2,--- ,n} is the set of players; S =
[T, S; is the strategy profile, and the set of strategies
for player 1 is Sz = {1,2,"' ,k’i}. S—i = ngéi Sj de-
notes the strategies of all players except the i-th one;
C = (c1, -+ ,cn) € R" with ¢; : S — R is the pay-
off function of player i. For statement ease, the set of
finite games with |[N| =n, |S;| =k;, i =1, -+ ,n, is de-
noted by Gk, ... k,]- As a special class of finite normal
games, the potential game imposes restriction on the
players’ payoff functions. Potential game was first pro-
posed by Rosenthal [18]. Monderer and Shapley system-
atically investigated potential games and proved several
useful properties in [16], such as best response dynam-
ics and fictitious play, converging to a Nash equilibrium,
etc. Since then it has been applied to many engineering
problems, including computer networks [11], distributed
coverage of graphs [22], and congestion control [10], etc.
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Several classes of potential games are described as fol-
lows.

A function P : S — R is called an ordinal potential for
G, if for any z,y € S;, and any s_; € S_;, i € N,

ci(w,8-i) —ci(y,s-i) >0 P(x,s-;) — P(y,s—;) >0,

then G is called an ordinal potential game.

In an ordinal potential game, only the signs of the differ-
ence in individual payoffs for each player, and the differ-
ence in potential function, have to be the same. In fact,
the really useful model in some physical applications is
not the ordinal potential game, but the weighted (or ex-
act) potential game [16]. Let w = (w;);en be a vector
of positive weights, if there exists a function P : S — R,
called the weighted potential function, such that for any
z,y € S;,andany s_; € S_;,i €N,

ci(z,5-i) — ¢i(y,5-:) = wi (P(z,5-;) — P(y,5-41))

then G is called a weighted potential game. Especially,
G is called an exact potential game if w; =1, Vi € N.

However, the weighted (or exact) potential games only
cover a few class of games in practice. Moreover, a
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weighted potential game is essentially an exact potential
game, because if we replace the payoffs ¢; by ¢; /w;, then
a weighted potential game becomes an exact potential
game. This fact stimulates us to find a more general
weighted potential game, which is between the ordinal
potential game and classical weighted potential game.

In this paper, we propose a new kind of weighted po-
tential games, called the coset weighted potential game.
Its relationship with classical kinds of potential games is
depicted by Figure 1. After a rigorous definition, we pro-

Ordinal

Coset weighted

welghted

exact

Fig. 1. Some classes of potential games

vided a simple method to verify whether a finite game is a
coset weighted potential game. We show that though it is
a generalization of classical weighted potential game and
it can not be converted easily to exact potential game, it
still has all the nice properties of classical (weighted) po-
tential games. For instance, the existence of pure Nash
equilibrium, the convergence to an equilibrium point un-
der certain learning process, etc.

Another interesting topic for finite games is their vector
space structure. In addition to (exact) potential games
there are some other important kinds of finite games,
which are necessary for investigating the vector space
structure of Gk, ... k.-

Definition 1 [1,14] Let G € Gy ... k-

(1) G is called a non-strategic game if for any x,y € S;,
and any s_; € S_;,

Ci(xas—i) = Ci(y,S,i), 1= 1’ .
(2) G is called a harmonic game, if for any s € S, and
any s_; € S_;,

n

> (ei(s) - l > cilwis_i) =0.
ki

=1 T;ES;

(3) G is called a pure harmonic game, if for any s € S,
and any s_; € S_;,

ci(s)=0; > ci(z,5-4) =0, i=1,--- n.
=1

z€S;

7

Without the weights, by using the Helmholtz decom-
position theorem, an orthogonal decomposition of
Ginsk,-- ks briefly denoted by G, was first proposed in
[1], which is described as follows.

harmonic games

e N
G= P & N o H, (1)
N————

potential games

where P is the subspace of pure potential games, A is the
subspace of non-strategic games, and H is the subspace
of pure harmonic games. An alternatively simplified ap-
proach was provided in [3] to precisely express the bases
of these orthogonal subspaces, by using the conventional
inner product of Euclidean space. As a generalization of
(1), in this paper we are ready to proved a new orthogo-
nal decomposition based on coset-depending weights for
G, which is described as follows.

coset weighted harmonic games
G= P ® N ® H , (2)

coset weighted potential games G¢Y

where P is called the coset weighted pure potential
subspace, and HY is called the coset weighted pure har-
monic subspace. For each subspace, we give its geometric
expression by providing the basis. Based on these bases,
we also give an algebraic expression for each subspace,
that is, the algebraic equation for the payoffs of the cor-
responding games to be satisfied. Meanwhile, some for-
mulas are presented to calculate all the decomposed sub-
spaces.

For statement ease, we first introduce some notations:
® M., «n: the set of m x n real matrices.

Col(M): the set of columns of M. Col;(M): the i-th
column of M.

o Dy :={1,2,--- ,k}, k; >2.

e % : the i-th column of the identity matrix I,.

o A, :={8i=1,---,n}.

e 1,=(1,1,---,1)7; 0, = (0,0,---,0)7.
—_— —

¢ ¢
e 0,,,: ap X ¢ matrix with zero entries.



[i,j] :={¢,i+1,---,j}, where i, j are integers and

1<7.

e A matrix L € M,,«, is called a logical matrix if the
columns of L are of the form 6%,. Denote by L,,xn
the set of m x n logical matrices. If L € £, «,, by
definition it can be expressed as L = [§1, §i2, .- - | §ir].
It is briefly denoted as L = 6,,[i1, 2, , 4]

e Span{A;,---,As}: The subspace spanned by
{Col(A;) |i=1,---,s}.

e U @ V4: orthogonal sum of two vector spaces, i.e.,

ulov,VueU velV.

The semi-tensor product (STP) of matrices is a general-
ization of conventional matrix product, which is defined
as follows [4]:

Definition 2 Let M € My,un, N € Mpy,, and t =
lem{n, p} be the least common multiple of n and p. The
STP of M and N is defined as

Mx N = (A/I ® It/n)(N ®It/p) € Mmt/nxqt/pv (3)
where ® s the Kronecker product.

The STP keeps all the properties of the conventional ma-
trix product. Hence we can omit the symbol x mostly.
This method has been widely used to study the logi-
cal dynamic systems [5,8,12,13,15,20], and game theory
[6,9], etc. Next we give some properties of STP used in
this paper.

Proposition 3 Let X € R" be a column and M be a ma-
triz. Then X x M = (I, @ M) X.

Proposition 4 Let X € A, and define a power reduc-
ing matriz Off := 6,2[1,p+2,2p+3,- -+ ,p?] € L2y, Then
X% = OFX.

To use matrix expression for finite games, we identify
each strategy j € Dy, by 0y, that is, j ~ &7, j =
1,--+ ki then S; ~ Ag,, i = 1,--- ,n. It follows that
the payoff functions can be expressed as

ci(x1,~-~,a?n):Vf K?:lxja i:17"'7n7 (4)
where V¢ € R¥ (k =[], k;) is a row vector, called the
structure vector of ¢;. Define the structure vector of a
given game G as

Vo = [VE, Vs, -+, V& € R, (5)

It is clear that G has a natural vector space structure
as G ~ R™. For a given game G € G, its structure
vector Vi completely determines G. So the vector space
structure is very natural and reasonable.

The rest of this paper is organized as follows: In Section
2 we give an algebraic verified method for coset weighted
potential games. The results are used to verify the two-
player Boolean game. Moreover, we present some impor-
tant properties of coset weighted potential games. Sec-
tion 3 derive a new orthogonal decomposition of finite
games based on coset-depending weights. The geomet-
ric and algebraic expressions of all the subspaces are ob-
tained by providing their bases. Based on these bases,
some numerical formulas are provided for calculating all
the decomposed components. Section 4 is a conclusion.

2 Algebraic Verification of coset weighted po-
tential games

2.1 Coset weighted potential equation

We define coset weighted potential games as follows.

Definition 5 A finite game G = (N, S,C) is called a
coset weighted potential game, if there exists a function
P : S — R, called the coset weighted potential function,
and a set of weights w;(s—;) depending on s_;, such that
foranyx,y € S;, andanys_; € S_;,1 € N,

ci(zys—;) — iy, s—i) = wi(s—;) (P(x,s—;) — P(y,s—;)) -

(6)

Obviously, (6) is equivalent to that there exists a func-
tion d;, which is independent of = € S;, such that for
any ¢ € S; and any s_; € S_,,

wi(s,i)P(x, S,Z‘) = di(sz) (7)

ci(w,s-i) —
Using (4), we express (7) in its vector form as

Ve WPy @y = Vi )i VI Gy ap = Vi wi g, (8)
where Ve, VP e R*, and V» € RE/% vd e Rk are the
row vectors. Now verifying whether G is coset weighted
potential is equivalent to checking whether the solution
of (8) for unknown vectors V¥ and V, exists. Define a
matrix operator as

E; = Iini-n ® 1y, @ Ipiivan) € Mpspp,, 1= 1,---,n, (9)



where

a .
plpal .— j=p ki, q=>p,
1, g<p,

then (8) becomes

Ve g g = VBT Wiy ay VP iy = VBT )3 a;.
Using Proposition 3 and 4, we have

Ve iy xj = VBN (I @ VPO wi_y a = VAET wj_; a;.
It follows that

Ve=VPENL, @ VE)OR = VAET, i=1,--- ,n.  (10)
Next we give a simple lemma.
Lemma 6 Let X, Y € R™ be two rows, then
X(I,2Y)=Y(X®I,).

Proof. Set X =[xy, --,z,] and Y =y, -
straight forward calculation shows that

Ynls &

X(In ®Y) = [-T17~T27' T 7-7:71](]11 (24 [y17y27' o 7yn})

= [T1Y1, T1Y2, S T1Yns  TnYL, s T,
and
Y(X®1n) = [y, 92, s ynl([21, T2, -+ 20] @ 1)
= [T1y1, T1Y2, T Yns > TaYls 0 TnYnl-
Hence, X(I, ®Y) =Y (X ® I,). O

Using Lemma 6, (10) becomes
VP(WVPET @ I)OF = Ve~ VAET, i=1,--- ,n.  (11)

Since Vi € R?* | then V;*ET € Rk, Denote V;*E] =

[w},w?, .- wF], according to Definition 2, we have

(V¥ET @ I,)OE = VY ET x OF = diag(w}, w?, - - ,wh).

2

Denote A; = V¥ET x OF,i=1,2,--- ,n. Obviously, the
diagonal matrix A; is reversible. Solving V¥ from the
first equation of (11) yields

VP= (Ve = VEET) (VBT x Of)~! = (Ve = VIET )AL

Plugging it into the rest equations of (11) yields
(Ve = VEET)AT'A = VE—VAET i=2,- |n.
It follows that
(Ve = VEEDATY = (Ve = VAEDATY, i=2, n.
Taking transpose, we have
ATHVE)T = Ev(VDT] = AT (VAT = BV
It can be rewritten as

AT B (VT ATTE (VT = ATHVO)T = AT (V)T

Since A; are all diagonal matrices, they are mutually
commutative. For the above equation, we first left mul-
tiply both sides by A1 and A;, we have

—NE (VYT + M E(VHT = A (V)T — Mi(Ve)T,

(12)
1=2,---,m.
Define £ := (Vid)T eRF/Fi j=1,... n,and
béﬂ = Al(‘/ic)T - Al(‘/lc)T € Rk7 1= 27 N
(12) can be expressed as a linear system:

W, = b, (13)
where ¥ = [fiuagéu, ’g;t)]T’ by = [ g)a L};Ua amev
and

—AsE1 A E> 0 0

—A3Eq 0 A1 E3 - 0
U, = .

“ALEr 0 0 - AE,

Eq.(13) is called the coset weighted potential equation
and ¥, is called the coset weighted potential matrix.
Then we have the following result.

Theorem 7 A finite normal game G € G is a coset
weighted potential game with a set of coset-depending
weights w;(s—;) > 0, if and only if Eq.(13) has solutions.
Moreover, the coset weighted potential is

VP = (Ve - VIET)AT. (14)

Remark 8 In [2], the potential matriz U depends on n
and k; = |S;|, while b depends on the payoffs, so only the
payoffs determines whether a game is an exact potential



game. However, the matriz U, in (18) not only depends
onn and k; = |S;|, but coset-depending weights w;(s—;),
while b* depends on the payoffs and w;(s—;), then if G is
not an exact potential game, choosing its coset-depending
weights can make it a coset weighted potential game.

2.2 Two-player Boolean game

As a simple application, we consider a game of two play-
ers with two strategies for each player, which is called a
two-player Boolean game [23]. Denote Gpa.5 9] as the set
of two-player Boolean games.

Example 9 Consider a two-player Boolean game G €
G2;2,2)- Its payoffs can be expressed in Table 1. Using

Table 1
Payoffs of a two-player Boolean game
P\ P, 1 2

1 (a, €) | (b, f)
2 (¢, 9) | (d, h)

the potential equation in [19], it is easy to verify that
G is a weighted potential game when its payoffs satisfy
(a—b—c+d)(e—f—g+h)>0, otherwise it is not. If
yes, its weights satisfy

wi  a—b—c+d

wy e—f—g+h
Particularly, G becomes an exact potential game when
a—b—c+d=e—f—g+h. Considera=—1,b=2,
c=0,d=3,e=3, f=3,9=05, h=4. it follows that
(a—b—c+d) =0, (e—f—g—+h) # 0. Obviously, itisnota
weighted potential game. However, we can choose suitable
coset-depending weights w;(s—;) for player i, i = 1,2,
which makes G a coset weighted potential game.

Assume V¥ = [ay, Bi], i, B > 0, 1 = 1,2, then we have
Al = VYILUE? X Ollj = diag(a17617a1761)7
Ay = V3*ET x OF = diag(as, az, B2, B2).
According to (13), we obtain that

—az 0 a1 O 3aq+a2
0 —as B1 0 gi“ _ 361 —2a2
—B2 0 0 ai g;“ - ba .

0 —B2 0 B 481—3B2

Choose avy = 1, 1 = 2, ag = 3, B2 = 2, the above
equation has solutions and one of solutions can be solved

out as
& = (V)" = [-25,-1]".

Using (14), the coset weighted potential is calculated as
VP = (Ve - VEEDATT = [1.5, 1.5, 2.5, 2].

Hence, by choosing coset-depending weights w;(s_;), the
two-player Boolean game G becomes a coset weighted po-
tential game.

From Example 9, it is shown that the coset weighted
potential games is more general than the weighted po-
tential games. Moreover, using (13), the coset weighted
potential equation can be expressed as

—az 0 a1 O aje—aga
0 —azpB1 0 wl | Bif—azb

[,82 22 e [4] = [aﬁg_ﬁjc] . (15)
0 —B2 0 B 2 B1h—pB2d

Since rank(¥,,) = rank(¥,, b"), by the straightforward
computation, we have the following result.

Proposition 10 A two-player Boolean game G €
Gl2;2,2), with coset-depending weightsw;(s_;) = [ov, Bi] X j£i
zj, a3, B; > 0,1 = 1,2, is a coset weighted potential
game, if and only if Eq. (15) has solutions, that is, the
payoffs and coset-depending weights satisfy

ale—a)+Sle—f+g0b—d)+ g9 =0
Moreover, assume [A, B,C, D|T is a particular solution
of (15), the coset weighted potential function can be ob-
tained as

_yP
Play, - yan) = V5 Gy 25 + co,

j Ve € R, (16)

where

VP = ([a,b,c,d] — [A, B, A, B]) A;*

a—A b—B c¢c—A d-—B
a; B 7 a1 7 By

2.8 Properties of coset weighted potential games

For an exact potential game G, it was proved in [16]
that the potential function P is unique up to a constant
number. That is, if P; and P, are two potential functions,
then Py — P, = ¢p € R. A coset weighted potential game
has the same property, which is described as follows.



Proposition 11 Consider a coset weighted potential
game G. Let Py and Py are two coset weighted potential
functions for G, then there exists a constant ¢ such that
for everys € S,

Pi(s) — Pa(s) =ceR. (17)

Proof. From (6) and (7), if P; and P are two potential
functions for a coset weighted potential game G, then
we have

ci(s) —wi(s—i) Pi(s) = di(s5-4),
ci(8) — wi(s—i) Pa(s) = di(s-4),
Set ¢ = Py(s) — P(s), then

o= di(s—i) — di(s—;)

di(s—;), di(s—;) and w;(s_;) are all independent of z €
Si, so cis independent of x € S;. But player ¢ is arbitrary,
hence, ¢ is a constant. O

According to Definition 5, for a fixed coset-depending
weights w; (s_;), it is easy to see that, in a coset weighted
potential game, any strategy profile s € S maximizing
the potential function P is a pure strategy equilibrium.
Hence, we have the following property.

Proposition 12 Consider a coset weighted potential
game G with fized coset-depending weights w;(s_;) > 0.
The game G possesses at least one pure Nash equilibrium.

Because of the existence of pure Nash equilibrium,
there are many learning algorithms which lead a coset
weighted potential game to a pure Nash equilibrium.
For instance, it is easily proved that the Myopic Best
Response Adjustment [21], Fictitious Play [17], etc,
will all guarantee the convergence of a coset weighted
potential game to one of pure Nash equilibria.

3 Decomposition of finite games with coset-
depending weights

In this section, we respectively discuss the geometric and
algebraic expressions of all the subspaces in (2) by pro-
viding their bases. Based on these bases, (2) is proved to
be hold and some formulas are provided for calculating
all the decomposed components.

3.1 Subspace of coset weighted potential games G5*

According to Theorem 7, we can derive that G € G
is a coset weighted potential game with a set of coset-
depending weights w;(s_;), if and only if

b* € Span(¥,,). (18)

Observing that in (18) we have freedom to choose arbi-
trarily V%, then (18) can be rewritten as

)T
Ay (V3)T=Az (V)T
. € Span(E¢,),

A (V)T =An (V)T

where E¢, = [Ik . } . It is equivalent to

w

I, 0 -« 0 T
—As Ay - 0 (T

. € Span(E¢,).
A O Ay (V)T

It follows that V&' € Span(EZ,)), where

riI, 0 - 07!
P 7/\2 A1 - 0
Pow =1 . . - Few
LA, 0 - Ay
roI 0 0 - 0
AsATY —AT'A2E; By - O
LARATY =AT'AREL 0 - By,

Ay O 0 - 0
Ao —AsEr A1Es - 0
A —AnEr 0 - ALE,

where D, = diag(A7", A7Y, -+ ATY). Assume V¥ = lkT,/ki
for any ¢, then the coset weighted potential games be-
come the (exact) potential games. Similar to the argu-
ments in [2] and [19], we construct EX, from EL, via
deleting the last column of Ay E,,, then Ef;(j has full col-
umn rank. Hence, we have the following result.

Theorem 13 The subspace of coset weighted potential
games is

g3 = Span(E(,), (19)

which has Col(EEY) as its basis.



Remark 14 The equation (6) provides the algebraic
condition for the payoff functions to satisfy, so (6) is
called the algebraic expression of coset weighted potential
games. Moreover, (19) is called the geometric expression
of coset weighted potential games, because it gives the
basis of the corresponding subspace.

3.2 Subspace of coset weighted pure potential games

’Pcw
Define
A ME; 0 o 0
. As 0 AEy 0
Bew: =1 + . . . | (20)
Ap 0 0 - AE,

Compared (20) and EL,

cw?

we can verify that

Gev = Span(EE,) = Span(EﬁU).

The subspace of non-strategic games [3] is defined as
N := Span(BY), where

E10 - 0
BN:[E ] (21)

Similar to the argument in [3], we define

A= M B EY

P Ag—%AgEgEg
B, = ) € Mgk (22)

An—ﬁAnEnEI

According to (21) and (22), it is easy to verify that
G¢v = Span {B%,,BN}. Moreover, we can verify that
(BQ)TBN = 0. Hence, we have an orthogonal decom-
position as G& = Span { BL, } & N. Obviously, the coset

cw

weighted pure potential subspace can be expressed as

Pev .= Span {BL,} . (23)

cw

Since dim(P*) =k — 1, and B
argument in [3], we can delete any one column of B

P 1, = 0,, similar to the

cw
P
cw?

say, the last column, and denote the remaining matrix
by B, then we have

cw

P := Span { B} = Span {Bgf})} , (24)
where Col(BL) is a basis of P,

cw

According to (22), we have the following result.

Theorem 15 Consider G € G. The following three
statements are equivalent.

(1) G is a coset weighted pure potential game.

(2) there exists a function P : S — R and a set of coset-
depending weights w;(s—;) > 0, such that for any
S_; € S—i;

ci(s) = wi(s i) P(s) — wi(s-3) Y e, Plx,5-3). (25)
(3) there ezists a function P : S — R and a set of coset-

depending weights w;(s—;) > 0, such that for any
s_; €8 ;,andx, yE€S;,

Zzesi ci(z,5-;) =0, Vs_; €85_; (26)
ci(@,s-4) — ci(y, s—i) = wi(s-i) (P, 5-:) — P(y,5-4)) -
(27)

Proof. 1 = 2 : According to (23), if G is a coset
weighted pure potential game, there exists a column
v € R¥, such that VI = BE 4. Set X = X!_12j, define
P(s) =~" w7 x; =" X , then we have

ci(s) = Vewjy oy =" (A — g MEEDX

=" (V"Ef @ ) OF X — AT (VB ® I,)OFE;ET X
=VEl (It @4")OfX — 2V B (I, @ /") O E.Ef X
— V2ETXATX — LV2ETE,ETXyTEET X

w VBT K2

= w;(s—;)P(s) — @i X 1, XP_ 0 @

i—1 . n .
v K1 T X Ly X T

2 = 3 : Plunging (25) into the left hand sides of (26) and
(27) respectively, it is easy to verify these two equations.

3 = 1: According to Definition 5, (27) shows that G is
a coset weighted potential game, then we only need to
verify its orthogonality to A/ by using (26).

) ) — c il . n )
EZES{ ci(z,s-i) = Z(EESi VEXG @) X T KT @,
_ c =1, n .
=V Zzesi Xj=1%5 X T X5y Tj
__Y/c t—1 . n .
= Vi @y ) L X 2

7 1=

= V;CElElT K?:l T; = 0.



Then we have VSE;EF =0, which is equivalent to

VEE; =0, it follows that [V, Vg, -, VBN = VgBYN = 0.
Hence G is is a coset weighted pure potential game,
which is orthogonal to N. O

Remark 16 We call (24) the geometric expression of
coset weighted pure potential games, and (25)-(27) are
its algebraic expressions.

3.3 Subspace of coset weighted pure harmonic games
HCU}

From the construction of EF’, we have the di-

cw ?
mension of coset weighted potential subspace as

dim (G¢*) =k+ > & — 1. Then the dimension of sub-
j=1"’

space H is calculated as

dim (H) = (n — 1)k — ; kot (28)

Set ypev = <EP ) obviously, we have

cw

Hew = (Eg)L = ker(y<®). (29)

Similar to the arguments in [19], we can construct

A1 A2
P = [ElTAl 0 ]
0 ETA

Set
T i A;1(5i175i11)(5’1276222)
T (o) (o, e |

i1:2737"' 7k1; i2:2737"' 7k2'

It is easy to see that

Liy,ig Eker( gu})y 7:1:2,3,~",k1; ’L'2:2,3,'-',k72,
and {milaiQ | il = 2737"'7k1; 7:2 = 2,3,~-,k2} are
linearly independent. From (28), we calculate that
dim(?—lcw) = (k1 — 1)(k2 — 1), Hence, {z4,4, | 91 =
2,3,-++ ,k1; i = 2,3, , ko} form a basis of H5".

Next, we give an inductive method to construct 5".

Lemma 17 The matriz 5, 2 < s < n, can be recur-
sively constructed by

cw Bcw

p—1
Okix(p—l)k (Iki®1kp)A1 ) (30)
P P

Yo =

wh@’f’e B;w = [Apaokxﬁ7 : ’ka%] k - =1 k

According to Lemma 17, it is easy to verify the following
result by straightforward computations.

Lemma 18 If x € ker(¢;?,), then

|:a:61kl;):| S ker(’lﬁ;w), ip = 15 e 7k’17; (31)

O

AT (8, ~011 )81, L, 3k
—1i 1 i 1 1
AF 6L (5, =82 )0, -0k

-1

—1

(6h —6¢)

»
AL ST 612 610 (5; 1—6’; b (32)
—A! (5}915}92-“5;17_ —5,L 5,2 - 51; 11)
€ ker(vg®), iy =1, kj; j=1,2,--- ,p.
Define an index set as I = {(i1,--- ,in) | ip € [1, kp)}, p =

1,--- ,n. Using Lemma 18, we construct a set of vectors
as follows, which are in ker(¢,,).

AT (SR, 7511)(51 7512)5 By
Jp = —A; (8, —5”)(%—512)5 &
O(n_2)k

Z.Elail #1712#1}7

AT (5,11—5’1)51 e —573)5k i

4 kn
Jy = Ay 1511 (Sh, —512)(5 ;33)% 5’~n
—As (G 1% ;;15;;2)(5 5121018 31
O(n—3)k
i €1, (i, ig) # 13 is # 1}
ATH(OE, —8, LYok 5;3-~51 L0k =
15” (Sk, —5’2)5 (5kn—5kn
Jno1 = :
Anlla;ll(s;za}% Ok, —5" 1)(5;@”—522,)
—AL(8h, 0 kn,l—5k1~~6kj_11)(6kn —5m)

iel, (i, -

i) # 1Ly i, # 1}
Define a matrix as
Bgﬂ = [J17J27'“ ,Jnfl]. (33)

Similar to the arguments in [3,19], we have the following
result.



Theorem 19 B has full column rank and the subspace
of coset weighted pure harmonic games is

He" = Span (Bf)), (34)
where Col(BH)) is a basis of H.

Next, we provide the algebraic expression of coset
weighted pure harmonic games.

Theorem 20 Consider G € G. G is a coset weighted
pure harmonic game, if and only if, there exists a set of
coset-depending weights w;(s—;) > 0, such that for any
s, €S, andanys_; € S_; = [lq#j Sqs

q#1

2img wils—i)ei(s) = 0; (35)
=0.

sz‘ifj wi(z,5-5) Y pes, il 5-4) (36)
J

Proof. (Necessary) Assume the structure vector of G is

Vo = [V VE, -+, V€. According to the orthogonality of
L NT

(29), we have VZ € ker (Egv) . It follows that

VaEL =[S0, VEN, VEA By VEN By, - - VEA E,] = 0.
(37)

Using Lemma 6, Proposition 3 and 4, we have

S VN )y xy = 3L VE(VVED © L) O )7y
=Y VPET (I @ VE) )j_y aj Xy x;

_ n wpT n 1€ T .
=i VVE; Xioq 2 VE KT @

[

=Y wi(s—i)ci(s) = 0.

And we have

c T 1 _ Y/c i—1 . n .
‘/1', AlEiEL [><j:1 x5 = V; Al [Xj:l X X lkl D<j:’i,+1 Z;

__ /¢ w T R i—1 ... n .
=VA(WWE] ® Ii)O;, Xily @i X Ly, XY @y
X x. Ve [><i71

j=i+1 TiVi Xji=1

_ ywpT i—1 .. . n .
=W"Ey x5 X 1y, T X L, KT @,

= ases; wi1(T5,8-5) X pes, Ci(®,5-4) = 0.
A1
(39)

(Sufficiency) It is clear that (38) and (39) can be deduced
by (35) and (36) respectively. Because VA E;EF =0 is
equivalent to VA1 E; = 0, hence, (38) and (39) can assure
(37), which leads to the conclusion. O

Remark 21 Theorem 19 gives the geometric expression
of coset weighted pure harmonic games by providing BX .
(85) and (36) are its corresponding algebraic expressions.

3.4 Numerical formulas of decomposed subspaces

From the above arguments, the new orthogonal de-
composition (2) is established for every fixed coset-
depending weight w;(s—;), 4 = 1,--- ,n. Then construct
a basis matrix as Be, := [BE, BN BH]. Set dy =k — 1,

cw

dy =Y k/kj, and ds = (n — 1)k — 3 k/k; + 1. Construct
=1 j=1

a set of coefficients as X& = [XF, XV, XH1T where
XP e Rh XN ¢ R% and X € R%. Assume the struc-
ture vector of G is Vi, then we have

(Vg)T = B.wX% = BE'XP @ BNXN ¢ BH XH  (40)

Using (40), we can calculate all the decomposed compo-
nents of a given game G with fixed coset weights.

Proposition 22 Consider G € G. Let

[,

cw?

XN, xB)" = (Bo) ' (Ve)T,  (41)
then
(1) its coset weighted pure potential projection is:

00" ()

(V&) = Bew [XE,
(2) its coset weighted pure harmonic projection is:

(V&) = Bay [0 0 XH]"; (43)
(3) its non-strategic projection is:

(V&) = Bew [0 XV 0] (44)

(4) its coset weighted potential projection is:

(Ve = (V& )T+ (Vah™s (45)
(5) its coset weighted harmonic projection is:

(Vgu)T = (V)T + (VAT (46)

Example 23 Recall Example 9, we can calculate all the
decomposed components of G with respect to V¥ =[1,2]
and V3* = [4,2]. According to (5), we have the structure



vector of G as Vg = [-1,2,0,3,3,3,5,4]. Using (22), it is
easy to calculate that

05 0 —05 0

0 1 0 -1

. r 050 05 0

gP — [MTERMEEL L 0t o1 0 1
0 0 1 -1

0 0 -1 1

Construct ng by deleting the last column of BL, . Ac-
cording to (21) and (33), we have

N_|E 0
B _[OIEJ’

and

B =

cw

[1,-0.5,—1,0.5,—-0.25,0.25,0.5, —0.5] .
Construct B, := B BN, BH . According to Propo-
sition 22, the coefficients can be calculated by (41) as
XP =[-05, —0.5, 0.5]7, XN =[-0.5, 2.5, 3, 4.5]7, and
X2 =0. Using formulas (42)-(46), we have

VI =[-05, — 05, 0.5, 05,0, 0, 0.5, — 0.5];
VA =of;

VA =[-05, 2.5, —0.5, 2.5, 3, 3, 4.5, 4.5;
V§Y =1[-1,20,3, 3,3, 5, 4];

VEw =[=0.5, 2.5, —0.5, 2.5, 3, 3, 4.5, 4.5] = V4.

Hence, this game is a coset weighted potential game.

4 Conclusion

This paper investigates a more general potential game,
called a coset weighted potential game. Using the STP
method, a coset weighted potential equation is presented
to verify the coset weighted potential game, a corre-
sponding formula is obtained to calculate the potential
function. Some useful properties are explored. Finally,
a new orthogonal decomposition of G with respect to
fixed coset weights is obtained. The geometric and al-
gebraic expressions of all the subspaces are provided re-
spectively, and some formulas are given to calculate all
the decomposed components.
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