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Abstract We consider the long-term properties of a stochastic SVIR epidemic model with saturation
incidence rates and logistic growth in this paper. We firstly derive the fitness of a unique global positive
solution. Then we construct appropriate Lyapunov functions and obtain condition R§ > 1 for existence
of stationary distribution, and conditions for persistence in the mean. Moreover, conditions including
R§ < 1 for exponential extinction to the infected individuals are figured out. Finally, by employing
Fokker-Planck equation and stochastic analysis, we derive the probability density function around the
quasi-endemic equilibrium point when critical value R} > 1 is valid. Consequently, some examples and

illustrative simulations are carried out to verify the main theoretical results.

Keywords: Epidemic model, Vaccination, Persistence and extinction, Stationary distribution, Fokker-
Planck equation, Probability density function

1. Introduction

Vaccines played a vital role when we controlled the spread of infectious diseases. Recently, Zhang et al.
[1] studied the dynamic behaviors of SVIR epidemic model with bilinear incidence rates and vaccinations,

they proposed the following model:

dS(t) = (u— ¢S — puS — BSI)dt + 015dB (1),
dV (t) = (S —mV — B1VI — pV)dt + o2V dBa(t), (1)
dI(t) = (65[ + VI —1l— /,LI)dt + Ugdeg(t),

where the bilinear incidence rate $SI described the unbounded increasing when the number of the

infected raised, and infectious diseases prevailed in an infinitely increasing way for a long time in [2, 3].

In 1978, Capasso and Serio [4] improved the bilinear incidence rate and governed the saturation incidence

rate in the form of ¢(I)S = ffalj to describe the spreading of infectious diseases, where the constant a
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is called the saturated constant in [5]. When the number of the infected became very large, g(I) tended
to a saturation level g in [6, 7, 8,9, 10, 11, 12, 13, 14] and [15], which reflected the behavioral changes
and the crowdedness effect of the infected. Recently, Sahu and Dhar in [6] studied an epidemic model
with the saturation incidence rate, their conclusion revealed that the higher vaccination coverage rate
was, the basic regeneration number declined faster. Other types of the incidence rates could be found in
[16, 17, 18, 19] and the references therein.

Here, we notice that, in [1], x4 is a positive constant and stands for the new recruitment rate of the
susceptible, the value of which is the same with the natural death rate of a local population. While, in this
paper, we do not think the constant recruitment rate p is rational for describing the epidemic model with
fast mobility of a local population, so we always assume that the mobility of a local population obeys the
Logistic growth vS(1 — %) due to the fast transportation by metros, trains and airplanes within a period
of time, where v = b— p > 0. That is, the intrinsic rate v equals the difference of the birth rate b and the
natural death rate p, and K is the carrying capacity of a local population. Meanwhile, in this paper, we
adopt the saturation incidence rate to describe the crowdedness of the infected when infectious diseases
invade a local population. Precisely, we improve the constant recruitment rate y of model (1) and govern
the Logistic growth v.S (1 — %) into the equation of the susceptible, and we assume that the density of
the susceptible in the municipal cities on holidays or weekends is described by the Logistic growth, and
also that the vaccinated lose their temporary immunities over time and return to the susceptible again

due to immunity loss, we thus establish an SVIR epidemic model with the saturation incidence rates as

follows:
S(t)zys(1—%)+w—45— 1&‘2]1[,
. VI
V(t):CSS—IﬁV— 1ia21_“ : o)
1(t) = 1ia11 * 16221 RAGRERE
R(t) =71 — uR.

Here 9 is the rate for immunity loss of vaccines to the vaccinated; ¢ is the proportion of the susceptible who
take the vaccine; (3 is the transmission rate between the infected and the susceptible (or, the vaccinated);
7 is the recovered rate of the infected; § means the mortality rate caused by infectious diseases to the
infected. Let x(t) = S(t) + V(t) + I(t) + R(t), by (2), which then follows

L) b—p o b—p o
&(t) = —px + bS 7 S% =40l < —px+bS e S=.

Here, the expression bS — IFT“SQ admits the maximum m, so we have () < —px + m, which gives that
z(t) — % as t — oo, which further implies that the density of a local population is always varying with the
time, instead of a constant in model (1). The readers can find that the recent works in [20, 21, 22, 23, 24|
also govern the Logistic growth to discuss the long-term properties of their models. In model (2), the

saturation incidence rates

g1 B BB

1—|—a1] al’ 1+a21 ag’

respectively reach their boundaries when the number of the infected increases to a large amount, here the

transmission rate (3, the saturated constants a; and ay are positive constants. We further assume that
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the saturated constants satisfy the condition a; < as. In other words, the probability that the vaccinated
are infected by the infective is less than the probability that the susceptible are infected by the infective.

In the real world, many tiny and independent random fluctuations, such as small changes in temper-
ature, humidity, wind and the like, usually affect the population size. So, model (2) can be improved into
a stochastic epidemic model with the fluctuation circumstances by introducing Gaussian white noises
&(t) = dB(t)/dt, here dB(t) = B(t + At) — B(t) is a Wiener increment with zero mean and At variance.
Therefore, the epidemic models with fluctuations describe the real circumstances in the appropriate ways
when modelling infectious diseases. Motivated by the recent contributions in [25, 26, 27, 28|, we assume
that the environmental noises are proportional to the variables S,V, I, R in this paper. Moreover, we
notice that, the first three equations of model (2) are independent of the recovered, so we leave the fourth
equation of model (2), and consider a stochastic epidemic model (3) with the saturation incidence rates

and the Logistic growth as follows:

3 S BSIT

ds(t) = [75(1— E) +OV — ¢S — 1+a1[} dt + 01SdBy (1),

AV (t) = [¢S -9V — VI vt +ovaB (t) (3)
= 1+ asl K 02 2\?),
[ BsI pBVI

dI(t) = [1+a1[ + T+l (u+§+7)]} dt + o3IdBs(¢),

where Bj(t), B2(t) and Bs(t) are three independent standard Brownian motions (or Wiener processes),
01,02 and o3 respectively are the intensities of the white noises; (2, F, {F; }i>0,P) is a complete proba-
bility space with its filtration {F;}i>o.

Next, we start to show the existence and uniqueness of a global positive solution of model (3). Then
the sufficient conditions for the persistence of model (3) are given in Section 2. Further, the sufficient
conditions of the existence of an ergodic stationary distribution to model (3) is obtained in Section 3. We
derive the sufficient conditions for the extinction of model (3) in Section 4. By means of the developed
approaches in solving the general three-dimensional Fokker-Planck equation, the exact expression of the

probability density function for the stationary distribution is presented in Section 5.
2. Fitness and persistence

We firstly concern the existence and uniqueness of a global positive solution to model (3) before we
investigate other long-term properties, further we concern the persistence in the mean of the density of

the infected to model (3) in this section.
2.1 Existence and uniqueness of a global solution

By the similar discussions in [8, 9, 10, 11], we derive the following Theorem 2.1.

Theorem 2.1. For any initial value (5(0),V(0),1(0)) € R, model (3) admits a unique solution
(S(t),V(t),I(t)) € RY fort >0, and the solution will remain in R3. with probability one.

Proof. It is easy to verify that the coefficients of model (3) satisfy the local Lipschitz condition.
Therefore, model (3) admits a unique local solution (S(t), V(¢),I(t)) on the interval [0, 7.), where 7. is
the explosion time. Next, we will prove that the assertion 7. = oo holds almost surely. In other words,
the solution (S(¢),V (t),I(t)) does not explode within a finite time. Let mo > 1 be a sufficiently large
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number which can ensure each component of (S(¢), V(¢),I(t)) all lying within [m%), my]. For any integer

m = mg, we define the stopping time
1
T = inf {t € [0,7) s min{S(1), V1), [(1)} < — or max{S(t), V(£), 1)} > m}7

where inf ) = co. Obviously, 7, is increasing as m — oco. We denote lim 7, = 7o,. The assertion

m—00

Too < Te is valid by definition of the stopping time. We claim that the assertion 7., = oo is valid almost
surely. If the assertion is not valid, then there exist a pair of constants T' > 0 and € € (0,1) such that

P{7,, < T} > ¢ for each integer m > my. We define a C2-function V : Ri — R as follows:
e, v,i)=S—-1-InS+V-1-lnV+I-1-Inl,
by the nonnegativity of V' and the generalized 1t6’s formula, we get

AVi(S,V, ) = LV1(S, V, TI)dt + (S — 1)o1dBy () + (V — 1)oadBa(t) + (I — 1)o3dBs(t),

where
LVA(S,V, 1) = (1—f)[75(1—%)+m/—g5_1isafll}
(=) (5w - )
# (1= D)t * e~ 40
1

+ (07 + 03 + 03),

2

after the proper simplification, which implies that

61

S vS
I 1—2) —uv — I+-=
LVi(S,V, 1) < 'yS( K) R S vy
ﬁI 1 2 2 2
1+a21+2“+5+T+2(01+02+U3)
SN | S
<£é%’j{75(1—?)+f}+<+19+2“+5+7

+6(ail+aig)+;(01+02+03) G > 0.
It then follows that
AVA(S, V1) < Gdt + (S — 1)oydBy(t) + (V — 1)o2dBa(t) + (I — 1)o3dBs(t).
For any ¢ € [0,T] and m > my, integrating from 0 to 7, At and taking expectation, which gives
EVi(S(rm A ), V(7 A £), 1(rmn A1) < Vi(S(0), V/(0), 1(0)) + E/OTMM Gt

< VA(S(0), V(0), 1(0) + GT < co.

We set Q, = {7, < T} for m > myg, so P(Q,,,) > € holds. And each component of (S(7, At), V(7 A
t), I(Tm A t)) equals either m or X for all w € Q,,. Hence

oo > V1(5(0),V(0),1(0)) + GT > z—:min{m —1—Ilnm, % -1 +lnm},
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letting m — oo, there arises a contradiction as follows:
oo > V1(5(0),V(0),1(0)) + GT > cc.
The proof is complete.

2.2. Persistence in the mean

By the results from [29, 30], we derive the following Lemma 2.1, we omit the proof herewith.
Lemma 2.1. For any initial value (S(0),V(0),1(0)) € R3, model (3) has a unique positive solution
(S(t),V(t),I(t)) € R%, the solution has the following properties

lim&:(), limwzo, 11111@:07
t—o0 t—o0 t—oo
and
thm In S(¢) <0, tlim In V(?) <0, tlim ln];(t) <0

If u>0.5(c} Vo3 Vo3), then

¢ ¢ t
lim ! / S(s)dBi(s) =0, lim ! / V(s)dBa(s) =0, lim 1/ I(s)dBs(s) =0 as..
Jo Jo 0

t—o0 t—oo t—o0

By similar approaches in Theorem 3.1 of [31], Theorem 4.2 of [10] and Theorem 4.1 of [32], we next

provide the sufficient conditions of the persistence in the mean for the infected to model (3). Let

n 3ng
Rg = — A:ﬁ( 5 +cl>, (4)
nans (14 55577 nang(l — 3k — f/)fy
where
2 3 2 2
nl:ﬁCK( *3*1*£>7 n2:79+ﬂ+2, n3:u+5+7'+%.
Yo 2 9

Theorem 2.2. If the following conditions hold
Ry >1, p>05(0fVoiVva3), of <2(y—C), (5)
then density of the infected to model (3) is persistent in the mean

.. asvK ) s
> Y — .S..
lim inf A(7); > (1 s ) D> 0 as (6)
In other words, when R§ > 1 is valid, the lower boundary of the infected exists and infectious diseases
will prevail for a long run.
Proof. We construct a non-negative C2-function

as
Vo=——(S+V+I)—cInV —cyIn’ 7
2 M+5+T(+ +1)—ciln caInl, (7)

where ¢; and ¢y are positive constants determined later. 1t6’s formula implies that

CLQV
w+o+T

CLQSO'l

B + (

G,QI

dVy = LVadt + —_—
2 2 ito+T

— cl>02d32(t) + ( - C2>03d33(t)7 (8)
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where
as S BVI
= 1 _ ] — — —_ — —
LV u+6+7[75< K) uv (u+5+7)] 1 (gs W W) o
1 9 9 17 BSI BvVI
- ey - 1.
*glaos +e0s) cZI[l—&—alI T+apf  WHITT )
Noticing that
S vK
mw {8(1-5)} =T
which then follows that
asvK c1¢S a3
20 el S 9 72
£V2<4(,u+(5+7') as v +( +N+2)Cl
e8I 23S 2BV o3
1+asl 1+a1l 1+a21+82(u+5+7—+2)
01<S CQﬁV
TV i FeOH (10)
+en(9+ +U—§) + e +6+T+U—32’) T L)
1 H B 2\ M B A(p+o+7) 1
2 2
—33/c1eaBCS % % asy K
< 3 Clcgﬂ<S+Cl<l9+M+2)+CQ<,LL+($+T+2)+4(M+5+7)+015[+1
Again, we define
25+V) InS
V=22 22 11
3 3’)/K v ) ( )
we obtain by Ito’s formula that
28 1 2V
AV = LVadt + (37 - ;)aldBl( )+ 53 o), (12)
Lemma 4.2 in [33] and the proper simplification implies
2 1 S 8SI
=(—-— 1-—= IV — (S —
£V (3’yK 75) [’YS( K)Jr V—¢s 1+a1]}
2 BVI o?
t3 K(gs* *1+a21*“V)+ﬂ "
2S(17§)+§—1+<+m+0—% "
SK K K vy ~ 2y

ﬁf oi ¢
\/ (121 -3,
< K + ( 2y fy)
We thus define
‘/4 == V2 + 3\3/ ClcgﬂCK‘/g, (14)

combining (10) with (13), we can get
LV, =LV5+ 3\3/ C1C2/6<K£V3

2

<1+4(Maii7rg[j>7_)+cl(’l9+ﬂ+%) (15)
+CQ(M+5+T+ )—3\/clcgﬂ§K( ———7) ( \/clcgﬁCK+cl)
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By (4), we choose

o =2 e = L
1= ngnsy 2 = TLQ’H,%’
then
LV, < —(1 + %)(Rg 1)+ AL:= —A+ AL (16)
Apu+0+7)
Further, it follows that
1
dVi < LVdt + [ —+ 3\/(:1025&((— - 7)}01dB1(t)
p+ K v (17)
a2V 3 2V CLQI
_ K—— — dBs(t _ dBs(t).
(/J,—I-(S—I—T T Vel vK 01)02 2(t) + <,u—|—(5—|—7' 62>03 3(t)
We integrate both sides of (17) from 0 to ¢t and divided by ¢, and we get
1 t
Vi)~ va)) < A, A+ 2, (18)
with
b oa28(s 25(s) 1
Sﬁl(t):/ [ 2 +3\/ 1C 25CK( )}mdBl(S)
t t
an( ) s ( ) / azI(s)
— K dB — - dB
+/O (M+5+T+ c1c23¢ K )02 2(s) + | (M+5+T 02)03 3(s),
Lemma 2.1 and the strong law of large numbers in [34] give
lim sup Va(®) =0, limsup 210 =0,
t—oo t t—oo
it then by (18) follows
liminf A(I); > A > 0. (20)
t—o0

So, the infected admit the lower boundary as Rj > 1 holds, which implies that infectious diseases thus

prevail for a long time.
3. Stationary distribution

In this section, we investigate the long-term property for the solution of model (3) by constructing
several Lyapunov functions and using Hasminskii’s theory in [35], the aim is to prove the solution of model
(3) declines outside some compact set. In other words, there exists an ergodic stationary distribution
within the compact set for model (3), which implies that the solution of model (3) is stable around
the endemic equilibrium point, instead of exploding to the infinity. Precisely, the solution of model (3)
provides some fluctuations, and the densities of the susceptible, the vaccinated and the infected are kind
of stable in a long run.

Lemma 3.1. [35] The Markov process z(t) has a unique ergodic stationary distribution v(-), if there
exists a bounded domain Dy C R with a regular boundary I' and has the following two conditions:

(H1) there ewists a positive number n such that 377", a;;()Gi(; > nl¢|?, z € Do, ¢ € RY;
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(H2) there exists a non-negative C?-function V such that LV is negative for any R%\Dy, then for all
x € RY, it follows

p{ %Eo;/ng(x(t),t)dtz/R

where g(-) is an integral function with respect to the measure v(-).

gla)v(da) b =1,

n
+

Stationary distributions for a stochastic SEIR model in Theorem 3.3 of [11] and also for a stochastic
SIR model in Theorem 5.1 of [32] are investigated. We thus derive our main results in Theorem 3.1 as
follows.

Theorem 3.1. If R} > 1, then model (3) admits a unique stationary distribution v(-), which has the
ergodic property.

Proof. According to Lemma 3.1, the solution (S(¢),V(t),1(t)) of model (3) is Markov process,
because the infected (I) in a local population contact with the susceptible (S) or the vaccinated (V)
randomly, and the infected do not have any memories regarding the contacting histories. In other words,
the contact between the infected (I) and the susceptible (S) or the vaccinated (V) are memoryless.
Moreover, the future state only depends on the present state, that is, the future state is independent of
the past state. We usually describe the SVI epidemic model by using the stochastic differential equations,
which are Markov processes for each equation of model (3).

We thus find a non-negative C?-function V and a bounded set D, to satisfy conditions (H1) and (H2).
Therefore, the proof of Theorem 3.1 is split into two steps.

Step 1. Construct a bounded set D, to make condition (H1) of Lemma 3.1 valid in this set. Firstly,
we define

Dgz{(S,V,I)eRi,agSg%,€2<V<€i2,5<1<%}, (21)

here € > 0 is a sufficiently small constant, the diffusion matrix of model (3) is as follows
/i = diag{a%SQ, J§V2, J§I2} = (aij)gxg,

for any (Sa‘/al) € DEaC = (C17C2a<-3) € Ri7 we have

n

D aiiGi¢ = (G G 3)A(G, G, G3)T = (019)°¢F + (02V)2G + (031)°C3 = nlI¢II?,

ij=1
where
. 202 21,2 272
= min 078,05V, 0517 >0
n (S,V,I)EDE{ 1 sy Y2 » Y3 } )

which means that condition (H1) in Lemma 3.1 holds.
Step 2. Find a C?-Lyapunov function V such that £V < —1 for any (S,V,I) € R3\D.. We define

V=M(Vy+Vs)+ Vs + Va, (22)

where

A 1
:m(‘/"‘]), ‘/6:7(S+I+V)0+2, V7:—an,

Vs 0+2
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where 6 > 0 is a sufficiently small constant satisfying

w—0.5(0?Voivo?)

0 < .
p+0.5(02 Va2V ol)

and M > 0 is a sufficiently large constant satisfying

o3 B
—M>\+B+9+,U+7+a7<—2. (23)
2

Obviously, V (S, V, ) is a continuous function and takes minimum at the point (S, V,I), so we define

a non-negative C?-function W : R% — R as follows:
W =MVy+Vs)+ Vs + Vi — V(S,V,I). (24)

Applying Itd’s formula to Vs, together with inequality (16), we get

B BSI
£V5—M+5+T[CS (O +mV + 157 (u+5+7)1] .
oS ABST - (
p+o+7  (I4+al)(p+6+7) ’
then
ACS ABST
L(Vi+V5) <=\ . 26
Vit V) < A s T v aD o+ 1) (26)
Similarly, one obtains that
S
_ 0+1 _ =) _
LVs=(S+V+1) [75(1 K) uv (u+5+7)1}
1
+9%(S+V+I)9(O’%S2+0’%V2+U§IQ)
<AS(S+V 4+ 1) - %5“3 — VO (4 54 7)1
1
+9%(S+V+I)9+2(0%\/0§\/0§) (27)
_ 0+1 7 co+3 T qo+3 _ 0+2
=yS(S+V +1) 5 T pw(l—6)V
— VO (u+ 0+ 7)A— NI —0(u+ 5+ 7)I0F2
1
+9%<S+V+I>9+2<a%w§vfr§),
letting
_ T qo+3 0+2 0+2
B= — L g0 (1 — gV — s 1-0)1
(Syg}g&i{ X u(1 - 0) (h+6+7)(1-0)
0+1 042/, 2., 2., 2 o+1
+ 5 (S+V D20V aF Vad) 4SS+ V + 1) }
then
LV < —%S"”’ — VO (i + 5+ 7)1 + B, (28)
¢S BI a5 _ (S B o3
LV =—22 0 2y 2422 29
A A vt LT (29)
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We combine inequalities (26), (28) and (29), and derive that

ACS . ABSIT A

p+é+7  (I+al)(p+d+7)] 2K
¢S5 B o3

—O(u+o+T)I2 B -2 4y L))
(n+d+7) + AR R X

LW < M| — X+ SO+3 _ gy ot2

where ¢ is a sufficiently small constant in the set D, and ¢ satisfies the following conditions
AM —
g 5<min{ a1 7’)/(9-#3)’(67—#3)(1 C)}’
w+o+7 a¢+p38 2K 042

) ¢ v 9([LL+§+T) ud
E 41 < min {gv 4K 0+3° 042 ) £260+4 }’

where

AMCS AM BeS0+3 ) 3}
C = + — L g3l
Ss;l]lg-{ﬂ‘F(S-f—T (L+0+710+3) 2K

— L B9+ 24 2

E= su
b u+d+7 a(p+o+71) 4K 2 ag

(S,V,I)eR:.

{ AMCS AMBS 2 ﬁ}

We next separate Ri\DE into six parts to prove the assertion LW < —1 in R?’F\D€ as follows:
Dlz{(S,V,I)eRi,O<S<s}, DQ:{(571/71)6R§F70<[<5}7
1
Dy = {(S,V,I) eRi,S>g,I>5,o<V<52}, D, = {(S,V,I) eRY,S > f},
€

D5:{(S,V,I)6Ri,f>%}, Dg {(S,KI)ERE’;,V>E%},

andDgleuDQUD3UD4UD5UD6.

Case 1. When (S,V,I) € Dy, by (23), (30), (31), one can derive
AM(e AM Be

LW < =2+ + < —-L 33
p+d+7  ar(p+0+71) (33)

Case 2. When (S,V,I) € Dy, we can obtain an inequality

ST 0+ 2+ 50+3
<SI<eS<el oo 34
1+ al SETTY S (34)

It follows from (23), (30), (31) that

AMCS AMpBe(6 +2) AM peS9+3 Y Go+3
LW < =2 — 59
ot T e n@+3) (nrsin0+3) 2K
AMBe(0 + 2) (35)
(i+o+7)(0+3)

<-2+1=-1.

<—-2+C+

Case 3. When (5,V,I) € D3, according to the inequalities (30) and (32), we obtain

AMCS L AMpBS _ Y g3 _ Y goes _
p+d+7 a(p+d+7) 4K 4K

LW < =M+ povo+?

_ o+2 g _ Y B o 36
O(u+6+7)I"2+ B V+(19+u+a2+ 2) (36)
¢

<—=>+E<-1L
€

10
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Case 4. For any (S,V,I) € Dy, it follows from (30) and (32) that

b
AKeb+3

Case 5. When (S,V,I) € Ds, by (30) and (32), we get

LW < —&S"” +E< - LTE< 1. (37)

(u+d0+7)0

LW < —(p+0+7)0I°T2 4+ E < — o2

LTE< 1. (38)
Case 6. When (S,V,I) € Dg, by (30) and (32), we derive

uo
220+4

LW < —pufVoT? + B < — +E< 1. (39)

Hence, model (3) admits a unique ergodic stationary distribution v(-).
4. Extinction

There are several techniques to investigate the extinction in [7, 9, 10, 11, 20, 21, 30, 31, 32, 33, 36].
Extinction in the epidemiology usually means the elimination of infectious diseases over a long period
of time. In this section, we adopt the approaches in Theorem 1 of [9] and Theorem 3.1 of [10, 32], by
constructing moderate Lyapunov functions, together with the generalized It6’s formula and the strong
law of large numbers, we obtain the critical value for the extinction of infectious diseases to model (3),
which implies that infectious diseases eventually disappear in a local population.

Theorem 4.1. If the following conditions hold

57K(H+9+C)
Ap+5+7+%)Cu

R§ = <1, 2u>oiVoiVos, (40)

then the solution (S(t),V(t),I(t)) of model (3) has

limsuplnj;(t) <(u+o+r+ 2)(Ro—l) 0, (41)

t—o0o

which means that infectious diseases to model (3) will exponentially go to extinction.

Proof. Integrating the first equation of model (3) from 0 to ¢, and then divided by ¢ gives

1 . S ﬂSI 0'1
$18(0) = 501 = (38(1= 2)), + 20V — ¢(Sh — (T ) / S(s)dBa (s "
K
< LE 4 0V)e = (S + (),
according to Lemma 2.1, we obtain
g1 ¢ 1
lim sup 2 (t) = lim sup {t/ S(s)dBy(s) — ;[S(t) - S(O)}} =0.
t—o0 t—o0o 0
Taking superior limit on both sides of (42), we have
vK
limsup(S); < — + v lim sup(V);. (43)

t—o00 4( C t—oo

11
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Similarly, all three equations of model (3) imply

21S() ~ SO)]+ V() ~ V()] + 7 [T(5) ~ 1(0)]
= (v8(1=2)) = Ve~ G+ 6+ ) (44)
+ 71 /0 S(s)dBi(s) + % ) V(s)dBa(s) + % /0 I(s)dBs(s),
which gives that
u(V)e < LS + @3(t), (45)

4
with

os(t) = {% /O S(s)dBl(sH% /0 V(s)ng(sH% /0 I(s)dBs(s)
— 2180 — S(0)] — V() ~ V() — S[1(6) ~ T0)]}.

Lemma 2.1 implies lim sup ¢3(t) = 0, taking superior limit on both sides of (45) gives

t—oo

K
lim sup(V); < . (46)

t—oo 4,U

By the same discussion, for In I(t), generalized Itd’s formula implies

1 o ﬁS BV 0’2 0'333(t)
z[lnl(t)_lnl(o)]_<1+a1[>t+<1+a21>t_?3+ t ~(u+o+T)

(47)
2 3Bs(t
<BS)+ BV = (n+o+7+2) +”3f3(),
the strong law of large numbers in [34] yields
im 220 _
t—o0 t
taking superior limit on both sides of (47), by (40), one derives
I(t 2
lim sup - t( ) < Blimsup(S): + flimsup(V); — (u +0+7+ %)
t—o00 t—o0 t—oo
YK 1 60 1 o3
I § =3 48
<= (C+Cu+u) (n+o+7+2) (48)

_ (M+5+T+%§)(R§—1)<O.

So, the number of the infected declines to zero with an exponential rate in a long run.
5. Probability density function analysis

Obviously, model (49) admits a unique quasi-endemic equilibrium point, we wonder what the solu-

tion of model (49) with fluctuations looks like around the quasi-endemic equilibrium point. By using

12
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Fokker-Planck equation and stochastic analysis, we derive the expression of the probability density func-
tion around the quasi-endemic equilibrium point under some moderate conditions, which reflects the

distribution of the density of the solution to model (3).
5.1. Linearization of model (3)

Firstly, let (ur,u2,u3)T = (InS,InV,InI)T, by It&’s formula, it follows from model (3) that

du; = :'y(l - %) + get2 7 — % - <C+ Uj)} dt + 01d B (1),
duy = _CeUI*“Z - % - (,u + 9+ Uj)} dt + 02dBa(1), (49)
dug = B ff:eu?» +7 ff:eu?» - (,LH—(H—T—I— ajﬂ dt + o3dBs(1),

assume that

RE - BIC(C+ 9 + p+0.503) o1
(0 + p+0.503)[ 2 (0 + pu+ 0.503) (1t + 6 + 7 +0.503) + B(C — v + 0.507)(C + I + pu + 0.503)]

(50)

then there exists a unique quasi-endemic equilibrium point F* = (S*, V*,I*) = (e“I7e“§,e“§), which is

determined by the following equations:

e P Bevs o?
1— ) Des "177*—( —):0,
7( K + 6* 1+ ae%s ¢+ 2
. Bets ( a%)
(o B L 9+ =) =0, 51
Ce T Tragen S (51)
Bet™ Bet2 ( o2
. ——(p+o Z)=o.
1+ ae%s 1+ ages protT 2
We obtain
o be my + 14511* - bc? c(my + 1+IT)
h(mg + H_{lﬁ) h ’ h(mg + ﬁ) h(mz + H_{Iﬁ)’
and I* satisfies the following quadratic equation
F(I) = uI* + g2 + g3 I* + gaT + g5 = 0, (52)

with
g1 = a2a2hmams + 2aazhmoms + a?hms,
go = aay(2hmams — bc?) + araimy(2hmams — be) + ayasc(my — b)
+ alagcmlmg + a%agcmlmg + 2a%hm2m3 + 4ajashmaoms
+ a%cml + 2a1a9mims + a%m% + 2a1hmg 4+ a1c + aymy + 2a9mo + 1,
g5 = hm%mg — b — bemy + cmyma + mlmg

= (hm3ms + emimy +mim3)(1 — RY),

13
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and
~ 9 ¢ ¢+050% —~
h=-—=>0, b==->0, ¢c==2>0, m=>——-"~——,
BE 3 3 ! 3
2 2
nm:ﬁjﬂ%&@2>b>Q WB_#+5+;+Q%3>Q

From (53), we can get g1 > 0,

9+ 6 0.502) — BCK
ShmZms — be® > hiZms — be® > b(hbymg — ¢2) — p 2HFIF T;K o3) — BCK

d 0.502) — BCK
27”L7”'”Lzrng,—bc>b(hmg—c):1,7(/“‘+ +7 +0.503) — fCK

BPK
When (50) is valid and

Y+ 0+7+0503) — BCK >0, y9(u+6+7+0.5035) — BC°K >0,

we derive go > 0 and g5 < 0, so equation (52) admits a unique positive root.

Next, let z; = u; — uf for i = 1,2, 3, linearized equations of system (49) are followed

dzi = (—a1121 + a1222 — a13x3)dt + 01d B4 (t),
dzo = (ag171 — a21x2 — agzxs)dt + o2dBa(t), (55)
drs = (a3171 + azox2 — azzws)dt + o3d Bs(t),

where

un
. A " Be¥s
a1 = Eeul +9e"27" >0, ajp=ve"2"" >0, ai3= (

ok ﬁeug ﬁeuI
agp =Ce"1™™2 gy = —-""——— (31 = —
21 =C¢ C BT A e YT T agea)
Bet a1 Belvitus) asfeltatus)

aso = 4(1—‘,—(126”;)’ aszs = (1+a16“§)2 (1+a2e“§)2'

It is easy to check

u
Bets
ai1 —ai2 >0, a3 —az >0, azz>az, az=

(56)
Let X = (x1,z2,23)", B(t) = (B1(t), Ba(t), B3(t))", M = diag{o1,02,03} and

—ari a12

—ais
A= a1 —a21 —a23
a31 a32 —ass

Therefore, equation (55) can be equivalently rewritten as

dX(t) = AX (£)dt + MAB(1).

14

(54)



Stationary distribution and density function of a stochastic SVIR epidemic model

By relative theory in Gardiner [37], a unique density function ®(X) around quasi-endemic equilibrium

point F'* satisfies the following Fokker-Planck equation:

o; 2929 8 0
- Z 5 81; [( a1121 + a1222 — a1zxs)P] + ;2[(@21331 — a91T2 — az3x3)P]

+ ;3[(@31331 + agaxe — azzzr3)®] =0,
according to Roozen [38], which can be approximated by a Gaussian distribution
O(X) = ®(x1,22,23) = C’oe*%(“’“’IS)Q(“’“’“)T,
where C is a positive constant which is determined by
/]Rs D(x1,x9,x3)dr1daodrs = 1,
and the real symmetric inverse matrix @) satisfies the following algebraic equation
QM?*Q+ QA+ A™Q =0,
letting ¥ = Q !, then we obtain
M? 4 AX + ©AT = 0. (58)
In addition, we can calculate that the corresponding constant is Co = (27)~ 2 |%[ 2.
5.2. Density function of stationary distribution

Lemma 5.1. [39] Let Ty be a symmetric positive definite matriz, such that the three dimensional

algebraic equation
GZ 4+ AgYo + YAl =0, (59)
holds, where Gy = diag{1,0,0} and

—C1 —Cp —C3
Ay = 1 0 0 )
0 1 0

and also that ¢ > 0,¢c3 > 0 and cico — c3 > 0, then T follows

C2 0 -1

Ty=— 2 | 0o 1 0
2(c1e — c3) 1 0 c

cs

Lemma 5.2. [39] Let Ty be a symmetric positive semi-definite matriz, such that the three-dimensional

algebraic equation

G% + A()Tl + TlAg =0, (60)

15
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holds, where Gy = diag{1,0,0} and

—dy —dy —ds
Ay = 1 0 0 ,
0 0 dss

and also that dy > 0,dy > 0, thus Y1 takes the form

T, = diag{fil, ﬁ,O}.

Theorem 5.3. For any initial value (S(0),V(0),1(0)) € R%, if
R >1, 2a1+a}>az, ~A0(u+6+7+0.503) > max{(,0}3CK, (61)

then model (3) has a probability density function

T
(I)(S,VY,I) _ (271_)—%|Z‘—%6—%(1ns—%,ln %,111%)2’1(111 S%,ln%,ln I*)

the special form of positive definite matrix 3 is given as follows.
Proof. By the finite independent superposition principle, equation (58) can be written as the sum

of the solutions of the following algebraic sub-equations,
MP 4+ AS, + 3, AT =0, k=1,2,3, (62)

where M; = diag(cy,0,0), My = diag(0, 02,0), M3 = diag(0,0,03), clearly ¥ = ¥; + Xp + X3, M2 =
M3? + M3 + M3.
Firstly, we prove that A is a Hurwitz matrix. Equivalently, the characteristic polynomial of matrix
Ais
@A) = A% + P12 + pad + ps, (63)
by (56), we find that

p1 = a1 + az1 +asz > 0,
p2 = (a11 — @12)a21 + a11a33 + a13a31 + aziasz + agzazs > 0, (64)

p3 = (a11 — a12)a21a33 + A11023a32 + Q12023031 + A13021a31 + A13a21a32 > 0,

and
pip2 — p3 = (11 — a12)aiiaz1 + (a1 — a12)a§1 + a%1a33 + (a11a13 — a12a23)as;
+ 2ai1a21a33 + aua%g + (a21a§3 + a21a32a23 — A13021032) (65)
+ a13as1ass + az1a23as2 + aszasgasz > 0.
Since

2
a11a13 — a12a23 > (a1 — aiz2)ags > 0, G21033 — (13021032 > asia13(ass — asz),

16
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and by (55), direct substitution gives that

o ox 204 e“g + CL2€2ug —a e“§
2 us+u 1 1 2
a21013(a33 a32 421G32G023 = a21ﬂ ez’ * *

( ) (1+a26"3)3(1+a16“3)2

a2152 el2 +2uj

> % %
(14 agze*3)3(1 4 ares)?

(2a1 + a? — ay) > 0,

from (64), we can get A is a Hurwitz matrix when 2a; + a? > ay > a1 > 1.
Now we will prove that X is positive definite by three steps.
Step 1. We consider the algebraic equation

M? 4 AX; + $1AT =0,

and choose J; such that A; = JlAJfl, where

u a a13as1 a
—a;n  ag — —ai3
10 0 o
a23a31
Ji=]0 clz 0], Ai=] an —an - R —ag3
31 21
0 — 1 i 23031
a1 0 1 —as3 + ———
a1

with

2
31033 371023
- + 2=

k1 =as1 +azs — 5
a21 asy

)

the relevant discussions will be given by the value of k; into two cases:

(66)

(67)

Case 1. If k1 # 0, by Zhou et al [39], we choose H; such that By = H1A1H1_1, where the standardized

transformation matrix is

azikr  —(a21 + asz)k; Ay
Hy = 0 Ky Q21433 — 423031 7
a21
0 0 1
with
Al _ 7a§1a23k1 — a%1a§3 + 2(1210,23&31&33 — a§3a§1 )

2
as

By direct calculation, one obtains

—Yi —Y2 Y3
B1 = 1 0 0 )
0 1 0

where

Y1 = a11 + az1 + ass,
Y2 = G11021 + G11a33 + A13a31 + (21033 + G23A32 — G12021,

Y3 = a11(a21a33 + a23a32) + a13a21(az1 + as2) + a12023a31 — G12a21033.

17
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Moreover, algebraic equation (66) is equivalently transformed into
(HyJ1) M7 (H1J1)" + By(H1J1) S0 (HiJ1)" + (H1J1)S1(HJ1) " Bf =0,
letting
O = Q;Q(Hljl)zl(Hljl)Ta 01 = a1 k101,
algebraic equation (66) is converted as
G+ B0, +6,B] =0. (69)

Noting that A has all negative real-part eigenvalues, then B; is a Hurwitz matrix. By Lemma 5.1,

0O1 is positive definite and takes the form

Y2 0 -1
1
O=— | 0 1 0
2(y19y2 — y3) IR}
Y3

Therefore, X1 = 02 (HyJ1) 71O [(HyJ1)"] 7t
Case 2. If k1 = 0, we choose ﬁl such that El = ﬁlAlﬁl_l, where

2
4y — 221 + agzaz s by —by —bs
7, — 21 5= 1 0 0
=1 9 1 o |+ B= o
0 0 — (33021 — (23031
0 0 1 az1

One can equivalently transform (66) into

(HyJy)ME(Hy )™ 4 By (Hy J1) S (H )T A+ (HyJ)S0 (H D) B =0,
letting

0, = o7 X(H, J)Z1(HL)Y, 61 = a0,

algebraic equation by Lemma 5.2, (66) becomes

G2+ B0, +6,B7 =0, (70)
with
. 11
= diagd —, ——, 0. 1
1 dlag{ %, 2b1b2’0} (7)

Therefore, $y = ¢2(HyJy) 1O [(HyJ1)*] L.
Step 2. For the algebraic equation

M3 + ASy + %9 A" =0, (72)

18
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we find the corresponding elimination matrix J, such that Ay = JoAJ; ! where

12021

—a1 —a23 + a21
! Clllz ’ aa?izz
Jo = 0 — 1 , Ay = aso —ass + 12781 asi y
052 42 12031
1 0 0 0 ko —aq — ——2%
as2
with
a12 a12G31
k2:7a13+—<a337a117 )
as2 as2
Similarly, the following two cases are considered.
Case 1. If ko #£ 0, let By = H2A2H2_1, where
asgky  —(a11 + asz)ks Ay
Q12031
H, = 0 ko —a11 — , (73)
as32
0 0 1
with
AQ _ a%1a§2 + 2&11&12@31&32 + a%2a§1 + a31a§2k2

azy
In fact, one can equivalently transform (72) into

(HyJy) M3 (HyJ2)™ + Bo[(HaJ2)Ye(Hodo)™] + [(HaJ2) Y2 (HaJ2)*|B; = 0,
letting

Oy = 05 2 (HaJ2)Yo(HaJ2)", 02 = azokao,

which by Lemma 5.1 can be simplified as

G2 + B0y + 02,85 =0, (74)
with
-1 —q2 —q3 ) @2 0 -1
By = 1 0 0 , BO9= ﬁ 0 1 0
0 1 0 192 — 43 ~1 0 Z;

In other words, ¥g = 03(H2.J2)O2[(Hz2J2)"] L.
Case 2. If ks = 0, we choose HQ such that B% = H}Agﬁ{l, where fIg and BQ are given by

412031 — 432033

as2 . asy —wp —ws2 —ws3

~ 32 ~

H2 - 5 B2 = 1 0 0
0 1 0 12031
0 0 1 0 0 —a11 — Tw

One can equivalently transform (72) into

(HyJo) M3 (HyJs)"™ + By|(HaJs)Sa(HoJo)"] + [(Hado)Sa(HaJs)"|Bi = 0,
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letting

Os = 95 2 (HoJo)Sa(HoJs)™, 02 = azo0o,
which by Lemma 5.2 is simplified as

G? + B0, + 0,83 =0, (75)
with

0, :diag{i _t 0}.

2’11}1 ’ 211}1 w2 ’

In other words, ¥ = p2(HaJ2)Os[(HaJy) ] L.
Step 3. For the following algebraic equation

M2 + A3 + S5A" =0, (76)

we find the corresponding elimination matrix J3 such that As = JsAJ3 1 where

32023
0 0 1 —azz  az + o asz
13
a23012
J3 = 1 0 0|, A;3=| —a13 —an+ a ai2 ,
a 13
_E 1 0 a23a12
a3 0 kS —a21 —
a13
with
az3air | a3(—ag3aiz — a13a21)
k3 = ag1 + + 3 .

a13 ays

Similarly, the following two cases are discussed.
Case 1. If ks # 0, we find H3 such that B3 = H3A3H3_1, where

—azks  —(a11 + a21)ks A3
a12a93 + aisza
Hy = 0 ks Q12023 13021 7
a13
0 0 1
where

2 2 2 2 a2
afoa53 + a12ay3ks + 2a12a13a21a23 + ajzas;

o= afs
So, (76) is equivalently transformed into

(H3J3)M3(HsJ3)" + Bs[Hz J3%3(HzJ3)"] + [(HsJ3)Y3(HsJ3) ] B3 = 0,
letting

O3 = 03 2(H3.J3)Y3(H3J3)", 03 = aizksos,

by Lemma 5.1, thus (76) is simplified as

G% + B303 + ©3B3 =0, (77)
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where
—81 —8y —S83 1 S92 0 -1
B3 = 1 0 0 s 63:72(83—5) 0 1 SO
0 1 0 R U B

In other words, X3 = 02(H3.J3)O3[(H3J3)"] L.
Case 2. If k3 = 0, we choose Hj such that Bs = ﬁgAgﬁ?jl, where

—a11613 + A12G23

—a13 a az1 —Z1 —k2 —Z3
= !’ o | Bs=| 1 0 0
0 0 —ay — a12a31
0 0 1 azo
We equivalently transform (76) into
(HsJ3) M5 (HsJ3)" + Bs[(HsJ3)S3(HsJ3)"] + [(HsJ3)S3(HsJs) | B3 =0,
letting
O3 = 05 °(H3J3)S3(H3J3)", 03 = a1303,
so, (76) is simplified as
G2 + B303 4+ 3B = 0, (78)
with
Ly 0
. 221 1
O=1 o0 0
2212’2
0 0 0

In other words, X3 = p2(Hs.J3)Os[(Hs.J3)"] .
6. Numerical simulations

Milstein’s higher order method for stochastic differential equations was established in [40]. In this
section, we adopt Milstein’s method to write the equations of discretization to model (3), the details are
suggested to read [10, 17, 22, 31], and other methods for simulations are suggested to read [18, 41] and
references therein.

Example 6.1. We present numerical simulations to illustrate our main theoretical results about
persistence. We assume that a; < ag, and let the initial values of model (3) be S(0) = 2,V (0) =
0.5,1(0) = 0.5, and other parameters be vy = 0.7, K = 5,8 = 0.5,7 = 0.25,6 = 0.15,¢ = 0.07,9 =
0.005345, . = 0.002,07 = 0.05,09 = 0.05,03 = 0.05,a; = 1.5, a2 = 4. It is easy to check that conditions

of Theorem 2.2 are satisfied as follows:

Ry =1.3492>1, 0.002=p > 0.5(¢} Vo3 Vo3)=0.00125, 1.26 =2(y—¢) > o7 = 0.0025.
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Figure 1 shows that the susceptible, the vaccinated and the infected are persistent in the mean for a
long run. Figure 2 presents the persistence of the infected when a; and as vary, the corresponding
simulations reveal that the density of the infected decreases when a; and as increase. The persistence
for the susceptible and the vaccinated could be found in Figure 3 as ¢ varies and Figure 4 as { varies.
More precisely, the density of the susceptible increases, and the density of the vaccinated decreases as ¥

increases in Figure 3. The density of the susceptible decreases, and the density of the vaccinated increases

Stationary distribution and density function of a stochastic SVIR epidemic model

as ( increases in Figure 4.

Densities for §

Example 6.2. The extinction will be discussed here, let the initial values of model (3) be S(0) =
2,V(0) =1,1(0) =1, and other parameters be y = 0.1, K =4,3=0.5,7 = 0.5, § = 0.5, = 0.8, ¥ = 0.5,

Figure 1:

densities for I

250

Densities

Minutes 5

a2=4

densities for I

Persistence in the mean of the susceptible, the vaccinated and the infected.

0.5 1 15 2 o 0.5 1 1.5

250

Densities for V-
0

o

0.5 1 15 2 o 0.5 1 15

Figure 3: Densities of the susceptible and the vaccinated as 9 increases.
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250
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oo} .

o PPN
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Minutes

Figure 4: Densities of the susceptible and the vaccinated as ¢ increases.

uw=0.3,01 =0.05,00 = 0.05,03 = 0.05,a1 = 3,a2 = 4. It is easy to check that conditions of Theorem
4.1 are satisfied as follows:

©=02562 <1, 0.3=p>05(c?VosVoi)=0.00125.
Thus corresponding simulations reveal that the extinction will occur for a long run. The density of the

infected exponentially tends to the extinction as 8 decreases and as 0, T, i1, (, o3 increase as well in Figures
5-7.

Figure 6: Extinction of the infected with an exponential rate as 7 and p increase.

Example 6.3. Let the initial values of model (3) be S(0) = 2,V(0) = 1,I(0) = 1 and other

parameters be v = 0.5, K = 1,6 = 0.3,7 = 0.35,5 = 0.08,{ = 0.8,9 = 0.2, x = 0.08,01 = 0.05,02 =
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Figure 7: Extinction of the infected with an exponential rate as ( and o3 increase.
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Figure 8: Solid lines for model (3), dashed dots for model (2) on left panel. Distributions of the densities
to model (3) with the intensities (o1, 02,03) = (0.05,0.05,0.05) on right panel.
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0.05,03 = 0.05,a1 = 3,a2 = 4. It is easy to check that the equilibrium point is F* = (0.494,1.373,0.025),
and ky = 0.5015 # 0, ko = —1.3981 # 0, ks = 0.2727 # 0, and also that conditions (61) are satisfied as
follows:

RE=1.08797 > 1, 2a; +a} —az=8>0,
Y(pp+ 304+ 740.503) — BEK = 0.041525 > 0, I (p + 0 4+ 7+ 0.503) — BE* K = 0.015625 > 0.

By Theorem 5.3, we obtain that model (3) has a unique stationary distribution, which is ergodic.

Remark 6.1. The main results for model (1) and model (3) had shown that the corresponding sample
paths of the stochastic models had less impacts on the persistence and the stability, compared with those
in the deterministic models. That was to say, both model (1) and model (3) admitted the persistence in
the mean and the ergodic stationary distributions under some moderate conditions. Precisely, 01,02, 03
did not take great impacts on the persistence for the corresponding sample paths in Figure 2 in [1] and
Figure 1 of our paper. Further, under the condition R{ > 1, the parameters 9, (, a1, as in Figures 2-4
change the densities of model (3).

Remark 6.2. The extinction was derived in Theorem 2 of [1] and Theorem 4.1 under the correspond-
ing suitable conditions, which are demonstrated in Figure 1 of [1] and in Figures 5-7 at Example 6.2. In
addition, we found that the parameters 3,4, 7, u, 03, ¢ in model (3) played some roles on the extinction
as R§ < 1 was valid. Especially, the parameters d, 7, ;1 had great impacts on the time for the infected

whose density declined to zero.
7. Conclusions and discussions

In this paper, we study the dynamic behaviors of a stochastic SVIR model with the saturation inci-
dence. Two critical thresholds R§ and R§ by constructing appropriate Lyapunov functions are obtained,
we further prove the existence of a unique ergodic stationary distribution when R§ > 1 holds, and the
extinction of infectious diseases for a long time when Rf < 1 holds. Further, the numerical simulations
show that the parameters of model (3) have the crucial impacts on the persistence and the extinction as
demonstrated in Theorem 2.2 and Theorem 4.1 respectively. Meanwhile, we find the expression of the
probability density function in Theorem 5.3 around the quasi-endemic equilibrium point by applying the
asymptotic analysis and Fokker-Planck equation when R > 1 holds. Figure 8 presents the sample paths
and the distributions of the densities of the susceptible, the vaccinated and the infected.

Model (1) assumes that the vaccinated return to the recovered and do not get infected any more.
According to the mechanism of the spreading of COVID-19, we further propose the assumption of model
(3) that the vaccinated lose their immunities and return to the susceptible. Moreover, model (1) governs
the bilinear incidence to describe transmission rates, but for the pandemic COVID-19, the infected
produce the crowdedness effect when the number of the infected is large enough, so we modify the
bilinear incidence into the saturation incidence by using the saturated constants a; and as. We notice
that, the persistence and the extinction are studied in both model (1) and model (3), the research results
show that the time that the density of the infected tends to zero is less when the intensities of the
white noises are larger. Meanwhile, we also provide the expression of the probability density function in

Theorem 5.3 in this paper, instead of the existence of a nontrivial periodic solution of model (1).
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