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Quantum dynamical decoupling by shaking the close environment
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Quantum dynamical decoupling is a procedure to cancel the effective coupling between two sys-
tems by applying sequences of fast actuations, under which the coupling Hamiltonian averages out
to leading order(s). One of its prominent uses is to drive a target system in such a way as to decouple
it from a less protected one. The present manuscript investigates the dual strategy: acting on a
noisy “environment” subsystem such as to decouple it from a target system. The potential advan-
tages are that actions on the environment commute with system operations, and that imprecisions
in the decoupling actuation are harmless to the target. We consider two versions of environment-
side decoupling: adding an imprecise Hamiltonian drive which stirs the environment components;
and, increasing the decoherence rates on the environment. The latter can be viewed as driving the
environment with pure noise and our conclusions establish how, maybe counterintuitively, isolating
the environment from noise sources as much as possible is often not the best option. We explicitly
analyze the induced decoherence on the target system and establish how it is influenced by the
parameters in both cases. The analysis combines Lindbladian derivation, adiabatic elimination, and

Floquet modeling in a way that may be of independent interest.

I. INTRODUCTION

Several experimental realizations for quantum hard-
ware encounter the situation where a target system is di-
rectly coupled to a finite-dimensional “environment” sys-
tem whose decoherence is identified as the main source
of induced decoherence on the target. One example of
such environment systems are so-called TLS (two-level
system) defects in the oxide layer of superconducting
Josephson junctions, which decohere typically through
phonon channels and are a main mechanism inducing
decoherence of superconducting qudits [T9] 23]. Another
such identified environment would be spurious box modes
that show some residual coupling to the target modes in
microwave resonators. Similar spurious degrees of free-
dom are likely present in atomic systems.

The idea of Quantum Dynamical Decoupling (QDD,
see [26] and a large set of follow-up work) is to reduce
the effective coupling between two quantum systems by
using tailored control actions at a faster timescale than
the Hamiltonian coupling. Starting from this idea, the
present paper proposes to reduce induced decoherence on
the target system by applying actions, in a very broad
sense, on the environment side. The potential advantages
are that those actions need not be particularly precise,
and that they commute with any system operations one
may want to do. In fact, we compute how even adding as
noisy dynamics as decoherence channels on the environ-
ment, can decrease the induced dissipation on the target
system.

Environment-actuated decoupling also opens the door
to refined contributions on analyzing the decoherence in-
duced on the target system. The timescale separation
between the effective inter-system coupling and all the
dominant dynamics acting on the environment, allows

for treating the induced decoherence experienced by the
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target in a perturbative manner, through the method
of adiabatic elimination[2]. This mathematical approach
remains fully compatible with control actions applied to
the environment over all ranges of magnitudes. More so,
since the goal is to reduce the effective coupling between
the target system and the environment, the validity of the
adiabatic elimination approach actually increases. Using
an extension of the adiabatic elimination formalism (see
app. , plus Floquet-Markov-type [15] adjustment of
the environment decoherence channels themselves when
accounting for ultra-strong driving (see Appendix ,
we calculate the induced decoherence rate on the tar-
get when applying coherent drives or further decoherence
channels on the environment, paving the way for an op-
timization of the setting.

No control actions whatsoever can hope to decouple
from purely Markovian decoherence; or more concretely,
in mathematical terms: adding Hamiltonian actions on
a system does not enable to reduce the effect of a purely
Lindbladian dissipation channel on the same system.
Therefore, QDD has been considered to cancel spurious
effects in two cases. In the first proposal [26], the goal is
directly formulated as reducing the coupling to a spuri-
ous finite-dimensional “environment” system. The target
and spurious environment are both modeled as Hamilto-
nian systems. Control sequences are designed to make
the effective Hamiltonian coupling vanish up to a certain
order, the successive orders typically being given by a
Magnus expansion [3] 20] or an equivalent Hamiltonian
averaging technique [8]. As a result of the QDD controls,
the state of the target system undergoes a fast trajec-
tory and its quantum information is preserved in a so-
called toggling frame which must be safely followed. In
a second type of approach, it is acknowledged that Lind-
bladian dissipation models are in fact often an approxi-
mation, stemming from a direct interaction with a large
bath. Identifying the environment with this large bath in
a Hamiltonian model and introducing the QDD drives be-
fore making the typical Lindblad approximations (Born-



Markov, secular approximations), one obtains that de-
coupling actions are able to counter low-frequency noise,
thus effectively modifying and reducing the Lindbladian
decoherence channels on target when QDD controls act
faster than the cut-off frequency of the noise-spectrum
of the bath [9, 1], 24]. The decoherence model in the
present work is somehow intermediate to these two view-
points, as it considers a target system coupled to a small
effective environment, which itself undergoes Lindbladian
decoherence. The small environment thus captures mem-
ory effects in the decoherence of the target, as motivated
by physically relevant examples like those mentioned in
the first paragraph.

More precisely, we analyze the reduction of induced
dissipation with two approaches, taking a TLS as the
simplest prototypical environment subsystem.

In section [[TI} we consider the environment subject to
periodic drives. While acting on the environment comes
with the security of not deteriorating the target state
directly in the case of control imprecision, we also can-
not expect to control an environment system in a well-
calibrated manner. Neither can we expect to have ac-
curate knowledge of the bare environment Hamiltonian.
Using a simple model for both these uncertainties, we
show that for the case of a TLS environment, using suf-
ficient time-scale separation in the applied drive enables
efficient QDD despite control imprecisions. As a trade-
off for requesting a strong time-scale separation, we con-
sider a very simple control signal, consisting of only one
harmonic tone. The analysis is performed with a general-
ization of adiabatic elimination adapted to periodically-
driven systems, inspired by the basic Floquet property,
and which we believe to be novel. This analysis method
also differs from the more standard QDD analysis based
on Magnus expansion in a purely Hamiltonian setting.
We obtain an explicit Lindblad model for the leading-
order induced decoherence on the target. The procedure,
explained in Appendix would allow in principle to
obtain further perturbative corrections in powers of the
coupling strength.

In section [[V] we consider the limit of extremely dis-
organized QDD actions, by adding decoherence channels
instead of Hamiltonians to the environment subsystem.
Indeed, increasing the decoherence strength on the en-
vironment also decreases its effective coupling with the
target system, and the scaling for induced dissipation
on the target often turns out to be favorable at higher
environment decoherence. Using second-order adiabatic
elimination formulas, we analyze the resulting behavior
in detail, providing some general results and character-
izing the optimal choice for typical settings with a TLS
environment.

II. MODEL DESCRIPTION

As a main setting throughout this work, we consider
a general target system T undergoing Hamiltonian dy-
namics, and whose main source of decoherence is an un-

desired Hamiltonian interaction with an environment E
which itself undergoes fast, Lindbladian decoherence. In
a rotating frame around the bare frequencies of both T
and E, the general evolution is described by:

Lp=—ilHr + Hg + Hrp, p)+ > _ D, (p) . (1)
k

Here we have introduced the general Lindbladian dissi-
pator

1
Dx(p) = XpX't - 3 (XTXp+ pXTX).

The Lj represent various decoherence channels of E, at
respective rates k. The Hamiltonians Hr, Hg and Hrg
respectively act on T, on E, and couple T with E. The
objective is to protect quantum information stored in
the target system T. Standard QDD works by apply-
ing well-designed sequences of control Hamiltonians Hrp.
The present paper rather assumes Hr = 0 and analyzes
how one can decrease the induced decoherence on T, by
acting on the environment through Hg on the one hand,
or through addition or modification of the k; on the other
hand.

A prototypical example for E is a set of two-level-
systems (TLS’s), like defects in the oxide layer of super-
conducting Josephson junctions [19]23]. At the dominat-
ing order, we can consider the contribution to the overall
induced decoherence of each such TLS individually [I3].
In a rotating frame of both the target system and TLS,
we consider a general stationary coupling

Hrg=9T: ®o, +Ty®@oy, + T, ®0,) . (2)

Here, g is a small coupling rate with the dimension of a
frequency (units where i = 1), T, T,, and T, are arbi-
trary Hermitian operators acting on the target system,
and 0,0y, 0, are the Pauli operators on the TLS.

The TLS’s themselves are thus assumed poorly pro-
tected and quickly dissipate according to a Lindbladian
model, as described in . When adding coherent drives
in Section [[II} we typically assume the dominating dissi-
pation channels:

Liye{o_, o4}, (3)

corresponding to loss and excitation in the o,-basis of E.
When adding/tuning dissipation channels in section
the environment side is treated purely on the basis of a
given set of dissipation operators Ly whose rates kj may
be adjustable in some range.

In this way we mainly consider the Lindbladian dissi-
pation operators Ly as fixed, independently of the mech-
anisms added to reduce the coupling between T and E.
Since our goal towards QDD is to drive strongly, we also
compute corrections to the dissipation on E for the case
where ultra-strong driving has an effect on the dissipa-
tion model itself. For this, in Section [ITC2} we rederive
a modified Lindbladian starting from a model where E
interacts with a large bath.



In the remainder of this work, we compute and analyze
the decoherence that this setting induces on the target
system T.

III. COHERENT DECOUPLING WITH DRIVES

In this section, we pursue the strategy of applying co-
herent QDD controls Hg to a TLS-type and decohering
environment, in order to decouple it from a general tar-
get system. The section is organized as follows. We start
in Section [[ITA] by recalling the concept of QDD more
explicitly, including previous work concerning continu-
ous bounded-strength decoupling drives in particular, ap-
plied through Hr. Next, we translate the application of
QDD drives to the environment side Hg. In section [[ITB]
we propose a continuous QDD control signal accounting
for inevitable control imprecision when acting on the en-
vironment. In section[[ITC] we then calculate an explicit
Lindbladian model for the decoherence induced on the
target when applying the QDD controls. This involves an
extension of the adiabatic elimination approach to time-
periodic couplings which we summarize in Appendix
We analyze the obtained expressions, highlighting the ef-
ficiency of applying environment-side QDD drives. For
further consistency, in section [ITC 2] we re-discuss the
dissipation channels on the environment when the QDD
drives Hg become significant compared to bare system
frequencies.

A. QDD and related work

Established QDD approaches consist in applying con-
trol pulses to the target system T that send its state
quickly wandering around its Hilbert space. The explicit
objective is that the average effect over one wandering
cycle of all relevant coupling operators goes to zero. The
simplest example is the case of a target qubit T with only
one coupling term involving o,. In this case, one can pe-
riodically apply m-pulses around the o,-axis of T, such
that it effectively accumulates phase around o, half of
the time each, thus canceling the coupling effect on av-
erage if there is no other motion in the meantime. The
shorter the period between subsequent pulses, the better
T is being decoupled from E. This is the well-known spin
echo sequence [I7]. The generalization of this idea to
general systems with arbitrary stationary couplings was
introduced in [26], and versions replacing the instanta-
neous pulses with bounded drives in group-based decou-
pling schemes were established in [6], 18], 25] 27].

For the case of a target qubit T, a different type of
bounded-drive QDD scheme has been devised, using the
combination of a static field and a simple monochromatic
drive [5l @, 10]. Explicitly, their control Hamiltonian to
decouple a single qubit takes the form

w

Hr(t) = So. + %(cos(wt)ax +sin(wt)oy).  (4)

Under this drive, the qubit state is made to rotate around
the o,-axis in a frame which itself rotates around the o -
axis at double the frequency. Indeed, Hr(¢) has been
designed to generate the unitary evolution

«

UT(t) _ e_i%UZte_iAL”wt

of the target qubit in absence of any further dynam-
ics. We can clearly see the composition of two rotations
around orthogonal axes in the Bloch sphere. The effec-
tiveness of this QDD scheme can be analyzed in a frame
that eliminates the QDD controls, called the toggling
frame. Indeed, it is easy to verify that the first-order
decoupling condition is satisfied [26], namely that any
coupling operator averages out to 0 under this unitary
evolution:

2w

d /w UL(t)ouUr(t) dt =0,
0

5 for a € {z,y,2}. (5)
When this first-order decoupling condition is satisfied,
the effect of any coupling between T and E can be made
arbitrarily small by ramping up w. This is proven by
identifying the average coupling as the first and leading
order of a Magnus expansion of the effective dynamics in
powers of £.

Such results are hence typically established by focus-
ing on the Hamiltonian part of the model, i.e. discarding
the Li in and showing that the effective coupling
between T and E is canceled up to some order(s). In
such setting, the QDD treats T and E in a symmetric
way, and one could in principle consider applying the
QDD drives to either system. The advantages of acting
on E rather than on T would be that (i) we minimize
the danger of perturbing quantum information with ac-
tuation imprecisions and (ii) we can keep applying QDD
drives irrespective of the system operations on T. Indeed,
standard QDD acting on T requires specific adaptations
when T is also subject to actions operating the quantum
information system, like logical gates [18]. On the down-
side, of course we can hope to act on E only if it is well
identified and of reasonably small dimension, like for in-
stance spurious TLS’s [19, 23]. In addition, the situation
is not as symmetric between T and E when one explicitly
introduces that E is a strongly decohering environment,
i.e. when introducing the Lj in . We therefore pro-
vide an analysis that explicitly considers the decoupling
Hamiltonian and the decoherence operators together.

In the remainder of this section we thus address three
main points in which the QDD methodology needs to be
extended, to show how it still works with environment-
side driving. Firstly, we need to include a significant
amount of control imprecision into the QDD drives, since
a TLS environment cannot be assumed as precisely ad-
dressable as the target system. Secondly, since the fastest
timescale is embodied on E, we propose an analysis of
the model including the decoherence channels Lyj.
With adiabatic elimination techniques we eliminate the
fast subsystem E and directly compute the induced de-



coherence on T', rather than going through the compu-
tation of effective couplings with Hamiltonian averaging
techniques like the Magnus expansion. Lastly, the model
with dissipation channels Lj acting on E has to be re-
discussed under ultra-strong QDD driving, as this model
ultimately stems from interaction of E with further exter-
nal degrees of freedom in a way that can also be affected
by the driving.

B. Double-timescale QDD proposal

The E subsystem, i.e. the spurious TLS, is not an accu-
rately addressable subsystem. First, we will not assume
to know the eigenfrequency Qg of E exactly. To account
for this, we split up Qg into its best-guess value Qg and
an uncertain constant deviation dQg:

Qp = QE +0QEk.

With this decomposition, the model is defined in a
rotating frame w.r.t. Qg, and Hg features a residual
unknown detuning:

HE(t) = (SQTEO'Z + Hc(t).

Here, H.(t) stands for the applied control Hamiltonian.

As a second point of control imperfection, we will not
assume that a calibration is carried out for the actual
amplitude reaching E upon applying a signal in the lab.
Hence for the definition of H., we introduce the same
decomposition for the control parameters into best-guess
quantities and unknown deviations thereof. We propose
to use a simple continuous signal similar to , meant to
cancel the general coupling :

Ho(t) = %az n %(cos(wlt)ax + sin(@1t)o,),
with
w1 = wl + 6w17 (6>
wo = Wy + dwa. (7)

Note that the drive frequency @w; is well-known, whereas
the amplitudes of the static field and of the o, ,-drive
are only roughly known, involving uncertainties dw; and
dws respectively. Defining

A = dw + 05,

the total Hamiltonian can be written as

7A+(I)1 w2

Hg(t) : 5 aer?(cos(wlt)oz + sin(@1t)oy). (8)

Although our actual analysis will consider the full
model with decoherence channels, we can already take
a look at the implications of such control in a purely
Hamiltonian setting.

4

e The evolution of E under Hg(t) alone can be under-
stood by first moving to a rotating frame w.r.t. <o,
yielding a remaining constant Hamiltonian %JZ + Z0s.

In this frame the state will rotate at a speed

A= /A2 + w2,

around the axis
Oz = cos(a)o, + sin(a)o,

where we have defined

sin(a) = %

Back in the original frame, the associated propagator
thus reads

cos(a) = %,

UE(t) — e—iwlazt/Qe—iAoamt/Q ] (9)

The E subsystem thus undergoes two composite rota-
tions around axes in the Bloch sphere which would be
orthogonal in absence of the detuning A. We see that
the presence of A prevents us from applying exact o, ro-
tations, as would be required in a continuous-time analog
of the spin echo strategy. As the angle is determined by
A/ws, we should favor a large value of wy. Considering
A of possibly the same order as wq, this would suggest
to take wy > w1 > g, where the latter is the strength of
the coupling Hamiltonian .

e Next, applying the propagator associated to Hg(t)
on the coupling Hamiltonian , it is easy to verify that
U}; (t)o4,4Ug(t) only involve terms oscillating at frequen-
cies @y and A + @, while

U};(t)az Ug(t) = sin(a)oq, —cos(a)(eMoyy +e Mo, ),

where 0,4 are lowering and raising operators with re-
spect to the eigenstates of o,,. Having A > @, > g, we
can perform a rotating-wave approximation (RWA) and
obtain the non-zero average coupling

A A3
gsin(a)oa, = gw—zoax + g@(ws) . (10)
2

Thus taking ws > A ~ @1 in this formula, and w; > g to
justify the RWA, indeed appears to reduce the effective
coupling between T and E.

C. Analysis of decoherence on target

In a rotating frame w.r.t. %UZ, and defining T4 =

T, £ 4Ty, the joint evolution of the target and TLS is
described by the master equation

&P =r-Dirgs_(p) + £+ Dirwo, (P) (11)
A
- Z5[1T ® 0az7p]
—1ig [Tz R0, + M @0, +e T, @0o_, p],



when assuming drive-independent decoherence channels
L € {o_,04} on E. In the present section, we ana-
lyze the induced decoherence on T, by obtaining explicit
formulas for its reduced dynamics thanks to adiabatic
elimination of the environment E. For this we rely on a
timescale separation as E dissipates with rates ki > ¢
dominating the coupling Hamiltonian. The work of [2]
explains how to obtain the reduced dynamics of T as a
power expansion in g/kj, considering a stationary cou-
pling Hamiltonian as a perturbation. In appendix[B2] we
have derived a general extension of this adiabatic elimi-
nation approach for the case where the coupling Hamil-
tonian is time-periodic. The related formulas could be
of independent interest to treat other cases where first
performing a lowest-order RWA, then adiabatically elim-
inating the fastly decohering degrees of freedom, does not
yield the correct leading-order induced dissipation.

Before moving to the QDD results, we start by summa-
rizing the time-periodic adiabatic elimination extension
in the context of our bipartite T-E system.

In the absence of any coupling (g = 0), features an
invariant subspace with zero dynamics, consisting of all
the states of the form pr®pg, for an arbitrary state pp of
the target system and where pg is the unique steady state
of the Lindbladian acting on E. The remaining degrees
of freedom in this subspace can thus be trivially identi-
fied with the state space of the target system. Moreover,
any state quickly relaxes towards this invariant subspace.
For a non-zero but weak constant coupling g, this in-
variant subspace is slightly perturbed [2]: there remains
an invariant subspace of the same dimension, in which
the dynamics is slow (perturbed eigenvalues of the su-
peroperator), and where the target subsystem is slightly
hybridized with E (perturbed eigenspaces of the super-
operator).

In Appendix we show how for a time-periodic
coupling of period ?77; like in , we can still identify
an invariant subspace — i.e. a subspace M such that
p(0) € M implies p(t) € M for all ¢ — but this subspace
moves periodically in time with period ?J—’r Moreover,
much like in the classical Floquet theorem for periodic
linear systems, the total dynamics on M can be decom-
posed into slow (i.e. order g), stationary Markovian dy-
namics on the one hand, and a fast periodic motion of
the invariant subspace as a whole on the other hand.
The periodic motion of the subspace can be described by
a global change of variables, completely agnostic of the
actual state or its dynamics. The slow Markovian dy-
namics can in turn be parametrized by a state p, living
in a space of the same dimension as T, and thus essen-
tially describes the effective decoherence of T.

This picture leads to the following Ansatz for the so-
lution of (and later (23)) within the invariant sub-
space:

p(t) = Kq(ps(t), 1), (12)
with

2ps(t) = Lo g(ps(t))- (13)

Here, p; is a state of the same dimension as T to represent
its slightly hybridized version; Ky (-, t) is a 2%-periodic su-
peroperator close to ps — ps®pg defining the embedding
of the invariant subspace in the total system space; and
Ls 4 is a stationary Lindbladian representing the slow
Markovian dynamics occurring within the invariant sub-
space. In order to identify L, and Ky, like in [2], we
write both as a power expansion. The small expansion
parameter is € = a% < 1, with @, the frequency of the

driving as in , and we write
Kg(-1t) = e*Ki(-,1), (14)

k=0
Log=) Loy (15)

k=1

Substituting this Ansatz into and identifying equal
powers of € then allows to solve for the unknowns Lj j
and K, order by order, as shown in Appendix[B2] In line
with standard adiabatic elimination, the convergence of
the series is ensured provided £ < 1, with  the typical
dissipation rate of E. The validity of the expansion thus
depends on the timescale separation w; > ¢g and k > g.
However, we do not have to assume either w; or k to be
larger than the other; in other words, we do not have
to perform standard adiabatic elimination with x before
averaging over w; or conversely.

Equation can rightfully be called a reduced model
for the induced decoherence on T, since we have elimi-
nated both the coupling to the TLS from the description,
as well as a fast periodic micromotion given by Kg4(-,1).
We observe (see appendix that the first-order slow
dynamics L, ; is purely Hamiltonian. Since Hamiltonian
contributions can by definition be calibrated and do not
represent the decoherence we want to study, we will not
discuss them here. The leading-order decoherence pro-
cess is of second order, represented by L; 5. The remain-
der of this section will thus focus on the effectiveness
of drives on E in reducing induced dissipation on T, by
examining the dependence of the decoherence operators
in L5 2 on the QDD parameters of our proposal . A
discussion of the Hamiltonian terms in £, and £, 2 in-
cluding Hamiltonian terms can be found in Appendix [C}

1. Strong driving

A full derivation of the second-order reduced model

corresponding to , can be found in Appendix

It takes the following form, with some Hamiltonian H
which we do not discuss here, and dissipation in operators
inherited from the coupling Hrg:

%Ps ~ —ig[Hy, ps]
+ k5,2 Dr, (ps) + ks,~Dr_(ps) + K5+ D1y (ps). (16)



The decoherence rates ks, ks,+ are given by

K. = —29°Re(Tr(0, X)),
Ks+ = fZgQRe(Tr(aiX¢)),

(17a)
(17b)

where X, and X+ respectively satisfy the following ma-
trix equations:

(0, — Tr(0.p))pE = —%[wm + A0, X, (18a)
+ K,_Do-i (Xz) + I</+,DO'+ (Xz)v

1
(o5 —Tr(ox pe))pE = —5[‘”2% + Ao, Xz]  (18D)

+iey X5 + k- Dy_(X3) + 4Dy, (X3).

Here, pg is the unique steady state of the Lindbladian
acting on E, namely:

)
*i[wz% + Ao, pg] + k-Dy_(pE) + £+ Do, (pE) = 0.

A unique solution for X, 4 is guaranteed by the formal-
ism in Appendix Given the number of variables
in play, expressions for the dissipation rates are alge-
braically complicated and computed with the help of a
computer algebra system (SymPy [21]). As a concrete re-
sult of this section, and in line with the double-timescale
QDD proposal detailed in section [[TTB] we can focus on
the limiting case of strong driving, where wy dominates
the other parameters.

Theorem 1. Define #
2

term consisting of the product of w% with positive pow-
2

to signify any dimensionless

ers of the other rates wy,k+ or A excluding ws. The
decoherence rates defined by display the following
asymptotic behavior for large wo:

ety A g

PR e sl 1 T A O
’ w3 w3 K + kg (19)
2
g 1
I ol —
e (Q§’>
2

Fot = (K:— + K‘+)g (19b)

(ko + k)" + 402

2
g 1
+Lo(5)-

All these rates vanish in the limit &1 <€ ws — oo,
quantitatively confirming the QDD benefits. The general
form of these expressions can be understood intuitively
as follows. The expressions involve the sum (k_+#4) be-
cause the strongest drive woo, constantly exchanges the
roles of ground and excited states in E. This also explains
why ks 1 ~ Kk . The rates x, + then take the standard
Purcell-type expression resulting from Jaynes-Cummings
type coupling under detuning % The main QDD effect
here is just the w;-detuning reducing the effective cou-
pling between T and E. The first term of s, . in fact has
a similar form, where x_, xy terms don’t appear in the

denominator because they are dominated by w3. This
is no coincidence, since the Hamiltonian part is like the
usual Jaynes-Cummings coupling; up to exchanging the
roles of o, and o,. Indeed, neglecting the detuning A,
we are applying a constant drive along the o, direction
(in the @; rotating frame), orthogonal to the coupling in
the o, direction. Those two contributions would not be
present if we were only considering the average coupling
as derived in . They thus express the limitations, in
presence of x4, of the RWA performed in Section [[IT B
The effect of the average coupling remaining in
captured by the second term of x; .. One can recognize
the standard induced dissipation formula of type “g2/&”
where g is replaced by the average coupling gu% as de-
rived in Section

We recall that, behind these interpretations, purely
mathematical derivations of the formulas (16]), are
detailed in Appendix

2. Case of ultra-strong driving

A Lindbladian dissipation model like Eq. is an ide-
alization meant to summarize interactions of the TLS
with further external degrees of freedom, e.g. a large bath
involving phonon modes. Therefore, when significantly
modifying the system Hamiltonian, in other words when
we choose to add “ultra-strong” QDD drives on the TLS,
the dissipation model may have to be revised, depend-
ing on the type of bath and noise spectrum behind its
derivation. One might be tempted to design QDD drives
to purposefully modify the Lindbladian itself [9] [TT], 24].
However, in the context of the present work this is typ-
ically a secondary effect. The present section provides
explicit formulas for such bath reconsideration, in order
to check to which point our conclusions of Thm. [T]remain
consistent.

We thus leave aside system T for a while and go back
to the lab frame for the TLS system E in order to re-
consider its decoherence channels. We can safely neglect
the coupling of E and T at this stage, as it involves a
weaker Hamiltonian, even weakened by the QDD drives,
and it would thus only appear at higher orders in any
possible modification of the Lindbladian dissipator of E.
We model the TLS relaxation as stemming from an in-
teraction of E with a large bath B that can be assumed
memoryless. For the sake of concreteness, the interaction
Hamiltonian is taken to be yo, ® R, thus

0 .
HEBZTEUZ—&—HC(t)—I—’yaw@R—i—HB. (20)

Here R is a Hermitian operator acting on the bath Hilbert
space, 7y is some small positive coupling rate, Hp is the
bare bath Hamiltonian and H.(t) is the QDD drive, ex-
pressed back in the lab frame. For this reason, also
includes the TLS bare frequency Qg. As is common prac-
tice, we can consider a bath of harmonic oscillators, for



which the coupling along o, leads to a Jaynes-Cummings-
type interaction with the different modes; similar conclu-
sions hold for more general couplings and baths [4} [7] [T4].
We next summarize the results, while details of their
derivation can be found in Appendix [A]

As a first step in obtaining a Lindbladian model, we
perform the Born-Markov approximation in the interac-
tion frame of the TLS and the bath. This interaction
frame must include all the dominant Hamiltonians, it
thus involves a rotating frame w.r.t the bath Hamilto-
nian, but also the toggling frame defined by @[), to in-
clude the drives on the TLS part. Next, we perform a
standard secular approximation (RWA), averaging over
the frequencies +Qp. The RWA introduces an error of
order %, where k is the typical dissipation rate obtained
in the end. Since we assume the bare frequency of the
TLS to be much larger than the dissipation rate, we can
neglect this term. A final approximation is needed to
obtain a Lindbladian model. There are two possibilities
for this, and for any value of wo, at least one of them is
valid in the context of our QDD protocol.

As a first possible condition, when the drive amplitude
wo is dominated by the bare qubit frequency (g, the
noise spectral density G of the bath (defined in (A7) can
typically be considered flat in the ranges +[Qp—ws, Qp+
wa]. The Jaynes-Cummings type coupling assumed in
(20) then yields stationary dissipators in o_ and o4, as
assumed in Section [1l:

Lye{o_, o4},

with respective rates ke ~ 272 G(£Qp).

The second possible approximation for obtaining a
Lindbladian model is a second RWA, now over frequen-
cies =A. This approximation remains valid as long as A
is much larger than the obtained dissipation rate, to be
checked a posteriori. For our TLS system coupled to the
bath, this yields (see appendix) decoherence through the
three dissipation operators

Ly € {oaz, Cot I (21)

as defined in Section [[ITB] with respective decoherence
rates:

Oa—;

2

Fow = %(G(QE F@1) + G(—Qp — @) cos?(a), (22a)
o = TG((R6 + 1) + )1+ sin(a))?

T 7;G(—(QE +a@1) + A)(1 - sin(a))?, (22b)
ot = TG(—( + @1) — )1+ sin(a))”

+ 26((@ +51) — A)(1 = sinfa))’ (22¢)

The choice between a model with fixed decoherence
operators Ly € {o_, o4}, or with drive-corrected ones
Ly € {0az, Oa—, Oa+}, depends on whether it is a better
approximation to consider G flat on the scale of ws/Qp,

or to consider an RWA based on A > Koy, Ka—, Kat. The
former approach leads to an error of order m&, whereas
the latter leads to an error of order ’%

The two approximations are compatible and commute
with one another when both are justified, i.e. when
Kt at,ar K w2 K Qp. Indeed, first assuming a locally
flat bath spectrum, next transforming the o_ and o,
dissipators to the rotating frame w.r.t. %aw, and finally
performing RWA over frequencies +A, yields exactly the
dissipators associated to with wy and A ~ wy put to
zero in the bath spectrum G. In contrast, we can also see
that the two approaches do give different results in some
situations. For instance, for « = 0 and G depending on
frequencies on the scale of wo, the dissipation rates rkq+
along the +1 eigenvectors of o,; = 0,, thus obtained
using the second approximation, would differ (slightly).
Such asymmetry cannot be retrieved as an average effect
of weo, driving on given o4 dissipators, as would result
from the first type of approximation. Thus in this case,
applying the correct (second) type of approximation re-
sults in genuine corrections to the Lindbladian.

In summary, when the first type of approximation is
justified, we retrieve the original model and the induced
dissipation of Thm.[l} When ws becomes too large (ultra-
strong driving) and only the second type of approxima-
tion is justified, we must revise the dissipation model. In
the rest of this section, we derive formulas for the induced
dissipation on T under this revised dissipation model and
just considering general, non-vanishing rates Kaq,a—,a+-

Again in a rotating frame w.r.t. %JZ, the joint evo-
lution of the target and TLS is thus described by the
master equation

%p = Ka-D1rgon (P) + kot Dirgoa, () (23)

A
— i3 17 ® O, p] + Koz D1raoe, (0)

—1ig [Tz o, + M @0, +e T, ®o_, p].

A full derivation of the reduced model corresponding
to can be found in Appendix including all terms
in K1,Ls1 and L,>. Again the expressions are alge-
braically complicated and computed with the help of
a computer algebra system (SymPy). We here report
simplified formulas in the limit where ws is the fastest
timescale in the joint system. The leading-order deco-
herence process contains the same dissipators as in ,
thus

%ps =~ —ig[H57Ps]
+ ks, Dr, (ps) + ks,—Dr_ (ps) + ’{S,+DT+ (ps). (24)

Our main result consists of the formulas for the dominat-

ing order of the decoherence rates.

Theorem 2. Consider the same notation # as in
2

Thm. . The induced decoherence rates associated to

for the model display the following asymptotic behav-



ior for large wo:

Rs,z = w%
9 2
1— Zsa
A2Y ( " ) 2 1
+o= 2/ 4 90(2>, (25a)
2 Kas, w2 Q3
A2 K,z
/faZQQ ( - F) (1 - N;A>
ax
Ks+4 =
= 2 (k2 +@?)
2 2
9° (4kaz + Kay) | g 1
Y =4+ = 0| = 25b
+ 4w% + wa Q% > (25b)
With Koy = Ka— + Kat+ and KoA = Ka— — Kot -

These rates can be understood intuitively in a similar
2
way as for (19). The extra factor (1 —

accounts for the generally nonzero average value Zq oo
of 045 in the TLS steady state. A larger z, o, reduces
the dissipative part at the expense of a deterministic,
Hamiltonian term (see Appendix . In ks +, we have
now kept a term of order 1/w? because the dominating
contribution of k., only appears at this order.

Taking into account the modified dissipation model for
E thus does affect induced decoherence for T, with sig-
nificant changes if ko > Ko such that Koa >~ Koz
However, with a bath model at the origin of 7 this
would only happen under very peculiar conditions. The
standard conclusions with a reasonably flat bath noise
spectrum, and a < 1, are not too different from .

K, 2
A — 1 —
K2 1 ma,oo)

J

They quantitatively confirm the QDD benefits under this
model too.

3. Optimization: cold TLS and reducing wa

The general formulas and quantify how QDD
controls containing two drives with amplitudes wy > w1
reduce the decoherence induced on T under general con-
ditions. They can guide parameter choices in particular
situations, as long as we assume large wy. Having large
wy and we is always beneficial.

However, this does not mean that driving strongly in
both @w; and wo is always the best choice. Indeed, in
very particular settings, it may be even better to take
some of the drives at their minimal value; in other words,
intermediate values of the drives would be the worst case.
Assume for instance the extreme situation of dispersive
coupling to a zero-temperature bath, i.e. T, =T, = k1 =
0. Then, in absence of controls (in fact as long as we =
0), the TLS is attracted towards its ground state, and
the resulting effect on T would be purely Hamiltonian.
This raises the question of how to choose ws to minimize
the T,-decoherence. We next answer this question, as
an illustration of how to use our framework for design
choices.

We therefore reconsider the exact rate of the T,-
decoherence channel at second order adiabatic elimina-
tion, valid as long as x > g and w; > ¢. This is the

solution of ([17a)),(18a]), thus assuming the model (1)),

without considering the limit of large wo:

2
2g° (4A2 + (k— + /<;+)2) <4/€+/<; <16A2w§ + (4A2 + (k— + /<;+)2> > + Ak + rp)’wd (262 + 263 + w%))

Rs,z =

s

The bath temperature is characterized by nyy,, the mean
number of thermal photons, such that k_ = k1 (1 + n¢p)
and kK = King,. Straightforward algebraic manipula-
tions of allow for an optimization study, which we
summarize in the following result.

Theorem 3. The induced dissipation rate ks , as defined
n shows the following dependence on wa:

o If ny < g—% ~ 0.077 , then K, . displays a single
local mazimum as a function of wa, for any values
of A and k1. The optimal value of wo is either zero
or the maximal achievable one, depending on the
experimentally achievable bound on the latter.

o If ny, > g - % ~ 0.077 and

A? _ (2nm+1)? (2\/§(2nth+1)+\/12n12h+12nﬂ,,71>

K2 4/12n2 +12n,—1 ’

(27)

(ko +ry)® (4A2 + (k- + Ry + 2w§>

3

(26)

then ks . also displays a single local mazimum as
a function of wsy, with the same conclusions for its
optimization.

o If ny, > ? - % ~ 0.077 and is not satisfied,
then ks . is monotonically decreasing in ws.

In the last case, in other words when A is large, ramp-
ing up we is always advantageous. In the first two cases,
the value of wy minimizing &5 . will thus depend on how
its value at the maximal achievable ws compares to its
value at wy = 0, which reads:

89%nin (nen + 1)
k1 (8nd, +12n2 + 6ng, +1)

Ks z(we =0) = (28)

A numerical illustration of the dependence of k5 . on ws
and ngy, is provided on Figure
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FIG. 1. Dependence of ks, . as defined in on :—f, for
various values of ni, between 0 and 0.1 and at fixed ﬁ = 2.
The dashed black line indicates the local maximum in w2 when
it is present. In the latter cases, induced dissipation ks, . is
minimized either at ws = 0 or at the largest achievable wa,
depending on its value.

Note that Theorem [3] and Figure [T] have been estab-
lished by analyzing a single algebraic formula. Indeed,
the adiabatic elimination method on one hand yields ex-
plicit formulas for the induced dissipation rates, prevent-
ing the need for solving differential equations for each
parameter setting. On the other hand, our extended for-
malism as explained in appendix [B2] does not require
to select between either the dissipation being the largest
time-scale (standard adiabatic elimination), or drive fre-
quencies @1,ws being the largest timescale (domain of
averaging techniques like RWA). A single formula thus
allows to consistently cover the full range of parameter
values.

We can also look at the values of induced decoherence
rates kg + for wp = 0, yielding:

Ak 2
Rg,— = : g 2 (293)
(ot re ) A D)
4 2
Ko,y = +9 (29b)

(e + k) + 4@ +A)°

As expected when taking we = 0, the initial x_ and k4
remain separated, such that x,y remains small for a
cold bath. We can also note that wy was decoupling the
effect of A o, and its absence reintroduces this detuning
in addition to @w; in . Regarding the QDD effect, in
both cases we rely on large @w; to reduce the induced
decoherence. In absence of ws however, there may be
a danger of being counterproductive by hitting w; ~ —A.

Such calculations illustrate how our formulas could be
used to optimize the parameter choices. In Section [[V]
we will instead optimize the relative strengths of dissipa-
tion parameters in various situations, showing that the
optimum can similarly jump from strongest possible to

weakest possible “shaking” on some channels. For in-
stance, expressions like seem to indicate that even in
absence of any drives, the lowest temperature (i.e. value
of ng,) is not necessarily inducing the lowest ks ,; this
specific example will be treated in Section[[VC 1] Before
this, we investigate more generally how induced dissipa-
tion on T can be decreased by acting on E not only with
coherent drives, but also with additional decoherence.

IV. PURELY DISSIPATIVE DECOUPLING

In Section [[TI] we are arguing that adding not too pre-
cise drives on E can decrease the decoherence that it in-
duces on the target system T, as environment and system
can be seen to dynamically decouple. It is tempting to
push this idea one step further and ask: what happens
if we drive E with a Hamiltonian H whose amplitude
is pure noise? In fact, this brings us to asking whether
we can achieve dynamical decoupling (or whether we can
lower the induced decoherence, if you prefer to be more
cautious with the naming QDD) by adding decoherence,
in the form of Lindblad operators, to the environment.
Indeed, taking dW; the increment at time t of a Brownian
motion process, we have:

p(t + dt) —E (67inth(t)einWt)

=p(t) —i[H, p(t)] E(dW})

+ ( Hp(t)H — %p(t) - p(t)HT > E(dW7)

—p(t) + Du(p(t)) dt ,

which is a Lindblad equation with Hermitian decoherence
channel H. Adding such decoherence could be consid-
ered a “legitimate hack” in the sense that it increases en-
tropy production on the environment. One can also con-
sider adding non-Hermitian decoherence channels, like
the qubit relaxation channel D,_. While requesting to
add a very strong such cooling on the environment is
most probably not experiment-friendly, a more reason-
able setting of this type could be: let E be subject to

oy s (30)

with lower and upper bounds on k; and on ng,; which
parameter choice minimizes the induced decoherence on
T? More generally, we can consider settings where the
environment is subject to decoherence

Dtotal = Z ﬂkDLk ) (31)
k

Diotal = £1(1 + n4p) Do + K1y, D

with the rates kj, of the decoherence channels jointly tun-
able within a given set. The way in which these kj are
tuned in practice can depend on the particular experi-
ment. They might result from (noisy) drives and secu-
lar approximations, or for models like they might
guide target values of k1 and ny, at the experiment de-
sign stage.



We will thus focus on a setting where the joint state of
the system and environment are described by a master
equation like (1) with Hy = 0, i.e.

%p - —Z[HTE + HE; p] + Dtotal ’ (32)

where now Hpg is fixed and dissipation takes the form
with tunable ki associated to Lj operators acting
on E only. Future work may want to add a tunable Hg
as in Section [[TT] but for a more efficient presentation we
here study both effects separately (see [13] for examples
on tuning both the ki and a time-independent drive Hg).
The question is again: what are the values of the x; which
minimize the induced decoherence on T?7 In absence of
time-dependent drives, this induced decoherence can be
computed directly with standard adiabatic elimination
formulas [2]. We will show that the QDD principle carries
through at this purely dissipative level. Namely, selecting
large values of ki, which strongly shake the environment,
can lead to much less induced decoherence than selecting
the ki which make the environment as pure as possible.

This section is organized as follows. After quickly re-
calling the required formulas, we establish some prop-
erties on general systems, then we address some typical
settings for a TLS as environment. A preliminary and
different presentation of these ideas can be found in the
conference proceedings [12].

A. Adiabatic elimination formulas

We here recall the standard adiabatic elimination set-
ting in absence of drives, to make this self-contained for
readers skipping Section [[TI}

The general purpose of adiabatic elimination is to elim-
inate all fast dissipative dynamics and only retain the de-
grees of freedom which evolve slowly, and which are thus
best protected from decoherence. A standard setting is
when a fast dissipating system (here E) is weakly cou-
pled to another system (here T). Under appropriate con-
ditions, the coupling induces a weak hybridization of the
two subsystems, in which a subsystem close to T can be
viewed as an autonomous system of state ps; undergoing
slow decoherence and slow Hamiltonian dynamics. Ap-
proximation formulas have been developed to compute
this hybridization and slow dynamics at various orders
2.

We focus on the formulas expressing the dissipation on
ps, thus induced on T by its coupling to E, taking the
viewpoint that a constant hybridization and Hamiltonian
can, by definition, be calibrated. The following procedure
gives the dominating terms of the dissipation, provided
the environment E alone has a unique steady state and
the latter is strongly attractive compared to the coupling
rate with T.

e Denote by pg the unique steady state of the envi-
ronment dynamics, thus taking Hrp = 0 in .
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e Writing Hrg = Zk T ® Ey, for each Ej compute
Eyvpe = Expe — Tr(ExpE)pE-

e For each k, solve for a traceless operator () in
—i[HE, Qk] + Diotal(Qr) = —ExpE -

e Construct the matrix X with components X ; =
Tr(QiE] + E;Q}).  This
semidefinite and the induced dissipation on T, at
second order adiabatic elimination, is given by

matrix is positive

Dinduced = E DLk
k

where L, = Zj A; 1 T; for any decomposition X =
AAT.

In particular, the induced dissipation at this order
of approximation involves just linear combinations
of the coupling operators 7} in Hrg.

In particular, when Hrp = T ® E and thus X is
a scalar, this X just gives the induced dissipation
rate on T associated to dissipation operator T'.

We will use the result of this procedure to analyze how
the dissipation induced on a target system can be reduced
by varying the kg in . One should bear in mind that
this is only the dominating term, in an approximate for-
mula which is valid when dissipation on the environment
is fast. Thus, conclusions encouraging us to take mini-
mal dissipation on the environment should be taken with
caution. However, we will often encounter the conclusion
that more dissipation in the environment is better for the
target, and this regime is precisely the one well covered
by the adiabatic elimination conditions.

Moreover, when treating the example of a TLS envi-
ronment in more detail, we will illustrate how to adapt
the adiabatic elimination procedure when the dynamics
on E alone do not strongly attract it to a unique steady
state.

B. Some general properties

Before moving to our running example of a TLS en-
vironment, we can give some general results on induced
dissipation as computed with the above procedure. They
are very much in line with the QDD viewpoint that shak-
ing the environment more should lead to less effect on
the target system.

Proposition B.1. When Hg is fixed and of the same or-
der as Hprg or smaller, multiplying all the ki by a > 1
decreases the dissipation induced on the target system
by a factor . The same conclusion holds for any Hg if
it can be multiplied by a > 1 together with the ky.

Proof. There are two ways to consider Hg. Under the
first condition, we consider it as part of the perturba-
tion, with a coupling Hrgp = Hrp+ 17 ® Hg. Under the



second condition, we consider it as part of the fast dy-
namics, and just scale it together with all other Lindbla-
dian contributions on the environment. In the adiabatic
elimination procedure outlined above, both cases will not
change pg nor the Fy, yet the Qi will be « times smaller.
Thus the induced dissipation matrix X is o times smaller
and so will be the rates deduced from it. Another view-
point is to make a change of timescale re-establishing the
initial dissipation rate on the environment. In this new
timescale, the coupling to the target system is decreased
by a. According to the 2nd order adiabatic elimination
formulas, the induced dissipation is quadratic in the cou-
pling strength, therefore the lower coupling more than
compensates for the change of timescale.

O

Proposition B.2. Consider that Hg = 0 and that all the
decoherence channels L; on the environment are Hermi-
tian and can be tuned individually. Then, as soon as
adiabatic elimination conditions are satisfied, the diag-
onal elements of the induced decoherence matrix X are
all minimized by taking the mazimal value of ki, for each
Ly on the environment.

Proof. We say “as soon as” because if the conditions are
satisfied for some set of parameters, then they still hold
when we increase the dissipation rates. We summarize
the main ideas of the proof, whose full version is avail-
able in [12]. First note that the unique steady state pg of
the environment under Hermitian L must be o Identity,
irrespective of the tuning choice. One can then write an
optimization problem for each diagonal element of X,
expressing the computations of the adiabatic elimination
procedure recalled above as constraints with Lagrange
multipliers. The necessary optimality conditions then
ensure that X can be minimal only at the extreme val-
ues of the ki. A local analysis shows that if its value
matters, then xx must be maximal to minimize the X-
element. O

Since we know that X is positive semidefinite, the im-
plications of Proposition [B.2]on its diagonal have similar
consequences for the induced dissipation rates.

Finally, we can try to give criteria under which the
induced dissipation on T can vanish at the limit where
some ki become very large. Note that this is the limit
where the adiabatic elimination becomes more and more
valid.

Proposition B.3. Consider and let
Dtotal = Da + %Db )

such that, for fixed D, and D, the ki remain within
their authorized domain as ¢ tends to 0. In other words,
Dy is the part of the dissipation on E whose rates can
possibly tend to infinity.

If D, has a unique steady state, then the decoherence
induced on the target system vanishes as § tends to 0.
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Otherwise, the dynamics on E can first be reduced by
first-order adiabatic elimination of D,. The structure
for this can be more general than the formulas of Sec-
tion[[V'A] the procedure is recalled in Appendix[B]1. The
resulting system can in turn be analyzed, either exactly
or with another round of adiabatic elimination, to show
if there remains induced dissipation or not.

Proof. When Dy, has a unique steady state, we can con-
sider just D; as the fast dynamics in order to perform
adiabatic elimination of E. The first-order formula gives
only Hamiltonian dynamics on T, while the contributions
of higher-order adiabatic elimination vanish as 1/ gets
infinite.

When Dy induces no unique steady state for E, it can-
not be used to adiabatically eliminate the whole Hilbert
space of E. Instead, we must keep as reduced model a sub-
space of linear operators on E supporting all the steady
states of Dy.

To conclude on the behavior for 6 — 0, we only need
to keep the first-order contributions resulting from adi-
abatically eliminating D,. The following possibilities for
the reduced system illustrate some possible rapid conclu-
sions.

e In some cases, the coupling between T and what
remains of E after adiabatic elimination of Dj can
vanish; then, there would be no induced dissipation
when 1/ gets infinite.

e By definition of the original problem, the reduced
dynamics on (what remains of) E has a unique
steady state pz. In particular, the dissipation there
cannot vanish, precluding the possibility of ending
up with a purely Hamiltonian joint system on T
and E.

e If the remaining dynamics takes the form of dissi-
pation on what remains of E, with weak Hamil-
tonian coupling to T, then we can readily ap-
ply the second-order adiabatic elimination formu-
las of Section [[VA] to the remaining system. This
enables to directly either conclude to the nega-
tive (there already remains induced dissipation at
second-order), or observe that at least the dominat-
ing order of dissipation vanishes (thus according to
second-order adiabatic elimination formulas with fi-
nite D,). Note though that it does not seem true
that the adiabatic elimination of D; would always
yield such structure.

e In particular, in this last setting, if pz has full rank,
then induced dissipation cannot vanish. If pz; has
reduced rank, then the induced dissipation cannot
vanish if the Hamiltonian coupling acts inside the
space supported by pz. The proof, worked out in
appendix follows similar steps as for proving
that the dissipation matrix X in Section [[VA] is
always non-negative (see [2] and related work).

O



C. Minimizing decoherence induced by a qubit
environment (TLS)

We now focus in more detail on the case of a two-
level-system (TLS) environment. We consider Hermitian
dissipation channels plus relaxation in a thermal environ-
ment:

Dtotal = K‘IIDU;E + linay + KzDaz (33)
+ KDy +£K4Dy, .

We assume that k;,ry,k. are each tunable indepen-
dently within a given interval e.g. [K,, Ry ], while k_ =
k1 (1 4+ ngn), K+ = K1 ngn, with typically independent
bounds on the coupling strength x; and temperature
characteristic nyy,.

We will first consider two typical couplings between E
and T — almost-resonant and dispersive — while assum-
ing that E always has a strongly attractive unique steady
state. This happens as soon as two of the kg, Ky, Kk,
take significant nonzero values, or x; takes a significant
nonzero value. When this is not the case, we can still ap-
ply adiabatic elimination but on a modified state space
splitting; we illustrate what this implies for induced dis-
sipation in a third example.

1. Dispersive coupling

As a first case, we consider in conjunction with
the coupling Hamiltonian:

HTE:gTz®Uz-

This models the typical situation of dipolar coupling be-
tween the target system and a TLS which is far detuned
(dispersive coupling limit).

Following the adiabatic elimination procedure, we first
compute the steady state of the fast TLS relaxation
alone:

_ 1+ zZo,

= ——— with z= —£1
PE 5 wi z

(1+2nth)"'€1+2("‘im+"'€y) :

From the coupling operator ¢, in E, we then compute

~ 1—z2
0.pp = 50 .

Next we must solve

Dtotal(Q) = _5zﬁE )

which fortunately reduces to a scalar equation on the
coefficient of o,. Plugging the solution into the formula
for the dissipation matrix gives:

X = 1—%2 _ dcyc_
T (I42n4m)k1+2(kat+ry) — (cqFco)3

where c_ = (14ny)k1+Kz+ky and ¢y = ngpk1+Ezp+Ky.
This is the induced dissipation rate acting on T with the
operator T,. We notice that ., plays no role here and
we can make the following observations.
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e One checks that, for any values of the other param-

eters, this induced dissipation rate decreases when
k1 increases. Thus we should fix x; at its maximal
bound. For k; dominating, the induced dissipation
decreases as 1/ky.

Once the value of &, is fixed, we can write ky+ry =
k1np such that the induced dissipation becomes a
function of neg = ny + np only, namely

X = i (349)
This function increases from X = 0 at neg = 0 to-
wards a maximum at neg = @ ~ 0.366, then
slowly decreases to 0 as neg tends to infinity. Note
that the adiabatic elimination approximation re-
mains well valid near n;, = 0, as long as k; itself is
significantly larger than the coupling Hamiltonian.

Thus, the minimal induced dissipation will be ob-
tained either at the lower or at the upper bound
of nesr, depending on their values. In other words,
if a very low temperature can be achieved to keep
the TLS close to its ground state then this is fa-
vorable, but otherwise it is better to just make it
as mixing as possible. The judge about “very low
temperature” is the formula (34).

Comparing to Propositions: There is nothing spe-
cial to say regarding Proposition B}

Proposition applies rigorously when x; = 0;
taking xq very low, we would indeed be in a regime
where neg ~ np = % is large, and we have seen

that as soon as n;, > ‘/‘3’2_1 it is beneficial to increase
it, be it through &, or s,. On the contrary, if x is
the dominating dissipation, then increasing x, or
Ky is not necessarily beneficial, as we may be in the

regime neg < \/§2—1. This supports the condition

that all dissipation operators must be Hermitian
for Proposition [B-2 to apply.

Regarding Proposition as soon as ki Or two
other dissipation channels can be increased indefi-
nitely, we are in the situation where D, has a unique
steady state, and the induced dissipation goes to
zero. There remains the case where only a single
Hermitian channel can be increased indefinitely.

— Taking this channel to be k., the elimination
of Dy, yields a reduced state space of the type
Paps © 19) (9] + (L = py)pe @ le) (e| with free
parameters pgy, pg, Pe- Lhe remaining fast dy-
namics will stabilize the value p;, = py in-
dependently of the coupled target system T.
The case k; = Ky = ng, = 0, thus with &
stabilizing |g) (9| as py = 1, would yield a
rank-deficient pg for which induced dissipa-
tion completely vanishes, even for finite k,;
otherwise, induced dissipation will always be
finite.



— Taking the possibly infinitely strong chan-
nel to be k,, the elimination of D, yields
a reduced space of similar form but with
|[+),|—) replacing |g),|e). At first-order adi-
abatic elimination of D, the dispersive cou-
pling Hamiltonian cancels and there only re-
mains dissipation pushing p; towards 1/2.
Hence, driving &, (or k) towards infinity is
sufficient to drive the induced dissipation on
T towards 0. Since this stabilizes the most
mixed environment state, this might not have
been the most intuitive guess.

2. Almost-resonant coupling (Jaynes-Cummings)

As a second case, we consider with adjustable kg,
in conjunction with the fixed Hamiltonian:

Hrp=%51®0.+29(Ty ®o_+T-®0;) (35)
:%1®Jz+g(Tw®Gx+Ty®Uy)a

where T, =T_ + T, and T, = —i(T_ —T%).

In the adiabatic elimination formulas, the fast TLS dy-
namics now includes both Hg = %CTZ and Diota1. Note
that this remains valid when A is not dominating g, be-
cause we only need fast dissipation. However, when A
does take a large value, it enables to have a strongly at-
tractive unique TLS steady state even if just k, or ky is

nonzero. The steady state of the TLS alone is:

1+ zo, . _ —K
T with 2z = (1+2nth)l‘€1+12(ﬁm+’$y) :

PE =
For the coupling operators o, and oy, we then compute

~ oy —1iZ20, ~ oy+iZog
OzPE = 3 Lo OyPE = = )
The solution of

— i[Hg, Q] + Diotal(Qr) = —61pE (36)

for k € {z,y} is rather easy in Bloch coordinates, as the
dynamics decouple the coefficients of o,,0, from those
of 0,,1. We can thus write Qr = qi »0 + qr,y0y and the
left side of just becomes

%(Qk»ray — Qk,yOx)
—2(ky + Kz + (1 +2n41) 3 )iy 0oy
_Q(Kw + R + (1 + 2nth)%)qk,w0w .

Equating the components in o, and o, gives the solu-
tions, from which we construct the dissipation matrix:

B 1 ¢y  iztuice
X = N _cyte, )
=< + CzCy T Ca

. 142
with ¢z y = Kgy + K2 + %. The parameters now

define not only the induced dissipation rate, but also the
associated operators (unitary combinations of T, T,).
Considering any of them as equally bad for the target
system, we typically look at the spectrum of X. We can
make the following observations.
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e A: increasing the detuning between E and T always

decreases induced dissipation, down to zero as A
gets infinite.

Getting induced dissipation to zero at a finite value
of A, requires to increase both c, and ¢, to infinity
— this will be impossible if only x; or s, can be
made arbitrarily large.

Cz, Cy, sum of rates: The sum of induced dissipation
rates (trace of X) as a function of ¢, ¢, looks like
a saddle around the point ¢, = ¢, = A/2, where
induced dissipation is maximal as a function of ¢, +
¢y and minimal as a function of |¢; — ¢,|. Which
side gives the minimum induced dissipation, will
thus depend on the available range of k.

In particular, for A = 0, induced dissipation will al-
ways decrease when we increase k., K1, Nth, Kz, Ky-
Thus even if we have the option ny, = 0 to at-
tract the TLS towards a pure state with only o_,
it is better to not do so and rather increase the
TLS temperature and other rates. This difference
with respect to dispersive coupling of course stems
from the fact that a ground state for E, although
pure, has no particular advantage under resonant
coupling.

In particular, for large A, it appears better to keep
low dissipation on the TLS. This can be understood
as keeping the TLS frequency well-defined, avoid-
ing any leakage towards the frequencies to which
the target system is sensitive. Be careful though
that the formulas are only valid if the dissipation
on the TLS remains significantly larger than its
coupling with the target system. Otherwise, the
correct viewpoint would rather be to first take the
dispersive coupling limit and then analyze the sys-

tem as in the previous Section

Cz, Cy, individual rates: The difference between the
two induced dissipation rates may be interesting to
track when thinking e.g. of the interest of having
biased noise [22]. At fixed value of the sum, the
difference increases when |c; — ¢, | gets larger (thus
kg up and k, down), or when z? gets larger (thus
e.g. k1 up and ng, down).

In particular, for Z = 0, increasing only e.g. Kk,

and thus ¢, decreases one induced dissipation rate

as HA%/(%) (thus to 0 as k, gets infinite), but
x y

increases the other one as %-%Tl/(‘l%) (or thus at

best keeps it constant if A = 0, with finite limit
1/cy as kg gets infinite).

Comparing to Propositions: The two regimes of
Proposition [B.1| are well visible here. The one
where A and all ky, are scaled by « is trivial. The
case where A is fixed shows two things: if A is
small, then Proposition says that it is better to
increase the ki, as we see from the explicit formula



here; however, if A is fixed and large, then Proposi-
tion [B-1] does not apply and we see indeed with the
present formula that the situation is not as clear.
In other words, the saddle at ¢, = ¢, = A/2 is very
consistent with the first case of Proposition

Proposition applies at least when A = 0 (and
k1 = 0). It predicts that in this setting, increasing
any of k, or k, can only be beneficial. In the par-
ticular case Z = 0 mentioned in the previous item,
we see how a nonzero A moderates this conclusion.

Regarding Proposition like for the dispersive
coupling, the only nontrivial situation is when only
a single Hermitian channel can be increased indef-
initely.

— Taking this channel to be k., the elimination
of Dy cancels the Hamiltonian coupling; thus,
although convergence on E happens at a finite
rate as we need D, to finally converge to pg,
the induced dissipation on T goes to 0 as k.
gets infinite.

— Taking this channel to be x,, the elimination
of Dy, yields a reduced state space of the type

p+o+ @ |+) (+] + (1 =pi)p- @ =) (I,

with free parameters p4, p4, p—. The remain-
ing fast dynamics stabilizes p; = 1/2 indepen-
dently of T, while the Hamiltonian coupling
reduces to

—ig[Te, p] @ [+) (+] +ig[Te, p-] @ =) (=] -

Since pg has full rank, the associated T, dissi-
pation induced according to second-order adi-
abatic elimination is bound to stay finite, even
when x, tends to infinity.

8. Partly dissipative environment

We now address a setting where the fast decoherence
of the TLS does not converge to a unique steady state
pe. A typical example would be where only k. is
large. If this were the only dynamics on the environment
qubit E; then implications for the target system T would
depend on the environment’s initial state. The interme-
diate case which we discuss hare, assumes that we also
have the unavoidable x_, xy dissipation, but with rates
comparable to the coupling g between E and T.

Since adiabatic elimination fundamentally works by
splitting the fast and slow dynamics, it should thus
eliminate only the fast decay of E under x,D,_, i.e. the
quickly vanishing coherences among |e) and |g) states
of E. The k_, k4 dissipation on E has to be taken with
the slow dynamics, which thus cover both the target
system and the populations on |e){e| or |g)(g| of the
environment E. To illustrate what this can imply for
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the target system, we again investigate the two typical
coupling cases.

Dispersive coupling: First consider the case of a dis-
persive coupling:

%p =KDy, + k_Do_ + k1 Dy, —ig[l. ®0.,p], (37)

where we recall that only k. is supposed to be larger than
the other rates.

The set of states of the form p = p,®|g)(g9]|+p.R|e){e],
corresponding to the set where D,_(p) = 0, is in fact
exactly invariant under . The dynamics for the slow
variables pgy and p. (each positive Hermitian, but only
sum of their traces must equal one) write as:

%pg = K_pe — k4pg +i9[T%, pgl
%pe = K4+pg — ki—pe — 19[T=, pe] -

Consider an initial separable state between T and E, thus
p = pr ® (w]g)(g] + (1 — w)|e)(e|), where the environ-
ment populations are at steady-state value w = =

Kytr_ "
In the eigenbasis of T, the diagonal elements of pr do

not change. However, as the environment jumps be-
tween |e) and |g) implying opposite rotations with 717,
the off-diagonal elements of pr will undergo induced de-
cay. More precisely, for each pair of eigenvalues A;, A\;, of
T, the corresponding off-diagonal elements of p, and p.
will decay according to the eigenvalues

re = —K1(nen + %) + \//@%(nth + %)2 — L2 4+ ik L
with L = g()\j — k) -

e When L is small compared to 1 (ng + %) = (k- +
k4)/2, we would be in the regime where adiabatic
elimination of E still holds. The slowest eigenvalue
approximates as

~ j._L
T = "GnntD)

L? 1
714/1(2"“14-1)( 1- (2nn+1)2 ) :

In the second line we thus do find back the induced
dissipation rate in g?/k, with an additional fac-
tor accounting for the fact that induced dissipation
vanishes if the environment is exclusively in |g). An
optimization like in the previous examples applies,
and larger dissipation on E implies lower induced
dissipation on T.

e When L is large compared to k1 (nen+ %), the eigen-
values boil down to

r_~kKk_+igand ry ~ Ky —iq

for some real parameter ¢q. Thus the induced dissi-
pation rates on T are equal to the ones of excitation
and loss on E, irrespective of the value of L. Con-
trary to the previous case, it is thus better to keep
environment dissipation low.



These two cases in fact illustrate the transition from the
situation where highest environment dissipation is better
(“surprising” conclusion of adiabatic elimination) to the
case where lowest dissipation is better (truly i.e. not
only according to the standard formula for adiabatic
elimination of E, whose validity drops). According to
both these limit cases, an intermediate rate of dissipa-
tion appears worst. Note that we are comparing the
environment dissipation to L = g(A; — Ag), thus in a
single multi-level system the different cases can arise for
different off-diagonal elements.

Resonant coupling: Consider the model

%P =KDy, + £-Do_ + £1 Do, (38)
_Zg[Tw ® Oy + Ty ® Uy7 p] )

where again only k. is supposed to be larger than the
other rates.

The Hamiltonian coupling makes it difficult to exactly
identify the slow invariant subspace from intuition, so we
apply the mathematical adiabatic elimination procedure
as recalled in Appendix At order zero, the slow
subspace is parametrized as ps = pg ® |g) (9] + pe @ |€) (€],
with slow variables p, and p. (each positive Hermitian,
but only sum of their traces must equal one).

At order one in € = (g,k+)/k., the slow dynamics
k.eLs 1 correspond to:

d _ d —
dtPg = K—Pe = K4Pg s giPe = K+Pg — K—Pe -

The coupling Hamiltonian thus vanishes and the state of
T remains untouched in the sense that we have, at this
order, 4 (py + pe) = 0.

At order two though, we get the dissipative dynamics:

&ps = rzeLs1(ps)
2
+LEDir, i1, 0le) (g1 (Ps)
2
+ZjD(TﬁiTy)®\g><e\(ﬂs) .

The second-order dissipation combines (e}, |g))-
population mixing on E with induced decoherence on T.
To get an idea of the latter, we can consider the (quite
academic) special case where T, = T}, and again obtain
autonomous dynamics for T, namely:

2
%(pg + pe) = %DTI (pg + pe) -

Thus, unlike for dispersive coupling, the induced dissipa-
tion (up to second order included) appears to be inde-
pendent of the values of k_, k4 as long as they remain
small compared to k.
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V. CONCLUSION

Protecting a target quantum system from decoher-
ence is a major objective towards quantum technology.
Although quantum information loss on a target phys-
ical system is often expressed via Markovian decoher-
ence channels, everyone acknowledges that this only ap-
proximates more intricate dynamics of a larger system.
Adding dynamics at the fast timescales of this larger sys-
tem may thus allow to change the induced decoherence on
target, and ideally reduce it. This is essentially the idea
behind 1/f noise mitigation methods, revised Floquet-
Markov Lindbladians, and spin echo or quantum dynam-
ical decoupling (QDD) techniques, among others.

In the present paper, we express the not entirely
Markovian dissipation on the target system T as a Hamil-
tonian coupling to a low-dimensional environment sub-
system E, which itself undergoes Markovian / Lindbla-
dian dissipation. This is in line with initial QDD settings
[26], which focus on the Hamiltonian part of T and E.

The specificity of our proposal is to mitigate decoher-
ence of T by acting on the intermediate environment E
instead of on the target system T. Such actions cannot
be assumed as precise as on T, but they need not be. In-
deed, we explicitly quantify how not only strong and im-
precise coherent drives, but also adding pure decoherence
channels on E (without introducing direct Markovian dis-
sipation on T itself), effectively reduces the decoherence
induced on T. Maybe surprisingly, we observe how only
particular circumstances would favor a very pure envi-
ronment as compared to a very mixing one.

The reduction of induced decoherence on T when in-
creasing the decoherence on E should not be too unfamil-
iar to researchers used to adiabatic elimination and the
“g?/Kk” formula. In light of the present paper, this is in-
terpreted as a QDD effect, which can arise both through
coherent or incoherent driving, and which can be quan-
tified precisely in both cases.

Indeed, having all fast dynamics on subsystem E, we
can go beyond Hamiltonian decoupling arguments and
develop an adiabatic elimination procedure yielding ex-
plicit formulas for the decoherence of T induced by dis-
sipation on E. The resulting formulas are valid in the
limit of strong dissipation on E, which is precisely the
regime that is typically favored. They allow to explic-
itly examine trade-offs and dependencies on parameters,
as we illustrate on various typical settings when E is a
two-level system.
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Appendix A: Dissipation model of TLS under
ultra-strong driving

In this section, we rederive a Lindbladian model for
the dissipation of the environment TLS, starting from
a general model where this E subsystem is coupled to
a large bath B through a Hamiltonian coupling. The
Lindbladian obtained will explicitly account for the pos-
sibly strong drive H.(t) on E, yielding a perturbative cor-
rection to the dissipators in the (o_, o )-basis obtained
in the undriven case. We will see that this correction
becomes significant when the drive amplitude is non-
negligible w.r.t. the bare frequency of the TLS. For the
derivation we follow the standard approach of the Born-
Markov approximation [4], followed by a secular approx-
imation, averaging out over rapidly oscillating terms.

We consider a general bath B with bare Hamilto-
nian Hp, and denote the bare frequency of E by Qg =
Qg + 6Qg, with Qp the nominal user-known value. In
the lab frame of both systems, we assume an inter-system
coupling vo, ® R, with R some constant Hermitian op-
erator acting on the bath Hilbert space, and + some
small positive coupling rate with the dimension of a fre-
quency. For example, if the bath can be modeled as a
thermal reservoir of harmonic oscillators, this leads to a
Jaynes-Cummings-type interaction with each of the dif-
ferent modes in the bath. Moving to the rotating frame
of both systems, and introducing the drive as in 7 we
obtain the total Hamiltonian

Hp(t) @ 1p +y(o1 €= + o_e7 ) @ R(t), (A1)

with R(t) = e8! Re~iH5t  Performing the toggling
frame transformation defined in @D yields
vE(t) ® R(t), (A2)

with E(t) = ¢! (@et00t B (1) 4 ¢~ {Q@p+00) B (1), where
we have defined

E. (t):= ei%””$a+e_i%0”

cos(a 1 +sin(a)
LGN EL. G P
+ iil — szm(oz) e Mg, (A3a)
E_(t) := EL(t). (A3b)

Qp = Qp+®;. In line with the conclusions in section
we will consider w1 < Qg, so Qg ~ Qg.

In the interaction frame of , the evolution equa-
tion of the joint density matrix pgp is thus

At this point we introduce the modified bare E—frequeﬁ

prn(t) = —in[E@®) @ R, pup®)].  (A4)

We can write this as an integral equation,

pes(t) = prs(0) — iy / [B(s) @ R(s). pn(s)] ds
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and reinjecting this into (A4]), we obtain

pn(t) = =iy | E(t) © R(), pe (0)] (45)

2 /Ot [E(t) ® R(t), [E(s) ® R(s)mEB(s)”ds.

Up until here, no approximations have been made,
) is exact. At this point we follow the standard
procedure of the Born-Markov approximation [4) [7, 4],
assuming the bath to be very large and unaffected by
the weak coupling with the E system, so it remains in a
steady state pp that is invariant under Hg ([Hp, pg| =
0). Without loss of generality we can take Tr(R pg) = 0,
since otherwise this would just lead to a modification
of the bare E-Hamiltonian. Lastly, we assume the cor-
relation time of the bath to be the shortest timescale
present in the joint system. Taking the partial trace of
both sides in and performing these approximations
yields a Markovian equation for E:

PE(t)
,-)/2
/OOOTY(HE(t ~$) @ R(t-5), pp(t) ® ﬁB} E(t) @ R(t)Dds

The right-hand side can be further worked out by defining
the two-point correlation function g(z) of the bath as

9(z) = Tr(R(t)R(t —2) ﬁB),z,t €R,

yielding
0= [ ([t )

+ [E(t), pe)E(t+ z)] )dz. (A6)
Plugging in the expression of E(t) as in (A3)), terms oscil-
lating at frequencies +2Qpg, £2A, 205 + 2A, —205 + 2A
appear. Regarding oscillations as a function of z, we de-
fine the spectral density of the bath G as

Gv) = /OO e?g(z)dz,Yv €R. (AT)

—00

There remains to treat the terms oscillating as a function
of t. The bare TLS frequency Qg can always be assumed
very large w.r.t. pg in , justifying to average over
terms oscillating at frequencies +Q . The case of ultra-
strong driving precisely assumes that we can similarly
average over frequencies A and, avoiding parametric
resonance, over the frequencies 2Q g +2A and —2Q g +2A.
Therefore, the final Lindbladian model is just obtained
by performing a last secular approximation (i.e. RWA)
as mentioned in the first paragraph, yielding:

pE’(t) = KQIDUQI + Kfosza'a, + KQ+DUQ+, (AS)



where
Kog = 7; G(Qp) + G(-QE)) cos® (@), (A9a)
Ko 1= 2GS + A)(1 + sinf))
+ 2605 + A)(1 - sina), (A9D)
Koy = 7;G(-QE - A)(1 +sin(a))’
+ 26(@5 - A)(1 - sinfa)’ (A9c)

while a and the associated operators are defined in the

main text. The model (A8)) is used in the analysis of

section In the final secular approximation, this
2

Koz, a4, a—

model neglects 2nd-order RWA-terms of order

2
ax, o+, 00—

K
and of order %

a. Interpretation

We can briefly comment on how to consider the dissi-
pation rates as a function of our QDD parameters.
e The effect of %0 just adds up to Qg, so for wy =0
the bath noise spectrum G is probed at altered fre-
quencies +(Qg +w1) to evaluate the excitation and
loss rates. Knowing Qg up to 6Qp anyways, if
we want to use these equations we have to assume
w1,00r < Qg, and G sufficiently flat for the in-
duced frequency shift to have negligible effect on

the induced Lindbladian.

e The stronger drive of amplitude ws introduces the
periodic time-dependence in the TLS Hamiltonian
. According to the general Floquet-Markov the-
ory [I5], the eigenbasis in which the TLS decoheres
is then given by the Floquet Hamiltonian associ-
ated to E, in a frame given by a periodic change
of variables (often called the micromotion), and
Lindbladian dissipation rates are found by eval-
uating the bath noise spectrum at the Floquet
quasi-energies. In our case, the periodic change
of variables just corresponds to going to the ro-
tating frame w.r.t. %JZ, where we obtain a con-
stant Hamiltonian %Uw on E. This special situa-
tion implies that the Floquet decomposition trivial-
izes to the more standard rotating-frame and aver-
aging approach, but thus still with correspondingly
modified dissipation channels on E.

b. Deriving the other Lindblad model

We can briefly review the derivation using the first
possible condition mentioned in Section namely
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for obtaining a Lindblad model whose dissipators do not
depend on the drive when A < Qg (strong, yet not ultra-
strong driving).

The steps up to remain the same. From there,
with A < Qp, we can still perform a final secular ap-
proximation over frequencies +{0g as well as 2Qp + 2A
and —2Qp + 2A. However, averaging over £A may not
be justified and another standard type of approximation
is applied to obtain a stationary Lindbladian. This con-
sists in assuming that the bath spectral density G is suf-
ficiently flat to be considered invariant w.r.t. frequency
shifts of +A around Qg > A.

Thus concretely, averaging over t with only the
frequencies £2Q g, yields

/ 9 (B (1-2)p, By (1)) + [B_(t)pp, B (t+2)))

—0o0

+[ 9@ (B 120, B- (0] + (B (1), p B-(142)]).

— 00

We next shift the z dependency of £E_ and E, towards
g(2) and assume G(Qp £ A) ~ G(Qg) ~ G(Qg) when
integrating over z. Finally, moving back to the lab frame
by undoing @D, we then readily obtain where the
drive has no impact on the Lindbladian dissipation.

As explained in the main text, the conclusions obtained
with these two approaches do coincide (at least at lead-
ing orders) when both conditions — averaging over +A,
and assuming a locally flat noise spectrum G(.) — are
satisfied.

Appendix B: Adiabatic elimination method
1. Summary of the formalism

Consider dynamics with the following timescale sepa-

ration

p = Lo(p) +L1(p). (B1)
Here, p is a density operator acting on a Hilbert space H,
Ly a stationary Lindbladian of order 1, and £; an order-
one Lindbladian providing a perturbation, since ¢ < 1 is
a small positive constant. We use the term Lindbladian
in the broad sense, as we assume any Hamiltonian parts
of the dynamics to be included in Ly or £1. The start-
ing point is that the fast dynamics are degenerate, i.e.
the linear superoperator Ly, acting on the set of linear
operators on H, has a nontrivial kernel Mg associated
to eigenvalue 0. Furthermore, this kernel is strongly at-
tractive, in other words all the non-zero eigenvalues of
Lo have a strictly negative real part (spectral gap).

The goal of adiabatic elimination, as described in [2],
is then to obtain a reduced model describing the pertur-
bation of this degenerate kernel under the full Lindblad
dynamics Ly + €L, for € small. This reduced model
involves an invariant space M, — dubbed the slow or



reduced subspace — of the same dimension as the kernel
Mg of Ly, and on which the perturbation of 0-eigenvalues
now imply some slow dynamics associated to eigenvalues
of order ¢ of the superoperator.

Both the invariant space M, and the associated slow
dynamics Ls can be determined as a power series in €.
For this we parameterize the reduced model with a vari-
able ps € My ~ M, undergoing the dynamics

o0

=L (ps(t) = Zi‘:kﬁs’k‘(pS) ; (B2)

k=1

ps(t)

and we express how this variable is embedded in the full
system, thus mapping the parameterization space Mg to
the actual invariant eigenspace M,., via the linear map:

p(t) = Ke(ps(t)) = " Kr(ps(1)). (B3)
k=0

Ideally, we want L, . to have the typical Lindblad struc-
ture of positivity-preserving dynamics, and /. to be a
Kraus map, so density matrices in M, are mapped to
density operators in the total space. General expressions
satisfying this structure have been obtained when trun-
cating the series after 2nd order; we hence keep following
the procedure of [2].

Demanding that the equations 7 be solution
of , the L, and Kj can be progressively identified
by matching terms of equal order in €. Explicitly, one
obtains

Ko(Ls2(ps)) + K4

Since these equations should hold for any ps € M, we
write (with a slight abuse of notation, since all operators
are linear):

Loy =0,
KoLs1 = LoK1 + L1Ko,
KoLso+KiLs1 = LoKo + L1K4,

where a product of superoperators stands for their com-
position.

The solution is not unique since we have a choice in the
parameterization of M,. via M, but it has been proved
that solutions exist [2]. At each order, we can first solve
for Ls ;, by projecting the corresponding equation with

R = t_lg?oo exp(Lot)

onto the subspace corresponding to the zero eigenvalues
of Ly, i.e. the subspace whose perturbation we want to
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compute. Mathematically, this decouples the unknowns
thanks to RLy = LoR = 0 and choosing R(Ky) = Ko.
This choice for Ky is natural since M is isomorphic to
M. Then in a second step, one can project the equations
with 1 — R to determine /Cp.

The results recalled at the beginning of Section [[VA]
have been obtained by applying this procedure to £, sta-
bilizing one subsystem of a composite quantum system
towards a unique steady state, and £ expressing Hamil-
tonian coupling between this subsystem and another one.
The leading order adiabatic elimination results for this
case have been explicitly computed in [2]. The present
paper has encountered situations where the set of steady
states of £y has a different structure. We then resort to
the general procedure outlined in this section. This ex-
plains how we have treated the elimination of D, in ap-
plications of Proposition and how we have addressed
Section A more detailed discussion of these two
cases is included in Sections and respectively.

2. Time-periodic extension

This section aims to develop an extension of the ap-
proach of adiabatic elimination in systems with strongly
dissipative degrees of freedom, to the case where the per-
turbation displays a periodic time-dependence with a fre-
quency comparable in magnitude to the fast dissipation
rate. We consider dynamics with a similar timescale sep-
aration as before:

p=Lo(p) +eLi(p,t), (B4)

where we have the same assumptions on Ly as before,
but now L£;(t) is a periodic Lindbladian perturbation
of period %’r Furthermore, this perturbation should be
rapidly oscillating, i.e. w > ||e£1]. Thanks to Floquet
theory, we can expect M to be perturbed into a slightly
altered attractive subspace which now moves periodically
in time, and on which also some slow dynamics is present.

We again parametrize the slow dynamics using a vari-
able p, living in a space Mg isomorphic to My, and
propose

p(t) = K:E(ps(t)vt)a
Ps (t) =Lse (Ps (t))

as a solution staying in the “slow” invariant subspace
of (B4). Here, K(-,t) is a 2Z-periodic map characteriz-
ing the embedding of the perturbed slow subspace in the
total space and L, . : My — M, is a stationary superop-
erator parametrizing the slow dynamics. Plugging
into , we obtain an invariance equation:

(Bba)
(B5b)

oK.
ot

(t) + ]Ca (t)ﬁs,e = »Colce(t) + €£1(t)ICE (t), (BG)

where the domain of all terms is M. We again expand
both the stationary superoperator £ . and the periodic



map K.(t) in powers of e.
K(t) = Ko(t) + eKa(t) + e Ka(t) + -+, (B7)
‘Cs,a = £s,0 + 5£5,1 + 52['372 +-- (BS)

Collecting into powers in ¢ yields the set of recursive
equations

0Ky

W(t) + Ko(t)ﬁs,o = ﬂoKo(t), and for £ > 1:
(B9)
%(t)+ilc(t)£ = LoKu(t) + L1()Knor (1)
ot = J s,k—j — ~0/Vk 1 k—1 .
(B10)

We can choose £; o = 0 and Ky time-independent and
injective such that Ry = Ky, since for € = 0, the so-
lutions in the slow subspace are stationary. For k = 1
we then obtain the following equation, to be satisfied by
»Cs,l and Kll

oK
(1) + KoLy = LoKa(t) + L1(£)Ko .

- (B11)

We split this equation up into four parts, by projecting
either with R or 1 — R on the one hand, and by consid-
ering the time-average (*) and ripple (%) of the equation
separately on the other hand. Since in this way it will be
clear which terms depend on time, we drop the t argu-
ment in what follows.
Applying R and the time-average to , we obtain
KoLs1=RLiK, . (B12)
This equation determines £, ; uniquely, since Ky can be
inverted on its image. The application of R to the pertur-
bation (its average part here) corresponds to the Zeno-
effect that is well-known for stationary systems.
Applying R to and taking the ripple of the re-
sulting equation, we get
RKI = REI’COa (B13)
of which a solution can be obtained via taking the zero-
average time primitive:
REK1 = RO LKy + RG:. (B14)
Here G, is an integration constant, playing the role of a
gauge choice. Equation is reminiscent of an aver-
aging procedure, where oscillating terms are transformed
away using a coordinate change e-close to identity (here
thus Ko + /K1) and generated by the integral of the os-
cillating terms; see [16] for a canonical treatment of this
averaging procedure. This is not surprising, since within
the slow subspace, the effect of Ly reduces to zero, and we
retain a small oscillating perturbation, which is exactly
the setting where averaging procedures work well.
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Applying 1 — R to Eq. (B11]) by 1 — R and taking the
average of the resulting equation, we get

0= £0(1 — R)El + (1 — R)leco, (B15)
which has the formal solution
(1-R)K1 = —Ly (1 —R)L1Ko. (B16)

Since Ly has a spectral gap, its restriction to the im-
age of (1 — R) can rigorously be inverted, because it has
no eigenvalue zero there. This pseudo-inverse of Ly is
equally present in stationary adiabatic elimination and
it expresses how the stationary part of the perturbation
perturbs the slow subspace up to first order.

Lastly, applying 1 — R to @ and taking the ripple
of the resulting equation, we get

(1-R)K1 =Lo(1-R)K1+ (1 -R)L1Ko.  (BIT7)
To determine (1—7R)K; from this equation, we introduce
a decomposition into Fourier modes. We can write

1=R)Li(t) = > ™1 =R)Lyn,

neZ,n#0

for some superoperators £ ,, since £; has zero average.
Decomposing in the same way the tentative solution

1-R)Ki(t)= > €™(1-R)Kyn,

neZ,n#0

and plugging this into (B17)), we see that for every n #
0, we are looking for the stationary superoperator (1 —
R)K4 » such that

(Lo —in)(1 —R)K1n = —(1-R)L1,Ko.  (BIS)

Here we can really see that, since the time-dependence
of £, is as fast as the dissipation Ly, the combined effect
of the two has to be inverted to obtain the oscillating
part of the correction to the slow subspace in the (1—R)
subspace. We thus need Ly — in to be invertible on the
image of 1 — R. Because L restricted to the image of
1 — R only has eigenvalues with strictly negative real
part, a shift in its spectrum by —in,n € Z can never
move an eigenvalue to the origin, and hence Ly — in can
formally be inverted in the above equation. This can be
done for every fixed n separately, or if available a spectral
decomposition of Ly could allow to define all inverses at
once.

Equation for £ > 2 can be treated in an analo-
gous way, and the general higher-order solution goes as
follows:

KoLs = RAk, (B19a
RKx = RO, (A = Br) + Ry (
(1-R)Kp = —Ly (1 —R)(Ap — By), (B19c
(1 - R)Ks = —(Lo—8) (1 —R)(Ak —Bk), (B19d



with
Ap = L1Kg-1,
k—1
Br=> KiLshj.

Jj=1

Here, RGy. is a general gauge choice that can be made
at every order. All inverses are well-defined for the
same reasons as before, and it is easy to check that the
above recursive relation provides a solution, by plugging
it into (B10)).

In appendix [C] we apply the method of this section to
the model (resp. (23)) under ultra-strong driving) and
we show that Ko +eK; can be written as a Kraus map up
to O(g2) terms, choosing G; = 0, so RK; = R@;lﬁllCo,
and RK; = 0. Furthermore, L, is a Hamiltonian on
the target T, and L » is the sum of a Hamiltonian and a
Lindbladian on T. Thus the proposed perturbative series
preserves the quantum structure of Lindbladian reduced
dynamics and CPTP mappings up to second order. In
fact, one can prove that this remains the case for a general
bipartite scenario.

Theorem 4. Consider the model where the Lind-
bladian Ly acts only on one subsystem (F) of a bipar-
tite quantum system, and exponentially stabilizes F to-
wards a unique steady state at a rate k; and, Lq(t) ex-
presses a 2jﬂ-periodic Hamiltonian coupling between the
F-subsystem and the second one (S). Assume €||L1]] < k
and €||L1|| < w. When choosing G = 0 in (B14),
L1 takes the form of a Hamiltonian, Lso is the sum
of Hamiltonian and a Lindbladian term, and Ky + €K
can be written as a CPTP-map up to terms of order 2.

Proof. Since Ly only acts on F, it trivially corresponds to
a Lindbladian Lr acting on F such that £y = identity ®
L. The proof then consists of a straightforward adapta-
tion of Lemma 4 and 5 in appendix A of [I] to a general
pseudo-inverse (Lp —in)” ', n € Z instead of only £z
in the original work. O

3. Proof of Proposition last item

In Section [[V] we also go back to the general proce-
dure for adiabatic elimination, namely when eliminating
fast degrees of freedom which do not necessarily coin-
cide with a subsystem. A first point where this appears
is Proposition where we consider the possibility to
first eliminate part of E, namely the one corresponding
to strictly negative eigenvalues of Dy, and reconsider the
system from there. Our claims in Proposition [B:3]involve
nothing special and can only be further worked out on
examples, except for the claim in the last item. We next
provide its proof.

We consider the system obtained after first-order adia-
batic elimination of Dy, according to the procedure of Ap-
pendix as being the new target-environment model,
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and we denote things as if this was the starting situa-
tion (e.g. writing pg for the unique steady state of the
environment after already having reduced it with D).
Without loss of generality, we assume that the Ej have
been redefined such that Tr(Ey p) = 0, and also that each
FE; is Hermitian. We denote by Dg the remaining Lind-
bladian dissipation on this reduced environment. The
proof ideas are similar to those for proving positivity of
X in the adiabatic elimination theory paper [2].

The goal is thus to investigate when the induced
dissipation matrix X in Section might vanish.
Since X is nonnegative, we can focus on its diago-
nal. This means, we want each diagonal element x; :=

Dr(Qr) = —FExpr. Using the integral formula for

the inverse of a negative operator, we can write Qf =
Iy exp[Dpt](Expg)dt and thus

Here @ is the solution of

x, = Tr (Ek /000 exp[DEt](Eka)dt>

. < /O " exp[ DA (By)dt (Em))
= Tr(My (ErpE))

where D* denotes the dual superoperator of D, and M
must satisfy D} (My) = —FE%. Replacing Ej, in this way
in the expression of z; and using that Dg(pg) = 0, we
get after a few computations:

J
with D; the dissipation channel operators of Dg.

Now, when pg has full rank, the only way to get z = 0
is to have [My, D;] = 0 for all D;. But this would imply
Di.(My) = 0, contradicting how M}, must be computed.
When pg has reduced rank we apply the same argument
to the block-diagonal part corresponding to the support
of pg.

4. Adiabatic elimination computations for

Section IVC 3t

There is a second point in Section [[V] where we go
back to the general formalism of Appendix because
we eliminate degrees of freedom which do not necessarily
coincide with a subsystem. Indeed, in Section[[VC3| we
consider how to treat a case where the environment E
is allowed to keep slow degrees of freedom. We provide
formulas showing how on the considered example, the
“g% /K7 scaling breaks down for dispersive coupling, while
it appears to keep holding under resonant coupling. We
here give some details on the computations behind those
formulas, focusing on the case of resonant interaction.

The fast dynamics happens at timescale x,, while the
slow one involves k_, k4, g thus (k—, ky,g)/k. are all of
order ¢ in the notation of Appendix



Following the general structure explained there, we pa-
rameterize the slow dynamics with ps = (p,, pe) where
both are nonnegative operators and Tr(pg + pe) = 1. In-

21

while the Hamiltonian moves |g){g| and |e){e| onto |g){e]
and |e)(g| which get canceled by R. Working out the
above yields the reported equation for x,eLs ;.

deed, the linear superoperator Next, we go back to the ! equation, without apply-
ing R, and parameterize K1(ps) = 3 rerg.e) Kik(ps) @
|7)(k|. We observe that K. . ® |e)(e| and g4 ® |g)(g]
cancel under application of £y = k,D,, and therefore
these are gauge degrees of freedom associated to non-
uniqueness of the parameterization; we can take them as
Ke,e = Kg,g = 0 for simplicity. The remaining equations
impose:

Ko(ps) = pg @ |9)(gl + pe @ [€) (el

maps this reduced state onto the steady states of the fast
dynamics D,,. Furthermore, the convergence under the
fast dynamics happens according to

eKeg(ps) = %(Txpg — pely +iTypg —ipeTy)
eKgelps) = 52 (Tupe — pgTo + ipgTy — iType) -

R(p) = ((glplg) , (elple)) -

Applying R to the equation associated to ' (see gen-

This can be plugged into the equation associated to
eral expression above), we get ' puggec . 4

g2, to which again we apply R in order to obtain L ».

In the term £;(K;) from the abstract expression, now

) {g| + pe @ |e){e])|g) only the Hamiltonian contribution remains as it can map

@ |g)(g] + pe @ le){e])|g), |te>r<m|s rf>;uh‘e f;)lrrr}l1 lg) (e, |e)<g|dir11) IC713 tgwar(lis tlerrﬁs in

_ e){(e|, |g){(g| which are conserved by R. Simple algebraic

i€ Lo = k—{e[Do_(pg ® lg){gl + pe ® le}el)le), computations then yield the dynamics announced in the
+ £4(e[Do (g @ |9) (9] + pe @ le)(e])e), main text.
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Appendix C: Derivation of the reduced model of section [[ITC|

In this section, we apply the general formulas derived in Appendix [B]to derive the reduced model of Section [[TTC]
We are dealing with the particular case of a bipartite system, so in the notation of app. [Bl H = Hr ® Hg. For both
the model of and , the fast dynamics acts only on E, and quickly drives it to a unique steady state pp were
it not for the T-E coupling, which is considered the perturbation with g < @1, A, k4, Ko+, Kaz- We will calculate pg
explicitly below for both cases, but it is clear that the unperturbed slow subspace Mj is given by the set of linear
operators

X1 ® pE,

where X acts on Hp. Hence, in the notation of app. [B] it is natural to choose M, as the space of operators acting
on Hrp, and

ICO(/)S) =ps D PE-

In this way, L, 1, L, are superoperators corresponding to the target Hilbert space Hr alone, and the reduced model
obtained can truly be seen as describing the induced decoherence on the target system. How the target becomes
entangled with the environment will be described by the map XC; up to first order in g.

1. Case of strong driving

We recapitulate the full model here:

. A
pP= —25[171 ® O'a;mp] + K—D1T®07 (p) + K+ID1T®U+ (p)

—ig [TZ R0, + M Qo +e T, @o_, p].

In the notation of appendix assuming g < w1, x_ at least, we can thus define e = -

w1’

A
,Co = _25[1T ® Oaxs ] + H,D1T®07 + K+D1T®o‘+’ (Cl)
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and
Li(t) = —iwn [T. @0, +“"T_ Qo +e T ®o_,].
It is straightforward to verify that the fast dynamics £y drives the environment to a unique steady state

C lp+ €0y +E5,0- + 2000,
= 5 ,

PE

with

ka  2Asin(a) +iky
o = —2A - , C3
5 COS(Oé) e K% i 2A2 (1 T Sin2 (Oé)) ( )

ka  4A%sin®() + wE
Zoo = —? 3 3 5 R (04)
= k% 4 2A2(1 + sin*(«))

where we have defined

Ky 1= K_ + Ky, (Ch)
KA = K_ — K. (C6)

Since we are interested in the regime of strong driving where ws > Ky, we also compute the leading order in w% of

all quantities in this section. For this, cos(«) should be put to 1 since « goes to zero with wy — oo , and it should be
remembered that Asin(a) = A. Thus

] 2A 1
b = —FA LR+ 20) | 0(2>, (C7)
) wWo w3
2 4+ 2A2 1
Ry Wy Wy

The steady state thus converges to the maximally mixed state in the limit of strong driving.
For the projector R we have

R(XTE) = TrE(XTE) ® PE, VXTE.
Equation (B12)) yields the following expression for the first-order reduced dynamics:

eLs1(ps) ® pr = eR(L1(ps ® pE))
—ig TrE([Tz R0z, Pps @ pE]) ® PE
*igzoo[Tzvps] ® PE,

readily yielding
eLs1(ps) = —igzoc|T%, ps]. (C9)

Equation (B14)) in turn yields

eRK1(ps) = eRO; 1L1Ko(ps)
= —@i TTE([GmtTf ®op —e T Qo ps ® pe|) ® pe
1
- —% [,LE;oeiwltT— - igooeiia)ltT-i-a pé] ® PE, (CIO)
1

where we have put the integration constant to zero as a gauge choice. Equation (B16)) yields a second part of K:

eLo(1 = R)K1(ps) = —(1 = R)L1Ko(ps)
=1ig[T> ® 0., ps ® pE]
—igTrp([T. ® 02, ps ® ppl) ® pE
=i9(T.ps ® 6:p5 — psT> ® PET:), (C11)



23

with 6, = 0, — Tr(0.pr)1lEg = 0. — 2001g. Note that taking the partial trace over E of the right-hand side gives zero,
since Tr(G,pg) = 0. Hence Ly can be inverted to obtain, formally,

e(l - R)Kl(pS) = ig(szs ® 561(@%) —psT: ® £61(5E52))' (C12)

To carry out the inversion we use matrix representations in the Pauli basis. In the standard Pauli basis (o4, 0y,0.),
we obtain the following matrix representation for Lg:

(o] = | Asinfa) - —%  ~Acos(a) ), (c13)
0 A cos(a) — Ky
with det[Lo] = — £ (k% + 2A2(1 + sin?(a))). For its inverse [£5"] we hence obtain
1 % + A% cos? (a) *HgAsin (@) %
m kx A sin (a) 7}: _%os(a)

2 . ; 2 .
A 51121 (2a) KEACQOB (o) % +A2 Sln2 (a)

In turn, ¢,pp takes the following vector representation in the Pauli basis:

1 _Zyoo — TooRoo
[G.pE] = 3 1Too — YsoZoo |- (C14)
1—2%

Straightforward but tedious calculations then give

1 —4kxws (iToo — YooZoo) Sin (@) — 2w3 (22, — 1) sin (2a) — 2 (k% + 2w? cos? (@) (TooZoo + iYoo)

[561(5zﬁE)] 2k (K (i%Too — YooZoo) + w2 (22 — 1) c0s (@) — 2w (TooZoo + iYoo) Sin (av))

8 det[L] 265w (oo — Yoo Zoo) €08 (@) — 2w3 (Too Zoo + iYoo) sin (20) + (1 — 22)) (K% + 4w3 sin® (av))
(C15)
Focussing on the leading-order in w% yields the following:
—A+ika
Ky W2
- - 1
(Lo (7:p8)] = Bwz : (C16)
A(=Ating) - "2atrn)
ngg
and further
- g ,. — _ g _ . T
e(1=R)K1(ps) = X(ZTz ®@ M.)(ps ® pE) + K(ps ® pe) (iT. ® M.)',
with
_2A PLIN
)] [29>]
_ 1 0
[MZ} = _4A2+4"{2A_K’2E +Z 4AKA . (017)
2K w2 sz%
HA(2A7HE) _ 2KA
Ky Wws Ryw2
For the last part of 1, consider (B17):
(Lo — 0)(1 = R)K1(ps) = ig(1 = R)([¢“"'T_ @ o4 + e M T, @ 0_, ps ® pE]). (C18)

Introducing

*

Oy =04 — TI‘(O'_HEE)].E =04 — ?.OlE,

§oo

O_ =0_ — TI‘(O'_ﬁE)lE =0_ — 71E7



we can write the right-hand side of (C18]) as

ig[e™ ' T_ @6 + e ML ®6_, ps ® pr| = ige™ "' T_p, ® 64 pp +ige” "' Ty p, ® 6_pp + h.c.

At this point we can split (1 — R)K; up into two parts:
e(1 = R)K1(ps) = ige™™ (Lo — iw1) (T ps ® 54p5) + ige (Lo +iwr)”  (Typs @ 6—pg) + h.c.
= ige " T_p, @ (Lo —iwr)” (G4pE) +ige Ty py @ (Lo +iw1) ' (7_pg) + h.c.
We obtain the following matrix representations:

2 — (e + E3) £+ 2
o408) = g [ 1 (220 — 1o — )€ +2) |,

(2 —2200) &%
and
det[ﬁo F i@l} (£0 F i@l)_l} =
1 K% + 3ikniw + 2w3 cos? (o) — 207 —2ws (kx + iw1) sin («) w3 sin (2ar)
5 2ws (ky + iy ) sin () K% + 3iknoy — 207 —ws (kx + 2iw7) cos (o)
w? sin (2a) wa (K + 2iw1) cos (@) "2 + 2iks@; + 2w3 sin® (a) — 207
with
K% kxws cos? (a) 5r% 01

det[ﬁo + i@l] = —

1 5 — Kyws + 2Kx@; £ Z( 1 wiiy + (D:l)’) .

Tedious calculations then show that
Lo — i) No4pp) = ————
(Lo —iw1) (04PE) p——y
o1 1
(Lo +iin) (0 pw) = ————M_pp,
with M, operators such that Tr(]\ZfiﬁE) = 0, and that, up to leading-order in w% take the form

1

~1+0(%)
(k5+2i01) (402K a+rs (2AKA+2iA ks — 2881 +2K A Kn+2ikAD1 — K —3iks@1+267 ) 1
- 2k w2 (iky — 2o +O w3
sw3 (iks —2w01) w3

*A“riﬁA*“%JﬂDl 1 ’
S N

= +0(3)
—1+(9(§2)

(k5 —2i01) (4A%ka+k5 (28K A +2iA K5 +2001 4254 kn —2iKA©1 +K% —B3ikpo —207 ))
[M,] _ - 2rnwi(inn+2@1)

2 —A+tira+5E 4o 4 O(ﬁ)
2

N =

o)

w2

e O(%)
w2 w3

Hence we can write

Putting all this together, we can write

, , i
- 19 i@ Y - ~ 9 i@ Y
e(1 = R)K1(ps) (We T ® M+) (ps ® pE) + (ps ® PE) <w6 T ® M+)

. . t
7 ;= — 7 . _
+<ge“"1tT+ ® M_) (ps @ pE) + (ps @ PE) (gelwltn ® M_> .

Ky — 1001 Ky — 101

)
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(C19)

(C20)

(C21a)

(C21b)

(C22)

(C23)

(C24)



For the second-order reduced dynamics, (B19)) for k& = 2 gives

’C0£5,2(ps) - Es,Q(ps) ® ﬁE
=RLiK1(ps) = Tre(L1K1(ps)) ® pE,

SO

Ls2(ps) = Trp(L1(1 — R)K1(ps)) + Tre (5173’%1(/%)) +Trg (51(1 - R)’al(/@)-

It is straightforward to verify that

_ _ 02 _ o2 _
Tre(L1(1 - R)K1(ps)) = ;; Tr(0.M.pE) (T2ps — TepsT:) + UT; Tr(0.pe M) (psT2 — T.psT:),
and using
_ 4A? + K2 2A —
TT(UZMZ/SE) = - +Z-HA( /‘@Z)’
2K w9 Ky Wws
we obtain that
_ _ L (4A% + K2 o kA (—2A + Ky
Tre(L£1(1 - R)Ki(ps)) = w%#% (ps) — Wf(—g) (T2, ps].
RyWwsy RyWwj

For the second term in equation (C27)) we obtain

*

Trp (LRK(pn)) = 5201 Te(o4 ) [ [T ] — 155201 Tx(o_pe) (14, [T ],

and using Tr(oypg) = %" we obtain that

§ocboo
w

4

Trg (Elniél(ps)) = — Ty, T, psl-

For the third term in equation (C27|) we obtain

Trp (L£1(1 = RIK1(py) ) = ay(T-Thpy = Tip,To) = a* (T-p,Ts — p,T4T-)
+a- (T+T—ps - T—PsT+) - aj—(T—l-psT— - psT—T-‘r)a

with
_ Te(ouM-ps)
Q4 = ————— Wy,
Ry — wwq
Tr(o_M,.p
a_ = (7@@2.
Ky + 1

Retaining the leading-order terms in w% for a4 and a_, we readily obtain

—2 —3
Rywy . w1y
UL Dy 4Dy ) it
K2 + 402 (Pr.+Dr.) KZ + 407

Trp (L1(1- R)Ki(ps)) = ([T, T-], ps)-
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(C25)
(C26)

(C27)

(C28)

(C29)

(C30)

(C31)

(C32)
(C33)

(C34)

(C35)

(C36)

Putting all of the calculations of this section together, we obtain the following second-order reduced model. For

the slow dynamics we obtain an explicit Lindbladian model

Ls,g(ps) =t I:ws,z71Tz + wsazv2TZ2 + (‘L)S,C[TJF?T—] + wSya(T"rT— + T_T+)7p$]
+ ks,2 D1, (ps) + ks,x (Dr_ + D1, ) + O(ge?),

(C37)
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with, up to leading order in w%,

KAG (4A2 + H%)

s,z,1 — — s C38
w‘v ,1 QKEMS ( )
2
kag® (—2A 4 ky)
= C39
Ws,2,2 2%32&)3 ) ( )
2_
g-wi
s,c — 3 C40
Wsre KE + dw? (C40)
A g* (482 + %) (C41)
S,z sz% ’
2
Rk»g
ot = 55— . C42
Rk i (042)

For the embedding of the slow subspace we obtain a completely positive map up to second order terms:
Ksg(ps) = Kq(ps @ pr) K] + O(?), (C43)

with, up to leading-order in w% for every term,

292
Ky=1-i2 g 9lp+ilT.0o,—i2—T.®0 I Ho.®0,-229T 00,  (C44)

v Tl -2
ks W2 wa Kxws VK + 407 Ky w2

and we have defined

H - _ ks + QiAeiantT _ ke — 2iA
s 2001 - 2001
— 201 ettt 20 —i@ytp
Hyo— (ky — 21001 )e + (kx + 2i@n e T (C46)
N
We here reported the leading order of all different terms in w— hence approximating the exact expression of Xy
as defined in and (| in the hmlt of large wo. When using the exact expressions, it is straight-
forward to show that Tr lCl(pS)) = 0 since , and -7 are traceless expressions. We then obtain

(
that Trg(KCs 4(ps)) = Tr(Ko(ps)) + 6Tr(lC1 0s)) = Tr(ps) + O(¢?), and thus up to order &2, K, , is also
trace-preserving, and hence CPTP.

et (C45)

Discussion of Hamiltonian terms

The exact first-order slow dynamics L ; is given by the Hamiltonian w, . 17, with

he — kg AAN2 (ko + k)’
Ko+ Ry AN 4 (ko +ry) 4 2w§.

Ws 2,1 = —

Regarding the system parameters, we can see that this contribution is largest for a TLS coupled to a cold bath,
and disappears in the limit of a hot bath, where k_ = k;. Since the imperfect detuning A appears, we cannot
expect to have exact knowledge of w; .. However, if A can be assumed constant, then the term can be calibrated
experimentally and corrected for. Remark that such a Lamb-shift type Hamiltonian is present in the absence of
driving as well, and only the frequency is altered through the driving. Regarding the QDD control, the term goes like
~ — for large wo, and hence it is suppressed for strong driving, although this was not explicitly part of our goal.

For the first Hamiltonian term at second order, we obtain

16AkAw3g?
s (4A2 + k% + 202)°

Ws 2,2 = —

We obtain the same conclusion as for ws . 1, namely ws , 2 is minimal for a hot bath, and decreases like —> under the
QDD controls. The full expressions for the remaining two Hamiltonian terms are more involved. Dlrectly focussing
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in the regime for large wo, we obtain a Hamiltonian w, [T, T_] with
9o (Ca7)
Wse = ———5 -5 5 |
’ k% + 4w} w3

as above, but also an additional Hamiltonian ws (T47- + T_T), with

kawr (481 + K3) (1>

1
Wo

(C48)

Wea = T 2ksw3 (K + 4w?)

We can again see that the QDD controls suppress these Hamiltonian contributions asymptotically for large w; and

wa.

2. Case of ultra-strong driving

We recapitulate the full model here, the dissipation model being given in :

) A
pP= _15[1T & Oaz, p] + K0z DP1r00 0. (,0) + ka—D1rgoa_ (p) + “a+D1T®0a+ (p)
—ig [TZ Q0,4+ M Qo 4+ e T @o_, p}.

In the notation of appendix we can similarly write e = L,

w1
Lo = —i%[lT ® Caz, ] + kazDir@oa, + ka—Dirgoe_ + KatDirgo, (C49)
and we still have
Li(t)=—in[T. R0, + " T_ @0y +e T ®o_,].
It is straightforward to verify that the fast dynamics £y drives the environment to a unique steady state

o 1E + Lea,000 ax

with
Ray = Ra_
=—" = C51
Taoo = L (C51)
For the following it is instructive to define
Kag = K- + K4, (C52)
Kap i= K- — K, (C53)

SO Tey,00 = —Z2a  Remark that the steady-state is independent of the driving amplitude A.

Ko

For the projezctor R we have
R(XTE) = TI‘E(XTE) ® pe, VXTE.

Equation (B12)) yields the following expression for the first-order reduced dynamics:

eLs1(ps) ® pp =€eR(L1(ps ® pE))
_Zg TI'E([TZ &K 0o, Ps & ﬁE]) ® ﬁE
= —1gTa, 00 sin(a)[1%, ps] @ pE,

readily yielding

eLs1(ps) = =19 a,c0 sin(a) [Ty, ps)- (Ch4)
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Equation (B14)) in turn yields
6RIC1(pS) = 5R8{1£~11C0(ps)
- 70’% Trg([e“"T- @ oy — e "I ® 0_, ps @ pp|) @ pE
1

= —iZa 00 cos(a)% [ie"'T_ —ie "'y, p] ® pg, (C55)
1

where we have put the integration constant to zero as a gauge choice. Equation (B16) yields a second part of Ky:
Eﬁo(l — R)K;l(ps) = —8(1 — R)leco(ps)

=ig[T; ® 02, ps @ pp| —ig Trp([T. ® 02, ps @ pE]) @ PR
= Z.g(szs ®.pE — psT: ® ,5E5z), (C56)

with 5, = 0, — Tr(0,pr)1E = 0, — Ta,c0sin (a)1g. Remark that taking the partial trace over E of the right-hand
side gives zero, since Tr(G,pg) = 0. Hence Ly can be inverted to obtain, formally,

e(1— R)KI(PS) = ig(szs ® 561(5?:515) —psT: ® ﬁal(ﬁE5Z))~

For this inversion we again use matrix representations in the Pauli basis.
In a rotated Pauli basis (cos(a)o, — sin(a)oy, 0y, 0az), we obtain the following matrix representation for Lo:

—5aE 24, —A 0
[Lo] = A (I (C57)
0 0 _HOéE
with
det[Co] = _ Kay (4A2 + Iiiz + 8KagKax + lﬁﬂix) (C58)
1 .
For its inverse we obtain
' Kay, (ﬁag +4nam) _A"faz 0
Lol = o g (R s )
[ 0 } det [['O] A/Qaz 22} g g 0
0 0 A% 4+ =52 4 2kay Koo + 4K2,
In turn, ¢,pp takes the following vector representation in the Pauli basis:
_ iKap COS ()
2Ka
cos (03
= = 1 _ 2
[Usz] - (7/{(2,A+ni2) sin (o) (059)
2K2
ay
0

Straightforward calculations then give

(2Aﬁa2+in(,A(naz+4n(m))cos(a)
(nai (4A2+ng(+8naz nan)r)IGHg(I))
—1/— — _ 21 Kax —Kay, na2+4naz cos (a
[£0 (Usz)] - Koy, (4A2+Kiz+8'€azﬁam+16'€iw) . (CGO)
(NQA —Kax ) (HQA +na2) sin ()

2k3
(!2
Focussing on the leading-order in w% yields the following;:
1
1 ap 1

Ly G.p5)] = =— a o — ), C61
[ 0 (0 PE)} 2wa A(n; ERZ ) i (w%) ( )
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and further

E(l - R)Kl(ps) = Zi [Tz & MZ7ps & ﬁEL

w2
with
1
. 0 1
[MZ] = _HA +O(w>
Are 2
— K’Z A
as
For the last part of K1, consider (B17):
e(Lo — 0)(1 = R)Ki(ps) = ig(1 = R)([¢“V'T- @ oy + e Ty @0, ps @ pi)).
Introducing
_ _ Kaa €08 (@)
oy =04 —Tr(oypp)lg =04 + ———1p,
2Kay
o_:=0_—Tr(o_pg)lg=0_ Ml,@,
2K,
we can write the right-hand side of (C63|) as
ig[e™ ' T_ @6, +e Ty @6, ps @ pp| = ige™ ' T_ps ® 64 pE + ige ' Ty p, @ 6_pp + h.c.
At this point we can split (1 — R)l@l up into two parts:
e(1 = R)K1(ps) = ige (Lo — i) (T-ps @ 74 pp) +ige (Lo + i) (Typs ® 5_pr) + h.c.
— ige™ T _p, @ (Lo — iwn) " (G4pp) +ige YTy ps @ (Lo +iw1)” ' (6-pp) + h.c.
We obtain the following matrix representations:
i(n(,A sin (a)+f-ca2)
4K o
_ Ka A thay, sin (@)
[0—+pE] = ——= 4:{5 )
(—/{iA +ﬁ323 cos ()
4&&2
i(fiaA sin (a)—naz)
4Ray
lo_ppl= | “arpestnld
(—miA—&-miZ) cos (a)
4&%2
and
—2Kay, —8Kaa F4iw1 4A
4A2+n32 +8na2nazi4ina2w1+16niwi16inamw1—4&1f 4A2+maz+85az maziélinaz@1+16.ﬁiwi16imaz@1 —4w?
Covion ] - [ - i
4A2+niz+8ﬁazKami4ina2w1+16miwil6inam@1—4@% 4A2+f€a2+8na2maziélina):@1+16ﬁiwi16imaz@1—4@%
0 0
Again focussing on the leading-order in w%, putting cos(a) to 1, and using Asin(a) = A, we obtain
(Lo — ian) " (64 pm) 1 B 4+ cos() Foaq _
— 1w o = o
0 ! +PE 2ws 2(Kay, +101) \ Kas BT Oz ) JPE;
o 1 cos(w) Ko
Lo+io) G pp)=—(—B+-—"— (221,54 E,
( 0 Zwl) (U pE) <2w2 + 2(/€a2 _ Z@l) (K,az E Uowc pE
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(C62)

(C63)

0

0

1
—Kay, FiW1

(C64)

(C65)
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with
A mox ;ngmfwl + O(%g)
[B] = —i+ 0(%) : (C66)
0
0

Putting all this together, we can write

£(1= R)Ki(ps) = — i [T @ B + 7T, © B, p, @ o]

- QC(;S(CY)_z ( 522_ %J_12 T+ ‘Hz;_ ZUJ_12 e_iwltT+> ® (KJQA 1p+ Jaz>7ps ® PE|-
2\/n2+w1 \/I{E+w1 K5 + w7 as
For the second-order reduced dynamics, (B19)) for £ = 2 gives
KoLs2(ps) = Ls2(ps) @ pr = RL1K1(ps) = Tre(L1K1(ps)) @ pE (C67)
SO
Laa(ps) = Ten(£a(1 = R (ps) + Tr (EiRE (ps) ) + Tre (£2(1 = R)Ka(ps) ) (C68)
It is straightforward to verify that
_ _ o2 _ o2 _
Tre(L1(1 — R)K1i(ps)) = wi Tr(0.M.pE) (T2ps — TepsT.) + ;; Tr(0.ppM.) (psT2 — T.psTs), (C69)
and using

2

A2 (K‘;A B 1)
_ j Ko 2 1
Tr(0.M.pg) = Lan 4 = _ foy ez 4 g — ],
Kas KagWa 2w Wo w5

we obtain that

2 ra
. - & (l> &2 Fon@ 1o |
Tep(L1(1 = R)K(ps)) = [ 22 4 hag + 4w | 5D () — 22221 (12, p ] 4 O = ). (CT0)
2 2

Ras, Ras W2

For the second term in equation (C68)) we obtain

5 = . Raa — _ . K _ _
Trpy (L1RK (o)) = —icos(a) 2201 Tr(04 o) [T, [T pul] + 3 cos() 32261 Te(o—pe) [T, [T pull, (CT1)
ax axy
and using Tr(oypg) = Tr(o_pg) = —%Os(a) we obtain that
ax
_— ( Fan \cos?(a)
Trg <E1RIC1(pS)) S ([T, T-], ps). (C72)
as
For the third term in equation (C68)) we obtain
—2
= = w *
Trp (L1(1 = RIKi(pe)) = 51 (04 (TepsTo = T-Tipy) + ¢ (T-pu Ty = pu T3 1) (C73)
2
w *
+ ﬁ (c, (T-psTy = T4 T ps) + 4 (TypsT- — psT*TJr)) (C74)
dw? ._
5z (hx + i) (T-ps Ty = T-Typs + ThpsT- — psT4 1) (C75)
K5, + Wy
dw? o
(ke —iw1)(TypsT- = T4 T-ps + T-psTy — psT-T4), (C76)

5 o2
ks



with
C+ = TI'(CT+BﬁE),
_ = Tr(a_BTﬁE),
_ _ 1 HiA 9
d=Tr(0+(1g + 04z)pr) = Tr(o- (g + 00z)pE) = S\ 1 ) cos ().
s
Using
o = _itas | D Koy e — 210 +0(12>’
2Kay 4wo w3
. _ iKay . —4GA + Koy + 4Rag + 20001 Lo % 7
2K as 4wo w)

we readily obtain

Koy d ©F Koy, + 4Kaz _

TrE(zlu_R);a(pS)):( +w1 - 1+o( 2))(DT(ps>+DT+(pS>)

i<2( il ()) (T,
)

w? Ka
+z<41 = <3 )TJ +T Ty, ps).
w2 F“'Oo: wWa

_|_
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(C77)
(C78)

(C79)

(C80)

(C81)

(C82)

(C83)

(C84)

Putting all of the calculations of this section together, we obtain the following second-order reduced model. For

the slow dynamics we obtain an explicit Lindbladian model, where we have kept the leading-order in %2

different type of term:

Es,g (ps) = —1 [ws,z,sz + ws,z,2Tz2 + ws,c[T+7 T—] + Ws,a(T+T— + T_T+), ps]
+ kis,: D1 (ps) + ks, (Dr_ + D1, ) + O(ge?)

with
_ Kaa gA
Ws,z,1 = — R
K:a); w2
2
_ Kaad
Ws,z2 = ——
KVQZOJQ
2 2 2 - 2
e = Raa g 1 1 Kaa w1g
s,c — | . T- 7 - S, -2
Koy ) 4@ 4 k2, ) K2+ @F
2
__kKaa g
ws7a - -
Koy 4w
2
I{D/
AZ(1-— o 9
. ) Kay 20z | 29
Kspz=|———+ + -,
Kog W2 2wy Wo Wo
2 2 2
K _ 1 (1 IiotA) K/Ozzg g (HOé):) + 4/€O¢I)
st T 5 2 2 —2 2 :
2 Koy, ) Koy W1 4ws

For the embedding of the slow subspace we obtain, up to second-order terms:
Ks.g(ps) = e (ps @ pp)e's + O(e?),
with

iHs®oy.

Hg::HaA gH®1E+ g
2w2

200 _
w1 24/K2, +&f

Hs,:t ® (1E + Ua,:c) - %Tz & Mz -

for every

(C85)

(C86)
(C87)
(C88)

(C89)

(C90)

(C91)

(C92)

(C93)



Here we have defined

Hs,i =
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HS _ ieii@ltT_;,_ _ iei@ltT_’ (C94)

(Fay — i@1)e® T + (Kay, + i@1)e” 1T + (C95)
\/m

1E + Uaz) . (C96)

Mz = Oqx — A<KQA

Rays

as

It is easy to verify that H, is Hermitian, since H,, H, + and M, are Hermitian, and hence K4 can be written as an
entangling unitary up to O(¢?). In particular, K, is therefore a CPTP map up to O(g?) terms.

Discussion of Hamiltonian terms

All the Hamiltonian terms are suppressed asymptotically for large w; and wsy, although this was not explicitly
part of our goal. Note that in contrast to the case of strong driving where x_ dominates x4 for a cold bath, with
ultrastrong driving we typically keep x,— and k.t of the same order. The resulting conclusions are consistent with
the induced dissipations and Hamiltonians derived when both viewpoints hold, i.e. taking the limit of large ws in the
expressions obtained with the dissipation model of strong driving on E.
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